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In this paper, we analyse the possible homotopy types of the total space of a
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1. Introduction

This paper explores SU(2)-bundles over 8-manifolds, aiming for results akin to
those about circle bundles over 4-manifolds [4, 8]. In the case of simply connected
4-manifolds, the results are established by leveraging the classification of simply
connected 5-manifolds achieved by Smale [12] and Barden [3].

A circle bundle S' — X — M over a simply connected 4-manifold M is classified
by a € H?(M), the total space X («) is simply connected if « is primitive, and
there are only two possibilities of X (a) via the classification of simply connected
5-manifolds. Explicitly, we have [8, Theorem 2]

(i) For every simply connected 4-manifold M, there is a circle bundle «, such
that X («) is homotopy equivalent to a connected sum of S? x S3. If M is
spin, among primitive «, this is the only possibility.
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(ii) For a simply connected 4-manifold M which is not spin and a circle bundle
a over it, X () is either homotopy equivalent to a connected sum of S? x S3
or to a connected sum of S? x S$3 and another manifold B. The manifold B
is (up to diffeomorphism unique) a non-spin simply connected 5-manifold
whose homology is torsion-free, and Rank(Hy(B)) = 1.

The results of Smale and Barden are geometric in nature and do not gen-
eralize easily to higher dimensions. Using homotopy theoretic methods, it was
possible to construct sphere fibrations [7] over highly connected Poincaré dual-
ity complexes possibly by inverting a few primes or in high enough rank. Among
these sphere fibrations, the only case where they could be principal bundles was
in dimension 8, and the question whether they may be realized as such was left
unresolved.

In this paper, we consider principal SU(2)-bundles which are classified up to
homotopy by maps to HP* ~ BSU(2), noting that SU(2) = S® is the only
case apart from the circle where the sphere is a Lie group. The base space of
the SU(2)-bundle which is appropriate for making a similar analysis is a highly
connected 8-manifold. More precisely, we consider Poincaré duality complexes M
(8-dimensional) that are 3-connected. These are obtained by attaching a single
8-cell to a bouquet of 4-spheres. We denote

PDj = the collection of 3-connected 8-dimensional Poincaré duality complexes.

The notation M}, € PD§ assumes that Rank(Hy(My)) = k. The attaching map of
the 8-cell is denoted by L(My) € mr((S*)VF) = w7 (5% @ 71'7(57)@(15) and is of
the form (once we have chosen a basis {a1,...,ay} of m4(My,) = ZF)

k k
L(My) = Z gi,j[ai,aj] —&—ngui +ZliVZ{. (1.1)
i=1 i=1

1<i<j<k

The matrix ((gi’j)) is the matrix of the intersection form and, hence, is invertible.
The notation v; stands for a; ov and v/ for a;0v'. Here v € m7(S*) is the Hopf map,
and v/ € 77(S*) is the generator for the Z/(12) factor satisfying [t4,14] = 2v + 1/,
For such complexes, we consider

P(My) = the set of principal SU(2)-bundles E(v)) % My, such that E(v) is

3-connected.

As in the simply connected 4-manifold case, we expect to construct SU(2)-bundles
over My, for which the total space is relatively simple in terms of its homotopy type.
In this case, the assumption that F(¢) is 3-connected implies that its homology
is torsion-free. The bundle v is classified by a primitive element 1 € H*(Mjy),
which satisfies a criterion (see proposition 4.4). In this context, we first encounter
the question of whether P(Mj}) is non-empty. We prove the following theorem (see
proposition 4.1 and proposition 5.1):
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THEOREM A. For k > 3, the set P(My) is non-empty.

For k=2, there are examples where P(Mj) is empty (see the discussion before
proposition 4.1 and example 5.1). This means that for every principal SU(2)-bundle
over such complexes, the total space has non-trivial w3. The idea here is that the
existence of 1 is given by a certain equation in k variables, and solutions exist once
k is large enough.

In the case of simply connected 4-manifolds, the first kind of classification of
circle bundles is the result of Giblin [9], which states that,

If X =52 x §% then X(a) ~ S? x S? for any primitive a.
We also have an analogous result in the 8-dimensional case
If ¢ € P(S* x %), then E(y)) ~ S* x S7.

In fact, this fits into a more general framework. We call a manifold M, € PD}§
stably trivial if L(Mjy) is stably null-homotopic (that is the stable homotopy class
of L(My,) : S§7 — (54)Vk is 0). In terms of (1.1), this means for every i, g; ; —2l; =0
(mod 24). We have the following theorem (see proposition 4.3):

THEOREM B. Suppose My is stably trivial. Then, for every 1 € P(My), E(¢) ~
#k=164 5 ST a connected sum of k— 1 copies of S* x S7.

This directly generalizes the result for circle bundles over simply connected 4-
manifolds that are spin (identifying the spin manifolds as those whose attaching
map is stably null).

We proceed towards a more general classification of the homotopy type of the
space E(1) for ¢ € P(My). Let PDjY be the class of 3-connected 11-dimensional
Poincaré duality complexes FE such that E \ {pt} ~ a wedge of equal number of
copies of §* and S7. We first observe that E(1) € PD;; (see proposition 3.1), and
we try to address the question of the classification of complexes in PDL& up to
homotopy equivalence. The homology of such complexes F is given by

Z m=0,11
Hn(E) =78 m=4,7

0  otherwise.
We denote the number r by Rank(E). The classification works differently for r =1,
and for r > 2. Table 1 lists the various possibilities for r=1. For r > 2, E is a
connected sum of copies of §* x S7, and the complexes F Ae,5 are defined below.
Note that

7T1()(S4 \ 57) = 71'1()(54) D 71'1()(57) &b 71'10(510)

(Z/(24){z} @ Z/(3){y}) ® Z/ 2){v(n) } ® Z{[ta, er]}-

Here, z = voy(y) and y = V' ov(7y. The notation vy stands for the 3-fold suspension
of v explained in the following convention: for a class £ € m,.(S™), we write {(,) =
Y5 € Mrgs—n(S%). Let

1%
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Table 1. Homotopy equivalence classes of Ex e,s.

A #HExcs's Eyes's

0 2 Eo,0,0, FEo,1,0

1 3 Ei0,0, FEi110, FEi20

2 12 Es0,0, E210, E220, FE230, FEopo1, E21:1,

Eap21, Fa3zi1, E202, FE212, FE222, FE232

3 1 Es.0,0

4 6 FEi00, Es10, FEa20, Esi30, Faa0, FEispo

5 3 Es00, FEs01, FEs02

6 4 Fs.0,0, Es 1,0, Es.2.0, Fs.3,0

7 3 Er00, FEri0, FEr20

8 6 Esoo0, FEsio0, Eso1, Esii1, Eso2, Esiz2

9 1 E9.0,0

10 12 FEi0,00, Fio1,0, Fro20, FEio030, Fio40, Fios0,
Fho,6,0, Evo0,7,0, Fho,8,0, E0,9,0, Fho,10,0, Eo,11,0

11 3 Ei1,00, Ei1,0,1, Eii,02

12 2 F2.0,0, Ei21,0

BPre,s = [tastr] + AMezoveny) +€(taox) +6(1a 0 y),

and define,
Exes = (S*Vv ST Uy, , D'
The attaching map of the top cell of £ takes the form
L(E): 81 = (5*v.ST)"".

The stable homotopy class of L(E) lies in
s ™\ ~ or
(v ST = (2/0{v} 0 2/ @)

This takes the form A, o v + e;a 0 12 for some B € 7r7((S4 \% 57)W> and o €

7r4((S4 Vv S7)W). Up to a change of basis, we may assume that Ag | 24, and if A,

is even, €; € Z/(2). These numbers are invariant over the homotopy equivalence
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class of F and are denoted by As(E) and €s(FE) (defined only if A;(E) is even).
We use these invariants to classify the homotopy types of elements in PDi% (see
theorem 2.6).

