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Abstract We show that Chacon’s non-singular type, Ittansformation?;, 0 < A < 1,

is power weakly mixing, i.e. for all sequences of non-zero intedéss. .., k,},

Tf* x ... x T is ergodic. We then show that in infinite measure, this condition is not
implied by infinite ergodic index (having all finite Cartesian products ergodic), and that
infinite ergodic index does not imply 2-recurrence.

1. Introduction
In [KP], Kakutani and Parry defined an infinite measure-preserving transformation
haveinfinite ergodic indexf for all £ > 0, thek-fold Cartesian productf x --- x T are
ergodic. They also showed that it may happen that 7' is ergodic butl’ x T x T is not
ergodic, sd x T ergodic does not impl¥ of infinite ergodic index. Recently, iD[GMS],
the authors defined a transformatibiio bepower weakly mixing for all finite sequences
of non-zero integer&y, . . ., k/}, Tk x...x T* is ergodic; they also constructed examples
of rank-one infinite measure-preserving transformations that are power weakly mixing.
In this paper we show that infinite ergodic index does not imply power weak mixing, and
that infinite ergodic index does not imply 2-recurrence. (In fact, in our example all finite
productsT’ x - - - x T are ergodic bul’ x 72 is not conservative, hence not ergodic.) We start
by showing in 82 that the non-singular type,lID < A < 1, Chacon transformations of
[JS]] are power weakly mixing. Our example of an infinite ergodic index transformation
that is not power weakly mixing is presented in 83. However, 83 may be read essentially
independently of §2, it only uses a standard approximation lemma from measure theory
(Lemma 2.6) and the notation established in the paragraph previous to that lemma.

The non-singular Chacon transformations we study here were shown to be prime and
to have trivial centralizer inJS1] using non-singular coding techniques; using these same
techniques the authors id$1]] also had a proof (unpublished) that their Cartesian square
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is ergodic. Transformations similar to these were shown to have two-fold non-singular
minimal self-joinings in RS, a property which implies prime, trivial centralizer and
ergodic Cartesian square. However, it is not clear if two-fold non-singular minimal self-
joinings as defined inRS] implies power weak mixing. Furthermore, the notiomefold
non-singular minimal self-joinings, for > 2, is yet to be studied in detail, as questions
regarding the right extension of the notion and the properties of a rational joining of more
than two transformations remain open. (It was shownR®&][that, in the non-singular
category, to study a property such as minimal self-joinings one must restrict the non-
singular joinings to a sub-class such as the rational joinings.) The methods we use here
to show power weak mixing are extensions AFE], where other examples of rank-one
infinite measure-preserving and non-singular transformations are constructed.

In [JS2, all factors of two-fold Cartesian products, and the centralizer of arbitrary
Cartesian products, of these transformations are classified, where use is made of the
property of power weak mixing shown in this paper.

As remarked by the referee, infinite measure-preserving null recurrent Markov shifts
that are power weakly mixing have been available for some time. In fagh,

(po, p1, ...) is a Kaluza sequence asg is its corresponding Markov shift (cfR]) then
it can be shown thag,, has infinite ergodic index if and only if

00
> = o
n=0

for all 4 > 1. In this caseS, is power weakly mixing. (Such a sequengg can be
obtained by choosing, for example, = 1/In(n + ¢), n > 0.) However, these examples
are different to our rank-one constructions, as for Markov shifts of this type infinite ergodic
index implies power weak mixing.

2. Type lll, rank-one power weakly mixing

We define our transformatiofis= T, inductively by the process of ‘cutting and stacking’
[F,JST. Let0O< A < 1,Co ={[0, 1)}, h_1 = 0 andhg = 1. Assuming that columg,

of heighth,, has been constructed, to obtain colu@pn 1 cut each interval (deve) of C,

in the proportions./(1 + 21), 1/(1+ 21), andA /(1 + 21) to produce three subcolumns

of C,, numbered from left to right a§,, ;,i = 0, 1, 2. Then place apacer(a new level)
above the top ofC, 1, of the same length as the top level Gf 1, and stack the three
sub-columns from left to right, i.e. the top level 6f, o is sent by an affine map to the
bottom level ofC,, 1, the top level ofC, 1 is sent to the spacer, and the spacer at the top
of C, 1 is sent by an affine map to the bottom@f . This defines a new colum@, 11

of heighth,+1 = 3h, + 1; levels inC,.+1 are numbered from 1 tb, 1, bottom to top.

