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ABSTRACT 

In this study, the fictitious time integration method (FTIM) is applied to investigate wave propagation 
over an arbitrary bathymetry with measured uncertainty.  The FTIM is used to convert the higher-order 
elliptic mild-slope equation (EMSE) into a FTIM like EMSE (FTIMEMSE).  It has the advantage to de-
scribe wave transformation from deep water to shallow water region in a large coastal area with numeri-
cal efficiency.  The validity of the noise resistance for the measured uncertainty of the bathymetry is also 
studied.  In addition, typical examples for waves propagating over an elliptic shoal rest on a horizontal 
and sloping bottom is presented.  It is concluded that the FTIM is robust in the numerical stability and 
capable of against the noise of the measurement. 

Keywords: Fictitious time integration method, Mild slope equation, Water wave. 

1.  INTRODUCTION 

The combined effect of water wave transformations 
such as shoaling, refraction, diffraction, and reflection 
can be described by using the mild-slope equation 
(MSE) that was first derived by Berkhoff [1].  In the 
derivation of MSE, he assumed a mild slope of the bot-
tom, i.e., |h h|/kh << 1, and thus neglected the terms of 
second-order bottom effect proportional to (h h)2 and 

2
  ,h h  where h  (/x, /y) is the horizontal gradi-

ent operator, k is the wave number, and h is the mean 
water depth.  Booij [2] compared the MSE with the 
finite element model in terms of the reflection coeffi-
cient for the case of monochromatic wave propagation 
over a plane slope.  He concluded that the MSE is suf-
ficiently accurate up to a bottom slope of 1:3.  The 
situation where bottom profile is arbitrary and offshore 
reefs and bars are present on the seabed, the bottom 
curvature 2

 h h  and possibly higher-orders of the bot-
tom slope-squared (h h)2 should be taken into account. 

Recently, many studies have attempted to extend the 
MSE to account for a rapidly varying topography.  
Kirby [3] extended the mild-slope approximation to 
include a rapidly varying topography and applied the 

equation to the reflection of waves passing through the 
sinusoidal beds.  The importance of the higher-order 
bottom effect terms is in terms of relative water depth 
based on Chamberlain and Porter’s theory (Chamber-
lain and Porter, [4]).  The results were satisfactory for 
the simulation of wave propagation over the sinusoidal 
beds.  Massel [5] and Chamberlain and Porter [4] used 
the Galerkin-eigenfunction method to develop an ellip-
tic equation for monochromatic waves.  Their results 
demonstrated the applicability of proposed equations to 
a rapidly varying topography for which Berkhoff’s 
mild-slope equation failed to produce accurate ap-
proximations.  Suh et al. [6] used Green’s second 
identity and Lagrangian formulation to develop two 
equivalent hyperbolic equations for wave propagation 
in a rapidly varying topography.  For a monochromatic 
wave, the model was verified against theoretical and 
experimental results for the prediction of the reflection 
coefficients from a plane slope with different inclina-
tions and over a patch of periodic ripples.  Following 
the results of Suh et al. [6], Lee et al. [7,8] applied the 
extended mild-slope equations to random wave trans-
formation.  Based on Berkhoff’s approach, Chandra-
sekera and Cheung [9] derived an elliptic refrac-
tion-diffraction equation that includes the bottom cur-
vature and slope-squared terms.  Based on an elliptic 
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mild-slope equation, Chen et al. [10] provided a fi-
nite-element model to study the wave–current interac-
tion, where an improved boundary condition (Panchang 
et al., [11]) was considered. 

Following the procedure outlined by Copeland [12], 
Lee et al. [13] developed the extended hyperbolic MSE 
to account for wave transformations over a rapidly var-
ying topography.  Their results showed that the hy-
perbolic equation had the same accuracy as those using 
the extended elliptic equation.  

