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A j-TRANSLATION WITH KRIPKE FORCING RELATION

SATOSHI NAKATA

Abstract. In this article, we introduce a translation that combines the j-translation with Kripke forcing
in the internal logic of an elementary topos. First. we show that our translation is sound for intuitionistic
first-order logic and Heyting arithmetic. Furthermore, its interpretation in the effective topos provides an
extension of the sheaf model of realizability introduced by de Jongh and Goodman. As an application, we
systematically investigate translations for semi-classical axioms. Based on this investigation, we establish a
separation result on semi-classical arithmetic, which cannot be obtained using the usual j-realizability.

§1. Introduction.

1.1. j-translation in proof theory and topos theory. In intuitionistic proof theory,
syntactic translations, including the negative translation (or the double negation
translation), have provided many insights and applications for decades. The first
application dates back to Godel’s relative consistency proof for Peano arithmetic (see
[38. Chapter 2, Section 8] for the history). However, applications of such syntactic
translations are not limited to consistency proofs. In fact, typical variants such as
Friedman’s A-translation [9] and the $-negative translation [8] (this terminology is
due to [16]) are useful for proving partial conservation results. Systematic studies on
such applications can be found in [13, 16, 28]. Currently, it is well known that these
important translations can be uniformly described as a j-translation associated with
a nucleus j. A detailed summary of the j-translation in proof theory can be found
in [1]. Recently, there have been syntactic studies on an extension to Godel’s system
T [40] and the Kuroda-style j-translation [3].

Furthermore, nucleus and its associated j-translation naturally appear in topos
theory as well. Lawvere and Tierney showed a one-to-one correspondence between
an internal nucleus on the subobject classifier of a topos £ and a subtopos of &,
while exploring logical aspects of topos theory. In this topos-theoretic context, such
an internal nucleus is called a local operator (or Lawvere-Tierney topology). From
the perspective of the internal logic of £, a local operator j can be regarded as a
transformation on formulas in the internal language, and the j-translation describes
the internal logic of the associated subtopos &;.

1.2. Local operator as generalized oracle. In addition to this correspondence
in topos theory, Hyland’s discovery of the effective topos Eff [15] linked the
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2 SATOSHI NAKATA

j-translation to realizability theory. It is known that the internal logic of Eff
corresponds to the Kleene realizability interpretation, and its local operators can
be regarded as generalized oracles. For example, for a partial function f :C N — N
on natural numbers, there exists a local operator j, in £ff. The internal logic of
the associated subtopos Eﬁ‘j/_ coincides with Kleene realizability using f/ as an

oracle (realizability relative to /). In other words, the j-translation in £ff yields
a realizability relative to a generalized oracle. This is often called j-realizability
[22, 27, 35]. This relationship between local operator and oracle has been studied
extensively in categorical realizability (see [34] as a standard textbook).

1.3. A sheaf model of realizability. On the other hand, it has long been known
that combining forcing with realizability relative to an oracle is a useful method
in intuitionistic proof theory. De Jongh’s unpublished work in 1969 was the first
to explicitly consider a sheaf model of realizability. He introduced this method to
prove a certain conservation result between Heyting arithmetic and intuitionistic
predicate logic, known as de Jongh’s theorem. Later, Goodman introduced a similar
realizability notion for Heyting arithmetic in all finite types to prove a conservation
result on the axiom of choice, known as Goodman’s theorem [14]. Throughout
this article, we refer to this realizability notion as de Jongh—Goodman realizability.
Specifically, they defined this notion by combining realizability relative to a partial
function f on natural numbers with weak forcing on the poset (7, C), where T is a
set of partial functions on natural numbers and C is the extension relation. Since
then, their arguments have been applied to separation problems on variants of the
Fan theorem [29] and have been investigated syntactically [4, 7]. In particular, van
Oosten pointed out that de Jongh—-Goodman realizability can be understood as
a PCA-valued sheaf in [32, 33], and discussed such realizability based on Kripke
forcing in [34, Section 4.6.2].

1.4. Contributions. In this article, we aim to understand this sheaf model of
realizability from the perspective of j-translation. Our main purpose is to propose
a new translation that combines j-translation in the internal logic of a topos with
Kripke forcing relation, and to investigate its properties from both syntactical and
semantical sides. This approach differs from van Oosten’s understanding based on
PCA-valued sheaf [32-34].

First, in Section 4, we define a translation j I-p ¢ parametrized by a local operator
j and an internal subposet P of local operators in the internal logic of an arbitrary
elementary topos (Definition 4.4). The local operator j and the internal subposet
P generalize the roles of a partial function f and a subposet 7" of partial functions
in de Jongh—-Goodman realizability, respectively. The first main result is that this
translation is sound for intuitionistic first-order logic IQC and Heyting arithmetic
HA (Theorems 4.14 and 4.17).

Next, in Section 5, we identify the interpretation of our translation j IFp ¢
in the effective topos. We call this P-realizability (Definition 5.9). We show that
P-realizability is an extension of de Jongh—Goodman realizability under a mild
assumption (Theorem 5.20).

Finally, in Section 6, with future proof-theoretic applications in mind, we sys-
tematically investigate our translation for semi-classical axioms. As an application,

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 14 Nov 2026 at 08:56:27, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/js1.2026.10237


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2026.10237
https://www.cambridge.org/core

A j-TRANSLATION WITH KRIPKE FORCING RELATION 3

we prove a separation result on semi-classical axioms in Heyting arithmetic using
P-realizability (Theorem 6.19: £, 1-DNE + =—(I1,4; V I1,;-DNE) does not imply
I, VII, 1-DNE over HA). Note that most of the proof does not require
computability-theoretic arguments, and is completed by calculations of the internal
logic.

We consider this separation result to be significant in two distinct senses. First,
this separation cannot be shown using the usual j-realizability, and thus it reveals
an essential difference between P-realizability and j-realizability, or between our
translation and the usual j-translation (Corollary 6.20). Second. these axioms
naturally appear in previous studies on the prenex normal form theorem, and the
verification of their separation is of proof-theoretic significance (Remark 6.22).

1.5. Organization. This article is organized as follows. In Section 2, we review
the internal logic (higher-order logic) of a topos. In Section 3, we introduce a
J-translation, treating j as a variable in the internal logic of a topos. We also
supplement the relationship between this j-translation and the translation based
on the associated sheaf functor. In Section 4, we define our translation and prove
its soundness. In addition, we also discuss the relationship between our translation
and the associated sheaf functor, a Kuroda-style translation, and a corresponding
internal sheaf topos. In Section 5, we interpret our translation in the effective topos
to provide the corresponding realizability semantics. Furthermore, we consider a
concrete example and show that it is equivalent to de Jongh—-Goodman realizability.
Finally, in Section 6, we turn back to the general setting and investigate the
translations of the double negation elimination (DNE) and the law of excluded
middle (LEM), systematically. Based on this systematic investigation, we prove a
separation result on semi-classical arithmetic using P-realizability.

§2. Preliminaries.

2.1. The internal language of a topos. The proofs in Sections 3, 4, and 6 are
formalizable within a certain higher-order logic. To make this explicit, we review the
internal language L¢ of an elementary topos £ in detail. While various conventions
exist in the literature, we follow the notation of the type theory based on equality
introduced in [26, Part II].

Each type in L¢ corresponds to an object of £. In particular, 1, Q. and PX denote
the terminal object, the subobject classifier, and the power object of an object
X, respectively. We assume that each type is associated with countably many free
variables. A context is a finite list of typed variables, typically written as I' = [x; :
X1,.... X, : X;]. The concatenation of contexts I' and I'” is denoted by I' U I"". Given
a context I, we define terms in context I (written as (1 : X T') or ¢[X]) inductively
as follows:

o x:1;

e x : X for each variable x in T";

o (1.t/y: X x Yift:Xand? :Y;

e f(¢): Y foramorphism f: X — Yinfandaterm¢: X;
e{x:X|p}:PXifp:Qisatermin U [x : X].
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4 SATOSHI NAKATA

A term of type Q is called an ( Lg-)formula, and one with no free variables is called
a sentence. The primitive formulas in the type theory based on equality are the
following:

Ti=true(x): Q, (1=x1):=(=x (t.1")): Q.
(t ex u):=(ex ((t.u))) : Q,

where true: 1 — Q is the subobject classifier, =y : X x X — Qs the characteristic
map of the diagonal map Ay: X — X x X, and €x: X x PX — Q is the
evaluation map associated with the power object. Other logical symbols, such as
the bottom symbol L, the logical connectives A, V, —, and the quantifiers V, 3 are
defined in terms of these primitive formulas. For example, universal quantification
is defined by

Vx: Xeplx]i={x: X |px]}=px {x:X]|T}).

See [26, Part IT Section 2] for more details. A term ¢ : X ina context [x; : X7, ..., x, :
X, ] is interpreted as a morphism #: Xj x - X X, = X in & in the standard way.
For any morphism ¢ : X — Q. we denote its corresponding subobject by [¢] — X.

We say that a formula ¢ holds in £, denoted by & | ¢, if its interpretation
is the morphism T: X; x --- X X,, — Q. This is equivalent to saying that the
corresponding subobject [] is top in the subobject lattice. This interpretation
is sound for the type theory based on equality and, in particular, for intuitionistic
logic.

2.2. Other notation. We collect some notation used throughout this article. We
often omit the subscript X of the membership relation € y when it is clear from the
context. For any object X, terms ¢, s : PX, and formula ¢, we use the following
abbreviations:

eVx ety :=Vx:X.(x €t p).

e/ Cs:=Vxetxes.

eVuCty:=VYu:PX(uCt— ).
Unless stated otherwise, £ denotes an arbitrary elementary topos. Given a local
operator j: Q — Qin £, we write &; for the associated subtopos and L;: £ — &;
for the associated sheaf functor.

2.3. Arithmetic. In this article, we also consider translations for first-order
intuitionistic arithmetic. We here follow the conventions in [2, 38]. Let L4, denote
the language of arithmetic consisting of a constant 0, the successor s, and function
symbols for all primitive recursive functions. Heyting arithmetic HA is a first-order
intuitionistic theory consisting of the successor axiom Vx.—(s(x) = 0), defining
equations for all primitive recursive functions, and the induction axiom scheme
for all Lan-formulas. If an elementary topos £ has a natural numbers object
N =(N.0:1— N,s: N — N), then any La;n-formula ¢[X] can be canonically
interpreted as an L¢-formula whose variables range over N:

e[X] = ¢:Q [X:N]

We call the L¢-formula the standard interpretation of ¢ in £. It is well known that
all axioms of HA hold in £ under this interpretation.
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A j-TRANSLATION WITH KRIPKE FORCING RELATION 5
§3. Internal j-translation.

