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SIGNAL EXTRACTION IN LONG
MEMORY STOCHASTIC VOLATILITY

JOsu ARTECHE
University of the Basque Country UPV/EHU

Long memory in stochastic volatility (LMSV) models are flexible tools for the mod-
eling of persistent dynamic volatility, which is a typical characteristic of financial
time series. However, their empirical applicability is limited because of the compli-
cations inherent in the estimation of the model and in the extraction of the volatility
component. This paper proposes a new technique for volatility extraction, based on
a semiparametric version of the optimal Wiener—Kolmogorov filter in the frequency
domain. Its main characteristics are its simplicity and generality, because no para-
metric specification is needed for the volatility component and it remains valid for
both stationary and nonstationary signals. The applicability of the proposal is shown
in a Monte Carlo and in a daily series of returns from the Dow Jones Industrial index.

1. INTRODUCTION

The modeling of long memory in volatility has sparked great interest since the last
few years of the 20th century, because of the strong persistence found in proxies
of the volatility of many financial series. These efforts have mainly concentrated
on two approaches: Stochastic volatility (SV) models where volatility and levels
are driven by two different series of innovations, and Autoregressive Conditional
Heteroskedasticity (ARCH) based models where only one innovation drives both
levels and volatility. Measures of volatility are simple to obtain in ARCH based
models because the conditional variances are exact functions of past observations,
but estimating volatility in long memory SV (LMSV) models is far more compli-
cated. Based on a previous work by Hidalgo and Yajima (2002), we propose a
Wiener—Kolmogorov filter in the frequency domain which is optimal in a MSE
(mean square error) sense, simple to implement, robust to misspecification (since
only a partial specification of the (pseudo) spectral density function of the volatil-
ity component is required while the short memory behavior is left unrestricted)
and generally applicable, since it is valid with stationary and nonstationary (but
mean reverting) volatilities. It requires an estimator of the (pseudo) spectral den-
sity function of the series observed that needs to be consistent for the whole band
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of Fourier frequencies in stationary and nonstationary contexts. To that end we
use a proposal by Hidalgo and Yajima (2002) and show its consistency at ev-
ery Fourier frequency between zero and 7, no matter how close to or far from the
spectral pole it is. This is a significant improvement on other, more traditional esti-
mators, which lack consistency at frequencies close to the origin (Velasco, 2003).

The rest of the paper is structured as follows. Section 2 describes the type
of models that we are dealing with. Section 3 describes the optimal Wiener—
Kolmogorov filter in the frequency domain and Section 4 proposes a feasible
plug-in version based on replacing the unknowns in the weights of the filter by
consistent estimates. Section 5 concludes. The technical details are relegated to
the Appendix.

A Monte Carlo analysis comparing the performance of our proposal with ver-
sions of the Kalman filter and Harvey’s (1998) strategy adapted to our semipara-
metric setup is included in the supplementary material associated with this article,
which is available at Cambridge Journals Online (journals.cambridge.org/ect).
It also includes an illustrative application in a daily series of returns from the
Dow Jones Industrial index.

2. LONG MEMORY IN STOCHASTIC VOLATILITY (LMSV)

We start by describing the theoretical framework in which we are working. Our
interest is focused on zero mean LMSYV processes defined as

7 = 006, @

for o a positive constant scale factor, ¢, are iid(0, 1) and o, = exp(x;/2), with the
volatility component x; being a long memory process that satisfies the following
assumptions.

A.1: Let dy denote the memory parameter of x;. If 0 < dy < 1/2, then x; = v;
and for 1/2 < dy < 1, then x; = xo + 22:1 vy, where xq is a random variable
not depending on ¢ and v; = Zj.io bjei—j, Z]?io b]z < oo where E(g/|Fi—1) =0,
E(e?|Fi—1) = 1, E(¢}) < o0, E(&}) < 0o where F,_; is the o-field of events
generated by g5, s <t —1.

A.2: The spectral density of v, is

fu)y=1"Hg (1), 0<ic<m,

where 0 < d, < 1/2 in the stationary case and —1/2 < d,, < 0 for a nonstationary
x; and g, (4) is a function which is positive, finite, symmetric around the origin
and twice continuously differentiable.

Assumption A.l avoids the restriction of Gaussianity and only imposes lin-
earity of o; with bounded fourth moments of the innovations. The nonstationary
case is included as in Velasco (1999a, 1999b) and Hurvich, Moulines, and Soulier
(2005) as Type I long memory. The pseudospectral density function of x; is then
fr(A) = |1 —exp(id)|2 f, (1) such that in both the stationary and nonstation-
ary cases the spectral or pseudospectral density function of the signal x; satisfies
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Fr(A) =g, (A2 (1 + 0(4?)) as 1 — 0 for dy = d, in the stationary case and
do =d, + 1 if x; is nonstationary, entailing do € (0, 1). Assumption A.2 constrains
the possibility of seasonal or cyclical long memory and only allows for standard
long memory at frequency zero. The analysis could be extended to cover other
types of long memory where the spectral density diverges at a positive frequency
as in Arteche and Robinson (2000) but is constrained here to the empirically more
popular case of standard long memory with positive dp.

These models, with x; being a stationary fractional ARIMA, were originally
proposed by Breidt, Crato, and de Lima (1998) and Harvey (1998). We general-
ize their original definition in two ways: First, we avoid parametric restrictions
by only imposing a local behavior on the spectral density function of the volatil-
ity component around the origin, and second we allow for the possibility of a
nonstationary x;.

