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Abstract. A Smale space is a chaotic dynamical system with canonical coordinates of
contracting and expanding directions. The basic sets for Smale’s Axiom A systems are
a key class of examples. We consider the special case of irreducible Smale spaces with
zero-dimensional contracting directions, and characterize these as stationary inverse limits
satisfying certain conditions.

1. Introduction

Ruelle [8] defined Smale spaces in an effort to axiomatize the topological dynamics of the
basic sets of an Axiom A system. The idea of moving from an Axiom A system to a Smale
space is motivated by the fact that the basic sets themselves are merely topological spaces
and not submanifolds. The main feature of a Smale space is its canonical coordinates
of contracting and expanding directions, which are defined using a metric rather than
differential topology.

It is well known that all totally disconnected Smale spaces are shifts of finite type.
And shifts of finite type are inverse limits of one-sided shifts of finite type, which were
characterized by Parry [S] as positively expansive open mappings of compact, totally
disconnected, metrizable spaces. The natural next step is to consider Smale spaces which
are totally disconnected in only one coordinate and to work towards a characterization of
these as inverse limits of spaces satisfying certain conditions.

Williams [10] looked at expanding attractors. He proved that these are basic sets
which are totally disconnected in the contracting direction and Euclidean in the expanding
direction. He provided a construction using inverse limits of branched manifolds and also
proved that (under appropriate hypotheses) all such basic sets arose from this construction.
We will be working in the metric setting of Smale spaces, but the goal is to extend
Williams’ results by removing all hypotheses on the unstable sets. Williams relied very
heavily on the smooth structures of branched manifolds in his conditions and proofs, and
to adapt to the metric setting of Smale spaces, we really needed a whole new set of ideas.
We do not simply ignore the differentiable structure of Williams’ systems but adapt his
arguments accordingly; such a development, in dimension one, is given in [12].
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This paper is a summary of my PhD thesis [9]. It is a pleasure to thank my advisor lan
Putnam for many useful discussions. In particular, Example 3 in §2 was suggested by him.

2. Background and statement of results

To provide some intuition for our results, we begin this section with a very brief review of
Williams’ conditions for his inverse limit spaces. This is followed by a proper definition
of a Smale space and a statement of our conditions and results. We finish with a number
of examples to illustrate our conditions.

2.1. Williams’ inverse limits. Williams [10] defined an n-solenoid as an inverse limit
K=limk < Kk <& ...,
H

where K is a compact Riemannian branched C” n-manifold and g: K — K is a C”

immersion satisfying the following axioms:

(1) g is non-wandering;

(2) g is an expansion: there exist constants A > 0 and ¢ > 1 such that for all n € N and
k e T(K), we have |Dg" (k)| > Au"|k|, where T (K) is the tangent space of K and
Dg is the derivative of g; and

(3) g is flattening: for each x € K there is a neighborhood N of x and j € Z such that
g/ (N) is contained in a subset diffeomorphic to an open ball in R”.

He proved that an n-solenoid locally has the structure of a (Cantor set) x (n-disk).

Moreover, he proved that under certain conditions (which were later removed by Bothe

in [2]) his expanding attractors are conjugate to n-solenoids.

Intuitively, Williams’ expansive and flattening conditions are contradictory. This
apparent dilemma is solved because it is the derivative, Dg, that is injective and expanding,
while g is flattening. Since we are approaching this problem outside of the smooth structure
of manifolds, we need entirely different conditions.

2.2.  Statement of results.

Definition 2.1. Let (X,d) be a compact metric space, and let f:X — X be a
homeomorphism. For x € X and € > 0, we denote

X'(x,e)={yeX|d(f"(x), f"(y) =€, n=0}

and
X'(x,e)={yeX|d(f"x), f"(y) <€ n=>0}

these are called the local stable and unstable sets of x, respectively. The triple (X, d, f) is

a Smale space if there exist constants ex > 0, e;( > 0 and 0 < A < 1 such that:

(1) forallx e Xandn >0,d(f"(y), f"(2) <A"d(y,2)if y, z € X*(x, €y);

(2) forallx e Xandn>0,d(f™"(y), f7"(2)) <A"d(y, 2)if y, z € X" (x, €)); and

(3) ifd(x,y) <ex then X*(x, €j) N X"(y, €}) consists of a single point, denoted by
[x, y].
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The bracket map [, -]: {(x, y) € X x X |d(x, y) <ex} — X is continuous. Moreover,
for small enough € > 0, [-, -] restricted to X"“(x, €) x X®(x, €) is a homeomorphism onto
a neighborhood of x.

We want to show that certain Smale spaces are inverse limits. To this end, we will
construct stationary inverse limits of spaces satisfying the following two conditions, where
the notation B(x, r) denotes a closed ball.

Let (Y, d) be a compact metric space, and let g : Y — Y be continuous and surjective.
We will say that (Y, d, g) satisfies Axioms 1 and 2 if there exist constants 8 > 0, K > 1,
and 0 < y < 1 such that the following hold.

AXIOM 1. Ifd(x,y) < B then

dg® ), ¢5 ) < v®aE@e* ), ¢ ).

AXIOM 2. Forallx €Y and0 <€ <,

X (BEX ), €)) € &K (B(x, ye)).

Intuitively, Axioms 1 and 2 could be viewed as weakened versions of the conditions that
g be locally expanding and open, respectively. Locally expanding would be represented by
Axiom 1 if the inequality were replaced with d (x, y) < yXd(g¥ (x), g¥ ()). And Axiom
2, with the containment replaced by B(gX (x), €) € gX(B(x, y¢€)), would imply that g&
(and hence g) is open.

We denote the stationary inverse limit associated with (Y, g) by

Y=limy <y &y & ..
<
={(o, Y, ¥2, .- )y €Y, yu =g(ns1) Yn =0},

and the natural mapping on Y induced by g is denoted by

g: (o, y1, 2, .. )= (€(0), g1, g(32), - . ) = (g(¥0), Yo, Y1s - - -)-

We will use d to define a metric d on Y.
The following two theorems A and B are the main results of this paper, and their proofs
make up §§3 and 4, respectively.

THEOREM A. If (Y, d, g) satisfies Axioms 1 and 2 then ()A’, d, 8) is a Smale space with
totally disconnected local stable sets. Moreover, (Y, d, ) is an irreducible Smale space if
and only if (Y, d, g) is non-wandering and has a dense forward orbit.

THEOREM B. Let (X, d, f) be an irreducible Smale space with totally disconnected local
stable sets. Then (X, d, f) is topologically conjugate to an inverse limit space (Y, 8, &)
such that (Y, 8§, ) satisfies Axioms 1 and 2.

The space Y in Theorem B is a quotient of X, and the proof of the theorem is
constructive. If we apply the construction to an irreducible shift of finite type, the quotient
is simply the one-sided shift and the inverse limit recovers the original two-sided shift.

It is clear that Axioms 1 and 2 are central and subtle. The following three examples are
intended to give some context for these conditions.
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FIGURE 1. a — aab, b +— ab.

Example 1: The role of the constant K > 1. The following well-known example satisfies
Williams’ conditions for a 1-solenoid [11], as well as our Axioms 1 and 2.

Let Y be a wedge of two circles, a and b, joined at a single point v. Let both circles
have circumference 1.

