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A one-dimensional diffusion process is controlled in the interval@2d,d# + The aim
is to maximize the survival time in@2d,d# + Two cost criteria, which do not depend
on the control variable, are considered+ Particular problems are solved explicitly+

1. INTRODUCTION

Let x~t ! be a one-dimensional controlled diffusion process defined by the stochastic
differential equation

dx~t ! 5 a@x~t !# dt 1 b1 @x~t !#u~t ! dt 1 b2 @x~t !#u2~t ! dt 1 $v@x~t !#%102 dW~t !,

(1)

whereW~t ! is a standard Brownian motion and we assume thatb2~{! . 0 and
v~{! $ 0+ Let the initial value ofx~t ! bex~t0! :5 x [ @2d,d# +We want to maximize
the survival time of the controlled processx~t ! in @2d,d# +

The problem of maximizing the survival time of a diffusion process in an
interval has been considered, in particular, by Lefebvre and Whittle@11# + The
problem that they treated is a special case of what Whittle@12, p+ 298# has termed
“LQG homing+” In the one-dimensional case, this type of problem is such that

dx~t ! 5 a dt1 bu~t ! dt 1 v102 dW~t ! (2)
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and the optimizer wants to minimize the expected value of the cost criterion

J~x, t0! :5E
t0

t~x, t0! 1

2
qu2~t ! dt 1 K @x~t!,t# , (3)

whereq is positive and

t~x, t0! :5 inf $t $ t0: 6x~t !65 d6x~t0! 5 x%+ (4)

Furthermore, K~{,{! is a general termination cost function+ If we takeK @x~t!,t# 5
lt, then the aim is to minimize~respectively,maximize! the survival time in@2d,d#
if the constantl is positive~respectively, negative! while taking the quadratic con-
trol costs into account+ Whittle @13, p+ 222# ~see also Kuhn@6# ! has considered a
risk-sensitive version of this problem as well+

Whittle @12# has shown that it is sometimes possible to obtain the optimal con-
trol u* by simply considering the corresponding uncontrolled process+However, for
this result to be valid, a relationship betweenv, b, andq must hold and ultimate
absorption of the uncontrolled process into the stopping region must be certain+

In the present article, the control variableu~t ! enters both linearly~if b1 Þ 0!
and quadratically in the stochastic differential equation that definesx~t !+ Further-
more, we consider two cost criteria: First, we look for the controlu* that maximizes
the expected value of

C1~x, t0! :5E
t0

t~x, t0!

le2lt dt, (5)

wherel is a positive constant andt is as in~4!+ Next, the cost criterionC1 is re-
placed by

C2~x, t0! :5E
t0

t~x, t0!

1 dt; (6)

that is, we want to maximize the expected survival time in@2d,d# +
Note that both cost criteriaC1 andC2 do not depend explicitly on the control

variableu~t !+ Moreover, there is no constraint onu~t !+ As will be seen later, the
problem is not so much to determineu*, but rather to compute explicitly the value
functionFi ~x, t0! defined by

Fi ~x, t0! :5 max
u~t !, t0#t#t

E @Ci ~x, t0!# for i 5 1,2+ (7)

The motivation for the work presented in this article is that we wanted to
extend the classic LQG formulation to a case in which there are no explicit control
costs on the way+ The uncontrolled process that corresponds to the process in~1!
has many applications+ For instance, the author~Lefebvre@9# ! used the process
defined by

dx~t ! 5 c dt1 @4cx~t !#102 dW~t !, (8)
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wherec is a positive constant, to model the level of water in a reservoir, and he
considered the problem of maximizing or minimizing the time taken byx~t ! to
go fromx~0! 5 x [ @0,d! to d+ The valued represented a level at which there was
either a high risk of inundation or of not being able to provide water for domestic
consumption or to industries+

The water reservoir control problem mentioned was formulated in the classic
framework, with quadratic control costs+ Now, in such a problem, the costs associ-
ated with inundations or periods of drought are obviously much higher than the
control costs+ That is why we wanted to consider a cost criterion which is indepen-
dent of the control variableu~t !+ In order to obtain a meaningful~and interesting!
problem, we found out that the quadratic termu2~t ! had to enter into the plant
equation+

In Section 2, the value ofu* is obtained; then, the value function is computed in
three important special cases when the cost criterionC1 is used+ Next, in Section 3,
the cost criterionC2 replacesC1 and again the value function is obtained in these
three important cases+ Finally, concluding remarks are made in Section 4+

2. COMPUTATION OF u *

Because the cost criteriaC1 andC2 are both independent ofu~t !, to obtain the op-
timal controlu* we can consider the cost criterion

C~x, t0! :5E
t0

t~x, t0!