The statistical properties of this stochastic volatility class of models are eas-
ier to determine than those of the different extensions of ARCH, and they permit
a wide range of characteristics typical of financial time series to be modeled.
For example, covariance stationarity is guaranteed as long as d < 1/2, a posi-
tive d entailing long memory in the squares, a characteristic ruled out in ARCH
based models (Giraitis, Kokoska, and Leipus, 2000; Zaffaroni, 2004). Also, in
contrast to ARCH-type models, the two different innovations allow for more
flexible modeling and some statistical characteristic of the series, such as ex-
cess kurtosis, can be easily adapted without affecting the memory structure of the

volatility.

The nonlinear LMSV can be linearized by the transformation y; = logzlz,
such that
Vi =p+x+u, (2)

where 1 =logo?+ Elog 6,2 and u, =log 6,2 — FElog 6,2 is a mean zero white noise
process with finite variance auz. The estimation of the volatility component x; is
then a particular case of signal extraction in a long memory signal plus white
noise process. For that purpose the following assumptions are also considered:

A.3: u; is mean zero i.i.d. (independent and identically distributed) with finite
fourth moment.

A.4: u; and g5 are uncorrelated at all leads and lags.

A.5: For a finite constant k, cum (e, eg,uj,uy) =k if t =s =1=m and 0
otherwise.

Assumption A.3 restricts the distributional properties of the added noise as
in the traditional literature on stochastic volatility. It is satisfied for a Gaus-
sian ¢; but Gaussianity is not necessary and any degree of finite kurtosis is al-
lowed for. The absence of serial correlation in u, is needed to correctly identify
its spectral density over the whole Fourier frequency band (0, 7], since in that
case it is constant and can be consistently estimated with the information given
by the observables y,;. Assumption A.4 entails a null cross-spectral density func-
tion, which has been found to be necessary to identify the weights of the filter.
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Note that this does not preclude the existence of leverage in the form of correlation
between € and x, which may be allowed on a noncontemporaneous basis to
maintain the martingale difference character of z;. In fact, as long as the joint
distribution of € and x is symmetric around the origin (e.g., Gaussian, Student’s 7,
or a generalized error distribution among others) the possible correlation be-
tween the two does not preclude the fulfillment of hypothesis A.4 (see Harvey,
Ruiz, and Shephard, 1994). Higher order dependencies between x and u are also
allowed. They are only limited by Assumption A.5, which is also imposed in
Assumption H.5 of Hurvich et al. (2005). Of course, Assumptions A.4 and A.5
with k = 0 hold for independent signal and noise.

3. OPTIMAL SIGNAL EXTRACTION IN THE FREQUENCY DOMAIN

Optimal (in a MSE sense) estimation of x; can be achieved by means of the linear
Wiener—Kolmogorov filter applied to the observables y;. This strategy was pro-
posed by Harvey (1998) in fully parametric LMSV models with the weights of
the filter obtained in the time domain as functions of variances and covariances.
In addition to requiring a complete parametric specification of x;, the implemen-
tation of this filter suffers from other drawbacks. From a theoretical perspective,
its main restriction is that it is only valid for a stationary x,. From an applied
point of view it suffers from the disadvantage of being computationally intensive
because it requires the inversion of the variance covariance matrix of the observ-
ables, which can be of large dimension with long series such as those found in
finance (for further details see the supplementary material).

As an alternative, the optimal linear estimator of x; based on Wiener—
Kolmogorov filter in the frequency domain is defined as

o0

Bloo= D wii—j— 1), 3)

j==00

where, with f,,(4) denoting the cross-spectral density function of x and y, the
weights are

1T fo)

ijA
Wi = eV da 4
U B N7
which under Assumption A.4 become
1T AW

wi= e*d) 5)
P 2w Jo ()

because fy, (1) = 0. The filter proposed in (3) and (5) is obviously symmetric

avoiding time shifts, which is a desirable property because the signal and ob-

servables are synchronized. In contrast to Harvey’s method, the y; in (5) are

computationally simple to obtain even for large sample sizes and remain valid
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for nonstationary series (1/2 < d < 1) where pseudospectral density functions
are then considered. This is justified by the fact that a stationary environment is
achieved after first differencing, and first differences of the signal can be optimally
extracted with the filter
= L7 ) g, o L[ S iiag,
2w J_n fAy(/U 2 )4 fv(’l)

with fy and f), pseudospectral density functions based on transfer functions
(see also Bell, 1984).

Hidalgo and Yajima (2002) propose a semiparametric version of y; in the case
of a stationary ARFIMA(0,d,0) x; and u, linear weak dependent with no para-
metric restrictions. However, we prefer to impose the parametric restriction on u;,
which is white noise in SV models, leaving the volatility component only partially
specified. In that sense, the framework described in the previous section is more
general because it does not parametrically restrict the volatility component x;, but
imposes only the local requirement in Assumption A.2 and it allows for a nonsta-
tionary x;. By contrast the noise u,, not restricted in Hidalgo and Yajima (2002),
is assumed to be white noise, which in any case is a natural restriction in SV
models. The spectral density function of u, is then constant f, (1) = auz /2n =0
and the weights y; in (5) can be written in this context as

1 T 0 . 1 /= 6
P p— 7 ij _1. . .
Vi=5, . (1 fy(/l))e di=1j—9 - /0 700 cos(jA)dAa, (6)

where the indicator function 14 = 1 if A holds and O otherwise, and the last
equality is due to spectral symmetry.

