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Abstract
We assume that some monetary assets are unobserved and that the demand for them affects the demand
for observed assets. We develop a model of the demand for both observed and unobserved assets based
on the normalized quadratic flexible functional form and augment the Divisia monetary aggregates with
unobserved assets. We construct a new set of Divisia aggregates and argue that they are more accurate
measures of money in terms of capturing the relationship between velocity and the opportunity cost of
holding money, a relationship that has been a major concern in monetary economics for more than half a
century.
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1. Introduction
There is a growing literature which questions the ability of traditional simple-sum money mea-
sures to provide a complete representation of liquidity in the economy. See, for example, Barnett
(1978, 1980, 2016), Barnett and Chauvet (2011), Hendrickson (2014), Serletis and Gogas (2014),
Belongia and Ireland (2014, 2015, 2016, 2018, 2021), Ellington (2018), Jadidzadeh and Serletis
(2019), Dai and Serletis (2019), Serletis and Xu (2020), andDery and Serletis (2021), among others.
While statistical index number theory and microeconomic aggregation theory provide appealing
alternatives to the simple-sum approach to monetary aggregation, they both rely on a number
of assumptions about consumer preferences or the aggregator function of the representative eco-
nomic agent. The estimation of the aggregator function usually requires that quantities and prices
of monetary assets be observable and the aggregator function be weekly separable within tastes or
technology of an economic agent’s complete aggregator function. See Barnett and Serletis (2008)
for a discussion. In this paper, we partially relax these assumptions by allowing for unobserved
assets in the aggregator function.

Starting in the early 1980s, in response to interest-rate volatility and improvements in computer
and telecommunications technology, as well as banking deregulation, the U.S. banking sector went
through a period of significant financial innovation, which led to the growth of the shadow bank-
ing system and transformed the entire financial system, considerably affecting the demand for
money. Teles and Zhou (2005) argue that these technological and regulatory changes justify a
change in the way money is measured after 1980. Adrian and Ashcraft (2012) report that the share
of traditional forms of financial intermediation declined from 100 percent in the mid-1940s to
40 percent by 2007 due to the development of the shadow banking system. As a result of this
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transformation, a part of the demand for transaction services has been driven away from tradi-
tional monetary instruments toward a large number of alternatives, such as, for example, digital
currencies in recent years.

In this paper, we assume that some monetary assets are not observed directly and, therefore,
their quantities and prices (user costs) cannot be used in the estimation of monetary demand
systems and the construction of monetary aggregates (either statistical or functional). We then
develop a model of monetary asset demand with unobserved assets. Although the quantities
and user costs of the unobserved assets are latent, the unobserved demand for them affects the
demand for observed monetary assets. Due to this reason, we are able to estimate a monetary
asset demand system that includes unobserved assets. We propose a nonlinear filter and estimate
the dynamics of user costs and quantities of unobserved monetary assets and then augment each
of the CFS Divisia M1, Divisia M2, Divisia M3, and Divisia M4 monetary aggregates with unob-
served monetary assets. We model an aggregator function and the demand for monetary assets
using the normalized quadratic (NQ) locally flexible functional form introduced by Diewert and
Wales (1987). We use the likelihood inference to simultaneously estimate unobserved quanti-
ties, user costs, and the parameters of the monetary demand system induced by the aggregator
function. Since the quantities of such assets are not observable, we exclude the corresponding
equations from the estimating demand system. At the same time, the unobserved prices affect
the demand for the observable assets via complementarity and substitutability relationships. We
assume an autoregressive process for the unobserved prices and estimate the model in state-space
form. Since the measurement equations are nonlinear we estimate the model using a particle
filter.

One strand of the literature proposes redefining existing monetary aggregates by adding or
removing observable assets in order to better capture liquidity services. Motley (1988) argues that
M2 should be modified by adding institutional money-market mutual fund shares and exclud-
ing small time deposits. Poole (1994) introduces the term MZM (for “money zero maturity”)
to describe such an aggregate composed entirely of zero-maturity assets. Teles and Zhou (2005)
advocate MZM as a superior empirical measure of money that restores the long-run relation-
ship among money, prices, a measure of economic activity, and a nominal interest rate. More
recently, Barnett and Su (2016) and Barnett et al. (2024) extend the Divisia monetary aggre-
gates to incorporate credit card transactions services and derive credit card-augmented Divisia
monetary aggregates that jointly aggregate the services of money and credit cards. They pro-
vide evidence that the credit-augmented Divisia monetary aggregates have superior power in
nowcasting nominal GDP compared to the original Divisia monetary aggregates and the official
simple-summonetary aggregates. An advantage of this approach is that it explicitly specifies what
additional information is included in the new monetary aggregates. At the same time, the choice
of a specific asset to include in the monetary aggregate is discretionary. As a result, multiple com-
peting monetary aggregates augmented with alternative assets have already emerged. Moreover,
assets that are potentially missing from conventional measures of money may change over time.
Therefore, the continual inclusion of new assets (and potentially the exclusion of existing ones)
would be required.

In contrast, our approach starts with an assumption that the money demand includes an unob-
served asset without specifying the nature of the unobserved asset. A significant advantage of this
approach is that it does not require arbitrary assumptions about what assets must be included
in the measure of money. Also, the model captures the unobserved money demand which may
include multiple assets whose composition changes over time. In our model, the unobserved asset
enters the utility function symmetrically with the observed assets. Since the latent monetary asset
affects demands for observable assets through substitutability and complementarity, we are able
to recover its quantity and user cost using the demand for observable assets. In the estimation, we
impose monotonicity and positivity constraints on quantities to ensure consistency with neoclas-
sical demand theory. Therefore, the unobserved asset cannot enter the demand system in negative
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quantities or in a “ short position.” Importantly, if the data implied that the optimal quantity of
the latent asset were zero, the estimated series would collapse toward zero. The fact that the esti-
mated latent quantities are persistently positive is therefore an empirical outcome rather than a
mechanical restriction. It is important to note that we make no additional assumptions about the
total expenditure (budget) which also becomes unobserved with the inclusion of the unobserved
asset. The total expenditure can be eliminated from the demand system even in some cases with
nonhomothetic preferences.

It is to be noted that in a related paper, Barnett et al. (2009) recover common factors underlying
monetary aggregate indices and compare the dynamics of the simple sum and Divisia monetary
aggregates. They assume a linear relation between the latent factors and the monetary aggregates
and use a modification of the Kalman filter which adopts regime switching. As Barnett et al. (2009,
p. 408) put it, “the state-space time-series approach provides a highly promising direction for
research into aggregation theory, index number theory, and economic policy.” However, Barnett
et al. (2009) take a reduced-form approach and abstract from explicit derivation of the demand for
monetary assets from consumer preferences. Thus, the nature of the common factors in monetary
aggregates remains unclear.

Our findings suggest that these factors can stem from the demand for unobserved assets. The
unobserved components in our structural model can capture the role of credit in monetary aggre-
gation emphasized in Barnett and Su (2016) and Barnett et al. (2024). It is especially evident from
similar trend dynamics of the unobserved component in the M1 monetary aggregate and the
credit cards balances. In addition, the demand for unobserved assets changes the relations between
observed quantities demanded and their prices. This change can be interpreted as a structural
break or Markov switching of the demand system parameters. For example, Isakin and Serletis
(2019) and Xu and Serletis (2022) document significant shifts in the parameters of the demands
for monetary assets and estimate their models with Markov switching parameters.

We follow Belongia and Ireland (2021) and estimate a five-equation structural VAR model of
monetary business cycle with the monetary aggregates. We report impulse response functions of
the inflation rate and the output gap to shocks to monetary policy, money demand, and mon-
etary system. The models with the original Divisia M1 and Divisia M2 aggregates produce an
output puzzle, i.e. an increase in the output gap in response to a positive shock to the interest
rate. We observe that models with the augmented Divisia monetary aggregates produce results
consistent with a priori expectations about the effects of monetary policy on output and inflation.
Finally, we analyze the relationship between real money, income and the nominal interest rate,
with a unitary income elasticity. As documented by Lucas (1988), the real balances demonstrated
a strong negative response to the nominal interest rate until the mid-1980s but the relationship
breaks afterwards. This suggests that the demand for money might not be a stable relationship at
least with M1. We demonstrate that with our new monetary aggregates money demand has no
conspicuous structural break and fits the data well. We also show that money-income ratios and
corresponding user costs have significant negative relations for our augmented monetary aggre-
gates at all levels of aggregation while this relation is insignificant for the original Divisia M3 and
Divisia M4 aggregates.

