Ergod. Th. & Dynam. Sy$2001),21, 25-76
Printed in the United Kingdom © 2001 Cambridge University Press

Partially hyperbolic and transitive dynamics
generated by heteroclinic cycles

LORENZO J. DAZt and JORGE ROCHAZ

T Dep. Matenatica PUC-RJ, Margés de S. Vicente 225,
22453-900 Rio de Janeiro RJ, Brazil
(e-mail: lodiaz@saci.mat.puc-rio.br)
¥ Centro de Mateiética, Pra@ Gomes Teixeira, 4050 Porto, Portugal
(e-mail: jrocha@fc.up.pt)

(Received 4 April 1999 and accepted in revised form 20 August)1999

dimensional cycles (i.e. cycles containing periodic points of different stable indices).
We prove that if f can not beCk-approximated by diffeomorphisms with homoclinic
tangencies, thery is in the closure of an open set{ < Diff ¥(M) consisting of
diffeomorphismg with a non-hyperbolic transitive set, which is locally maximal and
strongly partially hyperbolic (the partially hyperbolic splitting &t has three non-trivial
directions). As a consequence, in the case of 3-manifolds, we give new examples of open
sets ofC!-diffeomorphisms for which residually infinitely many sinks or sources coexist
(C-Newhouse’s phenomenon). We also prove that the occurrence of non-hyperbolic
dynamics has persistent character in the unfolding of heterodimensional cycles.

Abstract We studyC*-diffeomorphismsk > 1, f : M — M, exhibiting hetero-

1. Introduction

The concept of a homoclinic orbit (an orbit of intersection of the stable and unstable
manifolds of a hyperbolic saddle) plays a key role in dynamics: transverse homoclinic
orbits imply the existence of horseshoes (hyperbolic, transitive, and invariant sets where
the periodic orbits are dense) which in their turn are a characteristic ingredient of complex
dynamical behavior. Thus, an important problem in dynamics is to understand the main
mechanisms leading to the appearance of new homoclinic orbits. This question leads us
to study the phenomena afeation and unfolding of cyclesThese phenomena yield
infinitely many changes in the dynamics, calleifrcations If the cycle is associated

to hyperbolic periodic points of the sanmaex(dimension of the stable manifold), then

its creation involves homoclinic tangencies. These homoclinic bifurcations, at least in the
setting of dissipative surface diffeomorphisms, give rise to relevant dynamical phenomena
such as cascades of period doubling bifurcatioffs]] Henon-like attractorsNIV], and
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the coexistence of infinitely many sinks anémtn-like attractorsN2, PT3, ], among
others. See als@)] and [R] for the generalizations of these results to higher dimensions.

In this article we focus our attention on cycles associated to periodic points having
different (stable) indices, the so-calléeterodimensional cycles These cycles were
considered in the 1970s inNP] and developed in a series of recent papers (see
[D1, D2, DU, DR1, DR3). Besides the intrinsic interest of these cycles, motivated mainly
by bifurcation theory, the importance of the heterodimensional cycles has been renewed
by recent results showing that such cycles appear in a natural way in the study of transitive
partially hyperbolic dynamics, seBD1, DPU, H].

Heterodimensional cycles do not lead necessarily to homoclinic tangencies, so thus the
features of the dynamics arising from these bifurcations are rather different from the ones
described in the homoclinic setting. For instance, bifurcations across heterodimensional
cycles typically lead to the coexistence of horseshoes of different indices. In some
cases one gets hyperbolic dynamics and these horseshoes are disjoinDiR&e [
However, in some relevant cases these horseshodntarmingled: they are contained
in the same transitive set. Such a topological configuration implies that the dynamics
is non-hyperbolic. But this non-hyperbolic dynamics may keep some memory of the
hyperbolicity before the unfolding of the cycle so that the dynamics satisfies a weak form
of hyperbolicity, callecpartial hyperbolicity

Here, for a large class of diffeomorphisms with heterodimensional cycles, including
those which can not be approximated by homoclinic tangencies, we prove that the
unfolding of the cycle leads to diffeomorphismsor which the periodic points in the
cycle, sayP andQ where indexP) > index(Q), are such thaW* (P) is contained in the
closure ofW*(Q). In rough terms, this means that ttepological dimensionf W9 (Q) is
larger than the dimension &f* (Q) (equal to the index of)). This property is used as the
main step towards proving th&@ and Q are in the same transitive set gf and thusg is
non-hyperbolic. We point out that our arguments work for ary 1.

In this paper we study heterodimensional cycles from two points of view: the structure
of the non-wandering set and the measure of the bifurcation set of arcs of diffeomorphisms.
In fact, these two approaches are closely related.

1.1. Structure of the non-wandering set: transitivity, creation of cycles, and partial
hyperbolicity. Our first results are motivated by the following theorem ofi@d§V3] for
surface diffeomorphisms: generically (for a residual subséf)-surface diffeomorphism

f satisfies one of the following two possibilities; eithgrsatisfies the Axiom A and the
no-cycles properties (in particular, the non-wanderingxsgf) of f is the union of finitely
many pairwise disjoint basic sets), fthas infinitely many sinks or sources.

Let us first observe that it is an open question whether the second possibility may
be eliminated. Moreover, M&’s result does not hold in higher dimensions, see for
instance M1] and [Sh]. After [BD2], we also know that the coexistence of infinitely many
sinks/sources is locally generic fét-diffeomorphisms of three manifolds. Thus a natural
aim is to obtain a suitable version of M&5 result in higher dimensions. Some progress in
this direction has been obtained by replacing the usual uniform hyperbolicity assumption
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by a weaker onep@artial hyperbolicityin dimension three andominated splittingsn
higher dimensions, se®pPU, BDP, BV)).

A second motivation is the study of partially hyperbolic diffeomorphisms, for previous
results in this subject see, chronologicallgF], PeSi, Sh, M1, GPS, BD1, DPU, BV,
ABV]. Here we study non-hyperbolic transitive sets having some kind of stability
or persistence. We consider diffeomorphisms with heterodimensional cycles and state
conditions implying that after small perturbations one gets partially hyperbolic and
robustly transitive sets containing the continuations of the points in the cycle, see
Theorem A below. Observe that in the caseeqtiidimensional cycle@ll the points in
the cycle have the same index) this result is trivial: after a perturbation all points in the
cycle are in the samorseshoe

Let us be more precise. Le¥ denote a compact, connected, and boundaryless
n-dimensional Riemannian manifold. A diffeomorphisfndefined onM exhibits a
heterodimensional cyclé associated to the hyperbolic periodic poitsand Q if WS (P)
and W*(Q) have a non-trivial transverse intersection, aid(P) and W*(Q) have a
quasi-transverse intersection of codimension one. In this case one hagPindex
index Q) + 1. We writel' = I'(f, P, Q). Observe that iff has a heterodimensional
cycle then the dimension off is at least three. Denote by DiffM) the space ot*-
diffeomorphisms defined oM endowed with the usual topology.

THEOREMA. Suppose thatf e Diff ¥(M), k > 1, has a heterodimensional cycle
I'(f, P, Q) and that f can not be approximated by diffeomorphisgn&ith homoclinic
tangencies associated to the continuatiaddsand Q, of P and Q. Then for every
neighborhood 2/ of f in Diff ¥(M) there is an open subs#t C , such that every
g € V has a strong partially hyperbolic transitive set containiRgand Q.

Here bystrong partially hyperbolic setve mean a partially hyperbolic set having three
non-trivial directions, see the precise definition in §2.2. Let us make some comments on
this result. First we observe that our proof gives that the strong partially hyperbolic set
in Theorem A, say\,, is contained in the closure of the transverse homoclinic points of
Q.. Moreover, there is an open sétcontaining the orbits of the periodic points and the
points of quasi-transverse intersections betwd#€pr,) andW*(Q,) such thatA, is the
maximal invariant set of in V. Actually, A, is the closure of the homoclinic points ¢f,
in such a locally maximal set (i.e. the sk} is therelative homoclinic class of, in V).

For a second remark let us recall that Hayashi’s connecting lerdiresserts (in rough
terms) that by &*-perturbation of aobustly non-hyperbolic transitive sehe can create
heterodimensional cycles. Thus Theorem A is a converse (which holds @ eopology,

k > 1) of the connecting lemma in the partially hyperbolic context.

Finally, let us recall the notion gfersistent connectiorfwo hyperbolic periodic points
P and Q with different indices of a diffeomorphisryi are C¥-persistently connecteith
a Ck-neighborhood/ of f if there is a dense subs@t of I/ such that everg € D
has a transitive set, containingP, and Q,. From BD2, Proposition 1.1],P and Q
areCl-persistently connected it/ if and only if the diffeomorphismg exhibiting cycles
I'(g, Pg, Qg) are dense iri{. Theorem A gives conditions on a cydl¢ f, P, Q) (satisfied
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for every cyclefar from homoclinic tangencig¢émplying that P and Q areC*-persistently
connectedi > 1) after a perturbation of .

As in [DPU, Theorems C and E], the phenomena of approximation by tangencies
and the existence afentral (i.e. weak expanding or contracting) non-real eigenvalues
are closely related. Given a periodic poiRtof f let [A\1(R)] < --- < A (R)| be
the eigenvalues oDg f™, m being the period oR. Suppose that the poin#® and Q
in I'(f, P, Q) have indices: andr — 1. Then the hypothesis on the approximation by
tangencies in Theorem A may be replaced by:

. Let g be close tof andR be a periodic point of homoclinically related either to
P, or Q,. Then thecentral eigenvalug, (R, g) is a real number.

1.2. Coexistence of infinitely many sinks/sourcea.diffeomorphismf satisfies the*-
Newhouse’s phenomenitor every C"-neighborhooduf of f there are an open subset
V of Uy and a residual subs& of V consisting of diffeomorphisms with infinitely many
sinks or sources. Far > 2, Newhouse’s phenomenon is associated to the existence
of homoclinic tangencies and the creation of thick horseshoes,NseeN2, PTJ for
surface diffeomorphisms anéY/] for higher dimensions. On the other hand, o= 1
the situation is rather different and it is an open question whethe€tHgewhouse’s
phenomenon holds for surface diffeomorphisms (see dlsoPuSd). Recently, in
the case of three-dimensional diffeomorphisnBD2, Theorem C] gives the following
mechanism leading to thé*-Newhouse’s phenomenon: l¢t be acC-diffeomorphism
having two hyperbolic periodic pointd and B (of indices 2 and 1), which aré!-
persistently connected it¥, and such thab, /" andDp f™ (n andm are the periods of
andB) both have two complex (non-real) eigenvalues, thiesatisfies th&'-Newhouse’s
phenomenon.

In [BD2] to obtain pointsA and B as before (different indices, derivatives with non-
real eigenvalues, and persistently connected) two types of dynamical configurations are
analyzed: perturbations of the diffeomorphisms in the proof of the non-genericity of
stability by Abraham—-Smale (sed$, Si) and bifurcations ofnon-critical connected
heterodimensional cycleket us now discuss this second type of examples and give some
definitions.

Let I'(f, P, Q) be a heterodimensional cycle, where index = r. We say that
I'(f, P, Q) hasreal central eigenvalueff |1,_1(P)| < |A-(P)] < 1 < |A(Q)] <
IA4+1(0)]. If T(f, P, Q) has real central eigenvalues then we can definestiong
stable foliation** of W*(P) and thestrong unstable foliatiorF** of W*(Q) (i.e. the
unique f-invariant foliations of codimension one I*(P) and W*(Q), respectively). A
componenty of the transverse intersection betwe@ni(P) and W*(Q) is non-critical
if it is transverse taF** (in W*(P)) and toF** (in W*(Q)). Similarly, y is s-critical
(respectivelyu-critical) if it is tangent toF** (respectivelyF“*) at some point. Finally,

y is bicritical if it is simultaneouslys- andu-critical. We say that the cyclE(f, P, Q)

is connectedf the transverse intersection betweBfi (P) and W*(Q) has a connected
component such thatf”(y) = y for someh # 0. Let us observe that the main source
of examples of cycles satisfying Theorem A are the connected ones.

For the next two results we focus our attentiond@rdiffeomorphisms of 3-manifolds.
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Let I'(f, P, Q) be a connected cycle with real central eigenvalues jyanal periodic
component ofW*(P) m W“(Q). Since the dimension oM is three, we have that

the indices ofP and Q are 2 and 1, respectively. Suppose tifafrespectivelyQ) is
homoclinically related to some periodic poiat (respectivelyB) with a complex (non-
real) eigenvalue. IngD2], assuming thay is non-critical as well as some conditions on
the restriction off to the intersectiory, it is proved that after a perturbation ¢f one
getsg such that the continuation$, and B, of A and B areC-persistently connected.
Thus, g satisfies theZ*-Newhouse’s phenomenon. The next result asserts that these two
hypotheses are not necessary.

THEOREMB. Let f be aC!-diffeomorphism defined on a three-dimensional manifold

such that:
(i) f has a connected heterodimensional cydlEf, P, Q) with real central
eigenvalues;

(i) there are hyperbolic periodic pointd and B homoclinically related toP and Q,
respectively, such that the derivative oat A (respectivelyB) has a complex (non-
real) eigenvalue.

Then f can beC!-approximated by a diffeomorphisgsuch thatA, and B, are ct-

persistently connected. In particulaf, satisfies the*-Newhouse’s phenomenon.

Finally, let us state a corollary of the previous theorem.

COROLLARY C. Let f be a three-dimensional!-diffeomorphism exhibiting a bicritical
connected heterodimensional cycle. Thfesatisfies th€1-Newhouse’s phenomenon.

1.3. Parametrized families of diffeomorphisms: measure of the bifurcation get.the
creation of cycles is a fundamental mechanism to produce a string of complicated changes
in the dynamics, it seems relevant to consider arcs of diffeomorphigms; exhibiting a
cycle (for instance at= 0) and describe the dynamical features more frequently displayed
by the diffeomorphismgf; (in the sense of the Lebesgue measure of parameters). A
dynamical featureP is persistent(at the bifurcation) if for everyg > 0 there is a set

E C [—to, tg] having positive measure such thatatisfiesP for all 7 in E. One also aims

to determine these phenomeRawhich areprevalentat the bifurcation: there is > 0

such that for all smallp > 0 the setE of parameters such thatf; satisfiesP has density
larger tharv in [—1, to] (i.e. |EN[—1o, f0]| > cto, Where| - | denotes the Lebesgue measure
in R).

For bifurcations associated to tangencies, especially in two dimensions, the results
in [N1, PT1, PT2, PY1, PY2 have brought up the importance of fractal dimensions
(thickness, Hausdorff dimension, and capacity) of the hyperbolic sets in the cycle for
measuring the frequency of hyperbolic dynamics after the bifurcation, see Rjlso [
Until now, and as far as we know, in the case of heterodimensional cycles these fractal
dimensions did not play such a key role. In the results obtained previously the frequency
of hyperbolic dynamics has been mainly determined by the geomeW aP) N W*(Q)
(number and relative size of the connected component#afP) N W*(Q), and the
existence of criticalities) as well as by the dynamicsfoin the central direction see
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[D1, D2, DU, DR1, DR2. So we analyze the dynamical behavior of heterodimensional
cycles according to these features. Therefore, let us introduce some notation and
definitions.

Denote byP (M) the space of*°-arcs of diffeomorphisms (endowed with the usual
C®°-topology), byH (M) the subset o (M) of arcs unfolding a heterodimensional cycle
generically, and by (M) the subset ot{ (M) of arcs unfolding connected cycles.

The bifurcation setB of ( f;);¢; is the set of parameterssuch that the limit set of;,

L(f;), is not hyperbolic. From now on, we assume that [—1, 1] and that the arcs
unfold the cycle at = 0. The arc has #rst bifurcation atr = 0 if f; satisfies Axiom A

and the no-cycles condition for every< 0. Let #bC (M) denote the subset ¢f(M) of

arcs having a first bifurcation at= 0. Finally, letRC (M) be the subset af (M) of arcs

such that the cycle has at least one real central eigenvalue associdteat t0. Let us
observe that if the cycle is a first bifurcation then (generically) its central eigenvalues are
both real and positive (for details see the argumentBRY)).

