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Abstract. We studyCk-diffeomorphisms,k ≥ 1, f : M → M, exhibiting hetero-
dimensional cycles (i.e. cycles containing periodic points of different stable indices).
We prove that iff can not beCk-approximated by diffeomorphisms with homoclinic
tangencies, thenf is in the closure of an open setU ⊂ Diff k(M) consisting of
diffeomorphismsg with a non-hyperbolic transitive set3g which is locally maximal and
strongly partially hyperbolic (the partially hyperbolic splitting at3g has three non-trivial
directions). As a consequence, in the case of 3-manifolds, we give new examples of open
sets ofC1-diffeomorphisms for which residually infinitely many sinks or sources coexist
(C1-Newhouse’s phenomenon). We also prove that the occurrence of non-hyperbolic
dynamics has persistent character in the unfolding of heterodimensional cycles.

1. Introduction
The concept of a homoclinic orbit (an orbit of intersection of the stable and unstable
manifolds of a hyperbolic saddle) plays a key role in dynamics: transverse homoclinic
orbits imply the existence of horseshoes (hyperbolic, transitive, and invariant sets where
the periodic orbits are dense) which in their turn are a characteristic ingredient of complex
dynamical behavior. Thus, an important problem in dynamics is to understand the main
mechanisms leading to the appearance of new homoclinic orbits. This question leads us
to study the phenomena ofcreation and unfolding of cycles. These phenomena yield
infinitely many changes in the dynamics, calledbifurcations. If the cycle is associated
to hyperbolic periodic points of the sameindex(dimension of the stable manifold), then
its creation involves homoclinic tangencies. These homoclinic bifurcations, at least in the
setting of dissipative surface diffeomorphisms, give rise to relevant dynamical phenomena
such as cascades of period doubling bifurcations [YA ], Hénon-like attractors [MV ], and
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the coexistence of infinitely many sinks and H´enon-like attractors [N2, PT3, C], among
others. See also [PV] and [R] for the generalizations of these results to higher dimensions.

In this article we focus our attention on cycles associated to periodic points having
different (stable) indices, the so-calledheterodimensional cycles. These cycles were
considered in the 1970s in [NP] and developed in a series of recent papers (see
[D1, D2, DU, DR1, DR2]). Besides the intrinsic interest of these cycles, motivated mainly
by bifurcation theory, the importance of the heterodimensional cycles has been renewed
by recent results showing that such cycles appear in a natural way in the study of transitive
partially hyperbolic dynamics, see [BD1, DPU, H].

Heterodimensional cycles do not lead necessarily to homoclinic tangencies, so thus the
features of the dynamics arising from these bifurcations are rather different from the ones
described in the homoclinic setting. For instance, bifurcations across heterodimensional
cycles typically lead to the coexistence of horseshoes of different indices. In some
cases one gets hyperbolic dynamics and these horseshoes are disjoint (see [DR2]).
However, in some relevant cases these horseshoes areintermingled: they are contained
in the same transitive set. Such a topological configuration implies that the dynamics
is non-hyperbolic. But this non-hyperbolic dynamics may keep some memory of the
hyperbolicity before the unfolding of the cycle so that the dynamics satisfies a weak form
of hyperbolicity, calledpartial hyperbolicity.

Here, for a large class of diffeomorphisms with heterodimensional cycles, including
those which can not be approximated by homoclinic tangencies, we prove that the
unfolding of the cycle leads to diffeomorphismsg for which the periodic points in the
cycle, sayP andQ where index(P ) > index(Q), are such thatWs(P ) is contained in the
closure ofWs(Q). In rough terms, this means that thetopological dimensionof Ws(Q) is
larger than the dimension ofWs(Q) (equal to the index ofQ). This property is used as the
main step towards proving thatP andQ are in the same transitive set ofg, and thusg is
non-hyperbolic. We point out that our arguments work for anyk ≥ 1.

In this paper we study heterodimensional cycles from two points of view: the structure
of the non-wandering set and the measure of the bifurcation set of arcs of diffeomorphisms.
In fact, these two approaches are closely related.

