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The effect of signals on stability, stable throughput region, and delay in a two-user slot-
ted ALOHA-based random-access system with collisions is considered. This work gives
rise to the development of random access G-networks, which can model security attacks,
expiration of deadlines, or other malfunctions, and introduce load balancing among highly
interacting queues. The users are equipped with infinite capacity buffers accepting external
bursty arrivals. We consider both negative and triggering signals. Negative signals delete
a packet from a user queue, while triggering signals cause the instantaneous transfer of
packets among user queues. We obtain the exact stability region, and show that the stable
throughput region is a subset of it. Moreover, we perform a compact mathematical analysis
to obtain exact expressions for the queueing delay by solving a non-homogeneous Riemann
boundary value problem. A computationally efficient way to obtain explicit bounds for
the expected number of buffered packets at user queues is also presented. The theoreti-
cal findings are numerically evaluated and insights regarding the system performance are
derived.
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1. INTRODUCTION

This work focus on the modeling and analysis of a two-user buffered ALOHA type multiple
access system by taking into account the presence of signals, which either delete a packet
or trigger the instantaneous movement of a packet between the user buffers. More precisely,
this work introduces the so-called called Random Access G-network (RAGN), with which
we are able to model security attacks, packet transmission deadlines, as well as to introduce
probabilistic load balancing in highly interacting multiple access communication.

The exact modeling of the system we consider, is in terms of a two-dimensional ran-
dom walk in the quarter plane, which posses a partial spatial homogeneity, due to the high
level of interaction among the queues. The investigation of interacting queueing system is
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a challenging task with severe mathematical difficulties, which have been initially reported
in the seminal work in [27], and further in [17,31]. They have also received considerable
attention due to their applicability in random access networks (RANs) [21-23,71,79,85] and
in shared processor systems [6,19,20,60]. On the other hand, G-networks (or queueing net-
works with negative customers, signals, triggers, etc.) introduced in [38], are characterized
by the following feature: in addition to the conventional customers, negative customers or
signals arriving at a non-empty queue remove an amount of work from the queue or transfer
it to another queue [40,49,50]. The analysis of this versatile class of networks has signifi-
cantly enriched queueing theory as well as contributed to the development of applications
in fields such as computers, communications, manufacturing, energy as well as self-aware
networks.

The goal of this work is to provide a general framework in introducing and analyzing
multiple access systems with the feature of negative and triggering signals. Our ultimate
goal is to provide a general model to describe security attacks (e.g., short jamming attacks
[82]), packet transmission deadlines, or other malfunctions, and load balancing in multiple
access networks, as well as to study their impact on the overall system performance.

1.1. Related Work

G-Networks: Motivated by neural network modeling [37], a novel stochastic network, called
G-network or queueing network with signals was introduced as a unifying model for neu-
ral and queueing networks. In contrast to traditional queueing networks where (positive)
customers obey the specified service and routing disciplines determined by the network
dynamics, there is another type of customers with the effect of signal that interact upon
arrival at a queue with the queue or with the backlogged customers.

G-Networks [38] established a versatile class of queueing networks with a computation-
ally efficient product form solution, which had been proved to exist by using new techniques
from the theory of fixed point equation [55]. In its simplest version, a signal arriving at a
non empty queue forces a positive customer to leave the network immediately [38]. Since
their introduction, G-networks have been extensively studied covering several extensions
such as triggered movement, which redirect customers among the queues [40]; catastro-
phes or batch service [41], adders [34]; multiple classes of positive customers and signals
[61], state-dependent service disciplines [11,33,62], tandem networks [58,61], deletion of a
random amount of work [7,63], retrials [3,4]. For a complete bibliography refer to [10,25,42].

G-networks have been shown to be a diverse application tool to analyze and optimize the
effects of dynamic load balancing in large-scale networks [54] as well as in Gene Regulatory
Networks [43,66]. A recent application of G-Networks is to the modeling of systems which
operate with intermittent sources of energy, known as Energy Packet Networks [1,24,32,45—
47,53,64,65,89,91]. G-networks were also used as a tool to approximate continuous and
bounded real-valued functions [52], and serve as the foundation for learning algorithms [39]
as well as for Deep Learning [90]. They have been also used for modeling natural neuronal
networks [48], in image processing applications [18,56], and as a tool for predicting the
toxicity of chemical compounds [59].

In the field of computer network performance, the Random Neural Network (RNN) has
been used to build distributed controllers for quality of service routing in packet networks
[8,44] and in the design of Software Defined Network controllers [35]. Real-time optimized
task allocation algorithms in Cloud systems [88] have also been built and tested. Recent
applications have addressed the use of the RNN to detect attacks on Internet of Things
(IoT) gateways [9].
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Stability and Delay analysis in RANs: The simple and decentralized nature of ALOHA
protocol [2] made it very popular in multiple access communication systems. The ever-
increasing need for massive uncoordinated access has increased the interest on random access
protocols [68,75], which remain an active research area with challenging open problems even
for very simple networks [26,86].

In spite of its simple operation, stable throughput and delay analysis are quite chal-
lenging due to the high level of interaction among queues. This is due to the fact that each
transmitted source interferes with other users with non-empty queues, that is, the successful
transmission probability is a function of the status of the other users. As a consequence, the
departure rate of a queue can be computed only when we know the stationary distribution
of the joint queue length process [81]. This is the reason why the vast majority of previous
works has focused on small-sized networks and only bounds or approximations are known
for the networks with larger number of sources [70,73,81,85,87]. Significant results regarding
stability conditions under Markovian assumptions were also given in [28,29]. Delay analysis
of RANs is even more challenging both by mathematical and the application point of view.
The high level of interaction among queues is the reason for the limited number of analytical
results. For the sake of clarity, we mention the works in [5,57,71,73,83].

Recently, the authors have performed considerable contribution both in the investi-
gation of stable throughput region and in the delay analysis by considering sophisticated
queue-aware transmission protocols in modern random access schemes [21,22,76,77], in ToT
networks [12-14,80] and in network-level cooperative wireless networks [23,78].

1.2. Contributions

In this work, we consider a two-user slotted ALOHA multiple access channel with collisions,
that is, a transmission is successful if and only if a single user transmits. Each user has
external bursty arrivals that are stored in its infinite-sized capacity queue and accesses the
medium in a random access manner. The major contribution of this work relies on the fact
that we consider for the first time in the related literature the concept of signals in RANs,
which introduces the so-called RAGN.