Divide a into thirds and b into halves. Let g : ¥ — Y map each of the first two intervals
of a onto a and the third interval onto b; the first interval of » onto a and the second onto
b (see Figure 1).

This example does not satisfy the locally expanding version of Axiom 1: for any 8 > 0,
we can find x € a\{v} and y € b\{v} such thatd(x, y) < 8 and g(a) = g(b). So we cannot
have d(x, y) < yXd(g¥ (x), gX(y)) forany K > 1and0 < y < 1.

What is happening here is that on a local level, the first iteration of g flattens, and the
second iteration expands. We remark that Williams’ conditions allow for both flattening
and expansion because it is the derivative of the map that is expanding.

Example 2: A surjection failing Axiom 2. Let E{JB)] ) and E{+o,2} be the full one-sided
shifts on the symbol sets {0, 1} and {0, 2}, respectively. We will use the following common
metric on these one-sided shifts: d(x, y) = 27 ™innln#yn},

LetY = 2{4('), Y E{Bl}, and g be the usual left shift map. Then g is clearly a continuous
and surjective map on Y.

Let us show that Axiom 2 fails for (Y, d, g). Choose K > 1, N >2K and0 <y < 1.
Consider the points X, y € Y given by

_J1 itn=N+K,
"Tl0 ifn#N+K,
and
_ |2 iftn=N,
=10 itn£N.
Then d(gX (x), y) =27V. However, gX(y) ¢ g2X(B(x, y2~V)) since for any point z €
B(x, y2~N) we have g*X (z)y_ox = zv = xn = 0.
It is easy to see that the inverse limit (Y, &) is conjugate to (Z0,1} U Z{0,2}, S), where
(0,1} and Xyo 2y are the full two-sided shifts on their respective symbol sets, and S is the
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FIGURE 2. Three distinguished vertices.

left shift map. However, this system is not a Smale space: we can find distinct points
X € Xy0,1) and y € Xyo2) that are arbitrarily close, yet the intersection of the local stable
set of x (contained entirely in X{o,1}) and the local unstable set of y (contained entirely in
X(0,2)) is empty.

Example 3: A space satisfying Axioms I and 2. Consider six copies, Y1, Y2, ..., Yg, of
the Sierpinski gasket with distinguished vertices, as in Figure 2. (For a description of the
Sierpinski gasket, see [4].) We note that the picture omits the intricate structure in the
interior of the triangles. Moreover, the short extensions added to the vertices ought not to
be considered as points in the space, but merely as labels which code the same information
as A, B,and C.

Let ~ be the equivalence relation on Y] U Y, U - - - U Yg identifying the six vertices
labeled A, the six vertices labeled B, and the six vertices labeled C. That is, the only
equivalence classes containing more than one point are A, B, and C. We define

Y=Muru-.--UYs)/~.

We use the standard ‘shortest path’ metric on Y. See Figure 3 for an example of a
neighborhood of A.

It is clear that (Y, d) is compact.

We define a mapping g : Y — Y as follows: g fixes A, B, and C. In each triangle Y3,
the midpoint of the left edge is mapped to A, the midpoint of the bottom edge is mapped
to B, and the midpoint of the right edge is mapped to C (hence the labels as small line
segments). On each of the remaining three small gaskets which make up Y;, g scales by
a factor of 2 and maps them onto the unique gasket with the vertices as specified by the
images of the three corners. As an example, the image of Y; is shown in Figure 4.

The relation ~ ensures that g is well defined on Y. This mapping is clearly continuous
on Y. Observe, however, that the map g is not locally injective, and hence not locally
expanding either. Moreover, for every k > 1, the map g* is not an open map.
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FIGURE 3. A neighborhood of A.
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FIGURE 4. g(¥}).

It is not hard to see that (Y, d, g) satisfies Axiom 1, since g is essentially a scale-and-
subdivide mapping. The subtlety of this example lies in what happens at the vertices. The
image of a small enough neighborhood of any vertex, as shown in Figure 3, intersects only
two of the gaskets, and it is this notion of flattening that gives us Axiom 2.

3. Proof of Theorem A
Suppose that (Y, d, g), together with the constants § > 0, K > 1, and 0 < y < 1, satisfies
Axioms 1 and 2.

We define a metric d on ¥ by

K—1
dx,y)=)Y_ y '@ ®, ),
k=0

where d'(x,y) = sup,>o{y"d(xn, yn)}. It is not hard to show that d gives the product
topology on Y, so that (¥, d) is compact. Moreover, it is clear that the map ¢ is a
homeomorphism on ()A’, c?).

Our first task will be to obtain more useful descriptions of the sets Ys (x, €) and yu (x, €).
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We make the following easy observation about d’.
Observation. If xo = yg then d’(g(x), g(y)) = yd'(x, y).

Choose

such that d(x, y) < E’Y implies ci(g—" (x), g "(y)) <Bforn=0,...,2K — 1.
LEMMA 3.1. For any 0 <€ 56%, ye I?s(z, €) if and only if yy, =z for m=0, ...,
K -1 anddA(y, z) <e.

Proof. First, suppose thaty € Ys (z, €). By our choice of e;; , we have

g KN (y) evi (37K Vg, p).
So, foreachm =0, ..., K — 1 and any n > 0, we have
d(g" (yk+m)- 8" @k m)) =d(g" (@~ F T ()0). g" @ F ™ @)0))

=d@" % (y), &' KT (2)0)
<d'@ "y, "KM (@)
<d@"~ Kt (y), gn Kt (z))
<B.

Applying Axiom 1, we obtain

A& iym), 5" Gram) < ¥R d @ T vk m), 5T 2k 4m)

for all n > 0. That is,

d(Yms 7m) = d(g" ksm), 85 2k 4m))

<y*d@ "X Gkam), ¢V @rm))

<y'*B
for all s > 1, so that y,, = z,,.

For the converse, suppose y,, =z, form =0, ..., K — 1 and d(y, z) < €. For each
m=0,..., K —1wehave g7"(y)o = ym = zm = & ™ (2)o. It follows by the observation
above that

d@E" Ny, & @) =yd @), & @),
and hence

d(@(y), &@) =yd(y, 2).

That s, y, = zm form =0, ..., K — 1 implies d((y), (z)) = yd(y, z). Let us apply
this result to g"”(y) and 2" (z), where n > 0. We have

8" Wm=8"m) =8"@m) =8"@n

form =0, ..., K — 1, and hence

A"\ (y), & (@) = yd(@"(y), §" (@)

https://doi.org/10.1017/etds.2013.19 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.19

Smale spaces via inverse limits 2073

It follows that
d@"(y), §" (@) =y"d(y.z) <€
for all n > 0. a

The following property follows easily from the proof of Lemma 3.1. This is part (1) of
Definition 2.1.

COROLLARY 3.1. Ify, z € V5(x, €,), then d@(y), 8(z) < yd(y, z).

Now let us consider the sets Y (x, €). We observe that the following lemma does not
hold if we replace d with d’ ; this is in fact the reason for our use of d.

LEMMA 3.2. Forany( < e < e;;, ye ?”(z, €) ifand only if d(y,, z,) < € foreveryn >0
and d(y, z) <e.
Proof. Let0 <e < e%.