4. SEMIPARAMETRIC ESTIMATION OF VOLATILITY

The feasible version of the y; in (6) is achieved after two transformations: the
integral is replaced by summation over Fourier frequencies and consistent esti-
mators of the unknowns 6 and f, are plugged into ;. With these modifications

the feasible version of y; is t/A/j = t/A/j @, fy) where

* N

l — 6
— D ———cos(jp) @)
B V0 R

i@, fy) =1j—0—

for n* = [n/2], [] denoting “the integer part of”, n is the sample size such that one
observes data yi, y2, ..., y, and A, = 2z p/n are Fourier frequencies. Assuming
that such consistent estimators exist, the following result emerges.

THEOREM 1. Let 8 be a consistent estimator of 0 and fy (Ap) consistently
estimate fy(A,) uniformly over p =1,...,n*. Then as n — oo
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wi = wi(1+0,(1) ®)
~ 1
wj—yj=0 (;) @)

for y; = w; @, f).

Note that what t/A/j actually estimates consistently is l/;j and not ;. Theorem 1
however gives a bound of the difference between l;/j and ;. Since y; is propor-
tional to | /|24~ then consistency of yA/j as an estimator of y/; is only rigorously
proved for j satisfying |j|*?*t!/n — 0 as n — oo. This implies that not all the
observations can be used to get the estimated signal, only observations not too far
from the point of estimation should be used.

With all these considerations, the final estimator of the volatility component is

min(r—1,M)

Xin = Z i (i—j — 1) (10)

j=max(t—n,—M)

for M satisfying M~! +n~' M4+ — 0 as n — oo. Restricting the inclusion of
values of the observable data to a maximum of M lags has two effects. First, con-
sistency of the l/;j used in the filter is guaranteed. Second, relatively low values
of M enable a symmetric feasible filter to be applied for a large number of in-
termediate observations, thus avoiding undesirable phase shifts. Note also that,
since y; = O(j —1-2d) "there is no need to consider weights for larger lags that
are virtually zero.

An estimate of the constant u is also needed for feasible signal extraction.
Under stationarity the sample mean 2 =y = >/, y;/n is a good option due to
its consistency. However, if d > 1/2 the sample mean is not a consistent estimator
of u. To solve this problem we follow Shimotsu (2010) and use as an estimate
of u the first observation i = y; or the average of a finite number of initial ob-
servations, which is O, (1) under Assumption A.1. The validity of this procedure
is based on the fact that the variance of a nonstationary x; is infinite and conse-
quently the signal asymptotically dominates the influence of the constant yx, such
that an estimate of it is only needed in finite samples for location purposes.

Consistent estimation of the signal extraction weights y; calls for consistent
estimation of the constant spectral density of the noise & and of f (4,) uniformly
over p =1, ...,n*. Under the assumptions in the previous section € can be consis-
tently estimated by means of the local Whittle estimator of Hurvich et al. (2005)
(another alternative, requiring Gaussianity, is the augmented log periodogram re-
gression (ALPE) of Arteche, 2006). The estimation of f(4,) is more demanding
since it needs to be consistent uniformly over p = 1,...,n*. This entails consis-
tent estimation for constant frequencies (p = O (n) meaning exact rate of propor-
tionality) and Fourier frequencies collapsing to zero (p = o(n)) in stationary and
nonstationary contexts. To that end we use the estimator proposed by Hidalgo and
Yajima (2002) and show that it satisfies these requirements.
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At this point it is important to stress the relevance of Assumption A.4, which
entails a null cross-spectral density of signal and noise. Under A.4 the weights y;
have the form in (6) and both & and f) can be consistently estimated. However, if
Assumption A.4 is not satisfied the weights y; are

T N ; A OO
wi=1j—0— ;/0 700 cos(jA)dA — ;/0 7,00 cos(jA)dA
1™ flG
=) —f]’:x((i)) sin(jA)d4,
y

where fR and f[ represent the real and imaginary parts of f,.,. Practical ap-
plication of the filter requires estimation of both quantities over the whole band
of Fourier frequencies with only the information provided by the observables y;.
But fy(2) = fr(A)+6 + 2fR and it contains no information on f. , preclud-
ing its estimation even under more restrictive assumptions than those required in
this paper. Thus, we find that Assumption A.4 is necessary for a feasible plug-in

application of the filter with weights ;.

4.1. Consistent Estimation of ¢

Various existing techniques can be used to estimate #, such as the local Whittle
estimation proposed by Hurvich et al. (2005) and the ALPE by Arteche (2006,
2012). The local Whittle is chosen here for its greater efficiency in an uncorrelated
signal and noise context and because it does not require Gaussianity in either the
signal or the noise for consistency and asymptotic normality.