In particular, we consider both negative signals, which delete a packet from a user’s
queue, and signals that trigger the instantaneous movement of packets among user queues.
The concept of negative signals can model security attacks (i.e., a short jamming attack that
destroys a data packet) in such networks, packet transmission deadlines or other possible
malfunctions, whereas, triggering signals can be used to model load balancing schemes. To
the best of our knowledge, this variation of random access has not been reported so far. For
such a network, we investigate stability conditions, the stable throughput region, and the
queueing delay.

1.2.1. Stability and Stable Throughput Analysis. The presence of negative signals affects
the stable throughput region, which now becomes a subset of the stability region since
packets can be dropped before being transmitted to the destination thus, these packets
they do not contribute to the achievable throughput. Note that such property has not
reported in the literature of RANs so far.

When characterizing the stability and/or stable throughput in such a network, we have
to cope with the problem of highly interaction among queues. In RAG network, the level of
interaction is even higher due to the presence of signals that interact upon arrivals both with
the queue and with the backlogged packets. We show that the stochastic dominant technique
[81] is an efficient tool to bypass the problem of interaction among queues. Although stability
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conditions can be also derived by well-known methods from two-dimensional Markov chains
[16,30], the importance of stochastic dominant technique is more apparent when we char-
acterize the stable throughput region, where we show that it is a subset of the stability
region.

1.2.2. Queueing Analysis. Queueing theoretic analysis of interacting queues is a chal-
lenging task. The increased level of interaction due to the presence of signals will further
complicate the analysis. In this work, we present a compact mathematical analysis, and we
provide exact expressions for the probability generating function (pgf) of the joint stationary
queue length distribution of user queues by solving a non-homogeneous Riemann bound-
ary value problem [36]. Furthermore, we also provide a computationally efficient alternative
way to obtain explicit bounds for basic performance metrics without calling for advanced
mathematical concepts of boundary value problems.

The rest of the paper is summarized as follows. In Section 2 we describe in detail the
mathematical model, while in Section 3 we provide the stability and the stable throughput
region. The fundamental functional equation along with some basic preliminary results
regarding its investigation are presented in Section 4. In Section 5 we provide expressions
for the pgf of the joint stationary queue length distribution at user queues in terms of
a solution of a Riemann boundary value problem, while in Section 6 we provide exact
bounds for the expected number of backlogged packets at each user queue, without using
the theory of boundary value problems. Numerical results are given in Section 7 and show
insights in the performance of the system. Conclusions and future directions are presented in
Section 8.

2. THE MATHEMATICAL MODEL

We consider an ALOHA-type RAN consisting of two users, say U, Us, that communicate
with a common destination node. Each user is equipped with infinite capacity buffers, in
which it stores the arriving and backlogged packets. The time is slotted and packets have
equal length. The transmission time of a packet corresponds to a single slot.

At the beginning of a slot, user Uy, k = 1,2, if it is not-empty, transmits a packet with
probability ay, or remains silent with probability ai = 1 — a. We consider a collision-based
channel model, and thus, if both users attempt to transmit simultaneously, a collision occurs
and both transmissions fail. In such case, the packets have to be re-transmitted in a latter
slot.

Contrary to the traditional RAN, in this work we introduce a generalized RAN,
called the RAGN by including the concept of signals. In particular, at the beginning
of a slot, signals are generated in user Uj with probability si. If a signal is gener-
ated, then with probability [~ it deletes a packet from the buffer of U, while with
probability lkJr =1—1, it triggers the instantancously movement of a packet from the
buffer of U to the buffer of the other user. A signal arriving in an empty buffer has
no effect. In this work, we assume that if a signal and a packet transmission occur
simultaneously, the signal occurs first. In the case of a signal generation, a temporar-
ily network malfunction occurs, and both users remain silent during the slot. Moreover,
packet arrivals are scheduled at the end of the slot, early departure late arrival model.
Denote by Ay, the number of packets arriving in Uy, in the time interval (n,n + 1], with
E(Akyn) =\ <00, k=1,2.

Let Q.n be the queue length at the buffer of Uy, at the beginning of time slot n. Under
the above system model, the two-dimensional process Q, = {(Q1,n,Q2,);n=0,1,...}

https://doi.org/10.1017/50269964819000251 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964819000251

A RANDOM ACCESS G-NETWORK 115

is a Markov chain. Clearly, under usual assumptions Q, is irreducible and aperiodic.
Then,

o If le = ng = 0, then Qk,n-i-l = Akﬂl’ k= 1, 2.
o If Ql,n = 07 QQ,n > 0;

Q _ 1417“7 w.p. §2 —+ 5215,
Lntl Arn+1, wp. solf,

Q _ QQ,’H + AQ,na w.p. 526427
Zmtt Qo — 14+ Az, w.p. 5202 + 52,

o If Ql,n > 07 Q2,n =0,

Q) iy = Q1n + A1, w.p. 5101,

nr Qin—1+ A1, wp. S10q4 + s1,
Q _ 14277747 w.p. §1 + Sll;,
Zn+l Agp +1, wop. sl

o If Ql,n > Oa QQ,n > 07

(Ql,nJrlQQ,nJrl)
(Qin + A1 ny Q2.5 + Az ), w.p. 5152(01 02 + aras) + sys2lf 1
(Qin—14+A1n, Qon+ Asy), w.p. 518200102 + $1520] + 518211_12_,
) @i =14+ A1, Qo + 1+ A2y), wp. 15l
Qi+ A1, Qo — 1+ Asy), Ww.p. 51820001 + S251l5 + 81802053 17,
(Qin +14+ A1, Qan — 14+ As,), w.p. 25115,
(Ql n -1 + Al,r“ Q2,n 1 + Az’n) w.p. 81821%15.

3. STABILITY CONDITIONS AND STABLE THROUGHPUT REGION

As mentioned in the previous section, it is clear that for a packet located at the head of the
queue, there are three options depending if a signal will be generated or not. When a signal
is not generated, the packet it will be transmitted successfully to the destination if the node
will attempt to transmit and collision will not happen. If a signal is generated, there are
two options, either the packet will be dropped from the system or it will be transferred to
the other queue. Thus, it is important to emphasize that the stability region is different
than the stable throughput region. In fact, the stable throughput region is a subset of the
stability region as we will see in this section.

The service probability for U; is denoted by p;, i = 1,2, which denotes the probability
that a packet will be either transmitted successfully to the destination or it will be relocated
to the other queue. The expression for p; is given by

Hn = alPr(Qz = 0)51 + alPr(Qg > 0)5107252 + Sllf. (3.1)
Then we define the probability that a packet will be removed from a queue, either it

will dropped, or transmitted successfully, or transferred to the other queue. For the users
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Uk, k = 1,2, we denote this probability my. The expression for m; is given by
mi = U1 + 5111_ (3.2)

which is equal to
mip = 181 [PI‘(QQ = 0) + PI‘(QQ > 0)5&252] + S1. (33)

Similarly, we can write the expression for ms. Clearly, m; and p; depend on the state
of the second queue and ms and pus on the state of the first queue. Thus, the queues are
coupled. We will bypass this difficulty by applying the stochastic dominance technique to
obtain the exact stability region and the stable throughput region.

