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We study statistical inference on unit roots and cointegration for time series in a
Hilbert space. We develop statistical inference on the number of common stochastic
trends embedded in the time series, that is, the dimension of the nonstationary
subspace. We also consider tests of hypotheses on the nonstationary and stationary
subspaces themselves. The Hilbert space can be of an arbitrarily large dimension, and
our methods remain asymptotically valid even when the time series of interest takes
values in a subspace of possibly unknown dimension. This has wide applicability
in practice; for example, to cointegrated vector time series that are either high-
dimensional or of finite dimension, to high-dimensional factor models that include a
finite number of nonstationary factors, to cointegrated curve-valued (or function-
valued) time series, and to nonstationary dynamic functional factor models. To
illustrate our methods, we include two empirical examples.

1. INTRODUCTION

We consider statistical inference on unit roots and common stochastic trends for
time series taking values in a Hilbert space of arbitrary dimension or a subspace
of possibly unknown dimension. An important first step in the analysis of such
time series is the determination of the dimension of the nonstationary subspace,
that is, the subspace in which the time series behaves like a unit root process
(see Section 2). This dimension is the number of common stochastic trends. Our
objectives are to test hypotheses on the dimension of the nonstationary subspace
as well as hypotheses on the stationary and nonstationary subspaces themselves.
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Since we want to examine nonstationary time series in a possibly unknown-
dimensional subspace of a Hilbert space H, our tests need to be statistically valid
regardless of (i) whether the dimension of the space in which the time series takes
values is finite or not and (ii) whether the dimension is known in advance or not.
That is, the tests need to be (at least asymptotically) invariant to the dimensionality
of the time series, and due to this property they will be called asymptotically
dimension invariant (ADI) tests.

This is especially relevant in the recent literature on functional time series, where
it is both empirically and theoretically supported that nonstationarity tends to be
driven by a finite-dimensional process (e.g., Chang, Kim, and Park, 2016; Beare
and Seo, 2020; Franchi and Paruolo, 2020; Li, Robinson, and Shang, 2020, 2023;
Nielsen, Seo, and Seong, 2023). Even when a function-valued random element
can be accommodated in a finite-dimensional space, and thus can be represented
by a finite number of basis functions, its dimension is generally unknown and
large. In such cases, most existing cointegration rank tests are not applicable since
they require either finite (preferably small) dimensionality or a priori information
on the dimensionality of the time series; this is true even for recently developed
cointegration tests for high-dimensional time series (e.g., Onatski and Wang, 2018;
Bykhovskaya and Gorin, 2022, 2024).

Our testing procedures have wide applicability in practice. For example, they
can be used with (i) cointegrated vector time series of finite dimension (e.g.,
Stock and Watson, 1988; Johansen, 1991), (ii) high-dimensional factor models
with a finite number of nonstationary factors (e.g., Nelson and Siegel, 1987; Pefia
and Poncela, 2004, 2006), (iii) cointegrated curve-valued (or function-valued)
time series (e.g., Chang et al., 2016; Nielsen et al., 2023), and (iv) nonstation-
ary dynamic functional factor models (e.g., Martinez-Herndndez, Gonzalo, and
Gonzalez-Farias, 2022).

Our approach to developing ADI tests utilizes a dimension-reduction method
that projects a high-dimensional or functional time series onto a fixed
K-dimensional subspace. This projection is constructed such that, asymptotically,
the K-dimensional projected component includes all stochastic trends, while the
residual component (of unknown or possibly infinite dimension) contains no
information regarding these trends. By constructing test statistics solely from the
projected series, we effectively bypass interference from the residual component,
ensuring that the resulting inference is inherently ADI. The analysis proceeds by
examining generalized eigenvalues of two variance operators associated with the
projected time series. Thus, the proposed tests will be classified as variance ratio
(VR)-type tests, and some are generalizations of existing tests (Remark 3.4 and
Section S.2 of the Supplementary Material). VR tests have desirable properties
for the study of nonstationary time series. First, they can avoid estimation of the
long-run variance, which implies a consistency property not shared by other tests
(Miiller, 2007, 2008). Second, the limiting behavior of the tests does not depend on
a parametric assumption, such as a vector autoregression. As shown in the finite-
dimensional case, finite-sample properties of parametric cointegration rank tests,
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such as those proposed by Stock and Watson (1988), Ahn and Reinsel (1990),
Johansen (1991), Bewley and Yang (1995), and Ahn (1997), depend crucially on
the model specification (see Toda, 1995; Haug, 1996; Bewley and Yang, 1998).
Third, many parametric assumptions, for example, autoregressive structures, are
not preserved under projection, and tests relying on such assumptions cannot
generally be ADI (Remark 3.1). In these regards, nonparametric VR tests are
appealing.

Our theoretical results can be summarized by the following four points. First,
we provide limit theory for general VR-type statistics based on partial summation
and/or differencing, and this limit theory is applied to obtain our ADI inferential
methods. Second, we apply our ADI tests sequentially to determine the dimen-
sion of the nonstationary subspace via either a top-down, bottom-up, or hybrid
approach. The bottom-up does not require the choice of an initial hypothesis, but
the top-down has better finite-sample properties, while the hybrid combines these
advantages. Third, we consider also a direct estimator of the dimension of the
nonstationary subspace based on ratios of generalized eigenvalues. This is similar
to estimation of the dimension of the “dominant subspace” in Li et al. (2020, 2023)
and may be considered complementary to their estimator for curve-valued time
series and to those in Zhang and Chan (2018), Zhang, Robinson, and Yao (2019),
and Franchi, Georgiev, and Paruolo (2026) for vector-valued time series. Fourth,
we consider hypothesis testing on the nonstationary or stationary subspaces.

1.1. Comparisons with Existing Work

First, we view the time series of interest, {X;},>], as a sequence in a known Hilbert
space H, but allow for the possibility that {X;},~, takes values only in a subspace
of . In the latter case, the variance operator of X; is singular on 7{ and may allow
only finitely many nonzero eigenvalues even in an infinite-dimensional setting.
This violates the common assumption in the literature of having sufficiently many
(often infinitely many) nonzero eigenvalues. Of course, the eigenstructure of such a
population variance operator is not known in practice, and assuming that infinitely
many eigenvalues are nonzero may not only be unrealistic but is also not testable.
For example, each functional observation of interest could be constructed by only a
finite number of discrete and regularly spaced points on a grid of the domain, and
such empirical examples can easily be found in the literature (see, e.g., Nielsen
et al., 2023 (age-specific employment rates), Li et al., 2023 (U.S. treasury yield
curves, in the working paper version), and Section 7.1). This poses an obstacle to
the use of existing methods, and this is precisely where our ADI inference methods
have a distinctive advantage over existing ones. As will be detailed, our methods
are designed to be asymptotically valid under a more general scenario where the
(long-run) variance operator of the stationary part of X; permits only a few nonzero
eigenvalues (we also provide analysis on the exact number of nonzero eigenvalues
required for the proposed tests). In comparison, existing methods rule out this
possibility by assumption (including our own recent work, Nielsen et al., 2023).
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Thus, our methodology can accommodate more general and realistic functional
time series.

Second, the common requirement of infinitely many nonzero eigenvalues for
existing methods distinguishes them from cointegration rank tests developed in a
finite-dimensional setting, where any variance operator necessarily permits only
finitely many nonzero eigenvalues. We show a natural connection between our
ADI tests and well-known tests for cointegration (or stationarity) developed in a
finite-dimensional setting, and we find that our ADI tests generalize those tests.
Furthermore, we demonstrate that, in specific cases, our ADI tests reduce to some
recently developed tests for nonstationary functional time series. These results
imply that some well-known tests, developed in both conventional and functional
setups, can be understood as special cases of our ADI tests, thereby bridging the
gap between them.

Third, the advantages of our methods lie not only in their applicability to a more
general setting but also in their practical usefulness for real datasets. Many existing
methods require a reasonable conjecture on the maximum possible number of
stochastic trends (e.g., Chang et al., 2016; Li et al., 2023; Nielsen et al., 2023).
Although some rule-of-thumb choices can be used in practice, such as those based
on the scree plot, a more formal procedure may be preferable. The current study
complements this aspect by providing a testing procedure based on a generalized
version of the functional KPSS test (Horvath, Kokoszka, and Rice, 2014) that can
be used in practice to construct an upper bound.

Fourth, we provide statistical inference on the space spanned by stochastic
trends based on our ADI tests. Specifically, we can test whether a particular
subspace of interest is contained in the nonstationary subspace, spans the non-
stationary subspace, or is contained in the stationary subspace. We illustrate the
empirical usefulness of these tests in Section 7.2 in the context of the well-known
Nelson and Siegel (1987) model.

Compared with our earlier work in Nielsen et al. (2023), all four preceding
points apply (see Section S.2.1.2 of the Supplementary Material). Also, in Nielsen
etal. (2023), we only considered a particular variance ratio statistic (VR(2,1) under
more restrictive assumptions than in Section 3.1 below), whereas in this article, we
consider a family of statistics as well as eigenvalue ratio estimators.

Compared with recent work on cointegration testing in high-dimensional vector
autoregressive (VAR) processes (Onatski and Wang, 2018; Bykhovskaya and
Gorin, 2022, 2024), our setup is fundamentally different. They allow only a finite
number of cointegrating vectors, whereas our setup requires that the number of
stochastic trends is finite and hence is more suitable when nonstationarity is driven
by a small number of factors. Interestingly, under the assumption of compact
autoregressive operators widely adopted in the literature, a function-valued VAR
implies that the number of stochastic trends is finite (Remark 2.3). Moreover,
our setup does not rely on a VAR structure, and it covers intrinsically infinite-
dimensional time series which theirs does not. Finally, our tests can be naturally
applied to determine the number of stochastic trends while their tests are for the
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existence of cointegration and cannot immediately be applied as cointegration rank
tests. In general, therefore, their tests serve a different purpose and may be viewed
as complementary (see also Remark 2.2).

In concurrent work, Li, Li, and Phillips (2025) investigated common stochastic
trends within a more complex framework involving a growing number of curve-
valued time series. Such data, often referred to as high-dimensional functional
time series (e.g., Tang et al., 2025), can be understood as an integration of high-
dimensional time series analysis and functional data analysis. They proposed
an approximate factor model for such data and developed inferential methods,
including a consistent estimator for the low-dimensional stochastic trends that
drive the nonstationarity of the high-dimensional functional series. While the
present setup does not accommodate their framework, the exploration of a possible
extension of our methodology to their setting may be an interesting avenue for
future research.

The remainder is organized as follows. Section 2 introduces I(1) time series
in Hilbert space, and Section 3 presents our ADI VR tests. Section 4 discusses
determination of the dimension of the nonstationary subspace via sequential testing
or via eigenvalue ratio estimation. In Section 5, we discuss testing hypotheses
about the subspaces. Section 6 presents Monte Carlo simulations, and Section 7
presents two empirical applications to the term structure of interest rates and to
labor market indices. Finally, Section 8 concludes. The appendix contains math-
ematical notation, details, and proofs, and the Supplementary Material includes a
practical implementation guide, additional discussion, simulations, and proofs.

2. 1(1) TIME SERIES AND STOCHASTIC TRENDS IN HILBERT SPACE

We consider a cointegrated linear I(1) process X; taking values in a separable
Hilbert space, #, equipped with an inner product (v;,v,) and the induced norm
[vill = (vi,v1)/? for vi,v, € H, as defined by Beare, Seo, and Seo (2017). For
stationary time series in H, the real-valued sequence (X;, v) must be stationary for
all possible choices of v € H (see Proposition 3.1 and its proof in Beare et al.,
2017). For example, if H is the standard [*[a,b] Hilbert space, and hence X;(r)
is a function defined on [a, b], then (X;,v) = fabX,(r)v(r)dr may be viewed as a
continuous linear combination of X, (r). For many empirical applications involving
economic functional time series, stationarity is too restrictive (e.g., Chang et al.,
2016; Seo and Beare, 2019; Nielsen et al., 2023). Thus, we consider a sequence
of X; that allows (X;,v) to be either I(1) nonstationary or 1(0) stationary. It is
then important to characterize under what choices of v € H that (X;,v) becomes
stationary or nonstationary, which leads to notions of stationary and nonstationary
subspaces. We next discuss this in more detail.
Let {X;};>1 be a sequence whose first difference, denoted AX;, satisfies

[o.¢]
AX, =) Dy t=1, 2.1
=0
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where {€,},cz is an independent and identically distributed (iid) sequence with
Ele,] = 0, E[]l&]|*] < oo, and positive definite variance C.. We further assume
that {®;};-0 is a sequence of bounded, linear operators satisfying

oo oo
D @iy <00 and D(1) =) P, #0, (2.2)
Jj=0 Jj=0
where | - ||op denotes the operator norm. Then the long-run variance of AX; is

well defined as Apxx = ®(1)C. P (1)* # 0 (see Beare et al., 2017). Any stationary
sequence with nonzero long-run variance is 1(0). Hence, because { AX},>; satisfy-
ing (2.1) and (2.2) is necessarily stationary and A ax # 0, it is I(0) by construction,
so that {X;},>; is I(1). The summability condition in (2.2) is common in the unit
root literature (Phillips and Solo, 1992).

Let Hs = ker A ox denote the kernel of A Ax and let Hn = Hé be its orthogonal
complement. We call Hs and Hy the stationary (cointegrating) subspace and
nonstationary (attractor) subspace, respectively. These names are related to some
distinctive properties possessed by elements in those spaces.

First, it follows from Beare et al. (2017, Remark 3.1) that (X}, v) is stationary
for v € Hg and nonstationary for v ¢ Hs = ’Hﬁ. In fact, we will allow X, to take
values only in a strict subspace of unknown dimension. For all v that are in the
orthogonal complement of the strict subspace it holds that (X;,v) = 0, and hence
also (AX;,v) = 0 with long-run variance (v, Aaxv) = 0. Because Ay is self-
adjoint and nonnegative, this implies that v € ker A ox and thus v € Hsg. In general,
it therefore follows that if v € Hg, then {(X},v)};>; is either a stationary random
sequence or equal to zero almost surely (in which case it is also stationary).

Second, regarding Hn, we will assume throughout that

dim(Hn) = dy < oo. 2.3)

If (2.3) is true, we say that {X;};>; contains dy stochastic trends. To see this in
detail, we note that {X;},>; satisfying (2.1) and (2.2) allows the decomposition

t
Xi=®()) e+v+Xo—w, 11, 24
s=1
where v, =) ®;€,_;and &; = — Y . | ®, (see Phillips and Solo, 1992). From
the summability condition in (2.2), we also find that Zfio j||d~>j||Op < o0. It is

known (Beare et al., 2017, Prop. 3.2) that Hy is the closure of ran ®(1). Thus,
under (2.4), we have

H=Hs®HN, Hs={veH:P(1)CP(1)*v=0}, Hn={DP()v:veH}.

Since the random walk component in (2.4) clearly takes values in Hy and
dim(#n) = dn, we say that {X;},~ contains dy stochastic trends.

Since dim(Hn) = dim(ran® (1)) = rank(®(1)), the projection onto Hp,
denoted Py, is a finite-rank operator of rank dy under (2.3), regardless of
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whether dim(?) is finite or not. However, the rank of the projection onto Hsg,
denoted Ps = I — Py with I denoting the identity operator on #, depends on
dim(H). Specifically, the rank is p — dy if H = R”, while it is oo if H is infinite-
dimensional. Importantly, even in the latter case, if X; only takes values in a strict
subspace of dimension py, then the (long-run) variance of {PsX,},>; is notinjective
on Hs and allows at most py —dn nonzero eigenvalues, which may be only finitely
many.

Remark 2.1. The representation in (2.1) and (2.4) is that of a typical cointe-
grated vector- or curve-valued time series. However, it is also closely related to
nonstationary vector- or curve-valued dynamic factor models, where X; allows the
representation

dy dg

d d
X, = Z BN+ Z,Bf;]?s +e.  span{f bl C H, span{]gS S CH. (@2.5)
=1

= j=1

Here, dy and ds are nonnegative integers that can be infinite if dim(#) = oo,
{ ﬂ}q“, }j>11s areal-valued I(1) sequence, {8 ft }j>11s areal-valued stationary sequence,
and {e;};> is a H-valued centered iid sequence with bounded variance operator. In
fact, {X;};>1 satisfying (2.1) with compact, self-adjoint ®; can always be written
as (2.5) (Martinez-Hernandez et al., 2022). If dy < 00, ds < 00, and ¢, is a
curve-valued random element, (2.5) is the functional nonstationary dynamic factor
model considered by Martinez-Herndndez et al. (2022), and in that case, X; is a
nonstationary time series in H, but (X;, v) is stationary if and only if v is orthogonal
to every ]?N (e, Hn= span{];"\' };l:'\‘l and Hsg is its orthogonal complement). See also
Pefia and Poncela (2004, 2006) for related discussion in a Euclidean space setting.

