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We studied several group testing models with and without processing fitmesb-
jective was to choose an optimal group size for pooled screening of a contaminated
population so as to collect a prespecified number of good items from it with mini-
mum testing expenditureBhe tested groups that were found to be contaminated were
used as anew sampling populationin later stages of the proce8umes testing may

be time-consumingwve also considered deadlines to be met for the testing process
We derived algorithms and exact results for the underlying distributerabling us

to find optimal proceduresSeveral numerical examples are given

1. INTRODUCTION

The general purpose of group testing is to reduce the number of tests needed to
decide for each item in a given “contaminated” populatiwhether it is good or
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defective The basic idea is to pool samples taken from the populasioreen them
togetherand observgor any such groupone of two possible outcomssither it is
“clean” implying that all items in the group are gogat it is contaminatedmplying
that at least one item in the group is defectivet without knowing which and how
many are defectiveso that such a group may need individual rescreerlimg-
itively, it seems clear that such an approach can save tests and thus time and
money—in particular if the fraction of defective items is rather small

Dorfman[4] was the first to suggest group testing for blood samples in order to
screen a large number of people for a certain diseEse objective was to get an
exact result for every individugand since the disease was rayeeat savings could
be obtained by sample poolingince this pioneering workjroup testing procedures
have been applied in various argast only for analyzing blood or urine samples to
detect syphilishuman immunodeficiency viruddlV) or other diseases as well as
for DNA screening but also in quality control for industrial production systems
(Bar-Ley Boneh and Perry[1]). One of the key references is the monograph by
Ding-Zhu and Hwand3] in which algorithms for the worst-case analysis of the
detection problem for defective items are studied in defgbplications to HIV
screening are givemmong othersby Hammick and Gastwirtfb], Litvak, Tu, and
Pagand8], Tu, Litvak, and Paganfl1], Wein and Zenio$12], and Hund 6], who
used binomial grouping in hypotheses testing for the classification of quantitative
covariablesCombinatorial questions in the context of DNA library screening were
recently treated by Macul®,10].

In the models studied in this artigla total population of siz& contains a
certain numbe6 of good itemsand we assume th&tis a random variable follow-
ing some known distributiain some situationsG is deterministic and known in
advanceand sometimes any item can be considered to be defective independently
of the others with a known probability, so thatG has a binomial distribution with
parameterdN andq = 1 — p. However the distribution of the residual number of
good items wil] of course change in the successive stages of the procedlihes
objective is to identify a required numbBrof good itemgthedemand. Samples of
sizemare taken successively and tested in groMyithout much loss of generality
we assume that andD are multiples ofn. If a group is found to be cleaits items
are put aside and collected to meet the demand requirefhéns found contami-
nated there are two submodelBither it is put aside for potential use in later stages
(Model A) or it is immediately returned to the current p@gdodel B). In Model A,
the items of the contaminated groups are taken as the new sampling population in a
second stage after all items of the original population have been jestddo on
We assume that there is a prespecified upper bound for the number of group tests
testing being costlythis can be considered as a budget restrictioitoth models
the group testing continues until the demand is fully satisfied or the maximum num-
ber of tests is reache8ince sampling without replacement is a central feature of the
procedureswe call themhypergeometric group testing

As a further ingredient to both modeise also introduce processing timést
the durations of the group tests be independent and identically distriliiteld
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random variables and assume that there is a certain deadline by which the testing
process must be finisheBoth models can be endowed with this additional feature
Then the process ends if either the required number of good items is achibeed
number of permitted tests is reachedthe deadline is exceeded

In Bar-Ley Stadje and Van der Duyn Schoutéf], a one-stage modéh which
groups found contaminated are immediately scrappexs studiedOf coursere-
considering “bad” groups and trying to detect nondefective items among the “sus-
picious” ones by regrouping and new testing makes better use of the available
population on the other handmultistage procedures may cause higher costs for
retesting and are mathematically more complicafédte computational effort to
handle them seems to be enormoWhich of the two models A and B is more
cost-efficient depends on all the system parametesgems reasonable to conjec-
ture that for stochastically small fractions of defective items in the population
Model B is based on the more economical procegugeause immediately returning
a contaminated group to the current pool will increase the proportion of good items
However since the fraction of defective items grows as good items are successively
removed from the populatignt may be better to change the strategy to putting
contaminated groups aside until the end of the current stageo use the policy of
Model A). For certain values dfl andD and stochastically large distributions@f
Model A is preferable