3.1. The j-translation in the internal language. To begin with, we introduce the
J-translation in the internal language of a topos. Unlike arguments in locale theory
or in proof theory, we emphasize that the internal logic of a topos can formalize
quantification ranging over local operators. To this end, we first recall the basics of
nucleus and the associated j-translation in locale theory (see, e.g., [19]).

Let H = (H.A,V,—.<) be a locale. A monotone map j: H — H is called
a nucleus if it satisfies the following conditions: (1) a < j(a). (2) jj(a) < j(a),
and (3) j(a Ab) = j(a) A j(b). Note that the third condition can be replaced by
(3) (a — b) < (j(a) — j(b)). Eachnucleusj on H induces the associated sublocale
H;:={a e H| j(a)=a} of j-closed elements. Now, let us define an Ly -formula
as a propositional formula over H constructed from A, VV, and — (this terminology is
used only in this section). Then, the j-translation ¢/ for an £z -formula ¢ is defined
as follows:

p’ = jpif pis an atomic £y -formula ;

Aw) =¢/ rny/s (ovy) =l Vi) (p—ow) =¢/ -y
This translation provides a uniform way to transform Lpy-formulas into
L H; -formulas.

We can apply a similar argument to the subobject classifier Q of an elementary
topos £ and Lg-formulas. In a topos £, Q is an internal locale. An endomorphism
Jj:Q — Qin £ is called a local operator if j is an internal nucleus on Q. However, a
crucial difference is that the internal language L¢ can formalize endomorphisms on
Q using the power object PQ, which is isomorphic to the exponential Q. That is,
we can treat local operators as terms of type PQ (note that in a presheaf topos, this

data is internally equivalent to a Grothendieck coverage). This treatment enables us
to handle not only local operators but also quantification over them in £.

DermNITION 3.1. Let j denote a variable of type PQ, and let ¢ : Q be an
Le-formula. We use the following notations:

o jo:=(p€j):
e a formula is-lop[j]: Q is defined as follows:
is-lop[j]:=Vp : Q.(p — jp) NVp : Q.(j(jp) = jp)
Np.q:Q.((p —q) = (jp — jg)).
Then a closed term Lop : P(PQ) is defined by Lop := { j : PQ | is-lop[/] }.

REMARK 3.2. Letj: Q — Qbeanendomorphismin £, and let 7 1 — PQdenote
its transpose. One can check that jis a local operator in € ifand only if € = (j € Lop)
holds. The closed term Lop naturally induces a subobject of PQ:

Lop = [is-lop[j]] — PQ.

This can be regarded as an object of all local operators in £. In our arguments
below, the universal quantification Vj € Lop.p[j] can be read as the universal
quantification Vj : Lop.p[j] over this object Lop.

Here, we list some basic facts on nucleus (cf. [3, Lemma 1]).
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6 SATOSHI NAKATA

LEMMA 3.3. Let p[X] be an Lg-formula. The following implications hold:

(1) EEVjeLop¥p.q:Q((p— jq) < j(p — jg)).
(2) EEV)j e Lop.((jVx: X.p) = (Vx: X.jp)).

(3) EEVjeLop¥p.q:Q(j(pVq) < jjpVjg)).
(4) EEVj € Lop.((3x: X.jo) — (jIx: X.p)).

Based on these facts, we also have the following equivalences:
VX X = jw) < Vx: Xe = jy).  j3x: X.je < jIx: X

For example, [3] studies a j-translation for first-order formulas. For simplicity, we
restrict our attention to one-sorted first-order formulas.

DEFINITION 3.4 ( Ly-formula). Let X be an object in a topos £. An Ly-formula
is defined inductively as follows:
oy =RIX] oAy |eVyle—w|[Ix: Xe|Vx: X,

where R is a morphism from X" to Q in £, and m is the length of X. Here, L is also
considered an £ y-formula, and —¢ stands for o — L.

In other words, an Ly-formula is an L¢-formula whose atomic formulas are given
by morphisms R: X — Qin £ and whose variables range over X. For instance, if
£ has a natural numbers object N, the standard interpretation (see Section 2.3) of
each Lan-formula is an £y -formula.

Then, the j-translation for £ y-formulas is defined internally as follows. Note that
j in the following definition is a variable of type PQ intended to represent an internal
local operator.

DrrFINITION 3.5. For any L y-formula ¢[xX], we inductively define ¢* as follows:
(R[X])" := jRIZ];
) =t AT
)=l Vyr):;
(= y) =" = y"
) =jEy: X . X, y]):
) =Yy X [ X p].
We call o* the (internal) j-translation of o:
0:Q [X:X] = ¢":Q [j:PQX:X]

In addition, given a local operator j: Q — Q in £, we write ¢/ for g&*[j\, X]. which
is obtained by substituting the transpose j: 1 — PQ into ¢*.

3.2. Relationship to the associated subtopos. It is well known that for any topos
&, each local operator j induces the associated subtopos &; of j-sheaves. This is
analogous to the associated sublocale in locale theory. Recall that for a locale H, the
J-translation transforms an Ly -formula into an £y, -formula. However, this does
not hold for the j-translation of £y -formulas. Since an object X is not necessarily a
Jj-sheaf, the j-translation ¢/ of an Ly-formula ¢ is not an Lg,;-formula in general.
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A j-TRANSLATION WITH KRIPKE FORCING RELATION 7

Therefore, [15] defined j-translations that modify not only logical connectives but
also the types of variables. For comparison with our j-translation, let us briefly look
at the translation based on the associated sheaf functor L;: £ — &;, introduced as
[e]; in [15, Section 5].

DEFINITION 3.6. For any Ly-formula ¢[X] and any local operator j in &, we
inductively define o/ as follows:

(RIXD)™ = xr,;ry[7]:
(<pAl//)L>” =t Ayt
(V) = jlehi vyl
(p =) =" =yt
3y Xp[x. DY = j(3s L X.pli[F. s]):
(Vy : Xp[%. y])™ = Vs : L;X.o"[F,s].

where 7 [rp: L;X™ — Q denotes the characteristic map of L;[R] — L;X™. We
call % the L;-translation of :

p:Q [X:X] = lb:Q [F:L;X]

The L;-translation provides a uniform way to transform £y-formulas in £ into
L L x-formulas in &;. For instance, the L ;-translation for specific atomic formulas or
Larimm-formulas is coherent with the structure of the associated subtopos, as shown
below.

ExamPLE 3.7. Let us consider an atomic Ly-formula (f(X) =y g(X)). where
f.g: X™ — X are morphisms in £. Since the associated sheaf functor L; preserves
equalizers, its L ;-translation coincides with the equality between the morphisms
Ljf,ng: L]Xm — LjXZ

(f (%) =x g@) = (L;f(7) =L,x L;g(P) [F:L;X].

ExaMPLE 3.8. Let usconsider an £an-sentence ¢ and its standard interpretation
on a natural numbers object in £. Since the associated sheaf functor L; preserves
the natural numbers object. the L ;-translation ¢/ corresponds to the standard
interpretation of ¢ in &;. That is, the following equivalence follows from the
definitions:

EEel = &k

On the other hand, it can be shown that the L;-translation ¢/ and the
J-translation ¢/ are equivalent in £. While this is probably a folklore among topos
theorists, we have not found literature where the proofis explicitly written. Therefore,
we clarify this fact here. The verification relies on the following lemmas.

LEmMA 3.9. Let j be a local operator in &, and let n be the unit of the geometric
inclusion (L; i): & < E. For an object X. let i1y} denote the pullback functor along
ny: X = L;X. Then the following hold.:
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8 SATOSHI NAKATA

(1) For any subobject A — X, ny (L;A) coincides with the j-closure jA of A.
(2) There is a lattice isomorphism between the subobjects Subyg; (L;X)of L;X in
&; and the j-closed subobjects Cl;Subg (X) of X in E:

7y Subg, (L;X) <= Cl;Subg(X): L;.

The former statement is a basic fact found in various literature. The latter
isomorphism is proved in [6, Proposition 2.3]. In particular, for an atomic
Ly-formula R, Lemma 3.9(1) immediately gives the following equality in
Cl;Subg (X):

ny ([R"]) =y (L;[R]) = j[R] = [R’].
Furthermore, by combining Lemma 3.9(2) with basic calculations for the associated
sheaf functor (e.g.. [15, Theorem 5.1(f)] for universal quantification), we can

prove the equality above holds for any Ly-formula ¢. This implies the following
equivalence in the internal logic.

PROPOSITION 3.10. For any Ly -formula ¢[X] and any local operator j: Q — Q in
E, the following equivalence holds:

E VX X" nx (x1). ooy (xm)] 5 7 [X]).
where ny: X — L;X is the component of the unit.

In fact, as we will see later in Section 4.2, this equivalence can also be proven
directly using the internal logic (see the discussion following Proposition 4.10).

§4. A translation with an internal subposet of local operators.

4.1. Lop-frame. There is a standard partial order on local operators. It is well
known that this order admits numerous characterizations, such as the reverse
inclusion between the associated subtoposes. What is important here is that the
order can also be defined in the internal language. We first introduce a formula
expressing the standard order on local operators.

DEerINITION 4.1. The formula j < k with variables j. k : PQ is defined by
j<k:=Vp:Q.(jp— kp).

The formula j < k defines an internal poset (PQ. <) in £, as well as an internal
poset (Lop. <) of internal local operators. Thus, each subobject P of Lop induces
an internal subposet of local operators:

(P. <p) — (Lop. <).

DErFINITION 4.2. Let P denote a variable of type P(PQ). We say that P is a
lop-frame' if the formula P C Lop holds in £. For any formula o[k] with a free
variable k : PQ, we use the following abbreviation:

Vi >p jplk] :=Vk € P.(j <k — ¢[k]).

I'Since it is only essential for this concept to be a subposet of nuclei, it might be more appropriate to
call it a nucleus-frame depending on the context. We welcome any suggestions for a better terminology.
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A j-TRANSLATION WITH KRIPKE FORCING RELATION 9

REMARK 4.3. Similarly to Remark 3.2, the formula P C Lop defines a closed
term LopFrm := {P: P(PQ) | P C Lop} and induces an object LopFrm of all
lop-frames in £. This object LopFrm is isomorphic to the power object of Lop:

LopFrm = [P C Lop] = P(Lop) — P(PQ).

