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Abstract. We show that Chacon’s non-singular type IIIλ transformationTλ, 0 < λ ≤ 1,
is power weakly mixing, i.e. for all sequences of non-zero integers{k1, . . . , kr },
T

k1
λ × · · · × T

kr

λ is ergodic. We then show that in infinite measure, this condition is not
implied by infinite ergodic index (having all finite Cartesian products ergodic), and that
infinite ergodic index does not imply 2-recurrence.

1. Introduction
In [KP], Kakutani and Parry defined an infinite measure-preserving transformationT to
haveinfinite ergodic indexif for all k > 0, thek-fold Cartesian productsT × · · · × T are
ergodic. They also showed that it may happen thatT × T is ergodic butT × T × T is not
ergodic, soT ×T ergodic does not implyT of infinite ergodic index. Recently, in [DGMS],
the authors defined a transformationT to bepower weakly mixingif for all finite sequences
of non-zero integers{k1, . . . , kr}, T k1×· · ·×T kr is ergodic; they also constructed examples
of rank-one infinite measure-preserving transformations that are power weakly mixing.
In this paper we show that infinite ergodic index does not imply power weak mixing, and
that infinite ergodic index does not imply 2-recurrence. (In fact, in our example all finite
productsT ×· · ·×T are ergodic butT ×T 2 is not conservative, hence not ergodic.) We start
by showing in §2 that the non-singular type IIIλ, 0 < λ ≤ 1, Chacon transformations of
[JS1] are power weakly mixing. Our example of an infinite ergodic index transformation
that is not power weakly mixing is presented in §3. However, §3 may be read essentially
independently of §2, it only uses a standard approximation lemma from measure theory
(Lemma 2.6) and the notation established in the paragraph previous to that lemma.

The non-singular Chacon transformations we study here were shown to be prime and
to have trivial centralizer in [JS1] using non-singular coding techniques; using these same
techniques the authors in [JS1] also had a proof (unpublished) that their Cartesian square
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is ergodic. Transformations similar to these were shown to have two-fold non-singular
minimal self-joinings in [RS], a property which implies prime, trivial centralizer and
ergodic Cartesian square. However, it is not clear if two-fold non-singular minimal self-
joinings as defined in [RS] implies power weak mixing. Furthermore, the notion ofn-fold
non-singular minimal self-joinings, forn > 2, is yet to be studied in detail, as questions
regarding the right extension of the notion and the properties of a rational joining of more
than two transformations remain open. (It was shown in [RS] that, in the non-singular
category, to study a property such as minimal self-joinings one must restrict the non-
singular joinings to a sub-class such as the rational joinings.) The methods we use here
to show power weak mixing are extensions of [AFS], where other examples of rank-one
infinite measure-preserving and non-singular transformations are constructed.

In [JS2], all factors of two-fold Cartesian products, and the centralizer of arbitrary
Cartesian products, of these transformations are classified, where use is made of the
property of power weak mixing shown in this paper.

As remarked by the referee, infinite measure-preserving null recurrent Markov shifts
that are power weakly mixing have been available for some time. In fact, ifp =
(p0, p1, . . . ) is a Kaluza sequence andSp is its corresponding Markov shift (cf. [R]) then
it can be shown thatSp has infinite ergodic index if and only if

∞∑
n=0

pd
n = ∞

for all d ≥ 1. In this caseSp is power weakly mixing. (Such a sequencepn can be
obtained by choosing, for example,pn = 1/ln(n + e), n ≥ 0.) However, these examples
are different to our rank-one constructions, as for Markov shifts of this type infinite ergodic
index implies power weak mixing.