L~t ! dt, (9)

whereL~t ! 5 le2lt or 1+
Assuming that the value function

F~x, t0! :5 max
u~t !, t0#t#t

E @C~x, t0!# (10)

exists~in R! and is twice differentiable, we find that it satisfies the dynamic pro-
gramming equation

0 5 max
u~t0!

@L 1 Ft0 1 ~a 1 b1u~t0! 1 b2u2~t0!!Fx 1 2
12vFxx# + (11)

Then, we readily obtain thatu* ~:5 u*~t0!! is such that

~b1 1 2b2u* !Fx 5 0+ (12)

Proposition 2.1: If Fx Þ 0, then the optimal control u* is given by

u* 5 2
b1

2b2

, (13)

where b2 is assumed to be strictly positive+
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Remark: We cannot always assume thatFx Þ 0+ Indeed, in some cases we can
haveF~x, t0! 5 constant∀x [ I , @2d,d# , so thatFx 5 0 ∀x [ I+

Corollary 2.1: If F ~x, t0! , ` ∀x [ ~0,d!, we have

u* 5 H2b102b2 if x . 0

sgn~b1!` if x , 0+
(14)

Proof: The result follows from Proposition 2+1 and the obvious fact that the origin
is the “safest” place in the interval@2d,d# when the objective is to maximize the
survival time in@2d,d# + Sinceu~t ! is unconstrained, if x~t0! , 0 then the optimizer
can move away from the boundaryx 5 2d instantly by choosingu* 5 sgn~b1!`+
Indeed, the optimally controlled processx*~t ! will then move at once from its
positionx~t0! to 0 in an infinitely short time+ Therefore, the optimal control isnot
u*5 2b102b2 whenx~t0! , 0+

Finally, if x~t0! . 0 then the optimizer cannot use infinite control, since this
would minimize the survival time in@2d,d# rather than maximize it+ It follows
that the value ofF~x, t0! will vary with x if F~x, t0! ,`, so thatFx Þ 0 if x . 0 and
u*5 2b102b2, according to Proposition 2+1+ n

Remarks:

1+ If the optimizer usesu~t ! 5 2b102b2 whenx , 0, thenb1u~t ! 1 b2u2~t ! 5
2b1

204b2+ Therefore, the optimizer is trying to move the processx~t ! down-
ward ~if b1 Þ 0!, which is certainly not the optimal solution+ The solution
u~t ! 5 2b102b2 would, in fact, yield a minimum here+

2+ Because of the termb2u2~t ! ~with b2 . 0! in the stochastic differential equa-
tion ~1!, we could actually takeu~t0! 5 2sgn~b1!` whenx~t0! is negative
and achieve the same result+ It is, however, certainly more logical to choose
u*, as above+

3+ If E @C~x, t0!#5`when the optimizer usesu~t ![0,we can obviously write
thatu*[ 0 and the problem is of no interest+ Similarly, we can eliminate the
case whenF~x, t0! 5` in the interval~0,d!, because it is less interesting+

Consider now the case when the cost criterionC is given byC1+ Then, the
dynamic programming equation~11! becomes~writing F instead ofF1 for simplicity
of notation!

0 5 max
u~t0!

@le2lt0 1 Ft0 1 ~a 1 b1u~t0! 1 b2u2~t0!!Fx 1 2
12vFxx# + (15)

We are interested in solving this partial differential equation in the case whenx . 0+
Then, we have

0 5 le2lt0 1 Ft0 1Sa 2
b1

2

4b2
DFx 1

v

2
Fxx+ (16)
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Remark: Note that we cannot haveE @C1~x, t0!# 5` for any choice ofu~t !, so that
F~x, t0! , ` ∀x [ ~0,d!, as required+

Next, assuming that we can interchange the maximization and the mathematical
expectation, we may write that

F~x, t0! 5 EFE
t0

t*~x, t0!

le2lt dtG5 E$@e2lt0 2 e2lt*~x, t0! # %, (17)

wheret*~x, t0! is the value oft~x, t0! obtained by using the optimal controlu*+
Sincet*~x, t0! 5 t0 1 t0