Therefore, the universal quantification VPP C Lop.¢[P] can be read as the universal
quantification VPP : LopFrm.[P] over this object LopFrm. In Section 5, we will
provide an explicit description of the objects Lop and LopFrm in the effective

topos &ff.
Each lop-frame gives rise to a translation that combines the j-translation with
Kripke forcing.
DEFINITION 4.4. For any L y-formula ¢[X]. we inductively define j IFp ¢[X] as
follows:
Jj ke (RIX]) := jRIX]:
Jlre (o Aw) = (ke ) A ke w):
Jlre (e V)= j((j ke o)V (jlFe w)):
J ke (o = wIX]) =k >p j.((k IFp o[X]) — (k ke w[X])):
jlFe By : Xop[X. y]) :=j3y : X.j IFp @[X. ¥]):
J ke (Vy @ Xp[X.y]) :=Vk >p jVy : Xk Ibp p[X, y].

0:Q [X:X] = jlpep:Q [P:P(PQ),j:PQX:X].

First, we observe that this translation generalizes the j-translation. In fact, it is
straightforward to verify that if j is a maximal element in a lop-frame P internally,
the translation j IFp ¢ coincides with the j-translation ¢*[].

PRrOPOSITION 4.5.  For any L x-formula p[X].
£ E VP C LopV; € Lop.
(Vk > .(j =pa k) = V3 : X.(j IFp @[3] ¢ ¢°[). 71).
We also verify that j-closedness, a fundamental property of j-translations, holds
for our translation as well.
LEMMA 4.6 (j-closedness). For any Ly-formula o[X].
E EVP C LopVj € LopVx : X.(j(j IFp @[X]) <> Jj IFp [X]).

ProOOF. One can show this by induction on the complexity of ¢. In particular,
for the steps of implication — and universal quantification V, apply Lemma 3.3(1)
and (2). 4

4.2. Internal Kripke frame. In Section 3.2, we observed that the relationship
between the L ;-translation @i and the j-translation ¢/. In fact, we can define a
variant j IF5 ¢ of our translation j I-p ¢ that corresponds to the L;-translation.
This variant gives us a semantic intuition that our translation describes an internal
Kripke frame in £. Although its practical benefit may not be apparent due to the
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10 SATOSHI NAKATA

equivalence of the translations, we discuss this variant in detail to prepare for future
extensions.

To define this, let us recall the internal construction of the associated sheaf functor
L;: & — &; found in numerous literature [18, 30, 39]. This is referred to as Lawvere’s
construcnon in [18, Exercise 3.4]. See the introduction of [17] for the history of this
construction. The key idea is to define the j-sheafification L; X of an object X as a
subobject of the power object PX.

DEerINITION 4.7. We define the following Lg-terms:

(xtr={r:X|(r=x)}:PX [x:X]
nxljul:={x:X|jlxexu)}:PX [j:PQu:PX]
Ax[jul:==j3x : Xu=px nx[j. {x}x]): Q [j:PQ.u:PX]

L. X[jl:={u:PX|Ax[jul}:P(PX) [j:PQ]
Then, foralocal operator Jj 1 Q — Qin &, the j-sheafification L; X is given by the
subobject L. X[j] = [Ax[/.-]] — PX. Moreover, the component ny: X - L;X

of the unit of the geometrlc 1nclu51on &; < & is the unique morphism such that the
following diagram commutes (see, e.g., [39])

X s px ——1

{ }XI I true

PX — PX — Q.
nxlj.] xUl

Furthermore, from standard calculations of internal logic, the following lemmas
on the term # are verified.

LemmA 4.8, The following hold.:

(1) EEVjk eLlop.(j <k —Vue L. X[jluyxlk.u] €Epx L.X[k]).
(2) £ EVjk € Lop.(j <k — Yu: PXnx[k.nx[j. ull =px nx[k.ul).

In particular, Lemma 4.8(1) implies that for any local operators j, k : Q — Q with
j < k.the unlt n% X : L; X — Li X of the geometric inclusion & — &; is induced by
the term ﬂx[k ]: PX — PX as follows:

Jk
LiX 2 Lx

[ [

PX —— PX.
nylk.]
This allows us to describe all information on the j-sheafification L; X and the unit
' X : L;X — L X by embedding them into PX.
Based on this description, it is natural to define a formula j -5 ¢ that intuitively
represents a Kripke frame semantics: the order structure is a lop frame P, each
possible world is L; X for j € P, each restriction map is 7} X :L;X — L X, and the
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A j-TRANSLATION WITH KRIPKE FORCING RELATION 11

logical connectives and the quantifiers are interpreted in &;:
(P, <p. {L; X | jeP} {n}: L;X - LiX|j<k}).
DEFINITION 4.9. For any Ly-formula ¢[%], we inductively define j I} o[i] as
follows:
j IFs (R[¥]) := VX : X. N (xi€xw) | = jRIX]
1<i<m
JIFE (e Ay) = s @) A G IFE w):
JIFE (o vy) = j((j kg o) vV (j Ibg w)):
J kg (= wIX]) = Vk >p j.((k b5 plnx[k. @) = (k -5 wlnxlk. d]]):
JIFE Byt XeplR. ) = j (v € Lo X[j].) IF§ lid. v]):
JIFE (Vy : Xop[X. ¥]) := Vk >p jVv € L X[k].k 5 o[nx[k. d]. v],
where [n7x[k. i]] denotes [nx [k, u1]. ... nx [k, un]]:
:Q [¥:X] — JjlFe:Q [P:P(PQ).j:PQ.ii: PX).
As expected, this translation is equivalent to our original translation j IFp ¢.

PROPOSITION 4.10. For any Ly-formula ¢[X], the following equivalence holds:

E E VP C LopVj € Lop
VX X.(j MR @lnx L { x1 Yxlo oo e {xm Yx11 < J IFp @[X]).

Proor. By induction on the complexity of ¢. The atomic case follows from
Lemma 3.3. The induction steps for A and V are trivial. Let us show the step for
existential quantification 3y : X.¢[x, y]. Using Lemma 3.3(4), we have the following

equivalence:
J ke By s X)nx[j. { x }x]l
=j(3v: PX.j(3y s X =px nx [ {» }x]) A J 5 elnxlj { x }xl. o)
<j(@v: PX.3y : Xv =px nx[j.{y }x]) A J b5 @lnx[j. { x }x].v])
< j @y X j g el x Yxlnxl { 3x1D)

By the induction hypothesis, the last formula is equivalent to j IFp (3y : X.o[x. ¥]).
Next, consider the step for universal quantification Vy : X.¢[x, y]. Note that
J IFE ¢ isj-closed similarly to Lemma 4.6. Then, by Lemma 4.8(2) and the induction

hypothesis, we obtain the following equivalence:
J Ik 9y : Xo)nx ). { x }x]l
=Vk >p j¥v € L.X[k]k -5 elnxlk. nx[j. { x }x]l. 0]
©Vk >p j¥y 0 Xk g @lnxlk. { x Yxlnxlk. { y }x]]
Yk >p ¥y Xk IFE o[x. y]
=j Ikp (Vy : X.o)[x].

The step for implication — can be shown similarly.
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12 SATOSHI NAKATA

Using this proposition, we can give an alternative proof of Proposition 3.10 based
on the internal logic.

PrOOF OF PROPOSITION 3.10. Let j: Q — Qbe a local operator, and consider the
singleton lop-frame P := { j } po. Similarly to Proposition 4.5, we can verify the
following equivalence by induction on the complexity of ¢:

Vi L X5 [F] < jIFE @lm(r1), ... m(ry)]).

where m: L;X ~ PX (for the atomic case. note Lemma 3.9(1)). Letting
ri = nyx(x;), we have m(ny(x;)) = nx[j.{x: }x]. Then, by Proposition 4.10,

we obtain
@i nx (x1). o ()]
] kg @lm(ny (x1). ... mpx (xim))]
&7 I @lnxl7 {x1 Yale oo e [ X J]]
7 IFp @[].
By Proposition 4.5, the last formula is equivalent to /[X]. o

4.3. Soundness. We now establish the soundness theorem of our translation for
IQC. First, we observe that our translation satisfies monotonicity, a fundamental
property of Kripke models for intuitionistic logic. It is worth noting that the
following results do not require the assumption j € PP, except for Corollaries 4.12
and 4.13.

LemMA 4.11 (Monotonicity). For any Ly-formula ¢[X].

& EVP C LopV, € LopVk >p j
VX X.(J IFp @[X] = k IFp o[X]).

Proor. This claim is easily verified by induction on the complexity of ¢. o

Furthermore, if j € P, monotonicity can be expressed by the following equiva-
lence.

COROLLARY 4.12. For any Ly-formula ¢[X],

EEVPC LopVj eP
VX X.(j IFp @[X] < (Vk >p jk IFp ©[X])).

This corollary implies that our translation behaves analogously to Kripke frame
with constant domain.

COROLLARY 4.13. For any Ly-formula ¢[X], the following equivalence holds:

£=VP C LopVj € P.
(VX : X.j Ik @[3]) & ke (VX : X.p).

Proor. This follows from repeated applications of Corollary 4.12 and Lemma 4.6.
#
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A j-TRANSLATION WITH KRIPKE FORCING RELATION 13

Consequently, assuming j € P, the clause for universal quantification in Defi-
nition 4.4 admits a simpler formulation given above. With these preparations, we
prove the soundness of our translation for the intuitionistic predicate calculus IQC.
Here, we adopt a Hilbert-style axiomatization, often referred to as Godel’s system
[24. Chapter 3].

THEOREM 4.14 (Soundness for IQC). Let ¢, @1, 2, and y be Lx-formulas.
(1) If ¢[X] is an axiom of 1QC., then
E EVP C LopVj € LopVx : X.j IFp [X].

e1lX]  olx]

(2) If w[X] is an inference rule for logical connectives of 1QC, then
E EVP C LopV; € Lop
VX 1 X.((J IFp @1 [X] A J e 2 X]) — Jj Ik w[X]).

elx. y]

(3) If w[X] is an inference rule for quantifiers of 1QC., then
E EVP C LopV, € Lop
VX X((Vy : Xj ke o[X.y]) — j IFp w[X]).

ProoF. (1) We first verify the axioms.

The translation j IFp (@ — ¢ V w) is expressed as

Vk >p j.((kIFp @) = k(k IFp @ V Kk IFp w)).

Since Vp,q : Q.(p — k(p V q)) holds for any k € Lop. the above formula is valid in
£. Similarly, one can easily verify the cases for ¢ A w — ¢, the axioms for contraction
Ve —pand p — @ A @, and the axioms for exchange o Vw — v V ¢ and ¢ A
v —wAp.