On each level the transformation is defined by the (unique orientation preserving) affine
map that takes that level onto the one on top; the contraction or expansion on the level
is the value of the Radon—Nikodym derivative (or Jacobian) on that level. For example,
the Radon—Nikodym derivative on the first three levelCafhas values Ai, 1, anda.

This defines a transformatidh = 7; on a finite intervalX of R; we then normalize the
measure to be a probability measure It is clear that the resulting transformati@his
conservative ergodic and that the Radon—Nikodym derivatives are powkers of
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Given a columrC,,, columnsC,,;, i = 0,1, 2, are said to beopiesof Cy, in Cp,11.
In this way one defines, for any > m, copies ofC,, in C,, and for any interval in Cy,,
copies ofl in C,,.

Definition 2.1. We say leveld andJ in C, are|¢| apartif J is thei + ¢ level in C, when
I is thei level.

To show ergodicity of products of powers 6fwe show that for any two measurable
sets of positive measure, there is a forward iterate of one that intersects the other in positive
measure. We first obtain the necessary results for products of levels in Lemmas 2.2, 2.3
and 2.4, and then use some approximation results to extend this to arbitrary measurable
sets in the product space.

LEMMA 2.2. Suppose that is a positive integer with ternary expansion

k= Zaj3j

JERk
where Ry is a subset of the non-negative integers ande {1,2}. Lets = |Ri| +
> jer, @jhj-1. If nis a positive integer and is a level inC, such that I is in Cy,

then

| R|
(TN T > ( ) u(T70),

1+2x
A

[Ri|+1
w(THm 7=+ > (H—ZA) w(T %Ly,

Proof. Note that if p is a positive integer andl is a level inC,, such thatr =1/ is in C),,
then bothT”» I andT?"» I contain the rightmost third af ~17. Thus, ifg > p, then

w(Tr Nt > ( ) w(T~1n),

142

A
w(T?arnr=tr > (m) w(T7

and

2
) wnl),

A 2
w(T?arniy > (m) w(l),

Tharnr >
o )—(1+2x

and furthermore botl"s 1 N T~ N C, 2 andT?41 N T~11 N C, 7 are each a union of
levels inC,41. Now, we use the ternary expansiorkdb expresgh, as a sum of heights.
First, note that; is formed by the relation

hji1 = 3/’1.,' + 1.
From this relation, it follows that for: > 1 andj > 1,

3y = g j — hj-1.
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Thus,
khy =" a;j3hy (1)
JER
= Z aj[hn_;,_j - hj_l] (2)
JER
= Z ajh,yj— Z ajhj_1. 3)
JER JERK
Let R =max(R;) and
o = Z ajh,H_j.
JER\{R}

It may be checked, using induction, that 7 N 7-1’I+11 contains a union of levels in
C,+r Whose measure is at least

PRENL !
<1+2A> (TR,

and7? 1 N T~1”RI+11 is a union of levels irC, g. Hence,

| R |
M(ToJrarhm—R] N T*lell) > < > ,u,(Tf‘R“"I)

1+ 2
and
h IR |+1 [Ril+1 |Re|+1
Toterhnerp O I > TR+,
n( )= <1+2)\> n( )
Therefore, by translating > ;g _a;h;-1, we obtain Lemma 2.2. 0

LEMMA 2.3. Suppose that is a positive integer with ternary expansion
k= Z aj3j
JERK

whereRy is a subset of the non-negative integets= max(Ry) anda; € {1, 2}. Lety, =
|Ry| + ZjeRk ajh;_1. Letf be a positive integer and suppose that< np < --- < ng
are positive integers such that;; —n; > R+ 1forl<i <¢— 1 LetH = Zle Ry, .
If 1 is a level inC,,, such thatr =* I is in C,,, then

M(T7€Ik+i1)

A )K(Rlirl)

TkHImT7€Ik+iI >
m "z 1

forO<i<¢.

Proof. We obtain this lemma by invoking Lemma 2Z.2imes. First, by Lemma 2.2, since
nz —ni > R+ 1bothT*mf 0 1=%] andT**11 N T~%+1] contain a union of levels
whose measure is at least
|Ri|+1
) u(l).