THEOREM C. Let E € PDAET Then the homotopy type of E is determined by the
following.

(i) If A\s(E) is even and e5(E) = 0, then
E~ #T_lEO’O,O#EAS’E’(; where e =0 (mod 2).
(ii) If M\s(E) is even and es(E) =1, then

E ~ #" ' Ey00#Ex 0 where e =1 (mod 2)
or B~ #""2Ey00#FE01,0#Ex.cs where e =0 (mod 2).

(iii) If As(E) is odd, then
E~#"Ey00#EBxses or E~# 2Ey00#Eo1,0#EN -
Further given )\, the choices of € and 0 are those that are mentioned in table 1.

We see that in the list given in table 1, for certain cases the homotopy type of
E is determined by A\;(E) and €,(E). This happens if A\;(E) = 0 or 12. We also
observe that the homotopy type of Q2F depends only on the rank . Now, we look
at My € PD§ and try to determine the set of homotopy equivalence classes of
E(4) for ¢ € P(My,). In this process, we determine a formula for A(¢)) := As(E(v))
(proposition 3.5), and using this we determine the set of possible values of As(t))
for 1) € P(My). The stable homotopy class of L(Mj}) lies in

w5 ((59%) = (z/(2) 1)) *"

This takes the form osa o v for some a € 7T4((S4)Vk), and up to a change of basis
for k > 2, o(My) := ged(os, 24) is an invariant of the stable homotopy type of M.
Other than k and o(Mpy), the explicit stable homotopy class of « above yields a
linear map 7 : H*(Mjy) — Z/(24) given by 7(¢)) = 9(0sa). We use the invariants
k, o(My), 7, and the intersection form to completely determine the possibilities of
A(Y) for ¢ € P(My) (see theorem 3.6, proposition 4.5, theorem 4.6, theorem 4.9,
and theorem 5.2).

THEOREM D. For any ¢ € P(My), A(¥) is a multiple of o(My) (mod 24).
Conversely, the multiples of o(My,) that may be achieved are described as follows:

(i) If the intersection form of My is odd and k > 7, then {\(¢) | ¥ € P(My)}
equals the set of multiples of o(M}) (mod 24).

(ii) If the intersection form of My is even, each ¢ € P(My) satisfies es(1) =0
(mod 2).
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(iii) If k > 7, there are ¢ € P(My) such that A(¢) = o(My,), and also there are
W € P(My) such that A\(¢) = 30(My).

(iv) If o(My) = 2, or 4 (mod 8) for k > 5, there is a ¢ € P(My) such that
M) =0 (mod 8) if and only if the complex satisfies hypothesis (Hg).

(v) If o(My) =2 (mod 8) for k > 5, there is a ) € P(My) such that A(¢) =4
(mod 8) if and only if the complex satisfies hypothesis (Hy).

For lower values of k, we do not get systematic results like the above. That
is, the set {A(¢) | ¥ € P(My)} is not completely determined by o(My), k, T,
and the intersection form. Theorem D implies that there are certain M, whose
intersection form is even and there is no 1 € P(M}) such that E(1)) ~ #F~15% x S7,
however, if the intersection form is odd, then for k > 7, there is a principal bundle
SU(2) — #F=1(5* x S7) — Mj,.

1.1. Organization

In §2, we prove a classification result for certain 3-connected 11-dimensional com-
plexes which proves Theorem C. In §3, we prove formulas relating the stable
homotopy type of the total space to that of the base using the Chern character.
The results for manifolds with even intersection form are proved in §4, and those
with odd intersection form in §5.

2. Homotopy classification of certain 3-connected 11-complexes

We study 3-connected 11-dimensional Poincaré duality complexes E such that
E\ {pt} is homotopic to a wedge of copies of S* and S7. We write PD}, for
the collection of such complexes. Our target in this section is to analyse them up
to homotopy equivalence. We show that these are classified by numbers ), €, and §
which are explained in detail below.

2.1. The rank one case

Let E € PD}!, be such that E \ {pt} ~ S*V S7, that is, Rank(Hy(E)) = 1. The
homotopy type of E is determined by the attaching map of the top cell, which is
an element of

7T10(S4 V 57) = 7T10(S4) 3] 7T10(S7) 3] 7_‘_10(510).

This must be of the form

BPre,s = [tastr] + Az oveny) +e(tgox) +0(ta0y). (2.1)

The total space associated with ¢, ¢ s is denoted by

Eyes = (54 V 57) U¢)\ s D'
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Note that as (—t4) ov = v + 1/, we have (—t4) oz = x + y. For given any A, €,
and §, we observe the effect of the self-homotopy equivalences on E) 5 as follows:

Ly V> —Llg, L7 > —Ly = FEy\ s = E_)ces,
L ty, rrsirtayor = F\.5 — E) v (042)a,55
Lty tr i tbior = Ey.5 Ey e— 4,5+ (0+1)b-
This leads us to homotopy equivalences between E) s’s depending on the choice

of A € mo(ST) = Z/24. Table 1 lists the different homotopy types in PD}%, of
rank 1.

2.2. A simplification of the ataching map
We simplify and reduce the attaching map of the top cell of E.

PROPOSITION 2.1. Let E € PD;}; with Rank(E) = k — 1. The attaching map ¢ of
the top cell of E as in (2.1) can be reduced, up to homotopy, to the following form

k—1 k—1 k—1 k—1
¢ = Z[LZ, ]+ Z Aity o v(7y + Z 8§V 0 Y7y + Z iV o V(7
i=1 i=1 i=1 i=1

Proof. By Hilton-Milnor decomposition, we have the following equivalence

k=1
T0((S4V §T)\VEY 2 (g4 g o (gTyB-1) gy 1 gT)E (5 ) g
k—
Wlo(Slo)@(k_l)x(k_l) @ Wlo(Slo)@( 31)-

We choose n1,...,nx—1 € m4(F) and 7v1,...,7x—1 € 7m7(E) such that they corre-
spond to the homology generators, say 1, ...,7Mx—1 € H4(F) and 1,...,9%-1 €
H7(FE) such that
s 1 ifi=y,
Uy = o (2.2)
0 ifi#j.
Let f: (S*V ST)VE=1 — E be the inclusion that sends ¢} +» n; and & 5 7; for 1 <
i <k—1. Then fo¢ € mo(F) whose image under the map p: m10(E) — m9(QE) —
Ho(QLE) is 0 in the tensor algebra T'(71, ..., Tk—1,71, - - - ,ﬁk,l)/(Zi:ll [ﬁz, il)-
The attaching map ¢ may contain triple Whitehead products as [¢ f, [}, ¢7]], the
Whitehead products of the form [¢} for i # j, the terms involving [¢}
v, Lﬁ (7) The triple Whitehead product maps injectively to the loop homology

lis g] L, ?]oum and

and hence they cannot occur in the attaching map. The cup product formula in (2.2)
implies that there is no Whitehead product of the form [}, 7] for i # j. If [1}, ] ]ov(z)

and [¢} 4]01/(7) appear in the attaching map, we update the map f by appropriately

'L’ J
sending ¢! + v; —m; 0/, 1l — v, —nj ov and L] — 7, — [ni,n;] to get the desired
form of the attaching map. O
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We note that the composition is given by
SlO N (S4 vV S’?)Vk—l N (57)\/k—l

which is an element of (71957)®*~! = (Z/24{v})®*~1. This can be calculated using
the real e-invariant, see [2]. We use this to reduce proposition 2.1 to the case A; =0
fori <k -—2.