We use the following definition of queue stability [84,85]:

DEFINITION 1: Denote by Q! the length of queue i at the beginning of time slot t. The queue
is said to be stable if lim;_, oo Pr[Q! < z] = F(z) and lim,_,o F(z) = 1.

Although we will not make explicit use of this definition we use its corollary consequence
which is Loynes’ theorem [69] that states that if the arrival and service processes of a queue
are strictly jointly stationary and the average arrival rate is less than the average service
rate, then the queue is stable. If the average arrival rate is greater than the average service
rate, then the queue is unstable and the value of Q! approaches infinity almost surely.

The stability region of the system is defined as the set of arrival rate vectors A = (A1, A2)
for which the queues in the system are stable. On the other hand, the stable throughput
region provides the set of arrival rate vectors A = (A1, A\2), for which packets are able to
reach the destination. In the previous definitions, A; denotes the total arrival rate at the
queue i. Note that due to the presence of deleting signals, a portion of packets will be
dropped and never reach the destination, and thus, the stable throughput region will be a
subset of the stability region.

Before proceeding with the derivation of the stability region and the stable throughput
region, we need to calculate the internal arrival probability, A;; for each queue j =1,2, 1
stands for internal. We have that

)\Li = PI"(QQ > O)Sgl;’_ (3.4)

and
)\2,1‘ = PI‘(Ql > O)Sll;r (35)

The following theorem provides the stability region for the considered system.

THEOREM 3.1 (Stability Region): The stability region R for a fized transmission probability
vector a := [av, as] is given by R = Ry U Ry where

()\2 -+ Sll?_)(SQI;_ + 05151(1 - dQEQ))
Q28200181 + S2

Rl—{(AlJ\z)i)\lJr < o151 + s1,

(3.6)
Ao+ Sll?_ < (gS2(181 + S2 ¢,
A I+ I 59(1 — a5
Ra = {(/\1,)\2) S A2+ (s + saly )(Si L _‘:OQSQ( G151) < Q289 + 9,
Q1510282 + S1 (3.7)

A1+ 82l < 1510252 + 81} )
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ProOOF: To determine the stability region of our system we apply the stochastic dominance
technique [81], that is, we construct hypothetical dominant systems, in which a node trans-
mits dummy packets for the packet queue that is empty, while for the non-empty queue
transmits according to its traffic. Under this approach, we consider the Ry, and Rs-dominant
systems. In the Rj dominant system, whenever the queue k, kK = 1,2 empties, it continues
transmitting a dummy packet. Thus, in Ry, node 1 never empties, and hence, node 2 sees
a constant probability that a packet will be removed from its queue, while that probability
for node 1 depends on the state of node 2, that is, empty or not. We proceed with dominant
system R;. The probability m4 of the first node is given by (3.3). The mq is given by

mo = QQEQ[PI'(Ql = 0) + Pl"(Ql > 0)07151] + S9. (38)

Since in Ry queue 1 never empties, Pr(Q; > 0) = 1, we have ma = a252&151 + s2. We can
obtain that the total arrival rate at Uy is Ao + s1/;". By applying Loyne’s criterion [69], the
second node is stable if and only if Ay + slli|r < mes. The probability that the second node
is empty is given by

)\2—|—Slli~_ Ao —I—Sllf—
r(Q2 ) mo 98200181 + S2 ( )
Then, the internal arrival probability at U; is given by
I (A I
A = M (3.10)

Q9So01S1 + So

After replacing Pr(Q2 = 0) into (3.3), and applying Loynes criterion [69] we can obtain
the stability condition for the first node. Then, the stability region for the first dominant
system, say R1, is given by (3.6). By applying similar arguments, we can obtain the stability
region for the second dominant system, say Ro (further details are omitted). For a detailed
treatment of dominant systems please refer to [81].

An important observation made in [81] is that the stability conditions obtained by the
stochastic dominance technique are not only sufficient but also necessary for the stability
of the original system. The indistinguishability argument [81] applies here as well following
the standard procedure developed in [81] (see also [67]), and thus, extensive details are
omitted. Just for the sake of clarity, we briefly discuss in the following the general aspect
of the applied approach.

Based on the construction of the dominant system, we can see that the queue sizes
in the dominant system are always greater than those in the original system, provided
they are both initialized to the same value and the arrivals are identical in both systems.
Therefore, given Ay < my, if for some A1, the queue at the first user is stable in the dominant
system, then the corresponding queue in the original system must be stable. Conversely,
if for some A; in the dominant system, the queue at the first node saturates, then it will
not transmit dummy packets, and as long as the first user has a packet to transmit, the
behavior of the dominant system is identical to that of the original system since dummy
packet transmissions are eliminated as we approach the stability boundary. Therefore, the
original and the dominant system are indistinguishable at the boundary points. |

The next theorem provides the stable throughput region for the considered setup.
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THEOREM 3.2 (Stable Throughput Region): The stable throughput region T for a fized

transmission probability vector o := [an, ag] is given by T = T; U Ty where

()\2 + <Slll+)(8215L + OZ1§1(1 — 07252))
Q28520181 + S2

712{()\1,/\2)1)\1+ < 181 + 8117,

(3.11)
Ao + 5111’_ < (iS90151 + SQZ;_} R
A IV syl 5o(1 — @18
T = {()\1,/\2) P A2+ (u + sy )(S} L jt cafa(l = Si51)) < @232 + s2l
Q1510252 + 51 (3.12)

A1+ Sgl; < (1510289 + Slli"_ s

PrOOF: Following the same methodology of dominant systems in the previous theorem,
we construct two hypothetical systems, Ry and Rs. In Ry, U; transmits dummy packets
when its queue is empty, thus Pr(Q; > 0) = 1, we have po = a82a15; + s2l3 . In the proof of
Theorem 3.1, we obtain Pr(Q2 > 0) and is given by (3.9), and the internal arrival probability
for U is given by (3.10). After replacing (3.9) into (3.1) and applying Loyne’s theorem [69]
we have that the stable throughput region obtained from R; is given by (3.11). Similarly
we obtain 73 which is given by (3.12). |

Remark 1. Clearly, 7 C R this can be easily observed by the expressions in Theorems 3.1
and 3.2. If s; > 0 and l;r =1, then 7 =R. If s; = 0 for all 4 then 7 = R and the stability
region is the same with the two-user multiple access channel with collision reported in the
literature in [81].