Remark 2.2. In the context of a high-dimensional cointegrated time series,
the existing literature considers vector time series of dimension p — oo, but
dn/p — lasp — oo and T — oo, while this article considers the case, where dy
is fixed regardless of the dimension p. Specifically, Onatski and Wang (2018) and
Bykhovskaya and Gorin (2022, 2024) studied tests for existence of cointegration in
a high-dimensional setup, but not for cointegration rank or the number of stochastic
trends, dy. In contrast with our condition (2.3) that dy < oo, they assume that dy
increases such that (p —dyn)/p — 0 and dn/p — 1; that is, the cointegration rank
(p — dn) is negligible relative to dy (e.g., (12) of Onatski and Wang, 2018 or
Section 3.2.2 of Bykhovskaya and Gorin, 2022). Thus, their methods are not
applicable in our setup and should be considered complementary to our methods
since they apply in a different context. Despite this distinction, our methodology
is in fact applicable to high-dimensional vector time series in some cases. For
example, a vector-valued time series X; of arbitrary dimension can be understood
as a Hilbert-valued I(1) time series if the eigenvalues of the variance matrix of AX,
are square-summable (Bosq, 2000, Lemmas 1.3 and 1.4). Finally, our methodology
can be applied to time series of intrinsically infinite or large unknown dimension,
and this is not considered or explored in the above-mentioned papers.
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Remark 2.3. The condition in (2.3) seems reasonable in many empirical
examples of functional time series (e.g., in Chang et al., 2016 and Nielsen et al.,
2023). From a theoretical point of view, suppose that {X;},>; is generated by the
functional ARMA law of motion:

W)X, =V (L),
where {&},cz is an H-valued white noise, O(z) = I — ;’;1 G)jzj, V() =1+

.;'Iil W7, and g1, ¢, are allowed to be infinite. In this case, if ©(z) is a Fredholm
operator-valued function with a unit root, then it can be shown from the Granger—
Johansen representation theorem in Hilbert space (Beare and Seo, 2020; Franchi
and Paruolo, 2020; Seo, 2023) that (2.3) is always satisfied. A sufficient (but not
necessary) condition for ®(z) to be a Fredholm operator is that ®4,...,®,, are
compact and g; < oo. It is common to assume compactness of autoregressive oper-
ators in statistical analysis of the functional ARMA model, and thus finiteness of
dp arises as a natural consequence. Of course, for vector-valued time series, where
the dimension p is fixed, dy is inherently finite. However, in high-dimensional
settings, where p grows with the sample size as discussed in Remark 2.2, the
condition dy < 0o may be less natural, and there is no obvious counterpart to
the assumption of compact autoregressive operators. Nonetheless, even in high-
dimensional settings the condition (2.3) does encompass some relevant examples
like factor structures (such as the nonstationary dynamic factor models discussed
in Remark 2.1) where nonstationarity is driven by a limited number of factors.

3. ADI VARIANCE RATIO TESTS

We let H be a separable Hilbert space and let {X,};~; take values in H or any
subspace. H can be an infinite-dimensional space of square-integrable functions
or sequences depending on whether X; is a random function or a random vector,
but we do not exclude the possibility that H is finite-dimensional. We assume that
{X;}/>1 satisfies the following assumption.

Assumption 1. {X,},>, satisfies the conditions in Section 2; in particular
(2.1)—(2.3).

A crucial input to estimation and inference on unit roots and cointegration
(Chang et al., 2016; Nielsen et al., 2023; Seo, 2024) is dy = dim(Hy), that is,
the number of (linearly independent) stochastic trends. To determine this quantity,
we consider the testing problem

Hy:dy=do vs Hy:dy<dy—1, 3.1)

fordg € Dy ={1,2,...,dmnax}, Where dp,x < 00 is an upper bound on the number
of stochastic trends so that Dy is a finite set. In fact, d,x can be reasonably chosen
from data in such a way that dy,,x > dy, but dp,, does not greatly exceed dy
(Remark 3.13 and Section 4.1).
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As mentioned above, our tests can accommodate the case, where {X;},~; only
takes values in a strict subspace of possibly unknown dimension py, and the tests do
not require knowledge of py. For this reason, they are called ADI tests. However,
it should be noted that this dimension invariance property does not mean that our
tests are not affected by px at all. Rather, it means that we do not explicitly require
a priori information on py in order to implement the tests.

Our approach to developing ADI tests is based on a dimension-reduction tech-
nique that preserves stochastic trends. We call this slack extraction of stochastic
trends. To elaborate on this, suppose that {X;},>; is an H-valued cointegrated I(1)
process as described in Section 2 and only takes values in a possibly strict subspace
of dimension px < py, = dim(#H) < 0o, where py may be much larger than dy. In
addition, assume that we can find a finite integer K € [dn, px] and an orthonormal
set {ﬁ}jK=1 in H such that span{]?};-d:'\'1 =Hn and {(X,,f;)};>1 is a stationary process for

j=dn+1,...,K. Define Px = Zfi] fi ®f;, where ® denotes the tensor product
and thus f; ® fj(-) = (f;,-)f;; that is, Px is the unique orthogonal projection onto
Hg = span{j_”i}][.(:1 . In this case, we have H = Hy EB’Hé and Hx = HnN GB”HIS(, where
HIS< = span{/j-};idNH. Then, from the fact that {(X;,fj)};>1 is an I (1) sequence
for j < dn, we may deduce that (i) the projected time series {PxX;},>; contains
dp stochastic trends and a (K — dy)-dimensional stationary component, and (ii)
the nonstationary subspace of {PxX,};>; is the same as that of {X,},>;. Due to
these properties, we call Pk a slack extractor of stochastic trends. In other words,
we do not lose any information about stochastic trends by using the projected
time series {PxX;};>1 in the statistical analysis and ignoring the residual time
series {(/ — Px)X;};>1 (whose dimension generally depends on py). Therefore, a
statistical test, which is not dependent on the residual part {( — Px)X,};> but is
constructed only from {PxX;},>1, naturally becomes ADI. Based on this idea, one
may readily develop ADI tests by, for example, extending existing tests developed
in a finite-dimensional setting (because {PxX;};> itself may be viewed as a
K-dimensional cointegrated time series, see Remark 3.2).

Of course, a slack extractor Pk satisfying the required conditions is not observ-
able, but it can be replaced with a suitable estimator Px. For now, we impose
some high-level conditions on Pk and its rank K (the latter is specified by the
practitioner). Define the operator

[o¢]
Asg = As r(ag) = E[PsX, ® PsX]+ ligp-0) »_(E[PsX,; ® PsX;_,]
s=1

+E[PsX;—; @ PsX]), (3.2)

where 1y, is the indicator function, and ag is a parameter that will be naturally
specified (in Assumption 3 below) for each of the proposed tests. Note that Ag g is
the long-run variance (if ag > 0) or variance (if ag = 0) of the stationary component
of {X;}i=1.
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Assumption 2. (i) K > dp, (i) [PxPn — Pnllop = 0p(1), and (iii) [|PxPs —
P§llop = 0p(1) for some orthogonal projection P§ satisfying ranP§ C Hs and
rank(P§ As gP§) = K —dn.

Assumption 2(i) implies that we need an appropriate choice of K depending on
the value of dy. As will be discussed in Section 4, see, in particular, Remarks
4.1 and 4.2 and the subsequent discussion, it is possible to obtain a reasonable
upper bound dp,,x for dy. By choosing K so that K > d,.x, the condition on
K required by Assumption 2(i) does not raise any issues in the practical imple-
mentation of our tests. For a given choice of K, feasible choices of Px satisfying
Assumption 2(ii) and (iii) are discussed in Section 3.4 under mild low-level
conditions.

Remark 3.1. It seems reasonable to ask if one can apply standard (cointegration
rank) tests of (3.1) from a Euclidean space setting to the projected time series
{ﬁKX,},zl. This is in fact not always the case, because some properties of the time
series are not preserved under projection. In particular, parametric tests based on an
AR(p) law of motion, such as those in Johansen (1991), cannot be directly applied
since parametric relationships are not generally preserved under projection. To see
this in detail, suppose that dim(H) = p4, but X; follows an AR(1) law of motion
in a subspace Hy of (unknown) dimension pxy < py such that AX;, = OX,_; +¢;
for some bounded linear operator G) and t > 1. Then for dy < K < px, we have
APyX, = PxOPgX,_| + PKG)(I PK)X, | + Pxe,. The term PK®(I PK)X, 1
is dependent on py and nonzero in general. Thus, the parametric relationship
between APKXI and PKX, 1 1s generally different from that between AX,; and
X;_1, and also dependent on K, PK, and py. Even if PK is a consistent estimator
of a slack extractor Px, a parametric test applied to {PKX,},ZI not only depends
on py, but is in fact misspecified. This point is illustrated in Section S.3 of the
Supplementary Material, where we provide simulation evidence that Johansen’s
(1991) trace test does not generally work with a consistent estimator of a slack
extractor.

A consequence of Remark 3.1 is that, even if we may have a reasonable
parametric assumption such as an AR structure for the original time series {X;};>1,
such an assumption is not generally preserved under the projection P. Therefore,
when we use the projected time series {’P\KX,},Z 1 for our statistical analysis to obtain
ADI tests, these need to be developed without parametric assumptions. To achieve
this goal, we consider tests based on various sample (long-run) variance operators
that can be computed from the projected time series without any parametric
assumptions.

Thus, define X, , by

t
Xo =AX, X=X, Xoy=) Xaford>2,
s=1

https://doi.org/10.1017/50266466626100462 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466626100462

INFERENCE ON COMMON TRENDS IN FUNCTIONAL TIME SERIES 1

so that d denotes the integration order of X;,. Further define the unnormalized
sample long-run variance operator of {X;};>1, denoted A4(h k), as

Y. .
S\ ~ ro_ :ZZT:sHXd,r—s@Xd,tv if s >0,
d,s —

Raho =" k(5)Tus .
s:—ZT:-H h ZIT:iSJrle’Z QX4 145 if s <O,

3.3)

where k(-) is a kernel function and % is the associated bandwidth parameter.
From (3.3) and the fact that ’131( is self-adjoint, it is readily found that ﬁKXd (h, k)ﬁK
is the unnormalized sample (long-run) variance operator of the projected time
series {/ﬁKXd, t}s>1. As a special case, /ﬁKXd(O, k)/ﬁK is the unnormalized sample
variance operator of {’I;KXd,,},Zl.

Remark 3.2. Throughout, we will use the well-known result that any
K-dimensional subspace of H with orthonormal basis {gj}K1 is isomorphic to
RX via the isomorphism v > ((v,g1),...,(v,gk))’ (e.g., Proposition 5.2 and
Theorem 5.4 of Conway, 1990). Moreover, any linear operator A acting on the
K-dimensional subspace can be represented as the K x K matrix [A]; = (gi,Ag;)
(see also Nielsen et al., 2023, p. 32). Suppose ?’K = Z]K:lfj ®f‘j for an orthonormal
set U}}fz 1~ Then ﬁKXd,t = Zszl (Xa.15 f,)f, such that /IBKX,L . may be identified as
the K- dlmenswnal Vector Xk 4,s = = ((Xa.s, f‘l) < (Xar fK)) From these results, we
find that if [PKAd(h k)PK] is the K x K sample long run Varlance matrlx of XK d,15
then PKAd(h k)PK can be found as [PKAd(h k)PK] That is, PKAd(h k)PK can
also be computed from the vector-valued time series {xk 4}r>1. Finally, for any
veH, PKAd(h k)PKv can be computed as Z 1“;)3’ where q; is the j-th element

of the K-dimensional vector [PKAd(h, k)PK]vK with vg = ({ v,f1 ey v,fK
Additional details and notation are given in Appendix A and in Section S.1.2 of
the Supplementary Material.

Our tests are based on the generalized eigenvalue problem
HjﬁKKdL,L/PKVj = IﬁKKdR,RFK Vj, 3.4

where Ay, w = Ag, (A, k) for m € {L,R} (left and right) and choices of inte-
gration orders, d; and dg. Here, 1; are the ordered (smallest to largest) eigen-
values of the operators PKAdL LPK and PKAdR RPK, and v; are the corresponding
eigenvectors. These can easily be computed as detailed in Section S.1.2 of
the Supplementary Material. Because PKAdm mPK are sample (long-run) vari-
ance operators, we call (3.4) a generalized VR eigenvalue problem, and any
test based on it is called a VR(d,dg)-based test. We assume d; > dgr without
loss of generality because d; < dg is obtained by simply redefining p; as its
inverse.
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In the sequel, k,,(-) and h,, are assumed to satisfy the following assumption.

Assumption 3. k,, (-) and h,,, for m € {L, R}, satisfy:

(1) k;,(+) is a twice continuously differentiable even function from R to [—1,1]
such that k,,(x) = 0 for |x| > 1, k,(0) =1, k,(0) = 0, k/,(0) # 0, and
limyy 1k (x) /(1 — |x])? = constant.

(i) h, = [a,TP"] for some a,, > 0 and b,, € (0, 1/2), where [x] is the nearest
integer to x.

Assumption 3(i) is adopted from Phillips (1995, Assump. KL). The require-
ments on k,, (-) in Assumption 3(i) are not restrictive in practice and are satisfied by
many widely used kernel functions, including the Epanechnikov, Parzen, Tukey-
Hanning, and quartic kernels. The functional form of #,, depending on T in
Assumption 3(ii) is quite standard in practice.

Remark 3.3. Our theory covers all pairs of (dy,dg) with dg € {0, 1}, but not
dg = 2. Our theoretical approach requires a normalizing diagonal operator Dr
(acting on ranPK) and a scaling factor my, both depending on 7, such that
mTDTPKAdR RPKDT converges to a nonzero block-diagonal finite-rank operator
(see (B.17) and (B.27)). For dr > 2, however, this is not generally possible.
As a simple illustration with dg = 2, consider a bivariate I(1) dynamic system
Z = (2N, 28.1)', where zy; is I(1) and zs, is 1(0), and define 7, = Y ._, z,. Then

. G =T 2w Op(1h) Op(1?%)
the asymptotic orders of elements of Co g = ) ,_, Z,Z; are [ OnT?) O ], and they

are generally exact. Thus, for mTDTEZ, gDr to have nonzero diagonal blocks, we
must have Dy = [To 1] and my = T~2, but in this case off-diagonal elements are
not generally negligible.

Remark 3.4. To motivate some choices of (d;,dr), consider a finite-
dimensional time series X; = (x1 s, ...,xk ;)" for fixed K. Then, for example, (3.4)
with (dp,dg) = (2,1) is similar to the generalized eigenvalue problem studied in
Breitung (2002) with a;, = ag =0, and (3.4) with (dy,dg) = (1,0) is similar to that
studied in Shintani (2001). The locally best invariant tests studied in Kwiatkowski
et al. (1992) and Nyblom and Harvey (2000) can also be seen as special cases
of our inverse tests in Section 3.3. Intuitively, these tests are based on the fact
that the dy largest eigenvalues of (the finite-dimensional version of) (3.4) exhibit
different limiting behavior compared to the remaining K — dy ones when there
are dn (< K) stochastic trends in X;. In view of the isomorphism in Remark 3.2,
it is reasonable to conjecture that similar results hold in a functional time series
setup if we choose Px appropriately. Additional motivation based on comparisons
with existing tests is given in Section S.2 of the Supplementary Material.

3.1. Tests Based on VR(d;,1) with d; > 2

In this section, we consider tests based on the VR(d,1) eigenvalue problem in (3.4)
with d;, > 2 and dg = 1. We first obtain the asymptotic properties of the eigenvalues
of this problem.

https://doi.org/10.1017/50266466626100462 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466626100462

INFERENCE ON COMMON TRENDS IN FUNCTIONAL TIME SERIES 13

To this end, we let {W ,(r)},cj0,1] denote a g-dimensional standard Brown-
ian motion and recursively define the (d — 1)-fold integrated Brownian motion
Wa () = for Wa_1,4(u)du for d > 2. For any matrix or compact operator A, we let
Aj{A} be the j-th smallest eigenvalue of A, that is, A1{A} < A,{A} <---. Given a
kernel k,, satisfying Assumption 3, we define

1 1

Cn = / K, (w)du = 2/ k,, (w)du. 3.5)
-1 0

Moreover, when there is no risk of confusion, we write f f to denote fol f(wdu.