THEOREMD.
(i) Persistence of non-hyperbolicityThere is an open and dense subget M) of
H (M) such that the bifurcation sat of every(f;);c; in Ag(M) satisfies

IBN[—t,]| >0

forallz > 0.

(i)  There is an open and dense suhdetM) of RC(M) such that for every f;);c; in
A1(M) there is a sequence of non-trivial intervals = [b,, b;'] contained in the
bifurcation set of f;);<; such thatF — 0.

(iif) Prevalence of non-hyperbolicity There is an open and dense subgei(M) of
FbC(M) such that for every f;);c; in A2(M) the sequence of interval®, in (ii)
can be taken satisfying

. B N [=t,1]
liminf ————— >0, B =| |B,.
t—0t+ 2t L’;J "

Finally, we describe some topological features of the non-wandering set arising from
the unfolding of heterodimensional cycles. Consider an(df<; unfolding a cycle
I'(fo, Po, Qo). Theresulting non-wandering set gf, denoted by2'( f;), is the restriction
of the non-wandering set gf to a fixedneighborhood of the cycl@n open set containing
the intersections of the invariant manifolds ®f and Qp). In some cases (including first
bifurcations), for a prevalent set of parametemse prove that after the bifurcation the
homoclinic classH (Q;) of Q; (i.e. the closure of the transverse intersections between
W*(Q;) andW*(Q,)) is strong partially hyperbolic and contaif®s. Observe thati (Q;)
is always transitive. In fact, we obtain somewhat mdi€:(P;) N W*(Q;) C H(Q;) C
Q'(f;). Thus, to get an appropriate description of the resulting non-wandering set one
needs to impose some conditionsWti(Pg) N W*(Qp). Let us now state such conditions.

A cycle I'(f, P, Q) is elementaryif W*(P) is transverse taV*(Q) and W*(P) N
WH(Q) has finitely many connected components. In particular, every elementary cycle is
connected. Moreover, for an open and dense subset of arcs unfolding elementary cycles one
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has real central eigenvalues (sB4:P2]) and one can define the strong stable and unstable
foliations and speak of non-critical cycles. Denotediy) the subset of (M) of arcs
unfolding an elementary cycle and BYZ& (M) the subset of (M) of arcs unfolding a
non-critical cycle associated to isolated points of the limit set.

Given(f;):<; With a cycleI' (fo, Po, Qo) let S denote the set of parametersuch that
the resulting limit sef2'( f;) is strongly partially hyperbolic and equal #5(Q;). SinceP;
andQ; belong toQ'(f;), the setS is contained in the bifurcation set 6f;);¢;.

THEOREME. There is an open and dense suhdetM) of N'ZE (M) such that

SN[—t,t
IiminfM >

0
t—0 2t

for every(f;):es in As.

2. Basic definitions and auxiliary results

2.1. Heterodimensional cycles.Let f : M — M be a diffeomorphism an& and

Q hyperbolic periodic points off. We say thatf exhibits aheterodimensional cycle
I'(f, P, Q) associated toP and Q if W*(P) and W*(Q) have non-empty transverse
intersection, andv*(P) and W*(Q) have a quasi-transverse intersection (i.e. there is an
x € W“(P) N WS(Q) such that dimdiT, W“(P) + T, W*(Q)) = n — 1, wheren is the
dimension ofM). Recall that thendexof a hyperbolic periodic point is the number of
eigenvalues, counted with multiplicity, of modulus less than one of its derivative. Then the
pointsP andQ in I'(f, P, Q) satisfy

index P) = index Q) + 1. 2.1)

2.1.1. Connected, elementary, and non-critical heterodimensional cyclElse cycle
'(f, P, Q) is connectedf there is a connected component(called theconnectio of
W5(P) h W*(Q) that is periodic (i.e.f*(y) = y for somek > 1). The cycle is
elementaryf there is a connectiop such that

WA (P) N W (Q) = WS (P) h W“(Q) =y U---U f*(y).

Let A, and e, |A¢] < 1 < |B¢l, be eigenvalues abp ¥ and Do f™, with k andm
the periods ofP and Q. We say that.. and 3. are central eigenvalues of (f, P, Q)
if |A] < |xc| (respectively|8| > |B.|) for every contracting (respectively expanding)
eigenvalue ofDp ¥ (respectivelyDo f™). Observe thata priori, the central eigenvalues
are not uniquely defined (for instance, Af is non-real). The cycle ha®al central
eigenvaluedf the central eigenvalues are uniquely defined, in particilag. € R, and
have multiplicity one. Let us observe thatli{ f, P, Q) is elementary then (for an open
and dense subset of diffeomorphisms exhibiting such cycles) it has real central eigenvalues
Ac and B, which are positive, see the arguments DR2, §3] for details. In this case,
fP(y) =y, wherep = Icm(k, m), andy is the connection of (f, P, Q).

If T(f, P, Q) has real central eigenvalues then there is a unétroag stable foliation
F*5 defined onW* (P) with f-invariant leaves of dimension indgX) — 1 (respectively
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v Yo
X0 ! Po Qo

Xt

t<0 t>0

FIGURE 1. The unfolding of a heterodimensional cycle.

strong unstable foliatiodF** defined onW* (Q) with leaves of dimensiotn — index Q)
— 1)). We say thaf’(f, P, Q) is non-critical if every connected component 8f*(P) rh
WH(Q) is transverse tg=** (in W*(P)) and toF“* (in W*(Q)).

2.1.2. Generic unfolding of cycles.Consider a cyclel'(f, P, Q). The following
conditions hold generically (for an open and dense subset of diffeomorphisms exhibiting
heterodimensional cycles):
(HC1) W“(P) N W*(Q) = {f' (X)}iez;
(HC2) T, W*(P) + TxW*(Q) = T, W"(P) ® T. W*(Q); and
(HC3) the transverse intersection betwe@fi(P) and W*(Q) is a countable or finite
union of pairwise disjoint curves (i.e. it is one-dimensional).

Consider now an arcf;);cr=[—1,11 With a genericcycle I'(fo, Po, Qo) att = O (i.e.
satisfying (HC1)—(HC3)). Let fé (x0)};c7 be the orbit of intersection betweéh” (Pp)
andWs(Qp). We can assume that

x0 € fo®(Wio(Po)) N Wio(Qo),  for somehg > 0,

whererf)’é‘ (R) denotes the local stable/unstable manifol®of\e say that the arcf; )<
unfolds the cycle at = 0 genericallyif there areCt-mapsx : I — M, x(0) = xo, and
d: 1 — R*,d(0) # 0, such that:

(GUL) x(1) = x, € (W (P)) for all £;

(GU2) distx,, Wiye(Q0) = lt]d(0);
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(GU3) Ty yM = T, yW"(Po) @ T,W*(Qo) ® L, whereL is the one-dimensional space
spanned by’(0), the vector tangent to the cur¢e);c; att = 0.

2.2. Basic definitions, standing notation, and generic hypotheses.

2.2.1. Df-invariant splittings. Let us now recall some definitions and introduce some
notation. An f-invariant set¥ is transitiveif it is the closure of the orbit of some point

in . We consider three types @ff-invariant splittings forTs M: uniformly dominated,
hyperbolic, and strongly partially hyperbolic. We proceed now to describe themf-A
invariant splittingTs M = E @ F over X is uniformly dominatedf there aren > 0 and

K < 1 such that

IDx f™ /eI Dy £ /FIl < K, foreveryx € X,

where|| - || denotes the norm.
A Df-invariant splittingTs M = E* & E* is hyperbolicif there are constants > 0
and O< A < 1 such that
Dy f* (I < CA™[V*|
Dy [T < CA™ "]
If Ts M admits a hyperbolic splitting we say thatis hyperbolic If X is transitive and
hyperbolic then dinE?) = dim(E;) forall x, y € . This number is thindex ofX.
Finally, ¥ is strongly partially hyperbolidf there is aDf-invariant splitting of s M
into three non-trivial directiong*, E€, andE" (the stable, center, and unstable directions),
TsM = E* @ E @ E", and constant§ > 0 and O< A < 1 such that

IDx f*HI = CA*[V* | and [[Dx f7" ()l < CAM v,

forallx € T andv’ € EL,i = s,u, andn > 0. Moreover, if we [etE® = E¢ @ E® and
E* = E°@ E*, then the splitting€® & E* andE“ & E* are both uniformly dominated.

} forallx € X,v' € EL,i =s,u, andn > 0.

2.2.2. The resulting non-wandering setConsider an arc(f;);e; Wwith a cycle
I'(fo, Po, Qo) att = 0. An open setV is a neighborhood of the cycl# it contains
H(Py), H(Qo), W“(Py) N W*(Qo), and W*(Pg) N W“(Qo). The maximal invariant
set of f; in V, denoted byA,(V), is the set of points whosg:-orbit is contained in
V,ie. A(V) = Niez (V). We define thdorward (respectively backward) invariant
set of f; in V, A (V) (respectivelyA; (V)), by A (V) = Ni<of/ (V) (respectively
A7 (V) = mizoﬁ"(V)). The resulting non-wandering se®’(f;) in V is Q(f;) N V.
Finally, thebifurcation set associated t8 of (f;);c; is the set of parameterssuch that
L(f;) N A¢(V) is not hyperbolic.

To obtain a topological description of the resulting non-wandering set, we focus our
attention on the seVZ& (M) of arcs unfolding non-critical elementary cycles associated
to isolated points 0of2( fp). In this case, ifV is small,’'(f;) only depends on the level of
the filtration containing the cycle (seBR2, §3.3]). Thus, let us omit the neighborhowd
and write A, instead ofA; (V). Let

S={tel:Qf)=L(f)NA =A, = H(Q,) is strongly partially hyperbolic

From the transitivity of (Q,), and since?’(f;) contains the point®; and Q, of different
indices,L(f;) is not hyperbolic for everyin S, i.e. S consists of bifurcation parameters.
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2.3. Auxiliary results. For the sake of clearness we first focus our attention on arcs
(f)rer € H(M) with two central real eigenvalues. Denote such a subsé&A3y(M).
Given(f;)rer € RoH (M) with a cycleI' ( fo, Po, Qo), letA.(0) andB.(0), |A.(0)] < 1 <
|B:(0)], be its central eigenvalues. We alsolgfr) andj.(¢) be the continuations &, (0)
andg.(0) for small|z|. For simplicity, let us assume th& and Qg are fixed points. Next
consider the dense subggtM) of RyH(M) (see Bt]) of arcs such that:
(J1) for every smallz| the diffeomorphismy; is Cl-linearizable atP; and Q,, and the
linearizations can be taken to depend continuously, on

(J2) logx.(0))/log(B.(0)) is irrational;
(3I3) 1.(0) # 0 # BL(O).

Writing 7€ (M) = J (M) N E(M), we prove the following result.

THEOREM2.1. Let(f;)ier € JE(M) be an arc with a cycl&€ ( fo, Po, Qo). Then there is
a neighborhoodV of (f;);c; in H(M) such that for everyg,);c; € WV there is a sequence
(Bn), of pairwise disjoint closed intervals converging to zero such that:

@ liminf

BNt 1]]
—_— 0, B= By;
A U,

n
(i)  WS(Pg,) M W*(Qg,) C H(Qg,) C L(g;) forall t € B,.
(iii) Suppose thaPy and Qg are isolated inL( fo) and that the cycle is non-critical, i.e.
(f)ier € NZE(M). Then, for every small neighborhodtiof the cycle and every
large n, there isS;, C (S N By) with full measure inB,,.

Observe that the tangent space of any cudpia W*(P,,) h W*(Q,,) does not admit
a hyperbolic splitting: every vector tangentfias asymptotically contracted by botbg,
andDg,‘l. Thus, the intervalB,, are in the bifurcation set associated to any neighborhood
of the cycle.

Consider now a cycl&'(f, P, Q) with real central eigenvalues, s@y.| < 1 < |B.|.
Then the strong stable and unstable foliatioR%, and 7*, in W*(P) and W*(Q) are
defined. Consider a one-dimensiomahtre stable manifold of, W< (P), tangent to
the eigenspace associated\to and the projectionr®* from W*(P) to W (P) along the
leaves of 7°*. Analogously, consider eentre unstable manifold @, W<“(Q), and the
projectionz“* from W (Q) to W (Q) along the leaves af““. The cyclel'(f, P, Q)

contains fundamental domaiiishere are curvess, . . ., yx in W5 (P) mh W*(Q) such that
either the union of the interiors af*S (1), . .., 7% (y) contains a fundamental domain of
W< (P), or the union of the interiors of““(y1), ..., 7" (y) contains a fundamental

domain of W<“(Q). This definition does not depend on the choice of the centre manifolds.
Moreover, every connected cycle contains fundamental domains.

THEOREM2.2. Let (f;);e7 be an arc ing (M) with a cycleI'( fo, Po, Qo) containing

fundamental domains. Then there is a neighborhpodf (f;);c; such that for every

(g1)re1 € W there is a sequenag,), of pairwise disjoint closed intervals converging to

zero such that:

(i) W (P,,) NW"(Qg,) C L(g) forall ¢t € B,, thusB, is contained in the bifurcation
set;

https://doi.org/10.1017/50143385701001067 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001067

Partially hyperbolic and transitive dynamics 35

(i) for everyt € B, there is ag;-invariant setA, containing P, and Q,, that is
transitive, locally maximal, and strongly partially hyperbolic.

Finally, we have the following version of Theorem 2.2 rdiffeomorphismsk > 1.

COROLLARY 2.3. Let f be ac*-diffeomorphismk > 1, with a cyclel'(f, P, Q) with real

central eigenvalues and containing fundamental domains. Then for@ergighborhood

Uy of f thereis aCk-open subsey of Uy such that for everg € V one has:

(i)  W(Pg) N W"(Qg) C L(g);

(i) there is ag-invariant setA, containing P, and Q, that is transitive, locally
maximal, and strongly partially hyperbolic.

Here, for simplicity, we first prove Theorem 2.1 in the non-critical case. This proof
allows us to introduce the main tools of our constructions: families of transitions and
returns (83.2), secondary cycles (83.4), and blenders (83.5). In 86 we explain how the
general version of Theorem 2.1 and the proofs of Theorem 2.2 and Corollary 2.3 follow
from the arguments in the proof of Theorem 2.1 in the non-critical case.

3. Main tools: transitions, itineraries, secondary cycles, and blenders

To prove Theorem 2.1 we begin by considering ar:$;<; € J & (M) with a non-critical

cycle, that is, satisfying:

(NC) the connectiomg of I'( fo, Po, Qo) satisfiesg = W5 (Pg) N W*(Qo) = W*(Py) M
WH"(Qo) and it is transverse to the strong stable and unstable foliations.

From now on consider a fixed at¢;);c; € JEM) NNE(M).

3.1. Coordinates, foliations, and projections.

3.1.1. Linearizing coordinates. Let n > 3 be the dimension oM and leti1(),
..., A (t) (respectivelyB1(z), . .. B (1)) be the eigenvalues d¥p, f; (respectivelyDo, fi).
where|o; (t)| < |oi+1(t)|, 0 = A, B. From (2.1) the indices of, and Q, arer and

r — 1> 1, respectively. Sincéf;);c; € £(M) one has

(CE) [Ar—1(D)] < (1) < 1 < B,(t) < |Br+1(2)| fOr every|z| close to O.