2. Type IIIλ rank-one power weakly mixing
We define our transformationsT = Tλ inductively by the process of ‘cutting and stacking’
[F, JS1]. Let 0 < λ < 1, C0 = {[0, 1)}, h−1 = 0 andh0 = 1. Assuming that columnCn

of heighthn has been constructed, to obtain columnCn+1 cut each interval (orlevel) of Cn

in the proportionsλ/(1 + 2λ), 1/(1 + 2λ), andλ/(1 + 2λ) to produce three subcolumns
of Cn, numbered from left to right asCn,i, i = 0, 1, 2. Then place aspacer(a new level)
above the top ofCn,1, of the same length as the top level ofCn,1, and stack the three
sub-columns from left to right, i.e. the top level ofCn,0 is sent by an affine map to the
bottom level ofCn,1, the top level ofCn,1 is sent to the spacer, and the spacer at the top
of Cn,1 is sent by an affine map to the bottom ofCn,2. This defines a new columnCn+1

of heighthn+1 = 3hn + 1; levels inCn+1 are numbered from 1 tohn+1, bottom to top.
On each level the transformation is defined by the (unique orientation preserving) affine
map that takes that level onto the one on top; the contraction or expansion on the level
is the value of the Radon–Nikodym derivative (or Jacobian) on that level. For example,
the Radon–Nikodym derivative on the first three levels ofC1 has values 1/λ, 1, andλ.
This defines a transformationT = Tλ on a finite intervalX of R; we then normalize the
measure to be a probability measureµ. It is clear that the resulting transformationT is
conservative ergodic and that the Radon–Nikodym derivatives are powers ofλ.
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Given a columnCm, columnsCm,i , i = 0, 1, 2, are said to becopiesof Cm in Cm+1.
In this way one defines, for anyn > m, copies ofCm in Cn, and for any intervalI in Cm,
copies ofI in Cn.

Definition 2.1. We say levelsI andJ in Cn are|`| apart if J is thei + ` level inCn when
I is thei level.

To show ergodicity of products of powers ofT we show that for any two measurable
sets of positive measure, there is a forward iterate of one that intersects the other in positive
measure. We first obtain the necessary results for products of levels in Lemmas 2.2, 2.3
and 2.4, and then use some approximation results to extend this to arbitrary measurable
sets in the product space.

LEMMA 2.2. Suppose thatk is a positive integer with ternary expansion

k =
∑
j∈Rk

aj3j

whereRk is a subset of the non-negative integers andaj ∈ {1, 2}. Let tk = |Rk| +∑
j∈Rk

ajhj−1. If n is a positive integer andI is a level inCn such thatT −tk I is in Cn,
then

µ(T khnI ∩ T −tk I ) ≥
(

λ

1 + 2λ

)|Rk |
µ(T −tk I ),

µ(T khnI ∩ T −tk+1I) ≥
(

λ

1 + 2λ

)|Rk |+1

µ(T −tk+1I).

Proof. Note that ifp is a positive integer andI is a level inCp such thatT −1I is in Cp,
then bothT hpI andT 2hp I contain the rightmost third ofT −1I . Thus, ifq ≥ p, then

µ(T hq I ∩ T −1I) ≥
(

λ

1 + 2λ

)
µ(T −1I),

µ(T 2hq I ∩ T −1I) ≥
(

λ

1 + 2λ

)
µ(T −1I)

and

µ(T hq I ∩ I) ≥
(

λ

1 + 2λ

)2

µ(I),

µ(T 2hq I ∩ I) ≥
(

λ

1 + 2λ

)2

µ(I),

and furthermore bothT hq I ∩ T −1I ∩ Cq,2 andT 2hq I ∩ T −1I ∩ Cq,2 are each a union of
levels inCq+1. Now, we use the ternary expansion ofk to expresskhn as a sum of heights.

First, note thathj is formed by the relation

hj+1 = 3hj + 1.

From this relation, it follows that form ≥ 1 andj ≥ 1,

3jhm = hm+j − hj−1.
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Thus,

khn =
∑
j∈Rk

aj3jhn (1)

=
∑
j∈Rk

aj [hn+j − hj−1] (2)

=
∑
j∈Rk

ajhn+j −
∑
j∈Rk

ajhj−1. (3)

Let R =max(Rk) and

σ =
∑

j∈Rk\{R}
ajhn+j .