THEOREM 3.1. Suppose that Assumptions 1-3 hold and define [t; = nyu;, where
{/Lj}szl are the eigenvalues from (3.4) with dy, > 2, dgp = 1, and

ny = T2 (hpep + gy =0/ (hrer + Liap=0))» (3.6)

where h,,,a,,, and c,, are given in Assumption 3(ii) and (3.5). Then

—1
~ d ~ ,
/’LJ'_))‘J':)‘J'{</ WdLdeWdL,dN) /Wl,dNWi,dN}

jointly for j < dyn (ifdn > 1), 3.7)
=00 forj>dy+1. (3.8)

Note that the normalization factor (3.6) of the eigenvalues generally depends
on the choice of bandwidth parameters A, associated with the kernel km( ) for
me {L R} However in the case, where a; = ag = 0G.e., h= hR =0), PKAdL LPK
and PKA1 RPK reduce to the Varlances of {PKXdL t}r>1 and {PKXl t}r>1, and the
convergence rate is simply ny' = 7?72,

Theorem 3.1 shows that the eigenvalues in (3.4) have distinct asymptotic
properties depending on whether j is greater than the dimension of Hy or not,
as motivated in Remark 3.4. That is, if we consider the vector (i1, ..., lk), the
first dy elements converge jointly in distribution to the vector (5»1, .. ,XdN), while
the last K — dy elements are divergent in probability. If K > d, for any continuous
map F : R0 — R, we have

f({uj} 1) —> .F({A } 1) under Hy of (3.1).
If F additionally satisfies F ({ﬁj};.iol) —p oo under H; of (3.1), we can consistently
test the hypothesis of interest in an obvious way; hereafter such an F is called a

proper fest functional. Among many possible choices of proper test functionals,
we focus on the two most common choices, Finax and Fiace, Which are defined by

max({xl}] 1) = maX {x/} and ]:trace({x/ do ) = Zx/
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The following corollary delivers consistent tests of (3.1) based on VR(dp,1).

COROLLARY 3.1. Consider the setup of Theorem 3.1 with K > dy. Under H :
dn = dy,

max({,u,} D> max {?» (A Frrace ({12 )—>Zk{«4} (3.9

j=1

where A= ([ WdL-dOWc/iL,do)_] fWLdoW{,dO- Under H; : dy < do,
Fuax (TN 5 00, Furace {1 = 000 (3.10)

The test statistics in Corollary 3.1 are only functions of {ﬁKX,},zl, which may
be understood as a K-dimensional vector-valued time series (Remark 3.2), and
the associated limiting distributions are functionals of dy-dimensional standard
Brownian motion and do not depend on py, K, or any nuisance parameters. These
results imply that the proposed tests have the ADI property and that critical values
depend only on dj and the test functional.

Remark 3.5. The VR(d,,1) tests allow a; = ag = 0, and hence they can be
completely free from the choice of bandwidth parameters. This seems desirable in
practice, since practitioners typically do not want test results to be dependent on
the choice of bandwidth parameters.

3.2. Tests Based on VR(d;,0) withd; > 1

We now consider VR(dy,0)-based tests, which are established from the eigenvalue
problem (3.4) with d; > 1 and dg = 0. As with VR(dj,1)-based tests, the tests
in this section are based on the asymptotic properties of the sample operators,
PKAdL LPK and PKAO RPK for d; > 1. The important difference relative to tests
based on VR(dy,1) is that VR(d},0)-based tests generally require ag > 0; that is,
Xo, & must be the sample long-run variance of Xy ;. This is in contrast with the case
in Section 3.1, where ag = 0 can be chosen (see Remarks 3.5 and 3.6).

The asymptotic properties of the VR(d.,0) eigenvalues with d;, > 1 are as
follows.

THEOREM 3.2. Suppose that Assumptions -3 hold with agx > 0 and define
I = nrp;j, where {/Lj}szl are the eigenvalues from (3.4) with dp > 1,dgr =0, and

ny = T?~Yhpep + l{a;=0)), wWhere hy,ar, and cp are given in Assumption 3(ii)
and (3.5). Then

—1
~ 4 . . .
i — A { </ Wiy ay WQL_11N> } Jointly for j < dn (iff dn > 1),

ﬁj—P>oo forj>dn+1.
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The next corollary delivers consistent tests of (3.1) based on VR(d,0) with
dr > 1.

COROLLARY 3.2. Consider the setup of Theorem 3.2 with K > dy. Under H :
dn = dy,

do
Fanan ()20 5 max {3;{A]) Fuace (1) > " 1A}, (3.11)

J=1

where A= ([ Wa,. o W"lbdo)’l. Under H, : dn < d,
~ 2 P ~ 1 C P
Funax (T2 = 00, Frrace (F)120) = 00. (3.12)

Remark 3.6. For the VR(d;,0) tests, a;, = 0 is allowed, which may seem
desirable as in Remark 3.5. However, A;, > 0 is supported by simulation results for
the corresponding finite-dimensional VR(1,0) test in Shintani (2001) (see Section
S.2.2.1 of the Supplementary Material), where it was found that using a long-
run variance estimator on the left was superior to using a variance estimator. For
nonzero hy, we also note that a larger A, helps certain asymptotically negligible
quantities decay at faster rates (see, e.g., the paragraph following (B.20)). On the
other hand, ag = 0 is generally not allowed because KoyR needs to be a consistent
estimator of the long-run variance of AX;, which requires a nonzero bandwidth
hg. Given that AX; is stationary, we may use existing data-dependent choices of
hg that achieve certain mean-square optimality properties (e.g., Rice and Shang,
2017). Since ﬁKXO, #Px is the sample long-run variance of the projected time
series {ﬁKAX,},Zl, which may be understood as a K-dimensional vector-valued
time series (Remark 3.2), we may also apply more conventional methods (e.g.,
Andrews, 1991). We follow the latter approach in our simulations in Section 6.

3.3. Inverse VR Tests

We showed in Theorem 3.1 that the first dn eigenvalues {u; };d:Nl from the VR(d;,1)
problem with d;, > 2, properly normalized, converge jointly to a well-defined limit.
As we now show, it is also possible to obtain the limiting behavior of the remaining
K — dn eigenvalues, {,uj}jK: dy+1° This enables us to examine the inverse testing
problem,

Hy:dn=do vs Hy:dy>do+1, 3.13)

for some dy > 0. Unlike in the testing problem (3.1), we do not require any prior
information on a reasonable upper bound for dy.

Related to testing (3.13), we will replace Assumption 2 with the following high-
level assumption, which allows the possibility that K < dy.

AAssumption 2. If K > dy then Assumption 2 holds. If K < dy then
Pk Pslop = 0p(1).
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THEOREM 3.3. Suppose that Assumptions 1-3 hold with ag > 0 and define

ILj = nrj, where {,uj}K | are the eigenvalues from (3.4) with dp, > 2, dr =1, and

r = T3 (hpep + l{a;=0)), wWhere hy,ar, and cp are given in Assumption 3(ii)
and (3.5). Then

)" S Ak_sif A} Jointly forj=dn+1,....K (if dy < K), (3.14)
@)~ S oo forj<dy (ifdn = 1), (3.15)

Where A = fBK*dNBg(—dN - l{dNZI}fBdeNWéL,dN(./ dedN dL cLlN) !
f WdL,deka dy and By _q, is a (K—dn)-dimensional standard Brownian motion
which is independent of Wy, ay-

Theorem 3.3 complements Theorem 3.1, where the asymptotic properties of
the first dy eigenvalues are presented under similar assumptions. Specifically, the
asymptotic results given in Theorem 3.3 are for dy > 0 under the requirement
ag > 0, which differs from Theorem 3.1, where the limiting distributions are given
under the existence of unit roots ensuring dy > 1 but allowing ag = 0. This
means that Theorem 3.3 is not simply a byproduct of Theorem 3.1 that can be
obtained with slight modifications, but in fact has its own theoretical and practical
justification as we now illustrate.

When K > dj, and given a proper test functional F, the asymptotic results in
Theorem 3.3 can be used to deliver consistent tests of (3.13) as follows.

COROLLARY 3.3. Consider the setup of Theorem 3.3 with K > dy. Under H :
dn = do,
d K-dg
Fanax (T i) > max (LAY P a0 > MtAL

—d
0 =1

(3.16)

where A = fBK—doBi(—do - l{dozllfBK—doW;iL,do(f dedoW:z’L,do)_l deLv‘dO
Bie(do' Under H, : dy > d,

~_ P ~_ P
Fnax A Yoy i) = 000 Fraaee (1 Yy 41) = 0. (3.17)

The test functionals described in Corollary 3.3 are based on the limiting behavior
of the inverse eigenvalues from the VR(dy,1) problem, so we call them inverse
VR tests. Compared to Corollary 3.1 concerning the testing problem (3.1), we
allow dp = 0 in Corollary 3.3. This means that we can, for example, test the
null of stationarity of the time series {X;};>1 against an alternative of unit root
nonstationarity. Hence, this test generalizes some existing, and widely used,
KPSS-type tests of stationarity that are essentially obtained when dy = 0 (see
Section S.2.3 of the Supplementary Material for a detailed discussion of related
procedures).
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Remark 3.7. Note that ag > 0 is generally required in Theorem 3.3 (and
Corollary 3.3), whereas ag = 0 is allowed in Theorem 3.1 for the same
VR(dp,1) problem. This is because Theorem 3.3 requires PSKL rPs to converge
in probability in the sense of the operator norm to the true long-run variance
of {PsX;};>1. Also, with dgp = 1, X, is nonstationary, such that the optimal
bandwidths in Remark 3.6 do not appear immediately applicable.

3.4. Estimation of Slack Extractor

To implement the VR-based tests in practice, a slack extractor Px satisfying either
Assumption 2 or 2’ is needed. As shown in Sections 3.1-3.3, both the VR and
inverse VR tests require Assumption 2 to hold for K > dy, and when K < dy
the inverse VR tests require instead that Assumption 2’ holds. In this section, we
construct such estimators ?K from observations {X;},>, and we propose low-level
conditions on the eigenstructure of the operator Ag g defined in (3.2), under which
the estimators satisfy the high-level conditions.

We let {7}};> be the eigenvalues of As g, ordered from the largest to the smallest.

Assumption 4. If K > dy then 7; # 0 for j = 1,...,K—dy and tx_qy #
TK—dpn+1-

Assumption 4 tells us that the allowable values of K, which is chosen by the
practitioner, depend on the number of nonzero eigenvalues of Ag g defined in (3.2).
Specifically, it requires that the first K — dy eigenvalues of Ag g are nonzero and
that the (K — dn)-th eigenvalue is different from the next eigenvalue, Tx—qy+1-
The role of the requirement T a1y 7 Tk—ay+1 i subtle (and may be relaxed under
some additional assumptions). It is employed to make the slack extractor Px have
a certain desirable property in our proof and can be checked using the eigenvalues
of the sample counterpart of As z (see Assumption 5 and Theorem 3.5).

In a high-dimensional Hilbert space, the number of nonzero eigenvalues of As
is generally very large (or possibly infinite). Particularly, in a typical functional
time series setting with dim(H) = oo (e.g., the case considered by Nielsen et al.,
2023), As, g generally has infinitely many nonzero eigenvalues, and Assumption 4
allows K to be any arbitrary finite integer as long as Tk 7 Tk—dy+1- In a finite-
dimensional space, a reasonable upper bound on dy will be relevant to choose K
to satisfy Assumption 4.

Remark 3.8. Consider the simple choice K = d +m for m > 0. Then Assump-
tion 4 becomes more stringent as either dy or m increases. It is thus recommended
that practitioners select a small m and a d that is not much greater than dy. Since
we can construct a reasonable upper bound on dy (Remark 3.13 and Section 4),
Assumption 4 does not appear to impose significant restrictions on the use of the
VR(dy, dR)-based tests in practice.

Remark 3.9. Even if the VR(d,,dg)-based tests allow choosing K = d, this
is not recommended in practice. If K = dy, Assumption 2 requires Px to be an
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accurate estimator of Py in the sense that Pk is required to extract precisely the
stochastic trends. If this fails, it tends to result in severe over-rejection. On the other
hand, ’ISK for K > dj is less likely to miss relevant stochastic trends and will thus
contribute to having correct size in finite samples. This issue is discussed in detail
in Nielsen et al. (2023, e.g., Remark 13).

We now describe the construction of the estimator of the slack extractor. Let

T-1

Arp=A1p(ar) =T 0+ g0 ZkP(s/hP)(Fl,s +T'1 ) (3.18)
s=1

denote the sample variance (resp. long-run variance) estimator of X; , if ag =0

(resp. ag > 0), but allowing a new choice of bandwidth, /p, and kernel, kp(-). The

slack extractor needs to satisfy a rank condition in Assumption 2 that depends on

As g, which is a variance when ag = 0 and a long-run variance when ag > 0. For

this reason, we base our estimator of the slack extractor on KL p, which depends

on ag in the same way (see also Remark 3.11). The advantage is that the estimator

P described in Theorem 3.4 is universal in the sense that it can be applied for any

of the VR(d,, dg) tests that we consider.

THEOREM 3.4. Suppose that Assumption 1 holds. If ag > 0 then suppose also
that Kp(-) and hp in (3.18) satisfy Assumption 3. If K > dn then suppose also that
Assumption 4 holds. Let {ﬁ};{:l be the eigenvectors corresponding to the K largest

eigenvalues of A 1.p- Then ?’K = Zszl ]Aj ® ]Aj satisfies Assumption 2 when K > dy

and satisfies Assumption 2’ when K < dy.

Note that practitioners can employ the usual functional principal component
analysis (FPCA) in H to obtain the eigenvectors in Theorem 3.4. Thus,
Theorem 3.4 provides an easy-to-implement way to obtain an estimated projection
operator /ﬁK that satisfies the high-level conditions in Assumptions 2 and 2°.

Remark 3.10. Of course, the Py given in Theorem 3.4 is not the only choice that
satisfies Assumptions 2 and 2’. In fact, alternative estimators from the literature
satisfy Assumptions 2 and 2’ under different (but stronger) low-level conditions.
For example, regardless of ag, Chang et al. (2016) proposed using Pk = Zszl J)j ®
(;3-, where {qu}jzl are the eigenvectors of the sample variance of {X,};>; (i.e., of
A1,p(0)), but that requires additional conditions. If (i) K > dy, (ii) the variance
As g satisfies that (v, Aggv) # 0 for every nonzero v € ranPs, and (iii) the
(K — dn)-th largest eigenvalue of E[PsX; ® PsX;](= As r(0)) is distinct from the
next one, then we may deduce from Chang et al. (2016, Thm. 3.3) and our proof
of Theorem 3.4 that Zji:"‘l ¢3j ® (;3,- —p PN and that Z]Iid,\, 41 ¢;,- ® qu converges to
a nonrandom projection, Pg, satisfying ranPg C ranPs and rank(PgAs, RPIS<) =
K — dy. That is, Assumptions 2 and 2’ hold for I~3K Condition (ii), in particular,
may be restrictive in a functional time series setup, but it is necessary. Without
it, rank(P‘éAs,RPg) could be smaller than K — dy;, such that the I(0) components
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have reduced rank (long-run) variance. This is a concern when its inverse is used
to construct the test statistic as in, for example, Chang et al. (2016, Sect. 3.3); see
also the discussion of Assumption 2 and (B.4) in Nielsen et al. (2023).

Remark 3.11. Our proposed P in Theorem 3.4 does not require the additional
conditions in Remark 3.10, and it therefore seems preferable for practitioners.

Specifically, because of the way Kl,p depends on ag, the projection Z;iz'\‘] fj ® f§

is asymptotically equivalent to PyPy and converges to Py, while ZJK: dn+1 fj ® JA?
is asymptotically equivalent to PxPs and converges to a projection, Pg, onto the
(K — dy)-dimensional eigensubspace of Ag g that is spanned by the eigenvectors
corresponding to the leading nonzero eigenvalues. It then follows by definition
of Ag r that the rank condition, rank(PléAs, RPIS<) = K —dy, is satisfied. In other
words, to avoid the additional conditions in Remark 3.10, the projection operator
needs to be based on estimators of the eigenelements of Ag g, which depends on
ag, and that is why we base our slack extractor on 7\\1, p, which similarly depends
on ag.

The condition Tx_qy # Tk—ay+1 In Assumption 4 is generally required for
the VR(d[,dg)-based tests and also required for the inverse VR test when d
is close to dy. Practitioners might be concerned with potential violation of this
condition for a chosen K. However, as shown in our proof of Theorem 3.4, the
ordered eigenvalues {'ﬁ}jszil of KL p converge in probability to {z;};~1. That is,
the first dy eigenvalues of A p are associated (at least asymptotically) with the
nonstationary subspace, and therefore it is the eigenvalues 7; for j = dn+ 1, ...
that correspond to eigenvalues t; for j =1, ... of Ag .