1.1. Structure of the non-wandering set: transitivity, creation of cycles, and partial
hyperbolicity. Our first results are motivated by the following theorem of Ma˜né [M3] for
surface diffeomorphisms: generically (for a residual subset) aC1-surface diffeomorphism
f satisfies one of the following two possibilities; eitherf satisfies the Axiom A and the
no-cycles properties (in particular, the non-wandering set�(f ) of f is the union of finitely
many pairwise disjoint basic sets), orf has infinitely many sinks or sources.

Let us first observe that it is an open question whether the second possibility may
be eliminated. Moreover, Ma˜né’s result does not hold in higher dimensions, see for
instance [M1] and [Sh]. After [BD2], we also know that the coexistence of infinitely many
sinks/sources is locally generic forC1-diffeomorphisms of three manifolds. Thus a natural
aim is to obtain a suitable version of Ma˜né’s result in higher dimensions. Some progress in
this direction has been obtained by replacing the usual uniform hyperbolicity assumption
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by a weaker one (partial hyperbolicity in dimension three anddominated splittingsin
higher dimensions, see [DPU, BDP, BV]).

A second motivation is the study of partially hyperbolic diffeomorphisms, for previous
results in this subject see, chronologically, [BP, PeSi, Sh, M1, GPS, BD1, DPU, BV,
ABV ]. Here we study non-hyperbolic transitive sets having some kind of stability
or persistence. We consider diffeomorphisms with heterodimensional cycles and state
conditions implying that after small perturbations one gets partially hyperbolic and
robustly transitive sets containing the continuations of the points in the cycle, see
Theorem A below. Observe that in the case ofequidimensional cycles(all the points in
the cycle have the same index) this result is trivial: after a perturbation all points in the
cycle are in the samehorseshoe.

Let us be more precise. LetM denote a compact, connected, and boundaryless
n-dimensional Riemannian manifold. A diffeomorphismf defined onM exhibits a
heterodimensional cycle0 associated to the hyperbolic periodic pointsP andQ if Ws(P )

and Wu(Q) have a non-trivial transverse intersection, andWu(P) and Ws(Q) have a
quasi-transverse intersection of codimension one. In this case one has index(P ) =
index(Q) + 1. We write0 = 0(f, P,Q). Observe that iff has a heterodimensional
cycle then the dimension ofM is at least three. Denote by Diffk(M) the space ofCk-
diffeomorphisms defined onM endowed with the usual topology.

THEOREM A. Suppose thatf ∈ Diff k(M), k ≥ 1, has a heterodimensional cycle
0(f, P,Q) and thatf can not be approximated by diffeomorphismsg with homoclinic
tangencies associated to the continuationsPg and Qg of P and Q. Then for every
neighborhoodUf of f in Diff k(M) there is an open subsetV ⊂ Uf such that every
g ∈ V has a strong partially hyperbolic transitive set containingPg andQg .

Here bystrong partially hyperbolic setwe mean a partially hyperbolic set having three
non-trivial directions, see the precise definition in §2.2. Let us make some comments on
this result. First we observe that our proof gives that the strong partially hyperbolic set
in Theorem A, say3g , is contained in the closure of the transverse homoclinic points of
Qg . Moreover, there is an open setV containing the orbits of the periodic points and the
points of quasi-transverse intersections betweenWs(Pg) andWu(Qg) such that3g is the
maximal invariant set ofg in V . Actually,3g is the closure of the homoclinic points ofQg

in such a locally maximal set (i.e. the set3g is therelative homoclinic class ofQg in V ).

For a second remark let us recall that Hayashi’s connecting lemma [H] asserts (in rough
terms) that by aC1-perturbation of arobustly non-hyperbolic transitive setone can create
heterodimensional cycles. Thus Theorem A is a converse (which holds in anyCk-topology,
k ≥ 1) of the connecting lemma in the partially hyperbolic context.