PROPOSITION 2.2. Let E € PD}Y and Rank(E) =k — 1. Then the attaching map
¢ of the top cell of E can be reduced to the following form

k—1 k—1 k—1
o= [th, ]+ ETo vy + Z €V o V(7 + Z divi o V(7). (2.3)
i=1 i=1 i=1

As a consequence, E ~ #;:12Eovfi151#E>\76k_1,5k_1-
Proof. Let 7: H'(E) = Z{¥{,7, ..., ¥i_,} — Z/24 be the linear map defined by
(%) = e(ri o 9), for 1 <i<k-—1,

where e denotes for the real e-invariant and r; : (S* v ST)VE=1 — §7 is
the retraction onto the i-th factor. Let 7: H'(E) — Z be the lift of 7 and
A = ged ((F(37),--..7(%_1)). Then we can change the generators 71, ..., 951
such that 7(3;) =0 for 1 <i <k —1 and 7(35—1) = A. So, for a suitable choice of
dual bases, we can have ¢ as in (2.3). O

2.3. A general classification up to homotopy

We now proceed to the classification of elements in PDj%. In the connected sum
11

EX| e1,6,#Exry 5,65, We transform a1 = o) + a5 and az = o) by A = (O 1). If

2| A2, then we transform

Ao€1

51:ﬁ1_61V2_TV27 52:_51+ﬂé_61[a/17a/2]'

Hence by the following expression

[ar, B1] + [, Ba] + M1 o viry + Aafla 0 v(7) + €101 + €22 + G1y1 + 2y
=lay, B1] + [0, B3] + (A1 = A2)B1 o v(7) + A28y 0 () + €121
+ (—€1 4 €2 + 2X261 — A€y
d1y1 + (01 + 02 + Ager (14 A1))ye,

we conclude

By 1,017 g e9.60 = Exy—g.e1,81 F L0 ep e (200 -1 —1).81 +59+(1+A1 et Ao
when 2|As. (2.4)
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PROPOSITION 2.3. For any unit a € Z/24, we have homotopy equivalence

Eaores#Eooo0 ifa=1 (mod 3)

Ey 5% FEo0,0,0 >~
E_ines#Eooo ifa=2 (mod3).

Proof. We transform

a; = aa) + bak b1 = a3y — 243 — bevy — 24bevy
az = 240 + acy Ba = —bpi + afly — ebla, oy

with a? —24b = 1 and calculate [aq, 1] + a2, B2] + ABo V(7) +€x1 + dy2. This gives
the homotopy equivalence

Exeo# 8000 = Box a2c.a5+($) g _y2e_press ()e (2.5)
This proves the proposition except for when A = 0 (mod 2) and ¢,b =1 (mod 2). In

that case, we have Ej ; o instead of Ey ¢ in the second component of the connected
sum. From (2.4), we get

Exe.s%F0,1,0 ~ Ex e s#E014¢(—2—1),6 (2.6)

which we apply following the equivalence in (2.5) for A even and €, b odd. This
concludes the proof. O

The transformations above further simplify the possibilities of E € ”PDL& listed
in proposition 2.2.

PROPOSITION 2.4. Let E € PD;Y; and Rank(E) = k — 1. Then
E ~ #"3E 0.0#E0,e,0#EN e.5
for some \,e € Z/24, 6 € Z]3, é € Z/2.

Proof. From proposition 2.2, we have the attaching map ¢ as in (2.3). The repeated
use of the homotopy equivalences in (2.2) and (2.6) gives the reduced form (2.3) as

follows
k=1
o= Z[LZ, AR Vs vy +€rg_o +exp 1+ 0yp—1,
i=1
where \,e € Z/24, § € Z/3, ¢ € Z/2. O

COROLLARY 2.5. Let E € PD}Y, and Rank(E) = k — 1. Then stably we have

EXE ~ % (5% v §T)VE2 v £ Cone( s (E)va1) + €(E)z), (2.7)
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where x is the generator of the stable homotopy group m14(S®) = Z/2 and \s(E) €
724, es(E) € Z/2. Moreover, for k—1 > 2 if A\;(E) =1 (mod 2) in (2.7), then
e(B) =0€Z/2.

Proof. From (2.3) and proposition 2.4,
E4¢> = /\L]fl_l oy + €L§_2 oy + 6L§_1 o V(11)-

Note that v(11) € 75(S°) ~ Z/24 and X*(v o v(7)) € m§(S®) ~ Z/2 are the genera-
tors. If € = 0 € Z/2, the result readily follows. Otherwise, if e =1,é =1 € Z/2, we

apply the transformation L§_2 + ng_l — ng_l. Ife=0,é =1 € Z/2, we interchange

1872 and 1§ to deduce the result. O

We see that the stable homotopy type of E € PD&% is determined by As(E)
which is a divisor of 24 and ¢;(E) € Z/2. The following theorem classifies the
different homotopy types of E given the values of A\ and e;.

THEOREM 2.6. Let E € PDi% and Rank(E) = k — 1. Then depending on \s =
As(E) and e = e4(F), the homotopy type of E is determined by the following.

(i) If As is even and €5 = 0, then
E~ #k*QE()’O,O#EAS,G’g where e = ¢, (mod 2).
(ii) If As is even and e = 1, then

E~ #"2Ey 0.0# s c.6 where e =1 (mod 2)
or B ~ #k*BE(),o’O#EO’l,O#E,\s@(; where e =0 (mod 2).

(iii) If As is odd, then
E o~ #2E 0 0#Ex 56 or E~#"3Ey00#E010#Exr s

Further given Xg, the choices of € and § are those that are mentioned in table 1.

PTOOf. We write Y7 = #kiQEO,()’()#E)\’E,é and Y, = #kizE()’O’()#E)\,e/’é/, and let

Y1 EN Y5 be a homotopy equivalence with homotopy inverse g. We show that in this
case, the pair (e,d) is related to (€¢/,¢’) by the transformations (2.2). There exists
a unique (up to homotopy) factorization (S7)VA~1 — (ST v §4)VF=1 — Y, through
cellular approximation f as in the following diagram.
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_ _ f _
(STY\VFL —— R 2By g 0# Ex e.5 —— #F72E0 0,04 Ex e 5

\ 7
f' _ -
(57 vV S4)\/Ic71 -

Now we consider the composition fr: =po f , where p is the projection map.

_ _ f _
(STY\VFL — = $h=2Eg g 0# Ex c5 —— #F72E0 0,04 Ex e 5

S

7\ gdyVk—1 7\Vk—1
GV N —
From the stable homotopy type, we get an isomorphism

fri m((ST)H) == (ST
l 2l
Z{B1 -, Pr-1} Z{v, - -1}

where f7(8k—1) = vk—1 (mod 24). Hence, the corresponding matrix of f7 is

Il
b
=
S
A
[\
=

for some A € GLyk_2(Z). From the inverse homotopy equivalence g: Yo — Y7,
we can construct a corresponding block matrix of g7 similar to that of f; for
some B € GLi_2(Z) (mod 24). Through suitable pre-composition of f7 and post-
composition of g7, we may assume that A = B = I where [ is the identity matrix
in GLy_2(Z). Thus both f7 and g7 are composition of shearing maps with f;_1 —
Yk—1, that is, they are composition of maps associated with 3; — ~v; + ¢;yx—1 for
some ¢; € Z.
We now consider the map f on the 7-skeleton

(54 §Tyvk-1 £ (54 §7)VE-1
lvi’:ﬁ(aivﬁz) l\/;;}l("zv%)
Y Y,

which takes the form
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j=k—1
k—1 k—1 t=k—1
Bi v i + civp—1 + Zai,jyj + Z a;,jV;' + Z ai jelng;nel,
j=1 j=1 j=1
=1
AL
a; =, forl<i<k-—2
j=k—1
k—1 k—1 r=k—1
Br—1 = Ye—1 + ijl/j + Zb}V;- + Z bje[nj, mel;
j=1 j=1 j=1

=1
J#L

k—2
Qg1 > Ng—1 — Z CjMj-
Jj=1

As f is a homotopy equivalence, we must have that the attaching map of the 11-cell
of Y1 must be carried by f(7) to the attaching map of Y, that is, f(7) o L(Y}) ~
L(Y2). We now look at the coefficients of nx_1 o  and ni_1 o y that arises in
(o L(Y1) and note that the only terms which contribute to these coefficients are

FO (-1, Br—1] + AsBr—1 0 V(7y +€ag_1 0x + dag_1 0y).