By (k IFp L) <+ kL and Lemma 4.6, we have the following equivalence:

JlFe (L =)
=Vk >p jukL — klFp )

The last formula follows from ex falso quodlibet in the internal logic of £.
’Vx s Xop[x] — @[t[)?]]:‘ Note that the translation j IFp ¢[x] commutes with

substitution, that s, j IFp (¢[¢]) coincides with j IFp (p[x])[7/x]. By Corollary 4.13,
we obtain the following equivalence:

J ke (Vx 2 Xop[x] — o[t[¥]])
<Vk >p j.(k ke (Vx 2 Xop[x]) = k IFe (0[2[¥]])
Vk >p j.((Vx 1 Xk IFp @[x]) — k IFp @[t[y]/x]).
The last formula is clearly valid in £. The axiom (@[£[¥]] — 3x : X.[x]) is verified

similarly.
(2) Next, we verify the inference rules for logical connectives.
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14 SATOSHI NAKATA

Ay =1

@ — (v — x):| By definition, j IFp ¢ A w — y is expressed as

Vk >p j.((kIFp @) A (k IFp ) — k IFp x).

From Lemma 4.11, k IFp ¢ is equivalent to V¢ >p k.(£ IFp ¢). Hence, the above

formula is equivalent to

Vk >p jVL >p k.((k IFp o AL IFp l//) — L lkp y).

This formula is intuitionistically equivalent to

vk >p j(k IFp w — Ve >p k(@ IFp Y — Y4 IFp ){)),

which coincides with j IFp ¢ — (w — x). Similarly, the rules for modus ponens and

cut are verified:
p ooy =Yy Wy
4 Y =X

o=y
@V y — vV x:|Noting thatVp.q : Q.(p — q) — (kp — kq) holds for any k ¢
Lop, we can verify the following implication:

JIFp (o = w)
=Vk >p j.(kIFp o — k IFp w)

(
(

=Vk >p j.(k IFp (@ V x) = k IFp (w V 2)).

The last formula is precisely the definition of j IFp (0 V x — w V x).
(3) Finally, we verify the inference rules for quantifiers. For simplicity, assume

that w is an Ly-sentence and ¢[y] is an £ y-formula where y is the only free variable.

Note that the implications in (3) are, in fact, equivalences.

y — oly]
w — Vy : X.p[y]: | By Corollary 4.13, we obtain the following equivalence:

Vy : X.jlkp (w = o[y])
=Vy : XVk >p j.(k IFp w — k IFp o[¥])

oYk >p jklkpw = Vy 1 Xk IFp o[y])
&Vk >p jklbp w — kIFp (Vy : Xop)).

The last formula is nothing but j IFp (y — Vy : X.p).
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A j-TRANSLATION WITH KRIPKE FORCING RELATION 15

eyl =y
dy : X.¢[y] — w: |By applying Lemma 4.6, we have the following equivalence:

Yy : X.j Ik (o[y] = w)
=Vy : XVk >p j.(k IFp @[y] = k IFp @)
<Vk >p j(Fy 2 Xk kg o[y]) = k Ibp w)
&Vk >p j(k(3y : Xk kp o[y]) = k IFp w)
=Vk >p j.(k IFp (3y : X.p[y]) = k Ibp y).

The last formula coincides with the definition of j IFp (3y : X.¢[y] — w). This
completes the proof. -

4.4. Heyting arithmetic. We show that our translation is sound for Heyting
arithmetic HA under the standard interpretation on a natural numbers object N.
The axioms to be verified consist not only of the induction axiom scheme but also of
the universal closures of literals, such as the successor axiom and defining equations
for primitive recursive functions. To this end, we first consider a subclass of formulas
which includes the latter.

DEermNITION 4.15. Let R denote the subclass of L£y-formulas generated by the
following rules:

o, = R[X]| ~R[X] | ¢ Ay | Vx : X.p.
Then the following property holds for any formula in R.
PROPOSITION 4.16. For any Ly-formula o[X] in R.
EEVX: X.(p[X] < VP C LopV, € Lop.j IFp ¢[X]).

ProOF. For the backward direction, consider the identity local operator
id: Q — Q and the singleton lop-frame P := {id } pq. The claim then follows from
Proposition 4.5.

The forward direction is proved by induction on the complexity of . Here, we
verify only the case of = R[x]. By definition, the translation j IFp (= R[x]) is expressed
as Vk >p j.(kR[x] — kL1). This formula is equivalent to Vk >p j.(R[x] — kL),
which follows from —R[x]. -

Thus, it suffices to show that the induction axiom is forced. A key fact for this
proof is that induction over the natural numbers object holds for arbitrary formula
with parameters (the proof is essentially contained in [26, Theorem 4.1]).

THEOREM 4.17 (Soundness for HA). Let £ be an elementary topos with a natural
numbers object (N, 0,s). Let ¢ be an Lam-formula. If o is an axiom of HA, then the
following holds under the standard interpretation on N:

EEVPC LopVj € Lop.j IFp ¢.

PrOOF. If ¢ is the successor axiom Vx : N.=(s(x) =y 0) or a defining equation
VX : N.(f(¥) =n g(X)) for a primitive recursive function, the claim follows from
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16 SATOSHI NAKATA

Proposition 4.16 and the fact that ¢ holds in £. It remains to show that the induction
axiom scheme:

(Indy) := w[0] AVx : N(w[x] — w[s(x)]) = Vx : N.y[x].

Let k € Lop satisfy j <k and k € P. Since k € P, Corollary 4.12 implies that
k IFp (w[0]) is equivalent to V£ >p k.£ IFp w[0]. Similarly, k IFp (Vx : N.(w[x] —
w[s(x)])) is equivalent to

Ve >p kVx : N.(¢ IFp w[x] — £ IFp w[s(x)]).

Since N is a natural numbers object, the induction holds for the formula £ IFp
w[x]. Therefore, we obtain V¢ >p kVx : X.(£ IFp w[x]) from k IFp (w[0]) and k IFp
(Vx : N.(w[x] — w[s(x)])). This means the following implication:

Vk Zp j.(k Ibp (W[0]) Ak Ikp (Vx 0 N(w[x] — wis(x)])
— k kg (Yx : Nap[x])).

which is precisely the definition of j I-p (Ind,, ). -

4.5. Kuroda-style translation. We conclude this section by pointing out that our
translation admits an alternative definition based on the Kuroda-style j-translation.
In intuitionistic proof theory, there are several variations of double negation transla-
tion, such as the Godel-Gentzen-style, the Kuroda-style, and the Kolmogorov-style
(see. e.g.. [38. Chapter 2, Section 3]). A similar situation holds for the j-translation.
In particular, [3] provides a syntactic study of the Kuroda-style j-translation.

While Definition 4.4 is based on the Godel-Gentzen-style, one can define a variant
j H—g o corresponding to the Kuroda-style j-translation:

Jj IFE (R[X]) := R[X]:
JIFE (0 Aw) =I5 @) A IFE w):
JIFE (e V) =g @) v (j IFE w):
JEE (o = wIX]) :=Vk >p j.((k IF5 @[X]) = k(k - w[X])):
JIFp Byt Xp[X.p]) =3y : X.j Ik o[X. y]:
JIFK Wy Xop[R. ) =Yk >p iV : Xk (k IFE @[3, ).

The Kuroda-style translation is then given by j(j IFS ¢). As is the case for the
usual j-translation, this is indeed equivalent to the original translation.

PROPOSITION 4.18.  For any Ly-formula ¢[X].
€ EVP C LopV; € Lop
VX X.(G (G IFE @lX])  j ke @[X]).

ProorF. By induction on the complexity of ¢. It is useful to use Lemmas 3.3
and 4.6. 4

4.6. A corresponding internal sheaf topos. Benno van den Berg pointed out the
existence of a topos corresponding to our translation (private communication).
Here, we sketch a candidate for the construction based on discussion with him.
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A j-TRANSLATION WITH KRIPKE FORCING RELATION 17

We work in an elementary topos €. Let P C Lop be a lop-frame, and assume that
j € P. Then the opposite poset P°P can be regarded as an internal category in &,
and we can define the internal presheaf topos PShg (IP°P) for PP in £. We consider
the following:

Plj={keP|j<k}
Q]p(j) ZZ{UQP“ |Vk e UWY Zpk(f S U)};
Je(j) ={U € Qp(j) |Vk >p j.j(k € U)}.

Here, Qp(j) represents the family of all sieves on j in P°P, and defines the subobject
classifier of PShe (P°P). Note that PP|; is the maximal sieve on j. In this setting, we
can verify that (P°P, Jp) forms an internal site in £. This defines the internal sheaf
topos She (PP, Jp) in £ (for details on internal sites and internal sheaf toposes, see
[20, Section C2.4]).

It can be observed that the internal logic of this topos Shg (PP, Jp) corresponds
to our translation. First, for U € Qp(j), we define Cp(j)(U) as follows:

Ce()(U) :=={k eP|; | j(k e U)}.

This defines a local operator Cp: Qp — Qp corresponding to the Grothendieck
coverage Jp. (Indeed. forany U € Qp(j). U € Jp(j)ifand onlyif Cp(j)(U) = P|;.)
Now, let us look at the structure of the lattice of subterminals in She (PP, Jp). Each
subterminal U »— 1 in Shg(P°P, Jp) is determined by an upper set U of P such
that Cp(j)(U|;) = U|; holds for any j € P, where U|; is defined similarly to P|;.
Therefore, for subterminals U, V' — 1. the join V;, and the Heyting implication =,
in Shg (IP°P, Jp) are calculated using those V and = in PShg (IP°P): for any j € P,

(UVy V)l =CU)WU|; v IV)
={LcP;|jtcUvecV])}

(U =g V)=l = V]
={LeP|;|Vk>pjleUl—Le V) }

These coincide with the clauses for disjunction and implication in Definition 4.2,
respectively.

In Section 3.2, we saw that the usual j-translation ¢/ is exactly related to the
internal logic of the subtopos &; via the L ;-translation (Proposition 3.10). Similarly.
we expect that any £ y-sentence ¢ induces a subterminal [¢], — 1in She (PP, Jp).
and that j Ibp ¢ in € describes [¢], |; in She (PP, Jp). Through this correspondence.
categorical observations on Shg (PP, Jp) could also yield the results established in
this section, such as the soundness for Heyting arithmetic. However, we leave further
investigation of this topos for future work. We will briefly discuss future problems
concerning our translation and its relation to this topos in Section 7.

§5. The corresponding realizability semantics. In this section, we interpret the
formula j IFp ¢ in the effective topos Eff. Recall that a formula ¢[x] in the internal
language of a topos induces a subobject [¢] — X. In Eff. such a subobject can be
described as a P(N)-valued function [¢]: |X| — P(N) ona set | X |. Our first goal is
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18 SATOSHI NAKATA

to provide an explicit and concise description of the P(N)-valued function [j IFp ¢]
for an L -formula ¢.