We may thus avoid violation of the condition Tk gy # Tk—dy+1 by choosing K
such that 7Tk is sufficiently greater than Tk, ;. This approach is pragmatic and also
theoretically supported under the following assumption (which is required only
when ag > 0).

Assumption 5. (i) E[[|PsX;||®] < oo, (i) | Y72, ®;llop = 0(m~P) for some
B > 4, (iii) there exi~sts ¢ > 0 such that lim,_, (1 —kp(x))/|x|¥ < 00, and ¢ > ¢
such that 37 |j|?|E[PsX, ® PsX,j1llop < 00, and (iv) T/ = o(1).

—00

The conditions in Assumption 5 are stronger than those in the previous sections.
In particular, {PsX;},>1 needs to satisfy a stronger moment condition than required
for {X;};>1 in Section 2, and the coefficients {®;};> are required to decay at a faster
rate than in Section 2. The latter can be seen from the fact that || Zj’im d~>j||0p =
o(m~") for some y > 1 implies the summability condition in (2.2). Assumption
5(iii) imposes a regularity condition on kp(-) and a summability condition on the
autovariance operators of {PsX,};>1, and Assumption 5(iv) requires that /4p is not
too small relative to 7. Nonetheless, even if Assumption 5 includes some stronger
conditions, we note that they are not essential for our proposed ADI tests but are
only needed if practitioners want to check if T 1y 7 Tk—ay+1 based on the sample
eigenvalues 7;. The following theorem establishes the desired result.

https://doi.org/10.1017/50266466626100462 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466626100462

20 MORTEN JRREGAARD NIELSEN ET AL.

THEOREM 3.5. Suppose that Assumption 1 holds. If ag > 0, then assume also
that kp(-) and hp in (3.18) satisfy Assumption 3 and that Assumption 5 holds. If

K > dp, then
(Tk — Tir1) — (Tkdy — TKedpr1) = Op(M5 %),

where My =T /hp if ap > 0 and My =T if ag = 0.

From Theorem 3.5, we deduce that, for any ny satisfying nyM, 2 5 0 and

nr — 0o,
o~ P .
nr(k —Tk+) —> 0 i TK_qy = K-dy+1s

~ - P .
nr(tk —Tk4+1) > 00 if Tk_ay #F TK-dy+1-

This result can be applied in practice as an informal way to check whether the
condition Tx_qy # Tk—dp+1 in Assumption 4 is likely to hold. Since we do not
need to impose Assumption 4 in Theorem 3.4 when K < dy, we do not need to
consider K < dy in Theorem 3.5.

Remark 3.12. In our proof of Theorem 3.5, Assumption 5 is used to show that,
when ag > 0,

IT~'PsA1 pPs — As rllop = Op((T/hp)~/?) (3.19)

(see Berkes et al., 2016, Theorems 2.2 and 2.3). The desired result then follows
from (3.19). Thus, any other conditions that imply (3.19) can replace Assumption
5 in Theorem 3.5 (see also Lemma 4.1 of Rice and Shang, 2017).

Remark 3.13. A potentially useful result that may be deduced from our proofs
of Theorems 3.4 and 3.5 is that the eigenvalues {’t}}jZ 1 of Ay p satisfy

o~ o~

T P e Tj I
—— > o0ifj=dy and —— =0p(1)ifj#dn. 3.20)
Tjt1 Tj+1

This result is analogous to that in Theorem 3.3 of Chang et al. (2016) for the sample
variance operator of {X;},> (see also Theorem 3.2 of Li et al., 2023). Based on
(3.20), we may in practice easily obtain a reasonable upper bound on dp, say
dmax, by computing the ratio given in (3.20) and set dpax = max;<j<; {’r} /’t} 1} +k
for some large integer s and a small nonnegative integer k. Of course, in view of
the asymptotic properties of Tj, max;<j<;{7j/7j+1} is itself a consistent estimator
of dn. The latter is a slight modification of the eigenvalue ratio estimator of Li
et al. (2023). However, we found that the finite-sample properties of this estimator
tend to be worse than those of a different eigenvalue ratio-based estimator to
be discussed in Section 4.2. Nonetheless, either eigenvalue ratio-based estimator
could be useful as a simple way to construct a reasonable upper bound on dy in
practice.

Remark 3.14. One practical advantage of our methodology is its applicability to
both vector-valued and functional time series. In practice, functional data X, (r) are

https://doi.org/10.1017/50266466626100462 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466626100462

INFERENCE ON COMMON TRENDS IN FUNCTIONAL TIME SERIES 21

often observed only at discrete, regular intervals, {X;(r}), ..., X;(ry)}, as illustrated
in Nielsen et al. (2023) and Section 7.1. When the number of sampling points M
is small, applying our methodology directly to the vector-valued sequence is often
more natural than smoothing the data to reconstruct functional variables. In more
complicated cases with irregular or time-varying sampling grids, the process can
be modeled as an error-contaminated cointegrated functional time series (Nam and
Seo, 2025). Notably, Nam and Seo (2025, Sect. C.2) demonstrate that a version of
our VR(2, 1) approach is robust to I(0) measurement errors. A formal extension to
accommodate such irregularly sampled and noisy data is left for future research.

3.5. Inclusion of Deterministic Components

So far we have assumed that {X;},~; has no deterministic component. However,
in practice, it is quite common that observed time series contain a deterministic
component. In this section, we focus on the case with a nonzero intercept and a
linear trend since those seem to be most relevant in practice.

Suppose that the observed time series {Y;};>; is

Yi=0+0t+X, t>1, (3.21)
where {X,},> satisfies Assumption 1. We let U,(]) and U,(2> be defined by
Y=Y,

Uvd =y — Y, U —v —_v— t—-H&=e——— 3.22)
C L Y2

where ¥ = 7! ZzT:I Yand f=T"" Zszl t=(T+1)/2. Thus, U" and U? are,
respectively, the mean-adjusted and the trend-adjusted residuals of Y, (Kokoszka
and Young, 2016).

Our ADI VR tests can be adjusted to accommodate deterministic terms by
replacing the sample operators computed from {X;},~; with the corresponding
operators computed from {U,(I)}tzl or {Ut(z)},zl. When the model for ¥, is given
by (3.21) with & = 0 then we use Ut(l), and otherwise we use U,(Z).

This adjustment to accommodate deterministic terms produces some obvious
changes in the asymptotic results given in Theorems 3.1 and 3.2 as in the existing
literature (e.g., Nielsen et al., 2023, Sect. 3.4 and Seo, 2024, Sect. S3). For example,
the extension for the VR (d;, 1) test can easily be done as in Theorem 3 of Nielsen
et al. (2023). More specifically, in Theorems 3.1 and 3.2, Wy 4, needs to be
replaced by dn-dimensional demeaned standard Brownian motion (if {, = 0) or
detrended standard Brownian motion (if &, # 0), and the definition of Wy, a1,
needs to change accordingly. Similar changes have to be made in Theorem 3.3,
but where, as may be deduced from our proof of Theorem 3.3, Bk _q, needs to be
replaced with the standard Brownian bridge (if {; = 0) or the second-level standard
Brownian bridge (if £, # 0), while Wy, q, is the (d;, — 1)-fold integrated demeaned
(if &, = 0) or detrended (if £, # 0) Brownian motion. The asymptotic results given
in Theorems 3.4 and 3.5 do not require any changes once KL p is constructed
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from the relevant residuals (our proofs of Theorems 3.4 and 3.5 contain related
discussions). Following these changes to the theorems, it is quite obvious to make
relevant changes to the corollaries given in the previous sections, and hence the
details are omitted.

4. DETERMINATION OF DIMENSION OF NONSTATIONARY
SUBSPACE

Practitioners may mostly be interested in determining the dimension of Hy rather
than testing a specific hypothesis on the dimension. In this section, we first propose
sequential testing procedures for doing so, and then we consider an eigenvalue ratio
estimation approach.

4.1. Estimation via Sequential Testing

First, we propose a “top-down” (TD) sequential procedure to estimate dy. Here,
we test (3.1) sequentially (using any of the tests given in Corollaries 3.1 and 3.2)
for dp = dmax, dmax — 1, - .., where dp,.x is an upper bound on the dimension of
N that can reasonably be chosen to be (slightly) greater than dy in practice (e.g.,
Remark 3.13). We let dtp denote the value of dy under the first non-rejected null
hypothesis; if the null hypothesis is rejected for every dg = dpax, dmax — 1, - -+, 1,
then a ™ = 0.

Second, we consider a “bottom-up” (BU) procedure, where we test (3.13)
sequentially for do = 0,1, ... using any of the inverse VR tests in Corollary 3.3.
We then let dgy denote the first non-rejected null hypothesis. This procedure is
attractive because no d,.x needs to be specified, and the condition dy,,x > dy is
not required (see also Remark 4.1).

The sequential procedures can be applied with a different K and Px for each
value of d, that is, in each step of the algorithm. Then K should be understood as
a function of dy, denoted K = K(dy), although we mostly suppress the dependence
on d to simplify the notation. In practice, K can simply be set to K = dy,.x +m
or K = K(dy) = dg + m for some integer m > 1 as in Nielsen et al. (2023) (see
Remark 4.1 for details).

The consistency results for both procedures are given in the following theorem.

THEOREM 4.1. Suppose that Assumptions 1 and 3 hold and that the nominal
level of each individual test is .

(1) If dmax > dn and, in each step, K > dy and /IBK satisfies Assumption 2, then
P(HTD = dN) —>1—a and P(HTD > dN) — 0.
(i) If; in each step, K > dy and ﬁK satisfies Assumption 2, then

P(dpy =dn) = 1 —a and P(dpy < dn) — 0.
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Required # of nonzero eigenvalues

I I I ai‘FN (L‘O i fr; VR(dy, dr)

t t ¢ ¢ ¢ } } Inverse VR with K > dy
dy dy K

GTO f f{ a?N f } t Inverse VR with K < dy

F1GURE 1. Eigenvalue requirements for the proposed tests, K = K(dg) = do + 2.

The proof of Theorem 4.1 follows directly from earlier results and is therefore
omitted. For both procedures, we note that if « — 0 as T — oo then the procedures
are consistent; that is, P(dtp = dn) — 1 and P(dgy =dn) — 1.

Remark 4.1. The conditions stated in Theorem 4.1 for each of the sequential
procedures simplify nicely if simple choices of K are applied. For example, if
either K = dyx +m or K = K(dy) = dg + m for some integer m > 1, then the TD
procedure in Theorem 4.1(i) only requires Assumption 2 to hold for K = d,x +m.
If K = K(dp) = dg + m, then the BU procedure in Theorem 4.1 only requires
Assumption 2’ to hold for K = dy + m, that is, Assumption 2 with K = dy + m.
Because dy.x > dn, the condition required for the TD procedure is stronger than
that for the BU procedure.

Remark 4.2. To implement the proposed sequential procedures under the low-
level conditions discussed in Section 3.4, in each step we require Assumption 4
with K = K(dg) > dgy for the TD procedure or K = K(dy) > dg for the BU
procedure. In either case, for each dy, our tests do not require knowledge of the
dimension of the (possibly strict sub)space in which X, takes values, but do require
As g to have K — dn nonzero eigenvalues. It may be deduced from Theorem 3.4
and Assumption 4 that the TD procedures based on VR(d;,dg) tests require a
stronger condition on Asg g than the BU procedure based on inverse VR tests. To
see this, suppose that a common choice of K (as a function of dg) is used for
both of the procedures, such as K = dy + m for some m > 1. Because the BU
procedure starts from dy < dy and the TD procedure from dy > dy, the number of
nonzero eigenvalues that we require for the TD procedure is always larger than that
required for the BU procedure; this is illustrated for m = 2 in Figure 1. Moreover,
the number of nonzero eigenvalues of Ag g required by the TD procedure is always
positive when dy > dy, and this number increases as dg gets larger. This suggests
that it is important to have a reasonable starting point dy.x (> dn) for the TD
procedure. Similarly, it should also be noted that, all else equal, As g is required
to have more nonzero eigenvalues as K increases for both procedures, so it is
preferable to choose K not too much larger than dy. A similar suggestion for the
choice of K can be found in Nielsen et al. (2023), but their argument was based on
computational advantages in a more restrictive setting than ours. Our finding thus
gives a theoretical justification for their choice in our more general setting.
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As discussed in Remarks 4.1 and 4.2, the conditions required for the TD proce-
dure are stronger than those required for the BU procedure. The BU procedure has
the additional advantage that it can be implemented without specifying an upper
bound dj,,x on dy and, specifically, the choices of K for the BU procedure to
consistently estimate dy (with shrinking significance levels as discussed above)
depend only on dg (not dy). However, Monte Carlo simulations have shown that
the TD procedure has better finite-sample properties. Thus, we combine the above
two sequential procedures into an “up-down” (UD) hybrid procedure that enjoys
the advantages of both the TD and BU procedures. Specifically, we first apply
the BU procedure to obtain dgy and use this to specify a data-driven value of the
upper bound as dp,x = HBU + mgq for an integer mgq > 0. We then apply thg\ TD
procedure initiated at this upper bound to obtain the UD hybrid estimate, dyp.
Note that the upper bound obtained in the first (BU) part of the UD procedure can
also be used to choose the same K = d,x + m for an integer m > 0 in all steps in
the second (TD) part of the UD procedure. The finite-sample properties of this UD
hybrid procedure, along with those of the other procedures, will be investigated by
simulations in Section 6.

4.2. Eigenvalue Ratio Estimator

Recent work concerning vector-valued time series provides ways to consistently
estimate the number of stochastic trends using the fact that the eigenvalues of the
sample autocovariance matrices have different stochastic orders if the time series
contains components of different integration orders (e.g., Zhang and Chan, 2018;
Zhang et al., 2019; Chang, Cheng, and Yao, 2021). In a functional time series
setting, the eigenvalue ratio estimator proposed by Li et al. (2020, 2023) can be
used to estimate the dimension of the component of the highest integration order.
A slight modification of their estimator was discussed in Remark 3.13.

Alternatively, based on the asymptotic results in Section 3, we may use the
generalized eigenvalue problem (3.4) to construct an eigenvalue ratio estimator for
dn. Let u; be an eigenvalue of (3.4). As we prove in Theorem 4.2 below, we can use
Theorems 3.1-3.3 and arguments from their proofs to show that 11, ! Hir1 = Op(1)
if j < dn (resp. j > dn) since both nru; and nrujy converge (resp. diverge at
the same rate), while ,uj_l Mj+1 —p o0 if j = dn. Hence, the ratio //Lj_ll,Lj+1 will be
maximized at j = dy. This motivates the estimator

i = argmax { Pyt } , @.1)

1<j<dmax Hj

where dp,x is a pre-specified integer indicating an upper bound on dy. We note
that these eigenvalue ratio-type estimators are only applicable when dy > 1; hence
this needs to be examined first in practical implementation of these estimators.
A convenient way to do this is to test (3.13) with dyp = O using the tests in
Corollary 3.3.
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THEOREM 4.2. Suppose that (i) dmax > dn > 1, (ii) Assumptions 1-3 hold with
K> dmax + 1, and (iii) ag = 0 (resp. ag > 0) if w; is obtained from (3.4) with dg = 1
(resp. dgr =0) and di, > dr + 1. Then P(d = dy) — 1.

The estimator in (4.1) is very similar to the eigenvalue ratio estimator proposed
by Li et al. (2020, 2023), see also Remark 3.13, but there are some important
differences. First, their estimator is constructed directly from the eigenvalues of
a sample variance operator, while we use the generalized eigenvalue problem
(3.4). Second, their estimator requires a tuning parameter, say « > 0, to degl with
estimation error associated with small eigenvalues; specifically, they set d, s =
argmin, <j<q,,. {Kj+1/k;}, where £; is the j-th largest eigenvalue of the sample
variance operator and &; is regarded as zero if &;/k; is smaller than «, and they
define 0/0 = 1. However, our estimator in (4.1) does not require such a tuning
parameter.

5. INFERENCE ON SUBSPACES

In practical applications, it may be of interest to test hypotheses about Hy or Hs.
For a specified subspace #,, consider the following hypotheses:

Hy : Hy € Hn (or equivalently, ’H& DHs) vs. Hj:Hjisnottrue, (5.1)
Hy : Hy 2 Hn (or equivalently, 7—[& CHs) vs. Hj:Hjisnottrue, (5.2)
Hy : Ho € Hs (or equivalently, Hé DHN) Vs. Hp:Hjyisnot true. (5.3)

For example, we may be interested in testing if a specific element v € H is included
in ‘Hy, and hence can be interpreted as one of the common stochastic trends. In that
case, we can use (5.1) with Hy = span{v}. We can also test if a specified subspace,
for example, Ho = span{vy,v,}, contains the entire nonstationary subspace by
using (5.2). Finally, it may be of interest to examine if a specified element or
subspace is in Hg, and then we can use (5.3). In a finite-dimensional setting, (5.3)
corresponds to testing if a vector or matrix is cointegrating.