For simplicity from now on we write,,(t) = A, and 8,(t) = B;. For smallr denote
by y: the continuation of the connectigg of the cycle, i.e. the connected component of
WS (P,) h W“(Qy) close toyg. Generically the closure of; is tangent at?, (respectively
0;) to the eigenspace associated tgrespectively t@s;), see P1, §3] for details. In other
words,y; is a separatrix of a centre stable manifold®fand of a centre unstable manifold
of Q,. Consider the neighborhoodép and /o of P, andQ, (independent of) where f;

is linearizable. From the previous comments we can take the linearizing coordinates such
that

v N Up = {x = (x1,...,x,) suchthat; = 0foralli # r andx, < 0},
yi N Ug = {x = (x1, ..., x,) such that; = 0 foralli # r andx, > 0}.

Givenx € Up U Ug we writex = (xy, x¢, x,), Wherexy = (x1, ..., xX,—1), Xc = x, and
xy = (Xr41, ..., Xp). In Up we define the subsets

S(01) = (x5, %6, 00}, S(Q)F = S(Q) N {xe > 0}
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Due to the geometry of the cycle and the non-critical assumption (NC), since every
z = (0, z¢, 0y) € Ug with z. > 0 belongs to;, we can take the linearizing coordinates
in o such that

ST C Wi(P).

Analogously, using the coordinateslify, we can assume that
S(P) C WH(P), whereS(P) = {(xs, xc, 0u)} C Up.

3.1.2. Foliations. In Up and Uy consider the extensions of the strong stable and
unstable foliations with leaves’ = {(x;, 0, 0,)} and F}** = {(Q;, 0, x,,)}, respectively.
Using the non-criticality condition, for smallt| we can extend these foliations to a small
neighborhoodJ (independent of) of the connectiory;. Such extensions, also denoted
by F’¢ and F/'*, a priori, are not f;-invariant. Recalling thatx;| > |x;(¢)| for all
1<i=<(@-—1and|g]| < |Bi(t) forall (r +1) <i < n, and using the non-criticality
condition one obtains

lim Cf7" (), B2 (f7"(0) N Ug) — Wige(Q0),
lim_COf 00, B (F00) N Up) — Wieg(Po),

for anyx € y,, where the convergence is understood to be irCthopology andC (x, A)
denotes the connected component of theAsebntainingx.

Observe that we can assume thate U/ and fo_ho(xo) € Up, hg as in (GUL)
in the definition of generic unfolding of the cycle. LBt= félo(Z/{P) and take a small
neighborhood/p C Uy of xg with Ug C B. Consider the neighborhodd of the cycle
given by

V =Up Ullp UU U U 57 (Uo)). (3.2)

Our next objective is to extend the foliations to the whdledy iterations off,i. For
instance, inB we consider the extensigh* with leaves

F(x) = f0p ({(as. be, xu), xu € R"})),

wheregp, (x) = (as, be, dy) andgp, is the linearizing coordinate a;. As before, if

x € BN U, I:“;‘“(x) may be different fromF;}*(x). But, one has that these leaves
are arbitrarilyC1-close (the proximity is of the order of+%, for somea > 1 and

C > 0 independent of, see P1] and 86). For notational simplicity we also denote
such extensions b¥;* andF;" and suppose that:

(IF) the foliationsF;* andF/** defined inV are f;-invariant.

The general case is handled asiri] or [DR2]. For completeness, in 86 we explain how
one removes this hypothesis in the general case.

3.1.3. Projections. Define projectionsz,* along the leaves of the foliationg; """
inv,
7' S(P) — S(Qn), x> F(x)NS(0y), (3.2)

ﬂts : S(Rl‘) g {Osv-xC1 Ou)}v (-x.S's Xcs Ou) = (O.S's Xes Ou)v R = Ps Q
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FIGURE 2. Projections.

S(Pr)

Consider the extensigh of y; given by

P =y Ugp (05, X, 0))) U o ({(05, xc, 0,)))

and the natural ordering in y; with O, < P;. GivenA C y, we saythatamap: A — y,
is order preservingf p(x) < p(y) for all x < y. We have the following result (for the
proof see PR2, Lemma 3.2]).

LEMMA 3.1. Suppose thaif;) € £(M) unfolds a non-critical cycle. Then} o x/* :
i N Up — y; N Ug is order preserving for every small|.

The geometry of the cycle implies that the poirtsin (GU1) and (GU2) belong to
S(Q;). Assume thak; € S(Q,)T fort > 0, otherwise consider the unfolding of the cycle
for negativer. In particular, sinces(Q,)* c W*(P;), using the non-criticality condition,
we have thak, € H(FP,).

To emphasize the main ideas in our proof and to avoid technicalities in our
constructions, let us assume that in our coordinafess,* has the simplest form
(AP) 7} o 7/ (x) = (as(x), xc +1,04), x = (x5, xc, 0y) € S(Py).

In particular,
moml (P) = x; = (as(1), 1, 0,),

wherea, (x) anda, (1) areCt maps. Finally, for small > 0 definez; as the (unique) point
such that

ey NUp and m/(z) = (x5,0:,04), i.€.7/(z) € Wi (Qr). (3.3)
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From (AP), in our local coordinates itp,
it = (OSa _ta OM)'

In 86 we explain how to proceed in the general case. In very rough terms, one can think
thatz; o}t is an affine map. Essentially, this is the same as supposing that the distortion of
thereturnsis included in thdransition 7; from Q, to P, which we are going to introduce.

In the following sections we also explain what we mean exactly by returns and transitions.

3.2. Transitions and returns. From now on we focus our attention on the dynamics of
pointsx in A;(V) = ﬂieZﬁ(V), whereV is the neighborhood of the cycle defined in
(3.1). In this sectiorV only plays an auxiliary role and thus our results do not depend
onV. Considerx in A;(V), smallt > 0. If x & WS(P;) U W¥(Qy) then its forward
orbit returns infinitely many times té{,. To analyze such returns we fix the fundamental
domainD;" c Uy of the restriction off, to y, and the cub€;" defined by

D = {05} x [B71, 1] x {04,
C = {x = (x5, xc, x4) € Ug such thatOy, x., 0,) € D;'}.

Theforward returns{n; (x)};>o of x to C‘t* are given by
Xi = f,"i(x)(x) € C’,Jr and f'(x) ¢ C’,Jr, foralln;(x) + 1 <n < n;11(x).

Observe that every € A, (V), x # P, Q;, has at least one iterate (backward or forward)
in C;*. Thus, replacing by some iterate, we can assume that C;” andng(x) = 0.

Remark 3.2.Letm; (x) = n;+1(x) — n;(x). The action of the derivativ®,, ,’”"(") in the

strong stable and unstable directions (tangetftoand.F;") is hyperbolic: thereig > 1
such thatD,, () is a uniform contraction of ratia= in the stable direction and a
uniform expansion of ratia™ ) in the unstable direction.

The remark follows by using the standard cone field construction and (IF). Thus, in our
proof we focus our attention on the action Df, f,m"(x) in the central direction(almost
parallel toy;, i.e. on vectors ~ (0y, v¢, 0,)). A key idea we borrow fromp1] and DR2]
is that such a derivative essentiallydetermined by the restriction gf to y;. This justifies
the introduction of the family of transitiond;) below. To define such transitions we fix
h1 > 0 such tha@f,"l(D,*) = D, C Up. For simplicity, let us suppose that for every

Dy = {05} x [=1, =A] x {04}
Thetransition7; from D; to D, is defined by
T,:DF — Dy, x> T(x) = fM(x).

These transitions can be extended differentially, and we do so to a compact neighborhood
K (D;") of D} in y, in the natural way. We also denote this extensiorfpySince the
derivative; depends continuously arthere are O< m < M such that

m < |T/(x)| < M, forallx e K(D;") and smalk. (3.4)
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n;
t’(xi)

FIGURE 3. Returns.

A key ingredient of our construction is an appropriate control of the distortion of the
derivatives of returns t@;" in the central direction. For this we divide the segment of the
orbit of x between two consecutive returns, g™ (x), 4O ), ..., 110w,
into four parts:

(i) the transition from Uy to Up (i.e. the hy iterates of f; corresponding to the
transitionT;);

(i) theiterates inl/p, saye; (x);

(iii) the transition fromi/p to Uy (i.e. thehg iterates in (GU1)); and

(iv) theiterates inl{p before returning ta;", saye;" (x).

The estimates of the distortion id{p and Uy (parts (ii) and (iv)) are trivial (the
diffeomorphisms are linearizable in these sets). In our coordinatésithierates in the
transition fromi/p to Uy (part (iii)) correspond to an isometry: we are concerned with the
central direction and assume theito ;" is a translation in the.-direction, see (AP). Thus
the crucial point is to control the derivative Bf. This is done in the following section.

3.3. Choice of the itineraries of returns. Estimates on the distortiofi,of To estimate

the distortion off; given smalle1 > 0 (to be fixed in (3.6)) we divida’(D,Jr) into intervals

Uy such thatDT;(x)/DT;(y) € (1 —¢e1,1+ ¢1) forall x, y € Uy; that is, in eachUy

the distortion of7; is fairly bounded. The next step is to obtain an accurate control of
the central coordinate of the returmsof x. We will get such an appropriate control for
parameters close to the parameters correspondinggoondary cyclesee the definition
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in 83.4. Finally, we prove that such parametetsave positive density at the bifurcation,
see Lemma 3.5 and Proposition 3.6. Let us now go into the details of our construction.

3.3.1. Distortion constants. In this section we fix some constants which allow us to
control the distortion off;. The reasons for the choice of such constants will be clear
throughout the proof of Theorem 2.1. We begin by taking constartsol < p2 close to

1 such that

m Bo t4r53m?

(1-p;YH < ——c and —2 "0
2M Lo M1~ pyh

> 3, (3.5)

with m andM as in (3.4). Clearly, (3.5) holds fgr close to 1. Fixe1 > 0 such that

2
0<ep < P2 _ 1o |24 (3.6)
p1+ p2 o1

If p1is close enough t@, theneq is arbitrarily small. Associated with; we consider

a covering U = {Uy, Uz, ..., Uy} of D,* (independent of small) by open intervals
contained inK(Dt*) such that for eachthere aren; andM;, 0 <m <m; < M; < M,
satisfying

m; < |DT;(x)| < M;, forall x € U; and smalk,

3 ; M; 3.7
Z<(1—81)1/2<%<_l<(1+81)1/2- G-

i mi
Pickuv = A28, % this constant will appear in a natural way in (3.14) [in v—1] take the
partition induced by = vgp < v1 < -+ < Uj < Uj41 < --- < U = UL, where
Vj— Vi
j—2 < j+2
Uitz Uj-2

1—ept? < <@ +e)Y?, foreveryj e [2 k—2]. (3.8)

Note that we can assume that= ¢ (the number of intervals of the coveribgof D;").

3.3.2. ltineraries of returns. By hypothesislo@8o)/log(ro) is irrational, see (J2). From
this it follows that

{(A0B4): j-0 is dense iR T (3.9)
This fact will allow us to choose returns with fine distortion properties.{)%ﬁé},-,ho is

dense inR™, for eache, g € {1,...,¢}, ¢ > 1, there are integels ,, j.,, > O (that we
can take arbitrarily large) such that

ke.g g, 02— p1 02+ p1
)\,0 glgé gm§U§—1 c (,01, p1+ > ) = <,01, > ) .

From (3.7), (3.8), and (3.6), one has

. . 22
keig pieg 3 s2. 2 keg gies. 2 2 M7 Vgy2 L+ P2
ho By TMiugio =g By Tmeuy_p——5— < >
mg vt o

(1+¢1)? < p2,
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where 2< g < ¢ — 2. The two inequalities above are summarized as follows: given
e,gefl, ..., l},2<g<t-2 thereard,,, jo, > O (arbitrarily large) such that

ke je. ke je,
p1 < Ag ’gﬁ(]) smiu;’?_z <2y ’g,gé 'gMeZUg2+2 < p2, foralle,ge{l,...,¢}. (3.10)

Remark 3.3.We first choose the constants<4d p1 < p2 with o1 and p» close to 1 and
satisfying (3.5). Next we fix a small > 0 (depending op; andpz, see (3.6)). Inits turn,
e1 determines the coveririg = {U;}_; of D}t as well as its Lebesgue numbei.e. for
everyx € D} the ball of radiug centered at is contained in som&;). The constant;
also determines the partitian, . . ., v, of [u™1, v], see (3.8). The coverinyy determines
the constantgm;, M;}’_,, in (3.7). Finally, we takek., and j,, e, g € {1,...,¢},
satisfying (3.10). Sincg; ; andj; , can be taken arbitrarily large, we can assume that

i+ pi M2 <1, foralli g e {1,..., £} (3.11)
Let us end this section with the following remark we use in §6.

Remark 3.4.Let (fi)ie; € JEM) and denote byr.(fo) and B.(fo) the central
eigenvalues of f;);c;. The maps

(8)rer = (Ace(80), Be(80)) and 1+ (Ae(f1), Be(f1)),

are both continuous dtf;);c; ands = 0, respectively. In particular, (3.5), (3.7), (3.10),
and (3.11) hold for all smallz| and every(g;);c; in a neighborhoodV of a fixed arc
(f)rer € TEM).

3.4. Secondary cycles.Givenx = (x;, x¢, x,) € Ugr, R = P, Q, letx® = (O, x., 0,).
We use the same notation for vectors: given a veotor (vs, ve, vy) then v =
(Os, ve, Oy).

Letr > 0. Thetime of exit of,, N, (see (GU1) for the definition of,) is the minimum
number of positive iterations thaf = (0y, ¢, 0,) needs to arrive aif),*. Similarly, thetime
of entry ofz;, N;~ (see (3.3) for the definition o) is the minimum number of negative
iterations thaty = z; = (Oy, —t, 0,) needs to arrive alf)t‘. These times satisfy

+ - _ —log(¢)
ﬂtjv tED[J’_Z[ﬂt la 1)5 t+: g ’
log(B:) (3.12)
W (Cty e By = (-1 —a, Ny 1290 |
’ T T T og(e)
Thescaled fundamental domaits™ of D are now defined by
_NT o~ -~
pi =" (D and D] = f" (D). (3.13)
Write i
N, N,
or=pB"x".
From (3.12) it follows that
0<v=py%5 <0 <Birg?=v"", forsmallll. (3.14)
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NNl

" n
uu(xu)
FIGURE4. Secondary cycle.
We say thatf,,, u > 0, has a secondary cycle(f,, P., Q,) if
CUAY (), W (P N B) N Wi (Q,) = {xi}, Ny=Nf+hi+N;, (3.15)

and( f;)<; unfolds the cycle gt generically. From (IF) f;-invariance of7;**"") and (AP)
(w¥ o 7} is a translation in the.-direction by a vector of norr|), (3.15) is equivalent to

] Nl s
s (i (fu " () = 0, (x60) = Q. (3.16)
We have the following result on the frequency of secondary cycles.

LEMMA 3.5. Let(f;);e7 € £(M) be an arc unfolding a non-critical cyclé( fo, Po, Qo).
There areK > 0 and a sequence of parametets),, t, — 0T, corresponding to
secondary cycleB(f;,, Pi,, Q,) such that

tht1

0<K < < 1

In

We omit the proof of this lemma and refer the reader to the proofsDd&tl]
Lemmas 3.3-3.4].
We now classify the parameters corresponding to secondary cycles according to the
+
intervals of the coveringl/ and of the partition{vy, ..., ve} containingf,N’ (x7) and

P
oy = ,8tN‘ Afv’ , respectively. Given corresponding to a secondary cycle, consider the
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n
interval Ir(f,N’ (x7)) of radiust (the Lebesgue number of) centered ay‘,N’ (xf) in y,.

By definition of 7, I,(f,N’+ (x7)) C U, for somee € {1,...,¢}. On the other hand,

by the definitions ofo; and the partition(v;), see (3.14)p,—1 < oy < v, for some

g € {1,...,¢}. Then we say that the secondary cycle & of type (e, g). The control

of these two positions will allow us to have an accurate control of the distortion of the
derivative in the central direction of the returns we consider.

