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We consider the complexity of approximating the partition function of the ferromagnetic
Ising model with varying interaction energies and local external magnetic fields. Jerrum
and Sinclair provided a fully polynomial randomized approximation scheme for the case
in which the system is consistent in the sense that the local external fields all favour the
same spin. We characterize the complexity of the general problem by showing that it is
equivalent in complexity to the problem of approximately counting independent sets in
bipartite graphs, thus it is complete in a logically defined subclass of #P previously studied
by Dyer, Goldberg, Greenhill and Jerrum. By contrast, we show that the corresponding
computational task for the g-state Potts model with local external magnetic fields and g > 2
is complete for all of #P with respect to approximation-preserving reductions.

1. Introduction

1.1. The Ising model and the Potts model

An Ising system is defined by a graph G = (V, E). Each edge (i, j) € E has an associated
interaction strength J;j (a real number). Each vertex v € V has an associated local external
magnetic field which corresponds to the parameter 7, (a real number). A configuration of
the system is an assignment ¢ : V' — {—1,+1} of ‘spins’ to the vertices of G. We associate
each configuration ¢ with an energy

H(o) == Jyol)o(j) =) /uo(). (L1)

(i,j)EE veV

f This work was partially supported by the EPSRC grant ‘Discontinuous Behaviour in the Complexity of
Randomized Algorithms’.

https://doi.org/10.1017/5096354830600767X Published online by Cambridge University Press


https://doi.org/10.1017/S096354830600767X

44 L. A. Goldberg and M. Jerrum

The partition function corresponding to ‘inverse temperature’ f§ (a positive real number)
is

Z(G.B.Jijle)= > exp(—BH())

o:V—o{—1+1}
— E H eﬁJ,](F(l 5 (j) H eﬁ/v”(v)
o:Vo{—1,+1} (i.,j)€E veV

The system is ferromagnetic if every interaction energy J;; is nonnegative.

The most commonly studied version of the Ising model (see, for example, [2]) is the
version in which the interaction energies J;; are uniform over the edges (i, j)) € E and the
local magnetic fields /, are uniform over vertices v € V. The general model is also studied,
particularly in the situation in which the interaction energies J;; and the local fields 7,
are random variables (see [1, 6, 14]).

To avoid the exponentials in our notation, we define edge weights /;; = exp(2fJ; ;)
and vertex weights p, = exp(2f3/,) so that we can rewrite the partition function as
follows:

%aia(' Lo
ZGapm) =y T 27" T we™ (1.2)

oV —{—1,4+1} (i,))€E veV
B IR I DS I w II & a3
(i,j)€E veV a:V—{—1,+1} (i,j))EE:a(i)=0(j) veV o(v)=+1

Note that the system is ferromagnetic if and only if every edge weight 4;; is at least 1.
We say that the system is consistent if the external field favours the same spin at all
vertices. That is, the system is consistent if u, is either uniformly at least 1 or uniformly
at most 1.

Jerrum and Sinclair [13] have shown that the problem of exactly computing the
partition function of an Ising system is #P-complete, even in the ferromagnetic case.
They show that, in the antiferromagnetic case, the partition function cannot even be
computed approximately in polynomial time unless NP = RP. However, they present an
efficient algorithm for the ferromagnetic case, which approximates the partition function,
provided that the system is consistent. Theorem 1.1, below, characterizes the complexity
of approximately computing the partition function of a ferromagnetic Ising system that
is not consistent. In particular, we show that this problem is complete with respect to
approximation-preserving reductions in a logically defined subclass of #P from [7]. The
subclass may be of intermediate complexity between those problems that have a fully
polynomial randomized approximation scheme and those problems that are complete for
#P with respect to approximation-preserving reductions. By contrast, the corresponding
problem for the Potts model with g > 2 spins is complete for #P in this sense — this is
Theorem 1.2 below. The theorem implies that there is no fully polynomial randomized
approximation scheme (for the ferromagnetic Potts model) unless NP = RP. Background
on the complexity of approximate counting is provided in Section 1.2.

First we give the definitions for the Potts model. In this model there are ¢ spins and a
configuration is an assignment ¢ : V' — {1,...,q} of spins to the vertices of the underlying
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graph G = (V, E). In the most general version of the model, we have a distinct interaction
strength J;; for each edge (i, j) € E and a distinct external field corresponding to a real
number h,. associated to each vertex v and each possible spin c. Thus, the energy of a
configuration ¢ (see equation (1.1)) is

H(o)=— Y Jija(0(i),6())) = D> huow) (1.4)
(

i,j)EE veV
where

fss)={Th =5
’ —1, otherwise.

Letting /;; = exp(2fJ; ;) as before and letting p, . = exp(Bh,.), we get

Z(Ghipwd) = [[ 47 Do T 2 I oo (1.5)

(DEE oV —{leq) ()EEc()=0(j) veV

1

ol

A version of this model in which the interaction energy is uniform over edges (i, j) € E
and the external field p, . is uniform over vertices v (but varies with c) is studied in [3]. Note
that the ¢ = 2 case of the partition function (1.5) is essentially the same as the partition
function of the Ising model (1.3). Furthermore, Jerrum and Sinclair’s inapproximability
result for the antiferromagnetic Ising model extends to the Potts model [15, p. 138]. We
will focus on the ferromagnetic case in this paper.