Under conditions A.1-A.4 the (pseudo) spectral density function of the observ-
ables y, behaves as 4 — 0 as

Fy () = fr (1) +0 = g, (002720 (1 + 01072 + 0(1%))

for 619 = 0/ g, (0) as the long-run noise to signal ratio. This expression motivates
the local Whittle estimation of ;¢ (together with dp) defined as

. A A 1 <&
d,0) = i logC(d,00) +— > log(A7% (146,
(d.0n) arg(dﬁglelgxg[og (,1)+m;og<k (1+012;h)

for Fourier frequencies Ay = 27k/n, A =[A1,A2], 0 < A; <Ay < 1,0 =
(0,09), B9 < oo and

m

. 1 2291, (%)
C(d,0) = _ZL

2d°
m P 1—|—01/1k

where the periodogram of y;, t =1,2,...,n is

1 n
L) =Wy Wy(h) = o > viexp(—it)
t=1
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with W, (1) being the discrete Fourier transform, and m the bandwidth parame-
ter that indicates the number of Fourier frequencies used in the estimation. This
bandwidth is restricted to satisfy the following assumption:

A.6: Asn — oo
4dy 5

n m12 0
+n—40gm—>.

m1+ad

Consistency of d requires only m = o(n). Assumption A.6 is more restric-
tive to avoid asymptotic flatness of the objective function as a function of 6;
and to permit consistent estimation of 6j9. Under these conditions & can be
estimated as

6=6,Cd,0).
PROPOSITION 1. Under A.1-A.6, as n — oo
0=0+0,(1).

Proof. By Hurvich et al. (2005) 91 — 610 =0,(1) and C (c? ,él) estimates con-
sistently g, (0). [ |

4.2. Consistent Estimation of the (Pseudo) Spectral Density f,

The estimation of f}(4,) is more demanding because it needs to be uniformly
consistent over p = 1, ..., n*, which implies consistency for fixed frequencies and
for all Fourier frequencies shrinking to zero, including those around the spectral
pole. The main problem here is to get consistency at frequencies close to zero
due to the divergence of the spectral density at the origin (see Velasco, 2003).
Moreover, the estimator has to be consistent even in the nonstationary case, where
fy(4p) is no longer a spectral density function. With all these considerations, we
propose the use of the frequency domain estimator introduced by Hidalgo and

Yajima (2002) defined as

: ol & 2

hO =50 20 Vot i LG+ 4, (11)
m v>m* j=—m*,#—0

where A, =2zv/n,v =1,...,n"%, d is a consistent estimator of dy satisfying
AT:(d —dy) = op(log_1 m*) asn — 0o,

and m* is a bandwidth number such that
A8:asn — oo

1 m*
—+——>0.
m* n
In this expression, the periodogram is damped around frequency zero with
the term |4, + /1j|2d prior to the usual averaging, which can be considered as
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prewhitening in the frequency domain since it neutralizes the spectral pole at the
origin and makes f, consistent at all Fourier frequencies between zero and 7 after

recoloring by multiplying by |4,|%¢. Note also that the periodogram at frequency
zero is not used in the construction of ﬁ (1) due to the spectral divergency at the
origin.

Hidalgo and Yajima (2002) proposed this estimator for stationary long mem-
ory processes (d € (0,1/2)) and f; evaluated at Fourier frequencies Ay, such
that frequencies close to the origin are not covered because m — oco. Under
these conditions consistency of fy can be inferred from the results in their
Lemmas 1-3. We extend these results and show in the theorem below that fy is
consistent at any Fourier frequency 4, for o =1, ..., n*, no matter how close to or
far from the spectral pole it is, also covering the perturbed long memory case and
allowing for nonstationary series as long as d € (0, 1).

THEOREM 2. Under Assumptions A.1-A.5, A.7, and A.8 as n — o0,

Fy() = fy(h) (140,(1)))

uniformly forv =1, ...,n".

Theorem 2 establishes the consistency of fy (4yp) for 4, = 0(1) and 2, = o(1).
For v = o(n) such that 1, — 0 it holds that f,(4,) = fx(4,)(1+0(1)) and fy (Ay)
basically estimates fy(4,) since f;,(1,) is of a lower order. However, if 4, > 0 is
O (1) (implying v = O(n)), then f,(4,) and f,(1,) are both O (1) and Theorem 2
shows that f},(4,) = fx(4y) + fu(4y) is estimated consistently by f) (4y). For
the estimation of d the local Whittle estimator is suggested, which has a /m-
convergence for m as in A.6. Then, in view of Assumption A.7, both bandwidths
m and m* are required to satisfy the mild condition m~'/?logm* = o(1) as n —
o0, which is naturally satisfied if both sequences are powers of n.

There are other ways of estimating the (pseudo) spectral density function in a
long memory context that do not rely on prior estimation of d, such as the kernel
based proposal by Velasco (2003). Its consistency in our signal-plus-noise setting
can be easily proved for frequencies sufficiently far from the origin, but it lacks
consistency at frequencies around the origin, which precludes the use of those fre-
quencies in the construction of y}j, when in fact those are precisely the frequencies
which contain the most valuable information on the behavior of the signal. Thus,
even in an unperturbed long memory series the consistency of fy (Zp) is an im-
provement over those techniques that lack consistency at frequencies close to the
spectral pole.

4.3. Feasible Signal Extraction

With all the above considerations and results the frequency domain strategy for
the estimation of the signal comprises the following steps:
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Step 1: Estimate dp and 6 by local Whittle estimation. To that end a bandwidth m
has to be selected. A simple and effective option is to choose m from
among those bandwidths that lead to a stable region of estimates of
dp and 6, as suggested by Taqqu and Teverovsky (1996).