3.5. Blenders ofm symbols. In R", n > 3, consider thei-cubeC" = [—1,1]° x
[-1,1] x [-1,11%, s,u > 1,5 + u + 1 = n, and aCl-embedding of it in the ambient
manifold,¢ : C* — M. In C = ¢(C") take the coordinates;, x., x,) induced byg,
identify [—1, 1] with ¢ ({0} x [—1, 1] x {0,}), and write

D' =¢([-1,1) x {(0,0,)}), D" =¢{(0y,0)} x [-1,1]°).
ThenC = D* x [—1, 1] x D*. Consider the following subsets of the bounda€yof C:

35C = 3(D*) x [=1, 1] x D*, 3“C = D* x [—1, 1] x 3(D"),
9“C = D* x 9([—1, 1] x D").

Let C*5, C**, and C* be cone fields around the tangent spacesDéfx {(ac, ay)},
{(ag, ac)} x D*, and{a,} x [—1, 1] x D", respectively. Note that“* c C“. LetC/(x) be
the cone o’/ atx.

Definition 3.1.

. A vertical diskV c C is au-disk tangent t@** (i.e. T,V C C*(x), forallx € V)
suchthabV c 9““C.

. A vertical strip S is the image of &1-embeddingb : [—1, 1] x [—1, 1]* — C such
that7y (S) C C*(x) andsS; = ®({r} x [—1, 1]*) is a vertical disk for alk.

The following definition for theblender ofm symbolsgeneralizes the concept of a
center-stable blender iBP1, pp. 365-366].

Definition 3.2. Given anm-cubeC and aC*-diffeomorphismf : M — M the pair(C, f)
is ageneralized blender of: symbolsif there are a constani > 1, positive integers
{gi}7', n-cubes{C;}]' contained inC, and cone field€**, C** andC* as before satisfying
(B1)-(B4):
(B1) f9(C;) c Cforeveryi =1,...,m;
(B2) foreveryi € {1, ..., m}the cone fieldg*, C**, andC*® satisfy
. D, f9(C*(x)) C C*(f%(x)) and|Dy f%(v)] > p|v| for everyx € C; and
v e C(x),
° D, f9(C*"*(x)) C C**(f4 (x)) for everyx € C;,
° D, f~4(C*(x)) C C°(f~%(x)) and|D, f~% (v)| > plv| for everyx € C;
andv € C*(x);
(B3) the cubeC,, contains a unique hyperbolic periodic poiof periodg,,. Moreover,
A is in the interior ofC.

https://doi.org/10.1017/50143385701001067 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001067

44 L. J. Diaz and J. Rocha
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Df(C"(x))

f‘12

f‘/l

FIGURES. Projection of a blender of three symbols and its central dynamics.

We say thatA is the periodic point of the blende(C, f). By (B2) the index ofA
is s. Condition (B2) also implies that the local stable manifold4ofW; (A), intersects
transversely the two connected component8*6€. Thus we can consider two types of
vertical disks inC that do notintersed (A, W*(A) N C) = W; (A): vertical disks at the
left of A, briefly, ¢-disks(the class of (0, —1)} x D"), andvertical disks at the right of
A, r-disks(the class of(0;, 1)} x D*). We define art-strip as a vertical strip consisting
of ¢-disks.

Given an¢-disk V write V; = C;NV,i € {1, 2, ..., m} (some of the/; may be empty).
We also assume that:
(B4) Given any-diskV thereisi € {1, 2, ..., m} such thatf% (V;) is an¢-disk.

The main step towards proving Theorem 2.1 is the following result.

PROPOSITION3.6. Let (f;) € JEM) be an arc unfolding a cycld (fo, Po, Qo)
generically. There exist a neighborhodd of (f;);c; in H(M) and constants, K > 0
such that for every(g;);c; in W there is a decreasing sequen¢s), of parameters,
s, — 0F, such that:
@)  spr1/sn > K;
(b) for everyr € [s,, sy (1 + 8)] there is a generalized blendét;, g;) such that

(11) wW*(Q,) intersects transversely evefystrip of (C;, g;),

(12) w"(P,) contains ar¢-disk such that its interior is in the interior df;.
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The existence of the blenders in Proposition 3.6 will be derived from the existence of
secondary cycles and the control on the distortion of the transition maps. We postpone the
proof of Proposition 3.6 to 85. We now prove Theorem 2.1 using this proposition.

4. Proof of Theorem 2.1
4.1. Positive density of the bifurcation setTo prove the theorem tak8, = [s,,
s, (14 8)]1, s, ands as in Proposition 3.6.

CLAIM 4.1. Let(g/)er in W andt € B, withn large enough. Then
WH(Py) th W(Q,) C H(Q:) C L(g).

In particular, y; C L(g;) NV for every neighborhood of the cycle and.(g;) N A;(V) is
non-hyperbolic.

The claim immediately implies (ii) in Theorem 2.1 and the fact tBatis contained
in the bifurcation set for all large. From the claim we also get (i) in Theorem 2.1: by
shrinkings we can assume thgt,1(1+3) < s,, where(s,,), is the sequence of parameters
in Proposition 3.6; thus

Uy BaN[—t,t K28
iming 19 B O L=t.111

0.
0 2t =20-K)

We now prove the claim.

Proof. Pick a parameterin B,,, a pointx in W*(P;) mh W*(Q;), and any smal(u + 1)-
disk V, in W*(Q,) containingx in its interior. By ther-lemma, the forwarg;-orbit of

V., accumulates oW (P;). By (b(I12)) in Proposition 3.6 and the cycle configuration,
there is (largex > 0 such thatgf(vx) contains an¢-strip V,. From (b(I1)) we get
WS(Q;) th Vi # @. Therefore,V, N H(Q,) # #. Since this assertion holds for every
(u + 1)-disk V, in W*(Qy) containingx, one gets the claim. O

4.2. Structure of the resulting non-wandering seflo prove (iii) in Theorem 2.1 assume
that Pp and Qg are isolated inL(fp) and that the neighborhood of the cycle is
small. LetD denote the set of parametersuch thatg; has a cycld (g;, P;, Q;), i.e.
WH(P) N W5(Q;) # 0. Generically,D has measure zero. Writ§, = B, \ D, then
(generically) S, | = |B,|. We claim thatS,, c S for all largen. In the following paragraphs
we state the two key properties 8f = A, (V) fort € S, the density ofH (Q;) in A; and
the existence of a strong partially hyperbolic splitting. These two propertias ohply
thats, C S.

4.2.1. Density ofH(Q;) in A;.

PROPOSITION4.2. Lett € S, (large n) and letV be small (independent @f). Then
H(Q:) = A(V) = Ay

The main step for proving the proposition is the next lemma.
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LEMMA 4.3. Letr € S, (large n) and letV be small (independent @f). ThenA, =
A (V) C WS (P) (h WH(Qy).

Proof. The lemma follows from arguments as in the proof Bfl] Lemma 5], so we

just sketch it here. In the proof we use the fact that, for sriallthe leaves of the
strong unstable (respectively stable) foliation are expanded by the forward (respectively
backward) iterations qf;, see also Remark 3.2. More precisely, suppose first for simplicity
that

x € A\ (WH(P) UWH(P) U W (Qr) UWH(Q))).

Then the forward and backward orbits ofeturn infinitely many times to the cut@&".
So let us suppose thatitself is in C‘,*. Take the leaf;"" (x). We now get a sequencg)
such that; € F/"(x) h W*(P,) andz; — x as follows. Letz; = F/"(x;) N W*(P;) and
i = gf”’(x)(ii). Since distz;, x) < A7%® % > 1 as in Remark 3.2, we havg — x.
ThusW* (P;) accumulates on. Analogously, using the fact that the backward orbitk of
returns infinitely many times t@;", we get thatv*(Q;,) accumulates on. Finally, using
the non-criticalities assumption (NC) one has th&t(P,) and W*(Q;) have a point of
transverse intersection closexto

In the remaining cases we use the no-cycles conditiog (D and thusw(P;) N
WS (Q;) = ¥). Suppose, for instance, that the orbitwadnly returns finitely many times to
C,", then

x € (WH(P) U W (@) N (WH(P) UWH(Qy)).

Since W*(Q;) N W"(P;) = @ there are three possibilities: @) € W*(P;) N W“(Q;)

(in this case the lemma is obvious); (i) € WS(Q;) N W“(Q,) (in this case the
lemma follows observing that’* (Q;) is contained in the closure o¥*(P;)); and (iii)

x € WS(P)NW"(P;). Arguing as above it is not difficult to see that case (iii) also satisfies
the conclusion of the lemma. O

We are now ready to prove the proposition. Lemma 4.3 and Claim 4.1 imply

Ap =N (V) CWH(P) h WH(Qy) C H(Q0).

The converseH (Q;) C A, follows by using a filtration. The existence of such a filtration
follows from the fact thatPg and Qg are both isolated i ( fo). Since this is a standard
construction we omit the details and refer the readeb®Z, §83.3].

4.2.2. Partial hyperbolicity ofA;. Let PeXA;) denote the set of periodic points gfin

A;. From Remark 3.2 the actions Bfg; in F}** and inF;* are hyperbolic (expanding and
contracting, respectively). Bearing in mind the fact that the dimensions of the leaves of
these foliations are — r andr — 1 (r is the index ofPp), it is not hard to see that for every

R in Per(A,) the derivativeDgg!"* (m is the period ofR) has at leas{r — 1) contracting
eigenvalues, say, ..., ¢-—1, and(n —r) expanding eigenvalues, say,1, . . ., ¢, Where

Isil < lsj+1l. Moreover, there exists > 1 (independent of) such that

lgr-1l < ¢t <1< <lgr1l
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Using the linearizing coordinates, the cycle configuration, and the non-critical property
(also recall that the compositiorf o 7/ preserves<, see Lemma 3.1) it is not difficult to
see thaiDrg}" has a positive central eigenvalgesuch that

{ lsrl  lgr+al
lgr—1l" sl

for somes > 0 independent oR and smallz|.

Let us give the main ideas of the proofs of the inequalities above. By replaing
by some iterate of it we can suppose tRabelongs toC;". Observe that between two
consecutive returns of the orbit & to C;' the number of iterates of the orbit outside
the linearizing neighborhoodér and g is h1 + ho £ 1, thus it is uniformly bounded
independently of. On the other hand, the number of iterates of the orbit in the linearizing
neighborhoods goes to infinity agoes to zero: the number of iterates of the orbitip
and Up, sayq, and p,, is (at least) of order oN;" andN,”, respectively, an(zw,jE — 0
ast — 0, see (3.12). Finally, irl{p U Uy the ratio between the expansion in the strong
unstable direction and the central one, (respectively, between the contraction in the strong
stable direction and the central one) after phe-g; iterations, goes to infinity (respectively
zero) exponentially. Observe that to prove (4.1) one does not use the facbtlanhg to
S. Finally, the fact that the central eigenvalgeis positive follows by observing that the
projectionr; o 7} preserves<, see Lemma 3.1.

Using (4.1), givenR € Per(A;) define theDgg;-invariant linear space&y’, E%",
and E spanned by the eigenvectors associatedto. . ., ¢,—1}, {¢r+1,..., s}, and
¢r. Write

}>u+&% (4.1)

E¥ = E§ @ E%, E¥ =EW @ E%.

By (4.1) the splittingS EyY ® ER*) repera,) aNd(ER" @ ER) rePera,) are botrdominated
in the period there are O< A < 1 andC > 0 such that everg € Pel(A;) of periodm
satisfies

IDrf™/Ex DR f ™"/ E | <CA™ and ||DRf7m/E’;e”||||DRfm/E‘f'F_m I <™.

%’(R)| (R)
Moreover, these splittings satisfy a stronger form of domination.
LEMMA 4.4. The splittingS EY @ E%") repera,) aNd(EY ® E¥) repera,) are uniformly
dominated: there ar& > 0,0 < u < 1, andj > 0 such that

IDr S g NIDRS ™ Jpey N < Cp!and DR /ey lIDR S [ < Cu

(R) (R)

for everyR in Per(A;).

The lemma follows from the arguments in the proof of (4.1) recalling thatisflarge
enough, for instance of the order 8f" + N,”, the number of iterates of the orbit of any
R e Per(A;) in the linearizing neighborhood# and U/ (at least of the order dv,i) is
much larger than the number of iterations (of the order, at mokg, -2 #1)) outside such
vicinities.

Now, from Proposition 1.3 in NI2], Lemma 4.4 allows us to extendEy &
EY" ) repera,) and(ELS @ EY)rePera,) to a uniformly dominated bundle defined on the
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closure of PatA;), which is the wholeA,; (see Proposition 4.2). Denote such extensions
also by E°¢, E"“, E**, and E**. Let E; = E;° N E}°, L € A,. By construction,
(E}° ® Ef @ E7")Lea, is astrong partially hyperbolic splitting. This completes the proof
of (iii) in Theorem 2.1.

5. Construction of blenders: proof of Proposition 3.6 (non-critical case)
We first prove the proposition for the fixed arf; );<; in 7 & (M) satisfying the non-critical
assumption (NC). After that we extend our constructions to a neighbooofl( f;);c;.

5.1. Periodic points with central eigenvalue closelto. The first step to construct the
blenders in Proposition 3.6 is to find a decreasing sequence of pararggigrand a
constantk’ > 0 such that:
° f, — 0F andfn+1/fn > K' > 0;
° for everyi, there is a hyperbolic poim, e Per(A;)) of index (r — 1) and having
central (weak expanding) eigenvalue of modulus closeto 1

We use the poinf,, for constructing the cube of the blender, actually the continuations
of A, will be the periodic points of such blenders. To obtain thave first consider
parameters, corresponding to secondary cycles in Lemma 3.5: ¢aulill be taken close
tot,, |t, — t.| = Ct,. Let us go into the details of our construction.

Fix a parameter, (largen) corresponding to a secondary cycle of tyjén), g(n)).
Then

Ny e Niw s Niy
Ir(ft,, (xt,,)) C Ue(n) and Ot, =:3t,, )‘t,, € (Ug(n)fl’ Ug(n)]-

For simplicity we writej, = Je(n).g(n) andk, = ke, () Whereje(,,),g(n) andke(,,),g(n)
are as in (3.10). Let us also writ¢, and N in place ofN,, andN,f.
The goal of this subsection is to prove the following proposition.

PROPOSITIONS.1. There is a decreasing sequence of parametgns with ¢, < 7, <
ta+1, such that every diffeomorphisfj) has a hyperbolic periodic point,, € Per(A; ) N
Up of index(r — 1) and periodp,, = 2N, + j, + k,, Such that:

(W) 4G =t
(2) (Da, ffi’" (Os, 1, 0,))¢ = v¢, wherev® € (p1, p2), andp1 andp2 are the constants in

(3.5) and (3.6);
) Wi(An, f;) MW" (Q; , f7) # ¥,
(4) WA, f;) M W (P;,, f;,) # 9,

(B) |t — Il = A" 4 B ).

For the sake of clearness we divide the proof of the proposition into two parts: parameter
estimates and the existence of periodic (in thelirection) unstable leaves (i.¢ = w*
for everyz € F/*(x) andw = F,“”(ft”(x)) for somex andp > 1).

5.1.1. Parameter estimates.Taket, corresponding to a secondary cycle and the interval
+
U, = U, Of the covering/ containingl,(f,iv" (xf)). Fort close tor, define thescaled
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interval U, (t) by
Uy,(t) = ffN'j(U,,), where diamete(U, (1)) > 318, diameterU,).

The estimate on the diameter &f,(¢) follows from (3.12). Fixt’ = (,8;%)/2. Now,

sincer is the Lebesgue number dff, we havel, . (x;) C U,(t,), recall again (3.12).
By continuity, /;;/(x{) C U,(z) for all ¢ close tor,. The next lemma give$ > 0 and

a lower bound for the size of the intervhl centered at,, of the parameters such that
L3 (x{) C Un(1).

