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A one-dimensional diffusion process is controlled in the intefval, d]. The aim
is to maximize the survival time ii-d, d]. Two cost criteriawhich do not depend
on the control variableare consideredParticular problems are solved explicitly

1. INTRODUCTION

Letx(t) be a one-dimensional controlled diffusion process defined by the stochastic
differential equation

dx(t) = a[x(t)]dt + by [x(t)]Ju(t) dt + b[x(t)Ju?(t) dt + {o[x(t)]}¥? dW(t),
(1)

whereW(t) is a standard Brownian motion and we assume that) > 0 and
v(-) = 0. Let the initial value of(t) bex(ty) := x € [—d, d]. We want to maximize
the survival time of the controlled proces&) in [—d, d].

The problem of maximizing the survival time of a diffusion process in an
interval has been considereith particular by Lefebvre and Whittld11]. The
problem that they treated is a special case of what WHittkep. 298] has termed
“LQG homing” In the one-dimensional casthis type of problem is such that

dx(t) = adt+ bu(t) dt+ o2 dWI(t) (2)
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and the optimizer wants to minimize the expected value of the cost criterion

7(X, tg) 1
J(X,tp) = f > qu?(t) dt+ K[x(7),7], 3)

0

whereq is positive and
7(X, 1) == inf{t = to: [x(1)| = d|x(to) = X}. (4)

FurthermoreK(-,-) is a general termination cost functidhwe takeK [x(7), 7] =
A7, then the aim is to minimiz&espectivelymaximize the survival time if—d, d]
if the constani is positive(respectivelynegative while taking the quadratic con-
trol costs into accounthittle [13, p. 222] (see also Kuhii6]) has considered a
risk-sensitive version of this problem as well

Whittle [12] has shown that it is sometimes possible to obtain the optimal con-
trol u* by simply considering the corresponding uncontrolled pradéswever for
this result to be valida relationship between, b, andg must hold and ultimate
absorption of the uncontrolled process into the stopping region must be certain

In the present articlehe control variablai(t) enters both linearlyif b, # 0)
and quaderatically in the stochastic differential equation that defutes Further-
moreg we consider two cost criteridirst we look for the control* that maximizes
the expected value of

7(X, tg)
Ci(x, 1) = f Ae~Adt, %)
to
where A is a positive constant andis as in(4). Next, the cost criteriorC, is re-
placed by

7(X, tg)
Cs(x,1p) :=f 1dt; (6)
o
that is we want to maximize the expected survival timd-d, d].

Note that both cost criteri€; andC, do not depend explicitly on the control
variableu(t). Moreover there is no constraint on(t). As will be seen laterthe
problem is not so much to determing but rather to compute explicitly the value
functionF,(x, tp) defined by

Fi(x,tg) := max E[Ci(Xxty)] fori=12. (7)
u(t), to=t=r7
The motivation for the work presented in this article is that we wanted to
extend the classic LQG formulation to a case in which there are no explicit control
costs on the wayThe uncontrolled process that corresponds to the proceds in
has many applicationg-or instancgthe author(Lefebvre[9]) used the process
defined by

dx(t) = cdt+ [4ex(t)]Y2dW(t), (8)
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wherec is a positive constanto model the level of water in a reservoand he
considered the problem of maximizing or minimizing the time takernxfty to
go fromx(0) = x € [0,d) to d. The valued represented a level at which there was
either a high risk of inundation or of not being able to provide water for domestic
consumption or to industries

The water reservoir control problem mentioned was formulated in the classic
framework with quadratic control cost®Now, in such a problenthe costs associ-
ated with inundations or periods of drought are obviously much higher than the
control costsThat is why we wanted to consider a cost criterion which is indepen-
dent of the control variabla(t). In order to obtain a meaningfiand interesting
problem we found out that the quadratic teraf(t) had to enter into the plant
equation

In Section 2the value oli* is obtaineclthen the value function is computed in
three important special cases when the cost criteCipis used Next, in Section 3
the cost criteriorC, replacesC; and again the value function is obtained in these
three important caseBinally, concluding remarks are made in Section 4