1.2. The complexity of approximate counting

A randomized approximation scheme is an algorithm for approximately computing the
value of a function f. The approximation scheme has a parameter ¢ > 0 which specifies
the error tolerance. For concreteness, suppose that f is a function from X* to R. For
example, f might map an encoding of a graph G to the number of independent sets of G.
A randomized approximation scheme for f is a randomized algorithm that takes as input
an instance x € £ (e.g., an encoding of a graph G) and an error tolerance ¢ > 0, and
outputs a number z € Q (a random variable of the ‘coin tosses’ made by the algorithm)
such that, for every instance x,

Prle~f(x) <z < €f(x)] > (1.6)

A w

The randomized approximation scheme is said to be a fully polynomial randomized
approximation scheme, or FPRAS, if it runs in time bounded by a polynomial in |x|
and ¢~'. Note that the quantity 3/4 in equation (1.6) could be changed to any value
in the open interval (%, 1) without changing the set of problems that have randomized
approximation schemes.

Dyer, Goldberg, Greenhill and Jerrum [7] studied the complexity of approximate
counting. They identified three classes of counting problems that are interreducible under
approximation-preserving reductions. These are (i) the problems that admit an FPRAS,
(ii) the problems that are complete for #P with respect to approximation-preserving
reducibility, and (iii) a third class, of intermediate complexity, that can be characterized
as the hardest problems in a logically defined subclass of #P. We will use the notion of
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approximation-preserving reduction from [7]. Suppose that f and g are functions from
2" to R. An ‘approximation-preserving reduction’ from f to g gives a way to turn an
FPRAS for g into an FPRAS for f. An approximation-preserving reduction from f to g
is a randomized algorithm .o/ for computing f using an ‘oracle’ for g (which we can
think of as an unwritten sub-routine for g). The algorithm .o/ takes as input a pair
(x,6) € " x (0,1), and satisfies the following three conditions: (i) every oracle call made
by 7 is of the form (w,0), where w € £ is an instance of g, and 0 < J < 1 is an error
bound satisfying ! < poly(|x|,e~!); (i) the algorithm .o/ meets the specification for
being a randomized approximation scheme for f (as described above) whenever the oracle
meets the specification for being a randomized approximation scheme for g; and (iii) the
run-time of .7 is polynomial in |x| and ¢!

If an approximation-preserving reduction from f to g exists we write f <ap g, and
say that f is AP-reducible to g. If f <ap g and g <ap f then we say that f and g are
AP-interreducible, and write f =ap g.

We can now say a little bit more about the three classes identified by Dyer, Goldberg,
Greenhill and Jerrum [7]. The first class, containing the problems that admit an FPRAS,
are trivially AP-interreducible since all the work can be embedded into the reduction
(which declines to use the oracle). The second class is the set of problems that are
AP-interreducible with #SAT, which is defined as follows.

Name. #SAT.
Instance. A Boolean formula ¢ in conjunctive normal form.
Output. The number of satisfying assignments to ¢.

All problems in #P are AP-reducible to #SAT. Zuckerman [16] has shown that #SAT
cannot have an FPRAS unless NP = RP. The same is obviously true of any problem
in #P to which #SAT is AP-reducible. See [7] for details. The third class is the set of
problems that are AP-interreducible with #BIS, which is defined as follows.

Name. #BIS.

Instance. A bipartite graph B.

Output. The number of independent sets in B, which we denote #IS(B). (An independent
set is a set of vertices that does not contain both end-points of any edge.)

Dyer, Goldberg, Greenhill and Jerrum [7] have shown that this class includes a number
of natural counting problems such as counting downsets in a partial order, counting
configurations in the 2-particle Widom—Rowlinson model and counting configurations
in the Beach model. Furthermore, these problems are complete for the logically defined
complexity class #RHII; with respect to AP-reducibility. No function AP-interreducible
with #BIS is known to admit an FPRAS, or to be AP-interreducible with #SAT. Thus, it
is possible that the complexity of this class of problems in some sense lies strictly between
the class of problems admitting an FPRAS and #SAT.

We will study the following computational problems.
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Name. FERROMAGNETIC ISING.

Instance. A ferromagnetic Ising system consisting of a graph G, edge weights 4;; > 1 and
vertex weights u,.

Output. The partition function Z(G, 4;, i,).

Name. FERROMAGNETIC POTTS(q).

Instance. A ferromagnetic Potts system consisting of a graph G, edge weights 4;; > 1 and
vertex weights .

Output. The partition function Z(G, Z;, ls)-

Jerrum and Sinclair [13] gave an FPRAS for the physically realistic special case of
FERROMAGNETIC ISING in which the system is consistent. We can now state our result,
which is that the general problem, in which the system may or not be consistent, is
AP-interreducible with #BIS.