(t7
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Thus, by applying Lemma 2.2 on each of the levels friép contained inT*»11 N
T=%] and T*1] N T-%+1] we get that all three of the set&mth2) | 0 7-2p,
Th Uy +hy) [ A T=26+1 1 @pnd Tk +hnp) [ 0 T-2+2] have measure at least

L \2RdHD
D.
<1+ 2)\) w()

Finally, if we apply Lemma 2.2 a total gftimes, we obtain Lemma 2.3. |

LEMMA 2.4, Letmg andky, ..., k, be positive integers. Ldb and Jg be levels inCy,
with Ip aboveJp. Letk = maxks, ..., k-} andm = mg + 2k. Let I be the uppermost
copy oflp in C,,,. Then there exists a copyof Jp in C,,,, an integers = s(m, k1, ..., k)
andH,, = H(m, k1, ..., k) such that

) A §
w(TH N gy > (1+2x) n(J)

fori =1,...,r. Moreover, ifl’ andJ’ are any sublevel of andJ in the same copy af,,
in C,, then there exists a positive integd, = H (n, k1, ..., k,) suchthatfoi = 1,...,r,

)l w(J).

Proof. Let#, andRy, be as in Lemma 2.3; put= maxt,, . .., &, }, andf = hy,. Then
t < 2k. Then for any leveL in the topC,,,-copy inC,y,, T [ eCyfori=1,...,r.
PutR = max(J/_; R,) andp = max{|Ry | :i =1,...,r}.
Letmy = mand choosei; < --- < mgsothatn;1—m; > R+1forj =1,...,¢-1.

Let
4
Hm = thj
j=1

TRbn " N gy >
w )—<1+2)\

asin Lemma 2.3.

Let I be the uppermost sublevel & in C,,. Sincely, < hpu,t < hy, for each
i=1,...,r,T %% asj=0,...,¢ coverst + 1 consecutive levels ifi,,, and so at
least one of them must intersect a copygin C,,, call it J. Therefore, by Lemma 2.3,

. ¢RI+
w(T" mIﬂJ)Z(m) u(J)

foralli =1,...,r.
So let
s=40(p+1).

Letn, =nandchoose, < --- <ngsothatij; 1 —n; > R+1forj=1,..., -1
Let

asin Lemma 2.3.
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Let D be any copy ofC, in C, and letI’ be the sublevel off in D. Since
e < hmgt < hy, foreachi = 1,...,r, T""% "' asj = 0,...,¢, coverst + 1
consecutive levels i, and so at least one of them must intersect a copyiof D, call it
J'. Therefore, by Lemma 2.3,

N
Thb Ny > —— J
H( ) = (1+2A) u(J?)
foralli =1,...,r. O
LEmmMA 2.5. (1) Foralln =0,
dp o TE"
W<l ) <i?ae.

du

(2) Let¢ be a positive integer and lef = Zle h,; be as in Lemma 2.4. Then for any
integersn > 0, k, k¥’ with0 < |k'| <k,

A2kt < M(x) <r %t ge.
dp

Proof. Part (1) is in Proposition 3.1 inJg1. Part (2) follows from the cocycle relation
and part (1) sincé is a sum of column heights. ]

Lemma 2.6 below is the non-singular version of a standard approximation lemma;
its proof may be obtained by standard measure theory arguments using a martingale
convergence theorem (a more elementary proof follows from the proof of a similar lemma
in [DGMS]). To apply this lemma to the non-singular case we use Lemma 2.7 below (from
[M-Z1]), whose proof is immediate from the construction and is omitted.

Letr be a positive integer andbe product measure drf{;_; X. A rectangle fromC,,
isasetofthe forri = I; x --- x I, wherel; are all levels of columi€,,. If

v(ANI) > (1—¢)v(A)

we say that/ is (1 — e)-full in A. It is clear that there are"3™ copies ofC,, in
C,. LetU(m,n) = {1,...,3" ™} index the copies ot’,, in C,,, and letU (m,n)" =
U@m,n) x --- x U(m,n) (r times).

LEMMA 2.6. (Double approximatioretL = L1 x --- x L, be a rectangle front,,, let
v be product measure, and IBt< ¢ < 1. If A is any subset of. such thatL is (1 — ¢)-full
in A, thenforany, 0 < § < 1,and any, 0 < ¢ < (1 —¢), there exists an integdy such
thatforalln > N, thereisasetV/” C U(m, n)" such that, for alke = (u1,...,u,) € U”,
L is (1 — &)-full of A and eachL ) is of the formL,) = L7* x --- x L;" whereL;" is
a sublevel of; in theu; copy ofC,, in C,, and furthermore, i.” = |J,cy» Iw) then

vW(L"AL) < (1 —t)v(]).