Finally, let us recall the notion ofpersistent connection. Two hyperbolic periodic points
P andQ with different indices of a diffeomorphismf areCk-persistently connectedin
a Ck-neighborhoodU of f if there is a dense subsetD of U such that everyg ∈ D

has a transitive set3g containingPg andQg . From [BD2, Proposition 1.1],P andQ

areC1-persistently connected inU if and only if the diffeomorphismsg exhibiting cycles
0(g, Pg,Qg) are dense inU . Theorem A gives conditions on a cycle0(f, P,Q) (satisfied
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for every cyclefar from homoclinic tangencies) implying thatP andQ areCk-persistently
connected (k ≥ 1) after a perturbation off .

As in [DPU, Theorems C and E], the phenomena of approximation by tangencies
and the existence ofcentral (i.e. weak expanding or contracting) non-real eigenvalues
are closely related. Given a periodic pointR of f let |λ1(R)| ≤ · · · ≤ |λn(R)| be
the eigenvalues ofDRf m, m being the period ofR. Suppose that the pointsP andQ

in 0(f, P,Q) have indicesr and r − 1. Then the hypothesis on the approximation by
tangencies in Theorem A may be replaced by:
• Let g be close tof andR be a periodic point ofg homoclinically related either to

Pg or Qg. Then thecentral eigenvalueλr (R, g) is a real number.

1.2. Coexistence of infinitely many sinks/sources.A diffeomorphismf satisfies theCk-
Newhouse’s phenomenonif for everyCk-neighborhoodUf of f there are an open subset
V of Uf and a residual subsetR of V consisting of diffeomorphisms with infinitely many
sinks or sources. Fork ≥ 2, Newhouse’s phenomenon is associated to the existence
of homoclinic tangencies and the creation of thick horseshoes, see [N1, N2, PT3] for
surface diffeomorphisms and [PV] for higher dimensions. On the other hand, fork = 1
the situation is rather different and it is an open question whether theC1-Newhouse’s
phenomenon holds for surface diffeomorphisms (see also [U, PuSa]). Recently, in
the case of three-dimensional diffeomorphisms, [BD2, Theorem C] gives the following
mechanism leading to theC1-Newhouse’s phenomenon: letf be aC1-diffeomorphism
having two hyperbolic periodic pointsA and B (of indices 2 and 1), which areC1-
persistently connected inU , and such thatDAf n andDBf m (n andm are the periods ofA
andB) both have two complex (non-real) eigenvalues, thenf satisfies theC1-Newhouse’s
phenomenon.

In [BD2] to obtain pointsA andB as before (different indices, derivatives with non-
real eigenvalues, and persistently connected) two types of dynamical configurations are
analyzed: perturbations of the diffeomorphisms in the proof of the non-genericity of�-
stability by Abraham–Smale (see [AS, Si]) and bifurcations ofnon-critical connected
heterodimensional cycles. Let us now discuss this second type of examples and give some
definitions.

Let 0(f, P,Q) be a heterodimensional cycle, where index(P ) = r. We say that
0(f, P,Q) has real central eigenvaluesif |λr−1(P )| < |λr(P )| < 1 < |λr(Q)| <

|λr+1(Q)|. If 0(f, P,Q) has real central eigenvalues then we can define thestrong
stable foliationF ss of Ws(P ) and thestrong unstable foliationFuu of Wu(Q) (i.e. the
uniquef -invariant foliations of codimension one inWs(P ) andWu(Q), respectively). A
componentγ of the transverse intersection betweenWs(P ) andWu(Q) is non-critical
if it is transverse toF ss (in Ws(P )) and toFuu (in Wu(Q)). Similarly, γ is s-critical
(respectivelyu-critical) if it is tangent toF ss (respectivelyFuu) at some point. Finally,
γ is bicritical if it is simultaneouslys- andu-critical. We say that the cycle0(f, P,Q)

is connectedif the transverse intersection betweenWs(P ) andWu(Q) has a connected
componentγ such thatf h(γ ) = γ for someh 6= 0. Let us observe that the main source
of examples of cycles satisfying Theorem A are the connected ones.