*~x!, where

t0
*~x! :5 inf $t $ 0: 6x*~t !65 d6x~0! 5 x%, (18)

we have

F~x, t0! 5 e2lt0 2 e2lt0E @e2lt0
*~x! # :5 e 2lt0 @12 M~x;l!# , (19)

whereM is the moment generating function oft0
*~x!+ Substituting into the partial

differential equation~16!, we obtain

0 5 le2lt0 1 le2lt0~M 2 1! 2Sa 2
b1

2

4b2
De2lt0M ' 2

v

2
e2lt0M '' (20)

m

lM 5 Sa 2
b1

2

4b2
DM ' 1

v

2
M ''+ (21)

In the remainder of this article, we will consider the case when the optimally
controlled processx*~t !, starting fromx . 0, can reach zero+ Since the optimizer
uses infinite control whenx , 0, x*~t ! cannot cross the origin fromx . 0+ This is
tantamount to saying that the origin is areflectingboundary~if it is a regularbound-
ary; it could also be anexitboundary!+ It follows ~see Cox and Miller@3, p+ 231# , for
instance! that the boundary conditions are

M~d;l! 5 1 (22)

and

M '~0;l! 5 0+ (23)

Remarks:

1+ It is possible that the origin be an inaccessible boundary forx*~t !+ For ex-
ample, if x~t ! satisfies the stochastic differential equation

dx~t ! 5 x~t ! dt 1 u2~t ! dt 1 x~t ! dW~t ! (24)

for x . 0, thenx*~t ! is such that

dx*~t ! 5 x*~t ! dt 1 x*~t ! dW~t !, (25)
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so thatx*~t ! is a geometric Brownian motion~see Karlin and Taylor@5,
p+ 175# !+ Since it can be expressed as the exponential of a Brownian motion,
it cannot move fromx . 0 to 0+ In this case, the obvious optimal control,
if the initial value ofx~t ! is x~t0! 5 0, would beu*5 0 ~5 2b102b2, actu-
ally!+ Indeed, the optimizer would then obtain an infinite reward+

In general, if the origin is an inaccessible boundary forx*~t !, then the
boundary conditionM '~0;l! 5 0 does not apply+ The functionM is then the
solution of a first passage time problem with a single boundary+ This type of
problem has been considered extensively in one dimension+ That is why we
are interested in the case whenx*~t ! can actually reach 0+

2+ In theory, the optimal controlu* is undetermined atx5 0 when the origin is
a regular boundary forx*~t ! because

Fx~0, t0! 5 2e2lt0M '~0;l! 5 0, (26)

so that the condition

~b1 1 2b2u* !Fx 5 0 (27)

is fulfilled for any finiteu*+However, sincex*~t ! cannot cross the origin, the
optimizer should takeb1u~t ! 1 b2u2~t ! as small as possible whenx*~t ! 5 0+
It follows thatu*5 2b102b2, as forx . 0+ At any rate, this is only one point
and has no real influence on the value oft*~x!+

3+ Sincet~x, t0! 5 t0 1 t~x,0!, we may write that

F~x, t0! :5 max
u~t !, t0#t#t~x, t0!

EFE
t0

t~x, t0!

le2lt dtG (28)

m

F~x, t0! 5 max
u~s!,0#s#t~x,0!

EFe2lt0E
0

t~x,0!

le2ls dsG :5 e2lt0G~x!+ (29)

Now, we find that the functionG~x! satisfies the ordinary differential
equation~see~16!!

0 5 l 2 lG 1Sa 2
b1

2

4b2
DG' 1

v

2
G'' (30)

for x . 0 and is subject to the boundary condition

G~d! 5 0; (31)

that is, we can reduce the partial differential equation~16! to an ordinary
differential equation+ Moreover, the interchange of the maximization and
the mathematical expectation is, therefore, only needed to obtain the bound-
ary conditionG'~0! 5 0 ~sinceG~x! 5 1 2 M~x;l!!+
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To conclude this section, we will solve the ordinary differential equation~21!,
which is a Kolmogorov backward equation, subject to the boundary conditions~22!
and~23!, in three important cases+ These three cases are probably the most impor-
tant ones for applications+ Indeed, we will consider the cases whenx*~t ! is either a
Wiener process, an Ornstein–Uhlenbeck process, or a Bessel process+ A particular
field in which these diffusion processes are widely used is that of mathematical
finance+More precisely, the Brownian motion process and the Ornstein–Uhlenbeck
process have served as models of discount bond prices, whereas the Bessel pro-
cess has been used to evaluate Asian options~see Geman and Yor@4# and Chesney
et al+ @2# !+