2. COMPUTATION OF u*

Because the cost critere, andC, are both independent of(t), to obtain the op-
timal controlu™ we can consider the cost criterion

7(X, tg)
C(x,tg) = f L(t)dt, (9)

0

whereL(t) = xe " or L
Assuming that the value function

F(x,ty) := max E[C(x,ty)] (10)

u(t), to=t=7
exists(in R) and is twice differentiablewe find that it satisfies the dynamic pro-
gramming equation

0= ma?<[L + F, + (a+ byu(ty) + bu?(ty)) Fe + 30F]. (11

u(ty
Then we readily obtain thati* (:= u*(ty)) is such that
(b, + 2b,u*)F, = 0. (12)
ProrosiTioN 2.1: If F, # 0, then the optimal control uis given by

by

ut = ——,
2b,

(13)

where B is assumed to be strictly posid
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Remark: We cannot always assume thgt # 0. Indeed in some cases we can
haveF (x,ty) = constantdx € | C [—d,d], so thatF, =0 Ox € I.

COROLLARY 2.1: If F(X,ty) < oo Ox € (0,d), we hae

L —

(14)

sgn(b;)oo if x < 0.

Proor: The result follows from Proposition2and the obvious fact that the origin
is the “safest” place in the intervah-d,d] when the objective is to maximize the
survival time in[—d, d]. Sinceu(t) is unconstrainedf x(ty) < 0 then the optimizer
can move away from the boundaxy= —d instantly by choosingi* = sgn(b;)cc.
Indeed the optimally controlled process’(t) will then move at once from its
positionXx(ty) to 0 in an infinitely short timeTherefore the optimal control isot
u* = —hy/2b, whenx(ty) < 0.

Finally, if x(t;) > 0 then the optimizer cannot use infinite contreihce this
would minimize the survival time ifi—d,d] rather than maximize .itlt follows
that the value oF (X, ty) will vary with xif F(x, ty) < oo, so thatF, # 0 if x> 0 and
u* = —bh,/2b,, according to Proposition.2. u

Remarks:

1. If the optimizer usesi(t) = —b,/2b, whenx < 0, thenb,u(t) + b,u?(t) =
—b?/4b,. Thereforethe optimizer is trying to move the proces) down-
ward (if by # 0), which is certainly not the optimal solutioithe solution
u(t) = —by/2b, would, in fact, yield a minimum here

2. Because of the terimu?(t) (with b, > 0) in the stochastic differential equa-
tion (1), we could actually take(ty) = —sgn(b;)co whenx(ty) is negative
and achieve the same reslitis, however certainly more logical to choose
u*, as above

3. If E[C(X, tg)] = co when the optimizer usagt) = 0, we can obviously write
thatu® = 0 and the problem is of no intereStimilarly, we can eliminate the
case wherf (x, ty) = oo in the interval(0,d), because it is less interesting

Consider now the case when the cost criter®is given byC;. Then the
dynamic programming equati¢hl) becomesgwriting F instead of-, for simplicity
of notation

0=max e " + F_+ (a+ byu(ty) + bu?(to)) Fy + 3vF]. (15)

u(ty)

We are interested in solving this partial differential equation in the case wheh
Then we have

. b? v
0= )e AtO+F[O+<a_4_b2>FX+EFxx- (16)
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Remark: Note that we cannot ha\€[ C,(X, ty)] = oo for any choice ofi(t), so that
F(x,ty) < oo Ox € (0,d), as required

Next assuming that we can interchange the maximization and the mathematical
expectationwe may write that

7*(X, to)
Fxto) = EU O Ae“dt] —E(leto—eew], (17)
t,

0

wherer*(X, tp) is the value ofr (x, ty) obtained by using the optimal contnal.
Sincer*(X, tg) =ty + 75(X), where

5 (X) := inf{t = 0: |[x*(t)| = d|x(0) = x}, (18)
we have
F(X, tg) = e Mo — e MoE[e A0 ] 1= @ "Mo[1— M(x;M)], (19)

whereM is the moment generating function gf(x). Substituting into the partial
differential equatior{16), we obtain

b? v
0= e Mo+ e (M —1)— [a— — |e "M’ — — g~ AM" (20)
(=1
AM LA PRV 1)
=la— — ’ _ ;/.