Remark 2: In Appendix A, we provide an alternative way to derive the stability condition
based on general results regarding two-dimensional random walks [16].

Remark 3: Note that, when the arrival rates are in the stability region (i.e., the network is
stable), but not in the stable throughput region, then a portion of packets will be dropped
due to the presence of deleting signals. There will be a loss of packets since user queues are
not able to transmit “faster” the packets to the destination, and fail to meet a transmission
deadline. The deleting signal generation can model in an abstract way the expiration of
deadline. Since deadline-constrained traffic requires a more detailed treatment is outside of
the scope of this study.

4. THE FUNCTIONAL EQUATION AND PRELIMINARY ANALYSIS

In the following, we apply the generating function approach and obtain a fundamental
functional equation, which is the key element of our analysis. In order to proceed with the
investigation of the functional equation we also need some crucial preliminary results that
are also given below. Denote the joint pgf of Ay, and As, by H(z,y) = E(zArnydzn),
|z] <1, ly| <1, n € N. Then, the evolution among queues implies

E(le,n+lyQ2,n+l)
" lfy R aq
= H(z,y) ]E(]‘{Ql,n:QQ,n:O}) + |51 = + v + 51 (041 + ?)

x E(z@1n 1{Q1 ,>0,Q2,,=0})
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Iy ISz g Q2.
so( 2+ ) s (@ ) | B2 10u=0.0u00])

b, Uy ly | Ll
+ (5152( + 7) + 5182 < 2 4 > + 5189 < 12 12 412 +lrl;‘>
x Yy y ry Yy x

+

10 n QoQy

+ 5152 (041042 +aran + )) ]E(le’”yQ2’”’1{Q1,n>o,Q2,n>o})} . (41)

Assuming that the system is stable (see Section 3), letting

O(z,y) = lim E(a@ry@2m), |z <1,]y| <1,

n—oo

and having in mind that

Jim E(1(q, =@, .=0}) = 11(0,0),
Jim E(x 29140, ,50,Gs=0}) = I(2,0) — T1(0,0),
hm E( @z " 1@, =0,z >0}) = 11(0, ) — 11(0,0),
lim E(z9 "y 110, ,50,05,>0}) = Mz, y) — I(z,0) — (0, y) +I1(0,0),

n—oo

we obtain the following functional equation:

Iz, y)[ry — ds(z,y)] = ly¢1 (2, y) — ¢s(z,y)][1l(x, 0) —II(0, 0)]

+ [wga(z,y) — ¢3(z, y)][I1(0, y) — T1(0,0)]
+ [zyH (z,y) — ¢3(x, y)|11(0,0), (4.2)
where
¢3(2,y) = H(z,y)[5152(zy(@102 + cras) + ar@oy + @rasz) + s1529y(1] + 1y)

¢1(2,y) = H(z,y)[51(a1x + a1) + s1(Iy +1y)),

515
+sa51w(ly +15x) +siso(l7 Ly + 1Ty + 17+ 1715 2y,
)

P2(w,y) = H(w,y)[52(Q2y + az) + s2(ly + 13 7))
The function Z(z,y) := xy — ¢3(z,y), |z| <1, |y| <1 is called the kernel of the functional
equation (4.2), and plays a crucial role in its solution procedure.

The definition of II(x,y), implies that for fixed y, with |y| <1, II(z,y) is regular in
x, with |z| < 1, continuous in x, with |z| <1, and similarly with z, y interchanged, and
the coefficients of x'y’, (i,5) € Ng x Ng = {0,1,...} x {0,1,...}, in the series expansion of
II(x,y) are non-negative, with II(1,1) = 1. Then, it also follows that II(p,0), II(0,p) are
both regular in p, with |p| < 1, continuous in p, with |[p| <1, and the coefficients in the
series expansion of II(p,0) are all non-negative. Similar result holds for TI(0, p).

Note that some interesting relations can be directly derived by the functional equation
(4.2). More precisely, setting y = 1, rearrange its terms and then taking the limit = — 1,
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and vice versa we come up with the following “conservation of flow relations”:

AL+ 2l (1 = TI(1,0)) = (s1 + 81 82010)[1 — II(1,0) — I1(0, 1) + TI(0, 0)]

+ (s1 + 5109)[II(1,0) — I1(0, 0)],
Ao + 8107 (1 = T1(0,1)) = (s2 + 5152a2a1)[1 — II(1,0) — I1(0, 1) + I1(0, 0)]
+ (s2 + 5202)[11(0, 1) — I1(0, 0)]. (4.3)

Note that (4.3) has a clear probabilistic interpretation. In particular, they equate the
flow of packets into the buffer of Uy, with the flow of jobs out of the buffer of Uy, k =1, 2,
respectively. Just for the sake of clarity, note that the left-hand side in the first of (4.3)
is composed of the mean number of external arrivals per slot in the buffer of Uy (i.e. A1),
while the second term corresponds to the arrivals per slot due to the presence of signals
in U, that trigger the instantaneous transfer of a packet in U;. Note that such an arrival
may occur only in case Uy is not empty, that is, with probability 1 — II(1,0), which is the
fraction of time user Us is not empty.

4.1. On the kernel Z(x,y)

To proceed with the analysis of functional equation (4.2), it is required to focus on the inves-
tigation of suitable representations of the zero-tuples of its kernel Z(z,y). For a complete
discussion, the interested reader is referred to [15,17,31]

Clearly, the definition of Z(x,y), implies that for fixed y, with |y| < 1, Z(x,y) is regular
in z, with |z| < 1, continuous in z, with |z| < 1, and similarly with z, y interchanged. In
the following, we assume symmetrical characterization of the zero tuples (Z,y) of the kernel
[16,17], by letting

/x\:grv Z/J\: gr_la |7" =1, ‘g| <1,

and thus,
Z(2,7) = g° — ¢3(gr,gr ') = 0.
Then, for |r| =1, r #1, |g| =1,

d3(gr, gr )| < |8%(9% (&% + &) + aag(r + 1)) + ssgr= (1" +1Tgr )
+s8gr(I” +1Tgr) + (1) + 1T glr+r7 1) + (11)%g%) < 1= g%,

Since ¢3(gr, gr=1) is regular in g for |g| < 1, with fixed r, |r| = 1, and continuous for |g| <
1, Rouché’s theorem implies that g2 — ¢3(gr,gr~—!) = 0 has exactly two roots in |g| < 1.
According to Theorem 2.1, pp. 65-66, [16], g(r) is such that g(r) — 1, as r — 1, |r| = L.
Put,

Si={zax=g0)r|rl =1}, S ={y:y=g(r)r~" Ir| =1}.