To this end, in Section 5.1, we review the basics of the effective topos. Especially,
we explain the structure of power objects in details to clarify the object LopFrm of
all lop-frames. In Section 5.2, we provide a concrete description of [/ IFp ], which
we call P-realizability. We then elucidate the properties of P-realizability when the
lop-frame P is standard. Finally, in Section 5.3, based on a uniform construction
for local operators, we show that de Jongh—-Goodman realizability is subsumed by
our P-realizability.

It should be noted that most of the arguments below can be easily extended to
the relative realizability topos over a relative partial combinatory algebra.

5.1. Preliminaries on £ff. We begin by introducing the notation for the effective
tripos X +— (P(N)X.C). We refer readers interested in the basics of the effective
topos to the standard text [34].

DEFINITION 5.1, We fix a primitive recursive pairing function (-, -): N> — N. For
natural numbers e and n, we write e - n for the result of applying the e-th partial
computable function to n, and write e - n | if the computation terminates. A P(N)-
valued function ®: X — P(N) on a set X is called a predicate (on X). Given a set
X, we define the following logical operations on the set of predicates on X: for any
D(x), ¥(x): X — P(N),

OAY(x):={(n.m)|ned(x)andm e ¥(x) };
OVY(x):={0.n)|ned(x)u{{l.m)|me¥(x)}
®—¥(x):={e|Vne®()(e-n| ande-n e ¥(x))}.

We write T(x) := N, L(x) :=0, -® := ® — 1, and (P < ¥) = (O = ¥)A
(¥ — ®). The same operations are introduced on P(N).

A realizer of ®(x) is a natural number contained in ®(x). We say that ®(x) is
realizable if ®(x) # (. We define the preorder predicate (@ E V) := (M), (P —
W¥)(x). and the equivalence predicate (@ =¥) := [,y (® + ¥)(x) between
predicates on X. If (® = W) (resp. (® C ¥)) is realizable, we simply write ® = ¥
(resp. ® C ). We say that ® and ¥ are equivalent if ® = P.

We next recall the structure of objects in £ff. An object X in ffis a pair (| X |, =x)
of a set |X| and a partial equivalence relation =y : |X| x |X| — P(N) (see [34.
Section 3.1]). For instance, the subobject classifier is given by Q := (P(N), =q) with
(p =a q) :== (p <> q). The natural numbers object is defined as N := (N, =y ), where
(n =y m):={n}ifn =mand := 0 otherwise.

Let us clarify the object Lop of local operators and LopFrm of lop-frames in
Eff. The power object PX of an object X = (|X|, =x) in Eff is defined by an object
(P(N)m,: px) of strict relational predicates with respect to =y (see [34, p. 70]).
Furthermore, if X is a uniform object (such as Q or PQ). the strictness condition
can be omitted [34, Proposition 3.2.6].
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DEFINITION 5.2. Let X = (| X
Rel_, on P(N)¥ as follows:

Rel_, (@) := (] (®(x) A (x =x ») = ®()).
x.y€E|X|

.=y ) be an object in £ff. We introduce the predicate

We say that a predicate ® on | X | is =y-relational if Rel_ , (®) is realizable. Similarly.
for =in Definition 5.1, we define the predicate Rel= and the notion of =-relationality.

REMARK 5.3. The power object of Q is defined by PQ := (P(N)PM), =pq), where
(j =pa k) :=Rel_,(j) A (j = k). This implies a one-to-one correspondence (up to
equivalence) between global sections of PQ and =q-relational predicates on P(N).
Similarly, the power object of PQ is defined by P(PQ) := (P(N)PEPE) =p(PQ))-
where (P =p(pg) Q) :=Rel_,,(P) A (P = Q). Thus, there is a one-to-one correspon-
dence (up to equivalence) between global sections of P(PQ) and =pq-relational
predicates on P(N)P™_ The membership relation is interpreted as [j € P] := P(j).

Let us recall that Lop and LopFrm were defined as subobjects [is-lop[/]] —
PQ (Remark 3.2) and [P C Lop] — P(PQ) (Remark 3.2), respectively. These
definitions imply that local operators and lop-frames in £ff correspond to specific
predicates, as below.

DEFINITION 5.4. For predicates j, k: P(N) — P(N), we define
lis-lop[j1] := () (p —j(p)) A [ (ii(p) = j(p))

PEN PEN
A ) (p =)= Gilp) = i)
P.4CN

(J =rLop k) := [is-lop[jI] A (j = k).

A predicate j on P(N) is called a local operator in the effective topos if [is-lop[]] is
realizable. We write Lop(Eff) for the set of all local operators in £ff. The standard
order between local operators is interpreted as [j < k] := (j C k).

A local operator equivalent to the largest element T (p) := N in the preordered
set (Lop(Eff).C) is called degenerate. In addition, the double negation operator is
interpreted as follows: ——(p) := N if p # 0 and := () otherwise. We say that j
is dense if j C ——, and write DLop(£ff) for the set of all dense local operators

in Eff.

REMARK 5.5. As is well known, the following are equivalent in £ff: (1) j is non-
degenerate: (2) j is dense; and (3) for any p C N, j(p) # 0 if and only if p # 0.

DEFINITION 5.6. For predicates P, Q: P(N)”®™ — P(N), we define

[PCLopl:= [) (P(j)— [is-lop[jll).
JEPE)PN)

(]P —LopFrm Q) = [[]P g LOP]] A Relz (]P) A (]P = Q)

A predicate P on P(N)PM is called a lop-frame in the effective topos if it is
=-relational and [P C Lop] is realizable.
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20 SATOSHI NAKATA

In summary, the internal objects Lop and LopFrm are given by the following:

(N)
Lop := (P(N)?™, =), LopFrm := (P(N)P™™™) — ).

REMARK 5.7. Since [is-lop[/]] E Rel_, (/) holds, alllocal operators in ff are =q-
relational. Therefore, as noted in Remark 5.3, each local operator j corresponds to
a closed term of type PQ that satisfies is-lop[ j] internally. This characterization was
originally given by Pitts [37]. Compared to this, each lop-frame P in £ff corresponds
to a closed term of type P(PQ) that satisfies P C Lop internally.

We conclude this section by noting that each lop-frame in £ff can be constructed
as an =-relational predicate on P(N)”®™ weighted by [is-lop[/]].

ProposITION 5.8. Let P: P(N)P®™ — P(N) be an =-relational predicate. Then
the predicate P defined as follows is a lop-frame in EfT:

P(j) :=P(j) A [is-lop[/]]-
Conversely, any lop-frame in Eff is equivalent to a predicate of this form.

ProoF. This claim follows from the fact that the predicate [is-lop[;]] is
=-relational. 5

5.2. P-realizability. Given a lop-frame P and a local operator j in Eff, the
translation j IFp ¢ for an Lan-formula [x] induces a predicate [j IFp ¢]: N —
P(N). Based on the Kuroda-style translation, we provide the following description.

DErINITION 5.9. Let P be a lop-frame and j be a local operator in Eff. For an
Larm-formula ¢[X]. we inductively define the predicate [j IFp ¢]: N — P(N) as
follows:

N if (f(##) = g(#)) holds in N
0  otherwise;

ke (f(X) =g(X))] = {

[ Fe (e Ayl = IFe @] ALj IFp wl:
[k (e V)l :=[jIFe @] V[j IFp w]:
]:

[jlke (0 = w)] =
() @) AL < kDA Tk ke o] = k([K Fp w])):
keP(N)PN)
[ ke Gyl yDI() == [ {m} AL ke @] (. m)):
meN

[ ke (V2% yD] () ==
N (®E AL <K A{m} = k([k ke @] (i m))).

kEP(N)P(N) meN
For an Lain-sentence o, we say that ¢ is P-realizable at j if [ IFp ] is realizable.

The predicate [[j IFp ¢] corresponds to the subobject induced by the Kuroda-
style translation j IF§ ¢ defined in Section 4.5. As noted in Remark 5.5, if j is

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 14 Nov 2026 at 08:56:27, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/js1.2026.10237


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2026.10237
https://www.cambridge.org/core
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non-degenerate, the following equivalence holds externally:

EFEJGIFE o) <= j(lire@]) #0 <= [jIFp @] # 0.

Thus, Proposition 4.18 implies that the validity of the Goddel-Gentzen-style
translation j IFp ¢ in Eff coincides with P-realizability at j as long as j is non-
degenerate.

THEOREM 5.10. Let P be a lop-frame and j be a non-degenerate local operator in
Eff. Then, for any Lam-formula o[X] and any list ii of natural numbers, the following
equivalence holds:

E = (j ke (pla])) <= [j IFp ©](5) # 0.

where (1] denotes the sentence obtained by substituting the numerals 11 into .

As a corollary of Theorems 4.14 and 4.17, P-realizability is sound for Heyting
arithmetic. Furthermore, recalling Corollary 4.13, we can simplify the clause for
universal quantification if P(j) = [j € IP] is realizable.

COROLLARY 5.11. Suppose that a lop-frame P and a non-degenerate local operator
jin EX satisfy P(j) # 0. Then, for any Laim-formula @[y]. the following equivalence
holds:

L ke (oD D] = (Y {m} = J ([ ke ©](m)).

meN

Observe that the usual j-translation ¢/ also corresponds to the predicate
[e’]: N — P(N) defined by

le = w) 1=l = j (WD), [(Freb)T= () Em} = jle/Im)).
meN
The other steps are defined analogously to Definition 5.9. This predicate is clearly the
set of realizers for the j-realizability found in the literature [22, 27, 35]. Henceforth,
we also say that ¢ is j-realizable if [p/] is realizable.
Next, let us consider a simple example of lop-frame. Given a subset S C Lop(Eff)
externally, we can naturally define a lop-frame associated with it.

DEFINITION 5.12. Forasubset S C Lop(£ff) and alocal operator j € Lop(Eff).
o We define the following lop-frame Pyg:

PS(k) = U(z =Lop k)~
Les
We call Pg the standard lop-frame for S.
eLet 1(j) := {keLop(éff)| j Tk} be the principal upper set of j in
(Lop(&ff). C). We say that S is uniform if there exist realizers of is-lop[j] and

j E k for all local operators in S, uniformly. That is, the following conditions
hold:

ﬂ [is-lop[k]] # 0. m ﬂ [j < k] #0.

kes JES keSn1(j)

e jis maximal in Sif j € S and k = j hold for any k € SN 1 (j).
o jis minimumin Sif j € S and S C71 (j) hold.
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22 SATOSHI NAKATA

The primary reason why we call Pg standard is that the internal universal
quantification over Py corresponds to the external universal quantification over
S, as shown below. The same applies to the property that S is a subset of dense local
operators.