2. MODEL DESCRIPTION, COST STRUCTURE,
AND OBJECTIVE FUNCTIONS

We start with a more formal description of the dynamics of our models

Model A: At the beginning of any stagae know the residual population size and
the number of good items still needeakt these numbers B¢ andmd for stagei,
respectivelyln particular N, = Nandmd, = D. Let X;; be the number of good items
in thejth group tested in stagelf X; = m, the correspondingigood items are put
aside to meet the demanid X; < m, this group will be used as part of the new
sample population after the current stage is finisthedj; be the number of groups
of sizemin which the remaining population of stagés divided(i.e., j = N;/m).
The random vectofX,,..., X;,) completely describes thih stage but is of
course unknown at that timeThe quantity observed at thth stage is

(Yil,-n,Yiji) = (1{xi1:m}"”’1{xij\:m}).
Let
€
YO=3Y, €=1..j.
j=1

Note that; indicates whether thgth group in stage was clean or notwhereas
mY¥'” is the number of good items identified by the filstests of stage. The
demand requirement is first met or exceeded after
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k—1

k—1
Ta= inf{E ji +(kEN, ¢ e{l,...,jk},mZYi“i>+m\qj”zD}
i=1 i=1

group tests
It may happen that there are not enough good items in the popul&ipnif
P(G < D) > 0); in this caseT, = infd = co.

Model B: In this mode) we defineN, to be the residual population size just before
theith sampling whereasG; is the number of good items left among thé$eun-
tested oned_et X; be the number of good items in thi group We successively
observe the indicatorg = 1,4 —,. The sequences; andG; follow a simple recur-
sive patternN; = N, G, = Gand fori > 1,

Ni,l—m if Yi,]_:l(i.e., Xi,lzm)
N = . . (2.1)
Ny if Yi_;=0(.e, X_,<m),
Gi—l_ m |f Yi_]_:l
Gi,]_ if Yi,]_:O. ( )

Clearly R¢= 3f., Y, is the number of uncontaminated groups among the Kirst
Hence the number of group tests needed to satisfy the demand requirement is

Ts = inf{k|mR = D}, (2.3)
wherg again inf & = co.

The distributions off, andTg are crucial in the analysis and optimization of the
two models We will develop algorithms to compute these distributions in the next
section

Regarding cost and constraintge use some or all of the following

ASSUMPTIONS:

1. The cost of testing a group of size m {g¢. For simplicity, we assume in
most cases that(en) has a linear and a fixed component (i.e., is given by
c(m) = ¢y + ¢c,m for two constantsgc, = 0, not both beind). ¢, can be
considered as a setup cost for a test, the further cost of which is then assumed
to be proportional to the number of items tested. In the numerical analysis,
we also take @m) = com*/2.

2. There is an alternative option to buy good items (which do not need testing)
from another (secure) source at the price of b per item.

3. There is a budget limit C for the entire process. 4f=0, this constraint
means that the maximum number h of group tests is the integer partgef C
If ¢, > 0, the restriction concerns h and the selected group size m; in this
case, h= h(m) is the integer part of @(cy + ¢;m). Under Assumption 2, we
must, of course, suppose thatCbN.
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The stopping times for Models A and B are given by
TA,h = min[TA7 h]v TB,h = min[TB’ h]a

respectively At the end of the procedurehe number of good items failing to
meet the deman(.e., still to be purchased at the price lofoer item if this option
existy is

k—1
Ra = m<d1 - >y~ Y,f) for Model A, (2.4)
i=1

+

whereS<1j, + ¢ = Tan 0=+¢€ <jy, and

Ta,h
Rg = m<d1 -> Yi> for Model B. (2.5)
i=1 +

We will consider severadptimization problemdn the first threeN and the distri-
bution of G are given andnis the only decision variable

Problem 1: Under cost assumption e want to minimize the expected cost of
group testingdi.e., E(Tp) or E(Tg), respectively.