Following the theoretical approximation of Li [14], 
Hsu and Wen [15] and Hsu et al. [16] extended refrac-
tion-diffraction equation to the evolution equation of 
MSE (EEMSE), in which is converted into a time-  
dependent parabolic-type equation.  The model that 
includes the higher-order bottom effect terms is ex-
tended by Hsu et al. [16] to account for a rapidly vary-
ing topography and wave energy dissipation in the surf 
zone.  Several computational cases with waves passing 
through a rapidly varying topography are adopted to 
test the accuracy of the model.  Computational results 
are also compared with those obtained by existing 
models.  Their model was applied to calculate the 
problems of wave reflection from a plane slope with 
different inclinations (Booij, [2]), from a patch of peri-
odic ripples (Davies and Heathershaw, [17]), for the 
wave height distribution around a circular shoal (Wil-
liams et al., [18]) and wave breaking on a barred beach 
(Reniers and Battjes, [19]).  The relative importance 
of the second-order effect terms is also examined in 
these problems. 

Numerical efficiency is the key element of model 
performance for simulating wave transformations.  
Consequently, how to get fast convergence speed is of 
great importance for the treatment of numerical stability.  
Furthermore, previous studies rarely considered the 
situation when the measurements of the bathymetry 
have some noises.  However, this case is inevitable 
since it is very difficult to obtain precise water depth 
observations in a complicated bottom configuration.  
In this study, we apply the fictitious time integration 
method (FTIM) to convert the EMSE (elliptic MSE) 
into a FTIM like EMSE (FTIMEMSE).  In addition, 
we intend to demonstrate that wave transformations 
described by FTIMEMSE are not distorted when the 
measured bathymetries have some noises.  

The FTIM was first invented by Liu and Atluri [20] 
for solving coupled nonlinear algebraic equations based 
on the Lie-group shooting method (Liu, 21,22).  In the 
FTIM, a fictitious time is introduced to convert the 
original nonlinear algebraic equations into evolutionary 
ordinary differential equations.  The fixed point of the 
evolutionary system, which is also the root of the orig-
inal algebraic equations, is then obtained by applying 
numerical integrations on the resultant ordinary differ-
ential equations, which do not require the derivative of 
nonlinear algebraic equations.  After the development 
of the FTIM, it was successfully implemented to solve 
the discretized inverse Sturm-Liouville problems, 
m-point boundary value problems and problems in-
volving Fredholm integral equations by Liu and Atluri 
[23], Liu [24], and Liu and Atluri [25].  In all of these 

applications, the problems were first discretized into 
nonlinear algebraic equations and then formally solved 
by the FTIM.  

In addition to nonlinear algebraic equations, Liu and 
Atluri [26] introduced the application of the FTIM to 
solve a nonlinear optimization problem (NOP) under 
multiple equality and inequality constraints.  The 
Kuhn-Tucker optimality conditions were used to trans-
form the NOP into a mixed complementary problem.  
Meanwhile, the FTIM has been adopted to tackle 
two-dimensional nonlinear elliptic boundary value 
problems by Liu [27] and Liu [28].  In order to im-
prove the efficiency, Ku et al. [29] improved the FTIM 
by introducing a new time-like function to solve non-
linear PDEs.  

In addition, the FTIM have been adopted in several 
practical applications.  For example, direct heat con-
duction problem (DHCP) and backward heat conduc-
tion problem (BHCP) were numerically solved by a 
parabolic type evolution equation reformed through the 
FTIM.  Also, Chang [30] proposed a FTIM model for 
solving the nonhomogeneous backward heat conduction 
(BHCPs) and multi-dimensional nonlinear problems.  
Afterward, a new FTIM model was proposed for stud-
ying the multi-dimensional backward wave problems 
(BWPs) by Chang [31].  