LEMMA 5.13. Let S be a subset of Lop(EfY) and let j be a local operator.

(1) Suppose that a predicate ®(k) on P(N)PN) js =-relational. Then, the following
equivalence holds:

() @slk)A[j < k] — k) = ()([is-lop[e]] A [j < £] — ®[e]).

keP(N)PN) les
(2) S C DLop(&fT) holds if and only if Eff = (Ps C DLop) holds.

Proor. We show (1). By the definition of the standard lop-frame P, the left-hand
side is equivalent to

N €=k — (isloplk] A [j < k] — ®(k))).

keP(N)P) Les

Note that [j < k], [is-lop[k]]. and ®(k) are =-relational. Using the fact
(U, ¥(x)) = p) =N, (¥(x) = p). the above predicate is also equivalent to

N U E=k)— ([isloplel] A [j < €] — D))

LeS  kep)PMY)
Since |, (¢ = k) contains a code for the identity function on N which is independent
of £, we obtain the right-hand side.

For (2), if £ is a dense operator, the claim follows from the fact that [¢ < -]
contains a code for the identity function on N. -

Moreover, assuming that .S is uniform, the equivalence in Lemma 5.13(1) can be
simplified. In addition, maximality and minimumness are also characterized.
LeEMMA 5.14. Let S be a uniform subset of Lop(EfY) and let j be a local operator.

(1) Suppose that a predicate ®(k) on P(N)PW) is =-relational. Then, the following
equivalence holds:

) EsEAl <kl—@kD= () @[]
keP(N)PI) esnt(j)
(2) j is maximal in S if and only if Eff = j € Ps AVk >pg j.(j =pa k) holds.
(3) j is minimum in S if and only if Eff |= j € Ps AVk € Ps.(j < k) holds.

ProoF. (1) follows from the uniformity of S and Lemma 5.13(1). (2) and (3) are
easily verified from the uniformity for j < k and Lemma 5.14(1). -

Consequently, for a uniform subset S, the clause for implication in Definition 5.9
admits a simpler form. Also, it follows from Lemma 5.14(2) and Proposition 4.5
that Pg-realizability at a maximal element j in S coincides with j-realizability.
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A j-TRANSLATION WITH KRIPKE FORCING RELATION 23

COROLLARY 5.15. Suppose that S C Lop(EfY) is uniform. Then, for the standard
lop-frame Ps. the following equivalence holds: for any j € Lop(EfY) and any Lavim-
Sformulas ¢ and v,

Lilkes (e = w)l= [ ([k ke o] — k([ IFpg w])).
kesnt(j)

Furthermore, if j is maximal in S, the equivalence [j \rpg ] = [¢’] holds.

5.3. De Jongh—Goodman realizability. As mentioned in Section 1, the idea of
combining realizability with forcing dates back to de Jongh and Goodman. Their
realizability is defined using a partial function on N as an oracle and a set of partial
functions on N as a forcing poset [14]. To compare this with our P-realizability, let
us focus on the formulation given in [34, Section 4.6.2].

DEeriNITION 5.16. Let PF denote the set of all partial functions on N, and let C
denote the extension relation on PF. Let the symbol -/ denote a partial computable
application using oracle f € PF.

For a subset 7' C PF, a partial function f € T, a natural number ¢ € N, and an
Laritn-sentence ¢, we define the relation f I-7 e r ¢ inductively as follows:

flrrer(p—w) & ve e TVneN.
(fCgandglrrnrp = efn) andgltr (e -¥n)ry),

firrer (Vxp[x]) <5 Vg € TVn e N.
(fCg = e-*nl andglFr (e -fn)rp[n]).
The other clauses are defined similarly to Kleene realizability relative to f.

It should be noted that this definition is based on Kripke forcing and differs from
the definition introduced by Goodman [14]. However, as pointed out in [34, Section
4.6.2], the original definition can be obtained by combining this with the double
negation operator. Hence the difference is not essential. In fact, we can connect the
above realizability with P-realizability via a uniform construction of local operators
that is well understood in categorical realizability and topos theory.

It is well known that in an elementary topos &, for any subobject D — X, there
exists the least local operator jp which forces D dense. This theorem was first
shown by Joyal [18, Theorem 3.57]. While various constructions for such a least
local operator are known, we recall the method found in [15, Proposition 16.3] and
[37. Lemma 5.4]. Here, we restrict our attention to the subobject defined by the
graph of a partial function f.

DrermNiTION 5.17. Given a partial function f € PF, we define a predicate
Dy(n):={(n. f(n)) } onN:if f(n)is undefined. let D (n) := 0. Then the predicates
my and j, are defined as follows:

ms(p) = J(Ds(n) = p).
neN

(((p = q) Alms(q) = q) = q).
4CN

Jr(p):
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24 SATOSHI NAKATA

Our first observation is that a realizer witnessing that j, is a local operator can
be obtained uniformly in f.

OBSERVATION 5.18.  For the predicates m; and jr in Definition 5.17,

(D) NyeprNpgen((p = q) = (myp(p) = my(q))) # 0.
(2) m/'ePF[[iS'IOP[jf]]] # 0.

ProOF. We verify claim (1). In the internal language, m, can be described as
my(p):=3x : N.(x € Dy — p). The fact that m is internally monotone is provable
entirely in the internal logic. Hence. there is no need to refer to oracle f. Claim (2)
follows from claim (1). —

This uniform construction of local operator provides a bridge to degree theory.
We say that f is LT-reducible to g, denoted by f <rr g, if there exists e € N such that
e -£n~ f(n)holds for all n € N, where ~ denotes the Kleene equality. (We adopt
this terminology from [21, Definition 2.14]. Although this definition differs from
the original one, the equivalence is easily verified.) When f and g are characteristic
functions of subsets of N, the following equivalences are well known:

(1) js C jg holds if and only if f <;r g holds (e.g.. [15]).
(2) ¢ is js-realizable if and only if ¢ is Kleene realizable relative to f (e.g.. [36]).

Our second observation is that these two equivalences hold not only for
characteristic functions but also for partial functions, and they hold effectively.

OBSERVATION 5.19.  For the construction j in Definition 5.17, the following hold:

(1) m/',gepp([[]’f < jgﬂ A (f <rr g)) # 0.
(2) m/'ePF ﬂp,qu((p = Jr(q) & (p =/ q)) # 0.

Here, ( f <ir g) denotes the set of natural numbers witnessing f <rr g. and
(p—='q):={e|Vnecple/n) ande-' necgq)}.

Claim (1) is obtained by extending the proof of [15, Theorem 17.2] to partial
functions, and (2) by extending the proof of [36, Lemma in p. 2]. It is not difficult
to verify that these proofs are effective and independent of oracle. Strictly speaking,
the original proofs were based not on j, but on the following local operator j }

Jr(p)=(NaSN|IpA{x}Cqgandms(g) Cq}.

where x € N is a code of the empty partial function. However, in light of
[37. Proposition 5.6] and our Observation 5.18(1). it is easy to verify that j, and j ;,
are equivalent uniformly in f. '
Recently, Kihara provided an excellent framework for understanding the
relationship between local operator and oracle [21, 22]. He introduced the notion
of bilayered function, which is a significant generalization of oracle to describe all
local operators in £ff. This framework enables us to analyze the order structure of
local operators in £ff based on an imperfect information game. In fact, the proof of
(1) is essentially contained in [21, Proposition 2.22 and Theorem 3.1].
Consequently, based on the observations above, we see that de Jongh—-Goodman
realizability is a special case of [P-realizability under a mild assumption.
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THEOREM 5.20. Let T C PF be a subset satisfying the following assumption (A):

VigeT(fCg «— f<irg) (A

Then Sy :={js | f € T} is a uniform subset of Lop(EfY).
Thus, for the standard lop-frame Pr = Pg,., the following equivalence holds: for
any partial function f € T and any Lazim-Sentence @,

Lir ke, @] ={e| flrrere}.

Proor. Clearly, there exists a natural number r such that for any f, g € PF, risa
code witnessing f <;t g whenever f C g. That is,

m ﬂ (f <urg) #0.

fEPFgePFsit. fCg

Thus, if T satisfies assumption (A), the uniformity of S follows from Observa-
tions 5.18(2) and 5.19(1).

The latter equivalence can be shown by Corollary 5.15 and Observation 5.19(2).

_|

§6. Semi-classical axioms. In this section, we investigate our translation for
specific classes of formulas. In particular, with a view towards future proof-theoretic
applications, we focus on semi-classical axioms, which are frequently studied in
constructive mathematics. Our main approach is to identify sufficient conditions
under which our translation of a given axiom becomes equivalent to its usual
J-translation. This approach allows us to use existing results on the j-translation.

To give a systematic investigation, in Sections 6.1-6.3, we return to the general
setting of an arbitrary elementary topos. Hence, all statements presented there are
verified in the internal logic. Finally, in Section 6.4, we apply these general results
to P-realizability.

6.1. Equivalence condition. We begin by discussing the conditions under which
our translation j IFp ¢ is equivalent to the internal j-translation ¢*[j]. In general,
this equivalence depends on both the syntactic complexity of ¢ and the structure of
the lop-frame P. In the following, we assume j € P for simplicity. For convenience,
we introduce a predicate E,[P] that expresses the equivalence of these two
translations.

DEFINITION 6.1. For an Ly-formula ¢[x], we define the formula E,[P] with a
free variable P : P(PQ) as follows:

E [P]:=Vj € PVX : X.(j IFp @[X] ¢ ©*[J. X]).
It is easy to observe that implication-free formulas always satisfy this equivalence.

PROPOSITION 6.2. Let @[X] be an implication-free Ly-formula (i.e., a formula
containing neither implication — nor negation —). Then,

€ = VP C Lop.E,[P].

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 14 Nov 2026 at 08:56:27, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/js1.2026.10237


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2026.10237
https://www.cambridge.org/core

26 SATOSHI NAKATA

PrOOF. The base case and the induction steps for A, V, and 3 follow directly
from the definitions of j IFp ¢ and ¢*[/]. The step for the universal quantification
V follows from the assumption j € P and Corollary 4.13. o

However, non-constructive axioms such as the LEM VX : X.¢ V —p and the DNE
VX : X.=—¢p — ¢ are not implication-free. Therefore. the equivalence does not hold
for them in general. To find the sufficient conditions for these equivalences to hold,
we now introduce the following predicates for the internal j-translation.