We now deduce
€ = (A +2)bp1 —4bj,_, and 8 = (As + Dbj_y,

which verifies the result for complexes of the type #kizEO,O,O#E)\,eg&

For the remaining cases, we follow the same argument with Y; =
#k_?)EO’O’O#E()’LO#E)\S’6’5 with € even if A, is, and Y, = #k_?’EO’0,0
#Eoe0#E), 5, where € = 0 or 1. Note that the only terms which contribute
to ni—o o x are

FO(lan—1, Bo—1] + [an—2, Br—2] + cp—2 0T + Ay i1 0 V(7) + €1 0T + Stjp—1 0Y).

A direct computation implies
Asbp_o +eci_o+1=¢ (mod 2). (2.8)

First, let A\; be even and e = 0 (mod 2). This implies é = 1. Finally, let A, is odd.
We look at the coefficients of [nx—1, [Nk—2, Mk—1]] and [ 2, Nk—1]ov(7) in f(7)oL(Y1)
(mod 2), which are by_ox—1 + cx—2bk—1 — ag—2.x—1 and A\bp_o 1 + ar—2k—1 +
b, _o—cr_obr_1 —eci_o. Since both these coefficients are zero, we have by, _o = ecp_o
(mod 2). Using the relation (2.8), we observe that ¢ = 1. The conditions on €’ and
0’ are verified analogously as in the previous case. This completes the proof of the
various implications in the theorem. (]
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2.4. The loop space homotopy type

We study the loop space homotopy type of E € PD;}, with B ~ (§*v §7)Vk-1
and show that the loop space homotopy is independent of the A, e, and § occurring
in the attaching map ¢ of F.

THEOREM 2.7. The homotopy type of the loop space of E is a weak product of loop
spaces on spheres and depends only on k — 1 = Rank(H4(E)). In particular,

OF ~ Q(#*71(5* x 87)).

Proof. This follows from the arguments in [5] and [6]. More explicitly, we first
compute the homology of QF via cobar construction, see [1]. In this case, H.(F)
is a coalgebra which is quasi-isomorphic to C(F), and hence we may compute the
cobar construction of H,(E) and deduce as in [6, Proposition 2.2]

H.(QE) = T(ay, by, ..., a5-1,b5-1)/ (O _lai, bi])
where p(a;) = a; and p(B;) = b; with p defined as

p: mo(E) 2 w1 (QF) 25 H,_(QE).

We then note that H.(QF) is the universal enveloping algebra of the graded Lie
algebra L(ay,b1,...,ak-1,bk—1)/(> [a:, b;]), where L is the free Lie algebra functor.
Now we apply the Poincaré-Birkhoff-Witt theorem as in [6, Proposition 3.6] to
deduce the result. O

3. Stable homotopy type of the total space

In this section, we examine the possible stable homotopy types of the total space
E for a principal SU(2)-fibration over M) € PD§. We relate this to the stable
homotopy type of Mj.

Let f: My — HP® be a map such that m4(f): mq(My) — 74 (HP>®) = Z is sur-
jective. This ensures that the homotopy fibre E(f) is 3-connected and is a Poincaré
duality complex of dimension 11. One easily deduces

Z i=0,11
Hiy(E(f)) = qZ%1 =47
0 otherwise

from the Serre spectral sequence associated with the fibration S% — E(f) — Mj,.
We may now consider a minimal CW-complex structure on E := E(f) with (k—1)
4-cells, (k — 1) 7-cells, and one 11-cell, see [10, Section 2.2]. The 7-th skeleton E(7)
is, therefore, a pushout
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(Sﬁ)v(k—l) (D7)\/(k—1)

Vf:‘f%l i (3.1)
(54)\/(k—1) E(7).

We now observe that the ¢; are all 0.
PROPOSITION 3.1. The maps ¢; ~0 for1 <i<k—1.
Proof. Note that the homotopy class of each of the attaching maps is in 74 (S5%)®*~1

which lies in the stable range. Applying the ¥°° functor on the diagram (3.1), we
get the cofibre sequence

oo, k—1
vik—1) = Viz1 %) 300 (4 V1) s 3y ()

200(56)

which in turn induces a long exact sequence (on the stable homotopy groups)

e (BT o m3(86)8R1 2y e (gyBR1 s (B (3.2)

where ® is the induced map of \/f:_ 11 ;. We have the following commutative diagram

g (SH —— m(B) < mg(BD)

|

73(S7) ——= m(SHPF —— 73 (M},).
1
0

The second row is a part of a long exact sequence and so, the map m§(S*)®F
7g(My,) is injective. Hence, the map 75(S*)®* =1 — 75(E) is injective, in (3.2)
is forced to be 0. The result follows.

Owe

Proposition 3.1 implies that F fits into the pushout

510 Dll

o

(S4 vV S7)\/(k—1) E

for some [L(E)] € m1o((5*Vv S7)V(*=1). Hence, E belongs to PD;};. We consider

10 L(E) (54 V. S7)\/(k—1) N (S7)\/(k—l)

which is of the form
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k—1 k—1
D Aith oy € mo(SH)F T = P Z/24{vr) ).
i=1 i=1

The coefficients A; can be computed via the e-invariant, see [2]. Recall that the
e-invariant of a map g: S — 5% can be computed using Chern character. The
complex K-theoretic e-invariant ec is computed via the diagram

Z{b} Z{bs}
2l 2l
0 — K(5'?) K(2C,) K(S%) —0

ch ch ch

0 —= H*(S'%Q) —= H(SCy; Q) —= H(5% Q) —= 0.
Al I
Q{az) Qfas}

We obtain
Ch(blg) = aio, Ch(bg) =ag +rao.
If g = A\yp), eclg) = 7 = % € Q/Z, see [2]. We also have ec = 2e, where
e is computed using the Chern character of the complexification ¢: KO — K.
Therefore, from [2, Proposition 7.14]

bs € Im(c) = e(g) = g € Q/Z. (3.3)

3.1. K-theory of M
Consider the Atiyah—Hirzebruch spectral sequence

B3 = H*(My;m K) = K*(My).

As M has only even dimensional cells, this has no non-trivial differential for degree
reasons. This gives the additive structure of K9(Mjy). Let H*(My,) =2 Z{t1, ..., ¥y}
and H8(M) = Z{z}. Note that if ai,...,c € my(My) = Hy(M;) = ZF
is dual to the basis v1,...,9, in the expression (1.1), the matrix ((g;;)) of
the intersection form is related to the cup product via the equation ; U; =
gi,j%. Let @El, . ,1/;k, andZ be classes in K (Mj,) corresponding to 1, ..., ¥k, andz
respectively, in the E*°-page. We have the diagram

0 KO8 — T RO(My) RO((SHVF) —~0

i ch i ch l ch

00— HCD(SS;Q) gezr(]\/]k;@) Hev((sél)\/k;(@) )

where
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ch(2) =z, ch(i*(dy)) = ¥;(= ch(¥y) = v; +752),1 < j < k. (34)

Note that in terms of the formula (1.1), ¥;¢; = g; jz. We now use the fact that ch
is a ring map to get

ch(ihy) = (Vi + 732) U (W + 752) = by Uthj = g, 2.

As ch: K(My) — H®(My; Q) is injective, we deduce 1h); = g; ;2.
Further let ¢;: (S*)V* — S* be the retraction onto the i-th factor, and note that
qi o L(M) is stably equivalent to (g;; — 2[;)a; o v(7). Thus the e-invariant

9i,i — 2l;
ec(qi o L(M)) = (gi,i — 2li)ec(By(r)) = —1 € Q/Z.
We summarize these observations in the following proposition.