The rest of the paper is organized as follows. Sections 2 and 3 briefly sketch related neoclassical
demand theory, present theNQ expenditure function, derive the associated system of budget share
equations, and discuss the Diewert and Wales (1988) method of imposing global concavity with
the objective of achieving theoretical regularity. Section 4 presents the unobserved components
NQ demand system and section 5 discusses econometric issues and the particle filter. Section 6
discusses the data and presents the empirical results. The final section concludes regarding the
implications of our research for monetary theory, the conduct of monetary policy, and business
cycle analysis.
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Table 1.The components of monetary aggregates

Divisia aggregate

Asset M1 M2 M3 M4

x1 Cash assets
√ √ √ √

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x2 Other liquid deposits
√ √ √ √

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x3 Retail money-market funds
√ √ √

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x4 Small time deposits
√ √ √

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x5 Institutional money-market funds
√ √

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x6 Large time deposits
√ √

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x7 Repurchase Agreements
√ √

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x8 Commercial paper
√

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x9 T-bills
√

Note: Asset x1 (Cash assets) includes currency, traveler’s checks, and demand deposits. Asset x2 (Other liq-
uid deposits) includes OCDs, saving deposits, and MMDAs at commercial banks and thrift institutions. Asset
x4 (Small time deposits) includes small-denomination and small time deposits at commercial banks and thrift
institutions.

2. The model
Let’s consider an economy with identical households whose direct utility function is weakly
separable (a direct tree) as follows

U = u(c, �, f (x)) (1)

where c is a vector of the services of consumption goods, � is leisure time, x is a vector of the
services of monetary assets (assumed to be proportional to the stocks), and f (x) is a monetary
services aggregator function. In accordance with the assignment of monetary assets to monetary
aggregates by the Center for Financial Stability (CFS), we assume that the aggregator function,
f (x), has the homothetically strongly recursive separable form

f (x)= f4(x4, f3(x3, f2(x2, f1(x1)))) (2)

where the components of x1 are those that are included in the CFSM1monetary aggregate (assets
x1 and x2 in Table 1), the components of x2 are those of the CFS M2 aggregate net of x1 (that is,
assets x3 and x4 in Table 1), the components of x3 are those of the CFS M3 aggregate net of x1 and
x2 (that is, assets x5, x6, and x7 in Table 1), and the components of x4 are assets x8 and x9 in Table 1.
The (monotonically increasing and strictly quasi-concave) aggregator functions, fi (i= 1, 2, 3, 4),
in (2) are the CFS functional monetary aggregates Q1, Q2, Q3, and Q4, respectively. In particular,
if Q1 is the functional monetary aggregate for the components of M1, Q2 for M2, Q3 for M3, and
Q4 for M4, then it follows that

Q1 = f1(x1); (3)
Q2 = f2

[
x2, f1(x1)

] = f2 (x2,Q1) ; (4)
Q3 = f3

{
x3, f2

[
x2, f1(x1)

]} = f3(x3,Q2); and (5)
Q4 = f4

(
x4, f3

{
x3, f2

[
x2, f1(x1)

]}) = f4(x4,Q3). (6)

Each aggregator function, fi (i= 1, 2, 3, 4), is thought of as a category utility function as well as a
subaggregate measure of monetary services. For purposes of investigating the demand for Divisia
money, the monetary aggregates, Q1, Q2, Q3, and Q4 in equations (3)–(6) would be thought of as
Divisia quantity indices, which correspond to Divisia price indices, P1, P2, P3, and P4, respectively.

In order to focus on the details of the demand for money at different levels of monetary aggre-
gation, we follow Serletis (1987) and assume a multistage decentralization procedure according
to which the representative agent derives the demand for monetary services at different levels of
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aggregation from a recursively decentralized optimization problem. Although the consumer is
viewed as making the decentralization decisions from the top of the tree down, we will elaborate
on the multistage decentralization properties of decision (1)—and we will later estimate condi-
tional money demand models at successive levels of aggregation—recursively, from the bottom
up.

The first-stage decision is to select x1 to solve

max
(x1)

f1(x1) subject to p1x1 = P1Q1

where p1 is the vector of user costs corresponding to x1. The second, third, and fourth stages of
the multistage decision are as follows

max
(xi,Qi−1)

fi (xi,Qi−1) subject to pixi + Pi−1Qi−1 = PiQi, i= 2, 3, 4

where pi is the vector of user costs corresponding to xi, Pi is a Divisia price index corresponding
to the Divisia quantity aggregate Qi, i= 2, 3, 4.

At the most aggregate level, the problem is

max
(c,�,Q4)

u (c, �,Q4) subject to φc+w�+ P4Q4 = y

where φ is the vector of prices of consumption goods, c, w is the opportunity cost of leisure, �, P4
is a Divisia price index corresponding to the Divisia quantity aggregate Q4, and y is total income.

3. The NQ expenditure function
We use the NQ expenditure function introduced by Diewert and Wales (1988) to estimate the
demand equations at each stage of the multistage decision. The NQ expenditure function is
locally flexible, capable of approximating an arbitrary twice continuously differentiable function
to the second order at an arbitrary point in the domain. Moreover, curvature can be imposed
globally without losing the flexibility property. We impose several restrictions on the NQ param-
eters to satisfy the regularity conditions and produce inference consistent with neoclassical
microeconomic theory.

In the general case with n goods (x1, . . . , xn), for a given level of utility u and the vector of
prices (user costs) p, the NQ expenditure function is

C
(
p, u

) = d′p+
(
b′p+ p′Cp

2α′p

)
u (7)

where d = [d1, d2, . . . , dn]′, b= [b1, . . . , bn]′, and the n× n matrix C = [cij] are the unknown
parameters to be estimated. The vector of parameters α′ = [α1, . . . , αn] is predetermined and sat-
isfies α > 0n. We follow Diewert and Wales (1988) and impose the following restrictions on the
parameters. The quadratic form matrix C is symmetric, i.e. ckl = clk for k, l= 1, . . . , n. Further, at
some reference price vector p∗ � 0

α′p∗ = 1
d′p∗ = 0
b′p∗ = 1 (8)
Cp∗ = 0n, C =C′. (9)

Normalizations (8) and (9) are required for cardinalization of utility—see Diewert and Wales
(1988) for more details. For example, if p∗ = 1 then the elements of the last row and column of C
can be expressed using (9).
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Shephard’s (1953) lemma applies and the NQMarshallian demand system is given by

x(p, y)= d + b
(
α′p

)2 +Cp
(
α′p

) − 0.5αp′Cp(
α′p

)
b′p+ 0.5p′Cp

× y− d′p
α′p

(10)

where y= p′x is the total expenditure.
The expenditure function (7) is concave if and only if C is negative semidefinite. We follow

Diewert and Wales (1988) to ensure concavity with respect to prices. Since the last row and
column of C can be expressed using (9), we let C̃ denote the (n− 1)× (n− 1) matrix of “free
parameters. Then we impose C̃ = −GG′, where G= [gij] is an (n− 1)× (n− 1) lower triangular
matrix. With all restrictions imposed, the demand system (10) has a total of 2n− 2+ 0.5n(n− 1)
parameters. Even if all quantities demanded are observable, an estimation of the system with an
additive error term should use n− 1 equations as the covariance matrix of the error terms of the
whole system is singular—see Diewert and Wales (1988).

4. The NQ systemwith unobserved assets
We assume that in each monetary aggregate, M1, M2, M3, and M4, one monetary asset is not
observed.1 In what follows, for expositional simplicity, we omit the level of aggregation index.
Without loss of generality, we assume that the last, n th, asset is not observed, i.e., the last price pnt
in vector pt and the last quantity xnt in vector xt are not observed. While that price is unobserved,
it affects demands for the observed assets due to complementarity or substitutability across the
assets.

Further, we assume that the logarithm of pnt follows a random walk processes

ln pnt = ln pn,t−1 + vt (11)

where the innovation shock (error) vt ∼N(0, σ 2
v ) with variance σ 2

v . As we discuss in Section 6,
all price series in our sample suggest unit roots. We assume that the prices of observed assets are
observed exactly. Since there are no adjustment costs, the dynamics of the prices have no effect
on the optimal decision of the representative consumer in each period. Thus, the demand for
monetary assets in each period is given by the NQ demand system (10). Since the quantities of
some assets are not observable, the measurement equation includes quantities of observed assets
only.

The right-hand side of (10) cannot be evaluated because it has entries of unobserved
total expenditure yt in period t. To eliminate yt from the demand equations, we express(
yt − d′

tpt
) (

α′pt
)−1 from the first equation and plug it into the other equations. Though we

assume nonhomothetic preferences, the demand equations depend on total expenditure in a sim-
ple way that allows us to eliminate the total expenditure from the system. It is an important
step of our model that allows us to estimate the system without making additional assumptions
about the unobserved total expenditure. We assume an additive measurement error and write the
rearranged system in scalar form

xit = di +
φ2bi + φ

∑
j Cijpjt − 0.5αi

∑
j
∑

k Cjkpktpjt
φ2b1 + φ

∑
j C1jpjt − 0.5α1

∑
j
∑

k Cjkpktpjt
(
x1t − d1

) + εit (12)

for i= 2, . . . , n, where φ = ∑
j αjpjt and εt = (ε2t , . . . , εnt)∼N(0,�ε). The resulting system con-

tains n− 1 equations but the last equation cannot be used in estimation because it has the
unobserved quantity in the left hand side. All equations contain unobserved prices which should
be estimated together with unknown parameters of the NQ expenditure function. To reduce the
number of estimated parameters, we assume that the covariance matrix �ε is diagonal. Then the
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total number of parameters becomes 2n− 2+ 0.5n(n− 1)+ n+ 1 where the last two terms corre-
spond to the variances of the errors in equations (11) and (12). The system can be estimated using
the maximum likelihood method, the generalized method of moments or Bayesian methods.