Let Py, denote the projection onto H), let pg = dim(H,), and let dy be known
(or replaced by a consistent estimator from Section 4). The hypotheses (5.1)
and (5.2) can then be tested by investigating the dimension of the nonstationary
subspace associated with the residual series {(/ — P3;,)X;};>1, and the hypothesis
(5.3) can be tested by investigating the dimension of the nonstationary subspace
associated with the projected series {P3,X;};>1. Specifically, if Hy of (5.1) is true,
then {(/ — P3,)X;}:>1 contains dn — py stochastic trends, if Hy of (5.2) is true then
{(d — P3))X;};>1 contains zero stochastic trends, and if Hp of (5.3) is true then
{P1,X:}1>1 contains zero stochastic trends. Under H; in (5.1)—(5.3), there are more
stochastic trends in the relevant time series than under the null. Thus, by analyzing
{( — P3y)Xi}i=1 or {P3yXi}i=1, (5.1)—=(5.3) may be readily tested by our inverse
VR test, assuming the projected time series satisfy the conditions for the inverse
VR test.
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THEOREM 5.1. Suppose that {P1,X;}i>1 and {(I — P3,)X;}1=1 satisfy the condi-
tions imposed in Theorem 3.3.

(i) Consider the hypotheses (5.1). The test statistics in Corollary 3.3 computed
Sfrom {(I — Py))X;}i=1 with dg = dn — po > O satisfy (3.16) under Hy and
(3.17) under H,.

(ii) Consider the hypotheses (5.2). The test statistics in Corollary 3.3 computed
Sfrom {(I — P3))X;};>1 with dog = 0 and po > dn satisfy (3.16) under Hy and
(3.17) under H,.

(iii) Consider the hypotheses (5.3). The test statistics in Corollary 3.3 computed
Sfrom {Py, X;}i=1 with dg = 0 and K = pg satisfy (3.16) under Hy and (3.17)
under H,.

Of course, the high-level conditions in Assumption 2’°, which are applied in
Theorem 5.1, may be replaced by appropriate low-level conditions as discussed in
Theorems 3.4 and 3.5.

The approach to testing the hypotheses (5.1) and (5.2) based on {(/ — P3) X} =1
is parallel to that in Seo (2024) who relied on an FPCA-based test for examining
the number of stochastic trends embedded in a cointegrated functional time series.
However, Seo (2024, Assump. W) requires the condition that the long-run variance
of {PsX;};> is positive definite on Hg, and this may be restrictive in cases, where
X; only takes values on an unknown (and possibly finite-dimensional) subspace.
This condition is not required under our setup.

It is not possible, in general, to investigate the hypothesis (5.1) (resp. (5.2))
by testing if there are py (resp. dy) stochastic trends in the projected time series
{P3,X:}1=1. For example, let {f;};> be an orthonormal basis of H and suppose
Hn = span{f}, that is, dy = 1. Consider Hy = span{g} for g = 0.5f; + 0.5/,
which can be a null hypothesis in either (5.1) or (5.2). Both null hypotheses are
false since neither span{g} C span{f;} nor span{g} 2 span{f;} is true. However, the
projected time series Py X; = (X;,g) = (Xi.f1) + (Xi.f2) is nonstationary and has
one stochastic trend. Similarly, Hy in (5.3) cannot be investigated by testing if there
are dy stochastic trends in {(/ — P3)X;};>1. These impossibilities are discussed
in Theorem 4.2 in Franchi and Paruolo (2026), which characterizes the structure
of the parameter space under the null and alternative of hypotheses of type (5.1)
and (5.2).

Remark 5.1. In addition to testing the hypotheses (5.1)—(5.3), it may be of inde-
pendent interest to examine the number of stochastic trends in the residual series
{( — P1y)X}i>1 for a specified subspace Ho. This is particularly useful when
Ho may be understood as a finite-dimensional “model” of X;, as in our empirical
example in Section 7.2. In such cases, we may be interested in determining how
well the model can capture the dominant (nonstationary) variation in the data. The
number of stochastic trends in {(/ — P#;,)X;};>1, denoted d,, can be interpreted
as the dimension of the nonstationary subspace that remains unexplained by the
model. We can determine dy,, by sequential testing as in Section 4.1. Specifically,
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we can apply inverse VR tests on

H() . dq.[o = do VS H1 . dHO > d() (5.4)
for dg = max{dn — po, 0}, max{dn — po,0} + 1, ...,dn, or we can apply VR tests
on

Hy:dyy=do vs Hj:dy, <do (5.5)

for dg = dn,dn — 1, ..., max{dn — po, 1}.

6. MONTE CARLO STUDY

We study the finite-sample performance of the proposed ADI tests using a Monte
Carlo simulation setup similar to the functional AR(1) model in Li et al. (2023),
Nielsen et al. (2023), and Seo (2024). Let {g;};>1 be the Fourier basis functions
on [0, 1]. For each dy, we let PNAX; and PsX, be generated by the following
stationary functional AR(1) models:

dy
PNAX, =) (gl . PNAX,_1)g) + Pner,
j=1
12
PsX, = (0.9 B(g. PsXi 1)g] + Pser,

j=1
where { gJN ;d:Nl are randomly drawn from {g1, ..., gay+3} (dn < 8 in our simulation
experiments), {gis};i , are randomly drawn from {gis, ...,g30}, and & is given by

ngl (0.9)"_'91-, :g; Tor standard normal random variables {6; ;};> that are indepen-
dent across j and 7. We let «; and B; be independent uniform random variables on
[—0.8,0.8] for each realization of the data-generating process (DGP). In practice,
it is common to have a nonzero intercept or a linear time trend as in Section 3.5.
We here consider the former case and add an intercept ¢, which is also randomly
chosen, to each realization of the DGP. Specifically, ¢, = 2;21 (0.9~ '4,g,, where
{9}};21 are independent standard normal random variables. Viewed as a time series
taking values in the L?[0, 1] Hilbert space, we may obtain the eigenelements of
the sample (long-run) variance of X; using FPCA (see, e.g., Chang et al., 2016; Li
et al., 2023; Nielsen et al., 2023). To this end, we represent X,, which is assumed
to be observed on 200 regularly spaced points of [0, 1], using the first 40 Legendre
basis functions.

To choose bandwidths, we follow Remarks 3.5-3.7 and 3.11. For VR tests with
dr=1,welethp = h; = hg =0 (Remarks 3.5 and 3.11). For the remaining tests, we
let hp = [T'/3] because a large bandwidth is supported by Assumption 5. For VR
tests with dg = 0, we let hg = hqp, Which is the Andrews (1991) optimal bandwidth
(Remark 3.6), but for the inverse tests the series are nonstationary, so we let hg =
[T1/3], which is the same rate as hopt (Remark 3.7). We consider both /1, = 0 and
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hy = [T'3] (Remark 3.6). Throughout, we let k,,(-) be the Tukey—Hanning kernel
for m € {L, R, P}, all test statistics apply the trace test functional Fiace, and the slack
extraction uses K = dy + 2 following Remark 4.1.

We present simulation results for the VR(2,1), VR(2,0), VR(1,0), and inverse
VR tests (the latter based on the (2,1) problem). The VR choices (2,1), (1,0),
and the inverse VR are motivated by well-known tests from finite-dimensional
Euclidean space (see Remark 3.4 and Section S.2 of the Supplementary Material,
and the VR(2,0) is in-between). We also performed simulations for VR tests based
on larger values of d;, but found that their performances were inferior to the tests
reported here (results available upon request).

Table 1 reports rejection frequencies. We consider true dimension dy €
{0,1,3,5,7}. For the VR tests, we consider the null dy = dy and alternatives
do =dn + 1 and dy = dn + 2, and for the inverse VR test we consider the null
do = dpn and alternatives dgp = dy — 1 and dg = dn — 2. The results show that
the VR(1,0) and VR(2,0) tests are seriously under-sized when a; = 0, as expected
based on Shintani (2001), especially for the larger values of dy considered, and
both tests suffer from lower power in those cases as a consequence. Size control is
much better for #; = [T"'/3] for the VR(1,0) test, but not for the VR(2,0) test. The
VR(2,1) test has very good size properties in all cases considered except the largest
value of dy with the smallest sample size, and it has excellent power. Finally, we
see that the inverse VR test is slightly over-sized in some cases. Its power is nearly
as impressive as that of the VR(2,1) test, but of course the alternatives are different
for the inverse VR test, and it does not have the natural upper bound d,,x that the
VR tests have.

In Table 2, we investigate the finite-sample performance of the tests when they
are applied to estimate dy using one of the sequential procedures described in
Section 4.1. For comparison, we also consider the eigenvalue ratio estimator d
computed from the VR(2,1) problem (see Theorem 4.2), and Li et al.’s (2023)
estimator, which is denoted HLRS. For each method and each value of dy, the table
reports the frequencies of correctly estimating the true dimension dy. Overall,
the direct estimators d and d,xs perform worse than the VR(2,1) and inverse VR
sequential testing procedures, and between the two eigenvalue ratio estimators,
d tends to perform better than dLRS The sequential TD procedure based on the
VR(2,1) tests performs very well, and the BU procedure (based on the inverse
VR test) performs nearly as well. On the other hand, the TD procedures based
on the VR(2,0) and VR(1,0) tests perform very poorly for dy > 3, which was
expected based on their poor power observed in Table 1. The choice of /; seems
to significantly affect the performance of the VR(1,0) tests, especially when dy is
large. Of course, this is not the case for the TD procedure based on the VR(2,1)
test, and indeed, this method appears to perform the best overall.

Results for the UD hybrid procedure are also reported in Table 2. This enjoys
the advantage of a data-driven selection of dp,x = dgy + 5. This dma}\is random,
but the good performance of the BU procedure, the addition of 5 from dgy, and the
strong robustness of the TD procedures to the choice of dy,.x, imply that in fact the
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TABLE 1. Rejection frequencies of VR(2,1), VR(2,0), VR(1,0), and inverse VR

tests.
T =250 T =500
dp dy=0dy=1dy=3dy=5dy=7 dny=0dy=1dny=3dny=5dn=7
VR(2,1) dp 0.049 0.053 0.064 0.105 0.051 0.050 0.059 0.061
dn+1 1.000 0998 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000
dn+2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
hy =0
VR(2,0) dy 0.043 0.022 0.008 0.004 0.046 0.031 0.018 0.009

dy+1 1.000 0.899 0.599 0374 0.213 1.000 0.982 0.857 0.678 0.498
dy+2 1.000 0915 0.667 0451 0.286 1.000 0992 0919 0.770 0.608
VR(1,0) dy 0.027  0.005 0.000 0.000 0.036  0.010 0.003  0.000
dy+1 1.000 0.636 0.144 0.024 0.002 1.000 0.709 0374 0.155 0.036
dy+2 1.000 0.671 0223 0.093 0.010 1.000 0.729 0417 0.246 0.122
InvVR dy 0092 0.070 0.070 0.065 0.080 0.084 0.073 0.075 0.082 0.097

dy-—1 0.982 0940 0.923 0.890 0.998 0998 0.999 0.999
dn -2 1.000 1.000 1.000 1.000 1.000 1.000
hy = [T']
VR(2,0) dy 0.043 0.024 0.010 0.005 0.046 0.032 0.021 0.011

dy+1 1.000 0.902 0.613 0402 0.252 1.000 0982 0.865 0.698 0.534
dy+2 1.000 0.920 0.689 0491 0.330 1.000 0992 0928 0.799 0.646
VR(1,0) dy 0.052 0.046 0.047 0.050 0.058 0.046 0.052 0.049
dy+1 1.000 0.879 0.638 0.480 0.362 1.000 0.954 0.795 0.668 0.547
dy+2 1.000 0.899 0.698 0.552 0.433 1.000 0.967 0.850 0.743 0.637
InvVR dy 0089 0.066 0.054 0.032 0.025 0.082 0.070 0.064 0.057 0.051
dy—1 0982 0930 0.882 0.773 0.998 0.997 0.998 0.996
dy—2 1.000  1.000 0.998 1.000  1.000  1.000

Note: Based on 10,000 Monte Carlo replications. The DGP true dimension is d, the null hypothesized
value is dg, and the nominal size is 5%.

UD procedures enjoy nearly identical frequencies of correct estimation of dy as
the corresponding TD procedures. Thus, the advantage of the data-driven selection
of dpux comes without cost, at least for these sample sizes, and consequently
the UD procedure based on VR(2,1) is the preferred method in our Monte Carlo
simulations.

Finally, recall that the functional observations are constructed from 200 reg-
ularly spaced points on [0, 1] by smoothing using the first 40 Legendre basis
functions. However, as discussed earlier, our methodology can also be applied
to the time series of 200-dimensional vectors of discrete realizations of X; with
no additional theoretical modification. We thus repeated the analysis in Table 2
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TABLE 2. Frequencies of correctly estimating dp.

T =250 T =500
Method dy=0dy=1dy=3 dy=5dny=7 dy=0dn=1dny=3 dy=5dn=7
d 0916 0.622 0543 0.356 0.958 0.832 0.862 0.830
aLRS 0998 0275 0.062 0.016 0.996 0478 0.190 0.071

HTD:VR(Z,I) 1.000 0949 0946 0935 0.894 1.000  0.949 0.950 0.941 0.939
dyp: VR(2,1) 1.000 0.949 0.946 0.935 0.894 1.000 0.949 0.950 0.941 0.939

hy, =0
drtp: VR(2,00 1.000 0.810 0.552 0.357 0.207 1.000 0925 0.805 0.650 0.487
drp: VR(1,0) 1.000 0.602 0.134 0.023  0.002 1.000  0.668 0.363 0.152 0.036
aBU: Inv.VR 0908 0915 0872 0.860 0.812 0916 0925 0923 0917 0.901

aUD:VR(Z,O) 1.000 0.810 0.552 0.358 0.207 1.000 0925 0.804 0.650 0.487

dyp: VR(1,0)  1.000 0.602 0.133 0.023 0.002 1.000 0.668 0362 0.152 0.036

by =[T'7]
aTD: VR(2,0) 1.000 0.817 0.568 0.384 0.243 1.000 0928 0.815 0.668 0.519
aTD: VR(1,0) 1.000 0.823 0.591 0432 0312 1.000 0.893 0.748 0.615 0.498
aBU: Inv.VR 0911 0918 0.878 0.851 0.749 0918 0928 0933 0941 0.945
aUD: VR(2,0) 1.000 0.817 0.569 0.384 0.243 1.000 0928 0.815 0.668 0.519
aUD: VR(1,0) 1.000 0.822 0.591 0432 0312 1.000 0.893 0.748 0.615 0.498

Note: Based on 10,000 Monte Carlo replications. The DGP true dimension is dp, the nominal size is
5%, and dyax = dy + 5 for the TD methods.

letting {X;},>1 be viewed as a 200-dimensional vector-valued time series, but the
results were nearly identical and are hence omitted.

Remark 6.1. Based on our simulation evidence, the hybrid procedure, combin-
ing the inverse VR (with 4y = 0 and Az > 0) and the VR(2, 1) sequential tests,
appears to perform well with K = dy + m (see Remark 4.1). We provide a detailed
practical implementation guide in Section S.1 of the Supplementary Material. In
that section, we also discuss how to implement the procedure when the VR(2, 1)
test is replaced by other variants.

7. EMPIRICAL APPLICATIONS

In this section, we illustrate our methodology with two real-world data examples.

7.1. Corporate Bond Yield Curves

We apply the proposed tests to examine the number of common stochastic
trends in the monthly time series of high quality market corporate bond yield
curves (a.k.a. the HQM yield curve). The data are from the U.S. Department
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(a) Yields at 200 maturities (b) Yields at a few different maturities

— 3 years - - 6 years — 10 years - 30 years

F1GURE 2. HQM yield curves.

of Treasury available at https://home.treasury.gov/ and spans January 1984 to
December 2018. At each time ¢, we observe a corporate bond with 200 different
maturities ranging from six months to 100 years. This data were studied by
Barigozzi and Trapani (2022), who assumed that this high-dimensional time series
is driven by a few factors of deterministic trends and I(1) and I(0) processes,
and estimated the number of those factors using their own testing procedure.
However, it may be more natural to view this time series as realizations of
yield curves that are either finite-dimensional (of high and unknown dimen-
sion) or curve-valued. With this point of view, we apply our methodology to
determine the number of stochastic trends. To implement our methodology, we
represent the HQM yield data by the first 40 Legendre basis functions as in
Section 6.