The Wiener process is the basic diffusion process and, as such, has been used
in numerous applications+ For instance,Whittle @12# used it as a rudimentary model
for the flight of an aircraft+

The Ornstein–Uhlenbeck process also appears in genetics~see Karlin and
Taylor @5, p+ 183# !, as well as in hydrology~Labib et al+ @7# ! and electrical engi-
neering~Lefebvre@8# !, among other fields+

Finally, Lefebvre and Adjengue@10# proposed an integrated Bessel process to
model the flow of a river and considered the problem of optimally controlling this
process+

I+ Suppose first thata2 ~b1
204b2! [ µ [ R andv[ s2 . 0+ Then, x*~t ! is a

Wiener process+ The general solution of~21! in this case is

M~x;l! 5 c1 exp@2~µ1 gx!0s2# 1 c2 exp@~µ1 gx!0s2# , (32)

wherec1 andc2 are constants and

g :5 ~2l 1 µ2!102+ (33)

The solution that satisfies the boundary conditions~22! and~23! is easily
found to be

M~x;l! 5
cosh~gx!

cosh~gd!
+ (34)

Note that we then have

Fx 5 2e2lt0M ' 5 2e2lt0
sinh~gx!g

cosh~gd!
(35)

which is negative∀x [ ~0,d# + Therefore, the solutionu*52b102b2 really
yields a maximum~becauseb2 . 0; see~11! and~12!!+

II + Suppose next thata 2 ~b1
204b2! 5 2ax, wherea . 0, andv[ s2 . 0, as

above+Whens2 51, the optimally controlled processx*~t ! is an Ornstein–
Uhlenbeck process+We must solve the ordinary differential equation

2
12s2M ''~x;l! 2 axM '~x;l! 5 aM~x;l!, (36)

subject toM~d;l! 5 1 andM '~x;l! 5 0+
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Remark: The processesx*~t ! considered in I and II have a regular boundary at the
origin; therefore, they can take the valuex*~t ! 5 0 and leave the origin afterward+

Now, the general solution of~36! can be written as

M~x;l! 5 c1FS l

2a
,
1

2
,
ax2

s2 D1 c2 xFS l

2a
1

1

2
,
3

2
,
ax2

s2 D, (37)

whereF~{,{,{! is a confluent hypergeometric function~see Abramowitz and Stegun
@1, p+ 504# , for instance, whereF is denoted byM !+

Using the formula

d

dz
F~a,b, z! 5

a

b
F~a 1 1,b 1 1, z! (38)

~see Abramowitz and Stegun@1, p+ 507, formula 13+4+8# !, we have

M '~x;l! 5 c1

2l

s2 xFS l

2a
1 1,

3

2
,
ax2

s2 D1 c2FS l

2a
1

1

2
,
3

2
,
ax2

s2 D
1 c2

2x2

3s2 ~a 1 l!FS l

2a
1

3

2
,
5

2
,
ax2

s2 D+ (39)

SinceF~a,b,0! 5 1, the boundary conditionM '~0;l! 5 0 implies that we must
choose the constantc2 equal to zero+ Then, the boundary conditionM~d;l! 5 1
implies that

M~x;l! 5

FS l

2a
,
1

2
,
ax2

s2 D
FS l

2a
,
1

2
,
ad2

s2 D
(40)

for 0# x# d+With the help of the formula 13+4+8 of @1# , it is a simple matter to check
thatMx . 0 ∀x [ ~0,d# , as required+

III + We consider finally the case whena2 ~b1
204b2! 5 ~a 21!02x, with a $ 0,

andv[ s2 . 0, again+Whens2 51, the processx*~t ! is a Bessel process
~see Karlin and Taylor@5, pp+ 175 and 238# !+ The type of boundary at the
origin depends on the parametera+ If s2 51,we find~Karlin and Taylor@5,
p+ 238# ! that the origin is

An entrance boundary ifa $ 2

A regular boundary if 0, a , 2

An exit boundary ifa 5 0+

(41)

Since an entrance boundary is unattainable, we restrict ourselves to the
case whena , 2+Moreover, we eliminate the valuea 5 0 as well, because
an exit boundary isabsorbing; that is, it can be reached fromx . 0+ How-
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ever, if x*~t ! 5 0 for somet, then x*~s! 5 0 ∀s . t and we will have
t*~x, t0! 5`+ As mentioned earlier, we are interested in the case when the
origin is areflecting~and thus not absorbing! boundary+Finally, if a51, the
Bessel process is equivalent to the absolute value of the standard Brownian
motion+ Since we consider the optimally controlled process in the interval
@0,d# , we may state that this problem has already been solved in the par-
ticular case I+