The model in state-space form is given by the measurement equation (12) and the transition
equation (11). Rothenberg (1971) shows that a model is locally identified at a point if and only if
the information matrix is nonsingular in the neighborhood around this point. We demonstrate
that model parameters are (locally) identified using a Monte Carlo experiment. In Section 6.2 we
report the estimates of model parameters with robust standard error proposed by White (1982)
which use the inverse of the information matrix. We would like to note that since system (12)
is nonlinear in unobserved prices we do not have to use a normalization of parameters or the
unobserved series (e.g., as in Barnett et al. (2009)) to achieve identifiability.

In general, the NQ approximation can violate the regularity properties of the utility func-
tion. The replacement C̃ = −GG′ discussed above ensures the concavity of the utility function.
However, the monotonicity property, i.e. the nonincreasing relation between quantities and
corresponding prices, can fail in some regions. For discussion see Barnett (2002). In practice,
monotonicity usually holds in the sample region if the quality of fit is satisfactory. This is because
an estimated demand system is derived by applying Shephard’s lemma which equates first order
derivatives of the utility function to positive demands. Similarly, the positivity of fitted demand
quantities is typically satisfied if the fit is good. However, since an estimated demand system
imposes no restrictions on the monotonicity and positivity of unobserved quantities, it is likely
that these properties will be violated in some regions for the unobserved quantities. We impose
monotonicity and positivity in the particle filter as discussed in Appendix A.2 At the same time,
if concavity is imposed as discussed, the concavity of the utility function will be satisfied glob-
ally with respect to all quantities including unobserved quantities. It should be noted that since
we impose monotonicity globally along with curvature, the flexibility in the sense of Diewert and
Wales (1987) of the estimated function form cannot be guaranteed.

5. Estimation
5.1 The estimationmethod
The model in the state-space form is given by the transition equation (11) and the observation
equation (12). We let ϑ denote the vector of stacked model parameters, namely, first n− 1 ele-
ments of d, first n− 1 elements of b, 0.5n(n− 1) nonzero elements of lower triangular matrix C, n
diagonal elements of�ε , variance σ 2

v of the error term in the transition equation (11), and the ini-
tial value z0 of the unobserved user cost. We also denote qt = {p̂t , x̂t}, where p̂t = (p1t , . . . , pn−1,t)′
is the vector of all observed prices and x̂t = (x1t , . . . , xn−1,t)′ is the vector of all observed quanti-
ties. We use q1:T and pn,1:T to denote the whole path of qt and unobserved price pnt , respectively,
over t = 1, . . . , T.

We estimate the model parameters and the unobserved price using the maximum likeli-
hood method. We factorize the joint distribution of the parameters and the latent state variable
conditional on the observed prices and quantities as follows:

ψ(ϑ , pn,1:T |q1:T)=ψ(pn,1:T |ϑ , q1:T)ψ(ϑ |q1:T). (13)
Using decomposition (13), we estimate the model by maximum likelihood. For any given param-
eter vector, we filter the unobserved user costs (i.e., the latent state variable) using a particle filter
and evaluate the associated likelihood of the observed data. We then maximize this likelihood
with respect to the parameter vector.

Specifically, we construct a particle filter based on the bootstrap filter originally proposed in
Gordon et al. (1993). In addition to producing filtered estimates of the latent state variable, the
particle filter provides an approximation to the likelihood of the model conditional on the param-
eter values. The particle filter uses 1,000 particles, which appears to be a sufficient number for the
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Table 2.Monte carlo study of state and parameter estimation

100 particles 5,000 particles

True Mean RMSE Mean RMSE

I. State
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0.083 0.014
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

II. Parameters
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d1 0.900 0.945 0.154 0.968 0.206
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d2 −0.900 −0.924 0.098 −0.937 0.192
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

b1 0.400 0.402 0.011 0.404 0.023
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

b2 0.300 0.302 0.008 0.304 0.017
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C11 0.100 0.106 0.018 0.105 0.012
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C21 0.700 0.704 0.019 0.701 0.023
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C22 0.100 0.111 0.023 0.123 0.037
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

z0 −3.000 −3.001 0.017 −3.002 0.039
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σν 0.050 0.054 0.009 0.051 0.003
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σε 0.010 0.012 0.003 0.013 0.005

Note: This table reports the results of two Monte Carlo experiments aimed to analyze the bias in state and
parameter estimates. The experiments are conducted with 100 and 5,000 particles. Each experiment has 200
independent simulations and subsequent estimations of demand system parameters. Panel “I. State” reports
average RMSE’s of the filtered state in each experiment. In Panel “II. Parameters,” column “True” displays
the true parameter values, columns “Mean” and “RMSE” report the means and RMSE’s of parameters in each
experiment.

single state variable—the user cost of the unobserved asset—with a linear transition equation. The
full algorithm is described in Appendix A.

We then use the Nelder-Mead procedure to maximize the approximated likelihood function.
We find that the simplex method is more robust for our model, as derivative-based algorithms
such as BFGS are prone to premature convergence on a likelihood surface with multiple local
maxima. Since the likelihood is evaluated numerically via the particle filter at each parameter value
considered by the optimizer, the resulting estimates correspond to particle maximum likelihood.3

Malik and Pitt (2011) discuss maximum likelihood estimation using a particle filter. Here,
instead of relying on the likelihood function approximation introduced in Malik and Pitt (2011),
we implement a modification of the resampling procedure that ensures the continuity and
smoothness of the likelihood function; similar approaches are used in Fulop and Li (2019) and
Isakin and Ngo (2019). To obtain smoothed values of the state variable, we use the particle
smoother described in Godsill et al. (2004).We describe our resampling procedure in Appendix A.

5.2 Monte Carlo experiment
In this subsection, we use Monte Carlo simulations to analyze the bias in the parameter estimates
that arises due to the resampling approximation of the proposed particle filter. Our procedure is
as follows. We simulate the model with two observable and one unobservable goods as follows.
First, we simulate 500 observations of logarithms of three prices as independent random walk
processes according to (11) and income as an independent random walk process. Second, we fix
parameters at values shown in the first column of Table 2 and calculate the quantities as in (10).
Third, we estimate the model parameters using only observable prices and quantities. In doing so,
we fix the number of particles in the filter at 100 and 5,000. We implement the procedures using
parallel computing.

Table 2 reports the means and root mean square errors (RMSEs) of these estimates based on
200 independent simulations. For almost all parameters, the means are close to the true values and
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the RMSEs are relatively small. The only exception is the estimates of the d vector which is used to
accommodate nonhomothetic preferences. The estimates of the components of d have biases and
their RMSEs are relatively large. Although the estimation using a particle filter with 5,000 particles
is significantly more computationally intensive than using a filter with 100 particles, there is only
moderate improvement in the estimation results.

6. Empirical evidence
6.1 The data
We use the monthly time-series data on monetary asset quantities and their user costs con-
structed by Barnett et al. (2013), and maintained within the CFS program Advances in
Monetary and Financial Measurement (AMFM). For a detailed discussion of the data and
the methodology for the calculation of user costs, see Barnett et al. (2013) and http://www.
centerforfinancialstability.org. Although the CFS data goes back to 1967:1, we begin our demand
analysis in 1974:6, because some key assets (including money-market funds) were not introduced
into the U.S. financial system until the mid-1970s. Our sample contains quantities and user costs
of 9 monetary assets included in the broadest CFS Divisia M4 monetary aggregate and is from
1974:6 to 2023:3, i.e. a total of 586 monthly observations for each quantity and user cost.

To accommodate the measurement changes of May 2020, when saving deposits and MMDAs
became parts of M1, we define two composite monetary assets, cash assets and other liquid
deposits, and adhere to the new definitions of M1 and M2. We calculate cash assets, denoted
x1, as the sum of currency, traveler’s checks, and demand deposits. Other liquid deposits, denoted
x2, is the sum of OCDs, saving deposits, and MMDAs at commercial banks and thrift institutions.
We calculate the user costs of these new assets as average user costs of their components weighted
by their respective quantities. As a result, we obtain nine monetary assets included in the broadest
CFS Divisia M4 monetary aggregate and listed in Table 1. To calculate real per capita asset quan-
tities, we divide each quantity series by the CPI and total population. The data on these variables
come from the Federal Reserve Economic Data (FRED) database of the Federal Reserve Bank of
St. Louis.