Figure 2a shows the time series of HQM yield curves (observed at 200 different
maturities) and Figure 2b shows the time series of yields at fixed maturities of 3,
6, 10, and 30 years. The figures suggest that the HQM yield data includes a linear
time trend. The existence of a linear trend is tested and confirmed by Barigozzi
and Trapani (2022) for the data span of January 1985 to September 2017. Thus,
we apply the trend-adjusted testing procedures in Section 3.5.

The empirical results are reported in Table 3. We implement all procedures as
in Section 6 using i; = [T'/3] for the VR(2,0), VR(1,0), and inverse VR tests, and
using K = do + 2 for slack extraction. The eigenvalue ratio estimates in the first
part of the table are d =6and ndm =5 (using k = 1079, although the ratios are
close to suggesting d =2 and <|:1LRS =3.

In the second part of Table 3, we report the VR and inverse VR test statistics for
a range of dy. The inverse VR tests imply that dgy = 3 (at 1% level) or dgy = 6
(at 5% level). Given this result, the choice dmax =7 seems | like a reasonable input
to the UD procedures. The latter give either dUD =2or dUD = 3 depending on
the choice of (dy,dr) and level. However, the BU and TD procedures (with (2,1)
and (2,0)) only agree at 1% level, in which case all three find d=3. Overall, the
evidence thus supports dy = 3 stochastic trends.
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TABLE 3. Empirical results for HQM yield curve data.

Eigenvalue ratio estimates

Statistic j=1 j=2 j=3 j=4 =5 j=6 =17
i1/ 1 2.89 3.00 2.02 1.91 1.15 3.25 2.15
Kir1/K;j 0.42 0.14 0.08 0.29 0.00 1 1
Variance ratio test statistics

Statistic do=0 dog=1 do=2 do=3 do=4 do=5 do=06 do=7

Inv.VR 0.94** 0.60** 0.21** 0.12* 0.10* 0.07* 0.05 " 0.03
VR(2,1) 151.61 409.16 1,355.09* 3,484.67** 7,175.13** 10,623.79** 23,154.51**
VR(2,0) 7,007.65 13,261.54 117,284.83* 522,860.44** 1,208,358.03** 2,215,359.22** 6,936,298.27**
VR(1,0) 24.25 77.66 259.58** 599.41** 1,050.22°** 1,836.25** 3,825.57**

Note: T, *, and ** indicate significance at 10%, 5%, and 1% level, respectively.
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TABLE 4. Test results for (I — Py,)X; with Ho = span{yo, y1,¥2} and ¢ = 1.37.

Statistic do=0 do=1 do=2 do=3
Inv.VR 1.47%* 0.27** 0.24** 0.12*
VR(2,1) 113.48 629.06 T 1,577.24*
VR(2,0) 6,842.81 39,832.64* 123,243.78**
VR(1,0) 72.34** 167.27** 346.79**

Note: T, *, and ** indicate significance at 10%, 5%, and 1% level, respectively.

7.2. The Nelson-Siegel Term Structure Model

Given an estimated dimension, it is possible to examine various hypotheses on the
nonstationary subspace as in Section 5. A popular model for the term structure
of interest rates was proposed by Nelson and Siegel (1987); henceforth the N-S
model. They represent the term structure of yield curves by a linear combination
of three parametric functions:

w=1 y=nir=cl-—e")/r,
n=nEr)=¢(l—e %) /t—e"s,

where 7 is time to maturity, ¢ is a shape parameter, and yy, 1, and y,» denote level,
slope, and curvature factors. Because y; and y; are nearly collinear for large t, we
subsequently consider only data for t € [0, 30] years. This has almost no impact on
the results reported in Table 3. We now investigate to what extent the N—S model
can explain the dominant (nonstationary) variation in the data. To this end, we need
to specify the shape parameter, ¢. Since our data are annualized, we set ¢ = 1.37
following Diebold and Li (2006).

We first test the hypothesis Hy in (5.3) with Ho = span{yy, y1, ¥»} using Theorem
5.1(iii). That is, we test whether “fitted values,” {P;,X;}>1, from the N-S model
are stationary. Not surprisingly, this hypothesis is strongly rejected. The same
conclusion holds for tests of (5.3) when H,, is specified as the span of any one or
two of the factors y;, i =0, 1, 2. This confirms that none of the factors are stationary.

Next, we test if the level, slope, and curvature factors span the nonstationary
subspace as in (5.2). From our earlier results in Table 3, we set the dimension of
the latter to dy = 3 (testing at 1% level). Thus, there is no possibility that the
N-S model with only one or two factors can yield stationary residuals. With three
factors, it is of interest to test if the N—S model can explain all the nonstationary
variation in the yield curve data and, as a result, can yield stationary residuals.
In this sense, the hypothesis Hy : Ho = span{yp, y1,2} 2 Hn in (5.2) is very
interesting, and its non-rejection would be the strongest conclusion that we could
obtain. However, implementing the test as in Theorem 5.1(ii) with dy = 0 and
po = 3, the inverse VR statistic is 1.47 (see Table 4) and rejects the null at 1%
level.
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We proceed to test Hy in (5.1), where H is specified as various choices of
factor(s). That is, we test whether any one factor can reduce the dimension of
the nonstationary subspace by one, and also whether any two factors can reduce
the dimension by two. Of course, the latter is less likely to be accepted than the
former. For one factor, implementing the test as in Theorem 5.1(i), the inverse VR
statistics with dy = 2 are 0.24, 0.21, and 0.22 for Hy = span{yy}, Ho = span{y1},
Ho = span{y»}, respectively, in each case rejecting the null at 1% level. For
two factors, the inverse VR statistics with dg = 1 are 0.40 and 0.38 for Hy =
span{yy, y1} and Hy = span{y, y»}, respectively, in both cases rejecting the null
at 1% level. Thus, there is no evidence to suggest that any one factor is in the
nonstationary subspace, that is, that any one factor can be interpreted as one of the
common stochastic trends.

Finally, following Remark 5.1, we investigate if the nonstationary subspace
of the residual series, {(/ — P3,)X;}>1 with Ho = span{yo, y1,¥»}, is of smaller
dimension than that of X, itself. Letting the former be denoted d,,, we apply the
sequential procedures in (5.4) and (5.5). The results are reported in Table 4. The BU
procedure yields d?—to pu = 3 at 1% level and rejects do = 3 at 5% level. Applying
the TD sequential procedure starting from dmax = 3, we find dHO 0 = 2 with the
preferred VR(2,1) test at 5% level (but dHO,TD =1 at 10% level with the VR(2,1)
test, dyy, tp = 1 at 5% level with the VR(2,0) test, and dy;, tp = 0 at 1% level
with the VR(1,0) test). Thus, we do find some evidence that three factors in the
N-S model explain some of the nonstationary variation in the data.

The empirical results for the N—S model are specific to the value of ¢, at least
for the slope and curvature factors. As a robustness check, we repeated the analysis
for ¢ =1,2,3,4,5, and the results were qualitatively the same. In conclusion, the
three parametric factors of the N—S model cannot fully explain the nonstationarity
in the corporate yield curve data, so the residuals from the model will still exhibit
nonstationarity. However, the model can capture some of the nonstationarity, in the
sense that the dimension of the nonstationary subspace of the residuals is smaller
than that of the original yield curve data.

7.3. Labor Market Indices

In empirical (macro) analysis, high-dimensional observations are often given by
a collection of potentially nonstationary variables that are closely related to each
other but do not have a natural ordering. In such cases, not only is each observation
naturally understood as a realization of a high-dimensional random vector that
cannot generally be smoothed to a curve (unlike in our previous example of yield
curve data), but also the number of linearly independent I(1) stochastic trends
may be substantially smaller than the total number of variables. As discussed,
in this case as well, our proposed methodology can be applied to study the
number of stochastic trends and/or stationarity without any modifications. To
illustrate this versatility of our methodology, we now consider another empirical
example analyzing 29 monthly labor market indices provided in the FRED-MD
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(a) (X, 1) (b) (X¢,5) (c) (X, D10)

02 ol

o1
199101 2001/01 201001 201901 1991/01 2001/01 2010001 2019/01 199101 2001/01 201001 201901

F1GURE 3. Time series of (X;,V;).
Note: Time series of (X,,TJ}) for some selected eigenvectors '\7, of Ag,r-

data set (McCracken and Ng, 2016). The indices include the civilian labor force,
employment/unemployment rate, hourly wage, and other labor-related economic
variables; a detailed list can be found in the table labeled “Group 2” in the appendix
of McCracken and Ng (2016). We apply log-transformation to the data.' The time
span used in this analysis is January 1990 to December 2019.

In Figure 3, we display time series of (X, v;) for some eigenvectors v; that are
computed from Ao z. These are the jM score processes (see Chang et al., 2016
and Section 5 of Nielsen et al., 2023). It is clear from Figure 3 that there is some
nonstationary behavior (e.g., j = 1), but this seems to eventually disappear leaving
stationary processes (e.g., j = 10).

McCracken and Ng (2016) suggested that some of these labor market indices
may be 1(2) variables.” To examine the existence of this type of higher-order
stochastic trends, we first display in Figure 4 the first three score processes,
{(AX,,T)})}tTZI. Some of these must behave as a unit root process if the original
time series is I(2), and that does not appear to be the case. Next, we apply our
testing procedures to the first differenced time series, {AX,}”_,. The bandwidth
parameters are set to those applied in Section 7.1, and in this part of the analysis,
we use mean- adJusted statlstlcs (Section 3.5). The results are reported in Table 5,
Where we see that d= 2, dLRs = 1 (but recall that they cannot be zero), whereas
dBU = dTD = dUD = 0 regardless of the choice of test statistic and level (except
inv.VR at 10% level). From Figure 4 and Table 5, it seems unlikely that there are
any I(2) stochastic trends.

We therefore proceed to apply our methodology to the level time series, {X;}” =1
to determine the number of I(1) stochastic trends. We now correct for a mean and
linear time trend. The results are presented in Table 6. For the eigenvalue ratio
estimators, we find d = d, s = 1. However, the sequential testing results are quite
different. Although the inverse VR test results are reported only fordg =6, ..., 11,

I The log transformation was suggested by McCracken and Ng (2016) for some variables. We found that the remaining
variables are often very large in scale (e.g., “HWI”) or have only positive values. Thus, those variables are also log-
transformed in our testing procedure.

2Specifically, FRED ID variables CES0600000008, CES2000000008, and CES3000000008.
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TABLE 5. Empirical results for labor indices in first differences

Eigenvalue ratio estimates

Statistic j=1 j=2 j=3 j=4 j=5
1/ 1 2.06 2.77 2.67 2.32 1.88
Kiy1/Kj 0.57 0.82 0.96 0.62 0.70
Variance ratio test statistics
Statistic  dp=0 do=1 do=2 do=3 do=4 do=5
Inv.VR 0.72F 0.07 0.04 0.01 0.01 0.01
VR(2,1) 423.84** 10,347.35** 39,933.38** 101,141.36™* 139,311.88**
VR(2,0) 17,922.13*  481,545.37**  812,958.94**  2,993,476.52**  5,194,233.83**
VR(1,0) 117.55** 558.39** 1,291.18** 1,695.46** 3,269.15**

Note: T, *, and ** indicate significance at 10%, 5%, and 1% level, respectively.

(a) (AXy, D) (b) (AXy, ) (c) (AXy,73)

199101 200101 201001 201901 1991/01 2001/01 201001 201901 1991/01 2001/01 201001 201901

F1GURE 4. Time series of (AX,,V;).
Note: Time series of the first three score functions of AX;. The estimated eigenvectors D1, vy, and 13
are computed from Kl, R-

El\le null hypotheses dy = Ol\l, ..., 5 are all rejected at 1% level. Thus, we find that
dgy = 10 at 5% level and dgy = 9 at 1% level, and we use this to set dya = 15.
We report results for the VR tests for dg = 6,7, ...,11. The larger values of d
are rejected at 1% level for VR(2,1) and VR(1,0), but not for VB(Z,O). This is
consistent with the simu/lgtion findings in Table 1. We then find dyp = 8 based
on VR(1,0) at 5% level, dyp =9 based on VR(2,1) at 5% level or VR(1,0) at 1%
level, and dyp = 10 based on VR(2,1) at 1% level. On balance, we conclude that
there are likely nine stochastic trends. This means that the number of cointegrating
relationships is about 2/3 of the dimension of the original data. Given this result,
one should be careful in the application of cointegration rank tests that require a
small number of cointegrating relationships (Remark 2.2). R
Finally, for both empirical applications, we investigate the robustness of drp to
the initial hypothesis, dmax, by computing drp using the VR(2,1), VR(2,0), and
VR(1,0) tests at 5% level for a range of dy.x. In the yield example, drp = 2 for
dmax =2, - - ., 20 using either of the tests. In the labor index example in levels, aTD
is unchanged for dyx =9, .. .,20 using VR(2,1) and VR(1,0). The VR(2,0) test is
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TABLE 6. Empirical results for labor indices in levels

Eigenvalue ratio estimates

Statistic j=1 j=2 j=3 j=4 j=5 j=6

i1/ 1 2.06 2.02 1.74 1.37 1.34 1.42

Kjr1/k;j 0.07 0.27 0.34 0.82 0.80 0.50
Variance ratio test statistics

Statistic dop=6 do=7 do=28 dop=9 do =10 do=11

Inv.VR 0.15** 0.11* 0.06** 0.03* 0.03 0.02

VR(2,1) 2557.11  4,531.11 6,119.56 10,730.08  16,691.44*  22,714.94**
VR(2,0) 74,227.09 157,057.93 235,784.03 738,700.29 1,581,152.06 2,481,609.80*
VR(1,0) 169.35 229.45 300.84 564.11* 762.54** 898.93**

Note: T, *, and ** indicate significance at 10%, 5%, and 1% level, respectively.

sensitive to dp,x as expected given the simulation results in Table 1. The former
two tests are remarkably robust to the choice of dax.

8. CONCLUSION

We have considered statistical inference on unit roots and cointegration for time
series taking values in a Hilbert space of an arbitrarily large dimension or a
subspace of possibly unknown dimension. This has wide applicability in practice;
for example, in cointegrated vector time series of finite dimension, in a high-
dimensional factor model that includes a finite number of nonstationary factors, in
cointegrated curve-valued (or function-valued) time series, and in nonstationary
dynamic functional factor models. We considered mainly determination of the
dimension of the nonstationary subspace (number of common stochastic trends),
but we also considered hypothesis testing on the stationary and nonstationary
subspaces themselves.

We provided limit theory for general VR-type statistics based on partial sum-
mation and/or differencing, and we demonstrated how to apply these VR statistics
to sequentially test for the dimension of the nonstationary subspace or to test
hypotheses on the subspaces. Our theory covers many possible tests, and choosing
among them is not trivial. Our preferred test is the VR(2,1) test due to several
theoretical and practical advantages. Most importantly, it does not require the
choice of any bandwidth parameters as it can be implemented only with estimated
sample variance operators and not long-run variance operators. This is not only a
practical advantage, but also implies a consistency property not shared by tests
that need to estimate a long-run variance (Miiller, 2007, 2008). Also, critical
values are readily available (Breitung, 2002) by the isomorphism with R¥. To
illustrate our methods, we included a small Monte Carlo simulation study, wherein
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the VR(2,1) test also showed superior performance, as well as two empirical
illustrations to the term structure of interest rates and labor market indices,
respectively.

A. APPENDIX A: NOTATION, LINEAR OPERATORS, AND RANDOM
ELEMENTS IN H

For a real, separable Hilbert space #{ with inner product (-,-) and norm || - ||, let £4; denote
the collection of bounded linear operators acting on H equipped with the uniform operator
norm, [|Allop = supy <1 lAv||. For any A € Lqy, let kerA = {v € H : Av = 0} denote the
kernel of A and let ranA = {Av : v € H} denote the range of A. The dimensions of kerA and
ranA are, respectively, called the nullity and rank of A. We let A* denote the adjoint operator
of A, which is uniquely defined by the property (Avy,va) = (vi,A*vp) forall vi,vy € H. An
operator A € L4 is compact if it is the limit of a sequence of finite-rank operators in £7;.
Moreover, whenever it is convenient, we will let [A] denote the matrix representation for
any operator A with respect to some orthonormal set of vectors {g; m | for some m > 0
that will be specified depending on the context; that is, [Al;; = (g;,Ag;) as discussed in
Remark 3.2.

An H-valued random variable X is defined as a measurable map from the underlying
probability space, say S, to H, where H is equipped with the usual Borel o-field. The
random element X is square-integrable if E|X ||2 < o0. For any square-integrable X, its
expectation E[X] is defined as a unique element in H satistfying E(X,v) = (E[X],v) for
any v € ‘H. The variance operator of X is defined as Cx = E[(X — E[X]) ® (X — E[X])],
where ® denotes the tensor product on H. The operator Cy is self-adjoint (i.e., Cy = Cy)
and allows only nonnegative eigenvalues. We also note the well-known property ||X;—s ®
Xillop = I Xr—sIHIXell.