It may be checked, using induction, thatT σ I ∩ T −|Rk |+1I contains a union of levels in
Cn+R whose measure is at least

(
λ

1 + 2λ

)|Rk |−1

µ(T −|Rk |+1I),

andT σ I ∩ T −|Rk |+1I is a union of levels inCn+R . Hence,

µ(T σ+arhn+RI ∩ T −|Rk |I) ≥
(

λ

1 + 2λ

)|Rk |
µ(T −|Rk |I)

and

µ(T σ+arhn+RI ∩ T −|Rk |+1I) ≥
(

λ

1 + 2λ

)|Rk |+1

µ(T −|Rk |+1I).

Therefore, by translating− ∑
j∈Rk

ajhj−1, we obtain Lemma 2.2. 2

LEMMA 2.3. Suppose thatk is a positive integer with ternary expansion

k =
∑
j∈Rk

aj3j

whereRk is a subset of the non-negative integers,R = max(Rk) andaj ∈ {1, 2}. Let tk =
|Rk| + ∑

j∈Rk
ajhj−1. Let ` be a positive integer and suppose thatn1 < n2 < · · · < n`

are positive integers such thatni+1 − ni ≥ R + 1 for 1 ≤ i ≤ ` − 1. LetH = ∑`
i=1 hni .

If I is a level inCn1 such thatT −`tk I is in Cn1, then

µ(T kH I ∩ T −`tk+iI ) ≥
(

λ

1 + 2λ

)̀ (|Rk |+1)

µ(T −`tk+iI )

for 0 ≤ i ≤ `.

Proof. We obtain this lemma by invoking Lemma 2.2` times. First, by Lemma 2.2, since
n2 − n1 ≥ R + 1 bothT khn1I ∩ T −tk I andT khn1I ∩ T −tk+1I contain a union of levels
whose measure is at least (

λ

1 + 2λ

)|Rk |+1

µ(I).
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Thus, by applying Lemma 2.2 on each of the levels fromCn2 contained inT khn1I ∩
T −tk I andT khn1I ∩ T −tk+1I , we get that all three of the setsT k(hn1+hn2)I ∩ T −2tk I ,
T k(hn1+hn2)I ∩ T −2tk+1I andT k(hn1+hn2)I ∩ T −2tk+2I have measure at least

(
λ

1 + 2λ

)2(|Rk |+1)

µ(I).

Finally, if we apply Lemma 2.2 a total of̀times, we obtain Lemma 2.3. 2

LEMMA 2.4. Let m0 andk1, . . . , kr be positive integers. LetI0 andJ0 be levels inCm0

with I0 aboveJ0. Let k = max{k1, . . . , kr } andm = m0 + 2k. Let I be the uppermost
copy ofI0 in Cm. Then there exists a copyJ of J0 in Cm, an integers = s(m, k1, . . . , kr )

andHm = H(m, k1, . . . , kr) such that

µ(T kiH I ∩ J ) ≥
(

λ

1 + 2λ

)s

µ(J )

for i = 1, . . . , r. Moreover, ifI ′ andJ ′ are any sublevel ofI andJ in the same copy ofCm

in Cn then there exists a positive integerHn = H(n, k1, . . . , kr ) such that fori = 1, . . . , r,

µ(T kiHnI ′ ∩ J ′) ≥
(

λ

1 + 2λ

)s

µ(J ′).

Proof. Let tki andRki be as in Lemma 2.3; putt = max{tk1, . . . , tkr }, and` = hm0. Then
t ≤ 2k. Then for any levelL in the topCm0-copy inCm, T −`tki L ∈ Cm for i = 1, . . . , r.

PutR = max
(⋃r

i=1 Rki

)
andρ = max{|Rki | : i = 1, . . . , r}.