Theorem 1.1. FERROMAGNETIC ISING =5p #BIS.

Note that, for ease of presentation, Jerrum and Sinclair described their FPRAS for
the special case in which all of the vertex weights p, are identical. Their result does not
require the vertex weights to be identical, provided they are consistent; for a proof of this
assertion, see the proof of Theorem 1 of [10].

It is an open question [11] whether there is an FPRAS for the ferromagnetic Potts
model for any fixed g > 2 even in the zero-field case (in which every h,. is equal to zero).
We show that, for fixed ¢ > 2, there is unlikely to be an FPRAS for FERROMAGNETIC
Potts(gq). In particular, we have the following.

Theorem 1.2. Suppose q > 2. Then FERROMAGNETIC POTTS(q) =ap #SAT.

Corollary 1.3. Suppose q > 2. Then there is no FPRAS for FERROMAGNETIC POTTS(q)
unless NP = RP.

1.3. Specifying the input parameters

In order to make our definitions of the problems FERROMAGNETIC ISING and FERROMAG-
NETIC POTTS(gq) precise, we need to specify how the input parameters 4; ;, u, and p, . should
be encoded. Since we are interested in randomized approximation schemes (rather than
in exact counting algorithms), we lose no generality by insisting that these parameters be
rational (see Observation 1.4 below). Thus, we adopt this convention.

Observation 1.4. Consider the ferromagnetic Ising system given by G, 4;; and p,. Let ¢ be
a positive constant. Suppose that G has n vertices and m edges. Let k be any integer that
exceeds [logio(n/e)] and [logy(m/¢)]. Let 1,-,] be the rational number derived from Z;j by
retaining the first k + 1 digits in the decimal expansion of A (and setting the other digits to
zero). Define [1, similarly. Then

e Z(G, Jijs ) < Z(G, hijo o) < €Z(G, hijs ).
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Proof. Consider the decimal expansion of A;; > 1, namely 4;; = Z;D:_OO b.10", where
b, € {0,...,9}. Let s be the largest r such that b, > 0. Let

dij = Z b 10’

r=s—k
Then
Gij=ldij— Y b 10" >y — 1077
r<s—k
>(1—=10%; > ! Jii > P
/( — )/Li’j/exp _W i,j/exp _E /Li’j.
Also

A ) &
Aij < Aij < €xp <m> Aije

Thus, the contribution of all edges to the partition function only differs by at most an
exp(e/2) factor if we use the approximate edge weights Zl j instead of the actual ones. The
approximation of vertex weights is similar: if g, is less then 1 then we can keep k + 1
digits of the decimal expansion of 1/y,. L]

1.4. Outline of the paper
Theorem 1.1 follows from Lemma 2.1, which is proved in Section 2, and from Lemma 3.1,
which is proved in Section 3. Theorem 1.2 is proved in Section 4.

2. Reduction from #BIS to Ferromagnetic Ising

The result of this section is the following.
Lemma 2.1. #BIS <ap FERROMAGNETIC ISING.

The proof of Lemma 2.1 consists of two reductions which are given in Lemmas 2.2
and 2.3 below. The first of these reduces #BIS to a ‘permissive’ version of #BIS, which
we refer to as #PERMISSIVEBIS(y), where y > 0 is a parameter to be explained presently.
The second of these reduces #PERMISSIVEBIS(y) to FERROMAGNETIC ISING. The instance
of FERROMAGNETIC ISING that is produced by the combined reduction has an underlying
graph which is bipartite.

We start by defining #PERMISSIVEBIS(y). The usual version of #BIS is ‘hard core’ in the
sense that a configuration is an independent set which is not allowed to contain adjacent
(IN,IN) pairs. In the permissive version, all assignments from vertices to {IN,OUT}
are configurations. However, configurations are given weights which discourage adjacent
(IN, IN) pairs. In particular, each edge between two vertices that are both assigned IN is
weighted by a factor of 2 < 1.

Name. #PERMISSIVEBIS(y).
Instance. A bipartite graph B with vertex set V.
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Output. The quantity Z,(B) =, ,qnour 7>""> where b(z) denotes the number of
(IN,IN) edges in 7.

2.1. Reducing #BIS to #PermissiveBIS(1/4)

In this section we prove the following lemma, which shows that #BIS can be reduced to
the problem #PErMISSIVEBIS(1/4). The constant 1/4 was chosen for convenience; other
constants would also work. Formally, our reduction applies to any graph (whether or not
it is bipartite) but we are interested in the application to bipartite graphs.

Lemma 2.2. #BIS <ap #PERMISSIVEBIS(1/4).