For the next two results we focus our attention onC1-diffeomorphisms of 3-manifolds.
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Let 0(f, P,Q) be a connected cycle with real central eigenvalues andγ a periodic
component ofWs(P ) t Wu(Q). Since the dimension ofM is three, we have that
the indices ofP and Q are 2 and 1, respectively. Suppose thatP (respectivelyQ) is
homoclinically related to some periodic pointA (respectivelyB) with a complex (non-
real) eigenvalue. In [BD2], assuming thatγ is non-critical as well as some conditions on
the restriction off to the intersectionγ , it is proved that after a perturbation off one
getsg such that the continuationsAg andBg of A andB areC1-persistently connected.
Thus,g satisfies theC1-Newhouse’s phenomenon. The next result asserts that these two
hypotheses are not necessary.

THEOREM B. Let f be a C1-diffeomorphism defined on a three-dimensional manifold
such that:
(i) f has a connected heterodimensional cycle0(f, P,Q) with real central

eigenvalues;
(ii) there are hyperbolic periodic pointsA and B homoclinically related toP andQ,

respectively, such that the derivative off at A (respectivelyB) has a complex (non-
real) eigenvalue.

Thenf can beC1-approximated by a diffeomorphismg such thatAg and Bg are C1-
persistently connected. In particular,f satisfies theC1-Newhouse’s phenomenon.

Finally, let us state a corollary of the previous theorem.

COROLLARY C. Let f be a three-dimensionalC1-diffeomorphism exhibiting a bicritical
connected heterodimensional cycle. Thenf satisfies theC1-Newhouse’s phenomenon.

1.3. Parametrized families of diffeomorphisms: measure of the bifurcation set.As the
creation of cycles is a fundamental mechanism to produce a string of complicated changes
in the dynamics, it seems relevant to consider arcs of diffeomorphisms(ft )t∈I exhibiting a
cycle (for instance att = 0) and describe the dynamical features more frequently displayed
by the diffeomorphismsft (in the sense of the Lebesgue measure of parameters). A
dynamical featureP is persistent(at the bifurcation) if for everyt0 > 0 there is a set
E ⊂ [−t0, t0] having positive measure such thatft satisfiesP for all t in E. One also aims
to determine these phenomenaP which areprevalentat the bifurcation: there isc > 0
such that for all smallt0 > 0 the setE of parameterst such thatft satisfiesP has density
larger thanc in [−t0, t0] (i.e. |E∩[−t0, t0]| > ct0, where| · | denotes the Lebesgue measure
in R).

For bifurcations associated to tangencies, especially in two dimensions, the results
in [N1, PT1, PT2, PY1, PY2] have brought up the importance of fractal dimensions
(thickness, Hausdorff dimension, and capacity) of the hyperbolic sets in the cycle for
measuring the frequency of hyperbolic dynamics after the bifurcation, see also [P].
Until now, and as far as we know, in the case of heterodimensional cycles these fractal
dimensions did not play such a key role. In the results obtained previously the frequency
of hyperbolic dynamics has been mainly determined by the geometry ofWs(P ) ∩ Wu(Q)

(number and relative size of the connected components ofWs(P ) ∩ Wu(Q), and the
existence of criticalities) as well as by the dynamics off in the central direction, see
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[D1, D2, DU, DR1, DR2]. So we analyze the dynamical behavior of heterodimensional
cycles according to these features. Therefore, let us introduce some notation and
definitions.

Denote byP(M) the space ofC∞-arcs of diffeomorphisms (endowed with the usual
C∞-topology), byH(M) the subset ofP(M) of arcs unfolding a heterodimensional cycle
generically, and byC(M) the subset ofH(M) of arcs unfolding connected cycles.

Thebifurcation setB of (ft )t∈I is the set of parameterst such that the limit set offt ,
L(ft ), is not hyperbolic. From now on, we assume thatI = [−1, 1] and that the arcs
unfold the cycle att = 0. The arc has afirst bifurcation att = 0 if ft satisfies Axiom A
and the no-cycles condition for everyt < 0. LetFbC(M) denote the subset ofC(M) of
arcs having a first bifurcation att = 0. Finally, letRC(M) be the subset ofC(M) of arcs
such that the cycle has at least one real central eigenvalue associated toP or Q. Let us
observe that if the cycle is a first bifurcation then (generically) its central eigenvalues are
both real and positive (for details see the arguments in [DR2]).