Letm1 = m and choosem2 < · · · < m` so thatmj+1−mj ≥ R+1 forj = 1, . . . , `−1.
Let

Hm =
∑̀
j=1

hmj

as in Lemma 2.3.
Let I be the uppermost sublevel ofI0 in Cm. Since`tki ≤ hm0t ≤ hm, for each

i = 1, . . . , r, T −`tki +j I , asj = 0, . . . , `, covers̀ + 1 consecutive levels inCm, and so at
least one of them must intersect a copy ofJ0 in Cm, call it J . Therefore, by Lemma 2.3,

µ(T kiHmI ∩ J ) ≥
(

λ

1 + 2λ

)̀ (|Rki
|+1)

µ(J )

for all i = 1, . . . , r.
So let

s = `(ρ + 1).

Let n1 = n and choosen2 < · · · < n` so thatnj+1 − nj ≥ R + 1 for j = 1, . . . , ` − 1.
Let

Hn =
∑̀
j=1

hnj

as in Lemma 2.3.

https://doi.org/10.1017/S0143385701001626 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001626


1326 T. Adams et al

Let D be any copy ofCm in Cn and let I ′ be the sublevel ofI in D. Since
`tki ≤ hm0t ≤ hm, for eachi = 1, . . . , r, T −`tki +j I ′, asj = 0, . . . , `, covers` + 1
consecutive levels inD, and so at least one of them must intersect a copy ofJ in D, call it
J ′. Therefore, by Lemma 2.3,

µ(T kiHnI ′ ∩ J ′) ≥
(

λ

1 + 2λ

)s

µ(J ′)

for all i = 1, . . . , r. 2

LEMMA 2.5. (1) For all n ≥ 0,

λ2 ≤ dµ ◦ T ±hn

dµ
(x) ≤ λ−2 a.e.

(2) Let ` be a positive integer and letH = ∑`
i=1 hni be as in Lemma 2.4. Then for any

integersn ≥ 0, k, k′ with 0 < |k′| ≤ k,

λ2k` ≤ dµ ◦ T k′H

dµ
(x) ≤ λ−2k` a.e.

Proof. Part (1) is in Proposition 3.1 in [JS1]. Part (2) follows from the cocycle relation
and part (1) sinceH is a sum of column heights. 2

Lemma 2.6 below is the non-singular version of a standard approximation lemma;
its proof may be obtained by standard measure theory arguments using a martingale
convergence theorem (a more elementary proof follows from the proof of a similar lemma
in [DGMS]). To apply this lemma to the non-singular case we use Lemma 2.7 below (from
[M-Z ]), whose proof is immediate from the construction and is omitted.

Let r be a positive integer andν be product measure on
∏r

i=1 X. A rectangle fromCm

is a set of the formI = I1 × · · · × Ir , whereIi are all levels of columnCm. If

ν(A ∩ I) > (1 − ε)ν(A)

we say thatI is (1 − ε)-full in A. It is clear that there are 3n−m copies ofCm in
Cn. Let U(m, n) = {1, . . . , 3n−m} index the copies ofCm in Cn, and letU(m, n)r =
U(m, n) × · · · × U(m, n) (r times).

LEMMA 2.6. (Double approximation)LetL = L1 × · · · × Lr be a rectangle fromCm, let
ν be product measure, and let0 < ε < 1. If A is any subset ofL such thatL is (1− ε)-full
in A, then for anyδ, 0 < δ < 1, and anyt, 0 < t < (1 − ε), there exists an integerN such
that for all n ≥ N , there is a setU ′′ ⊂ U(m, n)r such that, for allu = (u1, . . . , ur ) ∈ U ′′,
L(u) is (1 − δ)-full of A and eachL(u) is of the formL(u) = L

u1
1 × · · · × L

ur
r whereL

ui

i is
a sublevel ofLi in theui copy ofCm in Cn, and furthermore, ifL′′ = ⋃

u∈U ′′ I(u) then

ν(L′′4L) < (1 − t)ν(I).