Let G = (V,E) be an instance of #BIS. Let n = |V|. Fori € V, let S; and T; be disjoint
sets of size r = 6n. Construct an instance G = (V, E) of #PErMISSIVEBIS(1/4) as follows:

v=JsurT
eV
and
EZ U SjXSjU USiXTi~
(i,j)€E eV

Let Q be the set of configurations corresponding to G. That is, Q is the set of
assignments t from the vertex set V' to {IN,OUT}. We will define some subsets of Q. For
i€V, let Q3™ be the set of configurations in which few vertices from S; U T; are mapped
to IN. That is,

QM = {reQ:|{veSUT; :1(v) = IN}| <r/10}, and Q™" = ™.
icv

Let prm be the set of configurations in which both S; and T; have vertices which are
mapped to IN. That is,

QP = {r € Q:IN € «(S;) and IN € ¢(T})}, and QP = | JQ"".

ieV
Let QP24 be the set of remaining configurations with (IN, IN) edges. That is,
Qb = (7 € Q — (@™ Y QP : 7 has an (IN, IN) edge}.

Let Q2°°¢ be the rest of the configurations: Qg0 = Q — (Qsmall y Qselit y Qbad) For any
subset ¥ of Q, let Y (¥) denote the contribution to the partition function Zv(a) from
configurations in W. That is, Y (¥) = 3y 7?7, where y = 1/4. Let Y denote Y (Q).

We start by deriving upper bounds for Y (Q™a) Y (Q¥!t) and Y (QP2d). Let i be any
vertex in V. First note that since y> < 1, we have

r/10

Y (@™l < Z (2kr> Z §2hE)

k=0 vV —SUT,—{IN,OUT}

https://doi.org/10.1017/5096354830600767X Published online by Cambridge University Press


https://doi.org/10.1017/S096354830600767X

50 L. A. Goldberg and M. Jerrum

Also,
Yy> ) =Y > y?e,
7€Q:1(S;)={0UT} vV —S;UT;—{IN,OUT}
so!
110 o Ipe \ /10
Y(Q?ma”)<2’§<k)Y gzr(r/lo) Y <47"Y. (2.1)
Similarly,

split - PN, 2ke 2b(7)
vam<s (0> %

k=1 vV —S,UT;—{IN,OUT)}

r r r
< o 2kt Y
S0

S E Q0

27714+ 4+y)Y

<
<4y, (2.2)

Every configuration t € Q%4 has an (IN,IN) edge between some sets S; and S; and
each of S; and S; have at least r/10 vertices mapped to IN by 7. Thus, every such 7 has
at least (r/lO)2 (IN, IN) edges. This means that

Y (Qb2d) < p20/107 gmpm < pnp, (2.3)
where the final inequality assumes » sufficiently large (in fact n > 2 suffices). Let t = 12’;‘:;1,,.
From (2.1) and (2.2),
Y QU Q) = Y (Q— (@™ uQP) > (1-2n4™)Y =Y /(1 +1),
so, using (2.3),
Y < (1+0)Y(Qd U Qbad)
< (14 6)(Y (Q0d) 4 272rm)
< Y (Q2°0%) 4 1Y (Q2°°Y) + (1 4 £)27"2™. (2.4)

Consider the configurations 7 € Q2°°d, For every i € V, there are two possibilities:
e 1(S;) ={OUT} and |{v € T; : t(v) = IN}| > r/10, or
e 7(T;)={OUT} and [{v € S; : 1(v) = IN}| > r/10.

Furthermore, (i, j) € E implies that t(S;) = {OUT} or ©(S;) = {OUT} (or both). From
this, we see that each 1 € Q2°°¢ points out an mdependent set of G—avertexieV is

!'To see that the second inequality is correct, note that 3 i_ (}) < (%)t This upper bound on the sum of
binomial coefficients is well known. For example, a proof is in [9] or [5].
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in the independent set if and only if 7(T;) = {OUT}. Also, each independent set of G

corresponds to exactly
r . n
{ =
( > (1))
k=r/10

configurations T € Q2°°d, Using the bound from our earlier calculation from the derivation
of (2.1),

(1 =42 <1 =52 r <2,
for n sufficiently large, so
2AIS(G) — 4722 < (1 — 472" HIS(G) < /#IS(G) = Y (QE°Y) < Y.
Also, using (2.4),
Y < Y (Q20) 4+ 1Y (Q8°%) 4 (1 4 £)27"2"™ < 2"H#IS(G) + 122" + (1 4 1)27"2™.

Combining these two equations, dividing by 2", and re—arranging, we get

Y
> —(2"+ (1 4+1)27") < #IS(G) £ — + 4="2",
For n > 6, this gives us
Y Y 1

This equation gives us a simple AP-reduction from #BIS to #PeErmISSIVEBIS(1/4): given
an accuracy parameter ¢ and an instance G of #BIS, obtain an approximation Y to Y
satisfying

6—8/21Y < ? < 68/21Y,
and round Y /2™ to the nearest integer. See the proof of Theorem 3 of [7] for details

showing that this provides a sufficiently accurate approximation to #IS(G). This concludes
the proof of Lemma 2.2. |

2.2. Reduction from #PermissiveBIS(1/4) to Ferromagnetic Ising
In this section we prove the following lemma.

Lemma 2.3. #PERMISSIVEBIS(1/4) <ap FERROMAGNETIC ISING.

Let B = (V(B), E(B)) be an instance of #PERMISSIVEBIS(1/4), and denote by L and R
the bipartition of V(B). Let m = |E(B)|. For every vertex v € V(B), let d(v) denote the
degree of v in B.