We will sometimes consider convergence of a sequence of random bounded linear
operators. For such a sequence {4;};> 1, we write Aj >p A if |Aj —Allop —p 0. We also write
A= Op(ay) (resp. Aj = 0p(an)) if A lop = Op(an) (resp. || A;lop = Op(an)). For example,
under Assumption 2, ﬁK converges in probability and in operator norm to Py + Pg = Px.

When Assumption 1 is satisfied, Beare et al. (2017, Props. 3.1 and 3.2) showed that
the long-run variance operator A px(= @ (1)Ce ®*(1)) of AX; is a finite-rank operator of
rank dp. Because Ay is also compact and self-adjoint, it allows the spectral decom-
position Aax = Z‘i“l riw; ® @j, where {r;, wj};l:”l denote the pairs of eigenvalues and
eigenvectors of Apy (see Bosq, 2000, pp. 34-35). Obviously, {wj};i'\‘1 is an orthonor-
mal basis of Hp. We then let {Wl,de (M}ref0,1] denote the H-valued random element

given by Wl,dN (r) = Zqi\‘l Wj(r)m; (e.g., Berkes, Horvith, and Rice, 2013, p. 386),

where {W;(r)},¢[0,1] are independent standard Brownian motions. Noting that AIA/)% is

well-defined in terms of its eigenvalues and eigenvectors, {r/.l/ Z,Wj};.[l:Nl, we find that

AIA/)%WI,@IN (r) = Zjdle rjl/ 2Wj(r)wj is H-valued Brownian motion with variance Aax
(e.g., Chen and White, 1998, p. 268). We also recursively define the (d — 1)-fold integrated
Brownian motion Wy g1 (r) = fo Wy—1,d, )du ford > 2.
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Under Assumption 1, it is well known that

L77]

sup 17717237 AX, — AWy qy (D1l S 0 (A1)
0<r<l1 =1

(see Berkes et al., 2013, Theorem 1. We will repeatedly, and sometimes implicitly, use this
result in the subsequent sections. Moreover, in the case where the unobserved components

model (3.21) is considered, and thus Ut(]) or Ut(z) is used in the analysis, we note that

L7r]
sup [T71723" AUl - 1\1/2)/\/“)1 IS o, (A2)
0<r<1 =1
L 7r] 1 2
2
sup 77123 AU — AR NGl Lo (A3)
0<r<l1 =1
where W( dy (resp. W CdN) is the demeaned (resp. detrended) standard Brownian motion

taking values inHy (see Nielsen et al., 2023, Lemma 3. Results (A.2) and (A.3) are essential
to extend our theoretical results to the unobserved components model (3.21).

In the sequel, we will often consider operators that can be written as ﬁKAﬁK for some
AeLq. LetHk = ran/ISK. Given that ﬁKv =0and (/ISKAﬁKv, w) =0 for any v,w € ”HI%,
ﬁKA/ﬁK can be understood as a map on Hg. Let Q1 be any orthogonal projection on H
and let O =1— Q;. Then it holds that Hg = Hg | ® Hx 2. where Hg 1 = [ker QlﬁK]J—
and Hg o = kerQlﬁK NHk. Note that ker O lﬁK includes ’HIJ(- = [ranﬁK]J-, and hence it
needs to be restricted to be a subspace of Hy, whereas [kerQlﬁK]J— = ranﬁKQl (Conway,
1990, Theorem 2.19) and thus is already a subspace of Hg. It follows that any v € Hk
can be written as v = vy + v, where v; € Hg 1 and v, € Hk 2, and we may understand
v as the tuple (}) ,)- Let I be the orthogonal prOJectlon onto Hg 2 (i.e., [ranPKQl]l
kerQlPK in ’HK) such that (I — l'[)PKQl = PKQl = HK 1- Then any w € Hg can be
written as (I — H)w+ Tw, where - l'[)w € Hg,1 and fw e ‘Hx,2, and thus w may be

understood as the tuple ((1 Hl‘l)w) From this result and properties of I, we may understand

w=PgAPgv =P Q1AQ| PV +PKQ1AQ2PKV2+ PKQzAQlPKvl +PKQ2AQ2PKV2 as
the tuple (jy}), where wy = (I — TT)w = (PKQIAQIPK +Yv + (PKQIAQ; Pk + T2)v2
and wy = Tw = TPk Q2AQ Pvi + TP 0240 Pk vy with Y| = (I — T1)Pg 0240 Pk
and Tz =(- H)PK Q2AQ2PK To sum up, the operator PKAPK on ‘Hg may be understood
as a transformation via the (operator) matrix .4, viewing the aforementioned tuples as

vectors:
wi\ _ 4 (V1 _ PKOI1AQ1 P+ Y1 PKQ1AQ2PK + Yo
<W2> - A<V2>’ where A= ( [Pk 0,AQ Pk Pk 0»AQ Pk )’ (A9

Note that A is a standard characterization of the map ﬁKA/ﬁK, viewed as a map from Hg
to itself when Hx allows the bipartite decomposition Hg = Hg, | ® Hx, 2. Obviously, the
(i,j)-th entry of A may be understood as a map from Hg ; to Hy ; for i,j = 1,2.

For any operator PKAPx whose operator matrix form is (A“ Alz), such as A
in (A.4), we let D,, be the diagonal operator corresponding to the operator matrix
(m /ldlm(HKl)

0 Tam(g )for appropriately defined identity operators 4im(#y ;) o0 HK, 1
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and Igim(Hy ,) on Hk, 2 so that Dm/I;KA/l;K and ’PKA/ﬁKDm, respectively, result in the
operator matrices

—1/2 —1/2 —-1/2
(m Ajr m A12> and <m—1/2A” A12> . (A.5)
Ao Aoo m Ay Ap

Subsequent proofs with such a Dy, will often have dim(Hg_ 1) = dy and dim(Hg 2) =
K- CdN .

B. APPENDIX B: PROOFS OF THEOREMS

In this appendix, we give the proofs of all theorems. The corollaries follow by the continuous
mapping theorem. We first state a lemma, which is proven in the Supplementary Material.

LeEmmA B.1. Under Assumptions 1-3, the following hold:
(i) Pn Ad ,,,PN = Op(huT™) for d > 1 and PN Ay, ,,,PN = Op(D).
(ii) PNAd mP S = Op(hn T2 ) ford > 1 and PNAO ,,, K = Op(T /).
(iii) PKA4mPE = Op(hnT*72) for d > 2, PSAy mPK = Op(T), and P§ Ao P§ =
Op(T/h%l).

Finally, of course, ngd,mPN is the same order as PN Xd,mPlé ford > 0.

B.1. Proof of Theorem 3.1

We only give the proof for the case with a,, > 0 for m € {L,R}. If a;;, = 0, such that de, m
is a sample variance operator, then we set /;; = 1 and k(1) = l{u:O} and use the same
proof.

First note that the eigenvalues p; from the problem (3.4) with dy, > 2 and dg = 1 are
identical to those in

— — hR o~ o~ o~ 1 —~ o~ o~
(T2 2thR l,uj) (WDhRTPKAZ,LPKDhRT) vj = (%DhRTPKAl,RPKDhRT> vj,

h
(B.1)

where Dj,r is defined as in (A.5). Next, consider the decomposition /IEK = /I5KPN +
ﬁKPS =/ﬁ1|§ —HBIS( Then, ford > 1 and m € {L,R},

P AgmPx = PNAd,mPR)* +PENGmPR)* + PR A4 m(PE)* +PEN 1 (PS)*.

(B.2)
As in Appendix A, ’[D\Kf\dy mﬁK may be understood as the operator matrix given by
P Ad nl(PK)*+TN /ﬁﬁxd,m(ﬁlé)*'f'?gm (B.3)
I"IPKAd m(PR)* OPEAgmPE* ) ’

where T1 is defined so that / — 1 becomes the orthogonal projection onto ran’ﬁ,fl. Hence,

= —THP§AgmPR)* and ?2,” =~ TDP§AgmPS*, (B.4)
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see (A.4), where we replaced A, Q1, and Q> with Kd,m9 Py, and Pg, respectively. Noting
that ||PI|\(1 — Pnllop = IPKPN — PNllop —p 0 and [|Allop = ||A*||0p for any A € Ly, it
follows that || (I — IT) Pg|lop = |[Ps (I — IT)|lop = 0p(1), and hence || T1Pg — Pg|lop = 0p(1)
and also

ITIPE — PEllop = 0p(1), (B.5)

where PIS( is defined in Assumption 2(iii). We next obtain the limits of the operators in (B.1).

First, hlelfzdLhRDhRT’I;KKZ‘ LﬁKDhRT is understood as the operator matrix
(Appendix A)

—11/2012-2dp (BKR . (P %
5, = (" T2 (P Ay, L PR+ T ) hy P12 2 (PN A, L P +T3 D)
hp h”zr'/2 2L TIPE R gy L (PR)* hy 'hRT' 2 TIPE R 4y L (PE)*

Let 8K = PK — Px, where Px = Py —|—P§. Using the fact that Pk Py = Py and the
definition P}i: PgPy. we find PRy, 1 (PR V" = PNAdy,LPN +8kPN A, LPNPK +
PNAg;, 1 PNSE, where Assumption 2 implies dg = op(1) and Pg = Op(1). Combining
these results with Lemma B.1, we find that

———PNAa, L PY)* = ——5PNAg, PN +0p(])

h T2dL h T2dL

1 T-1

S =N
- k(— )TN +opD)
2d Z L( )dL,s P
hLT LS:I—T hL

d 1/2 1/2
- CLAA/X (/ Wiy, dy ®WdLde) AA/X’ (B.6)

where TN = Y PNXqg—5s ® PNXg for s > 0 and T = > 1 PNXg ®
PNXy, ¢—s for s < 0. The first equality in (B.6) tells us that the limiting behavior of
hLlT 2dLPIﬁAdb L(Pﬁ) is the same as that of the finite-rank operator hLlT 24,
PNAg;, L PN- The second equality follows by definition of PNyAg, [ PN- Due to the
isomorphism between RYIN and the dp-dimensional subspace Hy = ranPy, PNX; can

be understood as the d-dimensional vector Xn,t = (Xef1)s -+ (X, de ))’, where {jj}}i“l
is any orthonormal basis of H (see Remark 3.2). Because dp is a fixed constant, we
then deduce the convergence in distribution given in (B.6) from (A.1), Phillips (1991,
unnumbered equation between (A.10) and (A.11)) and the continuous mapping theorem
(applied to the integral functional on [0, 1]).

By similar arguments, using Assumption 2, ZS\K =op(1), (B.5), Lemma B.1, and the fact
that hg /T — 0 (Assumption 3), we can further show that

—1,1/2 — K~ -~ —1,1/2 — -~
AT R 2ABRR L (PR = hy AT 22 py Ry, 1 PE 4+ 0p(1) = 0p(1),
1,1/241/2—2d; 5K~ 1,1/241/2—2d; pK% (B.7)
hy g STV2T2LTPE R g, 1 (PR = hy g STV 272LPE R 1PN +0p(1) = op(1),
(B.8)

hy g 2L TIPE Ry, (PR =y 'hgT 2L PE Ry, 1 PE +op(1) = 0p(1).  (B.9)
From the latter two equations together with ?S\K = op(1), we also find that

JEy = —1 =K = —1/2 f—
ho'r ZdLTd'\LL:hLlT 21— PE A g, L (PR)* = op(hg 12r=1/2y, (B.10)
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—1,1/2 _2d; & —1,1/2 _ = g~ =~ —1/2,—
hLlhR/ T1/2 ZdLTi,L=hL1hR/ T1/2 2dL(I—1‘I)PgAdL,L(P§)*=0p(hR / T 1/2).
(B.11)

Second, T_thRT’f’Kf\\L R'IBKD;,RT can be understood as (see Appendix A)

A2 KA. = 12,232 5K~ 5 =

By (TSP T PO )
hg 'ST32TIPE A r(PR)* T-ITPEA| g (PE)*

As in (B.6)—(B.11), it holds that

oy AR~ N . d
' T2(BKR rPR)* +TNp) 5 crA Yy (/ Wiy ®WLdN) Az (B.12)
hg P13 PRAG g (PE + 1T p) = op(D), (B.13)
hg PT3PTPE R, R (PR)* = op(D). (B.14)
We also find that
TIPS Ay g(PE)* =T 'PEX | gPS +Op(1)—>AS . (B.15)

where A]S< » = PxAg gPk and the convergence follows from Theorem 2 of Horvith,
Kokoszka,‘and Reeder (2013) (also see Theorem 5.3 of Kokoszka and Young, 2016) since
{PsX1,¢}i=>1 is an Lt -g-approximable sequence (Hormann and Kokoszka, 2010, Prop.
2.1) with qz — g+ ||<I> lop = ©(1) under the summability condition Z/ OJHCD lop < 00
implied by (2. 2)

From (B.6)—(B.15), ﬁL and §R converge in distribution to random bounded linear
operators acting on ran Pi. Specifically,

R 1/2
Dr 4 D= (CLAAX(deL dg ® War.dn) A Ax g) and (B.16)
12 1/2
B d g = <LRAAX(fW1,d(N)®W1,dN)AAX Ag ) B.17)
S,R

Using the isomorphism between RK and any K-dimensional Hilbert space, ©; and Dp
may be understood as K x K matrices, say [©;] and [Dg] (see Remark 3.2). Moreover,
any orthonormal basis of ran Pk can be used for these matrix representations since the
eigenvalues that we are interested in are not affected by a change of basis. Hence, we
may assume that {TZdL_zthE ! /“Lj}jl(:l in (B.1) converge to the eigenvalues associated with
[©1] and [®R], and these are represented with respect to some orthonormal basis {jj}szl

of ran Pg. Under Assumption 2, [Ag R] has rank K — dp and hence [®g] is invertible
almost surely. We thus find that {(TZdezthEle)fl};iNl converge to the dp largest
eigenvalues of [ZDRT1 [©;] while (TZdezthlgluj)*l — 0 for j > dp + 1. This proves
(3.8). From the expressions for [© ] and [Dg], we further find that the dy largest eigen-
values of [Z)R]_1 [®y] are distributionally identical to those of (cL/cR)[AlA/;( f Wl dy ®

Wi, dN)Al/zr1 [Al/z(f Wy, dy ® Wy, dN)AAX] Then (3.7) follows from the contin-
uous mapping theorem.
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B.2. Proof of Theorem 3.2

We consider only the case with a;, > 0. The proof can easily be modified to deal with a;, = 0.
As in the proof of Theorem 3.1, the eigenvalues w; from (3.4) with d, > 1 and dg =0
are identical to those in
(h T2 ) (=2 ' D} Py R gy P D, )vj = (T D} Px Ao, kP D3 V.
(B.18)

e ~ o~ ~ _ ~ o~ o~
Note that h%ehL T ZdLD%RPKAdL, L.PKD%R and h%eT 1D%RPKA0,RPKD%R may, respec-
tively, be understood as (see Appendix A)

5(1)_(h;lT—ZdL(?EKdL,L@‘,ﬁ)*+?g',\'L,L) hy  hpT=24L (PR Ry, 1 (PE)* + 75 L))
w_

hy ' hpT~ 24 TIPE A g, 1 (PK)* hy hl%T_zdLl'[PgAdb GSN
1LPKA . pKyx L TN 1LPKA . o (PKy* 4 7S (B.19)
— * — *

W = T (PNAOREN)™ + To ) heT (PnLoRPS) + Yop) , (B.20)
hRT~'TIPE Ao, r(PR)* ha T~ TIPS Ko r(PK)*

where TN don , and s dm are defined as in (B.4).

We first obtam the limiting behavior of the operator in (B.19). When dj, > 2 this is given
in (B.16). When dj, = 1, we reverse the roles of L and R, use (B.12)—(B.15) and the facts
that higT~Y/% — 0 and th hIZeT_l — 0 (Assumption 3), and (B.16) still applies. Combining
these results, ﬁg) —4 @y fordy, > 1, where ®; is given in (B.16).