Following the researches mentioned above, the 
FTIM was found to be robust against the noise when it 
is used to solve many problems involving the Fredholm 
integral equations.  With the aid of this attribute, the 
FTIM is employed in the present study to develop a 
FTIM from EMSE (FTIMEMSE), and investigate wave 
transformations over an arbitrary bathymetry with 
measured uncertainties.  Our numerical results indi-
cate that the method is more robust than the direct solu-
tion of the EMSE.  Moreover, the CPU time and the 
number of iteration of present model are less than the 
EMSE in calculating same cases.  Overall, numerical 
results showed that the application of the FTIM on the 
EMSE can simulate wave propagation reasonably for 
not only a large number of grid nodes but also noise 
resistance.  This result concludes that it is very suita-
ble for practical problems. 

2.  THE FTIM INCORPORATE WITH EMSE 
(FTIMEMSE) 

The EMSE is commonly used for describing wave 
transformations from an offshore to nearshore region in 
a large coastal region and is written in the form 

2

2 2
1 2

( ) (1 ) 

( ) ( )( )  0

h g h g D

h h

CC k CC if

f kh g h f kh h gk

      

         (1)
 

where (x, y) is the complex velocity potential, fD is the 
combined energy coefficient including the nonlinear 
shoaling factor and energy dissipation factor, C is the 
wave celerity, Cg is the group velocity, g is the gravita-
tional acceleration, f1 and f2 are the coefficients of the 
bottom curvature and bottom slop-squared terms, re-
spectively.  The expressions of f1, f2 and fD are referred 
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to Hsu and Wen [15].  Following Radder [32], a scale 
factor of the velocity potential expressed as  

 gCC    (2) 

is introduced into Eq. (1) and the mathematical ma-
nipulation yields the Helmholtz equation: 

 2 2 0h ck     (3) 

where kc is a pseudo wavenumber given by  

 

2
2 2

2 2
1 2  

(1 )

( )

h g
c D

g

h h

g

CC
k k if

CC

f g h f h gk

CC


  

      (4)

 

To apply the FTIM in the EMSE, we introduce a 
function w(x, y, t) defined by 

 ( ,  ,  ) ( ,  ) ( )w x y t x y q t   (5) 

where t is a fictitious time and q(t) is the FTIM time- 
like function.  The velocity potential is thus in terms 
of  

 
( ,  ,  )

( ,  )
( )

w x y t
x y

q t
   (6) 

Taking the partial derivative of Eq. (5) with respect 
to t, we have 

 
w dq

t dt


 


 (7) 

Then we multiply Eq. (3) by a non-zero coefficient, v, 
leading to the following result,  

 2 2[ ] 0h ck      (8) 

Adding Eqs. (7) and (8), we have  

 2 2[ ]h c

w dq
k

t dt


      


 (9) 

Making use of Eq. (6), we obtain 

 2 2[ ]h c

w w dq
k

t q dt


     


 (10) 

Equation (10) is further expressed by  

 2 2
2

1
[ ]h c

w w dq
k

q t q dtq

 
    


 (11) 

By using the following partial derivative  

 
2

1w w w dq

t q q t dtq

  
    

 (12) 

and inserting Eqs. (6) and (12) into Eq. (11), the result-
ant equation reads  

 2 2[ ] 0h ck
t q

 
    


 (13) 

Following Liu and Atluri [23] and Ku et al. [29], we 
use the following time-like function to convert Eq. (13), 
which is written in the from  

 ( ) (1 )Mq t t   (14) 

where M is a parameter to accelerate the convergence of 
the FTIM. 

We notice that Eq. (13) becomes a diffusion equation 
for v 1, and is equivalent to the EEMSE of Li [14] 
for the case of v (i) and q  1, where  is the 
angular frequency.  From physical point of view, v is 
specified to account for the damping coefficient, and q(t) 
is the time-like function to increase the convergence 
speed of numerical computation. 

3.  BOUNDARY CONDITION 

The radiation boundary conditions (RBC) in the 
MSE are specified so that waves are forced to go out 
radically along the bounder of a computational domain.  
According to Hsu and Wen [15], there are three types of 
RBC: A full or partial reflection radiation boundary 
condition and a given boundary condition which are 
specified along the boundary of x and y directions, re-
spectively, as follows. 