Step 2: With the estimates in Step 1, use (11) to estimate fy(4,) for p =
1,2,...,n*. As in other density estimation issues, the bandwidth m* can be
chosen based on the smoothness of the spectral density at frequencies far
from the origin. The greater the smoothness the larger the m* that should
be selected. In practice we suggest trying different sizes of m*, for exam-
ple, large, small, and medium, and if the estimates with all these m* do
not show a significant structure at frequencies far from the origin a large
m™ should be chosen. Otherwise, a low m* better reflects a rough spectral
density with a relevant short memory component.

Step 3: With the estimates in Steps 1 and 2, construct the weights t/A/j in (7).

Choose M as the lowest value such that if j > M, then |1/A/j| < n for a
prespecified small # > 0.

Step 4: With this M extract the signal as in (10) with £ as the sample mean if the
estimate of dg in Step 1 is lower than 0.5 and £ as the average of a small
number of initial observations otherwise.

Step 5: Validation. The suitability of the estimation of the signal obtained in
Step 4 can be assessed by a validating strategy based on the original form
of the LMSV model in (1). If the signal extraction is correct the standard-
ized residuals, defined as &, = z; exp(—X;|»/2), should be close to i.i.d
(not necessarily normal). In particular, their squares should be uncorre-
lated and a portmanteau test in the squared standardized residuals can be
used to check this property. Failure to satisfy this condition may indicate
wrong signal extraction, due perhaps to a wrong choice of bandwidths,
and the procedure returns to Step 1. If no improvement is achieved by
changing the bandwidths, the local LMSV should be rejected as inap-
propriate for the series under consideration (e.g., due to correlation be-
tween signal and noise as in FIEGARCH models, to mistaking structural
breaks for long memory, etc.). However, evidence of no autocorrelation
in the squared standardized residuals supports the existence of LMSV
against other alternatives that may give rise to strong persistent behavior
in volatility, such as FIEGARCH or level shifts in volatility.

The conditional variances can then be estimated as
A2 A2 A
o, =0 exp(xtln)a

where 62 = >, z2exp(—%u)/n as suggested by Harvey (1998).
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5. CONCLUSION AND DIRECTIONS FOR FURTHER RESEARCH

One of the main reasons for the low level of interest of practitioners in LMSV
models is the difficulty of extracting appropriate estimates of volatility. We pro-
pose a solution to this problem involving a feasible Wiener—Kolmogorov signal
extraction technique based on a local spectral specification of the volatility com-
ponent. We prove the consistency of the estimated weights in stationary and non-
stationary (but mean reverting) long memory contexts. Its performance in finite
samples is better in all cases than a feasible version of the time domain proposal
by Harvey (1998), and in general better than smoothing via the Kalman filter
based on an AR approximation (see the supplementary material associated with
this article, available at Cambridge Journals Online (journals.cambridge.org/ect)).
The validating step, based on the i.i.d. character of the standardized residuals, can
be used to assess the adequacy of LMSV and to discard other possibilities such as
FIEGARCH (which implies correlation between signal and noise) or level shifts
(which can be mistaken for long memory) in volatility.

Estimation of the weights of the filter requires consistent estimation of the
(pseudo) spectral density function over the whole band of Fourier frequencies.
To that end we use a new estimator originally proposed by Hidalgo and Yajima
(2002) and show that it is consistent at fixed and shrinking-to-zero Fourier fre-
quencies, no matter how close to or far from the spectral pole they are, as long as
0 <d < 1. This is an improvement over other proposals, which lack consistency
at frequencies close to the spectral pole.

Although our focus of interest is LMSYV, the technique proposed can be used in
a much more general context. There is a broad range of situations which adapt to
a long memory signal plus noise model in economics and finance (see for exam-
ple, Arteche, 2012). Just a few examples are economic mechanisms with short-
run and long-run behavior depending on different factors, measurement errors,
rational expectation models with a persistent ex ante variable, realized volatility
contaminated by microstructure noise, etc. In all these cases, estimation of the
signal is of great interest.

The main drawback of the technique proposed is that it is not fully automatic
but depends on bandwidth parameters that have to be chosen by the user. However,
we suggest some simple criteria for selecting them all based on the information
provided by the sample, and in that sense they can be considered as data-driven
(see the empirical application in the supplementary material as an illustrative
example).
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APPENDIX

A. Technical Details

Proof of Theorem 1. (9) is proved using the approx1mat10n of integrals by sums in
Brillinger (1975, p. 15). For (8) note that for j # 0 y; — y; is

0-0 - fyUp) = £y ) c0s(izp) _
i} n*z y(4p) = Jy(4p P

op(
0 = A HOp 7 Vi)

by the consistency of f and fy (Zp) uniformly over p =1,...,n*. For j = 0 it holds simi-
larly that z/A/O —yp= o0p (1), which completes the proof since wo = Op()asn—oco. M

Proof of Theorem 2. Denote ny (Ap) as fy (4p) with dj instead of d. Then

FyGo) = fx o)+ fuCo) + fruCo) + fux Uo)
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and similarly for ny (4p), where the subindex indicates the variable of which the peri-
odogram or cross-periodogram is calculated. With this notation

/1—2d0 m*
X _ I 12d,
fx(iu)—fx(lu)—m. z |40 + 4; 70
Jj=—m*,#—0v
X (I (o + 2)) = fx (Ao + 4))) (A.1)
/1—2d0 m* 2
Ermer D DR VRS
J
2m* + 1y JE———
X fx (Ao +4j) = fx (o). (A.2)