In order to proceed, we must show that the contours S;, Sy are both simple and smooth.
To show this in the general case, we need some extra assumptions (see [17], Sections II.3.1-
11.3.3, pp. 151-163) that will further complicate the analysis and worse the readability of
the paper.

! Note that in the case of Bernoulli arrivals, Z(x,y) is a quadratic polynomial with respect to , y.
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With that in mind, we will focus on the symmetrical case (see Section 5). For such a
case, Theorem 2.1, pp. 65-66 in [16] implies that:

1. &1, Sy are both simple and smooth.

2.2=0€8, 2=00€8,y=0€8, y=00€ S, , where S; (resp. S, ) denotes
the interior (resp. the exterior) of Si, k=1,2, and 0 < g(r) < 1, |r| = 1.

3. 2€8) (resp. y€S,), then T € S; (resp. § € Sy), where h denotes the complex
conjugate of h.

4. For the set (Z,y) € S1 X Ss of the zero tuples of the kernel Z(x,y) = 0, if T traverses
81 counterclockwise, then 7, traverses S clockwise.

Therefore, the solution of (4.2) is now reduced to the construction of functions II(p,0),
I1(0, p), both regular in |p| < 1, which satisfy

ylz — 12, 9)][I1(Z,0) = T1(0,0)] + Z[y — ¢2(Z, y)[11(0,y) — T1(0, 0)]
= 11(0,0)[H (7, 7) — 1], (4.4)

for all (Z,7) € S X Sa. This problem will be transformed in the next section into a Riemann
boundary value problem.

5. THE SYMMETRICAL SYSTEM: EXACT ANALYSIS

As for the symmetrical system we assume s = s, A\p = A, ax = @, llj =it =1 k=12
Note that in such a case, ¢3(x,y) = ¢3(y, ), and ¢1(z,y) = ¢p2(y, x). Moreover, for the
stability conditions (see Theorem 3.1 or Theorem A.1) the following conditions should hold:

A+ slT < s+ 52aa,

I+
L<(S+§O¢) (1—

A+ sl 5
s + scaa

/\—|—sl+) A+ slt

2
. 5.1
s+ 52aa s+§2ad(s+s o) (5-1)

Set,
C:={z:|z|=1},Ct:={z:|z| <1}, C :={z:|2| > 1}.

We proceed as in [17], sections 11.2.4, 11.2.13, 11.2.16; see also Theorem 3.2.1 in [16] or
Theorem 1.1 in [15]. In particular, for the contours Sy, Sz, and due to the symmetry of our
system the following hold:

1. z2=0€Ct,z2=1€C,z=00€C,

2. and there exist functions
r=x(2):CtUC—8US, y=y(2):CUC — S US,,

such that,
(a) #(0) =0, z(1) = 1= y(1), y(0) = 0,
(b) z(z) : C* — S is regular and univalent for z € C*.

(¢) y(z) : €~ — & is regular and univalent for z € C~.
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Then, theorem 3.2.3, p. 123 in [16] states that x(z), 2 € CUCT, and y(z), z € CUC™,
are such that

Lo/ 2T (g oglg(e MO HCH2/C—2=CH1/¢-1}C/C - - o
SL'(Z — o\ o\ ’ ’
g(eM) e =) z €C,

—1,=1/2mi [y log{g(e™ ) H(+2/¢—2=¢+1/¢~1}dC/¢ -
y(z)=43° & . , 2€C7, (5.2)
g(et (z))e—z =), z€C,
where A(z) € [0,27), z € C, A(1) = 0, be the unique solution of the integral equation
eNE) — /2 gy loatg (NN HCH=/CmamC1/Cm1YdC/C o o (5.3)

For such a case, x(z) (resp. y(z)) represents a conformal mapping from CT (resp. C™)
onto Sj (resp. S57), while for every z, with z € C, (z,9) = (z(2),y(2)) is a zero tuple of the
kernel Z(z,vy).

Since for z € C, (Z,9) = (x(2),y(2)) is such that z(2)y(z) = ¢3(x(2),y(2)), (4.4) implies
after some algebra that

@1(2) = @3(2)G(2) + 5(2), (5.4)
where,
®1(2) = H(x(Z),(zz),—O)H(O,O)’
Dy(z) = H(O,y(rzlz()m)n(o,())’
66 = S e
0= S S

Note that due to the regularity of z(z), z € C*, and of y(z), z € C™,

1. ®1(2), z € CT UC, is regular for z € CT, and continuous for z € CT UC.

2. ®y(2), z € C~ UC, is regular for z € C~, and continuous for z € C~ UC.
Note also that ®;(z) is well defined due to the fact that |z(z)| < 1, z € C, so that |z(z)| < 1,
z € CT due to the regularity of z(z), z € C* and the maximum modulus theorem [74] (similar
result holds for ®5(z)), and ®1(0) = lim,|_,o P2(2) = 0.

From the above discussion, ®1(z), ®2(z), can be obtained as a solution of a non-

homogeneous Riemann boundary value problem, with boundary condition given by (5.4).
Its solution is solely based on the index x of G(z) defined as

) 1
X = ind|;=1G(z) = o i dlog{G(2)}

= ind)|=12(2) — ind|;=1y(z)
+ind)z =1 [y(2) — ¢2(2(2),y(2))] — ind|2 =1 [2(2) — d1(2(2),y(2))]-

Note that 0 < ¢p(2(2),y(z)) <1, k = 1,2, while G(z), S(z) posses a continuous deriva-
tive along C and consequently, they satisfy the Holder condition on C. Since S, k = 1,2,
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are simple contours and x(z) (resp. y(z)) traverses S; counterclockwise (resp Sy clockwise),

we have ind|,|—1z(z) = 1, ind|;|—1y(2) = —1. Moreover,
indojaly(=) - 62(2(2),y(2)] = —,
indizjafa(z) — 61 (2(2),u(2)] = 5.