We can actually limit ourselves to two special values of the parameter
a, namelya 5 3

2
_ anda 5 1

2
_ , and to the values2 5 1, and this without any

real loss of generality+

~a! a 5 3
2
_ , s2 51+ The functionM~x;l! satisfies the ordinary differential

equation

xM ''~x;l! 1 2
12M '~x;l! 5 2lxM~x;l!+ (42)

Its general solution is

M~x;l! 5 x104 @c1 K104~!2lx! 1 c2 I104~!2lx!# , (43)

whereIn~{! andKn~{! are modified Bessel functions~see Abramowitz
and Stegun@1, p+ 374# !+

We have~Abramowitz and Stegun@1, p+ 376# !

d

dz
K104~z! 5 2K2304~z! 2

104

z
K104~z! (44)

and

d

dz
I104~z! 5 I2304~z! 2

104

z
I104~z!+ (45)

It follows that

M '~x;l! 5 x104!2l@2c1 K2304~!2lx! 1 c2 I2304~!2lx!# + (46)

Next, using the formulas~Abramowitz and Stegun@1, p+ 375# !
K2n~{! 5 Kn~{! and

Kn~z! ; ~ 2
12!G~z!~z02!2n if Re~n! . 0

In~z! ; ~z02!n0G~z1 1! if n Þ 21,22, + + + ,
(47)

we deduce that we will have

lim
xf0

M '~x;l! 5 6`, (48)

unless we choose

c2 5 c1G~ 4
12!G~ 4

32!02 :5 dc1, (49)

MAXIMIZING THE TIME SPENT IN AN INTERVAL 77

https://doi.org/10.1017/S0269964801151053 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964801151053


in which case, the boundary conditionM '~0;l!5 0 is fulfilled+ Finally,
M~d;l! 5 1 implies that

M~x;l! 5 S x

d
D104 K104~!2lx! 1 dI104~!2lx!

K104~!2ld! 1 dI104~!2ld!
(50)

for 0 # x # d+

~b! a5 1
2
_ ,s2 51+ The Kolmogorov backward equation that we must solve

is now

xM ''~x;l! 2 2
12M '~x;l! 5 2lxM~x;l!+ (51)

We find that

M~x;l! 5 x304 @c1 K304!2lx! 1 c2 I304~!2lx!# (52)

and that

M '~x;l! 5 x304!2l@2c1 K2104~!2lx! 1 c2 I2104~!2lx!# + (53)

This time, if we take the limit asx decreases to zero inM '~x;l!, we
obtain thatM '~x,l! 5 0 for all constantsc1 andc2+However, if we first
assume that the reflecting boundary is ate . 0 and then take the limit
ase f 0, we deduce that we must have the relationship

c2 5 c1G~ 4
12!G~ 4

32!02 5 dc1, (54)

as in the case whena 5 3
2
_ + The boundary conditionM~d;l! 5 0 yields

at last the formula

M~x;l! 5 S x

d
D304 K304~!2lx! 1 dI304~!2lx!

K304~!2ld! 1 dI304~!2ld!
(55)

for 0 # x # d+
In the next section, the case when the cost criterionC1~x, t0! is

replaced byC2~x, t0! will be treated+

3. MAXIMIZATION OF E [t(x,t0)]

When the cost criterion is

C2~x, t0! 5 E
t0

t~x, t0!

1 dt 5 t~x, t0! 2 t0 5 t~x,0! :5 t0~x!, (56)

the problem is time-invariant and we can assume thatt0 5 0 without loss of gener-
ality+ The dynamic programming equation that we must solve is~writing F for F2,
again, for simplicity!

0 5 max
u~0!