DEFINITION 6.3. Let ¢[X] be an £ y-formula:
M[P] := V) € PY% : Xk >p j.(()"[j. ] — () [k, 2])
N[P]:=V, € PVX : X.Vk >p j.((¢) k. X] = (@) [j. X]).

*

We also define ;¢ :=¢ — jL.

Note that (=¢)"[j]1=—;(¢*[j]) and j IFp (—p) = Vk >p j.—x(k ks @) hold.
The following lemma summarizes the properties for negated formulas —¢ and double
negated formulas ——¢p.

LEMMA 6.4. For any Ly-formula ¢[X]. the following implications hold.:

(1) € £ VP C Lop.N__,[P] = M_,[P]:

(2) € = VP C Lop.(E,[P] A M, [P]) — E_,[P:

(3) € | VP C Lop.(Eg[P] A M- [P] A M. ,[F]) = E_,[P]:
(4) € = VP C Lop.(E,[P] AN, [P]) = M__,_,,[P].

PrOOF. In the following, we fix j, k € P with j < k and omit the free variables X.

For (1), we assume N__,[P] and (—¢)"[j]. Note that Vp : Q.=j=;=;p <> =;p
and Vp.q:Q.(p — q) = (=;¢ — —,;p) hold. Then, —;(=—¢)"[k] follows from
N_—,[P]. Since Vp : Q.m;p — = p. we obtain — (—~—¢) [k], which is equivalent
to (—¢)”[k]. This proves that N__,[P] implies (—¢) [j] = (=¢) [K].

For (2), we assume E,[P] and M_,[P]. By M_,[P]. the formula (—¢)"[/] is
equivalent to Vk >p j.—x(¢*[k]). It then follows from E,[P] that the latter is
equivalent to Vk >p j.— (k IFp ), which is also equivalent to j IFp —p.

For (3), we assume E,[P]. M_,[P]. and M__,[P]. By (2). the formula j IFp ~—¢
is equivalent to Vk >p j.— (—)" [k]. Using the assumption M__,[P]. this becomes
equivalent to (=) [].

To show (4), we assume E,[P]. N__,[P], and (=—¢ — ¢)"[j]. First. N__,[P]
and (=—¢ — ¢)"[j] imply the following implications:

(==p) k] = (==¢) 1] = ()11

Using E,[P] and Lemma 4.11, (p)*[k] follows from (p)“[j]. This shows the
implication (=—¢)*[k] — @*[k]. which is precisely (—=—¢ — ) [k]. Therefore.
M- -, [PP] follows from E,[P] and N-—,[P]. .

These lemmas provide sufficient conditions for Eyz.x(,v—)[P] and
Evz.x. (cmpoe) [P

PROPOSITION 6.5. Let ¢[X] be an Ly-formula. The following implications hold
iné&:
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(1) € VP C Lop.(E,[P] A My [P]) = Evyz.x (ov-)[Pl:
(2) € |= VP C Lop.(Eg[P] A M——y[P] A N__y[P]) = Eyg.x (s [P]-

Prook. Claim (1) follows immediately from Corollary 4.13 and Lemma 6.4(2).
We show (2). By Corollary 4.13, j IFp VX : X.(=—¢ — ¢) is equivalent to

Vi Xk >p j.(k ke ~—[F] = k IFp o[F]).

We now apply Lemma 6.4(1) and (3). Under the assumptions E,[P]. M, [P]. and
N--,[P]. the above formula is equivalent to

VX Xk >p j.((-p) k. X] = @*[k.X]).

By Lemma 6.4(4), the last formula is equivalent to (VX : X.(——¢ — ¢))"[/j]. -

6.2. Transparency, closedness, and denseness. Lemma 6.4(1) ensures that the
condition E,[P] A M——,[P] A N——,[P] suffices to establish both Eyz.x. (-, 4)[P]
and Eysz. y(,v—,)[P]. However, it remains unclear which formulas satisfy M, [P] A
N--,[P]. Here, we reveal that transparency. a notion introduced in the author’s
previous study [31], provides a sufficient condition for this property.

The notion of transparency was originally found in the investigation of the least
local operator for a given formula [31]. In that study, j-transparency with respect to
a local operator j in a topos £ was defined via the associated sheaf functor L; as
follows:

L;[e] = [¢"/] in Subg, (L;X)  [j-transparency].

In other words, a formula ¢ is j-transparent if its L ;-translation ¢*/ (Definition 3.6)
corresponds to the subobject obtained by a single application of L; to [¢].

Recalling the correspondence observed in Section 3.2, the pullback functor along
the unit 7y : X — L;X shows that the equation above is equivalent to j[¢] = [¢/]
in Cl;Subg (X). Thus, j-transparency can be expressed in the internal language as
the following equivalence:

VX X.(jo[X] ¢ ¢/ [X]).

This property may be seen as an analogue of Glivenko’s theorem for the double
negation translation (which states that for any propositional formula ¢, the
translation ¢~ is equivalent to ~—¢ in intuitionistic propositional logic: see [38]).
While [31] utilized this property to discuss the existence of the least local operator
for some semi-classical axioms, Proposition 6.11 below shows that transparency,
combined with certain conditions, also implies M__,[P] A N__,[P].

For the sake of generality, let us introduce a formula Trpi, [k] expressing that ¢ is
k-transparent relative to j. We also consider a corresponding closedness condition
Cl[k].

DEFINITION 6.6. For an L y-formula ¢[X], we define
Trp)[k] := VX : X.(ko*[j. X] > ¢*[k.X]).
CIL[k] := VX : X.(@*[J. X] > ko*[j. X]).
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We first verify that the following closure properties, shown in [31, Lemma 25],
also hold in the internal logic.

LEmMMA 6.7. Let R be an atomic Ly-formula, and let ¢ and w be Lx-formulas.
Then the following implications hold.:
(1) EEV).k € Lop.((j <k)—>TrpR [k]).
(2) € EVj.k € Lop.(Trp)[k] A Trp(,,[ 1 — Trp),,, [k1).
(3) £ V). k € Lop. (Trpp[k] A Trpw[k]
NG < k) = (Trpl, Tk] A Teph [KD).
(4) € =Y.k € Lop.(Trpj[k] A Trp), [k]
/\Cli,[k] (Trp¢_>(/,[ ]ATrp{,x:X_w[k])).
PRrROOE. Since the other cases can be shown similarly, we only see the case of V in
(3) and the case of — in (4). In the following, we assume that £ y-formulas do not

contain free variables. ‘ ‘
For the case of V in (3), assume that Trp{p [k], Trp-;/[k], and j < k. Then we have

the following equivalences for k(¢ V ) [/]:
k(o V) 1= ki(e* 1V v D
k(e [J1V e [1]) « k(ke™[j1V ke [j]).
Since Trpé[k] and Trpi, [k] hold, the last formula is equivalent to (¢ V w)"[k].

Next, consider the case of — in (4). Suppose that Trp{;'7 [k]. Trp{/', [£], and Cl{,[k].
By Cli, [k]. we obtain the following equivalence for k(¢ — w)*[/]:

k(e = w)'[j1= k(o™ [j1—= v*[j])
< (k™[] = ky"[7]).
Since Trp-;[k] and Trp-;;[k] hold, the last formula is equivalent to (¢ — w)"[k]. -

Lemma 6.7 ensures that under the assumption (j < k), all coherent formulas
(i.e., formulas containing only A, V. and 3) are k-transparent relative to j.
Furthermore, as observed in [31] and essentially in [5], denseness allows us to extend
transparency to a broader class of formulas.

DErINITION 6.8. Let —— denote the double negation operator. We define a closed
term DLop :={j : PQ | is-lop[j]Aj < ——}.

REMARK 6.9. As is well known, the formula j < —— is internally equivalent to
Jj(L) «» L forany j € Lop. Therefore, Vj € DLopVp : Q.(=;p <> —p) holds in £.

In light of Remarks 4.3 and 6.9, we immediately obtain the following lemma.

LEMMA 6.10. Let R be an atomic Lx-formula, and let ¢ be an L x-formula. The
following implications hold.:

(1) £ =Vj € DLop.((——R — R) — (==R — R)"[/]).

(2) € EVj.k € DLop.((m—¢ — )" [j] — Cl{o[k]).

Consequently, transparency and denseness can guarantee the condition
M- _,[P] A N, [P] as follows.
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Aj-TRANSLATION WITH KRIPKE FORCING RELATION 29
PROPOSITION 6.11.  For any Ly-formula ¢[X].
£ = YP C DLopV; € Lop.((Vk € P.Trp! [k]) — M- [P] A N, [P]).

ProoF. Suppose that P C DLop satisfies the antecedent. For k € P, we have the
following equivalences:

(=) [k] < =™ [K]
ke [j] < =9 [j].

where the first and third equivalences follow from the denseness of k, and the second
follows from Trp/[k]. Therefore, for any k. £ € P, the equivalence (~—) k] <

——p*[j] ++ (=) [€] holds. This proves M__,[P] A N__,[P]. —

6.3. Semiclassical axioms over HA. We now investigate the equivalence E[P]
for semi-classical axioms over Heyting arithmetic HA. Typical examples are the
restricted versions of the DNE and the LEM, which were systematically investigated
in [2, 12]. We begin by recalling the standard notation.

DErINITION 6.12. We inductively define the classes X, I1,, of La,-formulas as
follows: Xy = I is the set of all quantifier-free formulas, while X, ; and IT, ;| are
definedby X, ;1 :={3x1...3Ix)0 | ¢ € ,, 0 < k }and I1, :={Vx|..Vxpp | @ €
%, 0 < k }. The class IT, Vv I, denotes the set of formulas of the form ¢ V w where
p, w € I1,. For aclass I of Laj,-formulas, the following axiom schemes restricted
to I' are defined:

F-DNE := { V%.(-—¢ — ) | o[¥] € T},
T-LEM := {VX.(p V ~p) | p[X] € T }.

REMARK 6.13. By formalizing Post’s theorem in HA. one obtains a universal
Jormula s, [e. x] for X, for each n > 1. That is, for any Z, formula y[x], there
exists a numeral e,, such that HA + Vx.(¢3,[e,. x] <> w[x]). Similar results hold
for I1, and II, VII,. For example, we may define @5, := Jw.T[e.x.w] and
om, = Vw.~T[e. x, w]. where T is Kleene’s T-predicate.

Thus, if we assume Xo-DNE := (0 = 0). then for any natural number 7. the axiom
scheme X,-DNE can be regarded as a single formula in HA. Accordingly, we will
use (X,-DNE)"[/] as a single formula. Similarly for Trpénﬂ [k] and Trp-l’.[n+1 [X].

Since the classes Z,, and IT,, in Definition 6.12 consist of prenex normal formulas,

Proposition 6.2 immediately implies the following corollary.