Ify € Y“(z, €) then

d (s z0) = d (" (¥)o, & "(2)0)
<d'(E"(y), §" (@)
<d(E™"(y), 7" ()

<€

for all n > 0.
Conversely, suppose d(y,, z,) <€ for all n >0 and d(y, z) <e€. Since € < e;; < B,

we can apply Axiom 1 to get d(gX (y,), g5 (z0)) < ¥Xd(g?% (y,), g*X (z,)) forall n > 0.
Hence
d' @ %W, 87X @) = sup,=oly"d VK +ns 2k+n)}
= sup,,-oly"d(g" (2x1n). 85 22k 40)))
K n 2K 2K
< yosup,soly"d(€”" (V2k+n), 8 (22k+n))}
= VKSUPnzo{J/”d(yn, Zn)}
=yKd'(y, z),

which gives

K—-1
d@™'m. &' @) =) y"d'@" ' W, & @)

m=0
K-2
S V_(K_I)J/Kd/(y, Z) + Z y—md/(g—m—l(y)’ g—m—l(z))
m=0
K—1
= y(d/(y, 2+ Yy @), g“(z)))
m=1
=yd(y, 7).
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We have shown that d(y,, z,) < B for all n > 0 implies that
dE'y. &' @) <yd(y, 2).
Let us apply this result to g7*(y) and g ~*(z), where s > 0. We have
d@ 7 Wns & @n) =dVnts, 2ns) < €
for all n > 0. It follows that
d@” 7' W, T @) = vd@ W, 8 @),
and this holds for any s > 0. Therefore,
d@"(y), 8" @) <y"d(y, z) <e
for every n > 0. g

The following property follows easily from the proof of Lemma 3.2. This is part (2) of
Definition 2.1.

COROLLARY 3.2. Ify, z € Y¥(x, €’), then dE 'y, 87 (@) < yd(y, z).

Choose

such that d(x, y) < e; implies cf(gr(x), gy)) < 6;,. Then choose

1
0 W< K/f
<ey_2Ky €

such that d(x,y) <e€; implies d(g"(x),g"(y))g(1/2K)y’<—le§ for n=K, ...,
2K — 1.

LEMMA 3.3. Ifc?(x, y) < €; then Y3 (x, e;) Ny (y, 6;}) is a singleton.
Proof. Let d (%, ¥) < €. Notice that we have

y KGR dok-1, yax-1)) <y EDd (g7 KD (x), g7 K D(y))

<d(x.y)
< €.
That is,
d(xak—1. y2x-1) < v ey < B. 3.1)
Let us define a point z by defining zsk, . . ., Z(s+1)k—1 inductively on s. Let z,, = x,

form=0,... K — 1. By (3.1) and Axiom 2, we have
IK—1 =XK-1
=g" (xax 1)
€ gXBak-1,v7'¢p)
=" (B  (y3x-1), v '¢p)
< ¢ (B(y3x-1. €)),
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SO Zg_] = gzK(u3K_1) for some

usg—1 € B(y3x—1, €3). (3.2)
Define

K
2k-1=g" (U3k—-1),

2k—2 = g(z2k-1) = 85 sk 1),

2k = 8(k+1) = g5 " uzk ).
Observe that we have g(zx) = g2K (U3g—1) = 2K —1-
We then use (3.2) and Axiom 2 to obtain
usg—1 € B(yax-1, €p)

such that gK(u3K_1) = g2K (ugx—1). We use ugg 1 to define zpg, . . ., z3x—1; and so on.
Our construction ensures that z = (zg, z1, ...) € Y.
Using Lemma 3.1 and Corollary 3.2, it can be shown that
Vs l O u /
ze Y (x, e?) NY*“(y, e?).

This is a technical, but not difficult, proof and is hence omitted.
Let us show that z is the only point in ¥*(x, 6;;) NY(y, E%). Suppose

S / Cu /
veY'(x, e);) NY“(y, e{,).

Sincev, z € )A”(x, e;}), we have by Lemma 3.1 that v, = x,, = z,, form =0, ..., K — 1.

And by Lemma 3.2, v,z e Y (y, e%) implies

d(vp, 2p) < d(vy, Yn) + d(yna Zn) < 26;; <B (3.3)

for all n > 0. We will complete the proof by induction, by showing that v,, = z,, implies
Um+K = Zm+K- S0 suppose that v, = z,,. We have d(v,42k, Zm+2k) < B from (3.3),
and we have assumed that d (g2X (Vm+2K), g%k (zZm+2K)) =d (v, zm) = 0. It follows by
Axiom 1 that vtk = g% (Wmi2k) = 85 @m42k) = Zm+k- O

For points x, y € Y with d (%, y) < €y, the bracket [x, y] is now defined as the unique
point in the intersection ys (x, 6;7 )N yu (y, 6;} ). This completes the proof that Axioms 1

and 2 imply that (Y, d, ) is a Smale space. Now we will show that this Smale space has
totally disconnected local stable sets. We will need the following lemma.

LEMMA 3.4. Axiom I implies that g is finite-to-one.

Proof. Suppose that Y contains an infinite sequence (y,) of distinct points all having the
same image under g. As g is surjective, so is gX. For each n, pick z, with g (z,) = y,.
Then (z,) must have an accumulation point, so we may find z,, and z, with m # n and
d(@m, z0) < B. So we have g2 (z,,) = g*K (z,), but X (z,) = y and g¥ (z,) = y, are
distinct; this contradicts Axiom 1. ]
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FIGURE 5. The equivalence relation ~.

PROPOSITION 3.1. If (Y, d, g) satisfies Axioms I and 2, then the Smale space (. d, 2)
has totally disconnected local stable sets.

Proof. For n >0, denote by m, : Y — Y the projection map 1, (0, Y1, ¥2, - - .) = Yn-
Choose y € Y. By Lemma 3.1, every point in Ys &y, e?) has the same first coordinate,
yo. Therefore, for any n > 0, the set 7, (Y*(y, €;)) € g "{yo} is finite by Lemma 3.4.
So the 7, preimage of any point in this finite set is clopen in Y*(y, €5). As a result, for

any two distint points in s (y, €p), we can find a clopen set containing one but not the
other. ]

A Smale space is said to be irreducible if it is non-wandering and has a dense orbit. It is
well known that (Y, g) has these properties if and only if its stationary inverse limit (¥, g)
does. For a proof of these facts, see [1].

4. Proof of Theorem B
Let (X,d, f) be an irreducible Smale space whose local stable sets are totally
disconnected, with constants ex > 0, 6;( > 0, and 0 < A < 1 as in Definition 2.1.

We will use a Markov partition with a special property to define an equivalence relation,
~,on X. We then define a metric, 6, and a mapping, o, on the quotient X /~. We will show
that (X/~, §, ) satisfies Axioms 1 and 2, and that

lim X/ < X/ <,
<—

together with the map & and metric 8, is conjugate to (X, d, f).

The relation ~ has the effect of collapsing each Markov partition rectangle to a single
unstable set (see Figure 5). These unstable sets may intersect on the boundaries, making
the definition of an appropriate metric on X/~ rather difficult. The other aspects of our
construction of the inverse limit space are quite intuitive.

4.1. Construction of the quotient space. A non-empty set R C X is called a rectangle if
R =1Int(R) and [x, y] € R whenever x, y € R. The second condition tells us that we must
have diam(R) < ey.