THEOREM D.
(i) Persistence of non-hyperbolicity. There is an open and dense subsetA0(M) of

H(M) such that the bifurcation setB of every(ft )t∈I in A0(M) satisfies

|B ∩ [−t, t]| > 0

for all t > 0.
(ii) There is an open and dense subsetA1(M) of RC(M) such that for every(ft )t∈I in

A1(M) there is a sequence of non-trivial intervalsBn = [b−
n , b+

n ] contained in the
bifurcation set of(ft )t∈I such thatb±

n → 0.
(iii) Prevalence of non-hyperbolicity. There is an open and dense subsetA2(M) of

FbC(M) such that for every(ft )t∈I in A2(M) the sequence of intervalsBn in (ii)
can be taken satisfying

lim inf
t→0+

|B ′ ∩ [−t, t]|
2t

> 0, B ′ =
⋃
n

Bn.

Finally, we describe some topological features of the non-wandering set arising from
the unfolding of heterodimensional cycles. Consider an arc(ft )t∈I unfolding a cycle
0(f0, P0,Q0). Theresulting non-wandering set offt , denoted by�′(ft ), is the restriction
of the non-wandering set offt to a fixedneighborhood of the cycle(an open set containing
the intersections of the invariant manifolds ofP0 andQ0). In some cases (including first
bifurcations), for a prevalent set of parameterst we prove that after the bifurcation the
homoclinic classH(Qt) of Qt (i.e. the closure of the transverse intersections between
Ws(Qt ) andWu(Qt )) is strong partially hyperbolic and containsPt . Observe thatH(Qt)

is always transitive. In fact, we obtain somewhat more:Ws(Pt ) ∩ Wu(Qt ) ⊂ H(Qt) ⊂
�′(ft ). Thus, to get an appropriate description of the resulting non-wandering set one
needs to impose some conditions onWs(P0)∩Wu(Q0). Let us now state such conditions.

A cycle 0(f, P,Q) is elementaryif Ws(P ) is transverse toWu(Q) and Ws(P ) ∩
Wu(Q) has finitely many connected components. In particular, every elementary cycle is
connected. Moreover, for an open and dense subset of arcs unfolding elementary cycles one
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has real central eigenvalues (see [DR2]) and one can define the strong stable and unstable
foliations and speak of non-critical cycles. Denote byE(M) the subset ofC(M) of arcs
unfolding an elementary cycle and byNIE(M) the subset ofE(M) of arcs unfolding a
non-critical cycle associated to isolated points of the limit set.

Given(ft )t∈I with a cycle0(f0, P0,Q0) let S denote the set of parameterst such that
the resulting limit set�′(ft ) is strongly partially hyperbolic and equal toH(Qt). SincePt

andQt belong to�′(ft ), the setS is contained in the bifurcation set of(ft )t∈I .

THEOREM E. There is an open and dense subsetA3(M) ofNIE(M) such that

lim inf
t→0

|S ∩ [−t, t]|
2t

> 0

for every(ft )t∈I in A3.

2. Basic definitions and auxiliary results
2.1. Heterodimensional cycles.Let f : M → M be a diffeomorphism andP and
Q hyperbolic periodic points off . We say thatf exhibits aheterodimensional cycle
0(f, P,Q) associated toP and Q if Ws(P ) and Wu(Q) have non-empty transverse
intersection, andWu(P) andWs(Q) have a quasi-transverse intersection (i.e. there is an
x ∈ Wu(P) ∩ Ws(Q) such that dim(TxW

u(P ) + TxWs(Q)) = n − 1, wheren is the
dimension ofM). Recall that theindexof a hyperbolic periodic point is the number of
eigenvalues, counted with multiplicity, of modulus less than one of its derivative. Then the
pointsP andQ in 0(f, P,Q) satisfy

index(P ) = index(Q) + 1. (2.1)

2.1.1. Connected, elementary, and non-critical heterodimensional cycles.The cycle
0(f, P,Q) is connectedif there is a connected componentγ (called theconnection) of
Ws(P ) t Wu(Q) that is periodic (i.e.f k(γ ) = γ for somek ≥ 1). The cycle is
elementaryif there is a connectionγ such that

Ws(P ) ∩ Wu(Q) = Ws(P ) t Wu(Q) = γ ∪ · · · ∪ f k(γ ).