PROPOSITION 3.2. Let M), € PDji with L(My) as in (1.1). Then, K°(M) =
Z{1,91,va, ..., ¥k, 2}. The ring structure is given by

by = giji for 1<, < k.

and

Gii — 21

ec(qi o L(M)) = = L eQ/Z for1<i<Fk.

3.2. K-theory of E(f)

The space E := E(f) is the total space of the sphere bundle associated with the
quaternionic line bundle classified by f. We note that the quaternionic line bundle
has a complex structure, and therefore, has a K-orientation.

Let g be the canonical H-bundle over HP*>°. The K-theoretic Thom class of
g is given by yg — 2 € IN(O(HPOO). As the total space of the sphere bundle is
contractible, the Thom space Th(vg) ~ HP>. Consider the map m: CP>* — HP>.
The pullback bundle 7*(vx) = ¢ ® ¢, where q¢ is the canonical line bundle over
CP*°. Therefore,

i ch(ya — 2) = ch(< pi> < /pil(ym —2)) = ch(yc) + ch(Yc) —2=¢"+e " =2,

where H*(CP>;Z) = Z[z] and = = ¢1(7¢). Since 7* is injective on H*, we may
use this formula to deduce

h(®ic () = ur () 1+ 2o+ 2oy (3.5)

where H*(HP>) = Z[y] and 7*(y) = x2. We use the Thom isomorphism associated
to f*(ym) to deduce the following.
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PROPOSITION 3.3. Assume that f*(y) = ¥i. Then,
KO(Th(f*(ym))) = KO(M){® 5 (f*vm)}

as a KO(M)-module, and

‘) = By (f* Ui Vi
ch(@x (f ) = Pu (frym) (L + 75 + 360 +..0).

Proof. From the naturality of the Chern character as well as the Thom class, we
have

ch(@k(f* () = ch(F*(@x((30))) = [*eh(@x (w)).
The result follows from (3.5) and the fact f*(y) = ¢y. O
NOTATION 3.1. Suppose we are in the situation of proposition 3.3, that is,

f*(y) = Y. We now assume that the basis {1,...,9x} is such that one of the
following cases occur

Case 1 If ¢, Ut = £2, then ¢, =0for 1 <j <k —1.
Case 2 If ¥, U1y, = gi 12 for some integer gj j, # £1, then assume ¢,_19; = 1 and
Vi, =0for 1 < j<k—2.

In terms of these notations, we prove the following calculation. Here we consider
the cofibre sequence

E— M, —Th(f"(ma) = XE —-XM — ...,

which demonstrates K (X F) as a submodule of K (Th(f*yg)) because K (X My) =
0. The following proposition identifies this submodule.

PROPOSITION 3.4. (i) Suppose we are in case 1 of notation 3.1, then we have

K°(SE) = Z{®x (f* (va))¥1, - - -, @r (f* (y))Vr—1, P (f* (ym)) 2}

(ii) Suppose we are in case 2 of notation 3.1, then

K(XE)>17 {‘I)K(f*(’YH))Q;h o O ()2, @i (F* (vm)) (Pk — GrokPr—1),
P (f*(vm))Z}-

Proof. We have the following short exact sequence

0— = K9%(2E) — K" <Th(f*(m))> O ROM) ——0
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which implies that
K°(SE) = Ker(so: K° (Th( f*(m))) — K°(M))

where s is the restriction along the zero section. Note that sq is a K 9(M)-module
map. Hence,

s0(@x(f*vm)Z) = ex(f*ym)2 =0
s0(Px (f*ym)Ps) = ex (f )i = g2, 1 <i < k

since ek (f*ym) = 1[% +m2Z for some m. The result follows from a direct calculation
of the kernel and the assumptions in the respective cases. O

We now choose the various maps x;: S7 — E for 1 < j <k — 1 such that on
K-theory they precisely represent the choice of the first (k — 1)-elements in the
basis of proposition 3.4. In these terms, we calculate the ec-value of the composite

ryo L(E): 10 M5 (gt v g7y vkt g7

where r; is the restriction onto the j-th factor, and L(F) is the attaching map of
the top cell of E.

PROPOSITION 3.5. (i) If we are in case 1, then

9.
ec(r; o L(E)) = 7 :9“172J €Q/Z,1<j<k-1
(ii) If we are in case 2, then
955 — 2l ,
ec(rjoL(E)) =1 =="—>€Q/Z,1<j<k—-2;

12
ec(rk—10 L(E)) = T} — grxTh—1 € Q/Z.

Proof. For the e-invariant, we calculate the Chern character ch: KO(Th(f*yu)) —
He(Th(f*ym); Q) in terms of (3.4) as follows

h(@1c(f*7)2) = Ba(F ) (L4 25 4 )z = Dy (f )
h(@rc(f)dy) = () (1S5 )Wy +752)
=Qy(f )Y + 7,Qu(f )z,
Ch(‘PK(f*’YH)(ZZJk - gk,kﬂjk—l)) =&y (f )1+ % +.0) (ke + TRz — Gk Vr—1

*gk,ka—lz)
= O (f ) (Vr — g k¥r—1) + Pu(f )
X (Tk: - gk,kaq)Z-
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We now turn our attention to the attaching map

§10 1B (g4 TR (5T) VA

In order to identify the composite, we are required to compute the KO-theoretic
e-invariant. We know that

KO* = Z[n,u)[*"]/2n,n*, nu,u® — 4p) and K* = Z[B*],

with |n| = =1, |u| = —4, || = —8 and |B] = —2. The complexification map
¢: KO — K induces a graded ring homomorphism ¢: KO*(X) — K*(X) with

c(n) =0, clu) =26 cp) =45

THEOREM 3.6. Let S — E — My, be the principal SU(2)-fibration classified by
a given map f: My — HP>. Suppose that XL(M}) = 0 (mod X). Then X(r; o
L(E)) =0 (mod \),1 < j <k—1 wherer;: (S*Vv ST)VE=1 — S7 is the retraction
onto the j-th factor.

Proof. We consider the Atiyah—Hirzebruch spectral sequences for HP> and My

E}* = H*(HP™;Z) ® KO*(pt) = KO*(HP™),
E}* = H* (M, Z) ® KO*(pt) = KO*(Mj,).

The spectral sequences have no non-trivial differentials for degree reasons. Thus,
KO*(HP™) = KO*[§], where § € KO*(HP>). The class i serves as KO-theoretic
Thom class for yg. We have

(Pxo(m)) = c(f) = B> Pk (va).-

Let 1/A)j € K:O4(Mk), zZ e K~08(Mk) be the class in the E°°-page represented by
Y; € HY(My,) and 2z € H®(M},). Then we get

c(Wi) =B i, c(2)=B""2 and P = g 5.

It follows that the K-theoretic generators @y (f*’yH)l/;j and @ (f*ym) (Y —
9k.kVk—1) lie in the image of the map c. Therefore by (3.3), we get in case 2 that

95,52 j —
e(Tj o L(E)) = (gkizl—Qlk)—gk k(gk} 1.k 1—2lk 1) (mOd Z)7 for ! <k 1’
e - (mod Z), forj=k-1,
and in case 1 that
e(r;o L(E)) = 9id — 2 (mod Z), forj<k-1
J - 24 ) J = .
The result now follows from proposition 3.2. O
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4. SU(2)-bundles over even complexes

We study the homotopy type of E € PD}, the total space of a principal SU(2)-
bundle over M, € PD§. In this section, we consider the case where the intersection
pairing (—, —): Hy(My) x Hy(My,) — Z is even i.e. (x,x) € 2Z for all © € Hy(My,).
Note that in this case, k¥ must be even. We observe the following:

(i) If k¥ > 4, My, supports a principal SU(2)-bundle whose total space F is
3-connected.