LEMMA 5.2. There are constant§ and A, 0 < A < 7, independent of, (hence
independent of,, and j,,) such that

Li; (x)) C Up(r), foreveryt e I, =[t,(1— A), t,(1+ A)].

"
Proof. First observe that sincﬁnN” (I, (xf)) C Uy we have

. +
dist(f;" (<), (4 \ Un) = Kot (5.1)
for somekK independent of large. Now taket given by
37 = min{Kor, t}. (5.2)

Next, fixing an interval/, = [t,(1 — «), t,(1 + «)], for largern and smallk > 0, we
+

estimate the distance froyf,lN" (xf) to the complement d¥, in y,. For that we first obtain

+ +
an upper bound f0|rf,N" (xf) — f,iv" (gt € Jn. If £ € Jy then

N+ N+ N+ N+
£ ) = £, G =18 =ty |-
+

Write g, (1) = t,BtN” ,t € J,. By the mean value theorem,

NF . N N N
L ) = " (i) = 18n(0) — gn(t)| < |Bs" + N, Bs"
for somes € J,. On the other hand, from (3.12), one has

—log(t,) s - 1+«

0g(B,,) "1 — 100(Bs,)

SinceﬂSN"+ ~ 1/s andp; is uniformly upper bounded (recall (3.12) and (J3)), for small
one has

-1

Bisllt — tul,

INFs| >~ (—log(t,)t,) — 0 asn — oo.

| ftN”+ (xf) — f,iv"+ ()l < cons’[amﬁ_it”| < Kik.
Now pick smallA > 0 satisfying ’
37 — K1A > 21.
From (5.1) and (5.2) (definition df) for everyt € [¢,(1 — A), t,(1 + A)] we have
dist £ (), (1 \ Un)) > Kot — K1A > 3% — K1A > 2% (5.3)
From (3.12) for every € I;; (x;) we have
LV ey = g ()] < BV 31~ p109 100B ) o 109 NOYB) 2 3. (5.4)

Inequalities (5.3) and (5.4) now imply thatandt satisfy the lemma.
Finally, note that the choices &f andz do not involve calculations witl, andk,,, thus
A andt are independent af. O
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Sincej, andk, can be taken arbitrarily large we can assume that

MAS + 857 < A, AasinlLemma5s.2 (5.5)

5.1.2. Almost periodic leaves: periodicity in the central directiorLet
Uy = {(x5, xc, xu) € Ug such that. > 0}.

Our next objective is to obtain a natural numlpgr a parametey;, close tor, (s, € I, see
Lemma 5.2, and, a parameter corresponding to a secondary cycle of type,)), and
wy, € WH(P;,) close tox,, such that

=y =x;, forallze Clx,, W(Ps,)N Ug)
andy € C(ff"(ws,), W"(Py,) N Up).

This is done in the next proposition.

PrRoOPOSITIONS.3. For everyn sufficiently large there are, € I, I, as in Lemma 5.2,
andws, € C(xy,, W"(Py,) N Ug) = Fg*(xs,) such that

(fsl:n (wsn))c = wﬁ,, = 'x;:n? DPn = 2Ny + jn + kn.

Moreover, the orbit ofv,, satisfies:

. S’;1(wsn)€Vf0ra||O§i§pn;

° 1y, (wg,) € Up forall N, <i < Ny +ky — ho;
. Nuthn (wy ) € UY;

o fAVHH(wg)e ubforall0<i < jy,

wherej, = jem),e(m) aNdky, = ke, ¢(n) are defined as in (3.10).
To prove the proposition, fixinge I, = [t,(1 — A), t,(1 + A)] write
Sy () = {x € S(Q;) such that® € U, (¢)}
and consider the projections andyr,2 defined by

xt =l x) = 74 (M),

5.6
x2 = n,z(x) = ﬂ}’(f,N"Jrk" (x)). 58

nl, w2 S,(1) — S(Q)), :

Recalling that we are assuming that o 7/ is atranslation in the central directioffsee
(AP)), from the estimates on the distortionBfin (3.7) and the definitions a¥, (3.15)
ando; (3.14) for everyr € I, one has

orma|x€ — y| < |(xHE — Y] < oy My |x€ — y°),

5.7)
kn\ ¢ . . kn . (
oy |x€ = ¥ < [(x%)° = (y2)°] < oy Myig"|x€ — y°).

LEMMA 5.4. The image ob,, () by?, 72(S,(z)), is contained ins, (¢) for all ¢ € I,,.
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Proof. From the definition oV, (see (3.15)) and (3.12) there are functidfigr) such that
LNt e e W o, A atn,  wherea® < dF () < 472, (5.8)

for everyx = (xy, x¢, 0,) with x¢ € D,+. Sincer,' (P;) = x;, using (AP) the last equation
gives

ardy (O < |G M) — P | = (20))E — G (P
= () — (x)°] < A"dyf (0, (5.9)

for everyx = (x;, x¢, 0,) such that¢ e D,+. On the other hand, sinég is large enough
(see (5.5)), we havxe,"’2 < 7. Thus from (5.8)

(D) = ()] < Adf (0 < APt < 1t (5.10)

By Lemma 5.2, the last inequality gives?)¢ € U, (r) forall x € S, (), thatisx? € S, (¢).
This ends the proof of the lemma. i

The previous lemma allows us to define the projectifn= 7! o 7?2,

728, (t) — S(Q)),

(5.11)
B =) =2 (" @R = 7t @) = 7t (x?) = AL
Since we are considering pointsn S, (¢), from (5.7) and Lemma 5.4 we have
ofmZa x¢ =yl < 16 = ] < a2 MZA x¢ = ye. (5.12)

Finally, to prove Proposition 5.3 we need the following lemma.

LEmMMA 5.5. Letr, be a parameter corresponding to a secondary cycle. Then
F (3 = ()",

for somes, = 1,(1 + A,), where

and
At a, + + ki + =J
Ay X ————>a,, a, = oMy, d(tn)™ + B, ™"
O'IK ay (5 13)
N ~ al’l_ ~ — - kn - —jn
>~ ————1>a,, a, =omyr, d(ty)” +B,",

" oKt —ay
whereK — andK* are positive constants such that
)»f" —i—,Bt_j" <K <K™.

Before proving Lemma 5.5 let us prove Proposition 5.3 assuming it.
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Proof of Proposition 5.3Take s, as in Lemma 5.5. We claim that there isuadisk
8" contained inF""(xs,), x5, € 8", consisting of pointg having the itinerary in the
proposition and such that

(fsl;:n @) =@ = xSCnv Pn = 2Ny +ky + ju.

Recalling the definitions ot}!, 72, andr? (see (5.6) and (5.11)) and tife-invariance of
the foliationsZ;* and ;" (IF), it is enough to take

8 = fi, M(F(f G2, UG8 = (i), i (F(x,,)) N Up).
Sincek, and j, can be taken arbitrarily largé,, is of the order Oﬂls‘,’,’ + ,3;,"”. Thus
An < A,T < A
ands, belongs tal,,. This completes the proof of the proposition assuming the lenmma.

Before proving Lemma 5.5 let us state a remark we will use in 86. Observing that
there are finitely many pairg,, k) (at most¢?, wheret is the number of intervals of the
covering /) and thatdni (t) ando; are both uniformly bounded (see (5.8) and (3.14)), we
get the following.

Remark 5.6.There is5 > O such thatO< § < A~ < A, < A for all n sufficiently large.

Proof of Lemma 5.5We begin by observing that from Lemma 3.1 one can state the
following.

FACT 5.7. The projectionsr}, n2, and=? preserve the ordering: in ;.
Observe that to prove the lemma it is enough to find sma# 0 such that
3 > _.'n - .n >
Ko@) = Bt L+ 1) = B 0% e (5.14)

We first get some preliminary estimates on the distortiorr/of The definitions of,,
(secondary cycle)r}, andn?, and Fact 5.7 give

(1)=0 and (x2)° <O0. (5.15)
Arguing as in Lemma 5.2 one gets constakits, independent of andn, such that
oK (t—1t) < (x,l)“ <o KT(t —1t,), fort>t,and close ta,. (5.16)
Obviously, thek * do not depend ok, and . So, takingj, andk, large enough, we get
Ay g < KT < KT

On the other hand, by Lemma 5@2)¢ € U, () (i.e.x? € S,(1)) and we can define?.
From (5.7) and (5.9) we get

12— (D = (DY = (D] > orman| (6D — (x,)°]

> mao And > (1)1 (5.17)
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Similarly,
) = (DT < 0 My | (D) = (x| < 0n My dyf (1)1 (5.18)
Recalling tha(x,z)c < (x)° andn,1 is order preserving, from (5.18) and (5.16) one has
3¢ > (xH — oMY dF (1)t = 0,(K™ (1 — 1,) — MA dF (0)0). (5.19)
Analogously, from (5.17) and (5.16), one gets
(3¢ < (& — oma A d; (1 < 6,(KH (1 = 1y) — maAlrd; (0)0).
Taker = t,, from (5.15) we get
(x,i)c < (xgl)c - crtmnkf:dn_(tn)tn =0-— crtmnkf:dn_(tn)tn <0< ﬁ,;j’ltn. (5.20)
We claim that to prove the lemma it is enough to get small 0 such that
Oty 1) (K 10 = Myd o diF (L W)t (L4 ) = B0 (L +v). (5.21)
In fact observe that (5.19) implies that
(2 (140)" = O,y (K10 — My g | dif (10 (L + 0))ty (14 1)),

The mean value theorem and (5.20) now givén (0, v) satisfying (5.14). Thus it is
enough to see that thein (5.21) is positive and small. Such a number is of the order of

—Jn kn
B, + 01, Mukyy dif (1n)

v~ -
_ k —jn’
01, K= — 00, My di" dif (ta) — B, ™"

n

which is positive and small. Now it suffices to tal&f{ equal to thev satisfying (5.21).
This implies that O< . < A, Similarly, we have that > A for someA satisfying

- .) k; —
,Btnh + thmn)\t,;dn (tn)

A _
kn 53— —Jr
o1, KT — or,mui;" dy (ta) — B, "

~

n
This completes the proof of the lemma. ad

5.1.3. Proof of Proposition 5.1. We divide the proof of the proposition into two
parts: construction of the periodic point, satisfying (1)—(4) and parameter estimates
(conclusion (5) in the proposition).

Construction of the periodic poimt,. Write u = s, andw = (w;, We, wy) = Wy, = Wy,
wheres, andwy, are as in Proposition 5.3. Using the linearizing coordinates and the non-
criticality condition, from the choice of the itinerary of (w € C;, fu nthe(wy e UE, and
fi(w) e Viforall0<i <N, +k,) we get

_N—_ _ N+
lwy |l 2= A1 ()~ Nn =5 B, g () =N

Givenz in Up, letzse = (zs, z¢, 04). Similarly, given a sefd we let H*¢ = {z;.,z € H}.
In Ugp, for some suitable constakt (independent oft = s, andn) to be fixed, consider
then-cubeC = C(w) aroundw given by

N _N—_ _NTt
C = C(wse) = {(Xs, Xe, Xu)s X — wel < Tty Xl < KApga ()N 0B, 0 )N ),
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wheret is as in Lemma 5.2. Since® = X and Ly (x;) C Un(n), we have that
C’ C Sp(w) andnf;(x) is defined for allx in C*¢. Moreover, we control the distortion of
m3(x) interms of (5.12). Let

Co=C(f"(w), fi"(C)N Ug), pn=2Nn+ ju+kn.

Having in mind (IF) (F,“ is f,-invariant), we can choos& such thatCy is given by

Co=Cy x F = {x € Ug suchthat,. € C§}), C = flr om(C*). (5.22)
Let

nl=fion3 (5.23)
and define thevidth of a subsef of i{p, denoted byw (H), as the diameter of;(H“).
CLAIM 5.8. Let p1 andp2 be the constants in (3.5) and (3.6), then
p1@ (C) < @ (Co) < p2 (C).

Proof. Suppose that the cycle gtis of type(e, g). From (5.12),
(0ume)®Mr @ (C5) < w (m3(C5)) < (0, M)A (C°°).
Now, from (5.22),
(0ume)Ay Birer (C°) < w (CY°) < (0, Me)*Mr Bl e (C).
By (3.10) the last equation gives
p1@ (C*) < @ (Cpy) < p2w (C*°)
ending the proof of the claim. m|
Let us observe that the estimates in the proof of the claim also give
pilxe = yel < 1@R())e — (R (M)el < p2lxe — yel.  forallx,y e €. (5.24)
We are now ready to obtain thg,-periodic pointA,. Claim 5.8 and Proposition 5.3

imply thatCp is a cube around of width strictly larger than the width of. In fact our
arguments give somewhat more: therearandz, in C;° such that
g <w <z, p1t <|(@j)e —wel < p2t, j=rL.

This property and a standard argument (involving the expansion/contractibif,ofn
the unstable/stable directions, recall Remark 3.2) imply that there is a unique hyperbolic
periodic pointA, € C of period p,, which is close tav. Itis not hard to check that our
construction also shows that:
e (A=W
° A, has indexr — 1) and its central (expanding) eigenvalue is in betwegand p;
. Wite(An) = {x = (x5, xc, x,) € C suchthak® = Ay, x, = (Ap)u};
. Wioc(An) = {x = (x5, xc, x,) € C suchthak® = (A,);}.

Finally, the expansion oDf,, (respectiverDfljl) along the leaves of the unstable
foliation (respectively stable foliation) implies immediately that:
° W*(A,) intersects W"(Q,) and W“(A,) intersects W*(P,) (where both

intersections are transverse).

All these comments imply (1)—(4) in Proposition 5.1.
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Parameter estimated.emma 5.5 implies that
Sp — by = Apt,, WhereA, ~ )»f: + ,3;-’".
This implies (5) in the proposition. Now the proof of the proposition is complete. O
5.2. Construction of the cubes of the blenderd.he first step is to construct the blender
for the parameters, in Proposition 5.1.
5.2.1. Projections and returns. We begin by defining the auxiliary culig"
C;" = {x = (x5, Xc, X4) € Ugp such thak® e D;"}.

Condition (IF) (f;-invariance ofF* and F;*) gives immediately the following relation
between forward returns of points 6" and projections along leaves of the unstable
foliation.

Remark 5.9.Letx € A;f N C;" andk = N, +m, m > 0, be the first forward iterate aof
inC;",i.e. fk(x) e ;" and fi (x) ¢ C;' foreveryi € {2,...,k —1}. Then

(FFE))se = 7 (fF o).
Bearing in mind this remark we introduce the famiby}"),»>o of projections defined by
o'+ S(Q)T = S0, x> Q" (x) =T (" (x)).
Using this notation one hag! = o? (recall (5.6)).
5.2.2. Determination of the basis of the cubeConsider parameters, and periodic

points A, in Proposition 5.1. Given & v < 7, T as in Lemma 5.2, define the rectangle
R(v,s,) CUp by

R, sn) = {(x5, xc, Op) & [xe = (An)el < snv}.
Thepoints at the left oA defines the subrectangke (v, s,) of R(v, s,,) as follows
R™(v,sp) ={x € R(v,s,) : x° < AT}
Finally, the cubeCg(, s,) Of basisR (v, s,) is
Cru,sy) ={x € C;; *Xse € R(v, sp)}.

The cube of the blender will be of the for@x(.,, s,) for somev, we are going to determine.

For simplicity, from now we omit the parametgrin the definitions above. The size of

will be chosen to guarantee that the following two key properties hold:

@ g (R™ () = F, (R™(va)) C S(Qs,)*;

(b) the distance fror@?ﬂ (R™(vn)) to Wi .(Qy,) IS &5y, for some smalk, < K~A " to
be fixed precisely in (5.29).
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FIGUREG6. The cubeCg(, s, key properties.