For a rectangle R and x € R, we will denote X°®(x, R)=X®(x,ex)N R and
X*(x, R)=X"(x,ex)NR.

https://doi.org/10.1017/etds.2013.19 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.19

Smale spaces via inverse limits 2077

A finite cover P = {R1, Ra, ..., R,} of X by rectangles is a Markov partition provided

that:

()  Int(R;) NInt(R;) = & for i # j; and

2)  f(X*(x, R)) S X*(f(x), Rj) and f~1(X“(f(x), R})) € X“(x, R;) whenever x €
Int(R;) N £~ (Int(R 7)). This is called the ‘Markov property’.

Bowen [3] proved that all irreducible Smale spaces have Markov partitions. But a
generic Markov partition is not sufficient in our case. We need a Markov partition where
each rectangle is clopen in the stable direction. Our proof of the existence of such a
partition relies heavily on a number of properties of s-resolving factor maps; a factor
map between two Smale spaces is s-resolving if it is injective on the local stable sets
of its domain. Alternatively, Proposition 4.2 could also be proved by following Bowen’s
construction for a generic Markov partition and making some necessary adjustments along
the way.

PROPOSITION 4.1. (Putnam [7]) Let @ : (X, f) — (Y, g) be an s-resolving factor map
between irreducible Smale spaces. Then:

(1) 7 is a homeomorphism on the local stable sets X*(x, €);

(2)  m is finite-to-one; and

(3) forevery point yo in Y with a dense forward orbit we have

#1~{y0} = deg(r) = minf#r ' {y} | y € Y}

Furthermore, there exists €; > 0 such that:
4) forall x1, xo € X with dx(x1, x) < €z, we have [x1, x2] and [ (x1), w(x2)] both
defined and
[7(x1), w(x2)] = 7w ([x1, x2]);

(5) ifm(xy) € Y"((x2), €y) and d(x1, x2) < €, then x| € X" (x2, €5); and
6) ifx, x’ € X withw(x) =7 (x") andliminf,_ o d(f"(x), f*(x)) < €z, then x = x'.

PROPOSITION 4.2. Let (X, f) be an irreducible Smale space such that X*(x, €) is totally
disconnected for every x € X and 0 < € < e€x. Then there exists a Markov partition, P, for
(X, f) such that if x € R € P, then X*(x, R) is clopen in X*(x, €x).

Proof. By [6, Corollary 1.3], there exists an irreducible shift of finite type, ¥, and an
s-resolving factor map 7 : ¥ — X. The metric on ¥ is the common one given by

dy (s, t) = ZneZ 2_‘”‘X(sn, t,), where

0 ifs,=t,,

X(Sn, In) = {1 if 5 % by

and the homeomorphism on ¥ is the usual left shift map, which we denote by S.
Let €, > 0 be as in Proposition 4.1. Choose N € N such that

27" < €.
n|>N

Let Py be the set of all paths of length 2N + 1 which appear in elements of X.
Forw € Pyyy1,let Ry ={ae X |a_n ---any = w}. Then R, is a clopen rectangle in
3 with diameter less than €, and P = {R,, | w € Pan41} is a Markov partition for X.
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Since each R, € P is compact in %, it follows that 7 (R,,) is compact in X, and hence
closed. Moreover, since 7 is s-resolving and each Ry, is clopen, it follows that each 7 (Ry,)
is clopen in the stable direction. Let us show that [x, y] € m(R,,) whenever x, y € m(Ry,).
Suppose x =m(a) and y = r(b) for some a, b € R,,. Since diam(R,) < €, it follows
from Proposition 4.1(4) that we must have [x, y] = [ (a), 7 (b)] = 7 ([a, b]) € 7 (Ry).

By Proposition 4.1(2), 7 is finite-to-one; let d = deg(w). We will show that a subset of

{m(Ry;) N (Ryy) NN (Ryy) | Ryys Rupys - .. Ry, € P distinct}

is a Markov partition for (X, f).
Let us defineamapn : X — N by

nx)=#Ry eP|xemx(Ry)}.
Since the Ry, are disjoint, it follows that
n(x) <#r x} 4.1)

for all x € X.

We have the following estimate of the continuity of n. Suppose we have a convergent
sequence x; with limit point x. Since each xj lies in n(xx) elements of the finite set
{r(Ry) | Ry € P}, we may pass to a subsequence where every term is contained in the
same 1 (R,,). Since they are closed, x also lies in these 7 (R,,). Hence

n(x) > lim sup n(xg). “4.2)

Let us show that n(x) >d for all x € X, and that equality holds if x has a dense
forward orbit. Let x be any point in X and let xo € X have a dense forward orbit
(such a point exists since (X, f) is irreducible). By Theorem 4.1(3), #n_l{xo} =d,
let n_l{xo} ={ay, a2, ..., ag}. Choose a sequence of positive integers so that f"** (xq)
converges to x. Pass to a subsequence where S (a j) converges, foreach 1 < j <d. If
two of the limit points (for different values of j) are in the same rectangle, then they are
within €, of each other. So by Theorem 4.1(6), these two a; are equal. Since this isn’t
the case, we see that no two limit points of the sequences can be in the same rectangle, but
they all clearly lie in 7~ Hx}. As aresult, n(x) > d. It follows from (4.1) that n(xg) = d.

That is, n~'{d} is non-empty and n~'{k} is empty for k < d. From (4.2) we also see
that n='{d +1,d +2, ...} is closed and so n~!{d} is open. We claim it is also dense.
This follows from the fact that it contains all points with a dense forward orbit. One of
them is enough, since each point in its forward orbit also has a dense forward orbit.

Let

S={{Ru,, Ruy, ..., Ry} SP|3x € n”{d} with
x €et(Ry) & we{wy, wy, ..., wgll
We will show that
R={m(Ry,) N (Ry,) N--- N7 (Ry,) | {Rw;s Ruyp, ..., Ry,} €S}

is a Markov partition for (X, f). We have already observed above that each m(R,) is
clopen in the stable direction; it is clear that a finite intersection of these sets would have
the same property.
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First we need to know that the elements of R are rectangles. That they have dense
interiors follows from the fact that n=1{d} is open and dense in X. Moreover, we observed
above that for any R, € P, we have [x, y] € m(Ry) whenever x, y € m(Ry,).

That R covers X and that the elements of R have disjoint interiors also follows from
the fact that n=1{d} is open and dense in X.

So it remains to prove that R satisfies the Markov property. It suffices to prove this for
the set of points in X with dense forward orbits, since these points (and their orbits) are
clearly contained in the interiors of elements of k.

Let x e Int(N_, 7(Ry,)) N f~ Ant(N, 7(Ry,))), where N, 7(Ry,;) and
ﬂflzl 7 (Ry,) are elements of K. Since n_l{x} ={a,...,ag} and n(x)=d,
it follows that for each a; there are 1<i, j <d such that a; € Ry, N S_I(Rv/.).
Therefore, S(2°(ax, Ru;)) S Z*(S(ax), Ry;) and S—H(z(S(ay), Ry;)) € T (ag, Ru}i).
By Proposition 4.1(1), r is a homeomorphism on the local stable sets, so that

FXP(x, T (Ryy))) = f (7 (E%(ak, Ruy))) = w(S(E*(ak, Ru,))) S 7(Ry)).
By Proposition 4.1(5), we also have

FHXM(f @), T(Rw))) S fH (B (S(@p), Ru))))
= (S~ (Z(S@). Ru))))

C 7 (Ry,).