In the remainder of this articjave will consider the case when the optimally
controlled procesg*(t), starting fromx > 0, canreach zeroSince the optimizer
uses infinite control wher < 0, x*(t) cannot cross the origin from> 0. This is
tantamount to saying that the origin isedlectingboundary(if it is a regularbound-
ary, it could also be aexitboundary. It follows (see Cox and Millef3, p. 231], for
instance that the boundary conditions are

M(d;A) =1 (22)
and

M’ (0; 1) = 0. (23)
Remarks:

1. Itis possible that the origin be an inaccessible boundaryxér). For ex-
ample if x(t) satisfies the stochastic differential equation

dx(t) = x(t) dt + u?(t) dt + x(t) dW(t) (24)
for x > 0, thenx*(t) is such that
dx*(t) = x*(t) dt + x*(t) dWI(t), (25)
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so thatx*(t) is a geometric Brownian motiofsee Karlin and Taylof5,
p. 175]). Since it can be expressed as the exponential of a Brownian motion
it cannot move fronx > 0 to Q. In this casethe obvious optimal control
if the initial value ofx(t) is x(ty) = 0, would beu* = 0 (= —b,/2b,, actu-
ally). Indeed the optimizer would then obtain an infinite reward
In generalif the origin is an inaccessible boundary fGi(t), then the

boundary conditioM’(0; A) = 0 does not applyThe functionM is then the
solution of a first passage time problem with a single bounddrig type of
problem has been considered extensively in one dimensiat is why we
are interested in the case wheft(t) can actually reach.0

2. In theory the optimal controu* is undetermined at= 0 when the origin is
a regular boundary fox*(t) because

F (0,ty) = —e MM’ (0;A) =0, (26)
so that the condition
(by + 2b,u*)F, =0 (27)

is fulfilled for any finiteu*. However sincex*(t) cannot cross the origjthe
optimizer should takb, u(t) + b,u?(t) as small as possible wheti(t) = 0.
It follows thatu* = —b, /2b,, as forx > 0. At any rate this is only one point
and has no real influence on the valuerétx).

3. Sincer(Xx,ty) =ty + 7(%,0), we may write that

7(X, tg)
F(x,t) := max E[f Ae M dt] (28)
u(t), to=t=7(x,ty) to
(=1
7(X,0)
F(X t) = max E[e“t?f Ae s ds] = e MG(x). (29)
u(s),0=s=7(x,0) 0
Now, we find that the functiorG(x) satisfies the ordinary differential

equation(see(16))
0=A—AG+ LIS PO 30
- TS 2 (30)

for x > 0 and is subject to the boundary condition

G(d) = 0 (31)

that is we can reduce the partial differential equatid®) to an ordinary
differential equationMoreover the interchange of the maximization and
the mathematical expectation ieerefore only needed to obtain the bound-
ary conditionG’(0) = 0 (sinceG(x) =1 — M(x; A)).
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To conclude this sectignve will solve the ordinary differential equatid@l),
which is a Kolmogorov backward equati@ubject to the boundary conditiof2)
and(23), in three important case$hese three cases are probably the most impor-
tant ones for applicationgndeed we will consider the cases whexi(t) is either a
Wiener processan Ornstein—Uhlenbeck process a Bessel procesa particular
field in which these diffusion processes are widely used is that of mathematical
finance More preciselythe Brownian motion process and the Ornstein—Uhlenbeck
process have served as models of discount bond pridesreas the Bessel pro-
cess has been used to evaluate Asian optises Geman and Y¢#4] and Chesney
etal [2]).