LEMMA 2.7. LetI andJ be two levels in a colum@,,. If I’ andJ’ are any two sublevels
of I and J, respectively, in a later colum@, such that/’ and J’ are in the same copy of
Cyn in Cy, thenu(I) = 2*pu(J) implies (1) = Ak (J").
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THEOREM2.8. The type ll} transformation7;, 0 < A < 1, is power weakly mixing.

Proof. Let k1, ..., k, be non-zero integers and let= max{|k;| : 0 < i < k}. We will
show thatS = T} x - - x T} is ergodic.

Let A and B be subsets of the product spad¢ ;X with v(A) > 0 andv(B) > O.
Chooselp = Ip1 X - -+ x Ip, andJg = Jo,1 X - -+ x Jo SO that

AN 1 BN 1
I R LS WL}
v(lo) 4 v(Jo) 4
and foralli = 1,...,r, I,; andJp; are all in some columi€,,, with m > k, Ip; is

aboveJy; if k; is positive, andl; is below Jp; if k; is negative (this latter part can be
done by choosing a finer approximation in an earlier column if necessaryy. £éh,,,,

for eachi = 1,...,r and Ry, be as in Lemma 2.3. For eachlet I; and J; be the
sublevels oflp; and Jp; as in Lemma 2.4 (with the appropriate interpretation wken
is negative), and = s(m, k1,..., k). Letl = I1 x --- x I, J = J1 x --- x J,

and A and B denoteA N I and B N J, respectively. By the choice df andJo above,

v(AND/v(l) > %and v(BNJ)/v(J) > %. Let o; be such thai(l;) = o;u(J;),

a = IT7_;; ande, = min{e;, 1}. Thenv(I) = av(J). Let
B = ar20r,
Choose

)\’ Sr
0<8 < W&ty <m> (o).

By Lemma 2.5(2),

H
3 (@kor dvoST _ 3 (=2k0r
=—g =

a.e.

Apply Lemma 2.6 to/ andJ in C,, twice to obtain sets of indice§” and V" and
rectanglesl,), and J,y so that for allu € U”, v € V", I = I* x - x LI is
(1—38/3B)-full of AandJy = J;* x -+ x J;"is (1 —§/3)-fullof B, I;*, ..., I} and
J{t, ..., J;" arein the same colum®,, with n > m, and for each, ;" andJ." are in the
u; andv; C,,-copy inC,, respectively; also it " = |, cy» Iwy) andJ” = U, cy» Jw) then

v(I" AL < (3)v(D)
and
v(J"AT) < (3)v().

Since the union of the intervals corresponding to the indicdé"irtovers more than half
of I, Lemma 2.7 implies that

u((ugﬁ J(u))AJ) < (3.

Thus there must exist at least one indein bothU” andV”; so we must have somg,,
and Ji,), which are more thanl — §/38)- and (1 — é/3)-full of A and B, respectively.
Also, v(I(y)) = av(Jw)).
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Write Iy = I;'* x -+ x I andJy) = J;™ x - x J7. As 1" andJ" are in the
same copy o, by Lemma 2.4, ik; > 0O,

How AN
u(THHE LA gy > <—1+2)\> 1"

and ifk; <O,
, . : dp o TkH
k,H i iy
u(T Iiw N Jl.w )= /w. . du
1inr kit g dp

i

> )\.Zke,u.(liwi N T*k,‘HJiwi)

() () i

() (st o>

v

Thus

r )\, Sr
VISH Iy O Jauy] = (xz"‘) <m> (@) V() > 89 (Jw)-

Now
H dv o s (—2kt)r
V(87T Uy \ A)) = dv <\ v(lawy \ A)
l(w)\A dv
_ ) 8 B
<l 2]‘Z)rﬁv(l(w)) = gv(l(w)) = :_))V(J(w))~
Therefore,

v(STANB) = v(SH Iy N Jwy) — v(IST Iy N T\ [S7 AN BY)
U(SHI(w) N J(w)) — U[SH(I(w) \A)] - l)(J(w) \ B)

\%

) )
> dv(Jw)) — :_SU(J(w)) — :—SU(J(w)) > 0. O

Remark 1.By choosing log.1 and logh, irrationally related in alternate timesin the
construction ofl” we obtain a type IH transformation with the same properties. Recently,
after this research was completed, Hamachi and the third-named author have constructed
type lllg measures on Chacon’s map for which they prove their Cartesian square is ergodic;
however, these measures do not satisfy the analogue of Lemma 2.5 and their methods are
different.