Since f(X*(x, €x)) € X*(f(x), ex) and f~1(X“(f(x), €x)) € X" (x, €x) hold trivially,

we are done. O
Let P ={Ry, ..., Ry} be a Markov partition for (X, f) as in Proposition 4.2; that is,

forevery x € R; € P, X*(x, R;) is clopen in X*(x, €x).
We define a relation =~ on X as follows:

x =~y if and only if x, y € R; for some R; € P and x € X*(y, €x).

We observe that this relation is reflexive and symmetric, but not transitive. Let ~ be the
transitive closure of =, with equivalence classes denoted [[-]]. That is, x ~ y if and only if
there are x1, x2, ..., xp, € X suchthatx = x; = - - -~ x, = y.

We observe that [[x]] C X*(x) ={y € X |lim,_, o d(f"(x), f*(y)) = 0}. Moreover,
if x €IntR; then x =~ X*(x, R;) CIntR;, and IntR; N R; =0 if i # j, so that [[x]] =
X*(x, R;). That is, the equivalence classes, [[-]], are larger on the boundaries of the
Markov partition rectangles than they are on the interiors; by ‘larger’ we mean that they
intersect more rectangles. As a result we have the following intuitive sense of lower semi-
continuity on the local unstable sets: for a sequence (x,) converging to x, [[x]] can be
larger than [[x,]] but not smaller.

To define our metric on X/~, we will enlarge the equivalence classes [[-]] near the
boundaries of the Markov partition rectangles, and then define paths using these enlarged
classes. The distance between [[x]] and [[y]] will be defined to be the length of the
shortest path between [[x]] and [[y]]. A distinctive feature of our paths is that they are
concatenations of very short moves within local stable or unstable sets, where the moves in
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the stable sets do not contribute to the length of the path. A variation of our metric appears
in [6].

The bracket map is the natural candidate for a tool to enlarge the [[-]]; however, this
map is defined only on small balls. So we develop a new tool, (-, -), for this purpose.

It is a well-known fact that if a metric space A is compact and C C A is a clopen subset,
then there exists € > 0 such that B(C, €) € C. Since we know that the rectangles are
clopen in the stable direction, we would like a uniform constant satisfying this property.

LEMMA 4.1. There exists 0 < €9 < %ex such that if x € R; € P then
X*(x, €) S R;.

Proof. Choose x; € R; € P. Since X*(x;, R;) is clopen in the compact set X*(x;, €x),
there exists 0 < ¢; < %e x such that

B(X*(xi, Ri), €) N X" (xi, €x) € X (xi, Ri). (4.3)

The collection {X*(y, %ei) | y € X*(xi, R;)} covers X*(x;, R;), so there is a finite
subcover, with centers yi, ..., V.

By the uniform continuity of [-, -], there exists 0 < n; < %ei such that if d(a, b) <n;
then d([c, al, [c, b]) < %ei for any ¢ € B(a, €x) N B(b, €x). We will show that

X' (x,n) S R;

forany x € R;.

Choose x € R; and y € X*(x, ;). Since R; =[X"(x;, R;), X*(x;, R;)], it follows
that x = [u, s] for some u € X"(x;, R;) and s € X*(x;, R;). And s € X*(y;, %e,-) for
some 1 < j <n. Moreover, since d(x, y) < n;, it follows that we have d(s, [y;, y]) =
d(lyj, x], [yj, y]) < 3€. Hence

d(lyj, y], y;) <d([yj, yl, s) +d(s, y;)
=< %6,’ + %Gi
=€,
so that [y;, y] € X*(y;, €;). Moreover, since y; € X*(x;, R;) € X*(x;, %ex), it follows
that X*(y;, ) € X*(y), $€x) € X*(x;, €x). That is,
[yj, 1€ B(yj, €) N X*(xi, €x) € B(X*(x;, R;), €) N X* (x;, €x).

It follows from (4.3) that [y;, y] € R;. By the definition of a rectangle, x, [y;, y] € R;
implies
y=ILx, yI=1lx lyj, yll € Ri.
Letting g =min{n; | i =1, ..., M} completes the proof. a

Next, we find a bound on the transitive closure, ~, of the relation ~.

LEMMA 4.2. There exists N € N such that if y ~ x then there are y1, . .., yN with

ymy1=---=TYNFX.
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Proof. Let €g > 0 be as in Lemma 4.1 and choose m € N such that
AMex < €.

Then choose 1 > 0 such that d(x, y) < n implies d(f~*x), f%(y)) <ex for all k=
0, ..., m. Cover X by %n-balls and extract a finite subcover {Bjy, ..., B,}.

We claim that N = 2nM — 2 satisfies the conclusion.

Let x, y € X with y ~ x. By the definition of ~, we know that y = y; = - - - =y, = x
for some y1, ..., yL € X. Denote yo =y and yr4+1 = x. Suppose L > 2nM — 2. We will
show that y; ~ y; for some non-consecutive j and j'.

Since P covers X, f™(yp) € R; for some (not necessarily unique) 1 <i <M. By
definition of =, we have y; 1 € X*(yj, €x) forall j =0, ..., L, so that

T Qi) € XXM (), AMex) € X (f™ (3, €0)-
Arguing inductively we see that
") € X (f"(yo), ex) N R; 4.4)

forall j=1,..., L+ 1.

Since L +2>2nM + 1, at least 2n + 1 of the y; are in the same R; for some
1<i’<M. Apply f™ to all of them. Since there are at least 2n + 1 of these, at least
3 of them are in the same B, for some 1 <r <n. Of these 3, choose 2 that have non-
consecutive indices. That is, there are y; and y; with j and j’ not consecutive, such that

yj.»yjr € Rirand f"(y;), f™(y;)) € B;. So
aif™ vy, f"(yj)) <n,
and we have from (4.4) that ™ (y;), f"(y;) € X*(f™ (o), €x), hence
I ) e X"y, m.
It follows from our choice of n > 0 that
yi € X*(yjr, €x).
Therefore, y; ~ y;. a

Choose 0 < ¢ <¢p such that [x, y] € X*(x, €0) N X" (y, €0) if d(x,y) <¢; (the

existence of such a constant follows from the continuity of [-, -]).

[AESSS VA /]
Let €, = min{3€y, 3¢5}

We noted that [[x]] € X®(x). It follows that for each y € [[x]] there exists n > 0 such
that f*(y) € X*(f"(x), e(’)). We now show that we can do this in uniform time.

COROLLARY 4.1. There exists K € N such that if y € [[x]] then fK(y) € XS(fK(x), 6(')).

Proof. Suppose y ~ x. Then by Lemma 4.2, there exist yi, ..., yy with
YRy R RYNRX.

Denote yop = y and yy+1 = x. We have

yi € X*(Vig1, €x)
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foralli =0, ..., N. Choose K € N such that

AE(N 4 Dex < €.