Figure 1 shows the quantities and user costs of all the constructed monetary components. One
interesting observation is that cash assets and other liquid deposits experienced rapid growth after
2008. While a decline in user costs for these assets, together with a post-crisis shift in demand
toward federally insured assets, likely contributed to this dynamic, it also suggests that demand for
traditional bank deposits may be influenced by other liquid monetary instruments not included
in the traditional aggregates.

Finally, the user costs of most monetary assets have distinguishable long-term trends. The
augmented Dickey-Fuller test applied to the monetary asset user costs fails to reject the unit
root hypothesis at the 1% significance level. We take it as evidence supporting the random walk
transition equation (11) for the user costs of the unobserved monetary assets.

6.2 Parameter estimates
We estimate the model at each level of monetary aggregation—M1, M2, M3, and M4—as well
as for the top-level demand system. Each demand system includes one unobserved asset. The
M1 demand system includes three assets—the two monetary assets that are included in the M1
aggregate (assets x1 and x2 in Table 1) and the unobserved asset, xu1. The M2 demand system
includes four assets—Divisia M1, the two monetary assets that are included in the M2 aggregate
but not in the M1 aggregate (assets x3 and x4 in Table 1), and the unobserved asset, xu2. The M3
demand system includes five assets—DivisiaM2, the threemonetary assets that are included in the
M3 aggregate but not in the M2 aggregate (assets x5, x6, and x7 in Table 1), and the unobserved
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Figure 1. User costs and log quantities of the monetary assets.

asset, xu3. Finally, the M4 demand system includes four assets—Divisia M3, the two monetary
assets that are included in the M4 aggregate but not in the M3 aggregate (assets x8 and x9 in
Table 1), and the unobserved asset, xu4. At the most aggregate level, the demand system includes
four goods—consumption, c, leisure, �, Divisia M4, and the unobserved asset, xua.

For each demand system, we estimate the parameters of the transition equation (11) and the
observation equation (12), along with the initial value of the unobserved user cost, denoted by
z0. Table 3 reports the parameter estimates and the misspecification-robust standard errors pro-
posed by White (1982) for each demand system—M1, M2, M3, M4, and the top-level demand
system. Although the coefficients of flexible functional form approximations are not generally
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directly interpretable, we report them to demonstrate that the majority of the estimates are sta-
tistically significant at the 5 percent level, including the coefficients of the quadratic form, Gij,
which govern the elasticities of substitution. The estimated parameters are economically plausi-
ble. Moreover, because the regularity conditions are imposed during estimation—with curvature
enforced globally—the own-price effects exhibit the theoretically consistent signs—see Diewert
and Fox (1999).

6.3 Unobserved assets and user costs
Figure 2 shows smoothed user costs and quantities of the unobserved assets at each level of mon-
etary aggregation, M1, M2, M3, andM4. It is clear that the quantities of the unobserved monetary
assets have distinctive dynamics at different levels of aggregation. The quantity of the unobserved
asset in the augmented M1 aggregate jumps in 1982, levels off, and then starts to rise signifi-
cantly from 2000 and until the pandemic period when it experiences a sharp jump and a decline
afterwards. After a graduate decline, the quantity of the unobserved asset in the augmented M2
aggregate jumps in 1991, then it grows very slowly until it experiences another jump during the
pandemic. In the M3 aggregate, the quantity of the unobserved asset grows steadily before 2008
and then declines with a small jump in the pandemic. Finally, the quantity of the unobserved asset
in the M4 aggregate declines before 2008 and soars after with a decline during the pandemic.

The dynamics of the user costs of the unobserved assets also differ at different levels of aggrega-
tion. The user costs of the unobserved assets in the augmented M1, M2, and M3 aggregates have
long-run downward trends starting from 1980 and until 2022. The user cost of the unobserved
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Table 3.Maximum likelihood parameter estimates

M1 M2 M3 M4 Top level

Coefficient Value S.E. Value S.E. Value S.E. Value S.E. Value S.E.

σε 0.016 (0.004) 0.022 (0.007) 0.023 (0.004) 0.025 (0.000) 0.010 (0.012)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σv 0.184 (0.038) 0.102 (0.047) 0.186 (0.059) 0.081 (0.017) 0.010 (0.005)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

b1 0.266 (0.127) 0.511 (0.177) 0.802 (0.000) 0.160 (0.608) 0.131 (0.024)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

b2 0.361 (0.263) −0.068 (0.052) 0.821 (0.000) −0.004 (0.105) 0.006 (0.003)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

b3 −0.168 (0.074) 0.134 (0.068) 0.384 (1.417) 0.000 (0.006)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

b4 −0.005 (0.182)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G11 0.346 (0.050) 0.345 (0.092) 0.434 (0.020) 0.178 (0.344) −0.384 (0.078)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G21 0.153 (0.019) 0.061 (0.058) 0.120 (0.223) 0.052 (0.040) −0.067 (0.008)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G22 −0.022 (0.000) 0.048 (0.080) 0.090 (0.152) −0.332 (0.145) −0.091 (0.012)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G31 0.091 (0.018) 0.038 (0.064) 0.268 (0.428) −0.064 (0.007)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G32 −0.147 (0.064) 0.030 (0.010) −0.051 (1.275) 0.015 (0.006)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G33 −0.146 (0.035) 0.067 (0.554) 0.372 (0.176) −0.001 (0.001)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G41 −0.186 (0.049)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G42 −0.060 (0.121)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G43 −0.066 (0.009)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G44 −0.334 (0.096)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d1 −0.008 (0.001) −0.621 (0.792) −0.085 (0.096) −0.056 (0.020) −0.517 (0.557)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d2 0.024 (0.017) 0.188 (0.042) −0.248 (0.012) 0.087 (0.040) 0.194 (0.019)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d3 0.599 (0.334) 0.061 (0.055) −0.359 (0.000) 0.276 (0.089)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d4 −0.024 (0.064)
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

z0 −1.579 (0.892) −3.232 (0.849) −0.885 (0.754) −5.268 (0.596) −4.029 (0.377)

Note: Maximum likelihood parameter estimates and their misspecification-robust standard errors for M1, M2, M3, M4, and the aggregate top-level
models are reported.

asset in the augmented M4 aggregate is essentially flat with two periods of substantial increases
from 1997 through 2003 and from 2004 through 2009. Overall, our findings suggest that over the
last decades, a significant share of the demand for monetary assets falls on the unobserved assets.

During recent decades, financial markets experienced unprecedented development of new
financial instruments and rise of new financial institutions. Adrian and Ashcraft (2012) report
that traditional forms of financial intermediation accounted for almost 100 percent of funding
for credit intermediation in the mid-1940s. Due to the development of the shadow banking sys-
tem, their share decreased to 40 percent in 2007 and rebounded to 47 percent after the global
financial crisis. As a result of this transformation, a part of the demand for monetary assets has
been driven away from traditional monetary instruments. Moreover, in recent years, the Federal
Reserve departed from the traditional interest-rate targeting approach to monetary policy and
started using unconventional monetary policy tools such as quantitative easing and credit eas-
ing. As a result, during and after the global financial crisis the Fed’s balance sheet more than
quadrupled and then also increased again during the coronavirus pandemic to over $7 trillion
today.

6.4 Divisia monetary aggregates with unobserved assets
Having estimated the user cost and quantity of the unobserved monetary asset at each level of
monetary aggregation, we construct Divisia monetary aggregates augmented with the unobserved
asset. We normalize each Divisia aggregate to 100 for the first observation.
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Figure 2. User costs and log quantities of the unobserved components.
Notes: This figure shows the dynamics of the unobserved user costs (dashed line) and their corresponding quantities (solid
line) for Divisia monetary aggregates M1, M2, M3, and M4.