These two conditions (especially (b)) will allow us to obtain expangiveturns to
Cr(v, for every(-disk in Cg(,,). Let us now go into the details of our construction.
Having in mind (AP) and Fact 5.7, to get (a) and (b) it is enough to see that

0 = 1 .=
(an (x0))e = (7T.gn (xe))e = Ensn, (5.25)
x¢ = (05, (An)e — vusu, O) = (O, (xs,,)c — UnSn, Oy).

From (5.16) and,, — #, = A,1, (see Proposition 5.3 and Lemma 5.5) we have

1 1
(775,, (xs,,))c = (x_yn)C = UsnKn(sn —ty) = Us,,Kn(Snsn,

A (5.26)
K_EKn§K+7 O = n,\

1+ A,
Thus, from (5.7) andr! (x¢))¢ < (} (x;,))",

Usnsn(’cnsn — Myuv,) < (775];, (xe))e < Os,Sn (Kndp — muvy).
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Hence, (5.25) holds for somg with
|:C75”K,,8,, — &, Og,knby — fnj|
Vn € .

9
o5, My 05, My

(5.27)

Takingé&, close to zero one gets, k.8, — &, > 0O, thusy, is well defined (strictly positive).
Note thatv, increases a§, decreases, that & /v, can be taken arbitrarily small. To get
expansive returns we need to chogsesmall, but uniformly bounded from below (far
sufficiently large) by somé > 0, satisfying the following two inequalities:

1 & Bo-1
4 g Vn m)»2,3_2’
0~0

(5.28)

and
ﬁglzkélmz
(En/va) + 2o 2BEM (1 — p3 )
where the last inequality follows from (3.5).

> 2> p1, (5.29)

5.2.3. Returns (at the left) of verticdl-disks. Fixing v, andg, as before, consider the
cubeCg(,,) containingA,. Given a vertical disk in Cg(,,), letxs = TN R(v,). Having
in mind (IF), we can focus our attention on vertical diskscontained in leaves aof /"
(2 = {x € C/" : x5c = xx}). As in the definition of the blender, the di3kis at the left of
A, (Zis ane-disK) if (xx)¢ < (A,)° (i.e.xs € R™(vy)).

Given a vertical diskC in Cg(,,) we say thak = Ny, +m, m > 0, is anf-return of £
if ff;(E) N Cg(v,) contains arf-disk ; such thath;"(Z,/{) c Vforall0 <i < k. By
Remark 5.9, this definition can be stated in terms of projectighsind iterations off;, .

Remark 5.10Let k be an¢-return ofX. Thentherearé > 1, j1, ..., ji, andry, ..., rp,
jirri = 0, withk = hNg, + 3", (ji + ri), such that
Tp = {x € Cv) s xye = £z}, Whereds = (£ 00! o- -0 (fif 00! (x5) € R~ (vy).
Then we say that théreturnk of T is oftypeJ = (ju, r) - - - (j1, r1).

In view of this remark we introduce projectiogél associated td-returnsk; of type
J = Gnorn) -+ (1. r1), kg = AN, + Y 1_oGii + ri), defined on subrectanglgy of
ST(Qs,) by

ol iRy — S(Qs,), x>0l (x)=(fl ogi) oo (fi) oaH(x).
We say that th@rojectiongsfn is p-expanding in the rectanglR; if
@ (0] (@) > pw (), forevery curvex in R;.

Similarly, an¢-return of typeJ is p-expanding inR; if stn is p-expanding inR .

Bearing in mind the comments above, in our contektifvariance ofF;* and F*
and hyperbolicity ofDf; in E*S and E**) we can reformulate conditions (B1)—(B4) in the
definition of blender in terms of projectior@i and expansivé-returns (which give the
expansion in the central direction). Then we prove (@4, fs,) satisfies (P1)—-(P3)
and that (P1)—(P3) imply (B1)—(B4):
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(P1) there exists a coverin@;)_, of R~ (v,) by rectangles and families of pait#)”_,
such thaby (R;) C R~ (vy);

(P2) QSJ,;' is p1-expansive ink; for all i, p1 > 1 asin (3.6);

(P3) A, € Ro and the period ofA, is k;, = p. (A, is the periodic point in
Proposition 5.1).

LEMMA 5.11. (P1)—(P3) imply (B1)—(B4).

Proof. In the definition of the blender takg = k.

(P1) implies (B1) It suffices to take”; = f~% (CQJ,. (R_)).

(P1) implies (B4) Given any¢-disk V in Cr(y,) let{xy} = VN R™(v). If xy € R;,

i €{0,...,0}, letV; = V N C;. By definition of C;, £ (Vi) = F (03! (xv)), which is
an¢-disk; recall that by (Plp{}j(Ri) C R (vy).

(P2) implies (B2) Using F¢" (respectivelyF;*) we construct the strong unstable
(respectively stable) cone field aroundEg!" (respectivelyC** aroundEs*). The p1-
expansiveness QISJ,; implies thatD, f;,{", x € Cj, is p1-expansive in the central direction.
This allows us to construct the unstable bur@iearoundT F'(x) @ (O, ve, Oy).

(P3) implies (B3) By construction,A, is in the interior ofCg(,,). Moreover, by
definitions of Cp andgo and by construction4,, belongs toCp and is the unique point
of periodgg in Cp. O

Construction of the coveringr;). Expansive returnsOur target now is the construction
of the covering R;) of R~ (v,,) satisfying (P1)—(P3). For that we define expangiveturns
of vertical disksX with xz € R~ (vy,).

Definitions of¢-returns: returns of typeo = (j,, 0)(0, k,). These returns are associated
to 0. From (5.23) we have

70 =0, Jo= (jn 0)(0, kn).

Consider the rectangle

Ro={x € R™(vn) : (An)c — pglvnsn < xe < (Ap)e} C R™(vy) C Splsn).

SinceRg C S, (sn), by (5.24), the definition ofi,;, and Fact 5.7, for each e Rg one has
(An)e = VaSn < (An)e — palxe — (Ap)el < (2 (0))e < (2 (A)e = (An)e.

Thus

0 (Ro) = n (Ro) C R™ (vy).
This inclusion and the arguments in the proof of Claim 5.8 immediately imply the
following.
LEMMA 5.12. The projectiorps{? = ”son is p1-expanding. In particular, ever§~disk = in
Cr(,), Such thatry, € Ro, has ap;-expanding-return of typeJo = (jix, 0)(0, k).

By definition it is obvious that the rectanghk satisfies (P3).
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Further expansivé-returns. In view of Lemma 5.12 we are now left to get expansive
returns for¢-disks with xx € (R~ (v,) \ Ro). The domains of definition of such returns
will determine the rectangle(sei)?:l. Fori > 1 define the subrectanglg of R~ (v,,) by

Ri = {x € R™(va) : (T3 () € [sn Bl n, sn B 2Ea] @A (s, (1)) < (An)c).

These rectangles are not disjoint, for instaigantersectsk; 1, R;+2, andR;13,i > 1.
Moreover, sincersln preserves:, R; 1 is at the right ofR;, meaning that® < y¢ for every
x € (R; \ Riy1) andy € (R;41 \ R;). Finally, if i is largeR; may be empty.

We say thatk; has full widthif there arex, y € R; such that(rl (x)) = Bi-1&.sn
and (g, (M)e = B %6, Le. (g (R))e = 1B Gusn, B %6nsul. If & is small then
(775, (R1))e = [Snén, sn,Bsné,,] and Rl has full width. Moreover, ifR; has full width then
R1, Ro, ..., R;_1 also have full width and

(TE(RLUR2U -~ U R))e = [Ensn, Bl 2Ensn].
From (5.7) it follows that the diametel(i) of (R1 U --- U R;), satisfies

i+2 _ i+2 _
énsn(ﬁsn <d(i) < snsn(ﬁsn

Moy, - mu0s,

Let s be the diameter ofR~ (v,) \ Ro)¢, then

§=(1— pyY)syvn.

Let i, be the firsti such thatR; intersects the interior oRg. We prove that in this
caseRy,..., R;, have full width (see Claim 5.13 below). Fro®y U ---UR;, ¢
(R~ (vp) \ Ro) and the position of the rectangles we get that,) > §. Similarly,
(R1U---UR;,—1) Nint(Rg) = ¥ impliesd (i, — 1) < 8. The estimates od(i) before give

i+l in+2
n n _ 1
Sn (,35,1 < (1 _ pz—l)vn S Sn (,35,1 ) .
Mnasll mnasn
In particular,
E BT < Myoy, (1= p5Yyvn + & (5.30)

CLAIM 5.13. The rectangleR;, ;5 has full width, i.e. [&,s,8", &,s,87]
(ﬂsl,, (Ri,+5))c. In particular, R; has full width and intersectRq for everyi, <i <i, +5.

Proof. By constructiort,s, is the left extreme o@rsln (R~ (vp)))c. Thus, to prove the claim
it is enough to see that

[£nsn. Bl 8E,50] C iNtGTS (R (0n)))e-

Having in mind the estimates on the expansioméfin (5.7), to get this inclusion it is
enough to check that
:31"4_8‘5_ <& + mp0Os, Vp.

Thus, from (5.30), it suffices to see that

,3;.2+8€:n =< ,357,1&1 + ,357,1 MnUSn v (1— ,02_1) <& + mu0Os,Vn.
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That is, it is enough to check that

MpVn0s, + & — IBSY,,En

(L—p;h <
2 ﬂ;,MnUSn Vn

But for largen (thus smalls,,) the choice ofo2 in (3.5) andn < M give

Therefore, it suffices to prove that

1 < My Vy0s, + & (1 — ,BSY,,)
287 — BI My, vn '

Sn

Clearly, this inequality holds if

7 _
me L &L -1

M, — 2 Moy, Vy

Sincem, /M, > 3/4 (see (3.7)) this follows from (5.28) and the estimatessgn see
(3.14). This completes the proof of the claim. |

The covering R;). Write ¢, = i, + 5 and consider the coverin(ga,-)g" of R~ (v,). For
simplicity let us write? instead of,. We claim that these rectangles satisfy (P1)—(P3).
Recall thatA, € Ro, so we are left to check properties (P1) and (P2). Recall also that for
everyx € Rg there is go1-expansivel-return associated tmg (Lemma 5.12). Therefore,

it is enough to defingi-expansive-returns forRy, ..., Ry. Foreach € {1, ..., 9} take

gi minimum such that

FErE (R)) C {x € S(P) : Ixe| < A, Vnsu)
and write
g =a; + Ny, +bi, a;, b; > 0anda; minimum such thay (z. (R;)) N Dy # #.

From the definitions ofR; andDj;, and1l<i <9 =i, +5, we get

. _ BB
B s € 1851 1 = Bl = (5.31)
SZ Ensn
Using the estimates in (5.30) and in (3.14) (the definition,pf, the last inequality gives
ws Bad By’
L ;Zgnsn GRS My o5, (1 — pz_l)vn)sn
-9,2
A
> > il o0 : (5.32)
(&n + MByAg 1- P2 )Vn)sn
On the other hand, from the definitions@f Ny,, andb; one immediately gets
W73 € A2 vusy, A, vnsn) = AP > A8u,s,  for every largen. (5.33)
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Finally, the choice og; gives
T (fil(ry (x))) € R™(vy), forallx e Ryandi =1,...,9.
Thus we can define projections

¢l i Ri—> R (), x> ) (x) =0 (x). Hi=(0b)@.0),i=1.._.0.

S,
For completeness, let0 : Ry — R™(vy), 90 (x) = 72 (x). The definition of thep!

implies that(R;)!_, satisfies (P1). The fact thar;)?_, satisfies (P2) follows from the
next lemma.

LEMMA 5.14. Every projection;b;n, i €{0,1,...,0},Iis pi-expansive.

Proof. As we have mentioned the result holds&gr = ng. So we focus our attention on
the projectiong! ,i =1,..., 7. Let
By Homad 1

Eq= —5 —— =, Ep = \mvs,.
én‘i‘ﬁo)\o M(l—p2 )Vn Sn

We claim that the constant of expansibiy! ) of ¢! satisfies

130—12)%0,”2
(En/vn) + BEAG2M (1 — p; )

E($))> EsEp = > 2> p1,

where the last inequality follows from (5.29). To prove the claim W¢i‘i}§: gffj o Q;:i,

B; = (0, b;) andA; = (a;, 0), and observe that in our case (hypotheses (IF) and (AP)) we
have

E(¢.) = E@E)E(ol). (5.34)

FromR; C R(v,) C S, (sn), the definition ofg;‘:", and the estimates ¢ff’, ando,,, see
(5.32) and (3.14), we get
mBy g 1

E(ol) > oy, m,p% > Z = E4. (5.35)
Sn S nispy En +)»62,3§M(1— pz_l)vn Sn

Similarly, from the definition obfj and the estimates fmf,j in (5.33),
E(Qf,i") > m)»f)isn > mkgvnsn = Ep. (5.36)
The claim (and thus the lemma) now follows from (5.34), (5.35), and (5.36). O
This concludes the proof of the fact that the cover'(ng)?;o satisfies (P1)—(P3).

Lemma 5.11 now implies th&Cr(,,), fs,) is a blender o¥, + 1 symbols.

5.2.4. Geometric properties of the blend&€r,,), f5,). In this section we prove that
the blendelCr.,), fs,) satisfies the geometric properties (a) and (b) in Proposition 3.6.
This follows from the next proposition.
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PROPOSITION5.15. The blende(Cg(,,), fs,) satisfies:
. W*(Qy,) intersects transversely evegystrip in Cgr,,);
° W (Ps,) contains a vertical-disk in the interior ofCg(,,).

Given a vertical strip§ in Cg(,) letas = SN R(v,) be itsbasis In the proof of the
proposition we use the following property of the rectandtes < {0, 1, ..., 9,}.

LEMMA 5.16. Let S be an¢-strip in Cg(,,) such thatrg is not contained in any;. Then
W*(Qy,) intersectsS transversely.

Proof. We claim that ifeg is not contained in ang; then(nsfl (as))€ contains at least two
consecutive fundamental domainsygf. This claim implies that

Cly, @s). S ($) N U) th W*(Qs,) # .

This assertion follows by observing that given any fundamental domaitt Uy of
fs, In ys, there is a transverse homoclinic poidt = (Oy, z¢, z,) 0of Qg such that
Z¢ = (05,26, 0,) € D and|z,| < C|)\r+1(5n)|_N’_-

To prove the claim let, andr,, (£4)¢ < ()¢, be the extremes afs. Definei’ as the
maximumi such thatR; containst,. By hypothesisy, does not belong t®;. (otherwise
« C R;). There are two cases: eithér < ¢, — 1 ori® = ,. We show the claim in
the first case; the second one follows analogously and we omit its proof. We spliReach
(1 <i < 9,)into three parts,

4 i » .
Ri = ROURMURZ,  where(nl (R))e = [Bs ' &nsu. By, Ensal, j =0,1,2.

Remark thaik® = R} ; = R? , and thatrR¥ is at the left ofR* ™.

Observe that, € R?K: otherwise, by the definitions dfl’ Ly € Rieyq, it+1< v,
contradicting the definition of‘. On the other hand, sinog does not belong ta&;.,
(Rl_lz U Rﬁ)c C (as)¢. Letag = ag N (Rilé U Rﬁ). The definition ofR! implies that
(T} (@) = (B &nsn §ﬁ+2§,,s,,]. That is, (7} (&5))¢ is the union of two consecutive
fundamental domains of;,. This ends the proof of the claim, and thus of the lemma.

Proof of Proposition 5.15To0 state its first part consider awystrip Sp and its basisig =
as, = SoN R(v,). If ag is not contained in ang;, from Lemma 5.165y h W*(Qs,) # ¥
and we are done. So assume ilgis contained in somg;,. By definition ofg;,, fj"’ (So)
contains the-strip S1 given by

S1=Clar, f,°(S0) N Cy,), a1 =as, = ¢ (@0) C R™(va),
and such that, see Lemma 5.14,
w(a1) > prw (o), p1> 1

As before, ifaq is not contained in ang; thensS; intersects transversely* (Q,,) and we
are done (recall thaf; C fflio (S0)). So assume that; C R;, for somei;. At this stage
we argue inductively defining-curvesag, . . ., ax ande-stripsSo, .. . , Sk, such that:

° aj =uas; C R,'j;

8i;_ 8ii—1
o S;=Cla. fs," " (Sj—0)NCy) C f5, (Sj-1);
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o oj=¢) (aj1)andw()) > prw(ej-1) > piw (a0), p1 > 1.