Construct an instance G of FERROMAGNETIC ISING as follows. For every vertex v € V(B),
let W, be a set of 2d(v) distinct vertices. The vertex set of G is

VG =vBu |J w.

veV(B)
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Table 1.

(i) a(i)
ieL IN +1
ielL ouT -1
i€R IN —1

i€R OouT +1

The edge set of G is

EG) =EB)U | vxW.
veV(B)

For every edge (i, j) € E(G), let 4;j = A = 4. For every vertex v € V(B), let u, = 1. For
every vertex v € L and every vertex w € W, let u, = % Finally, for every vertex v € R
and every vertex w € W,, let u,, = %

Consider a function 7 : V(B) — {IN,OUT}. The function t induces an assignment of
spins to vertices in V(B) as shown in Table 1.

Now let

Z'(G, 2 w) = Z H i H Hi
oV (G)>{—1,+1) (L, )EE(G):a(i)=a(j) i€V (G):a(i)=+1
be the partition function of G, omitting some easily computed scaling factors (see (1.3)).
Consider the contribution to Z'(G, A, u;) from configurations ¢ induced by a particular
map 7. Note that 7 fixes the value of (i) for every i € LU R.
First, consider a vertex i € L. If (i) = 41 then the contribution from the vertices in W;
and the edges connecting them to i is a factor of (1 4 Z)L)Zd(i) If (i) = —1, the contribution

. 2d(i)
is (% +2) « . Thus, the contribution of vertex i may be summarized as

[(1+22) (2 +i)}d(,~>(12+ 3,1>

241

d(i)a (i)

Similarly, the contribution for a vertex i € R is

[(1+34)(

[NSTEN]
+
v

B3
7 N
—
+
ST
NN
N—
5

Let
A=1+2D)E+ 00+ 10E + i
Putting our observations together,

12) d(i)a(i)
comer 5 ()
7

©:V(B)—{IN,OUT} L ieL

1+7/1> @ ]
Je(@a(j)—1
A7) I

JER (i,j)€E(B)
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where the values ¢(i) and o(j) are induced by 7. Recalling that 1 = 4, this simplifies to

Z'(G, A ;) = A" Z H 9—d(i)a(i) H 2d(j)a(j) H 2o(i)a(j)—1

T iel jER (i.j)EE(B)
ZA’"Z H qa(io(j)—1+a(j)—ali)
© (i,j)eE(B)

Now observe
—4 if 7(i) = IN and z(j) = IN,

0 otherwise,

a(i)a(j) =1+ a(j) —ali) = {

so Z'(G, A, i) = A" Zy,4(B).
Lemma 2.3 follows from the fact that Z'(G, 4, ;) is an easily computed multiple of
Z(G, 2, ). O

3. Reduction from Ferromagnetic Ising to #BIS

In this section we prove the following result.
Lemma 3.1. FERROMAGNETIC ISING <ap #BIS.

We start by defining a restricted version of FERROMAGNETIC ISING.

Name. RESTRICTED FERROMAGNETIC [SING.

Instance. A ferromagnetic Ising system consisting of a graph G = (V, E) in which every
edge (i, j) has edge weight /;; = % and every vertex v € V has p, € {%, 1,2}.

Output. The partition function Z(G, 4;j, 1;).

The reduction corresponding to Lemma 3.1 is in two parts. First, in Section 3.1, we
reduce RESTRICTED FERROMAGNETIC ISING to #BIS. Then, in Section 3.2, we reduce FER-
ROMAGNETIC ISING to RESTRICTED FERROMAGNETIC ISING. The choice of the constant 4/3
in the definition of RESTRICTED FERROMAGNETIC ISING is not critical: other constants
would also work (though 4/3 is convenient in the proof of Lemma 3.2). It is important
that A;; be greater than 1 since this is the ferromagnetic case.

3.1. Reduction from Restricted Ferromagnetic Ising to #BIS
This section proves the following lemma.

Lemma 3.2. RESTRICTED FERROMAGNETIC ISING <ap #BIS.

Suppose that we are given an accuracy parameter ¢ and an instance G = (V,E) of
RESTRICTED FERROMAGNETIC ISING with |V|=n and |E|=m. Let V. be the set of
vertices v € V' with p, =2 and let V_ be the set of vertices v € V with y, = % Let
r = [4m+ 2n +log, e7!]. For every i € V., let S; and T; be disjoint sets of size r. For every
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Figure 1. Some of the edges of the instance G of #BIS, where i € V_, jéViuV_, and (i,j) € E.