We next establish the limiting behavior of the operator given in (B.20). Assumption 2,
Lemma B.1, and the fact that {Pp X, ,},>1 is 4 -g-approximable with qZOOqH ®illop =
o(1) imply that T~ lPﬁAo,R(Pﬁ)* =T~'P\Ag,rPN +0p(1) and that T~ PNAg gPN
converges to the long-run variance of {PNXj, ;}s>1, whichis A px (Beare et al., 2017, Sect.
3.1). Thus,

15K~ P
T 'PRAg rPR)* = Aax. (B.21)

Similarly, from Assumption 2, Lemma B.1, and (B.5), we know that h2 -1 ﬁf’KKO R(ﬁK)*
= h2 1PIS<A0 RP +op(1), where PEAO RP is the sample long-run variance computed

from {PK ax)r ,—1> Which may be understood as a finite-dimensional vector-valued process
(Remark 3.2). Then, from similar arguments used in the proof of Lemma 8.1(a) of
Phillips (1995), we may deduce that h3T~1PEAq zPK —p —K},(0)PEAg PK. Since

PKAS RPS = AR . which is defined in our proof of Theorem 3.1:

S,R’
hgT~' TIPS Ao, r(PS)* E4 —Kpy (O)A (B.22)
In the same way, from Assumption 2, Lemma B.1, and (B.5), we find that hRT_lﬁﬁXO,R
(PK)* = hgT~'PNRo,gPE +0p(1) and hg T~ TIP§ Ao p(PR)* = hgT~' P Ko PN +

op(1), and by the same arguments used in the proof of Lemma 8.1(b) of Phillips (1995),
both PN Ao, gPE and PEAg gPy are Op(hy ") + Op((hg/T)'/?), from which we find that

hRT PR Ao r(PS)* = Op(hg") + Op((hg/T) /) + 0p(1) = 0p(1), (B.23)
hpT TIPS Ao r(PR)* = Op(hig ") + Op((hg/T) /%) + 0p(1) = 0p(1). (B.24)
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From (B.22), (B.24), and the fact that (I — ﬁ)ﬁg = op(1) (by (B.5) and 3g —p 0), we have

TN =771~ TPE Ao g (PK)* = op(h ). (B.25)
hgT~! ?&R = hgT~' (1 —TPE A r(PE)* = op(hig ). (B.26)
Combining (B.21)—(B.26), we find that

A P o) _ [Aax 0

D =D = < 0 _k}é(O)AIS(R : B.27)

As in our proof of Theorem 3.1, we may assume that {hLTZ"’,L_lpgj}jK=1 converge

in distribution to the eigenvalues associated with [@21)] and [’Dg)], which are matrix

representations of ”D(Ll) and ’Dg) with respect to some orthonormal basis of ran Pk . Because

[CDI(;)] is invertible under Assumption 2, the desired results follow from nearly identical
arguments used to conclude our proof of Theorem 3.1.

B.3. Proof of Theorem 3.3

As in our proof of Theorem 3.1, we only consider the case with a; > 0. We first consider
the case with K > dp and rewrite the VR(dy,,1) eigenvalue problem with dy, > 2 as

12— ~ o~ -~ _ L ~ o~
h ' 12200 D2 Py R g, 1 P D3y = (T2 3 hy ) ' T~ D3Pk Ay gPxD7vj,  (B.28)

where hle2_2dLD%/l3KKdL, L/};KD% and T_ID%/IBK;\\L RﬁKDzT are, respectively, under-

stood as
50 _ (T2 PRRa 1 PR+, ) T n,  (PRRa, L P+ 1)
= _ N o~ _ —1a35K~ s )
L 7124y TIPS A g, L (PR)* 127241y TIPS A gy, L(PE)*
(B.29)

-3/ pKR DK ~N -2/ PpKR PK TS
5(2>=<T PRAL PR +TN T (PNALR(PS)*HLR)) (B.30)

R T=2TPEA | r(PR)* T-ITPEA| g (PE)*

(see Appendix A). By Assumption 2, Lemma B.1, (B.5), and the conditions on
hr,hr in Assumption 3, we may replace Pﬁ (resp. Pé and HPIS() with Py (resp.
PIS() in (B.29) and (B.30) and add a op(l) component. Moreover, from (B.10)-

—2dp,—1N  _ 1-2dy ,—13°S _ —33N
(B.13), we find that T~ ~¢Lh; TdL,L =op(1), T Lhy TdL,L =op(), T 'p =

op(1), and sz?ls’R = op(1). Let {gj}jl.(:;dN be eigenvectors of (AER)I/2 (where

AER = PxAg gpPx as in our proof of Theorem 3.1, and (Ag 172 is well defined),

)
R
and let BK_dN(r) = ZjK:_ldN Wij(r)g; be an H-valued random element such that
(<BK—dN (r),gl),...,(BK_dN (r),gK_dN))’ is a (K — dp)-dimensional vector-valued
standard Brownian motion. From the functional central limit theorem and continuous
mapping theorem, we find that ZTZIPEXS and ZgzlPNXs, viewed as partial sum
processes, jointly converge weakly to (Ag R)l/ ZBK—dN and A]A/)%Wz,de respectively.
Then, from similar arguments used in Phillips (1991, proof of Theorem 3.1(a) and
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unnumbered equation between (A.10) and (A.11)), we deduce that
50 4 o0

1/2

B ( A2 Wiy ay @ W ag) AL 2 Braay ® Waan) (AK 172

(A V2 Wy ® Br-ay) A Xy <AS,R)'/2<fBK7dN®BK7¢1N)(AS,R)‘/2
(B.31)
We also find that
A~ P @ _ (0 0O
DY = o (0 AER)' (B.32)

As in our proof of Theorem 3.1, we let [Q(Lz) ] and [@532)] be matrix representa-

tions of 9(2) and 33;2) for some orthonormal basis of ranPg. It then follows that

{TZdL 3hLCLMJ}j dn+1

of cL[i)Ez)] 1[@;3)]. The limit of the latter matrix simplifies to ( f BK—dNBi(_ dy ~

S Bk—dy Wt/iL-,dN (J W, dy W‘/iL dy) deL,dNBi(—dN) without affecting the distri-
butional properties of the eigenvalues (see the proof of Theorem 3.1), where Bg 4, is a
(K — dn)-dimensional vector-valued standard Brownian motion independent of Wy, q,-

converges in distribution to the K — dp largest eigenvalues

Then (3.14) follows immediately. Moreover, from Theorem 3.1, we know T2dL=3p LiLj =P
0 holds for j < d, which implies that (724 =3¢; g uj) ™! —p oo for such .

If K < dy. and thus [Pk Pgllop = op(1), it holds that [Pk — PKllop —p O for some
(possibly random) orthogonal projection PIISI onto a subspace of Hy. We deduce from our
previous discussion that both T_Zdthl’ISKXdL’L(/I;K)* and hlz] T—2ﬁ1§X1,R(ﬁI§)* con-
verge to random bounded linear operators allowing K (almost surely) positive eigenvalues.

From these results and because 7'/hg — oo by Assumption 3, (T2dL*3cLth,j)71 —p 00
follows for all j < K.

B.4. Proof of Theorem 3.4

In this proof, we let ﬁN = 2;1:'\‘1 f; ® f? and ﬁS =1 —/I;N. We first consider the case ag > 0
(and hence hp > 0). Note that, under Assumption 3, kp(-) has bounded support [—¢, ¢] for
some ¢ < oo and |kp(-)| < 1. Without loss of generality, we assume that £ = 1, and then
kp(s/hp) = 0 holds if and only if s ¢ [—hp, hp].

First, consider K > dp. We then argue that

' T2 Ry p—hp ' T2 PN AL pPNlop = 0p(1). (B.33)
This holds because
hp T

1
o 5 2 2 (IPNXi—sllIPSXill + 1 PsXi—s lIPNXill + 1 PsXi—sll P Xi ) = op (1),
s=01r=1

which follows from the facts that sup; ;< ||PNXI/«/T|| =Op(1)and it Zthl EIIPstIIZ
= (O(1), which both hold under our assumptions, along with the Cauchy-Schwarz
inequality. By (B.33), we then find, from the same arguments used 1n the proof
of Proposition 3 2 of Chang et al. (2016), that PN — PN = Op(T™ 1) PS —Pg =
Op(T™ 1), and PSPN = Op(T™ 1), These results combined with Lemma B.1 imply that
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T_I’ﬁSPNKl,PPN/ﬁSv T_llﬁSpNKLPPS/ﬁs, and T_l/};SPN;\\LPPS/ﬁS are all Op(]),
and, in addition, that

T~'PgPgAy pPgPg 5 As R (B.34)

where the convergence follows from Horvéth et al. (2013, Theorem 2) (see also our
proof of Theorem 3.1). We may then deduce from Bosq (2000, Lemma 4.2) that
SUp;>1 ﬁ'} +dy — Tl =P 0. Moreover, from Bosq (2000, Lemmas 4.3 and 4.4), we find
that (B.34) implies that

H Z jof—P§ H £o, (B.35)
Jj=dn+1
where PIS< is the projection onto the span of {}j}] dnt1° and we know that Pg is a

nonrandom projection since T ¢y 7 TK—dy+1- Lherefore, P satisfies Assumption 2.

Next, if K = d then Assumption 2 holds for PR=0 obviously.

Finally, consider K < dpy. From (B.12)-(B.15), we find that ||h;] T_ZK]’P —
cPA YU Wiy ® Wiay)Adgllop = 0p(1) (where cp = 2 f) kp(w)du). Since the
nonzero eigenvalues of AIA/)?( [ Wi dy ® WLdN)AlA/; are almost surely distinct and
ran AIA/)% = Hp, we deduce from Bosq (2000, Lemma 4.3) that

sup [Ifi —sen(F NI = 0, (B.36)
1<j<K

where {];-}szl is an orthonormal set in H. Thus, we find that ||(Z 1]} ®f])Psl|op =
op(). R

In the case ag = 0 and K > dp, the result (B.33) reduces to ||T_2A1,p —
T_2PN XI,PPN llop = op(1) and (B.34) still holds with ag = 0 (whereby Ag p becomes
E[PgX; ® PgX;]). Using nearly identical arguments, we then find that (B.35) is established
and ﬁK satisfies the requirements in Assumption 2. In the case K < dy, we similarly
deduce from (B.12)~(B.15) that [|T~2R 1 p— AN (/ Wi, a1y, @ W1, a1 ) A K llop = 0p (1),
from which the desired result follows.

The above proof does not require any significant changes even if we allow for a nonzero
intercept or a linear trend as in Section 3.5. Provided that A 1, p is computed from the relevant
res1duals that is, U; M or U)éz) given in (3.22), we may show that (B.33) holds and that
PN —PN = Op(T™ 1) and Pg — Pg = Op(T~!). Then T~'PgPgA| rPsPs —p As g
follows from Kokoszka and Young (2016, Theorem 5.3); cf. (B.34). We thus find from Bosq
(2000, Lemmas 4.3 and 4.4) that (B.35) holds if fJ is an eigenvector of Al p computed from
the relevant residuals.

B.5. Proof of Theorem 3.5

We first consider the case ag > 0 and hence hp > 0. We note that

T'Ay p=T""PNAy pPN+T ' (PNA | pPs +PsA1 pPN) +T ' PsAy pPs.
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where the first term is Op(hpT) by Lemma B.1. The second term is Op(hp), and this is
deduced from similar arguments used in our proof of Lemma B.1 (see also Lemma 3.1
of Chang et al., 2016). The third term is Op(1), which results from Horvéth et al. (2013,
Theorem 2). Since Py — Py = Op(T 1) and Pg — Pg = Op(T~ 1), T-'"PgPN A1 pPNPs,
T_l’ﬁsPN K]’pPS’Iss, and T—l/ﬁsPSX],pPN?’S are all Op(hp/T), and, in addition,
(B.34) holds. Combining all these results,

s~ 1 ~ ~ P
T~ PR pPs — Ag g =T 'Ps(PsAy pPs — As g)Ps +Op(hp/T) — 0,  (B.37)

where the first equality follows from the facts that ﬁN As r and Ag R/I;N are both

Op(T~1). Under the conditions in Assumption 5, we may deduce from Berkes
et al. (2016, Theorems 2.2 and 2.3, and their proofs) that T_IPSALRPS —Asp =

Op((T/hp)~1/2) + Op(T™1) + Op(h,*). This result, combined with (B.37), implies that
(T/hp)V/2(T~"Pg A1, pPs — As g) = Op(1)+Op((T/hp)'/?h,?), whichis Op(1) under
Assumption 5(iv). We thus find that 7~ 'PgA; pPg = Ag g + Op((hp/T)'/?). We then
deduce from Lemma 4.2 of Bosq (2000) that the eigenvalues {?dN tjlj=10fT™ lﬁSK 1, pf’s
satisfy

Sup ety 4~ 5 < 1T~ "PgA 1 pPs — Asg gllop = Op((hp/T)'/?). (B.38)
=

From (B.38), we find that

Taly4j ~ Taly i+ = Calyy = )+ (G = G0 + (TGt — T i)
=5 =41+ Op((hp/T)'/?), (B.39)

which is the desired result for ag > 0. In the case ag = 0, and hence PSKI, pPg becomes
the sample variance operator of PgX;, we deduce from Theorems 3.1 and 3.2 of Hérmann
and Kokoszka (2010) that sup; | [Ty 1 — 7j| = Op(T~/2).

The above proof does not require any significant changes if A 1, p is computed from Ut(l)

or Ut(z) given in (3.22) to accommodate a nonzero intercept or linear trend. In those cases,
(B.37) still holds and (T/hp)'/>(T~'PgA| pPg — As g) = Op(1) (see Theorem 5.3 of
Kokoszka and Young, 2016 and Theorem 2.1 of Berkes et al., 2016). Then the rest of the
proof is almost identical and hence omitted.

B.6. Proof of Theorem 4.2

If {1 };1="‘13x+1 are the eigenvalues of the VR(dy ,1) problem with dj, > 2, then the consistency

result follows immediately from Theorems 3.1 and 3.3.
For the VR(d[,,0) problem with dj, > 2, we consider only a;, > 0 and rewrite (3.4) as

h ' 127290 D2 Py R g, 1 PrD2vj = (T2 3y i)~ T~ h3 D3P Ao gPr D3
(B.40)

The operator matrix corresponding to the left-hand side of (B.40) is 522) from our proof
of Theorem 3.3. From (B.31), we know that 522) | ’D(Lz), where @22) is given in (B.31).
We let 5;3) be the operator matrix corresponding to 7! hI%D%ﬁKKO’ RﬁKD%, which can
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be constructed similarly to 51(3) in the proof of Theorem 3.3. From (B.21)—(B.26) and the
fact that hRT_1 — 0, we deduce that

9 L _kp02?, (B.41)

where Dg) is given in (B.32). We thus find that T2dl_3th1%cLuj/k}é (0) converges to well-
defined nonzero nonrandom eigenvalues for j = dy + 1, ..., K (jointly), but converges to
zero for j < dy. From this result and Theorem 3.2, the desired consistency result follows.

} mdx+1

Next, suppose {1; = are the eigenvalues of the VR(1,0) problem. As before, we

only consider a7, > 0 and rewrite (3.4) as
77Dy, 7P A1, LPKDyp v = (hRM])f 71h[23DhLT’};KKO,RﬁKDhLTVj7 (B.42)

and let 524) (resp. /5\1(?’)\) be Ele operator matrix corresponding to T_thLTﬁKKI, LﬁKDhLT
(resp. T_lh%DhLTPKAO,RPKDhLT)- Let Ag ; be defined as in (3.2) but with ag replaced
by ay . From similar arguments used to obtain (B.16) and the facts that h; v 2hR T-12 50

and T~ TIPS A L (P§)* —p Ag | = PkAg 1 Pk. see (B.15), we find that

1/2
@24) d @24) _ (CLAAx(fwl dg®W1 L) A ax Ag ) (B.43)
L

From (B.21)~(B.26) and the fact that i, '/*hpT~1/2 — 0, we find, as in (B.41), that
59 L 1 02?, (B.44)

where 2)1(32) is given in (B.32). From (B.42)—(B.44), the conclusions follow by the same
arguments as for the VR(d[,,0) problem with dj > 2.

B.7. Proof of Theorem 5.1

Consider first the hypotheses in (5.1). Under Hy, the dimension of the nonstationary
subspace of the residual time series {(I — Py;,)X;} is dN — po, while it is greater than
dy — po under Hy. We thus know from Corollary 3.3 that under Hj the statistics

Fmax (Y g ) and Frrace (N g
and trace respectively, of A with dg = dy — pg, where A is defined in Corollary 3.3. On
the other hand, also by Corollary 3.3, the statistics both diverge to infinity under Hj.

Next, consider the hypotheses in (5.2). Under Hy, the residual time series {(/ — Py ) X;} is
stationary, while it is nonstationary under Hj. In this case, we know from Corollary 3.3 that

under H the statistics }'mdx({u_ }K 1) and }}rdce({u }K l) converge to the maximum

) converge to the maximum eigenvalue

eigenvalue and trace, respectlvely, of S BKB while they dlverge to infinity under H.
The arguments for the hypotheses in (5. 3) are similar and omitted for brevity.

SUPPLEMENTARY MATERIAL

The supplementary material for this article can be found at https://doi.org/10.1017/
S0266466626100462.
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