Let λc andβc, |λc| < 1 < |βc|, be eigenvalues ofDP f k andDQf m, with k andm

the periods ofP andQ. We say thatλc andβc arecentral eigenvalues of0(f, P,Q)

if |λ| ≤ |λc| (respectively|β| ≥ |βc|) for every contracting (respectively expanding)
eigenvalue ofDP f k (respectivelyDQf m). Observe that,a priori, the central eigenvalues
are not uniquely defined (for instance, ifλc is non-real). The cycle hasreal central
eigenvaluesif the central eigenvalues are uniquely defined, in particularλc, βc ∈ R, and
have multiplicity one. Let us observe that if0(f, P,Q) is elementary then (for an open
and dense subset of diffeomorphisms exhibiting such cycles) it has real central eigenvalues
λc andβc which are positive, see the arguments in [DR2, §3] for details. In this case,
f p(γ ) = γ , wherep = lcm(k,m), andγ is the connection of0(f, P,Q).

If 0(f, P,Q) has real central eigenvalues then there is a uniquestrong stable foliation
F ss defined onWs(P ) with f -invariant leaves of dimension index(P ) − 1 (respectively
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P0 Q0

γ0

t = 0

t < 0 t > 0

x0

xt

FIGURE 1. The unfolding of a heterodimensional cycle.

strong unstable foliationFuu defined onWu(Q) with leaves of dimension(n − index(Q)

− 1)). We say that0(f, P,Q) is non-critical if every connected component ofWs(P ) t
Wu(Q) is transverse toF ss (in Ws(P )) and toFuu (in Wu(Q)).

2.1.2. Generic unfolding of cycles.Consider a cycle0(f, P,Q). The following
conditions hold generically (for an open and dense subset of diffeomorphisms exhibiting
heterodimensional cycles):
(HC1) Wu(P) ∩ Ws(Q) = {f i(x)}i∈Z;
(HC2) TxW

u(P ) + TxWs(Q) = TxWu(P ) ⊕ TxW
s(Q); and

(HC3) the transverse intersection betweenWs(P ) and Wu(Q) is a countable or finite
union of pairwise disjoint curves (i.e. it is one-dimensional).

Consider now an arc(ft )t∈I=[−1,1] with a genericcycle0(f0, P0,Q0) at t = 0 (i.e.
satisfying (HC1)–(HC3)). Let{f i

0(x0)}i∈Z be the orbit of intersection betweenWu(P0)

andWs(Q0). We can assume that

x0 ∈ f
h0
0 (Wu

loc(P0)) ∩ Ws
loc(Q0), for someh0 ≥ 0,

whereWs,u
loc (R) denotes the local stable/unstable manifold ofR. We say that the arc(ft )t∈I

unfolds the cycle att = 0 genericallyif there areC1-mapsx : I → M, x(0) = x0, and
d : I → R+, d(0) 6= 0, such that:
(GU1) x(t) = xt ∈ f

h0
t (Wu

loc(Pt )) for all t ;
(GU2) dist(xt ,W

s
loc(Qt)) = |t| d(t);
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(GU3) Tx0M = Tx0W
u(P0) ⊕ Tx0W

s(Q0) ⊕ L, whereL is the one-dimensional space
spanned byx ′(0), the vector tangent to the curve(xt )t∈I at t = 0.