LEMMA 2.7. LetI andJ be two levels in a columnCm. If I ′ andJ ′ are any two sublevels
of I andJ , respectively, in a later columnCn such thatI ′ andJ ′ are in the same copy of
Cm in Cn, thenµ(I) = λkµ(J ) impliesµ(I ′) = λkµ(J ′).
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THEOREM 2.8. The type IIIλ transformationTλ, 0 < λ < 1, is power weakly mixing.

Proof. Let k1, . . . , kr be non-zero integers and letk = max{|ki| : 0 < i ≤ k}. We will
show thatS = T

k1
λ × · · · × T

kr

λ is ergodic.
Let A andB be subsets of the product space5r

i=1X with ν(A) > 0 andν(B) > 0.
ChooseI0 = I0,1 × · · · × I0,r andJ0 = J0,1 × · · · × J0,r so that

ν(A ∩ I0)

ν(I0)
> 1 − 1

4
(λ2kr),

ν(B ∩ J0)

ν(J0)
> 1 − 1

4
(λ2kr ),

and for all i = 1, . . . , r, I0,i andJ0,i are all in some columnCm, with m > k, I0,i is
aboveJ0,i if ki is positive, andI0,i is belowJ0,i if ki is negative (this latter part can be
done by choosing a finer approximation in an earlier column if necessary). Let` = hm0,
for eachi = 1, . . . , r and Rki be as in Lemma 2.3. For eachi, let Ii and Ji be the
sublevels ofI0,i andJ0,i as in Lemma 2.4 (with the appropriate interpretation whenki

is negative), ands = s(m, k1, . . . , kr ). Let I = I1 × · · · × Ir , J = J1 × · · · × Jr

andA andB denoteA ∩ I andB ∩ J , respectively. By the choice ofI0 andJ0 above,
ν(A ∩ I)/ν(I) > 3

4 and ν(B ∩ J )/ν(J ) > 3
4. Let αi be such thatµ(Ii) = αiµ(Ji),

α = 5r
i=1αi andα∗ = min{αi, 1}. Thenν(I) = αν(J ). Let

β = αλ(−2k`)r .

Choose

0 < δ < (λ2k`)r
(

λ

1 + 2λ

)sr

(α∗)r .

By Lemma 2.5(2),

λ(2k`)r ≤ dν ◦ SH

dν
≤ λ(−2k`)r a.e.

Apply Lemma 2.6 toI andJ in Cm twice to obtain sets of indicesU ′′ andV ′′ and
rectanglesI(u), andJ(v) so that for allu ∈ U ′′, v ∈ V ′′, I(u) = I

u1
1 × · · · × I

ur
r is

(1 − δ/3β)-full of A andJ(v) = J
v1
1 × · · · × J

vr
r is (1 − δ/3)-full of B, I

u1
1 , . . . , I

ur
r and

J
v1
1 , . . . , J

vr
r are in the same columnCn, with n > m, and for eachi, Iui

i andJ
vi

i are in the
ui andvi Cm-copy inCn, respectively; also ifI ′′ = ⋃

u∈U ′′ I(u) andJ ′′ = ⋃
v∈V ′′ J(v) then

ν(I ′′4I) <
( 1

2

)
ν(I)

and
ν(J ′′4J ) <

(1
2

)
ν(J ).

Since the union of the intervals corresponding to the indices inU ′′ covers more than half
of I , Lemma 2.7 implies that

ν

(( ⋃
u∈U ′′

J(u)

)
4J

)
<

(1
2

)
ν(J ).