(i, j) € E, let s, ti, sg,j and tg’j be vertices. Construct an instance G = (IA/,JAE) of #BIS as
follows:

? = U(S, U Ti) U U {Si,jyti,j,sg,j, t;’j} ubLurb_,
eV (i,j)€E

E=JsixTyu |Js = {ihu [J(T x (i)
icev iev_ eV,

U U (Sl X {ti’j} U Sj X {t;,j} U Ti X {Si,j} U Tj X {S;,j} U {(Si,ja tg,j)’ (S;,j’ I,;j)}).
(i.J)EE

See Figure 1.
Say an independent set 7 : V — {IN,OUT} is complete if ©(S; U T;) = {IN,OUT} for all
i € V; otherwise 1 is incomplete. Denote by Y = #BIS(E}) the total number of independent
sets in G, and by Y’ the number of complete independent sets.
Let u = n2"—12rm=p4m+n - A crude upper bound on incomplete independent sets shows
Y — Y’ < u. The first factor of n in u represents the choice of a vertex i with ©(S; U T;) =
{OUT}. The 2" 12""=D represents the number of configurations on the other n— 1 sets
S;U Tj: one of 1(S;) and ©(T;) is {OUT} and the other can be assigned arbitrarily. The
remaining factor corresponds to all assignments of the remaining vertices. Similarly, let
¢ =2"(2" —1)". A lower bound on the number of complete independent sets gives Y’ > 7.
Note that for sufficiently large n (in fact, for n > 2) we have 4u// < ¢, so
Y —-Y' <ux

/< -Y.

NI
Ao

Therefore

Ye/? < Y<1 - i) <Y' <Y,
where the first inequality uses ¢ < 1. Thus, a sufficiently accurate estimate for Y = #BIS(@)
(say with error bound 6 = ¢/2) is also a sufficiently accurate estimate for Y’ (i.e., within
eT?). It only remains to show that Y’ is directly related to the partition function of the
instance (G, V4, V_) of RESTRICTED FERROMAGNETIC ISING.
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Table 2.
Case  Number of ways to extend Case Number of ways
T to {si,j,s;’j,t,-‘,‘,t;,j} to extend T to i
a(i) = a(j) 4 ieVio(i)= +1 2
a(i) # a(j) 3 i€Vy,a(i)= 1
ieV_,o(i)= 1 2
ieV_,o(i)=+1 1

To each complete independent set 7 : V — {IN,OUT} in the #BIS instance G, there
naturally corresponds an Ising configuration

[+, i IN e (S,
a(i) = .
—1, if IN € «(T)).

Since 7 is complete, these cases are exhaustive. Now fix ¢ : ¥V — {+1,—1}, and consider
the number of independent sets 7 in G associated with ¢ under the above correspondence.
There are (2" — 1)" ways to choose the restriction of 7 to the set [ J;.,, S; U Ti. The number
of ways to extend 7 to the other vertices is as shown in Table 2.

Collecting these observations,

Y/ — (2r _ 1);1(4 X 3)m/22(|V+|+\V_|)/2

<> T(E) e

o:V—o{—1+1} (i.,j))eE eV, ieV_

Comparing with (1.2), it can be seen that Y’, up to an easily computable factor, is exactly
the partition function Z (G, 4, ;). This completes the proof of Lemma 3.2. |

3.2. Reduction from Ferromagnetic Ising to Restricted Ferromagnetic Ising
This section contains the proof of the following lemma.

Lemma 3.3. FERROMAGNETIC ISING <ap RESTRICTED FERROMAGNETIC ISING.

Let G =(V,E) be an instance of FERROMAGNETIC ISING with edge welghts Ai J and
vertex weights p,. Let n=|V]| and m = |E|. We will construct an instance G = (V E)
of RESTRICTED FERROMAGNETIC ISING with edge weights ﬁi,j =§ and vertex weights
i € {%, 1,2}, such that

exp(—&)Z (G, i j» fu) < Z(G, Jijs 1) < exp(e)Z(G, 4y ).

The general strategy is to replace each edge (i, j) of G by a gadget G;; in G, all of whose
edges have the standard weight / = %. The gadget will have effective weight ey close to
/ij > 1. In the terminology of Jaeger, Vertigan and Welsh [12], we first t-thicken the edge

(i, j), and then /-stretch all t edges so formed. (A formal description of the construction
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Table 3.

(i) a(j) Contribution to Z(G;;, 4,1)

+1 +1 al A
+1 —1 a
—1 +1 a,
—1 —1 a’ A

will be given presently.) We shall see that, by a suitable choice of ¢t and Z, the ratio Aex/4;;
may be made close to 1; furthermore, the construction is reasonably efficient, in the sense
that a close approximation may be achieved using relatively small values of ¢ and /.