Problem 2: If we additionally consider Assumption &e want to minimize ET, 1)
or E(Tg ), respectivelysubject to meeting the demand requirement with a certain
prespecified probabilitysay 1— « for some smallx > 0.

Problem 3: Consider Assumptions 1-Bet
Ca(m) = c(M)Tan+ bRy, Cg(m) = c(mM)Tg  + bRs.

These objective functions combine the cost of group testing and the cost of buying
missing good items from a secure sourtée want to minimize EC,(m)) and
E(Cg(m)), respectively

Problem 4: In addition to Assumptions 153ve assume that the population to be
tested first has to be purchased at the pridey@fer item (Usually, b is much larger
thanhby, reflecting a penalty for not being able to satisfy the demand requirement
from the tested populationNow, let N andm be the decision variableg/e have

to assume some distribution f@, which will, of course depend on our choice

of N. We consider two case&) G is binomially distributed with parametekéand

g and(b) a fixed fraction ofN. The total costs whose expectation is to be minimized
are then

Ca(N,m) = byN + (¢, + ¢,m) Ty, + bRy for Model A
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and

Cg(N,m) = bgN + (¢, + c;m) Tz , + bRz for Model B.

3. GENERAL ALGORITHMS FOR THE DISTRIBUTIONS
OF STOPPING TIMES

Using the following approachwe can construct an algorithm to compute all quan-
tities of importance for the optimization problems in the framework of both models

Model A: We consider the successive stages recursiitiyne beginning of théth
stage we assume that we know the residual population Bizand the number of
good items still neededvhich we denoted bynd . We first derive the distribution of
(Xi1,..., Xj,); recall thatj; = N; /mis the number of groups of sizein which the
remaining population is divided ang, is the number of good items in tiéh group
tested at stage Let G; be the number of good items in the remaining population
The distribution ofG;, the number of good items at that stageknown from the
former stagesThen our sampling method yields

P(Xiy = my,..., X5, =m; |G = 0)

G
()

(where the multinomial coefficient contaifsm’s). After deconditioning with re-
spect tdG;, we obtain the joint distribution dfX;s, ..., X;,), G; and thus also that of
(Yie,o 0, Y ) = (Le j=mps - -+ ,l{xiji:m}). Note thaty; indicates whether thi¢h group in

stagel was clean or notNow, we get the distribution o6; ., ;, the number of good
items present at the beginning of thiet 1)st stageand can continueClearly,

Ji Ji
N =N — X X Lix,=m = N — m>Y,
1=1 =1
and
Ji
Gi1=G — mEYn,
=1

so thatPs  , the marginal distribution d&; , ;, can be computed frolg x ... ;)
the joint distribution of(G;, Xy, ..., Xj;,).

At the beginning of the first stagere haveN; = N, md; = D, andG; has a given
distribution(e.g., it can be deterministic or binomially distributed with paramebérs
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andq). Thus we can start the above-described procedure and carry on until we have
D or more good items or the maximally permitted number of stages is reached
The distribution of the stopping timg, (i.e., the number of performed group
testg can be expressed in terms of the joint distribution of Yheas follows We
consider the untruncated ca@e., T, itself), which is set equal teo if we do not
eventually obtairD good items (The truncation leading td, », only requires a
minor modification) Letl; be the maximum number of groups tested at stalyete
thatl, = N/m, wheread,, |3,... are random variables = N, /m. Clearly,

k
P(Ta>k) = P<ZYlI < D) if k=1,,
I1=1

I k=1
P(Tya>k) = P<2Y1I + DYy < D) ifl,<k=l,+1,,
=1 1=1
and so onOur algorithm provides us with the conditional distributionX®f_, Y;
given everything that happened before stadectually, at the beginning of stage
all information about the past that is important is contained in the ttiglgd;, G;).
Therefore we can recursively determine the distributions of

lica K=ly—e =l

k
DYyt DY+ > Y,
=1

=1, =1

where
i—1 i
L <k=>1,
j=1 j=1
so that we also obtain that @f.