Thus there must exist at least one indexw in bothU ′′ andV ′′; so we must have someI(w)

andJ(w), which are more than(1 − δ/3β)- and(1 − δ/3)-full of A andB, respectively.
Also, ν(I(w)) = αν(J(w)).

https://doi.org/10.1017/S0143385701001626 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001626


1328 T. Adams et al

Write I(w) = I
w1
1 × · · · × I

wr
r andJ(w) = J

w1
1 × · · · × J

wr
r . As I

wi

i andJ
wi

i are in the
same copy ofCm, by Lemma 2.4, ifki > 0,

µ(T kiH I
wi

i ∩ J
wi

i ) >

(
λ

1 + 2λ

)s

µ(J
wi

i );

and if ki < 0,

µ(T kiH I
wi

i ∩ J
wi

i ) =
∫

I
wi
i ∩T −kiH J

wi
i

dµ ◦ T kiH

dµ
dµ

≥ λ2k`µ(I
wi

i ∩ T −kiH J
wi

i )

≥
(
λ2k`

)(
λ

1 + 2λ

)s

µ(I
wi

i )

=
(
λ2k`

)(
λ

1 + 2λ

)s

αiµ(J
wi

i )

≥
(
λ2k`

)(
λ

1 + 2λ

)s

α∗µ(J
wi

i ).

Thus

ν[SH I(w) ∩ J(w)] ≥
(
λ2k`

)r
(

λ

1 + 2λ

)sr

(α∗)rν(J(w)) > δν(J(w)).

Now

ν(SH (I(w) \ A)) =
∫

I(w)\A
dν ◦ SH

dν
dν ≤ λ(−2k`)rν(I(w) \ A)

≤ λ(−2k`)r δ

3β
ν(I(w)) = δ

3α
ν(I(w)) = δ

3
ν(J(w)).

Therefore,

ν(SH A ∩ B) ≥ ν(SH I(w) ∩ J(w)) − ν([SH I(w) ∩ J(w)] \ [SHA ∩ B])
≥ ν(SH I(w) ∩ J(w)) − ν[SH (I(w) \ A)] − ν(J(w) \ B)

≥ δν(J(w)) − δ

3
ν(J(w)) − δ

3
ν(J(w)) > 0. 2

Remark 1.By choosing logλ1 and logλ2 irrationally related in alternate timesn in the
construction ofT we obtain a type III1 transformation with the same properties. Recently,
after this research was completed, Hamachi and the third-named author have constructed
type III0 measures on Chacon’s map for which they prove their Cartesian square is ergodic;
however, these measures do not satisfy the analogue of Lemma 2.5 and their methods are
different.

Remark 2.The argument we have given applies to other families of transformations.
For example, the argument gives ergodicity for Cartesian products of powers ofTλi for
different values ofλi , 0 < λi < 1.
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3. Infinite ergodic index not power weakly mixing
In this section we construct a transformation that has infinite ergodic index but is not power
weakly mixing. We also show that our example is not 2-recurrent. We note that the first-
named author has studied other constructions where the ergodicity and conservativity of
two-fold products are analyzed [A].

We recall that a transformationT is said to bed-recurrent if, for all sets of positive
measureA, there existsn > 0 such thatµ(A∩T nA∩ · · · ∩T ndA) > 0. As is well known,
Furstenberg [Fu] has shown that every finite measure-preserving transformation is multiply
recurrent. In [EHH ], Eigen et al. showed that there exist infinite measure-preserving
transformations that ared-recurrent but not (d + 1)-recurrent, for everyd > 1; however
their examples are infinite measure-preserving odometers and hence do not have infinite
ergodic index. More recently, Aaronson and Nakada [AN] have shown a theorem that in
particular implies that an infinite Markov shift with infinite ergodic index isd-recurrent for
all d. They also construct an infinite odometer with some additional properties that is not
2-recurrent.