Figure 3 presents the original CFS Divisia monetary aggregates and the augmented (with the
unobserved component) Divisia monetary aggregates, over the 1974:6 to 2023:3 period, at each
level of aggregation, M1, M2, M3, and M4. Figure 4 shows the year-over year growth rates. On
average, the augmented Divisia M1, Divisia M2, and Divisia M3 aggregates exhibit higher and

https://doi.org/10.1017/S1365100526101059 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100526101059


14 Maksim Isakin and Apostolos Serletis

Divisia M4

Divisia M3

Divisia M2

Divisia M1

1980 1990 2000 2010 2020

1980 1990 2000 2010 2020

1980 1990 2000 2010 2020

1980 1990 2000 2010 2020

5

6

7

8

5

6

7

5

6

7

4.5

5.0

5.5

6.0

6.5

7.0

augmented

original

Figure 3. Original and augmented CFS Divisia monetary aggregates.
Notes: This figure shows the logarithms of the original (dashed lines) and augmented with one unobserved asset (solid lines)
Divisia monetary aggregates for each level of aggregation M1, M2, M3, and M4. The augmented series are calculated using
the discrete-time approximation of the Divisia quantity index.
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Figure 4. The growth rates of the original and augmented CFS Divisia monetary aggregates.
Notes: This figure shows the growth rates of the original (dashed lines) and augmented with one unobserved asset (solid
lines) Divisia monetary aggregates for each level of aggregation M1, M2, M3, and M4. The augmented series are calculated
using the discrete-time approximation of the Divisia quantity index.

https://doi.org/10.1017/S1365100526101059 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100526101059


16 Maksim Isakin and Apostolos Serletis

Augmented Divisia M1 / GDP Augmented Divisia M2 / GDP Augmented Divisia M3 / GDP Augmented Divisia M4 / GDP

Divisia M1 / GDP Divisia M2 / GDP Divisia M3 / GDP Divisia M4 / GDP

0 5 10 0 5 10 0 5 10 0 5 10

0 5 10 0 5 10 0 5 10 0 5 10
0.040

0.045

0.050

0.055

0.060

0.02

0.04

0.06

0.035

0.040

0.045

0.050

0.055

0.060

0.04

0.05

0.06

0.07

0.08

0.09

0.04

0.05

0.06

0.02

0.03

0.04

0.05

0.06

0.040

0.045

0.050

0.055

0.060

0.04

0.08

0.12

0.16

Figure 5. Relations betweenmoney-income ratios and the interest rate.
Notes: A subsample from 1975 to 1980 is depicted as circles and a subsample from 1981 to 2012 is depicted as triangles. A
linear regression line with the 99% confidence interval is shown.

more volatile growth rates compared to those of the original Divisia aggregates. The augmented
Divisia M4 aggregate demonstrates a slower growth than the original Divisia M4 aggregate before
2009 and faster growth afterwards. The model stays agnostic about a specific reason that leads to
this dynamics. However, the dramatic changes in monetary policy that occurred during the Great
Recession, followed by a prolonged period of a near-zero policy rate, most likely led to an increase
in the demand for alternative instruments not included in the original DivisiaM4monetary aggre-
gate. Also, most of the augmented Divisia monetary aggregates have their volatilities increased
around the 2007–2009 economic crisis and the recession caused by the COVID-19 pandemic.

The augmented Divisia M1 aggregate moves relatively closely to the original Divisia M1 aggre-
gate in the 1970s, but pulls ahead starting in the mid-1980s. This finding lends support to the
argument that technological and regulatory changes in the banking industry in the 1980s moved
some demand for components ofM1 to close substitutes not included inM1. Due to these changes,
the long-standing relationships connecting M1, GDP, and the interest rate began to deteriorate
in the 1980s. We show that our augmented Divisia M1 aggregate follows the relation well dur-
ing and after the 1980s. It is important to emphasize that the construction of our new monetary
aggregates differs from the direct inclusion of additional monetary components. Our augmented
DivisiaM1 aggregate includes a composite unobservedmonetary asset. Thus, our aggregate allows
for a broader set of assets that have had their liquidity improved over the years to be included in
the augmented series.

Using annual data, Figure 5 plots the ratio of nominal money balances to nominal income
against the three-month T-bill rate for each of the CFS Divisia monetary aggregates and our aug-
mented Divisia monetary aggregates. The first graph in the first row shows a negative relation
between the Divisia M1/GDP ratio and the interest rate before 1980 (depicted as circles) and a
less apparent relation after 1980 (depicted as triangles). As the first graph in the second row dis-
plays, the augmented Divisia M1/GDP ratio against the interest rate has a strong negative relation
with the interest rate (R2 = 0.69) throughout the period from 1974 to 2012 with no conspicuous
structural break.
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Figure 6. Relations betweenmoney-income ratios and the user costs.
Notes: This figure plots the relations between the money-income ratios and the user costs of monetary aggregates. The
money-income ratios are calculated as ratios of original and augmented with one unobserved asset Divisia monetary
aggregates to GDP. A linear regression line with the 99-percent confidence interval is shown.

For comparability with these results as well as with prior results in the literature, in columns 2
to 4 of Figure 5, we also plot the ratio of money to GDP against the three-month T-bill rate for each
of the broader CFS Divisia monetary aggregates and the augmented Divisia monetary aggregates.
The graphs in the second row show that the relation between the augmented Divisia aggregates
over GDP and the interest rate remains negative and statistically significant at the M2 andM3 lev-
els of aggregation but becomes positive for the augmented Divisia M4 aggregate. Interestingly, the
relation between the ratio of the broader CFS Divisia M2, Divisia M3, and Divisia M4 monetary
aggregates to GDP and the interest rate is positive.

In this regard, however, it should be noted that there is no reason to expect broad Divisia
aggregate velocity to correlate with short-term interest rates, since short-term interest rates are
not variables in the demand functions for broad Divisia aggregates. The correct price for the broad
Divisia monetary aggregates (both the original and the augmented) is not an interest rate, but the
dual to the Divisia monetary quantity index, which is the Divisia price index. Figure 6 plots the
ratio of the CFS Divisia monetary aggregates and the augmented Divisia monetary aggregates
to nominal income against the correct price that is dual to the corresponding Divisia monetary
quantity index. A clear negative relation is documented in this case for all the augmented Divisia
monetary aggregates, but not for the CFS Divisia M3 and Divisia M4 aggregates.We conclude that
the augmented Divisia monetary aggregates are more appropriate measures of money in terms of
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capturing the relationship between the money to nominal GDP ratio and the nominal interest rate
or the dual Divisia user cost, a relationship that has been a major concern in monetary economics
for the last 60 years.

We would like to emphasize the important difference between our unobserved quantity series
and a latent dynamic factor estimated in Barnett et al. (2009). The latter is extracted from indices
of monetary quantities using a factor model without taking into account the user costs of mon-
etary assets. Thus, this factor is constructed to have maximum predicting power for underlying
monetary quantities in the class of linear models. In contrast, our unobserved quantity is con-
structed using the information from observed quantities and user costs taking into account the
structural relation between them.

To illustrate empirical differences, we construct a latent dynamic factor in the spirit of Barnett
et al. (2009) but with several significant differences.Wemodel the monetary quantities using a lin-
ear model with one latent factor and a random walk transition equation with no regime switching
dynamics. For M1 monetary aggregate, the model in state-space form is

xt = λft + ηt , ηt ∼N(0,�η) (14)

ft = ft−1 + ξt , ξt ∼N(0, σ 2
ξ ) (15)

where xt is the vector of the two components of M1 (see Table 1), λ is the vector of factor loadings,
ft is the latent factor, and �η is a diagonal covariance matrix. The error terms ηt and ξt are serially
uncorrelated and uncorrelated with each other. We estimate the model with one factor loading
fixed to guarantee identification. While both estimated latent factor ft and our unobserved quan-
tity xu1,t have upward trend, the correlation between (random walk) innovation shocks of the two
series is -0.17. The correlation is also low for monetary aggregates M2, M3, and M4. These low
correlation values are not surprising given the aforementioned differences in construction of two
unobserved series.

The unobserved components in our structural model can capture the role of credit in monetary
aggregation. Barnett and Su (2016) argue that credit cards provide transaction services and, there-
fore, must be included inmeasures of themoney supply. Figure 7 demonstrates the joint dynamics
of the unobserved components recovered in our structural model at different levels of aggregation
and credit card balances. Similar trend dynamics of the unobserved components and the credit
cards suggest that credit cards may play a significant role in explaining the demand for mone-
tary assets. Interestingly, the credit card balances and augmented Divisia M1 series diverge after
the recession caused by the COVID-19 pandemic. We take it as evidence that even if credit card
transaction services are included in the unobserved asset of the augmented Divisia M1 aggregate,
it is not a major component of it.

6.5 Themonetary business cycle with the augmented Divisia aggregates
To further investigate the properties of the new augmented Divisia monetary aggregates we
estimate a five-equation structural VAR model of the monetary business cycle introduced in
Belongia and Ireland (2021). Serletis and Xu (2024) use this model to investigate the role of credit
card-augmented Divisia monetary aggregates in business cycle analysis. Using a standard three-
equation Keynesian model as a starting point, Belongia and Ireland (2021) introduce a model with
five equations as follows4

Axt =μ+
q∑

j=1
Bjxt−j + εt

where the vector of endogenous variables xt = (pt , yt,rt,,mt , ut)′, pt is the PCE inflation rate, yt is
the output gap, rt is the shadow federal funds rate, mt is the growth rate of a Divisia monetary

https://doi.org/10.1017/S1365100526101059 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100526101059


Macroeconomic Dynamics 19

0.03

0.04

2010 2015 2020

Credit Cards

1.5

2.0

2.5

3.0

2010 2015 2020

Divisia M1

3.0

3.5

4.0

4.5

2010 2015 2020

Divisia M2

0.0

0.2

0.4

2010 2015 2020

Divisia M3

1

2

2010 2015 2020

Divisia M4

Figure 7. Unobserved assets and credit cards balances.
Notes: This figure plots credit cards balances and the unobserved components in augmented Divisia monetary aggregates
for each level of aggregation M1, M2, M3, and M4.

aggregate, and ut is its dual user cost. The vector of structural shocks εt = (εast , εadt , εmp
t , εmd

t , εms
t )′

includes shocks to the aggregate supply, εast , aggregate demand, εadt , the Fed’s monetary policy
rule, εmp

t , themoney demand, εmd
t , and themonetary system, εms

t . Thematrix of contemporaneous
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Table 4.Prior distribution of the parameters

Coefficient Mean Scale DF Equation

αpy 0.5 0.3 2 Phillips curve
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αyp 1 0.3 2 Aggregate demand
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αyr 1 0.3 2 Aggregate demand
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αym 0 0.3 2 Aggregate demand
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αrp 1.5 0.3 2 Monetary policy
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αry 0.5 0.3 2 Monetary policy
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αrm 0 0.3 2 Monetary policy
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αmy 1 10 2 Money demand
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αmu 1.5 10 2 Money demand
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αur 1 10 2 Monetary system
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αum 0 10 2 Monetary system

Note: All coefficients have Student t prior distributions with the indicated parameters.

impact coefficients is restricted given structural model assumptions as follows

A=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 −αpy 0 0 0
αym − αyp 1 αyr −αym 0

−αrp −αry 1 −αrm 0
−1 −αmy 0 1 αmu

αum 0 −αur −αum 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.