2.2. Basic definitions, standing notation, and generic hypotheses.
2.2.1. Df -invariant splittings. Let us now recall some definitions and introduce some
notation. Anf -invariant set6 is transitiveif it is the closure of the orbit of some pointx

in 6. We consider three types ofDf -invariant splittings forT6M: uniformly dominated,
hyperbolic, and strongly partially hyperbolic. We proceed now to describe them. ADf -
invariant splittingT6M = E ⊕ F over6 is uniformly dominatedif there arem > 0 and
K < 1 such that

‖Dxf m/E‖‖Df m(x)f
−m/F ‖ < K, for everyx ∈ 6,

where‖ · ‖ denotes the norm.
A Df -invariant splittingT6M = Es ⊕ Eu is hyperbolicif there are constantsC > 0

and 0< λ < 1 such that

‖Dxf n(vs)‖ ≤ Cλn‖vs‖
‖Dxf −n(vu)‖ ≤ Cλn‖vu‖

}
for all x ∈ 6, vi ∈ Ei

x , i = s, u, andn ≥ 0.

If T6M admits a hyperbolic splitting we say that6 is hyperbolic. If 6 is transitive and
hyperbolic then dim(Es

x) = dim(Es
y) for all x, y ∈ 6. This number is theindex of6.

Finally, 6 is strongly partially hyperbolicif there is aDf -invariant splitting ofT6M

into three non-trivial directionsEs , Ec, andEu (the stable, center, and unstable directions),
T6M = Es ⊕ Ec ⊕ Eu, and constantsC > 0 and 0< λ < 1 such that

‖Dxf n(vs)‖ ≤ Cλn‖vs‖ and ‖Dxf −n(vu)‖ ≤ Cλn‖vu‖,
for all x ∈ 6 andvi ∈ Ei

x , i = s, u, andn ≥ 0. Moreover, if we letEcs = Ec ⊕ Es and
Ecu = Ec ⊕Eu, then the splittingsEs ⊕Ecu andEcs ⊕Eu are both uniformly dominated.

2.2.2. The resulting non-wandering set.Consider an arc(ft )t∈I with a cycle
0(f0, P0,Q0) at t = 0. An open setV is a neighborhood of the cycleif it contains
H(P0), H(Q0), Wu(P0) ∩ Ws(Q0), andWs(P0) ∩ Wu(Q0). The maximal invariant
set offt in V , denoted by3t(V ), is the set of points whoseft -orbit is contained in
V , i.e. 3t(V ) = ∩i∈Zf i

t (V ). We define theforward (respectively backward) invariant
set offt in V , 3+

t (V ) (respectively3−
t (V )), by 3+

t (V ) = ∩i≤0f
i
t (V ) (respectively

3−
t (V ) = ∩i≥0f

i
t (V )). The resulting non-wandering set�′(ft ) in V is �(ft ) ∩ V .

Finally, thebifurcation set associated toV of (ft )t∈I is the set of parameterst such that
L(ft ) ∩ 3t(V ) is not hyperbolic.

To obtain a topological description of the resulting non-wandering set, we focus our
attention on the setNIE(M) of arcs unfolding non-critical elementary cycles associated
to isolated points of�(f0). In this case, ifV is small,�′(ft ) only depends on the level of
the filtration containing the cycle (see [DR2, §3.3]). Thus, let us omit the neighborhoodV

and write3t instead of3t(V ). Let

S = {t ∈ I : �′(ft ) = L(ft ) ∩ 3t = 3t = H(Qt) is strongly partially hyperbolic}.
From the transitivity ofH(Qt), and since�′(ft ) contains the pointsPt andQt of different
indices,L(ft ) is not hyperbolic for everyt in S, i.e.S consists of bifurcation parameters.
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2.3. Auxiliary results. For the sake of clearness we first focus our attention on arcs
(ft )t∈I ∈ H(M) with two central real eigenvalues. Denote such a subset byR2H(M).
Given(ft )t∈I ∈ R2H(M) with a cycle0(f0, P0,Q0), let λc(0) andβc(0), |λc(0)| < 1 <

|βc(0)|, be its central eigenvalues. We also letλc(t) andβc(t) be the continuations ofλc(0)

andβc(0) for small |t|. For simplicity, let us assume thatP0 andQ0 are fixed points. Next
consider the dense subsetJ (M) of R2H(M) (see [St]) of arcs such that:

(J1) for every small|t| the diffeomorphismft is C1-linearizable atPt andQt , and the
linearizations can be taken to depend continuously ont ;

(J2) log(λc(0))/ log(βc(0)) is irrational;
(J3) λ′

c(0) 6= 0 6= β ′
c(0).