  ( 1) cos 2 cosm
x ii k i k         (15) 

  ( 1) sin 2 sinm
y ii k i k         (16) 

where  (1 R)/(1 R) is an absorption coefficient; 
R is a reflection coefficient,  is the approaching wave 
angle to the boundary; and i denotes a given velocity 
potential at the boundary of incident waves.  For full 
reflection, i  0, m  0, and   0; for partial reflection, 
i  0, m  0, and 0    1; and for a given boundary 
condition, m  1 and   1.  The incident velocity po-
tential is given by linear wave theory, that is 

 0 0

0 0

cos
( / 2 ) cos

sin ti i g
k x

igH CC
k y

        
 (17) 

in which Hi is a monochromatic incident wave height 
and 0 is the wave angle for the incident wave.   

In this study, an improved radiation boundary condi-
tion proposed by Hsu et al. [33] for the cross-shore 
open boundaries with an irregular bathymetry is pro-
posed in this study.  The total wave velocity, , are 
decomposed into the incident wave velocity i, the 
outgoing scattering wave velocity s, and the reflected 
wave velocity r, i.e.   i + r + s.  It is desirable 
to define 0  i + r for separating the scattering 
waves in the calculation.  Due to the varying topogra-
phy, the value of 0 along the cross-shore open bounda-
ries is unknown and needed to be estimated initially by 
the method of Panchang et al. [11].  For this reason, 
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we use the wave model developed by Hsu et al. [34] to 
solve 0.  Therefore, the improved radiation boundary 
condition along the boundary of y direction which are 
on the lateral computing domain could be rewritten as  

 0 0 ( 1) sin sinm
y yi k i k          (18) 

By using Eq. (18), initial boundary conditions can be 
reasonable calculated.  It is noted that a general type 
of RBC for arbitrarily chosen open boundaries is pro-
posed in the present model.  Additionally, details can 
be referred Hsu et al. [34]. 

In addition, the computing process of present model 
is illustrated as following.  First of all, we obtain the 
input data such as wave and bathymetry information 
from statistical, experimental, or observing conse-
quences.  Then, the values of 0, one of the most im-
portant parts in the improved radiation boundary condi-
tion, can be computed by the model of Hsu et al. [34].  
Afterwards, the present model can be applied for ob-
taining the transformed wave field. 

4.  VERIFICATIONS 

The developed new type of the FTIMEMSE model 
was derived using FTIM to incorporate the EMSE for 
simulating wave propagation over arbitrary bathy-
metries or coastal structures.  For the proposed model 
laboratory experiments and field surreys have been car-
ried out to obtain estimates of the performance of the 
comparison.  In this study, two typical cases of wave 
propagating were used to test the model.  The ability 
of the noise resistance is investigated for the condition 
of uncertainly measured bathymetry. 

4.1 Case1: The Elliptic Shoal Rest on a Flat Bottom 

The elliptic shoal rest on the bottom of a laboratory 
wave tank has major and minor radii of 3.96m and 
3.05m, respectively.  The experiment was conducted 
by Vincent and Briggs [35] for wave travelling across 
the shoal, with significant refraction-diffraction effect 
and caustics behind the shoal.  The water depth of the 
elliptic shoal topography is given by  

2 2

2 2

2 2

2 2

2 2

2 2

( ,  ) 0.9144 0.762 1 ,
(4.95) (3.81)

              1
(3.96) (3.05)

( ,  ) 0.457 , 1
(3.96) (3.05)

x y
h x y

x y

x y
h x y

   

 

    (19)

 

The geometry can be seen in Fig. 1(a).  The inci-
dent wave with a period of T 1.3sec and Hi 0.0464m 
are normal to the offshore boundary.  The numerical 
simulation was run in a computational domain of 261  
261 grid nodes with a time step t 0.01sec and a grid 
space x y m, respectively. 