The Wiener process is the basic diffusion process asaguchhas been used
in numerous application&or instanceWhittle [12] used it as a rudimentary model
for the flight of an aircratft

The Ornstein—Uhlenbeck process also appears in gene@tes Karlin and
Taylor [5, p. 183]), as well as in hydrologyLabib et al [7]) and electrical engi-
neering(Lefebvre[8]), among other fields

Finally, Lefebvre and AdjenguELQ] proposed an integrated Bessel process to
model the flow of a river and considered the problem of optimally controlling this
process

I. Suppose first thaa — (b?/4b,) = p € R andv = o2 > 0. Then x*(t) is a
Wiener processThe general solution gR1) in this case is

M(x;A) = coexpl— ([ + yx)/o?] + coexpl(u+ yx)/o?], (32)
wherec,; andc, are constants and

yi= (21 + p2)¥2 (33)
The solution that satisfies the boundary conditié2® and(23) is easily
found to be
coshyx)
M(X;A) = ————. 34
(X; 1) cosHyd) (34)

Note that we then have

ef)‘to M

F,=—e MM = —
coshyd)

(35)
which is negativeélx € (0,d]. Thereforethe solutioru* = —b, /2b, really

yields a maximuni{becausé, > 0; see(11) and(12)).

Il. Suppose next that— (b?/4b,) = —ax, wherea > 0, andv =02 > 0, as
above Wheno 2 =1, the optimally controlled process (t) is an Ornstein—
Uhlenbeck proces$Ve must solve the ordinary differential equation

102M " (X;A) — axM’(X;A) = aM(X; A), (36)
subject toM(d; A) =1 andM’(x;A) = 0.
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Remark: The processes’(t) considered in | and Il have a regular boundary at the
origin; therefore they can take the value’(t) = 0 and leave the origin afterward
Now, the general solution df36) can be written as
MO ) ® /\1aX2+ ® /\_’_1301X2 (37)
) =c Sl c L,z 2 =
X P\ 2202 ) TN 200 T 2202 )
whered(-,-,-) is a confluent hypergeometric functi¢geee Abramowitz and Stegun

[1, p. 504, for instancewhere® is denoted by ).
Using the formula

d a
dZ(I)(a,b,z) = btb(a 1,b+1,2) (38)

(see Abramowitz and Steguifh, p. 507, formula 134.8]), we have

M7 (:2) 2\ cp( AL, ax2>+ q)( AL 13 ax2>
X;A) = ¢ — X®| — oo | TPl —+ oo
’ Lo2 2a L2’ o2 2"\ 2a 2°2 o2

a
r 62 +)\)<1><A L3 500(2) 39
C5,2 @ 20 22 02 ) (39)

Since®(a, b,0) = 1, the boundary conditio’(0;A) = 0 implies that we must
choose the constam} equal to zeroThen the boundary conditioM(d; A) = 1

implies that
( Al aX2>
P\ o,
2a’ 2’ o?
q)( A1l ad2>
2a’ 2’ o2

for 0=x=d. With the help of the formula 18.8 of[ 1], it is a simple matter to check
thatM, > 0 Ox € (0,d], as required

M(x;A) = (40)

IIl. We consider finally the case whan- (b?/4b,) = (o — 1)/2x, with a = 0,
andv = o2 > 0, again Wheno 2 = 1, the process*(t) is a Bessel process
(see Karlin and Taylof5, pp. 175 and 238). The type of boundary at the
origin depends on the parameteilf o2 = 1, we find (Karlin and Taylof5,

p. 238]) that the origin is

An entrance boundary # =2
A regular boundary if0<a<2 (41)
An exit boundary ifa = 0.