Model B: The algorithm in this case is much simpleet N; and the distribution of
G, as defined for this modgbe given ThenX; has a conditional hypergeometric
distribution given G;, since it is equal to the number of good items in a sample
without replacement of sizea from a population of5; good and\; — G; defective

items Hence
g\ /N —g
[ m-—|

PX =1G=9=——""—. (3.1)
N;
Clearly Ni;; =N — mljx .y andG; ;1 = G; — mlx _. Thereforeat stage + 1 we

now knowN, ; ; and the distribution o6, , ; and can continud his method yields the
joint distribution ofYy, ..., Y, for everyk € N and thereforgalso the distribution of
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Tg (again the untruncated stopping times it is related to the sequencg);cy by
the relation

k
P(TB>k)=P<.ZYi < D).

i=1

4. AN EXAMPLE FOR MODEL B

In this sectionwe consider Model B in the case when the initial number of good
items is some known constagt< N. Let

g—1im
m
o= —-, i=01,.... 4.1
N—im “-1)
m
We will give explicit formulas for the distributions &, andTg. In order to get the
flavor of the proof of Proposition 1 belgwve will first derive the probabilities

P(Rc=1) for | = 0,1,2 and then present the general expression
The evenf{Ry, = 0} occurs if and only if(Ys,...,Y,) = (0,...,0), so that

P(R,=0) = (1— ap)®

The even{R, =1} occurs ifand only i{ Yy,...,Y) = (Y1, ..., V), where(yi,..., Vi)
consists of one 1 anl — 1 0's. The probability thaty,, = 1 andy; = 0 fori €
{1,...,k\{i} is(1— ag)'* *ae(l — ay)* 1. Hencein order to obtairP(R, = 1), we
have to sum over ak possible permutation3his results in

K
PR«=1) =ap >, (1—ap)t 1 (1—ay)khs
=1

ao[(1— al)k -(1- ao)k]

Qo — Qg

(4.2)

Similarly, the even{R, = 2} occurs if and only if(Y4,...,Ys) = (y1,..., Yk), Where
(Y1,..., Yx) consists of two 1's an#d — 2 0's. For this event with the two 1's at the
positionsi; andi,, 1 = i; < i, = k, the probability is(1 — ag)* tag(1l —
@)z, (1 — a,)¥ 2 To obtainP(R, = 2), we need to sum over tt@ possible
permutationsThis yields

K K
PR« =2 =ape; >, > (1—ag) H1—ay)lz i (1—ay)*y (4.3)

j1=1jp=j1+1

which can be simplified similarly t¢4.2).
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In generalwe have the following proposition
ProrosiTION 1:

(1—apk ifl=0

1-1 k k k |
PR, = 1) = (Hm)E S oY A-a) o [[A-a it
i=0 j1=1j2=j1+l ji=joatl i=1
ifl=1...,k

(4.4)

Proor: Letl € {1,...,k}. The evenfR, = |} occurs if and only if(Y,...,Y,) =
(Y1,..., Yy for some(ya,..., i) consisting ofl 1's andk — | Q’s. The probability of
this event with thé 1's placed in positiong <j, < --- <j;and 0’s in all remaining
positions is

1-1 -1
<1:[l ai)(l — al)k7j| 1;[1(1— ai_l)jifji—j_*l.

By summing over all possible permutatigmge obtain the desired result u

ProposiTioN 2: Letd=D/m. Forke {d,d+1,...}, the distribution of the stopping
time T defined by (2.3) is given by

P(Ts = k) =aq_1P(R,=d—1). (4.5)
Proor: Fork € {d,d+1,...}, we clearly have
{Te=k ={R,=d=1Nn{Y, =1}
Hence
PMs=Kk =P(Y,=1/R;=d - 1)P(R,=d— 1),

and the result follows n

5. PROCESSING TIMES

Processing times in the context of group testing were first considered by Bar-Lev
et al [2] for independent binomial schemést us assume that each group test is
time-consuming and that there is a prespecified thresholddinyavhich the group
testing process must be finishethe processing times are supposed to .hd. i
positive random variables with the common distribution funcioiihey are inde-
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pendent of the outcomes of the tesAgjain, our two models need to be treated
separately