The computed wave height pattern with measured 

noise is presented in Fig. 1(b).  It can be seen that a 
strong wave focus is formed behind the elliptic shoal.  
We note that a new parameter M is introduced to the 
time-like function for manipulating the speed of con-
vergence.  A numerical test was also conducted using 
the time-like function to solve Eq. (13) by setting     
v 1.0 and M is varying from M  0 to M  1.  Figure 
2 demonstrates the comparison between the error and 
the fictitious time step with different values of M, 
where the error is defined as the absolute value of the 
difference between calculated solution and measure-
ments.  From Fig. 2, it is found that the parameter M 
in the new time-like function clearly increases the con-
vergence speed.  The present results showed that 
smaller values of M produce, the faster convergence 
speed except for M  0, in which q(t) is not a time-like 
function and become a constant. 

 
(a) Bathymetry 

 
(b) Wave patterns 

Fig. 1 Results of wave patterns for the bathymetry 
without noise  
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Fig. 2 Comparison of error for different values of M 
(bathymetry without noise) 
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As the wave field usually depends on the geometry 
as well as bottom configuration, the accurate surveying 
of the coastal topography provides much valuable in-
formation on the spatial and temporal behavior of wave 
motion.  Some of the difficult problems in a coastal 
survey are the measurement of bathymetry in the surf 
zone and tidal flat.  The uncertainty of the survey or 
the noise of measurement is unavoidable when we de-
tect a realistic water depth.  To show model’s perfor-
mance in resisting the noise in the numerical simulation, 
wave height predictions over an area with noise were 
tested. 

Iso-wave amplitude lines are show in Fig. 3, in 
which Fig. 3(a) shows the bathymetry having a 2.5 
random noise.  Figure 3(b) presents the wave patterns 
predicted by EMSE without the help of FTIM.  Figure 
3(c) depicts the computed wave field using of Hsu et al. 
[33] FTIMEMSE.  It is evident that the present model 
obtains a good performance against the noise resulting 
from bathymetric survey.  In order to show that the 
FTIMEMSE plays an important role in noise resistance, 
a computation using a random noise of 10 for the 
same condition presents the results in Fig. 4. 

The ability of resisting noise in the computation is 
evaluated based on the relative error defined by  

 

*
, ,

,1 1

| |

(%)

nynx
i j i j

i ji j

H H

H
Er

nx ny

 

 
  
 




 (20) 

where Er is a relative error, Hi,j is the computed wave 
height when water depth has no measured uncertainty; 
and *

,i jH  is the calculated wave when the bathymetry 
has the noise.  The comparison of the relative errors 
using FTIMEMSE and EMSE developed by Hsu et al. 
[33] is presented in Table 1.  We notice that the 
FTIMEMSE model givens better results for resisting 
errors of different random noises.  Furthermore, a 
comparison of the computing time between the 
FTIMEMSE and EMSE is shown in Table 2.  It is 
clear that the computing time of the FTIMEMSE is 
much less than that of the EMSE especially in the cases 
of higher random noise.  Note that the computing time 
is slightly growing with the increase of random noise in 
the FTIMEMSE model.  Nevertheless, it is rapidly 
growing in the EMSE model mainly because the 
bathymetry with higher random noise leads the 
convergence process to be unstable.  Accordingly, the 
results show that the present model is more efficient 
than the previous EMSE model for resisting noise in-
deed. 

4.2 Case2: The Elliptic Shoal Located on a Sloping 
Beach 

The FTIMEMSE model is further applied to the test 
case of Brekhoff [1].  The elliptic shoal located on a 
sloping beach and the geometry is presented in Fig. 5(a).  
The slope-oriented coordinates (x, y) related to the 
computational coordinates (x, y) is given by 

Table 1 Comparisons of the relative error Er using 
FTIMEMSE and EMSE 

        Er 
Models 

Er 
(noise  2.5) 

Er 
(noise  10.0) 

FTIMEMSE 
(Case1) 2.26 6.84 

EMSE 
(Case1) 4.16 22.90 

FTIMEMSE 
(Case2) 2.41 4.04 

Table 2 Comparisons of elapsed time (s) between 
the FTIMEMSE and EMSE in Case 1 

          Models 
Case 

FTIMEMSE EMSE 

Bathymetry with a random
noise of 2.5 

164sec 344sec 

Bathymetry with a random
noise of 10.0 

209sec 2673sec 

 