Remark 2.The argument we have given applies to other families of transformations.
For example, the argument gives ergodicity for Cartesian products of powéis fufr
differentvalues of;, 0 < A; < 1.
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3. Infinite ergodic index not power weakly mixing

In this section we construct a transformation that has infinite ergodic index but is not power
weakly mixing. We also show that our example is not 2-recurrent. We note that the first-
named author has studied other constructions where the ergodicity and conservativity of
two-fold products are analyzed].

We recall that a transformatiofi is said to bed-recurrent if, for all sets of positive
measurel, there exista > 0 suchthait(ANT"AN---NT"A) > 0. As is well known,
Furstenbergfu] has shown that every finite measure-preserving transformation is multiply
recurrent. In EHH], Eigenet al. showed that there exist infinite measure-preserving
transformations that aré-recurrent but notd + 1)-recurrent, for every > 1; however
their examples are infinite measure-preserving odometers and hence do not have infinite
ergodic index. More recently, Aaronson and Nakatlsl | have shown a theorem that in
particular implies that an infinite Markov shift with infinite ergodic indexXisecurrent for
all d. They also construct an infinite odometer with some additional properties that is not
2-recurrent.

We now construct a family of transformations. Lst, b,, ¢,, andd, be sequences
of non-negative integers. L&, be a column of heighH,,. FormC,1 by cuttingC,
into four subcolumns of equal width and placiag b,, c¢,, andd, spacers on the first,
second, third, and fourth subcolumns, respectively; then stack the subcolumns from left to
right to form C,,+1, of heightH, 1. If we begin withC; as an interval, then the previous
algorithm defines a Lebesgue measure-preserving transformation on a subsetsiine
pn = Hy+ap, £, = Hy,+by, qn = Hy+cp,my, = Hy +d,, andhn+l = putiy +gn+H,
for n € N. Denote the transformation Wy = 7, wherev = {(py, £n, qn, mpn) : n € N}.
Consider only transformatiors = T, where

gn > pn, lim — =00
n
and¢,, andm,, are chosen so that

Ly > n(py +qn+2h,) and my, > n(py + Ly + qn + Hy).

Let us describe informally how, andm, are choseny > 3. m,_1 is chosen large
enough so that once the bottam intervals of C,, have entered the tog,—1 levels of
C, underT?, those levels remain in thé, _;-spacers until the bottor, levels enter the
d,—1-spacers undef. ¢, is chosen large enough so that the bottgmevels of the third
subcolumn ofC,, have moved into the:,,-spacers under before the botton,, levels of
the second subcolumn have exited éhespacers undef2.

We first show thaf" has infinite ergodic index; for this we assume= a, + 1 for all
n>1.

The proof of the following lemma is as in Lemma 2.1 AHS].

LEMMA 3.1. Letc, = a, + 1foralln > 1. If I andJ are any two levels i, that are
at most¢ apart, with/ aboveJ, then there exists and integéf = H (n, £) such that

wrfrnn =3 'nw.

THEOREM3.2. Letc, = a, + 1forall n > 1. ThenT has infinite ergodic index.
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Proof. We outline the main ideas since the proof is similar to that of Theorem 2.8 (and
Theorem 2.2 of AFS]). Let A and B be subsets of the product space of positive measure.
Choosel = Iy x --- x I, andJ = Jy x --- x J, such thatv(AN1)/v(l) > 3,
v(BNJ)/v(J) > ;3{, andforalli =1,...,r, I; andJ; are all in the same colum®,,, and

I; is aboveJ;. Let A andB denoteA N I andB N J, respectively. Let > 0 be such that

I; andJ; are at most apart, for alli. Choose

0<é < (%)Zr.

LetS =T x --- x T (r times). Apply the double approximation lemma twice with
€ = 1/4,r = 1/2, ands/3 above, to obtain sets of indicés’ and V" and rectangles,
andJ, so thatforallu € U",v € V"', I, = I x --- x I!is (1 — §/3)-full of A and
Jy=J{ x---x Jis (1—6/3)-fullof B, I/, J! are in the same colum@,, and!/ and
Jl/ are in the same€,,,-copy inC,, fori = 1, ..., r. Since all levels in a column have the
same length we can conclude tligt andV” contain more than a half of the indicestih
andV, respectively.