5.1. Model A

Let us start with the first stagket Vy;, j € N, denote the time required to run tjté
group test in the first stag®Ve are interested in

k
DV = c}
=1

(recall the convention in® = o) andTa c = MiN[Ta, Ty c]. Our aim is to derive the

distribution of T .. Note that according to our definitipm group during whose

testing the time limit is exceeded would still be accepted if it is tested peHact

alternative would be to reject such a grotimis model can be handled similarly
We have

Ty = inf {k =N/m

P(Mac=K =P(Ta=k<Ty,) +P(Ta=k=T,) + P(TA>k=Ty.). (5.1)

The probabilities on the right-hand side(&f1) are given by

k—1 k
P(T,=k<T,) = P(EYli =d—1Yye=12>V; < c)
i=1 i

i=1

k—1 k
= P(EY]J :d_l’Ylk:]-)P(EVli <C>

i=1 i=1

k-1
= P(E Yy =d—=1Yy = 1> F**(c—)
i-1

(whereF ** denotes thé-fold convolution ofF with itself) and by

k—1

k-1 k
P(MTa=k=T,) =P <2Y1,—d 1LYy = )P<2V1i<cszvli>
P<EY1.—d LYy = )[F*“(C—)—F*"(C—)],

P(Ta>k=T,) =P

i=1

k k—1 k
>VYi=d 1>P<2V1i<CSEV1i>
i=1 i=1

P(E Yy =d- 1)[F*k1(c—) — F*(c-)].

i=1
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In the special case when thg are ii.d. andB(1,q™) distributed we obtain

k-1 k—1
P<E Yy =d—1Yy= 1) = < >qu(1_ gqmkq
i1 d-1
K d-1/k _ »
P(Em sd—l) D> <j>qml(1—qm)kl.
i-1 i=o

In the second and further stagese can determine the probabilitiB$Ts . = k),
k> j; = N/m, recursively using(5.1) and the distributions ofY;4,...,Yj, ), which
have been derived in Section 3

5.2. Model B

Now, let V; be the processing time of thjéh group testThe threshold is first
reached or exceeded at tiWg+ --- + Vg, where

T, = inf{r:Z\/i Zc}. (5.2)
i=1
We need to know the distribution of
TB,C = mil’l[TB,Tc]. (53)
The following result can be found in Bar-Lev et E2] in a different context

ProrosiTION 3: Let{Y;} be a sequence of Bernoulli random variables (r.v.’s) (not
necessarily independent) afid } be a sequence of i.i.d. positive r.v.’s with common
distribution F, such that the two sequences are independent. Let the stopping times
Tg, Te, and T ¢ be defined by (2.3), (5.2), and (5.3), respectively. Then, the distri-
bution of E  is given by

1 /k-1
P<2Yi =d—1,Yk=1)F*k(C—)
k—1
+ P<.2 Y,=d—1Y,= 1) [F*(c—) — F™*(c-)]
P(Toe=K) = 1] 'l:l (5.4)
+ P<2Yi =d- 1) [F*(c—) — F*(c)]
ifk=d,d+1,...
I:[F*kfl(c_) —F*(c—)], ifk=1...,d—1,

with F*O(b) = 1.
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Since theY;”s in Model B are dependent Bernoullvrs, Propositions 2 and 3
yield the following corollary

CoroLLARY: In Model B the distribution of § . defined by (5.3) is given by

(@y 1 P(R_=d— 1)F*(c—)

+ ag_1P(Ry =d—D[F* *(c—) — F*¥(c)]

P(Toe=k ={ +P(R.=d—1)[F*1(c)—F*(c-)] (5.5)
ifk=dd+1,...

([F*1(c—) — F*(co)] ifk=1,...,d—1.

6. NUMERICAL RESULTS

Let us now present a few numerical resulitsall of the exampleghe running of the
algorithms takes much computing tigtkee results were checked tsiso very time-
consuming simulations