Now (A.2) is by Assumptions A.1 and A.2

A—Zdo m*
0
T R Z 8x (Ao +4j) = fx(4o)
J=—m*,#—v
22do m* 22
v J "
D TR Ao)+ - D)= £
S i 2 (gx( Dt e )|) fr ()
j=—m*,#—v .
/1—2110 ) m* 5
14 — bl
:mgx(iu)o 8x (’“u)' > A
j=—m*,F=v

%72
:o(fxav)[”;] )=a(fxuu)),

where gy (4) = gy (4) in the stationary case and g, (1) = gp (/1)|2}L_1 sin(i/2)|_2 in the
nonstationary case, which also satisfies the requirements for g, in Assumption A.2.
Also (A.1)is

—2d m*
}» 0
S 2 I+ i (1x G+ 7)) =1ty Lo G+ 2)) (A3)
j=—m*
Z_Zdo m*
i) I (I 4P 1 G +4) = fx G +2))) (A4)
j==m

for aj = a(4;) where a(l) = Z,?OZO b exp(ikZ) under stationarity and a(l) = (1 —
exp(1)) Z,fio by exp(ik2) in the nonstationary case.

The proof of the consistency requires a different treatment of frequencies close to and
far from the origin. Hereafter the O() and o() terms are uniform over those » considered.
Let us examine first those frequencies such that m* /v — 0 as n— oo (including » = O (n)
corresponding to fixed frequencies 4,). Using formulas (3.17) in Robinson (1995) and
(A.2) in Velasco (1999b) (see also Velasco, 2003), (A.3) is bounded in probability by
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—2d m
Ay 0 24, 1/2 . —1/2 - do—1
0p<2m*+ljz Vo + 2120 i G+ 23 log! 2 o+ 1 [Jo 4+ 1712 + o+ j107! |

=—m*

—2d, m
Ay 12, —1)2 - do—1
=0p 2m*+1,~z g (o +4j)log!/ |U+J|[|U+JI 24 Jo+ j|do ]

logl/z(v +m™)
=0p (fx(in) (v —m*)1/2n(1=do)

(logv +log(1 +m* /v))1/2
(( _m*/v))1/2A(l—do)

=—m*

= 0p (fx(iv)

. log!/? )
=0p (fx(/lv)nl(/)i\(l(_l;)o)) = Up(fx(/bv))-

Now (A.4)is
,—2dy m*
) 2d,
T Z*I%Jrljl 0 fe(ho+4j) I (b + 2j) — 1)
]:
—2d0 m*
Ao
= 2m*+1j§n*gxuv+z,»)(2n15(zu+z,->—1)

which has mean zero and variance
1—4110 m* 5 s
v
O I > &5 +4) @) var (e (o +7))
Jj=—m
/1—4d0 m*
. D gxlho +24)gx G + ) @) cov U (2o + 1)),

+7
2m* 4+ 1)2 .
@m* + 1) L i

1 1
X Iy + /) = O (fx ()? [m— + ;]) = o(fc(20)?)
by for example, Proposition 10.3.2 in Brockwell and Davis (2006). Thus
FeGo) = fr(o) A +0p(1) +o(1))

uniformly for those v such that m* /o — 0.

Similarly
. )L—Zd() m*
JuGo)=0 =502 D 1k + 21290 1, (3 + ) —6. (A.5)
j==m*
The mean of (A.5) is

1 j2d0 B m* B
Q(WHZ‘H—D —1)_0<U) =o(1),
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since |1+ j/v0]?40 =1+ 0(j/v) for j <m* and m* = 0(v). Now the variance is

/-L—4d0 m*
v ) 4oy 0 (T o+ 4
5 O A1 var (1, +45))
@m*+1)2 =
—4d() m*
DD o 4201 + AP con (1 (2o + 27, Lu (G + i)
Jj== m*k9ﬁj

Ay
T o

4d0

(2m + 1)2 Z

1
@m* +1)2 Z z

ofe)-oft)

Then fu(Zy) —0 = Op(1/x/m* +m* o) = 0p(1).
With respect to the (pseudo) cross-spectral density function, fy,(4,) has mean zero
under Assumption A.4 and its variance is

Jy & 4dy
O IR D lw+A1Mvar (L (o +25)) (A.6)
Jj=—m*,#—v
iy 0 2y 2dy
+WZZW+“ Ao + Al
J k#j
x cov (Lxy (Ap + /lj), Leu (Ao + Ak)) (A7)

Now, using Lemma 2, (A.6) is

/-L—4d0 m* 4d 0_2 10g|0+]| 1
L Ao+ A5 [0 (R + A (1+0[7+—D
(2’"*“)2,-:;,,*' I R PRI Ry

—4d, m*

Ay 0 g2 gy +47)
”72 gx () Z |20 + 2, |2do 22770 T 77
2m* +1)% 27 gx(lp)

j=—m*

loglo + j| 1
x(1+0[m+ﬁ])
_] ng(/lu‘*'/lj)
= fuldy) fx (Ao o)
= fu(do) fx (4 )(2 *+1)2 Z ( ) 8x(4v)

log|v + j| 1
X(”O[m+ﬁ

= fuU) e ()0 (i)
m
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Similarly (A.7) is bounded by

Ay 1/2 12
mzzm +4; 24011y + g 20 £} (4)) fx ()
Jok#]
S 4do . .
-0 DD o+ 41012y + 241
f(zm JA@m*+1)2
J k#j
. .
= 1+ —
ham*+ 12
Vr@m* 4 1)? e