Thus there must exist at least one index U” N V” so thatZ,, andJ,, are both more
than(1 — §/3)-full of A andB, respectively.

By Lemma 3.1,
ISH 1, 0 11 > (3) v
Then, as in Theorem 2.8, one obtains that
H 8 )
v(S"ANB) > 6§v(Jy) — :—%v(]u,) - év(Jw) > 0. O

THEOREM3.3. If the set
{n e N:|gn — 2pu| < 3hy)

is finite, ther” x T2 is not conservative, hendeis not power weakly mixing. Furthermore,
T is not 2-recurrent.

Proof. ChooseN such thatv > 3 and|g, — 2p,| > 3h, forn > N. Let A be the bottom
level of Cy41. Define

A=1{i>0:uxu(TxT? (AxA)N(Ax A) > 0}

and
An =AN (Oa l.I'In)~

We will prove inductively onn, that A, = @#. This is true for 1< n < N since
w(T'ANA)=0forO<i < Hy.

Suppose that our assertion holds fog. We wish to verify thatA,;1 = @. Let D
denote the union of the bottom, levels inC,. The setA will be contained inD. Let D;
be the part oD in the jth subcolumnot’,, j =1, ..., 4. Below we give a table showing
the integers between 0 an(%HHl such thalT"D.,' N Dy # @. The first number in each
cellis the left-hand point of the interval and the second point is the right-hand point of the
interval of intersection.
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i D1 D> D3 Dy

TiDl 0 Pn—hy put+ly—hy pp+Ly+qyn—hy
hy Dn+hy put+ly+hy put+ly+qnt+hy

T!D; 0 Ly — hy Ly + qn — hn
hy Ly + hy Ly +qn+ hy
TiD3 0 qn — hn
hy qn + hn
T Dy 0
hy

We want to show that there is no simultaneous intersection forj andi = 2j among
the 10 intervals listed. The intervals give the sets of intersectiof foFo obtain the sets
of intersection for7'? divide the endpoints of the intervals by 2.

By the choice ofn,,_1 we have that

Mp—1 - Mp—1 -
2 n-1

hn.

Also, 3H, > im,_1 > h,. By induction it follows thatA N (0, h,] = ¢ and so there
cannot be simultaneous intersection on this interval with any other interval in the table.
Now ¢,, was chosen so that

Ly —h Ly —h
pn+qn+hn < n n < n I‘l.
n 2

Thus,¢,, was chosen large enough so that we only need to compare the intervaly with
a summand in the endpoints to other intervals wWijth
However,¢, andn are sufficiently large so that

Pn+ 4Ly +qn + hy - (n =1 (pn + £ +qn + hy)
2 n

1
< pn+Ly+qn+h,— ;gn
< Uy — hy.

Thus,T?2 will have pushed); beyondDy4 beforeT pushesD; into D3. This takes care of
the worst case of intersection between intervals jjtas a summand.

Finally, we consider the case of simultaneous intersection on the interval in the first row,
second column and on the interval in the third row, fourth column. The assumptityn on
implies that

h
?—pn >?n+hn.

Thus there is no possibility of intersection 6% with D, underT, and intersection of
D3 with D4 under 72 since the distance between the centers of each of the intervals
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is greater than the sum of their radii. The remaining possibility cannot occur since
gn — hn > (pn + hp/2) @s
qn > Hy, > mu_1

> (n—D(pp-1+gn-1+ Hp—1+£n-1)

=(n—Dh,

> 3h, (forn > 4),
by construction.

Finally, asu x u[(T x T?)"(A x A) N (A x A)] = Oforalln # 0, it easily follows

that for alln # 0, w(ANT"A N T2 A) = 0, hencel is not 2-recurrent. This completes
the proof of the theorem. ]

Finally we have the following corollary.

COROLLARY 3.4. Infinite ergodic index does not imply power weak mixing. Furthermore,
infinite ergodic index does not imply multiple recurrence.

Proof. Choosea,, = 3h, andc¢, = a, + 1. Theng, = p, +1and , — g, =
2H, + 6h, — H, — 3h, — 1> 3h,. Now apply Theorems 3.2 and 3.3. O

Acknowledgement.We would like to thank the referee for several remarks that improved
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