In Tables 1 and 2 we displafor Model A, the values of

P* = P(meeting the demand requiremgnt

TaBLE 1. Model Afor G ~ Uy(115120; N =120,
h = 10, and Different Values om andD

m
D 5 10 20 30 40
10 1000 1000 — — p*
2224 1236 — — E(Tan)
20 1000 1000 1000 — —
4.446 2472 1530 — —
30 0999 1000 — 09935 —
6.668 3708 — 1986 —
40 0918 1000 0998 — 0949
8.790 4943 3080 — 2771
60 0 Q978 Q964 Q901 —
10 7.395 4782 4378 —
80 0 0655 Q798 — 0659
10 9284 6567 — 5991
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TABLE 2. Model A for G~ B(120117.5/120; N =120Q
h =10, and Different Values o andD

m
D 5 10 20 30 40
10 1000 1000 — — p*
2222 1234 — — E(Tan)
20 1000 1000 Q9996 — —
4.444 2470 1526 — —
30 0998 1000 — Q991 —
6.664 3703 — 1949 —
40 0930 Q999 Q994 — Q954
8.793 4934 3067 — 2633
60 0000 Q973 Q964 Q919 —
10.00 7.368 4684 4189 —
80 0000 Q708 0840 — Q706
10.00 9348 6424 — 5901

and the expected value ®f ,, for N =120 h = 20, and various values dd andm
under the initial distributiondJ4(115120), the discrete uniform distribution on
{115...,120, andB(120,117.5/120), the binomial distribution witm trials and
success probability 115/120, respectivelySince we assume thatdividesD and
N, a few boxes are emptin both Tables 1 and 2 the values of T ,) are decreasing
in m, wheread* is unimodal inm. The two initial distributions foG have the same
meansbut obviously there are relevant differences between the values in Table 1
and Table 2

In Table 3 we provide the values Bf, E(Ta ), and ER,) dependent on the
group sizanfor certain fixed values of the other paramet&kie present the objec-
tive function EC, ) relative to its minimum in terms of

E(Cam)
min{E(Ca;),] € {3,4,5,6,10,15,20,30}}

E(CA,m)* =

for several choices af(m) andhb. Thus the expressioi(1.00) in the lower part of
Table 3 indicates the optimal group si¥&e see thaP* is first increasing and then
decreasingwhereas ET, ) and ER,) are first decreasing and then increasihige
cost functions show huge differences for different group si¥és have also in-
cluded two nonlineafsquare rogtexamples foc(m).

In Table 4 we give a few values 8f*, E(Tg 1) and K Rg) for Model B under the
same assumptions as in TableSénce the objective functions are simple functions
of E(Tg, p) and ERg), minimization is easy
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TABLE 3. Model A; N =120, D = 60, h = 20, several values af, initial distributionG ~ B(1200.9),
and different cost functionS, ,, = ¢(m)Ta n + bRa

m

c(m) b 3 4 5 6 10 15 20 30
P* 0.000 Q264 0562 0694 Q510 Q325 Q212 Q105
E(Tan) 20.000 19701 18689 17686 16938 17747 18413 19132
E(Ra) 16.266 8289 4805 3603 9620 19105 28375 42741
E(Cam)* 2m+10 30 163 121 104 (1.00 1.60 258 356 527
E(Cam* 4m+ 10 20 117 103 (1.00 1.03 158 247 339 509
E(Cam)* 13vVm 10 104 101 (1.00 1.01 134 183 229 303
E(Cam)* 15vVm 7 (1.00) 1.02 104 107 137 184 226 295
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TABLE 4. Model B forG ~ B(120,0.9);
N =120 h = 20 and Different Values

of mandD
m
D 10 20 30
30 0908 P 0.457
10.194 E(Tg.n) 14.714
1.184 E(Rg) 16.281
40 0768 Q482 —
13537 15463 —
3.500 13825 —
60 0355 Q184 Q099
18.143 18700 19200
14.271 30158 43298

Finally, Figures 1 and 2 display the exact probability functionTgf, for the
parameter valued =120, D = 60, m= 15 h= 120 and differentinitial distributions
G, using a logarithmic scal@hey showp = P(T, , =K). Inthe cas& ~ Uy(112,120),
the functionp+— P(Ta , = k) can clearly be approximated by a straight line with high
accuracyso that the distribution is “almost” geometrin the casé& ~ B(120,0.967),
the main part of thélogarithmig graph shows a nonlinear decrease

0.001
0.00001

1.x1077

20 40 60 80
k

FIGURE 1. G~ Uy4(112120). The gray line corresponds to the functiaB@ %20%,
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FIGURE 2. G ~ B(120,0.967).
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