 

 
(a) Bathymetry 

 
(b) Wave patterns (using Eq. (1), EMSE) 

 
(c) Wave patterns (using Eq. (13), FTIMEMSE) 

Fig. 3 Results of wave patterns for the bathymetry 
with a random noise of 2.5 
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(a) Bathymetry 

 
(b) Wave patterns (using Eq. (1), EMSE) 

 
(c) Wave patterns (using Eq. (13), FTIMEMSE) 

Fig. 4 Results of wave patterns for the bathymetry 
with a random noise of 10 

 

(a) Bathymetry 

 

(b) Wave patterns 

Fig. 5 Results of wave patterns for the bathymetry 
without noise 
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 

   (21) 

where (10.5, 10) is the centre of the shoal.  The water 
depth on the slope is described by 

 
0.45 0.02 (15.84 ) for  15.84
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h x x

h x

    
  

 (22) 

where the coordinate xs is oriented from the centre of 
the shoal.  The water depth is redefined as 

2 2
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   

 

(23)

 

The FTIMEMSE was run on a numerical domain of 
401  401 nodes with x y 0.05m and         
t 0.01sec on the computation domain of 20.0m  
20.0m.  The incident wave condition is Hi 0.0464m 
and T 1.0sec, respectively. 

The wave pattern computed from the present model 
for the bathymetry without noise is presented in Fig. 
5(a).  The results of the present model show that a 
caustics is remarkable behind the elliptic shoal.  Note 
that the present model predicts a sub tantial wave height 
distrition due to wave refraction, diffraction and 
reflection. 

Two typical cases with randomnoises of 2.5 and 
10 were tested to explore the ability of FTIMEMSE 
against the bathymetry uncertainty.  The computed 
wave height patterns are demostated in Figs. 6 and 7 for 
the two cases, respectively.  It can be seen in both 
figures that the present model is capable of decreasing 
measured noises in the numerical simulation.  And the 
relative error is also presented in Table 1.  It is shown 
that the FTIMEMSE model is capable of against the 
noise of the measurement. 

5.  CONCLUSIONS 

The fictitious time integration method (FTIM) pro-
posed by Liu and Atluri [20] is employed to investigate 
wave propagation over an arbitrary bathymetry with 
measured noise.  The FTIM is used to convert the 
higher-order elliptic mild-slop equation (EMSE) into a 
FTIM like EMSE (FTIMEMSE).  The equation is 
equivalent to the formal evolution equation of mild slop 
equation (EEMSE) if the time like function is set to be 
a constant.  It has the advantage to simulate wave 
transformation from an offshore region to a nearshore 
region including wave breaking and energy dissipation 
in a large coastal area with numerical efficiency. 
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(a) Bathymetry 

 
(b) Wave patterns 

Fig. 6 Results of wave patterns for the bathymetry 
with a random noise of 2.5 

 
(a) Bathymetry 

 
(b) Wave patterns 

Fig. 7 Results of wave patterns for the bathymetry 
with a random noise of 10 

 
 

Friendly speaking, the usefulness of FTIMEMSE in 
describing wave propagation has been demonstrated for 
the test case of an elliptic shoal located on a sloping 
bottom.  The present model has been shown to be very 
efficient and with less iteration than the previous EMSE 
model to achieve a fast convergence speed to find the 
solution. 

For the case where the bathymetry is measured with 
uncertainty, the FTIMEMSE can be done fairly effi-
ciently with the help of the time-like function.  The 
numerical results showed that the model is capable of 
reducing the errors in numerical calculation for the 
cases of random noises are exited.  Furthermore, the 
model has a flexible form, which is helpful to adjust the 
coefficient of the time-like function for accelerating the 
convergence rate with economical cost in practical ap-
plications. 
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