The first equation is a Phillips curve relationship drawing a contemporaneous link between
inflation and the output gap. The second equation represents an augmented version of the New
Keynesian aggregate demand curve which incorporates the effect of changes in nominal money
growth on the real economy. The third equation is an expanded Taylor (1993) rule that includes
the contemporaneous rate of nominal money growth into the Federal Reserve’s policy rule. The
fourth equation is a money demand relationship that links the growth rate of real money bal-
ances to the output gap and the user cost of money. Finally, the fifth equation describes the
monetary system through which private banks create deposits that contribute to the broad money
supply.

We estimate the model using the method introduced in Baumeister and Hamilton (2015). The
prior distributions of the model parameters shown in Table 4 are based on those in Belongia
and Ireland (2021). These distributions reflect the New Keynesian view of the monetary cycle.
See Belongia and Ireland (2021) for a discussion. We use quarterly data from 1974:2 to 2023:1.
In the sample, inflation is measured as the year-over-year percentage change in the price index
for personal consumption expenditures, and the output gap is defined as the percentage differ-
ence between real GDP and the Congressional Budget Office’s estimate of potential GDP. The
shadow federal funds rate is fromWu and Xia (2016) for the 2009:1–2015:4 period and the effec-
tive federal funds rate otherwise. This series is obtained from Belongia and Ireland (2021), and
the GDP and inflation series are retrieved from the Federal Reserve Bank of St. Louis FRED
database.

Table 5 reports the median, 16th percentile, and 84th percentile of the posterior distributions
of the parameters for the original and augmented Divisia aggregates M1–M4. Since the struc-
tural model assumes that money is held for transaction purposes, we focus our discussion on
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Table 5.Posterior distributions of monetary policy andmoney demand coefficients

Divisia M1 Divisia M2

Original Augmented Original Augmented

16% 50% 84% 16% 50% 84% 16% 50% 84% 16% 50% 84%

σpy 0.258 0.325 0.399 0.331 0.402 0.477 0.165 0.204 0.244 0.209 0.285 0.367
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σyp −8.279 −6.763 −5.465 −2.343 −1.431 −0.685 −19.292 −15.029 −12.138 −0.081 0.890 1.400
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σyr 0.453 0.836 1.108 0.805 1.038 1.302 0.344 0.803 1.130 −0.021 0.307 0.666
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σym −7.771 −6.382 −5.037 −0.887 −0.358 0.004 −18.434 −14.440 −11.755 0.423 1.362 2.300
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σrp −0.007 0.119 0.250 0.212 0.358 0.525 0.054 0.169 0.281 0.071 0.330 0.585
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σry 0.197 0.288 0.388 0.265 0.362 0.485 0.121 0.195 0.269 0.581 0.905 1.171
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σrm 0.680 1.302 2.090 0.602 0.788 0.979 0.270 0.768 1.337 1.392 1.892 2.444
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σmy 0.781 1.206 2.147 0.394 0.589 0.849 3.968 6.002 12.323 −0.460 0.128 0.599
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σmu 0.141 0.329 0.526 0.466 0.675 0.900 0.180 0.385 0.675 0.642 0.771 0.964
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σur 1.223 1.295 1.367 1.175 1.243 1.316 2.618 2.826 3.034 3.960 4.206 4.441
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σum −0.124 −0.001 0.142 −0.149 −0.095 −0.049 −0.660 −0.339 −0.027 −0.498 −0.221 0.063

Divisia M3 Divisia M4

Original Augmented Original Augmented

16% 50% 84% 16% 50% 84% 16% 50% 84% 16% 50% 84%

σpy 0.169 0.209 0.247 0.190 0.228 0.271 0.175 0.208 0.246 0.391 0.487 0.591
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

σyp −19.869 −15.750 −12.684 −12.191 −9.246 −7.348 −14.592 −11.622 −9.493 −3.143 −1.976 −0.986
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

σyr 0.230 0.710 1.065 −0.263 0.483 0.972 0.277 0.730 1.053 0.704 0.979 1.255
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

σym −19.778 −15.757 −12.851 −13.393 −10.320 −8.279 −13.518 −10.892 −8.989 −0.501 −0.159 0.133
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

σrp −0.008 0.102 0.205 −0.038 0.085 0.205 0.086 0.193 0.301 0.267 0.425 0.597
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

σry 0.151 0.216 0.282 0.120 0.205 0.290 0.194 0.262 0.337 0.345 0.462 0.616
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

σrm 0.195 0.591 1.039 0.208 0.777 1.291 0.334 0.712 1.118 0.483 0.636 0.802
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

σmy 4.541 6.731 15.633 2.347 3.503 7.961 4.609 6.510 9.506 0.711 1.503 2.379
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

σmu 0.031 0.234 0.510 0.040 0.268 0.474 −0.045 0.128 0.316 0.602 0.715 0.883
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

σur 2.370 2.643 2.882 2.152 2.287 2.426 2.260 2.541 2.816 11.552 15.412 19.773
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

σum −0.692 −0.260 0.181 −0.312 −0.068 0.199 −0.699 −0.262 0.158 11.544 13.985 16.973

Note: This table reports the impact coefficients of the structural VARmodel. The posterior distributions are reportedwith themedian, 16th percentile,
and 84th percentile.

the results for the Divisia M1 and M2 aggregates. Having the posterior parameter distributions,
we are able to test the significance of the differences between the coefficients of the original and
augmented models. For example, to test the significance of the difference between the αrp coeffi-
cients, we approximate the distribution of the difference with a simulated sample of {αirp(M1a)−
αirp(M1o)}1,000i=1 , where αirp(M1a) and αirp(M1o) are random draws from the posteriors of the αrp
coefficient estimated with the augmented and original Divisia M1 series, respectively. Using this
sample, we determine two-sided critical values and test the significance of the difference between
the reported mean values of the coefficients. At the M2 level, we find statistically significant differ-
ences in the αry, αrm, and αmy coefficients at the 1% level. These differences suggest that, in setting
a target for the federal funds rate, the Federal Reserve’s responses to nominal money growth and
the output gap are stronger in the model with the augmentedmonetary aggregate. At theM1 level,
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the differences in the αrp and αmu coefficients are only weakly statistically significant at the 10%
level.

Although the Taylor principle in its conventional form appears to be violated in all specifica-
tions reported in Table 5, with estimates of αrp < 1, it is worth noting that in most cases the sum
αrp + αrm exceeds unity. This implies that a generalized Taylor principle holds; that is, the pol-
icy rate responds more than one-for-one to the combined growth rates of the nominal variables
included in the rule. For the augmented monetary aggregates, this principle is violated only for
M3, whereas for the original aggregates it fails for M2, M3, and M4. In many DSGE models with
money, the generalized Taylor principle is sufficient to ensure the existence of a unique, nonex-
plosive rational expectations equilibrium.5 At the time, we observe much stronger impact of the
output gap on money demand, αmy, for the original Divisia aggregates. It may suggest that the
unobserved assets in the augmented Divisia monetary aggregates are less related to transactions
and have other money functions.

Figures 8–11 present impulse response functions of the inflation rate and the output gap to a
one-standard-deviation shock to monetary policy (the interest rate), money demand (the quantity
of money), and monetary system (the user cost of money) for the original and augmented Divisia
aggregates M1-M4. The theory predicts that a positive shock to monetary policy should negatively
effect inflation and output. In contrast, in the models with the original Divisia aggregates, espe-
cially Divisia M2, the response of the output gap to the interest rate shock is positive. There have
been many attempts to unravel similar puzzles identified by the VAR studies, and in general, as
more variables are introduced and as the VAR specification is refined [fished, in the terminology
of Cochrane (1994)], monetary VARs produce results that capture reasonable monetary dynamics.
It is to be noted that in models with the augmented Divisia aggregates the impulse responses of
inflation and the output gap are consistent with the theoretical predictions. For impulse responses
to a shock to money demand, money demand increases relative to money supply. As a result,
inflation and the output gap are expected to decrease. These responses are observed for both the
original Divisia aggregates and the augmented Divisia M1.