Since an entrance boundary is unattainafble restrict ourselves to the
case whemr < 2. Moreover we eliminate the value = 0 as wel| because
an exit boundary iabsorbing that is it can be reached from> 0. How-
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ever if x*(t) = 0 for somet, thenx*(s) = 0 Os > t and we will have
7*(X, ty) = co. As mentioned earliewe are interested in the case when the
originis areflecting(and thus not absorbinggoundaryFinally, if « =1, the
Bessel process is equivalent to the absolute value of the standard Brownian
motion Since we consider the optimally controlled process in the interval
[0,d], we may state that this problem has already been solved in the par-
ticular case |

We can actually limit ourselves to two special values of the parameter
a, namelya = 3 anda = 3, and to the valuer? = 1, and this without any
real loss of generality

(@ a =3, 0?=1 The functionM(x; ) satisfies the ordinary differential

equation
XM”(X;A) + IM'(X; 1) = 2AXM(X; A). (42)
Its general solution is
M(x;A) = X4, K1a(N2AX) + Col1,4(V2A%)], (43)

wherel, (-) andK,(-) are modified Bessel functiorisee Abramowitz
and Steguil, p. 374]).
We have(Abramowitz and Stegufl, p. 376])

9 a(@ = K 5a(2 — Lk (4)
dz z

and
i@ =1 - L, (45)
dz z

It follows that

M’(x;A) = Xl/4@[_01 K—3/4(@X) + CZ|_3/4(\/5X)]. (46)

Next, using the formulagAbramowitz and Stegufil, p. 375])
K*V(.) = KI/() and

K.(2) ~ (3)T(2)(z/2)"" ifRe(r) >0

I,(z) ~(z/2"/T(z+1) ifv+#-1-2,..., (47)
we deduce that we will have
I)l(?g M'(X;A) = oo, (48)
unless we choose
C; = aI'(HT(3)/2:= ocy, (49)
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in which casethe boundary conditiol’(0; A) = O is fulfilled. Finally,
M(d;A) = 1 implies that

M(x;A) = <§>1/4 Ky/a(V2A%) + 811/4(\V24%) (50)
d/) Kys(V22d) + 8114(V20d)
for0=x=d.
(b) a=3,02%=1.The Kolmogorov backward equation that we must solve
is now
XM” (X;A) — M’ (X;A) = 2AXM(X; A). (51)

We find that

M (%;A) = X*/4[€1 Kaya V24%) + Col3a(V2AX)] (52)
and that

M'(x;A) = X3/4M[_Cl K—1/4(\/5X) + C2|—1/4(\/ﬁx)]~ (53)

This time if we take the limit ax decreases to zero M'(x; ), we
obtain thaM’(x, A) = 0 for all constants; andc,. However if we first
assume that the reflecting boundary ig at 0 and then take the limit
ase | 0, we deduce that we must have the relationship

C, = I'(HIr(2)/2=éc,, (54)

as in the case whan= 3. The boundary conditioM(d; A) = 0 yields
at last the formula

X \¥4 Kg/4(N2AX) + 813/4(NV2AX)
M(x;A) = | = 55
(x:2) <d> Kaa(N2Ad) + 8l54(N2Ad) (55)

for0O=x=d.
In the next sectionthe case when the cost criteri@h(x, ty) is
replaced byC,(x, ty) will be treated

3. MAXIMIZATION OF E[7(x,ty)]
When the cost criterion is

7(X, o)
C2(X7 tO) = J- ldt= T(X’ tO) - tO = T(X,O) = TO(X)7 (56)
1,

0

the problem is time-invariant and we can assumetihatO without loss of gener-
ality. The dynamic programming equation that we must solu@vigting F for F,,
again for simplicity)

0= m(zg)x[l + (a+ byu(0) + bu?(0))Fy + 20F], (57)
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which yields the sama* (=u*(0) here as in Section 2Furthermorewe have

F(x) = max E[7(x)]. (58)

u(t),0=t=rg

Assuming that we can interchange the maximization and the mathematical expec-
tation, we may write that

F(x) = E[75(X)]. (59)
Now, the function
m(x) := E[75(X)] (60)
satisfies the Kolmogorov backward equation

1 b?
Evm”(x)+ <a—4—b2>m’(x)= -1 (61)

and is subject to the boundary condition
m(d) = 0. (62)

We will consider the same particular cases as in Sectidhfallows that the
origin is a reflecting boundaryWe can show that the boundary condition for the
functionm(x) atx = 0 is also

m'(0) = 0. (63)

Remark: Theoretically the functionm(x) could be infinite That is the casefor
instance whenx*(t) is a Bessel process witla = 0 because the origin is an exit
boundary and there is a positive probability of hitting 0 befdrmhen the starting
value isx € (0,d). Howeverin the three cases treated in Sectiow@ may state that
m(x) is finite.