(ii) The possible stable homotopy types of E can be determined directly from
the stable homotopy type of M} and the intersection form. In this regard,
the formulas in theorem 3.6 are used to demonstrate this connection.

4.1. Existence of SU (2)-bundles

We discuss the existence of principal SU(2)-bundle over M), € PD§ with an attach-
ing map as in (1.1) whose intersection form is even. If Rank(H4(M)) = 2, then up

to isomorphism (1) (1) is the only possible matrix for the intersection form. The
attaching map L(M) € m7(S*V S%) of M is of the form
L(M) = [041,042] —Flll/i —|—l2Vé, (41)

where l1,lo € Z/12. For a principal bundle SU(2) — E — M, where F is 3-
connected, the classifying map fg: My — HP> is such that m4(f) is surjective.
Suppose a; — n;iq,% = 1,2 such that ged(nq,ne) = 1 and fo L(M) ~ . If both [y
and [y are odd, no such ny and ny exists. For, the equation fo L(M) ~ * translates
to ning + n1 + ng = 0 (mod 12) [7, Example 4.13]. However, for k > 4, one may
always construct a suitable map.

PROPOSITION 4.1. Suppose My € PD5 such that Rank(Hy(My)) = k > 4 and
the intersection form is even. Then there exists a map ¢ : My — HP such that
hofib(v) is 3-connected.

Proof. From [7, Theorem 4.20], if k£ > 6, the attaching map of M}, can be expressed
as

k k
i
L(My) = Z Gi,j [Oéi,Oéj] + Z 5 [vi, ] + ZSM
1<i<j<k 1=1 i=1

such that s; = 0 for ¢ > 2 for a choice of basis {aq,...,a,} of Hy(My). Then the
map t: (§4)VF (0000, g pee extends to a map ¢ : My, — HP such that m4(1))
is surjective.

Now if k = 4, by the classification of inner product spaces in low dimensions [11,
Ch. II, Theorem (2.2)], the attaching map of M}, can be expressed as

4

L(My) = [ay, az] + [as, au] + Zli%(
i=1
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for a choice of basis of H4(Mj). Choose two positive integers m,n such that

ged(m,n) = 1 and mily 4+ nls = 0 (mod 12). Then the map : (54)V4 {m0n0),
HP> extends to a map ¢: My, — HP> such that m4(¢)) is surjective. O

We now focus on the stable homotopy type of the total space E(f) for f: My —
HP> such that m4(f) is injective. From the attaching map of My as in (1.1) and
even intersection form, we have

S M, = £°(SY)VEL v %°(Cone(a(My,)v(r)) (4.2)

for some even o(My). Hence the stable homotopy type of Mj, is determined by
O'(Mk)

PROPOSITION 4.2. Let E(fy) be the total space of a principal SU(2)-bundle over
My € PDg, classified by a map fy: My — HP> for k> 4. Then

SXE(fy) = £°(S* v )2 v £ Cone(A(¥) 24y (),
where A(¢) := A(E(fy)), is even and a multiple of o(My).

Proof. Note that E(fy) € PD}& and its stable homotopy type is given in the
Corollary 2.5 where € = ¢,(E(fy,)) € Z/2 and \(¢) € Z/24. So, it suffices to show
that 2|A\(v)) and e=0. The fact 2|A(¢)) follows from (4.2) and theorem 3.6.

Now, the cofibre sequence obtained from cell structure of £ and M}, induces the

following commutative diagram

o _
w50 (S10) —————mjy (St v §T)B 1

mio(E)

7rfo(57) 71'fo(sél)eak

73, (5% L(M
m(ZO (M) w0 (M)

of stable homotopy groups, where ¢ is the attaching map of top cell in E.

Since A(¥)Br—1 0 v(7) + €agp_1 0 = 0 in 77,(E), its image in 775(M) is 0. Note
that bottom left map 75, (>." L(M)) = 0 because 2|o(M},) in (4.2) and hence the
bottom right map is injective, where 75,(S*)®* = Z/2{a; o v?,..., o} o v%}. Since
2|A(¢), the middle vertical arrow sends ¢ = A(1)fr_1 © v(7) + €ag_1 © V2 to
€ag_1 o v which is in turn mapped to 0 via the bottom right map as ¥*¢ =0 €
75 (E). Hence e =0 € Z/2. O

4.2. Stably trivial manifolds

The following result states that the total space of a principal SU(2)-bundle over
stably trivial My € PD5 (i.e., o(My) = 0 (mod 24)) is itself a connected sum of
copies of §* x S7.

PROPOSITION 4.3. Let E € PD}Y; be the total space of a principal SU(2)-bundle
over stably trivial My € PD§. Then E ~ #F=1(S* x S7).
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Proof. From theorem 2.6, we have E ~ #k_QEoyo’o#Eo)Eyg. Then the result follows
from proposition 4.2 for k > 4. For k=2, the attaching map of M5 is of the
form (4.1). Stably trivial condition implies My = S% x S* which further implies
E=28%x9". O

4.3. Possible stable homotopy types of the total space

Let ¢ € H*(Mj; Z) be a cohomology class represented by a map v My — K(Z,4),
which has a unique lift ¢: M — S* up to homotopy ifﬂ/|(s4)vk71 oL(Mjy,) € m7(S5*)
is 0. As the inclusion (S4)V* — M;, induces an isomorphism on H, and H*, a

cohomology class 1 € H*(M},) always induces a map : (54)V% — §%. We consider
the following diagram

(SYVF —— My,

f

st HP?

and formulate when the map M; — HP? exists. Note that if the map exists then
its homotopy fibre will be 3-connected.
For ¢ € H*(My), consider the composite

S7 L(My) (54)Vk i 54

and define 7(1) = [ o L(M)] € w2(5*). Thus
T HY(My,) — 7./24
and one can check that it is a linear map.

PROPOSITION 4.4. Suppose ¢ € HY(My) is primitive. The map ¥: (S4)VF — §*
extends to a map fy : My — HP? if and only if U+ = 7(¢)z (mod 24) for some
PSS Hg(Mk).

Proof. Consider a primitive element ¢ € H?*(Mj}). We extend 1) to a basis of
H*(Mj) and use the dual basis of 74(M}) to write down the attaching map of M
is as in (1.1). In this notation, we have ¢ = gy 2, where z € H®(Mjy,) is the chosen
generator and 7(¢)) = gg x — 2lj.. Thus, 1 o L(M) maps to 0 € m7(HP?) if and only
if I, =0, that is v Uy = 7(10)z (mod 24). Hence, the result follows. O

Proposition 4.4 gives us criteria for constructing the maps f,; out of cohomology
classes 1. Using this we determine which multiples of o(M}) may occur as \;(F)
for E — M)}, a principal SU(2)-bundle where E is 3-connected. We first show that
there exists f;, such that A(¢) = o(Mjy) if k is large enough.

PROPOSITION 4.5. Suppose the stable homotopy type of My is determined by
o(My). Then there exists fy: M — HP> such that

(1) M%) = o (My) (mod 3) for k > 5,
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(2) A@) = o(My) (mod 8) fork > 1.

Proof. We begin the proof with the first case. If 7 = 0 (mod 3), the proof follows
from theorem 3.6. Let 7 # 0 (mod 3) and % a primitive cohomology class such
that 7(10g) = 0(My) £ 0 (mod 3). We need to choose a 1) € ker(— U )y) Nker(7)
such that ¢? = 7(¢0) = 0 (mod 3). This we can do for k — 2 > 3, see [11, Chapter
I1, (3.2)—(3.4)]. By Poincaré duality, we get ¢’ such that ¢ Uy’ = z. We write
P = w{{er(ﬂ +t1)y for some t where wl/(er(ﬂ € ker(7). Since z = ' Uy = w{(er(ﬂ U,
we may assume ¢’ = ;... Thus by assigning 7 = 7(¢9) = (M) (mod 3),
Ti—1 = 7(¢¥¥') = 0 (mod 3) and 7, = 7(¢») = 0 (mod 3); and choosing other ,’s
such that 7, =0 for i =2,...,k — 2, we have

A(W) =0(My) (mod 3) for k > 5.