Impulse responses to a shock to monetary system are driven by the behavior of the private
financial sector. Belongia and Ireland (2014) use a NewKeynesianmodel with a competitive bank-
ing system to show that an increase in the federal funds rate increases the costs of funds for banks
and then it is passed along to the consumers of monetary services due to higher user costs. A shock
to monetary systemmakes it more expensive for the banking system to create monetary assets. As
a result, the effects of such a shock on output and inflation will be similar to those for monetary
contraction. However, the existing empirical evidence is mixed. Belongia and Ireland (2014) show
that a positive realization of the shock to monetary system generates persistent decrease in prices
and a small initial decline and then persistent growth in output. More recently, Belongia and
Ireland (2021) find that both inflation and output experience a persistent decline after a shock to
monetary system.We find that the impulse response functions for inflation decline with the origi-
nal Divisia monetary aggregates but (weakly) increase with the augmented Divisia aggregates. The
dynamics of impulse responses for the output gap is similar with the original Divisia aggregates
and the augmented Divisia M1: an initial increase is followed by a decline. The impulse response
function for the output gap with the augmented Divisia M2 declines immediately after a shock to
monetary system as in Belongia and Ireland (2021).

In Table 6 we report forecast-error-variance decompositions at 16, 50, and 84 percentiles for
the 3-year horizon. We find no significant differences in the levels of contribution of original
and augmented Divisia aggregates to inflation and output gap. Innovations in the augmented
Divisia M2 explain a higher percentage of the variance of the nominal interest rate relative to the
original Divisia M2 aggregate (about 19% with the former and 10% with the latter). However, this
difference is not statistically significant.
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Figure 8. Impulse response functions with Divisia M1 aggregates.
Notes: Each panel plots the median (solid line) and 16th and 84th percentiles (dashed lines) of the posterior distribution of
the impulse response of the inflation rate and the output gap to one-standard-deviation shocks to monetary policy, money
demand, andmonetary system.
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Figure 9. Impulse response functions with Divisia M2 aggregates.
Notes: Each panel plots the median (solid line) and 16th and 84th percentiles (dashed lines) of the posterior distribution of
the impulse response of the inflation rate and the output gap to one-standard-deviation shocks to monetary policy, money
demand, andmonetary system.
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Figure 10. Impulse response functions with Divisia M3 aggregates.
Notes: Each panel plots the median (solid line) and 16th and 84th percentiles (dashed lines) of the posterior distribution of
the impulse response of the inflation rate and the output gap to one-standard-deviation shocks to themonetary system and
money demand.
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Figure 11. Impulse response functions with Divisia M4 aggregates.
Notes: Each panel plots the median (solid line) and 16th and 84th percentiles (dashed lines) of the posterior distribution of
the impulse response of the inflation rate and the output gap to one-standard-deviation shocks to themonetary system and
money demand.
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Table 6.Forecast error variance decomposition for the original and augmented divisia aggregates

A. Divisia monetary aggregate M1

Original Augmented

Percentile AS AD MP MD MS AS AD MP MD MS

PCE inflation 16 17.3 4.4 8.1 1.6 10.4 23.0 18.7 0.8 3.3 0.9
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

50 30.9 8.9 16.6 5.9 29.4 42.0 35.8 2.4 9.6 3.1
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

84 49.2 16.0 28.5 14.2 50.9 61.7 55.9 7.2 19.7 9.7
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Output gap 16 7.7 33.8 9.0 2.7 3.8 10.6 37.8 3.1 5.6 3.0
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

50 15.0 48.1 15.8 5.7 9.6 17.7 49.6 7.2 12.3 7.3
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

84 24.4 62.5 23.8 11.0 20.6 27.5 60.7 14.2 23.9 13.8
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Nominal interest rate 16 3.5 4.6 3.2 4.7 34.5 4.9 42.1 2.6 2.1 1.1
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

50 9.2 10.3 8.8 8.7 55.6 18.3 61.8 5.4 4.8 3.4
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

84 21.6 21.2 19.5 15.3 72.0 37.5 78.5 10.6 11.6 9.2
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Divisia money growth 16 1.5 26.1 26.0 6.3 2.5 2.6 21.0 23.7 13.2 5.8
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

50 3.7 37.3 36.0 11.9 5.8 5.5 30.6 30.8 21.1 8.4
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

84 7.7 48.1 47.1 19.9 14.0 10.4 41.2 38.6 32.0 11.6
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Divisia user cost 16 6.4 7.5 6.8 10.5 14.3 5.4 34.3 3.4 2.7 3.3
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

50 13.5 14.4 14.1 16.7 34.1 18.7 53.9 6.5 7.4 6.5
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

84 25.4 24.9 24.9 24.9 54.2 37.3 71.5 11.6 17.9 13.1

B. Divisia monetary aggregate M2

Original Augmented

Percentile AS AD MP MD MS AS AD MP MD MS

PCE inflation 16 31.9 6.5 8.4 1.4 5.1 29.1 16.9 1.3 1.1 0.7
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

50 45.9 12.7 17.2 4.2 13.6 48.2 29.9 5.3 4.2 3.9
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

84 61.5 21.9 28.0 10.8 24.9 67.3 44.6 15.6 11.8 12.9
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

Output gap 16 9.7 46.4 5.5 1.9 1.9 5.7 40.3 5.2 2.1 2.9
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

50 18.4 59.1 10.6 3.9 4.4 11.3 56.0 15.2 5.0 7.1
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

84 29.7 70.9 17.5 7.3 8.8 19.6 71.2 28.5 9.7 14.7
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

Nominal interest rate 16 4.6 13.3 4.3 6.1 23.7 8.0 22.1 1.2 10.0 4.9
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

50 12.6 22.8 10.7 9.9 36.8 22.6 35.4 5.3 18.6 8.9
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

84 26.9 35.3 20.6 15.2 50.8 42.0 50.0 16.4 30.7 15.8
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

Divisia money growth 16 4.0 19.1 34.7 5.9 1.4 3.0 14.7 34.1 7.4 3.2
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

50 9.9 29.5 44.1 10.2 2.7 6.1 28.6 47.8 10.2 5.1
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

84 18.4 40.8 53.9 16.3 5.3 11.0 42.3 62.2 13.9 7.8
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

Divisia user cost 16 4.0 25.3 3.9 18.1 5.4 11.7 21.0 1.1 10.8 0.6
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

50 10.7 36.6 8.3 26.0 12.7 28.4 34.6 4.0 20.0 3.4
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

84 21.5 48.9 15.0 34.9 22.7 48.4 49.6 12.9 32.9 12.0

Note: This table reports the three-years-ahead forecast-error variance decomposition for inflation (p), the output gap (y), the nominal interest rate
(r), Divisia money growth (m), and the Divisia monetary user cost (u) with shocks to aggregate supply (AS), aggregate demand (AD), monetary policy
(MP), money demand (MD), and monetary system (MS).

7. Conclusion
Over the past decades, novel financial instruments have crowded out the demand for some of
the traditional monetary assets. Traditional monetary aggregates eschew these instruments and,
therefore, provide incomplete representation of liquidity services in the economy. In this paper,
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we introduce a model of the demand for monetary assets where the user costs and quantities of
one of the assets are not observed. Due to complementarity and substitutability among liquid
assets, the demand for the unobserved asset affects the demand for observed assets. Therefore, the
observed demands contain information about the unobserved asset which can be used to recover
unobserved prices and quantities.

We estimate the model parameters and the quantities and user costs of the unobserved mone-
tary asset in each of the Divisia M1, Divisia M2, Divisia M3, and Divisia M4 monetary aggregates,
using the data on monetary asset quantities and user costs provided by the Center for Financial
Stability. We then construct augmented Divisia monetary aggregates at each level of monetary
aggregation. We find that the quantities and the user costs of the unobserved asset have signif-
icantly different dynamics at different levels of aggregation. It suggests that the composition of
the unobserved asset changes across monetary aggregation levels. Overall, we find evidence of a
substantial shift in the demand for monetary assets towards assets not included in the traditional
monetary aggregates.

We document several important properties of our proposed augmented Divisia aggregates.
First, we show that the stability of money demand improves remarkably when the money is mea-
sured with the augmented Divisia monetary aggregates. For example, the new money demand
demonstrates no structural breaks in 1980s documented in Lucas (1988). Second, we estimate
the five-equation structural VAR model of monetary business cycle introduced in Belongia and
Ireland (2021) and find that the augmented Divisia monetary aggregates are able to resolve an
output puzzle (i.e., an increase in the output gap in response to a positive shock to the interest
rate) that arises with the original Divisia M1 and Divisia M2 monetary aggregates.