I. Whenx*(t) is a Wiener proces$61) takes the form
1o2m’(x) + um(x) = —1. (64)

Observe that this equation is a first-order linear ordinary differential equa-
tion for n(x) := m’(x). We find that

2

m(x) = S C, 7 g2mo? 4 c, ifpu#0, (65)
M 2u
whereas
X2
m(x) = —;ﬂLclwrc2 if u=0. (66)
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The boundary conditionsi(d) = 0 andm’(0) = 0 imply that
(1/W{(d = x) + (e 2w [e 29" — e 2]} if p#0
@2 - xeye fu=0,
(67)

Note that='(x) (= m’(x)) is negativellx € (0,d) in both casesso that we
indeed have a maximum

Il. Leta— (b?/4b,) = —axandv = o2 > 0, so thatx*(t) is a(generalizel
Ornstein—Uhlenbeck proces#/e must solve the ordinary differential
equation

m(x)

102m”(x) — axm'(x) = —1. (68)

Its general solution may be written as

X y
m(x) = —(Z/UZ)J eayz/"z[f e‘“z%zdz] dy
0 o]

+ le ev/7% dy + c,. (69)
0

Remark: In fact m(x) can also be expressed in terms of the error fundi@d the
complementary error functigntogether with the generalized hypergeometric func-
tion (as defined in the software Mathematifar instance.

The particular solution satisfying the boundary conditi@it0) = 0 is such that
¢, = 0. It follows that

d y
m(x) = (2/0°?) f g7’ { f g oz dz} dy (70)
X 0
for 0 = x = d. Hence we have

nﬂ@=4ﬂﬂmW“fe”ﬁ”w<a (71)
0

as should be

[Il. To concludewe return to the Bessel proce€ontrary to Section,2ve
will treat the more general case wherdQx < 2. The ordinary differ-
ential equatiori61) becomes

L0 - 2 (o = 1 72
> m” (x o m'(x) = —1. (72)
We find that
X2 XZ*a
m(x)=——+¢, —— +C,. (73)
o 2—«a
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Finally, applying the boundary conditions(d ) = m'(0) = 0, we obtain that

2 2

d X
m(x) = —— forO=x=d, (74)
o
so thatm'(x) < 0 Ox € (0,d).

4. CONCLUSION

In this article the problem of maximizing the survival time of a diffusion process
x(t) in an interva) as considered by Lefebvre and Whitflel] in particular was
modified by taking a cost criterion that does not depend explicitly on the control
variableu(t). Moreover u(t) appears both linearly and quadratically in the stochas-
tic differential equation that definegt).

We have seen that although it is not very difficult to find the optimal conttol
the problem is interesting because to obtain explicitly the value functiermust
solve a first passage time probability problem with an absorbing barret atand
(in the special cases presented hexeeflectingbarrier atx = 0. The particular
processes considered are the mostimportant ones for applicaizonsly the Wiener
Ornstein—Uhlenbeclkand Bessel processes

As a sequel to this worlone could use other cost criterlaading to different
probability problemsFor instancethe cost criterion

7(X, o)
C3(X, to) = f te_/\t dt (75)
t

0

requires the solution of a more difficult first passage problem

Finally, one could try to generalize the problem considered in this article to the
two-dimensional caser even to the-dimensional cas®©f coursethe correspond-
ing first passage time problem would most probably be very hard to solve explicitly
except in special instances
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