More formally, for # > 1, let P, be an /-edge path in which all edges have weight / = %
and all vertices have weight 1. Let f, denote the contribution to the partition function
Z(Py,7,1) from the assignment (+1,+1) to the end-points (by symmetry, this is the same
as the contribution from the assignment (—1,—1)) and let a, denote the contribution from
the assignment (41, —1). Observe from (1.2) that these satisfy the recurrences

fr=22f04+2""%a,,,
and
a; =272 f, 4+ 2 a,

with 1 = 2172 and a; = 2~/2. Thus, the solution is

e / ,
fr="5- G+ + 0= 1)),

and
/Arf/z . )
a = ——(G+1) = @=1)).
For a suitable choice of t > 0 and ¢ > 1 (chosen below), let G;; be the graph with
vertex set

Vii={i.jju  |J  vw

ae[Lt],pe(l,/—1]

and edge set

Ej= U Guou U @pogr)u [ @)

a1, ae[Le].Be[l,/—2] ae[L,]

Let all edges in E;; have weight % and all vertices in V;; have weight 1. Let

. Qt_ ) t
(B -]

Then the contribution to the partition function Z(G;, 4,1) for each possible assignment
of spins to i and j is as shown in Table 3.
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We want to choose 7 > 1 and t > 0 so that

A
e—s/(Zm) < % gea/(Zm). (31)
L]

We can do this by first setting / to be the smallest integer, greater than 1, such that

2
&/(2m) .
1—}—,7/_1 <e ;

then, with / fixed to this value, setting ¢ to be the largest integer such that

2 t
|:1 + 7/_1:| < ii,j-

(The condition Z > 1 is just there to ensure that we end up with a graph, and not a
multigraph. If t = 0, then the vertices i and j simply lose their direct connection.) It is
clear that we have achieved inequality (3.1), even the stronger one with ¢/™ replaced by 1.
Furthermore, / = O(log(2m/¢)) and t = O((2m/¢)logZ;;), so the total number of edges
in G is O((2m/¢)log(4;j)log(2m/¢)). Note that G;; is not the most efficient gadget —
we would be better off using different length stretches on different branches of the
thickening — but it is good enough for the purposes of constructing an FPRAS.

Vertex weights may be handled similarly. Consider a vertex i with weight y; > 1. To
construct the gadget G; that replaces i in G, we first attach ¢ bristles to i, and then perform
an /-stretch on the bristles. All vertices have weight 1 except the end-vertices (of degree 1)
which have weight 2 (one of our standard weights). From (1.2), the contribution to the
partition function of Z(Gi, A, fi,) from assigning a(i) = +1 is (f,2"/2 4 a,27/2)". and the
contribution from a(i) = —1 is (f,271/% + a,2'/2)". Let

_ (12 ta2 N 2
Kt =\ 7,212 F a2 3x7—1]°

As before, we may achieve e/ < oy /u; < /" using O((2n/e)log(ui) log(2n/e)) ver-
tices and edges in total. The case y; < 1 is handled similarly. Thus, we have established
Lemma 3.2. U]

4. The Potts model
This section contains the proof of Theorem 1.2, which says that for g > 2,
FERROMAGNETIC POTTS(q) =ap #SAT.

To establish this theorem, we need to show (i) FERROMAGNETIC POTTS(q) <ap #SAT,
and (ii) #SAT <ap FERROMAGNETIC POTTS(g). The first of these is straightforward. The
paper [7] shows that every problem in #P is AP-reducible to #SAT. While FERROMAGNETIC
Ports(q) is not itself in #P, it is easy to see how to reduce it to a #P problem. The idea is
to multiply all of the rational edge weights A;; and vertex weights p, . by the same positive
integer so that, after multiplication, they are all positive integers. This only changes the
partition function by an easily computable factor. If the weights /;; and p,. are positive
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integers, then the problem of computing the quantity

Z H li,j H Ho,q(v)

o:Vo{l,q) (LjEEw()=a(j)  veV

is in #P, and, from equation (1.5), the partition function of the original problem can
be approximated using this quantity. In the remainder of the section, we show that
#SAT <ap FERROMAGNETIC POTTS(g).

We start by considering the multiterminal cut problem from [4]. Given a graph G =
(V,E)and aset {sy,...,s,} of vertices in V' (which we refer to as terminals), a multiterminal
cut is a set E' = E whose removal disconnects the terminals in the sense that the graph
(V,E — E') does not contain a path between any two distinct terminals. The size of the
multiterminal cut is the number of edges in E’. The problem MULTITERMINAL CUT(q) is
defined as follows.

Name. MULTITERMINAL CUT(q).
Instance. A positive integer b, a connected graph G = (V,E), and ¢ distinct vertices

St,...,8¢ from V. The input is only valid if every multiterminal cut for G,s;,... ,s, has
size at least b.
Output. Is there a multiterminal cut for G,sy,...,s, of size b?

For fixed ¢ > 2, MULTITERMINAL CUT(q) is NP-complete. This result is due to Dahlhaus,
Johnson, Papadimitriou, Seymour and Yannakakis [4]. The way that we have stated the
problem MULTITERMINAL CUT(q) is slightly unusual, and some comments are in order. The
result that we use from [4] is Theorem 3, which says that following problem is NP-hard.

Name. MULTITERMINAL CUT.
Instance. A positive integer b, a graph G = (V, E), and 3 distinct vertices sy, 3,53 from V.
Output. Is there a multiterminal cut for G, sy, s;, s3 of size at most b?

The NP-hardness proof given in [4] is a reduction from SiMPLE Max CUT.

Name. SimMPLE Max CUT.

Instance. A graph G and a positive integer k

Output. Is there a partition of the vertices of G into two sets V; and V), such that there
are at least k edges between Vy and V,?