We now construct a family of transformations. Letan, bn, cn, anddn be sequences
of non-negative integers. LetCn be a column of heightHn. FormCn+1 by cuttingCn

into four subcolumns of equal width and placingan, bn, cn, anddn spacers on the first,
second, third, and fourth subcolumns, respectively; then stack the subcolumns from left to
right to formCn+1, of heightHn+1. If we begin withC1 as an interval, then the previous
algorithm defines a Lebesgue measure-preserving transformation on a subset ofR. Define
pn = Hn+an, `n = Hn+bn, qn = Hn+cn, mn = Hn+dn, andhn+1 = pn+`n+qn+Hn

for n ∈ N. Denote the transformation byT = Tv wherev = {(pn, `n, qn,mn) : n ∈ N}.
Consider only transformationsT = Tv where

qn ≥ pn, lim
n→∞

pn

hn

= ∞

and`n andmn are chosen so that

`n > n(pn + qn + 2hn) and mn > n(pn + `n + qn + Hn).

Let us describe informally hoẁn andmn are chosen,n > 3. mn−1 is chosen large
enough so that once the bottomhn intervals ofCn have entered the topdn−1 levels of
Cn underT 2, those levels remain in thedn−1-spacers until the bottomhn levels enter the
dn−1-spacers underT . `n is chosen large enough so that the bottomhn levels of the third
subcolumn ofCn have moved into themn-spacers underT before the bottomhn levels of
the second subcolumn have exited the`n-spacers underT 2.

We first show thatT has infinite ergodic index; for this we assumecn = an + 1 for all
n ≥ 1.

The proof of the following lemma is as in Lemma 2.1 in [AFS].

LEMMA 3.1. Let cn = an + 1 for all n ≥ 1. If I andJ are any two levels inCn that are
at most̀ apart, withI aboveJ , then there exists and integerH = H(n, `) such that

µ(T HI ∩ J ) ≥ ( 1
4

)`
µ(J ).

THEOREM 3.2. Let cn = an + 1 for all n ≥ 1. ThenT has infinite ergodic index.
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Proof. We outline the main ideas since the proof is similar to that of Theorem 2.8 (and
Theorem 2.2 of [AFS]). Let A andB be subsets of the product space of positive measure.
ChooseI = I1 × · · · × Ir and J = J1 × · · · × Jr such thatν(A ∩ I)/ν(I) > 3

4,
ν(B ∩ J )/ν(J ) > 3

4, and for alli = 1, . . . , r, Ii andJi are all in the same columnCm, and
Ii is aboveJi . Let A andB denoteA ∩ I andB ∩ J , respectively. Let̀ > 0 be such that
Ii andJi are at most̀ apart, for alli. Choose

0 < δ <
(1

4

)`r
.

Let S = T × · · · × T (r times). Apply the double approximation lemma twice with
ε = 1/4, t = 1/2, andδ/3 above, to obtain sets of indicesU ′′ andV ′′ and rectanglesIu

andJv so that for allu ∈ U ′′, v ∈ V ′′, Iu = I ′
1 × · · · × I ′

r is (1 − δ/3)-full of A and
Jv = J ′

1 × · · · × J ′
r is (1 − δ/3)-full of B, I ′

i , J
′
i are in the same columnCn, andI ′

i and
J ′

i are in the sameCm-copy inCn, for i = 1, . . . , r. Since all levels in a column have the
same length we can conclude thatU ′′ andV ′′ contain more than a half of the indices inU

andV , respectively.
Thus there must exist at least one indexw ∈ U ′′ ∩ V ′′ so thatIw andJw are both more

than(1 − δ/3)-full of A andB, respectively.
By Lemma 3.1,

ν[SH Iw ∩ Jw] >
(1

4

)`r
ν(Jw).

Then, as in Theorem 2.8, one obtains that

ν(SH A ∩ B) ≥ δν(Jw) − δ

3
ν(Jw) − δ

3
ν(Jw) > 0. 2

THEOREM 3.3. If the set
{n ∈ N : |qn − 2pn| ≤ 3hn}

is finite, thenT ×T 2 is not conservative, henceT is not power weakly mixing. Furthermore,
T is not 2-recurrent.