Now we look into the second case. The proof goes similarly to that of the above,
except when we choose 9 € ker(—U1)) Nker(7) such that 92 = 7(x)) = 0 (mod 8).
We can choose such ¢ for k—2 > 5, see [11, Chapter II, (3.2)—(3.4)]. Then following
similar arguments, one can deduce

A(W) =0(My) (mod 8) for k> 7.
O

The following theorem constructs f,, with A(¢) = 30(My,) if o(M}) is not divisible
by 3.

THEOREM 4.6. Suppose 3 o(My). Then for k > 7, there exists fy: M) — HP?
such that AN(p) = 30 (My,).

Proof. Let
& HY (M, F3) — T3

be the restriction of 7 in modulo 3. As 7(® is surjective, there exists 1 €
H*(My,F3) such that for all cohomology class v, 73 (1))z = 1 Uy (mod 3).
In particular, 73 (1g)z = o U b (mod 3). We consider two cases, 13 = 0 or 13
is unit.

First let 12 is unit. Then we can choose 91,...,%5_1 such that ¢ U; = 0.
We take the dual basis a; corresponding to ¥; and «y corresponding to 1g. Thus
Yo(ay) =0fori=1,...,k—1 and ¢o(ax) = 1. Hence

m=-=T,-1=0 (mod3), and 7 =grr=1 (mod 3),

which implies A(¢)) = ged(71, ..., Th—2,Tk—1) =0 (mod 3).

Now let 17 = 0. Then 73)(¢)9)z = 0. We choose 91, ...,9_1 such that ¢y_; U
o =1 and ¢;Utpg =0 fori = 1,..., k—2. After taking the dual basis, with similar
argument, we have

Mm=-=T,-2=0 (mod3), 7r_1=0(My) (mod3), and
Tk =gke =0 (mod 3).

Hence A(¢) = ged(m1, ..., The2, Tk — Gk Th—1) = 0 (mod 3). O
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REMARK 4.7. We note that proposition 4.4, proposition 4.5, and theorem 4.6 do
not use the fact that the intersection form is even and also holds in the case where
the intersection form is odd.

Now we look to prove similar results modulo 8, which in turn provide us desired
construction % as in proposition 4.4 using the Chinese reminder theorem. However,
in this case, certain conditions are required for obtaining analogous fy.

DEFINITION 4.8.

o A complex My with o(My) = 2 or 4 is said to satisfy hypothesis (Hg)
if (ker7)t = (0(My)y) (mod 8), where ¢ € H*(My) (which is unique

(mod U(LMIC) )) satisfies

P2 =0 (mod8) ifo(My)=2
P> =0 (mod4) ifo(My)=4.

e A complex My with o(My) = 2 is said to satisfy hypothesis (Hy) if
(ker 7)* = (2¢) (mod 4), where ¢p € H*(My) (which is unique (mod 2))
satisfies

Y? =7(¢) =00r4  (mod 8).

Note that the hypotheses (Hg) and (H,4) depend only on the intersection form
and 7 and not on the choice of ¢. We now prove the existence of f;, under the
hypothesis defined above.

THEOREM 4.9.

(i) Suppose 8 { o(My). For k > 5, there exists fy: My — HP? such that
A(Y) =0 (mod 8) if and only if the complex satisfies hypothesis (Hs).

(ii) Suppose o(My) = 2. Then for k > 5, there exists fy,: My, — HP? such that
M) =4 (mod 8) if and only if the complex satisfies hypothesis (Hy).

Proof. The condition k£ > 5 comes from the fact that we are required to make
certain choices modulo 3 using proposition 4.5. First suppose in case 1, a fy exists
such that A(¢)) = 80(My,). Then there exists a basis {11, ..., ¥g_2,9’, 1} satisfying
(working (mod 8))

YU, =0for 1 <i<k—2, YUy =1,

, ) (4.3)
T();) = 0for 1 <i <k —2, T('") =0(Mg) and 7(¢) =" =0.

Note that ()t = (1,..., 0 2,0) C ker(7) = (¥1,...,Yp_2,v, %W¢/>' This
implies (ker(7))* = (o(My)v), and thus the hypothesis (Hg) is satisfied.

For the converse part if the complex satisfies hypothesis (Hg), one can check that
there is a choice of ¢ such that (4.3) is satisfied. We look into the cases o (M) = 2, 4.
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First, let o(My) = 2. Then (ker(7))* = (2¢) and 1 is well-defined modulo 4. We
note that

XU (2¢) =7(x)z (mod 8) Vx € H*(My). (4.4)
This implies
() =202 =0 (mod 8).
For any x € ker(r), we have (2¢))x = 7(x) = 0 (mod 8). In particular, 2¢? =
7(¥) = 0 (mod 8). Together these two imply 1% = 0 (mod 8). Eq. (4.4) implies
that if x Uy =0, 7(x) = 0. Now choosing a basis as in case 2 of proposition 3.5,
we obtain the conditions in (4.3).

Now let o(My) = 4. Then (ker(7))* = (41)) and ¥ is determined modulo 2. We
proceed analogously observing that

XU y) =7(x)z (mod 8) Vx € H*(My),

which implies

() =4¢9?> =0 (mod 8).
Let ¢’ be such that 7(¢') = 4, and so we have that ) U4’ is an odd multiple of z.
If 42 is 4 (mod 8), we change v to 1 + 29’ to ensure ¥? = 7()) =0 (mod 8). Now
choosing a basis as in case 2 of proposition 3.5, we obtain the conditions in (4.3).

Case 2 also proceeds along analogous lines. For the existence (of f, for some 1)
question, we need a basis satisfying

YUY, =0for1<i<k-2, YUY =1,
() =0 (mod 4) for 1 <i<k—2, 7)) =0c(M), 7())=¢*=0or4
(mod 8),
such that at least one of 7(¢;) for 1 <i <k —2, or 7(¢p) =4 (mod 8).
(4.5)

Note that ()% = (1, ..., r_2,%) Cker(T) = (¥1,...,Yr_2,1%,2¢') (mod 4) and
(ker(7))* = (2¢)) (mod 4). Hence, the hypothesis (H,) is satisfied.

Conversely, if (Hy) is satisfied, we obtain a v such that ¢? = 7(v) = Oor 4
(mod 8). This ¢ also satisfies

XU (2¢) =7(x)z (mod 4) Vx € H*(My).

Let ¢’ be such that 7(1)') = 2, which implies that ¢)Uv’ is an odd multiple of z. Now
replacing ¢ by 1 + 2¢/ if required we may assume that 1> = 7(¢)) = 4 (mod 8).
Now choosing a basis as in case 2 of proposition 3.5, we obtain the conditions in
(4.5). O

If Rank(Hs(My)) = k > 5, the above results indicate a systematic computation
of possible stable homotopy types of the total space depending on k, (M), and the
intersection form. In lower rank cases, the results depend on the explicit formula
for the attachment L(M}), and not just on these variables. Hence the systematic
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description turns out to be cumbersome. We demonstrate some observations on the
Rank(Hy(M)) = 2 case.

EXAMPLE 4.1. Recall that the attaching map L(M) € m7(S*V S*) of M5 is of the
form

L(M) = [0417042} + llvi + lgvé
where l1,1l5 € Z/12. We already have

e If both /; and [l; are odd, there does not exist f: M — HP such that
E = hofib(f) is 3-connected.