Since the width of th&; is upper bounded, there is a fikssuch thaty is not contained
in any R;. As before,Sy  W*(Qy,) # #. SinceS, C f(S0), ¢ = Y\Zg g, this ends
the proof of the first part of the proposition.

The second part of the proposition follows immediately from thiemma and the
geometric configuration of the cycleW"(P;,) accumulates on the left of,,. More
precisely, there is a sequentg )i of transverse homoclinic points @, contained in
S(Qs,)" such that

Ve = Xo 1 < (x5S and e — (g)el =AY
This ends the proof of Proposition 5.15. ad

This completes the proof of Proposition 3.6 for the parameten the non-critical
case. The next step is to see that there is a unifyrdepending only on the choice of the
constants in 883 and 5, such that our constructions hold for evely,,, s, (1 + §)].

5.3. End of the proof of Proposition 3.6.Fixing the arc( f;);c; € JE(M) with a non-
critical cycle, for every,, as in Proposition 5.1 we have constructed a blexdgy,,). fs,)
satisfying the intersection properties in (b) in Proposition 3.6:
(11) W*(Qs,) intersects transversely evefsstrip;
(12) W"(Ps,) contains art-disk in the interior ofC;, .

For everyg C'-close tof;, we can define in the natural way a blend€t,, g) which
is acontinuationof (Cg,), f5,), see BD1, Lemma 1.11]. Moreover, i§ is close tof
then(C, g) also satisfies (I11) and (12): just observe that to get such properties we only
use compact parts of the invariant manifoldsRyf and Q;,, (whose sizes depend only on
Ny, k,, andj,,) and that compact parts of invariant manifolds depend continuously on the
diffeomorphism. Thus to end the proof of Proposition 3.6 we need to get some uniform
8 > Osuchthatifr—s,| < 8s, then the continuatio(C;, f;) of (Cg(,). fs,) also satisfies
(12) and (12).

LEMMA 5.17. There isu > 0 such that for every € 1(s;) = [s,(1 — ), s, (1 + )] the
continuation(C,, f;) of (Cg,). fs,) is well defined and satisfies (11) and (12).

From Lemmas 3.5 and 5.5 the parameigrsatisfys,+1/s, > K’ > 0 (largen). Thus
Proposition 3.6 follows immediately from the lemma.

Proof of Lemma 5.17We divide the proof of the lemma into two parts.

Existence of continuationsSSuppose that the secondary cyglés,, is associated tg,) is of
type(e, g). Then thecentral sizeof Cg(,,) is v,.s,, Wherey, depends only on the following
constants:

° os,, defined in (3.14);

Ky, defined in (5.26);

8o = An/(L+ Ay), A, defined in (5.13) in Lemma 5.5;

&,, introduced in (b) in 85.2.2 and fixed in (5.28) and (5.29);

M, andm,,, defined in (3.7).

https://doi.org/10.1017/50143385701001067 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001067

64 L. J. Diaz and J. Rocha

These constants are uniformly bounded (the bounds depend on thétypeof the
secondary cycle considered). Thus there are constggtandv;fg such that

O<v,,<wn< v:)'g. (5.37)

That is, the scaled size of the cube of the blender is determined by théetypeof the
secondary cycle, used in its construction.

We also observe that the number of symbols of the bleriger,1, depends exclusively
on(e, g). As before, for large:, there arej, , andz?;fg such that

0<9,, <0, <vf,

This follows from the fact tha#,, is determined by, (recall thaty, = i, +5 and equation
(5.30)) and that thg, are uniformly bounded.

From the considerations above one gets > 0 such that the continuatiai®,, f;) of
(CRvp) fs,) is defined for every € I(s,) = [sp(1 — te,g), Sn (L4 feg)].

Finally, there are at mogf® types of secondary cycleg¢ the number of sets of the
covering i), thus it is enough to take equal to the minimum of the, .

In rough terms, one can think (up to the ty@e g) of the cycle at,) that for eachs,
there is an interval (s,) (in the parameter space) centered,atind of size 2. s, and
maps (enormalization$ ¢ ,, s € 1(sn), ¢s.n : R* — M, such that the cubé€; is the
image byg; , of a universal cub€,  in R" and that in thex.-direction the derivative of
¢r . IS @ contraction of ratie,.

Intersection propertiesWe prove that the:, , can be taken such thef;, f;) satisfies the

intersection properties in Proposition 3.6 foradt 1(s,) = [sp(1 — te,g). Sn (L + e g)].

(11) wW*(Q,) intersects transversely evetstrip. This fact follows from the choice of the
cubes(; (associated to rectangl®s). Recall that to get (11) for the parametgwe
only use the fact that;nnsln (R;), i > 1, contains three fundamental domaing/gf
(actually, in the proof it is enough to take such images containing two fundamental
domains). Clearly, the continuations can be taken satisfying such a property.

(12) W"(P) contains ar¢-disk. The fact that (12) holds fow* (Ps,) follows from the
existence of a sequence®tlisks(Wy)r C W (Ps,) accumulating on the left o4,
(the periodic point of the blender) and such that

dist(Wi, Ap) = A§ sn.
Thus there existg > 0 such that
2)(2 <V, v = min{v;g},

wherev, , is the lower bound of the scaled size of the cubes of the blenders in (5.37).
If pe,gissmalland € [s,(1—ptie,g), Sn (1+pe,g)], W* (P;) contains a disk¥; which

is (A;%s,)-Close tow,,. By constructionW; is an¢-disk. The proof of the lemma is
now complete. m|

This ends the proof of Proposition 3.6 for the &f¢);c;.
To see that our constructions work for arcs in a small neighborhoad;of:;, just
observe that we only use the fact that, fixing suitallend, close to 1~, and constants
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m; and M; in [m, M] (see (3.4)), the central eigenvalues of the cycle satisfy (3.10) and
the transition verifies (3.7). Remark 3.4 and the continuous dependence of the transitions
guarantee that these inequalities hold in a neighborhoad;df-;. This completes the

proof of Proposition 3.6 assuming the simplifying hypotheses (IF), (AP), and (NC). In the
next section we explain how one argues in the general case. |

6. Proof of Proposition 3.6: general case
In this section we explain how one removes the simplifying assumptions (IF), (AP), and
(NC) in 83.4.

6.1. Almost-invariance and regularity of* and 7;"* (AF).

6.1.1. Almost-invariance ofF}* and F;*“. In general, the foliations;* and F;" we
consider (induced by the linearizing coordinates) arefpdtvariant: ifx € A;(V) NUgp

and f'(x) is a return ofx to Uy then F/“(f/"(x)) and f/'(F/"(x)) are (in general)
different. But we claim that the compact parts of these leaves we consider in our
constructions aré!-r1+*-close for some: > 0 independent of smail In the proof we use

the componenty = C(f/"(x), f'(F/"(x))NUp) of f7*(F"(x))N Ug containingf;* (x),

and assuming;-invariance ofF;"* we replace it byCo = C(f"(x), F/'*(f]"(x)) N Up).

We claim that doing this replacement we introduce an error of ordetsf, which is
negligible in our context.

Takex € A;(V) having a returry;” (x) such thatf; (x), ..., f/ (x) do not belong té{,,

T (x), ..., f"(x) areiin Ug, and £"1(x) & Up. Itis not hard to check that — r is
(at least) of order oV;" ~ |log(r)|/log(B;). Similarly, the number of consecutive iterates
of this segment of orbit irnt/p is (at least) of order oV, >~ |log(z)|/|log(%;)|. Using the
linearizing coordinates and these bounds for the number of consecutive iterates of the orbit
of x in Up and Uy we get thatC1 andC» arert®-close, wherex > 0 depends only
on log(|2,+1(0)])/log(x,(0)) and lod|8:+1(0)])/log(B,(0)), see the calculations irD[L,
§3.2].

This proximity betweerC; andC» allows us to carry our constructions into the general
case as follows. We first replacg"” (f;*(x)) by C(f/'(x), f{'(F/"(x)) N Up). In
particular, one needs to use a new projectiong8yinstead ofr®> = ! o 72, defined as
follows:

28 = C(fM @), (M HE2E)) N BN S(Q)),
H(w(x)) = Cf), fM (i (o) nidg).
The comments before guarantee thatis 11 **-close tor 3.
We also need to introduce the same kind of modifications in the definitions of the
projectionso’ and¢’ in §5.2.3 in the construction of the blender. To do this, we define
new projectionsg”’ and ¢ which arert*-close too’ and¢’. More precisely and

inductively, consider a projectiopy associated to a family of disk& = (Go(x)) (in
our cas&jp = F;'*) and to a returmg, that is

00(x) = C(f"(x), f*(Go(x)) N B) N S(Qy).

https://doi.org/10.1017/50143385701001067 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001067

66 L. J. Diaz and J. Rocha

In the next step we consider the famdly given byG1(x) = C(oo(x), f/"°(Go(x)) N Up)
instead oiGp, as well as the projectiopy associated tg; and the corresponding retun
of the construction. Inductively we have projectignsassociated to returns and disks
Gi. As before, we have that(o; (x), " (Gi(x)) N Up) and F/*(o; (x)) arerte_close.

We claim that we can ignore the deviations introduced by the earlier replacements. To
see why this is so fix, corresponding to a secondary cycle andsthelose tor,,. Note that
in the construction of the culi®,, we work with a margin of error of the order gf, i.e. of
the size of a fixed negative iterate of the scaled fundamental domj?jrsee (3.13). Thus
our construction also works considering perturbations of the projections of order much
smaller thar,. Replacing the projections along the leaves¢f by the new projections,
we introduce an error (deviation from our affine model) of the ordej}ﬁf L tyg,a > 0.
Thus we can carry our construction to the general setting without extra difficulties. For
details seel}1, §3.2].

6.1.2. Regularity of the projections along the leaves/f and7;*. On the one hand,

the projection fron§(P;) to S(Q,) along the leaves of th&/“ in general fails to bel. To
guarantee the regularity of this projection one needs to assume some (open but not dense)
conditions on the eigenvalues Dfp, f;. In fact, the unique point where such a projection

may fail to be differentiable ig;: the derivative of the projection & in the direction

F}*(P;) may not exist. On the other hand, our construction does not involve points in
F}S(Py). In fact, in our proof we only consider points in a secfoof S(P;) of the form

S = {(xg, xe, Ou) = llxsll < llxell}
and inS the projection along the leaves B} is differentiable. So we lose no generality
assuming such a differentiability.
6.2. Projections (AP). In general, the transverse homoclinic pomtof P, in the
definition of unfolding of the cycle (see (GU1) and (GU2)) is of the form
x() = (a(t)s,tC(t),0,), whereC(0) #0
and the projections
ntu : J;t N Z/[P = {(Osv-xC7 Ou)} - S(Q(t))v n,;‘ : S(Ql‘) - {(OSs Xe, Ou)} C Z/{Q,

are not isometries. Let now us explain how one argues in the general case.
Let W) = W"(P;) U W*(Q;) andl'; = C(x;, W' N S(Q;)). DefineK* andK* as the
derivatives atPp andxg of the projections

mg 2 Yo — S(Qo) and mq: Lo — {(0s, xc, 0u)},

respectively. For > O there is a transverse homoclinic pomtof Q, which is the
continuation ofxg, that is the analogous af for Q,. Write

w =15 €y, w= @) ) €
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and consider the restrictiong™" of ;" to the segmentd(t) = [z, 1] C y; and
L(t) = [)’t,xt] C Fli

Al J@) =1z, Pl = [y, x:1 CTyy 70 2 L) = [yr, x:] = [Qr, we] C y4.

Denote byk,"* andk;"* the maximum and the minimum of the derivativesidf’. Then
these constants satisfy (see the argumen®1n . 298])
u,s

K" k" — K", in particular,—+ — 1. (6.1)

Y u,s
13

Moreover, one immediately gets
(@)e € [(KHTHC@), (H™HCD],  (wr)e € [k1C @), KS1C@)].
Recall that in our affine model we hag )¢ = —r and(w;)¢ = t.

In the general case the scaled fundamental doniaj‘hare defined by

D = f,_Nr(DJr), N;t minimumi > 0 such thatf/ (w,) € DT, 6.2)
Dy = £ (D7), N, minimumi > 0 such thatf, " (z,) € D™, .
where the fundamental domaifs™ are exactly as in §3.2. The estimates before give
ICOM N 1€ S .
K} k" 1C()B K} 1C()k
As in 83.4, see (3.14), let

2,2 2, -2
. N~ NF Bo Ay _ . _ Boro
o =X"pB" where <o < .
= KK =S kg
Then
G = for someo; € (A28-2, A72p2) andk“k’ € [k“k*, K'K*] (6.3)
z—~u];SUt, + € (AgBy %5 Ag“BY) t Ky € LK Ky, Ky Kyl :

™

~8,U

Using that, by definition,D, ;| € [k;"", K;""], we can obtain the analog of the estimates
in (5.7) for the distortion of the derivatives (in the central direction) of the new projections.
f— + . . .
For instance, considezr,l andx € f, Ny (U;), whereU; is an interval of the covering/
of D;. Asin §5.1.2
miG Sk < (winly (x) < Mi6, K K",
From (6.1) and (6.3) we have

mik; oy < (i) (x) < MiK; oy,
P KK}

=—t and k"= ,
" KK ! k$k;t

kF — last — 0.
Thatis, ift is small, we have essentially the estimates we found in the affine case assuming

(AP). Itis now clear that the general construction follows exactly as in the simplified case
(assuming (IF) and (AP)).
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a DQ fO(a) W:LS(QO)

FIGURE 7. Non-critical levels.

6.3. The critical case: assumption (NC)Let us now explain how we eliminate the non-
criticalies assumption (NC) in the general case. Supposé&tifat Po, Qo) is a connected
cycle and let be a periodic connection (in our case we are assumingfttigsd) = yo).

Consider the foliationg5* of W*(Po) andFy" of W"(Qo) induced by the linearizing
coordinates. Denote lf§/the set of points: € yp such that eithef* (x) or 73" is tangent
to yo atx. Take fundamental domaii3p C Up andDg C Ug Of fuin yo. Generically,
there arexy, . . ., x, such that

Cﬂ(DpUDQ):{xl,...,xr},

and the contact at each is quadratic. Using the coordinates itp o, consider the
separatrizes of the centre stable manifoldPgfand of the centre unstable manifold of

Qo given by
W (Po) = {(0s, x¢, 0y), xc <0} and Wr(QO) = {(0Oy, x¢, Oy), xc > O}.

Take a neighborhootl¢ of {x1, ..., x;,} in yo and define

Yo=10 \ (U fé(Uc)>-
i€l

If Ue is small enough then
7o' (Yo N Up) = WE(Po) and mp“(vo N Ug) = W (Qo),

whereny* andzg* are the projections along the leaves &§* and F3“, respectively.
Moreover, for smallr we can define a non-critical continuatign of jp satisfying this
covering property (in the language in §273 contains fundamental domains).

Using the arguments irDR1] we can repeat the constructions in the non-critical case
replacingy; by y; and considering non-critical subséig of WS (P;) as follows:

W=k FFmnv).

XEV:
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Now we can define projections (which are multivalued at some points) ﬁfgﬁrm Up to
W? N Ug along the leaves af/“. More precisely, at this stage we need to takeghe
small enough ang close to 1 in such that

13612)%1’”2
En/vn) + 2o 2 BEM(L— py )
wherer is the number of critical points. Observe that (in each fundamental domain
of y:) WS hasr non-critical levels, sayw? (i). Consider now the projections as in
Lemma 5.14. Then for every cureein a rectangler;, i > 1, there is somg such that

((qb{)(a) N WS (j)e > 2(a).. See DR1] for details. The result now follows as in the
non-critical case.