Proof. ChooseN such thatN > 3 and|qn − 2pn| > 3hn for n ≥ N . Let A be the bottom
level ofCN+1. Define

3 = {i > 0 : µ × µ((T × T 2)i(A × A) ∩ (A × A)) > 0}
and

3n = 3 ∩ (0, 1
2Hn).

We will prove inductively onn, that 3n = ∅. This is true for 1 ≤ n ≤ N since
µ(T iA ∩ A) = 0 for 0 < i < HN .

Suppose that our assertion holds for3n. We wish to verify that3n+1 = ∅. Let D

denote the union of the bottomhn levels inCn. The setA will be contained inD. Let Dj

be the part ofD in thej th subcolumn ofCn, j = 1, . . . , 4. Below we give a table showing
the integersi between 0 and12Hn+1 such thatT iDj ∩ Dk 6= ∅. The first number in each
cell is the left-hand point of the interval and the second point is the right-hand point of the
interval of intersection.
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i D1 D2 D3 D4

T iD1 0 pn − hn pn + `n − hn pn + `n + qn − hn

hn pn + hn pn + `n + hn pn + `n + qn + hn

T iD2 0 `n − hn `n + qn − hn

hn `n + hn `n + qn + hn

T iD3 0 qn − hn

hn qn + hn

T iD4 0
hn

We want to show that there is no simultaneous intersection fori = j andi = 2j among
the 10 intervals listed. The intervals give the sets of intersection forT . To obtain the sets
of intersection forT 2 divide the endpoints of the intervals by 2.

By the choice ofmn−1 we have that

mn−1

2
>

mn−1

(n − 1)
> hn.

Also, 1
2Hn > 1

2mn−1 > hn. By induction it follows that3 ∩ (0, hn] = ∅ and so there
cannot be simultaneous intersection on this interval with any other interval in the table.

Now `n was chosen so that

pn + qn + hn <
`n − hn

n
<

`n − hn

2
.

Thus,`n was chosen large enough so that we only need to compare the intervals with`n as
a summand in the endpoints to other intervals with`n.

However,̀ n andn are sufficiently large so that

pn + `n + qn + hn

2
<

(n − 1)(pn + `n + qn + hn)

n

< pn + `n + qn + hn − 1

n
`n

< `n − hn.

Thus,T 2 will have pushedD1 beyondD4 beforeT pushesD2 into D3. This takes care of
the worst case of intersection between intervals with`n as a summand.

Finally, we consider the case of simultaneous intersection on the interval in the first row,
second column and on the interval in the third row, fourth column. The assumption onN

implies that ∣∣∣qn

2
− pn

∣∣∣ >
hn

2
+ hn.

Thus there is no possibility of intersection ofD1 with D2 underT , and intersection of
D3 with D4 underT 2 since the distance between the centers of each of the intervals
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is greater than the sum of their radii. The remaining possibility cannot occur since
qn − hn > (pn + hn/2) as

qn > Hn > mn−1

> (n − 1)(pn−1 + qn−1 + Hn−1 + `n−1)

= (n − 1)hn

≥ 3hn (for n ≥ 4),

by construction.
Finally, asµ × µ[(T × T 2)n(A × A) ∩ (A × A)] = 0 for all n 6= 0, it easily follows

that for alln 6= 0, µ(A ∩ T nA ∩ T 2nA) = 0, henceT is not 2-recurrent. This completes
the proof of the theorem. 2

Finally we have the following corollary.

COROLLARY 3.4. Infinite ergodic index does not imply power weak mixing. Furthermore,
infinite ergodic index does not imply multiple recurrence.

Proof. Choosean = 3hn and cn = an + 1. Thenqn = pn + 1 and 2pn − qn =
2Hn + 6hn − Hn − 3hn − 1 ≥ 3hn. Now apply Theorems 3.2 and 3.3. 2
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