If one of [; and Iy is even, or both are even, there exists f: M — HP such
that E = hofib(f) is 3-connected. Via an explicit calculation using proposition 3.5,
we observe the following:

(i) If none of I and Iy are divisible by 3, then we obtain A(E) =0 (mod 3).
(i) If either of I3 or I3 but not both are divisible by 3, then A(F) £ 0 (mod 3).
(iii) If (M) = 4 (mod 8) and I3l = 0 (mod 8), where none of I; and Iy are
divisible by 3, then A(F) =0 (mod 8).
(iv) If o(M) =2 (mod 8), we can never obtain A(F) =0,4 (mod 8).

5. SU(2)-bundles over odd complexes

We now work out the case of My € PD§ for which the intersection form is odd.
Recall that the notation M}, means that Rank(H,(My)) = k. The intersection form
being odd implies that there are two possibilities of o(My), namely, 1 and 3 among
the divisors of 24. Here, we prove

(i) For k > 3, it is possible to obtain a SU(2)-bundle whose total space is
3-connected.

(ii) Further if & > 7, it is possible to obtain maps ¥(j) : M) — HP*> with
A(W(j)) = j for every multiple j (mod 24) of o(M}) which is also a divisor
of 24.

5.1. Existence of SU(2)-bundles

Through an explicit computation, we demonstrate the existence of principal SU(2)-
bundles over M, € ’PD§ if k¥ > 3 when the intersection form is odd.

PROPOSITION 5.1. Suppose My, € PD5 such that Rank(Hy(My)) = k > 3 and
the intersection form is odd. Then there exists a map v¥: My — HP> such that
hofib(y)) is 3-connected.

Proof. Recall that the attaching map of My, can be expressed as (1.1). Using propo-
sition 4.4, we are required to find a primitive element v such that 7(i)z = 1>
(mod 24), which is equivalent to checking that the coefficient of / in 1) o L(Mj,) is
0 (mod 12). Tt suffices to find ¢ (mod 8) and 3 (mod 3) separately.
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We first work out the (mod 3) case, where the base ring is a field of characteristic

# 2 so that the form is diagonalizable. Considering the map (S*)V* (0Omamzins),

HP> which sends L(Mjy) to

(:I: (n;) + (n;) + (n;) +nili—o +noli—1 + Tlslk> -v' + multiple of v,

where the £ correspond to the diagonal entries (mod 3). We observe through a
direct calculation that for every fixed choice €1, €3, €3 of +1s, there is a nq,ng, ng
with ged(ni,n2,n3) = 1 such that

(61 (an> + €2 (22) T (n23> by ol n3lk) =0 (mod3).

This completes the argument (mod 3).

Working (mod 8), the fact that the intersection form is odd implies that we
may choose a basis such that g = £1 (mod 8) and gx x—1 =0 (mod 8), see [11,
Chapter II, (4.3)]. Also the intersection form can be written as the block matrix

A 0

0 +1)°

If A is an even intersection form, then the result follows from proposition 4.1 for
i

k > 5. Now let A is not even, then the intersection form is (13 B?/) where B’ is

a diagonal matrix of order 2 with diagonal entries +1. If A’ is an even intersection
form, then for & > 6 the result follows from proposition 4.1. If A is not even, the

intersection form updates to
A" 0
0 B//

where B is a diagonal matrix of order 3 with diagonal entries +1. For B” = I3,
the map (S4)Vk O 0m1m2m8), ppoo onds L(My,) to

((7;1) + <r;2) + <T;3) +nilg—2 +nalk—1 + n3lk) -/ + multiple of v,

where ged(ni,na,n3) = 1 ensures that the corresponding v is primitive. We may
directly compute and observe that the equations

((7;1> + (22) + (n;) +nylp_og+nalp_1 +nglk) =0 (mod 8),gcd(ny,ng,ng) =1,

have a common solution. A similar argument works for the other diagonal +1 matrix
choices for B"’. This proves the result for & > 6.

If 3 < k <5, we know from [11, Chapter II, (3.2)—(3.4)] that the form is a direct
sum of +1 and the hyperbolic form. The argument in the even case in proposition 4.1

https://doi.org/10.1017/prm.2025.12 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.12

28 S. Basu, A. K. Ghosh and S. Sau

implies the result for a sum of two hyperbolic forms, and the above argument implies
the result for a sum of 3 +1s. The remaining cases are taken care of if we show the
result for the intersection form

H 0

0 =1

where H = (? (1)> is the hyperbolic matrix. We consider the map

(S)v3 M HP>, and as mentioned above we need to find a common
solution of

3
n
(;) +ning + ;nlll =0 (HlOd 8),gcd(n1,n2,n3) =1.

Through a direct calculation, we check that such solutions always exist. This
completes the proof. O

The following example shows that proposition 5.1 does not extend to the k=2
case.

ExAMPLE 5.1. Consider M5 such that
L(MQ) =v; +vy+ lll/i + lQVé, ll = l2 =2 (mod 3)

A map My — HP® which restricts to (n1,ng) on the 4-skeleton sends L(M5) to

((T;) + <n22> +nily + ?1212) -v' + multiple of v.

We may check directly that

((7”;1) + (7122) + il +n212) =0 (mod3) = n1=n2=0 (mod 3).

Therefore, there is no map My — HP> whose homotopy fibre is 3-connected.

5.2. Possible stable homotopy type of the total space

We note from §4 that propositions 4.4, 4.5, and theorem 4.6 are also valid when the
intersection form is odd. We check that all stable homotopy types are achievable
in the odd case if the rank k of Hy(M) is > 7. Applying the results from §4, it
only remains to check that the different possibilities (mod 8) are achievable. We
do this in the theorem below.

THEOREM 5.2. Suppose o(My) is odd. Then for k > 5 and j € {0,2,4}, there
exists 1: My, — HP? such that \(1) = j (mod 8).
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Proof. We work (mod 8), knowing that if k£ > 5, proposition 4.5 allows us to make
a choice of 9 so that A(¢) is as required (mod 3). The proof is very similar to
the proof of theorem 4.6. If o(Mjy) is odd, the linear map 7: (Z/8)F — Z/8 is
represented by some primitive class ¢ (that is, 7(x) = (x, %) (mod 8), and Z{y}
is a summand of H*(My)). In particular, 1/ = 7(¢)). We have two cases.

First let 7(3)) be odd, i.e. ¥? is unit in modulo 8. Then we can extend v to a basis
Y, 1, ..., Pr_1 such that Y U; =0 for 1 <i < k — 1. We take the dual basis «;
corresponding to ¢; and «ay, corresponding to . Thus ¢(a;) =0fori=1,...,k—1
and ©(ay) = 1. Hence

m=-=7-1=0 (mod8), and 7, =gk (mod8),

which implies A(¢) = ged(m1,...,Tk—2,7Tk—1) = 0 (mod 8) by case 1 of proposi-
tion 3.5.

Now let 12 be even. Extend 1 to a basis 9, 91, ..., %¥,_1 such that i,_; Uy =1
and ¥; Uy = 0 for i = 1,...,k — 2. After taking the dual basis, with similar
argument we have

m=--=T42=0 (mod8), 7,1 =1 (mod8), and 7, =grr (mod 8).

Hence A(¢) = ged(71,. .., Th—2,Tk — gk,kTk—1) = 0 (mod 8) by case 2 of proposi-
tion 3.5. This proves the result for j =0.
For j = 2, or 4, we can use 9(j) = ¥ + j¥1, and note that

(7)) = 7(¥), ¥(5)? =¢* +2¢f =4¢*  (mod 8).

The last equivalence comes from the fact that 7(11)z = U =0 (mod 8), and so
% is forced to be an even multiple of z. We may now compute using the formulas
of proposition 3.5 to conclude that A(¢(j)) =j (mod 8). O

As in the even case, when the rank is high enough we have a systematic idea
of the possibilities of the total space. However, in the low rank cases (k < 6), the
results are not systematic and may depend on individual cases rather than only on
o(My), k, and the intersection form.
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