Therefore, x = 1, and the solution of the Riemann boundary value problem is given by,
o e"AW(2) + 12 + ), z € CH,
Z) =
! TR (2) + 12+ ), 2 €C,

27O [W(2) + 12 + ), z €C,

2(2) = {z_ler(z)[\ll_(z) +c12+ ¢, 2 €C, (5.5)

where cg, ¢1, are constants to be determined by using the fact that ®1(0) = lim|,| . ®2(2) =
0, which in turn yields

eFO[B(0) + o) =0, ¢ =0,

and
_ 1 -1 dg + U
F(z)—2m,/<eclog{g G(Z)}Q—Z’ZECUC uc,
1 ot d¢ _
] _ (0 +
(2) 27”/4605(06 C—Z’ZGCUC uc,
with
F+(ZO) - Z€C1+i1/?*>20 F(Z),\IIJF(ZO) - ZGCEIZ:IHZO \P(Z),
P_(Zo) - zECljr?Hzo P(Z)7\Il_(ZO) - zeleiI?Hzo \II(Z)

In view of (5.5), we are able to obtain II(x(z),0), II(0,y(z)), as a function of I1(0,0).
I1(0,0) will be obtained by using: ¢) the normalizing condition II(1,1) =1, 4i) the solu-
tion (5.5), and #4i) the symmetry of the system, which implies that TI(1,0) = II(0,1). In
particular, setting in (4.2) y = 1 and then letting x — 1, yields

I1(1,0)[5a — 25%aa — s17] + 11(0,0)[5%aa — 5a] = A + slT — (s + 5%aa). (5.6)

Using (5.5), and (5.6) we obtain TI(0,0). Thus, it follows that II(x(z),0), z € CUCT
and I1(0,y(z)), 2 € CUC~ are known by (5.5). Moreover, since both conformal mappings
2(2), z€ CUCT and y(z), 2 € CUC™ unique inverse, II(z,0), € S; x S, and I1(0, y),
y € Sy x S are also known. As a consequence, I1(z,y), is now derived by (4.2).

Remark 4: Note that II(x,y) is given in terms of contour integrals, that is, (5.5). The
derivation of these integrals require also the derivation of the conformal mappings z(z),
y(z), through (5.2). Note that the conformal mappings are also given in an integral form
that contains the function A(z), z € C. This function is the unique solution of the integral
equation (5.3), which in general, cannot be solved explicitly. Thus, we have to solve it
numerically. The derivation of the conformal mappings as well as the determination of
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their inverse can also be done numerically. Several techniques, such as trapezoidal rule,
and standard iteration procedures has shown rapid convergence based on the values of the
parameters. For more details on how we can numerically treat (5.2), (5.3), (5.8) see [17],
Ch. IV.2.

In the following, we provide expressions for the expected number of packets at user
queues. We focus only on user U;. Similar expressions can be derived for user Us. Denote
by II;(x,y), Ha(z,y) the derivatives of II(z,y) with respect to & and y, respectively. Note
also that symmetry implies that II(1,0) = II5(0, 1), II;(1,0) = (0, 1), TI;(1,1) = (1, 1).
Substituting y = 1 in (4.2) and taking the derivative with respect to = at point x = 1 yields,

s2aa — 5o — slt
Ly, :=1L(1,1) = IT;(1,0) + W4II(1,0) + WHII(0,0 5.7
1 1(?) < 8174’520464 ) l(a)+ 1(,>+ 0(7)7 ( )
where
A(25%aa — 5a — sl7) + sl (52aa + s~ — 5(s + 5a))
Wy = ——— )
(sl= + 3%2aa)?
Ao — 52aa) — sl (sl™ + 52aa) — 3(s + 3a)
Wy =

(sl + 5%2aa)?

In view of (5.7) we realize that we only need to obtain II; (1, 0). Note that the derivation
of TI(z,0) in terms of a solution of the non-homogeneous Riemann boundary value prob-
lem is based on the properties of the conformal mappings z : C* — S and y: C~ — S
derived in (5.2). Indeed, the properties of the conformal mappings imply that the inverse
of these mappings do exist. Let z = wy(z), 2 = wa(y) the inverse mappings of z(.) and y(.)
respectively. Then, the first in (5.5) yields

P W1 @) [ (wy (2)) + crwy () + co), = € S,

H(x,o) = H(070) X |:]. + {6F+(w1($))[\11+(w1 (IL‘)) + clwl(m) + COL T 81, )

when z =1 € §;2,

(1,0) = 11(0,0) Tim -2 (@) [y (2)) + crun (2) + co]}

wesr,xﬁl dx

=T11(0,0) lim {w%l)(x)er(““(w)) ([ (wi(z)) +wi(x)er + co)

xEST,zHI
" L log G(T)dT2 i T () log S(T)dTQ) N 1}’ (5.8)
2mi T€S1 (T - ’LUl(LL')) 2mi T€ST (T — Wy (1’))

where w%l)(x) is the first derivative of wy(x) with respect to z.

Remark 5. Therefore, although the theory of boundary value problems provides a robust
mathematical background to obtain expressions for the pgf of the stationary joint queue
length distribution at user buffers, it is not an easy task to obtain numerical results; see
[17], part IV. In the next section, we provide an efficient approach to derive bounds for
the basic performance metrics without calling for the advanced concepts of the theory of
boundary value problems.

2fx=1¢ S, , then we need to obtain analytic continuation of the function in the right-hand side of
(5.5) following the lines in [72]. Note that such a case would result in further numerical difficulties.
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6. THE SYMMETRICAL SYSTEM: MEAN-VALUE ANALYSIS

In the following, we show how we can obtain explicit bounds for the expected number
of buffered packets, without calling for the advanced concepts of the theory of boundary
value problems. Recall that symmetry implies that II(1,0) = II(0, 1), II;(1,0) = II5(0, 1),
I1;(1,1) = I5(1,1). Without loss of generality, we assume that H(z,y) = (A + Az)(\ + \y),
i.e., the number of packets arriving at a users’ queue is Bernoulli(\) distributed, where
A =1 — \3. The following Theorem summarizes the main result of this Section.

THEOREM 6.1: Under the stability condition A < sl= + 5%aa (see Theorem 3.1), the follow-
ing expressions are explicit bounds for the expected queue length at the users’ buffers:

L. — (slt + 5a — 32a@)A\(2 — 3\) — 2[258%aa — 5a + sI7|(AN + sl A + sit /s + 52aa)
fow = 2(s + 3+ slT) (sl~ + 52aa — \) ’

(sl7)?[slt + 3a — 5%a]
2(s + 5a + slt) (sl + 52aa — \)’

Lup = Ljow + (61)

PrROOF: Our approach is summarized in the following steps:

Step 1. Settingin (4.2) y = 1, differentiating with respect to x, and letting x — 1, we obtain
after some algebra

A+ slt A“Zil — + 11, (1,0)[s%aa — o — slt]

I (1,1) = 2

111 = l + 52ca — A (6.2)

To derive (6.2) we used (5.6), and the balance condition

51+M = s5l"[1 —TI(1,0) — I1(0, 1) + I1(0,0)] + sl [II(1,0) — I1(0,0)]. (6.3)
s + §2ad 9 3 ) ) )

Note that (6.3) is a conservation of flow relation and equates in steady state the
flow of packets into and out of a queue due to the arrival of a triggering signal. More
precisely, the left-hand side denotes the rate at which jobs flows in a user queue
when a signal arises in the other (non empty) user queue, while the right-hand side
the flow of jobs out of a user queue due to a signal arrival.