This paper provides a novel evidence on the demand for monetary assets based on a nonlinear
model in the state-space form consistent with neoclassical microeconomic theory. We contribute
to the literature that seeks to improve liquidity measures and address the “Barnett Critique,” first
defined by Chrystal and MacDonald (1994) and more recently explored by Belongia and Ireland
(2014)—see also Heckman and Serletis (2014). Subsequent research can consider other flexible
functional forms and alternative specifications for the dynamics of the unobserved user costs.

Acknowledgements. Wewould like to thank Bill Barnett and two anonymous referees for comments that greatly improved
the paper. Apostolos Serletis also thanks Ryan and Shanna Dunfield for the Dunfield Research Fellowship that provided
support for this research.
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Notes
1 We consider a systemwith a single unobserved asset which is often sufficient in practice.While themodel can be generalized
for multiple unobservables, it would complicate the analysis of joint identifiability of multiple unobserved series and model
parameters. We discuss identifiability below.
2 If the estimation uses Bayesian methods, the positivity and monotonicity restrictions can be imposed via prior distribu-
tions of the unobserved quantities. For example, O’Donnell and Coelli (2005) take a Bayesian approach to impose curvature
constraints on distance functions.
3 Alternatively, estimation of the joint posterior distribution can be implemented usingMarkov ChainMonte Carlo (MCMC)
methods—see, for example, Eraker et al. (2003), Stock and Watson (2007), and Johannes and Polson (2009).
4 In this section, we adhere to the notations in Belongia and Ireland (2021).
5 We thank an anonymous referee for highlighting this point.
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Appendix A: Particle filters
The particle filter extracts the information about the state variable of the model from observed
data on the monetary quantities and their user costs. The particle filter is implemented using
sequential importance sampling (SIS). The filter approximates the posterior densityψ(pnt|q1 : t ; ϑ)
by a sample of N particles {z(i)t }Ni=1 and their corresponding weights, {w(i)

t }Ni=1, i.e.

p(zt|q1 : t ; ϑ)≈
N∑
i=1

w(i)
t δ(zt − z(i)t )

where δ is the Dirac delta function and
∑

i w
(i)
t = 1. Thus the moments of the distribution at time

t are given by

1
N

N∑
i=1


(z(i)t )w(i)
t

a.s.−→E[
(zt)|q1 : t ; ϑ],

where
(·) is a real-valued function.
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The SIS method places a unit probability mass on each path of particles that has already been
simulated in the previous iterations. The draws of particles are made sequentially from the con-
ditional distribution keeping the existing particle paths fixed. Therefore, the joint importance
distribution of the state in the SIS approximation is factored as follows

�(z0 : t|q1 : t ; ϑ)
�(zt|z0:t−1, q1 : t ; ϑ)�(z0 : t−1|q1 : t−1; ϑ).

A new set of particles is drawn from the importance distribution �( zt|z0:t−1, q1 : t ; ϑ). The
importance weights follow wt ∝wt−1w̃t where the incremental importance weight w̃t is given by

w̃t = ψ(qt|zt ;ϑ)ψ(zt|zt−1;ϑ)
�(zt|z0:t−1, q1 : t ; ϑ)

. (16)

In the numerator of (16), the first factor, ψ( qt|zt ;ϑ), is the probability density of observing prices
and shares qt conditional on state zt and the second factor,ψ(zt|zt−1;ϑ), is the probability density
of the state transition.

The likelihood of the state-space model can be calculated as a by-product of the filtering. An
estimate of the contribution to the likelihood at time t is

ψ(qt|q1:t−1;ϑ)=
∫
ψ(qt|zt ;ϑ)ψ(zt|q1:t−1;ϑ)dzt ≈

N∑
i=1

w(i)
t−1w̃

(i)
t

where w(i)
t−1 = w̃(i)

t−1

(∑N
j=1 w̃

(j)
t

)−1
is a normalized importance weight.

As it is well established in the literature, the sequential importance sampling suffers from
the weight degeneracy, i.e. the probability masses of all but one particle converge to zero as t
increases. Therefore, the normalized importance weight of one particle converges to one while
the normalized weights of the other particles converge to zero. As a result, as shown in Chopin
(2004), the variance of the weights grows exponentially in time and the estimator becomes a func-
tion of a single draw. Gordon et al. (1993) show that a resampling step can prevent the weight
degeneracy problem. The bootstrap filter of Gordon et al. (1993) uses transition density as the
proposal, �( zt|zt−1, qt ;ϑ)=ψ(zt|zt−1;ϑ), and does not take into account information in the
current observation. Such a “blind” proposal may lead to poor performance when the observa-
tions are informative on the latent states. The class of adapted particle filters addresses this issue
and incorporates qt into their proposals. The auxiliary particle filter of Pitt and Shephard (1999)
is a popular algorithm that implements a fully adapted particle filter.

While resampling resolves the weight degeneracy problem, it makes the likelihood a discon-
tinuous function of the parameters. The discontinuity problem persists even if resampling is
based on common (seeded) random numbers. The discontinuity (and non-smoothness) of the
log-likelihood function can cause problems for optimizers, especially for gradient-based routines
– see Hurzeler and Kunsch (2001) for a discussion. Malik and Pitt (2011) develop a resam-
pling algorithm which ensures a smooth log-likelihood function in a one-dimensional case.
Generalization of their method for a multivariate model is quite expensive computationally. In
this paper, we take an alternative approach to preserve the smoothness of the likelihood func-
tion. At the resampling step, we draw particles from the normal distribution with moments
estimated from the current particle swarm, N(μz,t , σ 2

z,t) where μz,t =N−1 ∑N
i=1 w̃

(i)
t z(i)t , σ 2

z,t =
(N − 1)−1 ∑N

i=1 w̃
(i)
t (z(i)t −μz,t)2, and {w̃(i)

t }Ni=1 are normalized particle weights in period t. The
bias that stems from this approximation is likely to be small because our model has strongly infor-
mative observations and the filtering density is localized around its mean. Similar procedures are
used in Fulop and Li (2019) and Isakin and Ngo (2019).We present the algorithms of two versions
of the particle filter: the bootstrap filter and the fully adapted auxiliary particle filter.
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A.1. The algorithm of the Bootstrap filter
I. In period t = 0:

1. Draw each set of N particles {z(i)0 }Ni=1 for the vector of unobserved prices pn0 from its prior
distribution. Set weights of particles w(i)

0 = 1/N, i= 1, . . . ,N.

II. For periods t = 1, . . . , T:

1. Update the particle weights as

w(i)
t ∝


(
chol (�ε)

−1
(
x(p(i)t ;ϑ)− xt

))
, i= 1, . . . ,N

where
 (·) is the standard normal PDF, chol( · ) denotes the Cholesky decomposition, p(i)t
is a combined vector of observed prices in period t and ith particle for the unobserved
price, and x(p(i)t ;ϑ) is the vector of fitted quantities given by equation (12). At this step, the
monotonicity can be imposed by setting weights to zero for the particles that violate the
property.

2. Calculate the incremental likelihood w̄t = 1
N

∑N
i=1 w

(i)
t .

3. Calculate normalized weights w̃i
t =w(i)

t /
∑N

i=1 w
(i)
t for i= 1, . . . ,N. Resample N

particles {z(i)t }Ni=1 from N(μz,t , σ 2
z,t) where μz,t =N−1 ∑N

i=1 w̃
(i)
t z(i)t and σ 2

z,t =
(N − 1)−1 ∑N

i=1 w̃
(i)
t (z(i)t −μz,t)2.

4. Propagate the particles using the transition equation ln z(i)t = ln z(i)t−1 + vt where vt ∼
N(0, σ 2

v ).

A.2. The algorithm of the fully adapted auxiliary particle filter
I. In period t = 0:

1. Draw each set of N particles {z(i)0 }Ni=1 for the vector of unobserved prices pn0 from its prior
distribution. Set weights of particles w(i)

0 = 1/N, i= 1, . . . ,N.

II. For periods t = 1, . . . , T:

1. Reweight particles as

w̃(i)
t = p

(
qt|z(i)t−1

)
where qt = (pt , xt) is the pair of vectors of observed prices and quantities, and normalize

weights as ŵ(i)
t =

(∑N
j=1 w̃

(j)
t

)−1
w̃(i)
t .

2. Calculate normalized weights w̃i
t =w(i)

t /
∑N

i=1 w
(i)
t for i= 1, . . . ,N. Resample N

particles {z(i)t }Ni=1 from N(μz,t , σ 2
z,t) where μz,t =N−1 ∑N

i=1 w̃
(i)
t z(i)t and σ 2

z,t =
(N − 1)−1 ∑N

i=1 w̃
(i)
t (z(i)t −μz,t)2.

3. Propagate the particles using the transition equation ln z(i)t = ln z(i)t−1 + vt where vt ∼
N(0, σ 2

v ).
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