@11 ~a 1 b1u~0! 1 b2u2~0!!Fx 1 2
12vFxx# , (57)
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which yields the sameu* ~5u*~0! here! as in Section 2+ Furthermore, we have

F~x! 5 max
u~t !,0#t#t0

E @t0~x!# + (58)

Assuming that we can interchange the maximization and the mathematical expec-
tation, we may write that

F~x! 5 E @t0
*~x!# + (59)

Now, the function

m~x! :5 E @t0
*~x!# (60)

satisfies the Kolmogorov backward equation

1

2
vm''~x! 1Sa 2

b1
2

4b2
Dm'~x! 5 21 (61)

and is subject to the boundary condition

m~d! 5 0+ (62)

We will consider the same particular cases as in Section 2+ It follows that the
origin is a reflecting boundary+ We can show that the boundary condition for the
functionm~x! at x 5 0 is also

m'~0! 5 0+ (63)

Remark: Theoretically, the functionm~x! could be infinite+ That is the case, for
instance, whenx*~t ! is a Bessel process witha 5 0 because the origin is an exit
boundary and there is a positive probability of hitting 0 befored when the starting
value isx[ ~0,d!+However, in the three cases treated in Section 2,we may state that
m~x! is finite+

I+ Whenx*~t ! is a Wiener process, ~61! takes the form

2
12s2m''~x! 1 µm'~x! 5 21+ (64)

Observe that this equation is a first-order linear ordinary differential equa-
tion for n~x! :5 m'~x!+We find that

m~x! 5 2
x

µ
2 c1

s2

2µ
e22µx0s2

1 c2 if µÞ 0, (65)

whereas

m~x! 5 2
x2

s2 1 c1 x 1 c2 if µ5 0+ (66)
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The boundary conditionsm~d! 5 0 andm'~0! 5 0 imply that

m~x! 5 H~10µ!$~d 2 x! 1 ~s202µ!@e22µd0s2
2 e22µx0s2

#% if µÞ 0

~d2 2 x2!0s2 if µ5 0+

(67)

Note thatF '~x! ~5 m'~x!! is negative∀x [ ~0,d! in both cases, so that we,
indeed, have a maximum+

II + Let a 2 ~b1
204b2! 5 2ax andv[ s2 . 0, so thatx*~t ! is a ~generalized!

Ornstein–Uhlenbeck process+ We must solve the ordinary differential
equation

2
12s2m''~x! 2 axm'~x! 5 21+ (68)

Its general solution may be written as

m~x! 5 2~20s2!E
0

x

eay20s2FE
0

y

e2az20s2
dzG dy

1 c1E
0

x

eay20s2
dy1 c2+ (69)

Remark: In fact,m~x! can also be expressed in terms of the error function~and the
complementary error function!, together with the generalized hypergeometric func-
tion ~as defined in the software Mathematica, for instance!+

The particular solution satisfying the boundary conditionm'~0! 5 0 is such that
c1 5 0+ It follows that

m~x! 5 ~20s2!E
x

d

eay20s2FE
0

y

e2az20s2
dzG dy (70)

for 0 # x # d+ Hence, we have

m'~x! 5 2~20s2!eax20s2E
0

x

e2az20s2
dz, 0, (71)

as should be+

III + To conclude,we return to the Bessel process+Contrary to Section 2,we
will treat the more general case when 0, a , 2+ The ordinary differ-
ential equation~61! becomes

1

2
m''~x! 2

a 2 1

2x
m'~x! 5 21+ (72)

We find that

m~x! 5 2
x2

a
1 c1

x22a

2 2 a
1 c2+ (73)
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Finally, applying the boundary conditionsm~d!5m'~0!50,we obtain that

m~x! 5
d2 2 x2

a
for 0 # x # d, (74)

so thatm'~x! , 0 ∀x [ ~0,d!+

4. CONCLUSION

In this article, the problem of maximizing the survival time of a diffusion process
x~t ! in an interval, as considered by Lefebvre and Whittle@11# in particular, was
modified by taking a cost criterion that does not depend explicitly on the control
variableu~t !+Moreover, u~t ! appears both linearly and quadratically in the stochas-
tic differential equation that definesx~t !+

We have seen that although it is not very difficult to find the optimal controlu*,
the problem is interesting because to obtain explicitly the value function, we must
solve a first passage time probability problem with an absorbing barrier atx5 d and
~in the special cases presented here! a reflecting barrier atx 5 0+ The particular
processes considered are the most important ones for applications,namely the Wiener,
Ornstein–Uhlenbeck, and Bessel processes+

As a sequel to this work, one could use other cost criteria, leading to different
probability problems+ For instance, the cost criterion

C3~x, t0! :5E
t0

t~x, t0!

te2lt dt (75)

requires the solution of a more difficult first passage problem+
Finally, one could try to generalize the problem considered in this article to the

two-dimensional case, or even to then-dimensional case+Of course, the correspond-
ing first passage time problem would most probably be very hard to solve explicitly,
except in special instances+
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