Step 2. Denote L =TI;(1,1) = II5(1,1). Setting =y in (4.2) and differentiating it with
respect to  at x = 1 we obtain after lengthy calculations:

A2 —3)\) + 2I0;(1,0)[25%aa — 5a + sl7] + (sI7)?P(Q1 > 0,Q2 > 0)

L =
4[sl= + 52aa — N

(6.4)

Step 3. Using (6.2), (6.4), and that fact that 0 < P(Q1 > 0,Q2 > 0) <1 we obtain the
desired expression (6.1).

Remark 6: Note that when s =0 (i.e., classical slotted ALOHA network) and/or I~ =0
(i.e., only triggering signals are allowed), Ly, = Ljoq.

3 Note that similar results can be obtained if we assume an arbitrary other arrival process. In this section,
we decided to consider Bernoulli arrivals for the ease of computations.
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0.8

1

FIGURE 1. The closure of the stability region and the stable throughput region. The blue
lines are for the stability region and the red ones for the stable throughput region.

7. NUMERICAL RESULTS

In this section, we evaluate numerically the theoretical results obtained in the previous
sections. We consider the case where the users have the same link characteristics and
transmission probabilities to facilitate exposition clarity.

7.1. Stable throughput region and stability region

Here we present the numerical results regarding the stability conditions and the stable
throughput region as presented in Section 3. As we mentioned in that section, the stable
throughput region is a subset of the stability region. In Figure 1, we present the closure of the
stability region and the stable throughput region for the external arrival probabilities for the
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FiGUurRE 2. Effect of o on the bounds of the expected number of packets for s = 0.2, A = 0.1.

following three cases for s; = s = 0.1,0.2,0.4. We consider two cases regarding the prob-
abilities lj = 0.2,0.4. By closure, we mean over all the possible transmission probabilities
(073 1= 1, 2.

As s; increases, the stability region is becoming slightly broader, this is expected since
less packets are transmitted thus we have fewer collisions. In addition, the stable throughput
region is becoming smaller, since the achievable throughput is less, we observe a steep drop
in the medium values of the external arrivals, this is because in the expression of an empty
queue that we utilized in the dominant systems, the denominator is based on the probability
of a packet departure from the queue m; (including the packet drops that are excluded from
the throughput), instead of the probability of service, p;.

We observe that for the same value of s;, with the increase of lj, both regions become
smaller, due to internal packet movement which allow for less external traffic arrivals in
order to sustain the stability of the system. However, for the stable throughput region, we
observe that for the low arrival rate for the one user and the high arrival rate for the other
user we got less achievable stable throughout, however, in the medium ones we can achieve
a larger region. This is expected due to the smaller value of I;” which causes the drops of
the packets from the system.

7.2. Performance analysis

In the following, we focus on how the system parameters affect the expected number of
packets.

Figure 2 shows the way « € [0.3,0.6] affects the bounds Ljgy, Ly, by letting I taking
values 0.5 and 0.8 and assuming s = 0.2, A = 0.1. Clearly, letting s to be small the bounds
become tighter, especially when I = 0.8. Thus, by enhancing load balancing we can achieve
tighter bounds (In particular, when [T = 1, then, L, = Ly,; see equation (6.1). Moreover,
we observe that the increase in transmission probability a will decrease the expected number
of buffering packets.
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FIGURE 3. Effect of IT on the bounds of the expected number of packets for a = 0.6,
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FIGURE 4. Effect of A on the bounds of the expected number of packets for a = 0.6,
It =0.1.

In Figure 3 we observe the way Ljo,, Ly, are affected for increased values of [*. By
increasing [T we enhance load balancing. In particular, we can see that as s takes small
values, the more we increase [T, the better the system behaves, since we can see the decrease
on the expected number of buffering packets.

Figure 4 shows that the increase in A will definitely increase the expected number of
buffering packets, but our results shows that in such a case, if s takes large values, the
bounds become tighter. This means that the increase in packet arrivals can be balanced by
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F1GURE 5. Comparison of RAGN and standard ALOHA network for o = 0.6.
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FIGURE 6. Effect of s on the expected number of packets for [t =1, A = 0.1.

the increase in signal generation, and especially when the probability of a deleting signal
(i.e., I7 =0.9) is large.

In the following, we focus on the impact of signals on the system performance by
providing a comparative study between the RAGN and the standard RAN without signals
(i.e., s = 0). For this reason we consider only triggering signals, that is, It = 1. Our aim is
to see the effect of load balancing on the network performance.

Figure 5 shows that RAG network with only triggering signals is superior with respect
to the standard ALOHA. In particular, by assuming the RAG network with only triggering
signals (i.e., considering load balancing) with s = 0.1 (and [T = 1), we succeeded better per-
formance than the standard ALOHA network (i.e., s = 0). Clearly, the network performance
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can be improved further when assuming deleting signals (but at a cost of losing data). Thus,
the effect of triggering signals will result in better performance and will improve the quality
of service in a multiple access network.

Figure 6 shows how the expected number of packets are affected when we increase the
probability s of signal generation, and further illustrates the importance of load balancing
in such networks. In particular, we compare again the RAG network with only triggering
signals (I = 1) with the standard ALOHA network. It is easily observed that in the case of
RAG network with only triggering signals, the expected number of packets in a user node
decreases as we increase the values of s (in a region of s that ensures stability). This fact
reveals how crucial is for the overall network performance the inclusion of load balancing
through triggering signals.

8. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper we introduced for the first time in the related literature the concept of signals in
RANS, by introducing the so-called RAGN. We considered both negative signals that delete
a packet from a user’s queue, and triggering signals that cause the instantaneous transfer
of packets among user queues. For this interacting network of queues, we obtained both
the stability (SR) and the stable throughput (STR) regions using the stochastic dominance
approach. We shown that STR is a subset of SR, a result that has not been reported in the
related literature.

Moreover, we provided a compact mathematical analysis and obtain expressions for
the pgf of the stationary joint queue length distribution at user queues with the aid of the
theory of Riemann boundary value problems. A computationally efficient way to obtain
exact bounds for the expected queue length was also given without calling for the advanced
concepts of boundary value problems. Numerical results were also obtained and shown useful
insights.