‘We have
X0 e X (F5 i), AXex)
foralli =0, ..., N, so that
X0 e X (FX O, 18 ex)

C X5 (5 (), 22K ex)

C X (f¥n1)s (N + DaFex)

C X (X ). €)
Thatis, fX(y) € X(fX(x), €). O

It follows quite easily from Corollary 4.1 that the equivalence classes [[-]] are closed.
Now, choose

0<ey <eo
such that d(x, y) < €} implies that d(f*(x), f*(y)) <ex foreachk =0, ..., K. Then
choose

O<e <¢
such that d(x, y) < €] implies that d(fk(x), fk(y)) < e(’) foreach k=—-K, ..., K, and

that [x, y] € X*(x, €%) N X"(y, €%) (a constant satisfying the second property exists by
the continuity of [-, -]).

Suppose d([[y1l, [[x]]) = inf{d(y’, x") | ¥' € [[¥]], x’ € [[x]]} < €. Then there exist
u € [[y]] and v € [[x]] with d(u, v) < €. Letz € [[y]] and x” € [[x]]. We observe that

d(f¥@, 5 <d(fFX @, @) +dffw, X)) +difw), X))
<3¢ (4.5)
< €x,

so that [ /K (z), £X(x")] is defined. Moreover, since d(fX(z), fK(x')) <€l it follows
that
5@, RN e X (FX @), fex) N XU (X (), ex)
S X (R ), ex) N X“(FE (), ex)
=5, X1
thatis, [ fX(2), FEKCNDTI =15, FEENI.
Define
o, ) = L5105 ), £5CNDT X e x)-
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We just showed that (y, [[x]]) = (z, [[x]]), and we observe that

o ) = {55 @)L £RONT Y e [
= {75, RN X e x
={x' | x € [[x]]}
= [[x]1.

By the uniform continuity of f, f —1 and [+, -], for each 0 < € < €7 there exists
0<Be)<e

such that dx((a, b), (¢, d)) < B(e) and (fX (@), fX®). (f¥ (o). f¥(d)) € Domainl-, -]
implies

d(f U5 @, (R R @), fR@) < e
LEMMA 4.3. For each x € X, there exists 0 < €[[x]] < B(€1) such that d(y, [[x]]) < €[]
implies [[y]] € (y, [[x]]).

Proof. Suppose that for each n € N with 1/n < B(€1) there exists y, € X with d(y,
[([(x]1]) < 1/n and [[y,]]1 € (yn, [[x]]); i.e. there exists y;, € [[y,]] with y;, & (ya, [[x]]). We
claim that d(y,, [[x]]) > €].

Suppose d(y),, [[x]]) < €1. Then there exists x” € [[x]] such that d(y,, x") < €. By
our choice of €1 > 0, it follows that [x’, y,] € X*(x', €§) € X*(x', €9). By our choice
of €, this implies [x’, y;]~ x'; that is, [x’, y,]€[[x]]. Furthermore, we also have
[x', y,1 € X"“(y), €y). Therefore, d(f*(y}), f*(Ix", y;1) < ex for each 0 <k <K, so
that [ f¥(y), f¥([x’, y, 1] is defined for each 0 < k < K. It follows from Definition 2.1
that

A oy =500, 50,y

Therefore,

Yo = [y X5 v, 1
= 75 o, ARl
€ (yp, [[x1D)
= (yn, [[x1D),
a contradiction.

Since X is compact, there exists a convergent subsequence y,, — y of (y,), and
a convergent subsequence y,’lk. —y of (y,/zk). So y~y’. Moreover, since each
J

d(y}, . [[x]]) > ey, it follows that d(y', [[x]]) > €.

However, since [[x]] is closed as well and d(y, [[x]]) <d(y, yn,) +d (Y, [[x]]) — O,
it follows that y € [[x]], and hence y’ € [[x]]. So we have 0 =d (¥, [[x]]) > €. O

Forsets A, BC X and 0 < € <€y, let
X"(A,B,e)={(a,b)|lac A, beB, ac X"(b, ¢)}

(see Figure 6).
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a A

b B

X"“(b, €)

FIGURE 6. (a, b) € X" (A, B, €).

x[x] (x, (1)

FIGURE 7. Enlarging the [[-]] near 07P.

We define

sup{d(a, b) |(a, b) € X" (A, B, €1)} if X“(A, B, €1) # 2,

“(A, B) =
d’(4, B) {61 otherwise.

As a distance function on X/~, d“ is clearly symmetric and we will show that it is
reflexive, but the triangle inequality fails. To prove the reflexivity of d“ on X/~, let
(y, 2) € X"*([[x1], [[x]1], €1). Then by our choice of K,

Ko ex (5@, ). (4.6)

Since we also have d(y, z) < €j, it follows from (4.6) and our choice of €| that y €
X*(z, €y). So we have

y € X*(z,60) N X"(z, €1) € X*(z, €x) N X"(z, ex) = {z};

that is, y = z. It follows that d“ ([[x]], [[x]]) = 0.

For x near 9P, we want to enlarge [[x]] using (x, [[y]]) for some y € 9P (see Figure 7).

Let B°(x, €) denote the open ball around x of radius €.

The collection { B’ ([[x]], ,3(%6[[)6]])) | x € 9P} clearly covers 0P, so there exists a finite
subcover with centers [[x1]], ..., [[xz]]. That is, for any x € 9P there exists 1 </ <L
such that d(x, [[x/]]) < /3(4115[[):1]])- Hence, by Lemma 4.3,

d"([[x11, [lxdD) < d* (Cx, (D), (DD < géqmn-

Denote C = Ulel B ([[x11, ﬁ(};é[[xz]]))
Define

[x]=[[x]TU (U{(x, (LD [ 1<t <L, d“(Ix], [x1D) < %Em,u}).
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Denote O(0P) = {x € X | d“([[x]], [[x/]]) < %e[[x,]] for some 1 <[ < L}. We observed
above that 9P € C € O(9P), and so O(dP)¢ € C° < Int(P). In addition, notice that

[x1=1[lx]]

if x € O(P)°.
In fact, it is easy to check that each x € O(9P) is only enlarged by at most one [[x;,]].

For x, y € X, let P(x, y) consist of finite paths p = (po, p1, ..., pr) satisfying po =
x, pr =y, and X“([[p;1], [[pi+11], €1) # @ for each 0 <i < I. We define the length of a
path p = (po, p1, ..., pr) tobe
-1
I(p)=Y_d"“(Ipil, [pit1 ]
i=0

PROPOSITION 4.3. §([[x]], [[y]]) =inf{l, I(p) | p € P(x, )} defines a metric on X/~.
Moreover, § gives the quotient topology on X /~, so that (X /~, 8) is compact.

Outline of proof. Due to the length and highly technical nature of this argument, we simply
give an outline.
) [x11=[Lyll = 8([L[x1], [[y1D) = 0.

If [[x]] = [[y]] then [x] = [y] and (x, y) € P(x, y). So 8([[x1], [[y]D) < d“([xT, [y])-
Let us show that d“([x7], [x]) = 0 for all x € X. We remarked above that either [x] = [[x]]
or [x] = (x, [[x;;]]) for some 1 <m < L with d“([[x]], [[xxn]]) < %e“xm”. For the first
case, we have already shown that d“([[x]], [[x]]) = O for all x. For the latter case, it can
be shown that

X (x, XD, ([ dD)s €0) = (X5, ARG 515, R |

x,, € [[xm 11},

so that d" ((x, [[xm]]), (x, [[xn]1]}) = 0.
(i) 8([[x11, [Iy1D = 0= [[x1] = [[¥]].