>2(r+1),

Remark 6.1.The arguments before also work if the cycle contains fundamental domains:
consideryp C¢ W*(Pp) th W*(Qo) consisting of countable many components without
criticalities and such thatry®(yo) and mg“(yo) cover the separatrize®*“(Pp) and

W (Qo), respectively.

7. Proofs of the auxiliary results: Theorem 2.2 and Corollary 2.3
In this section we end the proofs of the auxiliary results in §2.3. Observe that Corollary 2.3
follows immediately from Theorem 2.2.

In view of the proof of Theorem 2.1 and Remark 6.1, to state the first part of
Theorem 2.2 we are left to consider the case in which the projeetjon =5 does
not preserve the ordering. In this case one considers parametgrsorresponding to
secondary cycles and cycl€sf;,, P;,, Q). It can be immediately checked that these
new cycles preserve the orderirgn the continuatiory,, of yo. Applying the arguments
of the proof of Theorem 2.1, for eachwe get an intervaB,, arbitrarily close tor, of
parameters corresponding to non-hyperbolic diffeomorphisms.

Observe that we do not know if these intervals have positive density at 0: in the
proof of Theorem 2.1 we fix compact parts of the leaves of the strong stable and unstable
foliations (the parts corresponding to the continuation®/gf (Qo) andfé‘O(Vl/l’gC(Qo))).

This allows us to control the distortion of the holonomy and thus the size of the bifurcation
intervals. In this general case the size of the compact pait‘@iP;,) we need to consider
goes to infinity as; just observe that the secondary cycle is associated to the intersection
Wit e(Qr,) N f,nN’” (Wieo(P)), Ny, — o0, as in the definition of the secondary cycle, see
(3.15).

Finally, to get the neighborhood of the cycle we argue as in the proof of the critical case,
see 86.3. It suffices to replaein the definition of the neighborhood of the cycle by some
suitableW obtained as follows: define the critical $aind its neighborhood; exactly
asin 86.3. Now it is enough to tak& = (V \ Up).

8. Proofs of the theorems

In this section we prove the theorems in the introduction. Observe that Theorem E is
an immediate consequence of (iii) in Theorem 2.1; just deflaeas the union of the
neighborhood$V in Theorem 2.1, where the;);c; run over7E(M) N NIE(M).

https://doi.org/10.1017/50143385701001067 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001067

70 L. J. Diaz and J. Rocha

8.1. Proof of Theorem D. Consider an ar¢f;);<; with a cyclel'( fo, Po, Qo). Denote
by 1. andg., |Ac| < 1 < |B.|, the central eigenvalues of the cycle.

8.1.1. Proofof(i). To prove the first part of the theorem we classify the cycles according
to the character of the central eigenvalues (real and complex) and the connections (the
existence of critical components of the intersecti@fi(Pp) N W*(Qo)). We consider
generic arcs and observe that there are the following possibilities:
(1) eitheri. or 8. isin (C\ R);
(2) the cycle has real central eigenvalues:
(2.1) the cycle is connected,
(2.2) the cycle is non-connected (every componeri/éf Po) N, W*(Qop) is non-
periodic),
(2.2.1) the cycle is critical: there is a connected componeri¥d§Py)
WH"(Qo) having quadratic criticalities (related to either the strong
stable foliation7y* of W* (Pp) or to the strong unstable foliatiaRy"
of W"(Qo)),
(2.2.2) the cycle is non-critical: every componentWsf (Pp) m W“(Qo) is
non-critical (transverse t&;* and F3").

Cases (1) and (2.2.1)n these cases there is a sequefigeof parameters,, — 0, such
that f;, has a homoclinic tangency associatedPipor Q,, for everys,. More precisely,

in Case (1) and if8. (respectively)r.) is complex then the tangencies are associated to
P;, (respectivelyQ; ). On the other hand, in Case (2.2.1), if the critical component
of W (Po) m W"(Qo) is tangent toFy* (respectively toF**) then the tangencies are
associated t@;, (respectively taP;).

From [R, Theorem C] andj1V, Theorem A], for each large there is a set of positive
measure/,,, J, close tor,, such thatf; has a strange saddle (roughly speaking, the product
of a Hénon-like attractor/repeller by a hyperbolic dynamics) forall J,. In particular,

[t is non-hyperbolic for every € J,,. This completes the proofin Cases (1) and (2.2.1).

Case (2.1).This case follows immediately from Theorem 2.2 using the following remark.

Remark 8.1.Let I'(f, P, Q) a connected cycle with real central eigenvalues. Then it
contains infinitely many fundamental domains.

Case (2.2.2) We claim that one can perturb the arc to get either a critical cycle or a cycle
containing infinitely many fundamental domains. In the first case the conclusion follows
from the arguments in Cases (1) and (2.2.1); in the second it follows from Theorem 2.2.

LEMMA 8.2. Let f be aCk-diffeomorphismk > 1, with a cyclel'(f, P, Q) such that
its central eigenvalues are both real amd* (P) m W*(Q) has a connected component
¥ which is non-periodic and non-critical. Then there gsC*-close to f with a cycle
I'(g, Pg, Q) such that either:

. I'(g, P, Q) is critical; or

° I'(g, Pg, Q) contains infinitely many fundamental domains.
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FIGURES. The intersectiorfi (y)n Wlsoc(P).

Proof. After perturbation we can assume thats C1-linearizable atP and Q. We argue
by contradiction. Suppose that for every connected componehws(P) h W*(Q) one
has thatr**(y) andz**(y) contain only finitely many fundamental domainsWf* (P)
andWe(Q), respectively. If we can perturp to get a critical cycle we are done. Thus let
us suppose that it is not the case and that for eyeanipse tof the cyclel'(g, P,, Q,) is
non-critical. Fixing a component of W*(P) h W*(Q) we have the following.

CLAIM 8.3. Either fi(y) is not contained inW.(P) foralli > 0or f~i(y) is not
contained inW;; .(Q) for all i > 0.

Proof. Suppose that the claim is false, then theré is= 0 such thaty® = fX(y) C

Wi e(P) andy" = Xy c Wioc(Q). The curvey® has extremes® andb®, a®, b* ¢ y*.

We can assume that', b’ ¢ W“(Q), otherwise there is a tangency betwe@ti(P)
and W*(Q) at eithera® or b°, and after perturbation one gets a critical cycle. Let
y' =y U{a®, b*}. Thenf~i(y’) is not contained iWo.(Q) for everyi > 0, otherwise

a® and b* belong toW*(Q). This implies thatf~*(y) is not contained inW;g.(Q),
contradicting our hypotheses. m|

Now suppose, for instance, that(y) is not contained i, .(P) for everyi > 0.
Sincex*s(f!(y)) contains only finitely many fundamental domainsvsf* (P), we have
thaty does not intersedd¥**(P). There are essentially the two possibilities depicted in
Figure 8 for the intersectiofi’ (y) N W (P).

Consider anyc € y and the vectow, tangent toy at x. Sincey is non-critical the
component ofv, in the central direction (the direction spanned by the eigenvettof
A¢) is different from zero. Thus using the linearizing coordinates we get that the vectors
Dy fi(vy) = Vi(y) CONVerge to a vector parallel t6. Now, sincef(x) converges taP,
755 (f*(y)) contains only finitely many fundamental domains, gtdy) is not contained
in Wji:(P), one immediately gets sequences of poiats, z; € (fify) N Wise(P)), and
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of unitary vectorsw;, w; = ((w;)s, (wi)e, Ou) € Ty, f1(y), such that

Il (wi)s ||
—
Il (wi)ell
That is, ifi is large enoughw; is almost parallel ta¥V**(P). It is now clear that we can
perturb f to obtaing with a critical cyclel’ (g, P,, Q). This concludes the proof of the
lemma. |

8.1.2. Proof of (ii). There are two possibilities. First, if the cyd¥ fo, Po, Qo) has
central real eigenvalues the result follows from (i) in Theorem 2.2.

Suppose that the cycle has a complex (non-real) central eigenvalue. In this case
the result follows from DU]: for an open and dense subset of a(¢g);c; exhibiting
a connected heterodimensional cydl€fo, Py, Qo) and having only one central real
eigenvalue there is an intenfat e, ¢] in the parameter space such that:
. the set of parameters corresponding to diffeomorphismg with homoclinic

tangencies associated eitherRoor Q; is dense irf—e, ¢]; and

° for everyr € [—¢, €] the connectiony; of the cycle is contained ih (f;).

Note that in this case one has = ¢ andb, = —¢ for all n. Let us also observe that
in the proofs in PU] the authors assume some conditions on the central eigenvalues, but
these assumptions can be removed exactly as we did in §86.1.

8.1.3. Proof of (iii). Consider an ar¢f;);<; with a cyclel’(fo, Po, Qo) corresponding

to a first bifurcation, i.e(f;);c; € FbC(M). Then (for an open and dense subset of such

arcs) one has that:

. the central eigenvalues of the cycle are both real and positive;

° the projectiontyomry along compact parts of the strong unstable and stable foliations
in 83.1.3 is order preserving;

see the arguments iDR2, §83]. The result now follows arguing exactly as in the proof of

Theorem 2.1. m|

8.2. Proof of Theorem A. Consider a heterodimensional cyd¥ f, P, Q). After

perturbation off we can assume that:

e fisClinearizable atP and Q;

. the central eigenvalues are both real (otherwise we can approximaig a
diffeomorphism with homoclinic tangencies associated eithé t Q);

° the foliationsF** of W*(P) and F** of W*(Q) are defined and every connected
componentof¥* (P) m W*(Q) is transverse to these foliations (otherwise we obtain
homoclinic tangencies).

We now have two possibilities.

. The cycle is connected. The result follows from Corollary 2.3 recalling that the cycle
contains infinitely many fundamental domains, see Remark 8.1.

° The cycle is non-connected. Observe that we can not peitymh P, Q) to
get a critical cycleI'(g, P,, Q) (recall that the cycle is far from tangencies).
Now, from Lemma 8.2, after a new perturbation (if necessary) we get a cycle
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containing infinitely many fundamental domains and the result follows as before
from Corollary 2.3. |

8.3. Proof of Theorem B. Since the cycl@ (f, P, Q) is connected it contains infinitely
many fundamental domains (Remark 8.1). From Corollary 2.3, fixing any neighborhood
Uy of f there is an open subsEtof I/, such that for everg € V there is a transitive set
A, containingPg and Q,. In particular,P, andQ, are persistently connectedh

By hypothesis,P and A (respectivelyQ and B) are homoclinically related; thuB,
and A, (respectivelyQ, and B,) are persistently connected h(smallV). Since to be
persistently connected defines a relation of equivalence Bi@2, [Theorem 3.1]A, and
B, are persistently connected W Finally, [BD2, Theorem C] implies that there is a
residual subseR in V of diffeomorphisms with infinitely many sinks or sources. This
completes the proof of the theorem. m|

8.4. Proof of Corollary C. Suppose thaf has a bicritical cycld™(f, P, Q). Denote

by As, Ae, @andiy, [As] < el < [Mul, (respectivelyBs, Bc and Bu, |Bs| < 1Bel < |Bul)

the eigenvalues obp f*, k the period ofP (respectivelyDy ™, with m the period of
Q). Observe that’(f, P, Q) contains infinitely many fundamental domains. Given any
Cl-neighborhoocuf of f there is an open subsgtconsisting ofg such that:

e thereis atransitive set, containingP, andQ,, recall Corollary 2.3;

° WS (Pg) h W*(Q,) has a bicritical periodic connected component.

After perturbation we can assume that evgigp ) satisfies either (1) or (2) below:

(1) either P, is sectionally dissipative (i.6Ar.(g)A,(g)| < 1) or Q, is sectionally
expansive (i.elB:()s ()] > 1),
(2)  re(@ru(®)] > 1> |Be(8)Bs(g)].

Let us first prove the corollary in the second case, which is the hardest one. For that
we see that there jsC1-close tof with a cyclel'(g, Py, Q,) satisfying the hypotheses in
Theorem B. That is, we get periodic poirtg and B, homoclinically related taP, and
Q,, respectively, such that their derivatives have complex (non-real) eigenvalues.

SinceP, andQ, are in the same transitive set, using the connecting lemnt] iw¢ get
g1 € V suchthatv (p,,) andW*(Q,,) have a quasi-transverse intersection. In particular,
I'(g1, P,;, Qg,) is @ bicritical connected cycle. Unfolding this cycle we ggte V with a
homoclinic tangency associateddy,,. SinceQ,, is not sectionally expansive, unfolding
this tangency we gets with a saddla"éﬁ3 such that its derivative has a complex contracting
eigenvalue (sedq] and [YA]). We claim thatPéﬁ3 can be chosen satisfying:

() WS(PL)NW"(Qyy) # 0
(i)  W"(Pg,) intersects transversel* (Pg,).

The second assertion follows from the standard cone field construction. In this way
we get thatW“(Pés) is close toW[(Q,;) and W* (P,;) accumulates ofV*(Qg,). From
these observations it is now not difficult to get (ii). The first assertion follows fi@in [
we also refer the reader t8D2, Lemmas 2.4-2.6]. Let us sketch the proof of this fact.
From [R] we can think of this tangency as a two-dimensional one associated to‘aacsl
o, o C WS (Qg,), in a normally hyperbolic surfacE which is locally go-invariant
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and such thag; is dissipative inX (this follows from |8.(g2)8s(g2)| < 1, see R]).
Unfolding this tangency (ilL) we getgs such that*(g3) ando*(g3) bound adiskD C =
containing a poimPé3 which is an attractor of the restriction g§ to X, see fA]. Since
the restriction ofg3 to X is area contracting/VS(Pég) is not contained irD: just consider
the backward iterations d""%c(l’ég) and observe that the area of these iterations grows
exponentially. Thusv*(P,,) intersects the boundary @f. Since the stable manifolds of
different periodic points are disjoinWS(Pé%) necessarily intersects’ (g3) C W*(Qyg,)-
This ends the proof of the claim.

We are now ready to end the proof of the corollary in case (2). We claim that (after a new
perturbation if necessary) we can assume WatP,,) intersects transverseWS(Pég).

For that observe that sincg,, and Q,, are in the same transitive set after perturbation
we can get a cyclé€ (g4, P,,, Qg,)- By (i), W"’(Pé§4) accumulates oiW*(Qg,). Now,
unfoldingI' (g4, Pg,, Qg,) We getgs such thatv* (Pg) intersectsWS(Péﬁs) transversely.

The claim and (i) now imply thaP,, and P,, are in the same homoclinic class. We
now have an open and dense sub$eof V such that for everg € W:

e there is a saddle’, homoclinically related toP, such that its derivative has a
contracting complex eigenvalue.

Applying the previous arguments @, we get an open and dense sulggenf WV of
diffeomorphisms: with a saddleQ;, homoclinically relatedQ) such that the derivative
of 0, has a non-real expanding eigenvalue. By construction, gvany)’ satisfies the
hypotheses of Theorem B. This concludes the proof of the corollary in case (2).

In the first case, suppose, for instance, thas sectionally dissipative and consider the
subsetd/; of V defined by

Vi = {g € V such thalg has at least hyperbolic sinks.

By definition, the) are open. We claim that eveby is dense inV. In fact, it is enough
to see thaV is dense in;_1. To get the density oF in Vi_1, fix g in Vx_1. As before,
we first perturbg to get a bicritical cycle. After a new perturbation, we get a homoclinic
tangency associated #®,. SinceP, is sectionally dissipative, this leads to the creation of
a new sink, seeMV].

Finally, we letR = NV. By constructionR is a residual subset df consisting of
diffeomorphisms with infinitely many sinks. This completes the proof of the corollary.
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