—2d0 *\2
_of fomT) fr(2)
_0(f(2m +1)2) O( Jn )
In consequence fry(Zo) = Op(fi/*(2)Im* =12 4 n=1/4]) = 0, (1 (1)) and

v 1 *
FyGo) = fyGo) +op(fx () +0p (7 +’L),

Jm* v
Now

2dy - 12(d—dp)
FyO) = fiyGn) = *+IZ‘1+ Iy (i +47) '1+£ —1

is 0p (fx(4p)) since, as in Lemma 3 of Hidalgo and Yajima (2002)

j 2(d—dy) R R
‘1 + = — 1| < constant x |d — dy|log < constant x |d —dp|
v

141
0

and |c? —dp| = 0p(1). In consequence, for 1, such that m* /v — 0 we have that

FyGw) = fy (o) +0p(fx (2o)) +0p(1)

which implies consistency at shrinking frequencies where fy(4y) = fx (4p)(1+0(1)), and
also at constant frequencies (v = O(n)) where fy(4y) = O(1) and fy(4y) = fx(4y) +
FulG).

Consider now frequencies close to zero such that v = O(m™), the O() bound mean-
ing here exact rate and also including the case v/m* — 0 as n — oo. In that range of
frequencies fy(4y) = fx(4p)(14o0(1)) and thus consistent estimation of fy(4,) implies
consistent estimation of fy(1,). Assume also that m* > v, the proof for other v being
similar and easier because there is no need to split the sums into negative and positive fre-
quencies. Partition now the sum in (A.1) in two parts, one from j = —m* to j = —v — 1
and other from j = —v + 1 to j = m™. The analysis of both expressions is similar taking
into account the symmetry of the (pseudo) spectral density and periodogram around the
origin, and thus we only show here the results corresponding to the second sum. For that
interval of frequencies (A.1) can be written
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*

! S 1 jzdo Li(lp+ 4 Av+ 2
zm*j:_zn-’_l +; (Ix (Ao + j)_fx( v+ ]))
| m*+v | . 2d,
= =2 ‘ (L () = fe(2))
j=1
1 m*+o j 2d 5
= o 2. (5) (L (4j) = laj 1" Le (25)) (A.8)
j=1
m* 2dy
Z ( ) (101, G) = Fe(iy)). (A.9)

Using again formulas (3.17) in Robinson (1995) and (A.2) in Velasco (1999b), (A.8) is
bounded in probability by

o o,
o 1 mzv j 2(10,1_2‘10 1 o 12
P\ =\ i | GieAa=dy |8
j:

log'2m* _
:op(gm* 2"0(m*+o)‘/2”°)=op(fxuu))

since dy < 1 and v = O (m™).
The bound for (A.9) is proved similarly to that of (A.4). Then (A.9) is

. 12
+o
o |1 " (i) 4 —4do
| & j

m

12
=0p ((m-'_l))fx (/bv)) =o0p (fx(4v)).

Now, with respect to the added noise, the sum in (A.5) can be similarly split into two

parts, one from j = —m™* t j = —v — 1 and other from j = —o + 1 to j = m™. Since the
analysis of both is similar we focus again on the latter. In that interval the sum in (A.5) is
1 m*+ov ] 2d0
j=1

which has mean

1 m*+o -\ 2do * 2dp+1 *72do _
w2 (7)o (5o (5T )
j=1

and variance

m* 40 4dyy (m* +l))4d0+] J *4d0 1
) =0 m*2p4do = 0| fe)* =5 ).

Thus (A.10) is op(fx(/ln)) for v = O (m*).
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The bounds for the cross-spectral density are similarly obtained. We need to bound (A.6)
and (A.7). First, the sums are splitted in two parts as before, in both of which the analysis
is equal. Consider, for example, the sum over j = —m™, ..., —v — 1. By Lemma 2, this part
of the sum in (A.6) is bounded by

—4d0 m—o 4d0 —4d0 m—o j 2d,
(m *)22 Jx( J) =0 (m *)ZZ(;)

2d
_ o(fxz(lu) (1- L*)l”d“ (”L) ! 1) —o(f2(h))
m n m

for v = O(m™). Similarly, (A.7) is bounded by

2
1—411'0 —v—1

Fer| ] 2t Z [y + 4|0

j=—m* j=—v+1
2

|

<
+
~
=

o 2 (mINOT oo 1T
- [() [(—ﬁ) +(1+5) ]

#\2do |
= O(f,%uw ('"7) ﬁ) =0(f2()),

which implies fxu(1y) = 0p (fx(4y)) also for v = O(m*) and then fy (1) = fr(Zp)(1 +
op(1)) for v = O(m™).