This is the only difficult element of the proof, and is broken into two separate cases.

Case 1. x ¢ O(@P). In this case it is clear that §([[x]], [[y]]) =0 implies that x
and y are in the interior of the same rectangle. Moreover, for p € P(x, y) with I(p)
small enough, it can be shown that d(x, [y, x]) <I(p). As a result, we have x = [y, x] €
X*(y, €x) and hence x = y.

Case 2. x € O(0P). In this case we make use of the fact that [x] = (x, [[x,,]]) for some
1 <m < L with d“([[x]], [[xn]]) < %e[[xm]]. It can be shown that for p € P(x, y) with
I(p) < %E[[x,,,]] —d"([[x]1, [[xm1]), we have d(y, [[x]]) <I(p); it follows that y € [[x]].
(i) S([[x11, [Ly1D) = 8([Iy1l, [[x1D)-

This follows immediately from the observation that (pg, . .., pr) € P(x, y) if and only
if (pr, ..., po) € P(y, x), and from the symmetry of d“.
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) S([[x11, [Iy1D) < 8(llx11, [[=1D + &([L=]11, [[y1D).

If 6([[x]1], [[z]) =1 or &([[z]], [[¥]]) =1, this holds trivially. So assume that
S([[x1), [[z]D <1 and S8([lz]], [[yID <1. If p=(po,..., pr) € P(x,z) and g =
(90, - - -, q7) € P(z, y), then (po, ..., pr =40, q1, ...qy) € P(x, y); thatis, P(x, y) #
@. Therefore,

S([Lx11, [y1D) = inf{i(p) | p € P(x, y)}

<inf{l(p) | p=(po, ..., p1) € P(x,y), pi=zforsome0 <i <1/}
= inf{{(po, ..., pi)
+1(pi,....pD I p=(po.....p1) € P(x,y), pi=2}

=inf{l(p") +1(p") | p' € P(x,z), p" € P(z, y)}
=inf{l(p)) | p’ € P(x, 2)} +inf{l(p") | p" € P(z, )}
= 8([[x]1, [[z]D + 8([[z]], [[y¥ID.

(v) § gives the quotient topology on X/~.

Let 7, denote the quotient topology on X/~.. The quotient map (X, d) — (X/~, ) can
be shown to be continuous by considering the two separate cases of part (ii) above. Since
7, is defined to be the finest topology on X which makes the quotient map X — X/~
continuous, it follows that the identity map id: (X/~, 7;) — (X/~, §) is continuous.
Since this identity map is a bijection from a compact space to a Hausdorff space, it follows
that it is in fact a homeomorphism. That is, the two topologies are the same. a

The final element in the construction of our quotient space is the definition of an
appropriate mapping. Let us show that the natural mapping o : X/~ — X/~ given by

a([[x]D) = [[f (1]

is well defined.

We begin by showing that y € [[x]] implies f(y) € [[f(x)]]. First, consider the case
where x € Int(R;) N f~! (Int(R;)), and suppose that y = x. Then y € X*(x, R;), so by the
definition of a Markov partition, it follows that

F() e fX*(x, R)) S X*(f(x), R));

that is, f(y) = f(x). Since ~ is generated by =, we also have that x ~ y implies
f @)~ f().

Now choose any x € X, and suppose y =~x. Then x,ye R; for some R; € P.
Bowen [3] proves that f(x) € R; for some j with Int(R;) N f_l(Int(Rj)) # &, and,
moreover, that

FXP(x, R)) S X (f(x), R)).

Therefore, f(y)~ f(x). Since ~ is generated by =, we also have that x ~ y implies

f@)~ f().

That « is surjective follows immediately from the surjectivity of f.

https://doi.org/10.1017/etds.2013.19 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.19

Smale spaces via inverse limits 2087

PROPOSITION 4.4. o : X/~ — X/~ is continuous.

Outline of proof. Let [[y,]] — [[¥]]. We want to show that [[ f (v,)]] = [[f (?)]].
First, it can be shown that there exist

(an, bp) € X"([Lf )1, [[f )11, €1) such that d(a,, b,) — 0asn — oo “4.7)

by separately considering the two cases y ¢ O(dP) and y € O(3P).
Then it can be shown that (4.7) implies [[ f (y,)]] = [[f (¥)]] by considering the two
cases f(y) ¢ O(0P) and f(y) € O(OP). In the first case we get

SULS L L OOID <d"(Tf )1, T
=sup{d([f(yn), 2], 2) | z € [LS DM}
= sup{d([an, 2], [bn, 2D) |z € [[S W]}

— 0.

And in the second case we get

SALL Gl [LFOID < d“(Tf G T
< sup{d(f XL O, FEGDL FRE O, FE D |
x,, € [[xm11}
sup{d (£ 515 @), FEa1 55w, FR D |
X € [}
— 0. d

4.2.  The quotient space satisfies Axioms I and 2. 'We have already shown that (X/~, §)
is a compact metric space, and that the mapping « : X/~ — X/~ is continuous and
surjective.

Choose K as in Corollary 4.1 and let y = A, the expansive constant for the Smale space
(X, d, f). We will show that there exists 8 > 0 as follows.

Axiom 1. If 5([[x1], [[y]]) < B then

SALXCOM LA < ¥y X8ALA2X om, A o).
AXIOM 2. Forall[[x]] € X/~ and 0 <€ < B,

K BALFE DI, ) Ca*K (B, ye)).

LEMMA 4.4. Forany [[x]] € X/~, fX[x] S [[fX )]

Proof.

Case 1. x ¢ O@P). Then [x]=[[x]], so that fX[x] = FX[x]1 S [fX(x)]] by
Lemma 4.1 and Corollary 4.1.

Case 2. x € O@P). Then [x] = (x, [[x;;]]) for some 1<m <L with
d"([[x11, [[xn1D < %euxm”. Choose x,, € [[x,]]. Recall from (4.5) that

d(fX @), X)) <3¢) < €.
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By our choice of eg , it follows that

@), a1 e X (FX (), €.
So, by Corollary 4.1, we have [ f X (x), fX(x/ )1~ fX(x). O

Lemma 4.4 can be used to prove that there exists 1 > 0 such that

S(Lx11, [Iy1D) < 1 implies X“((LFX QO [LFX )11, Blen)) # 2. (4.8)

By the uniform continuity of o and f~!, there exists 0 <y <n; such that
([[x11, [[y1]) < n2 implies 8(@® [[x]], «® [[y]]) < n1, and such that d(x, y) < 5, implies
d(f~Kx), f%(y)) < €. It follows from (4.8) that

S([[x11, [y1D) < mz implies @ ((LFX CO11, (AKX 1D < 8ALFX o, LA D). (4.9)

Choose 0 <n3 <my such that S([[x]], [[y]]) <n3 implies §(a®[[x]], «X[[y]]) <
12, and such that d(x, y) <nsz implies that d([x, z], [y, zI) <n2 for all z such that
(x, 2), (¥, 2) € Domain([-, -]). We will show that 8 = n3 satisfies Axioms 1 and 2.