COROLLARY 6.14. Let £ be an elementary topos with a natural numbers object.
For any Lagm-formula ¢ in £,, 11, or 1, VI, for a natural number n € N, the
equivalence £ |= VP C Lop.E,[IP] holds.

Furthermore, the following lemma can be proven internally. This result is a
j-relativized version of [31, Lemma 29].

PROPOSITION 6.15. Let £ be an elementary topos with a natural numbers object.
For any natural number n, the following implication holds:

€ |=Vj.k € DLop.((£,-DNE)"[j/]1A (j < k) — (Trpfy | [K] ATrpf | [k])).
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Proor. By induction on n. First, we show the base case n = 0. Let R be an
arbitrary atomic Lan-formula. Then the assumption j < k and Lemma 6.7(1)
imply Trp[k]. From Lemma 6.7(3), we have Trpé1 [k]. Since =——R — R is provable

in HA, it holds in £. By Lemma 6.10(1) and (2). we obtain le2 [£]. Combined this
with Trp/[k] and Lemma 6.7(4), we get Trp{;Il [k].

Next. consider the induction step. Since (£,41-DNE)"[j] clearly implies
(Z,-DNE)"[/1. Trpy,, [k] and Trpy  [k] follow from the induction hypothesis.

In addition, we obtain Clén+1 [k] by Lemma 6.10(2). The rest of the argument is the
same as the base case n = 0 by replacing R with X, ;. o

Our goal has been to characterize the conditions under which a lop-frame P
satisfies E[IP] for semi-classical axioms over HA. Combining the results above, we
obtain the following sufficient condition.

THEOREM 6.16. Let £ be an elementary topos with a natural numbers object and
n be a natural number. Suppose that T is one of the classes {Z, 1, Tq1, pq V
I,41. 2042 } and AX denote the axiom scheme DNE or LEM. Then the following
implication holds:

£ EVP C DLopVj € P.((Z,-DNE)*[j]AVk € P.(j < k) — Er.axP]).

PrOOF. Assume that P and j satisfy the antecedent. Let [X] be an Larjn-
formula in I'. By Corollary 6.14, we have E,[P]. From the assumption Vk €
P.(j < k), Proposition 6.15, and Lemma 6.7(3) and (4), we obtain Vk € IP’.Trpi,[k].
Consequently, both Eyz () [P]and Eyz () [P] follow from Propositions 6.11
and 6.5. 4

6.4. Separation by P-realizability. Using the results establishing so far, we now
demonstrate a separation proof for semi-classical axioms via P-realizability. We
here emphasize the distinction between our approach and the usual j-realizability.
Regarding j-realizability, the following result is well known (see, e.g., [2]; a more
detailed analysis appears in [31, Corollary 47]).

EXAMPLE 6.17. For any natural number #, let 0 denote the degree of the n-th
Turing jump, and let j, be the local operator corresponding to 0. Then %,,, | -DNE
and I1,, v I1,,-DNE are j,-realizable, while I, V I1,,-DNE is not.

Combining the soundness of j-realizability for HA, this result implies that HA +
2,+1-DNE does not prove I, V I1,+;-DNE. In this way, j-realizabilities apply to
separation problems. Indeed, Kihara [23] establishes numerous separation results for
axioms over intuitionistic set theory IZF by combining j-realizability with McCarty
realizability.

However, the following proposition indicates a limitation of j-realizability
regarding the double negated variants of axioms.

PROPOSITION 6.18. For any Lam-sentence ¢ and any local operator j in EY, the
following implication holds externally:

R (~mp) — Eff o,
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ProoF. The case where j is degenerate is trivial. Suppose that j is non-degenerate
and Eff = (—=—)’. Since j is dense in £ff. (——¢)’ is equivalent to == (/). which
implies that the predicate =—[/] is realizable. As we have seen in Remark 6.9, [¢/]

is also realizable. We thus obtain Eff = /. -

This limitation reflects the fact that if j is non-degenerate, the lattice Subgﬂ/_ (1)
of subterminal objects is boolean. In constructive mathematics, the double negated
variant =—=7 := {——p | ¢ € T} of an axiom scheme T often arises naturally.
For instance, [10] provides a systematic study on such variants. Despite their
importance, Proposition 6.18 shows that j-realizability is not effective for separating
these variants.

In contrast, our P-realizability can separate such double negated variant, as shown
below.

THEOREM 6.19. For any natural number n, there exists a lop-frame P, and a local
operator j, in EfX such that T,.1-DNE + —=(I1,41 V I1,,1-DNE) is P,-realizable
at jn, while 11,11 V I1,,, |-DNE is not. Therefore, the following underivability result
holds:

HA + %, 1-DNE + =—(I,41 V I, 1-DNE) I I,.+1 V IT,.,.;-DNE.

This theorem indicates not only that P-realizability is useful for separation
problems but also that it is a genuine generalization of j-realizability.

COROLLARY 6.20. For any local operator j in Eff, P,-realizability at j, in
Theorem 6.19 does not coincide with j-realizability.

Most lemmas required for the proof of Theorem 6.19 have already been established
in the previous sections. It remains only to note the following lemma.

LEmMMA 6.21. Let ¢ be an Ly-sentence. Let S C DLop(EfY) be a uniform subset
of dense local operators, and consider the standard lop-frame Pgs for S. Suppose that
a local operator j € S satisfies the following condition: for any k € SN 1 (), there
exists £ € SN 71 (k) such that o is Pg-realizable at £.

Then, —— is P-realizable at j.

ProOF. Recall from Lemma 5.13(2) that £ff = (Ps € DLop) holds. Then j IFpg
——p is equivalent to the following formula internally:

Vk >p jo—(36 € Lop.(€ € Ps Ak <L AL Ipg @)

Furthermore, since S is uniform, Lemma 5.14(1) implies that [j IFp, =—¢] is
equivalent to the following predicate:

N U [£lFeg oD
keSnt(j) LesSnt(k)

The assumption on S and j ensures that this last predicate is realizable. -

PROOF OF THEOREM 6.19. We define a sequence of partial functions { f, },en
such that each /', has the Turing degree corresponding 0, and satisfies f/, C f i1
for all n. Let j, := j, by the construction in Definition 5.17. By the first part
of Theorem 5.20, the set S, := { j,. jns1 } forms a uniform subset of Lop(Ef).
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Therefore, regarding the standard lop-frame P, := Pg, for S,, we observe the
following:

(1) Since S, € DLop(&ff), Lemma 5.13(2) implies that £ff = P, C DLop.
(2) Since j, is minimum in S,. Lemma 5.14(3) implies that Eff &= Vk € P,.
(jn < k).
(3) Furthermore. as we have seen in Example 6.17, £ff = (£,-DNE)[j,] holds.
Thus, by Theorem 6.16, for any j €S, and any T in {Z,,;-DNE, I,
VII,;1-DNE }, the following equivalence holds:

T is P,-realizable at j <= T is j-realizable.

In particular, by Example 6.17, we obtain that X, ,{-DNE is P,-realizable at j,,
while I1,,,1 Vv I, ;-DNE is not. On the other hand, since I1,,; Vv I, ;-DNE is
P,-realizable at j, . it follows from Lemma 6.21 that =—(I1,; V I1,,;-DNE) is
P,-realizable at j,. Thus, combining these with the soundness of P-realizability for
HA., we obtain the desired separation. -

REmMARK 6.22. Here, we discuss the proof-theoretic significance of our sepa-
ration result by explaining why the two axioms, IT, Vv I1,-DNE and Z,-DNE +
——(I1, v I1,-DNE), are of interest in intuitionistic proof theory. As is well known,
the prenex normal form theorem (hereafter the PNFT) does not generally hold in
intuitionistic theories. Fujiwara and Kurahashi [11] investigated the strength of the
PNFT in the hierarchy of semi-classical arithmetic. They specifically focused on the
classes E, and U,,, which are classically equivalent to ¥, and I1,,, respectively. In this
context, they established the following results:

(1) HA + I1,, v I1,,-DNE is sufficient to prove the PNFT for U, [11, Theorem 5.3].
Furthermore, it is necessary in a precise sense [11, Theorem 7.3].

(2) HA + X,-DNE + ——(I1,, V I1,,-DNE) is sufficient to prove the PNFT for
E, [11, Theorem 5.3 and Corollary 5.4] (see also [11, Remark 5.5] for an
interesting discussion).

Thus, these two theories exhibit distinct properties concerning the PNFT. Itis known
that the underivability of the latter from the former follows from the monotone
modified realizability interpretation [2. 24]. However, to the best of the author’s
knowledge. the underivability in the opposite direction had not been confirmed.
As a related problem, an erratum [25] to [2] shows that E,-DNE does not
imply X,-LLPO over HA for n = 1. Its proof relies on functional interpretation
by bar-recursive functionals. To extend this proof to the general case for any n, a
relativization argument would be required. On the other hand, our Theorem 6.19
not only shows this separation as a corollary, but also establishes it for the general
case of any n because E,-DNE follows from X,-DNE + ——(I1, V I1,,-DNE) (by
the PNFT), and X,-LLPO is equivalent to I, V I1,-DNE under £, ;-DNE. As a
comparison, the argument in [25] is useful in that it establishes the underivability
of ;-LLPO even in the presence of DNS (double negation shift) for arbitrary
formulas. Nevertheless, we believe that our proof is more elementary and direct.

§7. Conclusion. Indeed, Theorem 6.19 was obtained using P-realizability with
a standard lop-frame. While this result is still interesting because its proof relies
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mostly on syntactic arguments, it might not be considered an application beyond
the framework of de Jongh—-Goodman realizability. Nevertheless, there are many
non-standard lop-frames in the effective topos. Exploring non-trivial applications
based on such non-standard lop-frames is left for future work.

Furthermore, we have restricted our attention to first-order formulas in this
article. As mentioned in the Introduction, Goodman’s theorem, which is one of
the important applications of de Jongh—-Goodman realizability, is a conservation
result on Heyting arithmetic in all finite types. This strongly motivates us to extend
our translation to finite-type systems. For such an extension, we expect that “change
of type” will be essential (similar to the L ;-translation introduced in Section 3.2).
The main reason is that the associated sheaf functor does not preserve exponentials
in general. The necessity of such type changes also appears in the previous study on
the j-translation for Godel’s system T [40]. The internal Kripke frame considered in
Section 4.2 and the internal sheaf topos discussed in Section 4.6 will be helpful guides
for this extension. By investigating these semantic structures, we expect to find an
appropriate way to extend our translation to finite-type systems, second-order logic,
and even higher-order logic. We leave these topics for future research.
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