Finally fy (%) — fy(Ay) is

| m*—v  m*+o 2d0 j 2(d— do) .
o Z + Z Iy(ij) 1- o :Op(fy(ln))zop(fx(in))
j=1 j=I
because
j 2(d—dp) R
1—|= < constant x (d —dp)log(j/v) = op(1)
v
by Assumption A.7. n

LEMMA 1. Under Assumptions A.1 and A.2, uniformly in integer j < [n/2],

g L4+0(j ™"+ j2021og j) if j=o(n)
MK A+ 2)dr = fr(4; :
—r HOK@+ ]) il j) 1+ O(Z_l +j2d0_2logj) if j proportional to n

for [ satisfying | < j, 1 = o(n) and K (1) = |D(1)|? 2z n with D(.) = =1¢ i,
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Proof. Split the integral

FDKGoA2)di— frG) = [ L) = fe K G+ A)dA

-7 -7

into the following parts
—31;/2 2i/2 2i/2 e P
Lol Lt Lt ot
- 34;/2 12 Jae Je
for & > 34;/2. Taking into account that K (1) < constant x min(n, n~1272), the integral
over [—x, —¢] is bounded in absolute value by

max K(/H—/l])[ - fx(/l)d/1—|—fx(/1j)] 0 (%Jr@) —0 (M)

[—7,—¢] n

The same bound is similarly obtained for the integral over [e, 7). Now

—34/2
L

o [T -2 -1
=0(n / [A7=ON+ 417 7dA+n"" fx (4))
—&
—1,—2dp—1 .— ,
:0(n 2 ):0(, lfx(Aj)).
The bound for the interval [4 i /2,¢) is similarly obtained. Next,

/)"/2 0 K(i+4)) /i’/2 Fe (i 2 fi ()
= max L4+ +1; ;
—1j/2 [=4j/2,=2j/2] / —A-/z'x S

J
1,2, 0=2dyy (=1 ,
=77 =0 (7 ()
for dy < 1/2. If dy > 1/2 we follow the steps in the bounds of formula (A.4) in Velasco
(1999a) in order to bound

—32j/2
|2+ 21 72d2

—&

Ai/2
/ ! , KO+ 4j) fe (A)di. (A.11)

4j

Dividing (A.11) by fx(4;) we get

. 2 (n(A+4))
1 ﬂj/2 Sin ( )|)~| ZdOgX()“)d

2zn —1/2 sinz(H—A’) _Zdogx(ij)

1 i sinz(’1 - /) 2
=0 d

_ . i
2zn? J-zj sin2 (L'zi’”) (27 j)=2do)

0 1 /71'] SiIl2 (%) |/1|—2d()

—j (m,,j)z (2 j)=2do)
2n
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Tj 1
=0 j2d0_2/ sinz(f)lil_modl
—nj 2
1 7 j
= %2 / 232doq / 4~ 2og),
0 1

= 0(j*™210g )

for j < n/3 since |sinx| > |x|/2 for |x| < 7/2 and 1/2 < dy < 1. If j > n/3, then
sin? (“‘27” ) = 0 for the limits of the integral and (A.11) is bounded by

O(fx (2))j>%n~2 / " in? (%) I/II_ZdOd/l)
i
= O(fx(4))j*®n"2log j) = O(fx(2)) ™% log j).

Finally, for the bound between —34;/2 and —1;/2 we first consider shrinking to zero
frequencies such that 4; — 0, implying j = o(n). For those Fourier frequencies

‘ —AJ /2
(A12)

—3;/2

22
’/ [ G ) — fr ()] K ()i

412 / 2 o1 )
20(/ " [/lfx(/lj)H fr (zj)]K(A)dg)

—Aj

2:/2
—of ;722 / " 2k ()da
I )

J

n~! 2i/2
_0(,1‘2 2do [/ nzzdu/ ! n_ldﬂ:|)
J 0 n1

=0(fx(1j™h

since K (4) is even and positive. For fixed /; such that j is proportional to n, we split the
integral in (A.12) into

2; /2 —/2 o faj2 A2
Lon=LontLnt)
J=ajp2 J=ni2 J=u2 Jun

for/ =o(j) (implying / = 0(n)). As before, the second integral in the sum is O ( fx (4;)! _1)

and
2;/2
:(,1.—2”10/ ! n_li_2dl)=0(fx(ij)l_l). =
4 /2

/2
/X[/Z
LEMMA 2. Under Assumptions AI-AS5, uniformly in integer j,k < [n/2],

1 . .
2ﬁfx(z)(1+0(%+ﬁ)) k=]
1/2 1/2 . .

o (=" upran) ik

cov(Lxy (4j), Ixu(Ag)) =
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Proof. The covariance between Iy, (4;) and Ly (1) is

EIW, )Wy GV ELW G WG] (A.13)
+cum[ Wy (2;) Wy (21) Wu ) Wu (45)]. (A.14)

for uncorrelation between x and u. Now, (A.13) is

(27rn)2 ZZE("”"")C"P( ”i/)exp(lmmzexp( is(x = 47))
0 ifk#j

by Theorem 1 in Velasco (1999a).

Using formulas (2.6.3), (2.10.1), and (2.10.3) in Brillinger (1975), (A.14) is under
Assumption A.5

(A.15)

k T ~TT
oy || a@Da0 DG~ 1) D+ DG == i)

which by Schwarz inequality is bounded in absolute value by

1/2
WU / @ () () D(A = A7) D (u +zk)|2dzdﬂ]

12
x |://|D(/lj—ik—i—,u)|2d/1d,ui|

k 1/2
= 2n)2Can) 2 [/Ia(A)IZK(/l—/lj)d,l/|a(,1)|21((ﬂ Hk)dﬂ]

x [//K(zj—xk—i—ﬂ)dmu]l/z

r 12
— o7 | [ £ K G= 1901 [ 0K Gk 2]
=0 (n7 21 Pap s on)

by Lemma 1 and because K (1) is periodic and ff” K(A)di=1. u
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