For Axiom 1, suppose that &([[x]], [[¥]]) <n3 <mni. By (4.8), we have that
(S5, X e PR @), X)), so that

SUALFX L I D) < d“ (X1 T, (4.10)
Since 8 ([[x]1, [[y1]) < n3 implies S([[fX ()11, [[f¥ (3)]]) < n2, we have by (4.9) that
d“ (L O LKD) < ALK L LK 01D (4.11)
And, by Lemma 4.4,

1< X122 N and 1501 < 52X 00 (4.12)
Combining (4.10), (4.11), and (4.12), we get

SALF XN A mm < d" a1 150

<d"(F 5 oon R om

= sup{d(u, v) | (u, v) € X“(f K[ 11,
LUK L en)

= sup{d(f K@), f Xy |
(, v) € X“(LX @I LK O, e))

= sup{AXd(u, v) | (u, v) € XL O [LXODL e))

=K (2 on, iAo

< AKSALE O LX)

Axiom 2 will take a little more work. We want to prove that

oK BALFX DI ) Ca* (B ye)

for all 0 < € < n3.
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Let 5([[z]], [[fK(y)]]) <mn3. Recall that we denoted our finite cover of 9(P) by
C= UlL:l B([[x1], ﬂ(%e[[m])). We will consider two separate cases.

Case 1. fX(y) ¢ C. Tt is not hard to show that fX(y) and z are in the interior of the
same rectangle and that

K, [z, XD e XA KON, 1211 73) € X“ALX )L, 121, 72).

So, by our choice of 73,

O, 75z FEOD) € XAy, L5 Az, £X DI ),
hence 8([[y11, [[f X Lz, FXODID <d“(Ty1, T %z, £X()D1). Moreover, we have
AL, 21D <d(FX ), [z, XD <m3 < €.

We leave the proof that

d“(ILF X OO, 121D = sup{d (u, [z, ul) | u € [LFX )1}
= sup{d (Lf 5 (), ul, [z, FXO, ul) u e LX)
=n

as an exercise for the interested reader.
So, by Lemma 4.4,

SAIL I % Az, XD = d“(y1, T 5z XD
<d“(F R R om, 5z Ao
=d"(f XU oL 5D
<ARa" (Ao, [z
=n2.

It follows by (4.9) that d“ ([ f X ()11, [[z]]) < 8(LfX (311, [[z]]). Therefore,

SAYIL L%z, FEODID < 2Kad" (LX), (121D
< A8 X1, [z1D).

Moreover, we have &% ([ f =K ([z, fX)DID =X ([ [z. FXO1TD = X111
Case 2. fX(y) € C. Then d(fX (), [[xm]]) < B(e(ix, 1) for some 1 <m < L.

Let p=(po,..., p1) € P(f¥(y), z) such that I(p) <n. Since C < O@BP), it
follows with a little work that [[p;]] C (pi, [[xm]1]) € [p;i] foralli =0, ..., I.
So we have

R =750 o, el
for some x;, € [[x;]]. Define
wi = 5L o), RG]
foralli =0, ..., I. Then, by Lemma 4.4,
Ry e X (i, lnll) € X TPl SILFX (o))
foralli =0, ..., I.
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It s easy to check that /=KX @), f¥ ()= /=K F (pr). f¥ )] for all
Xy, € [[xm]], and that

K@), un) € XUALR L, Hurdl, m). (4.13)

Therefore,

d"(LFX O, a1 < @), D), TurD)
= sup{d(f X LL2 ), FRGDL FEL R @), X @D |
X € [ 11}
= sup{d (f K1 2X ). R R @, R |
xp € [[xm]1}

< sup{Z A5 o, Rl £ i),

RGN 1xy € [[xm]]}
< Y d“(pi [xmll, (pist, [xn]]))
<Y d"(Tpil, Tpisi])

=1(p),

and so d“([[f X1, [lus1) <inf{i(g) | g € P(fX (), 2), 1(q) <m}=8ULFXMII,

[[z]D)-
Moreover, (4.13) gives

O, £ 8n) e XA I X @i, e

by our choice of 7.
So, by Lemma 4.4,
SAYIL L~ @1 <a“(y1, T @)
<d"(f Ko, 5
<2 Ka"(f oo, tusln
<A KAL), 21D

And we had fX(u) € £%([21) S [[f ¥ ()11, so that
AR @l =1L @l = X @11 = X [[2]1.
4.3. Topological conjugacy. Since we have shown that (X/~, «, §) satisfies Axioms 1
and 2, we use the notation of §3 for the inverse limit associated with this system. That is,

we denote
XTo=lim X/ < X[ <
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Moreover, & : )?/\N — )?/\N is given by

a([lxoll, [lxi 1, [Lx211, - - ) = (a(llxolD), ee([[x11D), e([[x21D), - . )
= ([Lf (x0)11, [[x0l], [[x111, - . ),

and

K—1
Sy =) y @ . a ),
k=0

where
8'(x, y) = sup{y"8([[x,11, [[y»1D | n > 0}

and K > 1 and 0 < y < 1 are the Axioms 1 and 2 constants for (X/~, «, §) .
Define w: X — X/~ by
o) = (1] (L @IL L@ -
LEMMA 4.5 w:(X,d) — ()?/\N, ') is a homeomorphism.

Proof. Since (X, d) is compact and ()?/\N, 8') is a metric space, it suffices to prove that @
is continuous and bijective.

We begin with continuity. Let € >0. Choose N € N such that AV <e. Since
the quotient map X — X/~ is uniformly continuous, there exists ¢/ >0 such that
S([[x11, [[¥]]) < € if d(x, y) < €’. And there exists €” > 0 such that d(x, y) < €” implies
that d(f~"(x), f"(y)) <€ forn=0,..., N — 1.

Soletd(x, y) <€”. Thenforn=0,..., N — 1 we have

AL OIL L)) < A"e <e.

And, for n > N, we have
MSALF oL [ OID <A™ <e.

Hence 8((x), 0 (y)) = sup{A"S([L/ " (OIL [Lf"MID [n = 0} <e.
For surjectivity, let z = ([[z0]], [[z1]], . . .) € X/~. Observe that for all N € N and each
0<m<N,

(zml] = & =™ ([Lzn 1) = [~ 211
Hence
8 (@(fN(zn)), 2) = supA"SALFN " @)1, [[za1]) | 7 > 0}
= sup{(A"S((LSN " (211, [[za]]) | 7 > N}
< AN.

Thatis, w(fV(zy)) = zas N — oo.
However, since (" (zy)) is a sequence in the compact space X, it has a convergent
subsequence fNe(z N;) — ¥. By the continuity of w,

o (M (zn)) = (),

hence z = w(y).
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And finally, to prove injectivity suppose w(x) = w(y). Then f="(x) ~ f~"(y) for all
n > 0. In particular,

FEA () ~ pm KA ()

forall n > 0, so that f~"(x) € X*(f7"(y), 66) by Lemma 4.1. This implies

x € X (y, M"€),

and hence d(x, y) < 1"¢(, foralln > 0. So x = y. O

Now let us show that the following diagram commutes.

x L. x

g L

X 2 XL

Let x € X. Then

wo f(x)=w(f(x))
= ([L£ CON, [0, L el - )
=&([[x1L [ o )

=aow(x).

Therefore, (X, d, f) and ()?/\N, 5, &) are topologically conjugate.

(1]
[2]
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(41
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