Future extensions of this work include the consideration of more realistic models for the
wireless channels such as the erasure and the multi packet reception channel. In addition,
security in IoT networks can be studied with the consideration of G-networks. Network-level
cooperative networks is another interesting direction to be considered.
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APPENDIX A
AN ALTERNATIVE WAY TO DERIVE STABILITY CONDITION

In the following we derive the stability condition based on Theorem 6.1 in [16], pp. 95-96. We start
with some necessary notation. Define py = d/dxgy(x,1)|p=1, vi, = d/dydr(1,y)|y=1, k = 1,2,3.
Then, it is readily seen that
_ + 5159001 O

13 = A1+ s2ly +1—(s1 + 515201 a2),

V3 = Ao + 51[1"_ +1-— (52 + 3152042611),

p1 = A1+ s100,

V] = Ay + Slli"_,

2 = A1+ 5212+7

Vo = A9 + Soas.
Denote also 11 = pu1 — 1+ 111 —p3)/(1 —wv3), o =vo — 1+ pa(l —v3)/(1 — p3). We will state
only the most interesting part of the ergodicity theorem. For a complete discussion see [16]. Since

under condition p3 > 1, v3 > 1, the system is unstable (see lemma 6.1, p. 94 in [16]), we assume
hereon that

3 <1l A+ Szl;r < (81 + 515201a2).

Then, following Theorem 6.1, pp. 95-96 in [16] we have the following result:

THEOREM A.1:

L Ifvs <1 Xo+s1lf < (s2+ 51520001), then, Qn is
(a) positive recurrent iff 11 < 0, ro < 0, or equivalently

Ao + 81l+ Ao + 81l+
A+ s l+% < (81 + 510 1-— %
! 22 S2 + 81520201 (51 101) S2 + 815202001
Ao + 81l+
%(51 + 315201 2),
S2 + 8152002001
A+ 52l+ B A+ 52l+
)\2"!‘311?_% < (52+52O¢2) 1- %
$1 + 515200102 $1 + 51520012

A+ Sgl;r

—————— (82 + S1520z2001). Al
31+3152a1a2(2 15262 1) ( )

(b) null-recurrent iff r1 <0, r1 =0 =rq, 72 <O0.

(c) transient iff r1 >0 or rg > 0.
2. Ifv3 > 1< Ao+ Sllir > (s2 + 51520i201), then, Qun is
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FIGURE A7. The two-dimensional random walk for Bernoulli external arrivals at user
queues.

(a) positive recurrent iff ro < 0, or equivalently

+ A+ Sgl;

A -I-Sgl;'_
Ao+ 51l —————— < (s2 + S« l-
2 " $1 + S152001 2 (s2 202) ( $1 + S152001 2
AL+ saly o
— =2 (594 51520001).
S1 + S1S2cx1 Q9

(b) null-recurrent iff ro = 0.
(c) transient iff ro > 0.

Let us now consider the case of Bernoulli(\;), i = 1,2, arrivals joining the user buffers. For
such a case, the resulting random walk in the quarter plane has bounded transitions and fall into
the class of random walks (see Conditions A, B, in [30], p. 39), for which Theorem 3.3.1 in [30]
provides the ergodicity conditions. Using that result we show that the derived stability conditions
coincide with those obtained in Theorem A.1, and Theorem 3.1. For such a case, the transition
diagram of the resulting two-dimensional random walk is given in Figure A7, and has one step
transition probabilities of the following form (maximal space homogeneity)

Dijs for k,1>1,

Quis = (i g+ DIQu = (k) = 4 T TRz LI=0

P +1:7:+ 7.7+ = ) = ,

" " Vi fork=0,1>1,
pj, fork=1=0.
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Just for the sake of clarity, we provide the one step transition probabilities for k,1 > 1. The rest of
them can be derived analogously. Then,

P_1.0 = MAa[Sa(s1l] + s101@2) + s1s2li 15 ]+ A Aasil] saly
Po,—1 = MA2[81(s2ly + Saa0dn) + slsgll_l;_] + A2A1s1ly saly
p—11 = MA2s1l] 52 + M A2[515201 a2 + s1(1] 52 + 1 sa2ly )],
P11 = AMAasaly 51 + AoAi[s15200a1 + sa(ly 51 4 13 s117)],
P10 = MiAe[S152(a1d2 + onag) + s1lf saly | + M da[51(s2ly + Saan02) + s1ly saly ]
+ A A2518203
P01 = Aei[5152(a1d + anag) + sl saly | + M da[S2(s1ly + s1a000) + s1l saly ]
+ XoXi5as1l]
P11 = MA2[5152(@182 + araz) + s1lf s20F ],
p_1,—1 = s1lq s2l3 Mg,

.
p—1,2 = 5107 52A1 )2,

p2,—1 soly 51221,

+_
s2ly 51A2A1,

P2,0
Po,2 = 511 52221,
P0,0 = MA2[5182(A1a2 + ajaz) + sl saly ] + M Ae[s2(s1l] + Sr1a1az) + s1s2li 5]

+ 5\1)\2[51 (8215 + §2a2d1) + Slsgl;l;} + A Aasily saly .

Let the expected one step transitions along the = and y for the interior (i.e., k,I > 1) and boundary
states (l.e., k > 1,1 =0and k =0, [ > 1) respectively:

2 1
My = Z Z ipiyj =)+ 5212+ — (51 + 51520410_42),
i=—1j=—1
1 2
My= "> jpij =X +s1l] — (s2+ 5152006),
i=—1j=—1
1 1
Mglg = Z Z ’L'p;’j =1 — (s1+5101),
i=—1j=—1
2 1
My= > " jpij=Xa+slf,
i=—1j=—1
2 1
MY =" iply =M+ saly
i=1j=—1

11
My =" 3" jpi; =X — (s2+ S202).
i=—1j=—1
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Then, is easily seen that
l+ Ao + Sllir
2 S + 8152002001

Ao + Slli"_ " Ao + slli"_
$2 + S1S52012001

Mo My, — My M, = A\ + s2

(s1+5101) <1 —

————— (51 + 51520102) |,
82 + S182c0201

A+ 82l+ A+ 82l+
MyMy — My My = X + 511 —————2— 5 L T Emaias
y Mg My 2+ 51k 81 + 81820102 < (24 5202) 51 + 51520102
A+ 82l+ o _
2 (s9 + 515202a1). (A.2)

S1 + 81520012

Then, a straightforward application of Theorem 3.3.1 in [30] implies the stability conditions
obtained in Theorem A.1, and Theorem 3.1.
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