In particular, Dahlhaus, Johnson, Papadimitriou, Seymour and Yannakakis show how
to take a graph G = (V,E) and construct a graph F with terminals si,s,,s3 such that,
for any K, G has a cut of size at least K if and only if F,sy,s,,s3 has a multiterminal
cut of size at most 28|E| — K. Now if we go back to the proof of NP-completeness of
SiMpLE Max Curt in [8], we find that we can constrain the input G so that (i) G is
connected, and (ii) every cut of G has size at most k. By construction, the graph F is also
connected, and every multiterminal cut of F, sy, s, s3 has size at least b = 28|E| — k. Thus,
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we have established? the NP-hardness of MULTITERMINAL CUT(3). As Dahlhaus, Johnson,
Papadimitriou, Seymour and Yannakakis mention, it is easy to reduce MULTITERMINAL
Cut(3) to MULTITERMINAL CUT(q) for ¢ > 3. In our case, since we want the input graph
to be connected, we join each of the terminals s4,... ,s, by a single edge to s3.

Now consider the counting version of MULTITERMINAL CUT(q), as follows.

Name. #MULTITERMINAL CUT(q).

Instance. A positive integer b, a connected graph G = (V,E) and ¢ distinct vertices
St,...,84 from V. Bvery multiterminal cut for G,sy,...,s, has size at least b.

Output. The number of size-b multiterminal cuts for G,s,... ,sq.

Theorem 1 of [7] states that if a decision problem is NP-complete then the corresponding
counting problem is AP-interreducible with #SAT. This implies that #MULTITERMINAL
Cut(q) is AP-interreducible with #SAT. We complete the proof of Theorem 1.2 by giving
an AP-reduction from #MULTITERMINAL CUT(g) to FERROMAGNETIC POTTS(q).

Fix g and let b, G = (V,E), and s;,...,s, be an input to #MULTITERMINAL CUT(q).
Let n = |V| and m = |E|. Construct an instance of FERROMAGNETIC PoOTTS(¢) as follows.
The graph is G. Let 1 = 8¢" and let u = 8i"¢". For all (i,j) € E, let /ij = A. For all
ce{l,...,q}, let us, . = p. For every other (v,¢), let . = 1.

Say that a Potts configuration o : V — {1,... ,q} is separating if, for every ¢ € {1,... ,q},
o(s¢) = ¢. A separating configuration induces a multiterminal cut E’ for G,sy,...,s; in
which E’ is the set of edges that are bichromatic in ¢. Every size-b multiterminal cut E’
corresponds to exactly one separating configuration a. The removal of E’ from E splits G
into exactly g components (if there were more components there would be a smaller
multiterminal cut since G is connected). For every spin ¢, the connected component
containing s, is assigned colour ¢ by a.

Let N be the number of size-b multiterminal cuts. Each of these corresponds to a
separating configuration ¢ which contributes 2"~ u¢ to Z(G, Aijs Hoc)-

The contribution to Z(G, 4;j, po) from separating configurations that induce larger
multiterminal cuts is at most ¢"A"~P=1y¢.

Finally, the contribution to Z(G, 4;, tto) from configurations which are not separating
is at most g" A" L.

We conclude that

Z(G, ii,j, 'uv’(:) q”im_b_l,uc qn/lm’uc—l 1
N < )»mfb'u(’ < N+ /1'”7}7/16 Amfb'u(t =N+ Z

Thus (see the proof of Theorem 3 of [7]), the construction is an AP-reduction from
#MULTITERMINAL CUT(gq) to FERROMAGNETIC POTTS(¢) and we have completed the proof
of Theorem 1.2. U]

2 It is possible to equip the input to SIMPLE Max CuT with a ‘witness’, which could be used to check that
the instance has no cuts of size exceeding k. This could be translated into a witness for the input to
MULTITERMINAL CUT(3).
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The parameters A and p that we used in the above reduction are exponential in n.
The reduction was written this way for easy presentation, but the large weights can be
eliminated using the method of Section 3.2.

In particular, the reduction requires the edges of G to have an effective weight g > 8¢".
This can be achieved by replacing the edge with t parallel 2-edge paths, and giving each
of the 2t new edges a weight /' = 2. The effective weight is given by

P4g—1Y\ I
)\4 = _— = 1 _—
o (2)/+q—2 titr2);
so it suffices to make ¢ equal to the ceiling of the logarithm (base 1+ 1/(q — 2)) of 8¢".
This gives a Ay which is between 8¢" and 8¢"(1+ 1/(q + 2)). Similarly, the reduction
requires each vertex s. to have an effective weight g, . > 8i§ﬂq”. This can be achieved
by attaching the vertex s. to t new vertices wy,...,w,. Each of the new edges is given

weight 2/ =2 and each of the new vertices w; is given weight p,. . = ¢’ = 2. All of the
weights y, ~ are set to 1 (even for ¢’ = ¢). Then

I +q—1 1\ Ly
#Cﬁs(,,( (;L/+#/+q_2) +q+2 >

so t can be chosen appropriately, as before.
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