Writing J E(M) = J (M) ∩ E(M), we prove the following result.

THEOREM 2.1. Let (ft )t∈I ∈ JE(M) be an arc with a cycle0(f0, P0,Q0). Then there is
a neighborhoodW of (ft )t∈I inH(M) such that for every(gt )t∈I ∈ W there is a sequence
(Bn)n of pairwise disjoint closed intervals converging to zero such that:

(i) lim inf
t→0

|B ∩ [−t, t]|
2t

> ς > 0, B =
⋃
n

Bn;

(ii) Ws(Pgt ) t Wu(Qgt ) ⊂ H(Qgt ) ⊂ L(gt ) for all t ∈ Bn.
(iii) Suppose thatP0 andQ0 are isolated inL(f0) and that the cycle is non-critical, i.e.

(ft )t∈I ∈ NIE(M). Then, for every small neighborhoodV of the cycle and every
largen, there isS′

n ⊂ (S ∩ Bn) with full measure inBn.

Observe that the tangent space of any curveδt in Ws(Pgt ) t Wu(Qgt ) does not admit
a hyperbolic splitting: every vector tangent toδt is asymptotically contracted by bothDgt

andDg−1
t . Thus, the intervalsBn are in the bifurcation set associated to any neighborhood

of the cycle.

Consider now a cycle0(f, P,Q) with real central eigenvalues, say|λc| < 1 < |βc|.
Then the strong stable and unstable foliations,F ss andFuu, in Ws(P ) andWu(Q) are
defined. Consider a one-dimensionalcentre stable manifold ofP , Wcs(P ), tangent to
the eigenspace associated toλc, and the projectionπss from Ws(P ) to Wcs(P ) along the
leaves ofF ss . Analogously, consider acentre unstable manifold ofQ, Wcu(Q), and the
projectionπuu from Wu(Q) to Wcu(Q) along the leaves ofFuu. The cycle0(f, P,Q)

contains fundamental domainsif there are curvesγ1, . . . , γk in Ws(P ) t Wu(Q) such that
either the union of the interiors ofπss(γ1), . . . , π

ss(γk) contains a fundamental domain of
Wcs(P ), or the union of the interiors ofπuu(γ1), . . . , π

uu(γk) contains a fundamental
domain ofWcu(Q). This definition does not depend on the choice of the centre manifolds.
Moreover, every connected cycle contains fundamental domains.

THEOREM 2.2. Let (ft )t∈I be an arc inJ (M) with a cycle0(f0, P0,Q0) containing
fundamental domains. Then there is a neighborhoodW of (ft )t∈I such that for every
(gt )t∈I ∈ W there is a sequence(Bn)n of pairwise disjoint closed intervals converging to
zero such that:

(i) Ws(Pgt ) ∩ Wu(Qgt ) ⊂ L(gt ) for all t ∈ Bn, thusBn is contained in the bifurcation
set;
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(ii) for every t ∈ Bn there is agt -invariant set3gt containingPgt and Qgt that is
transitive, locally maximal, and strongly partially hyperbolic.

Finally, we have the following version of Theorem 2.2 forCk-diffeomorphisms,k ≥ 1.

COROLLARY 2.3. Letf be aCk-diffeomorphism,k ≥ 1, with a cycle0(f, P,Q) with real
central eigenvalues and containing fundamental domains. Then for everyCk-neighborhood
Uf of f there is aCk-open subsetV of Uf such that for everyg ∈ V one has:
(i) Ws(Pg) ∩ Wu(Qg) ⊂ L(g);
(ii) there is ag-invariant set3g containing Pg and Qg that is transitive, locally

maximal, and strongly partially hyperbolic.

Here, for simplicity, we first prove Theorem 2.1 in the non-critical case. This proof
allows us to introduce the main tools of our constructions: families of transitions and
returns (§3.2), secondary cycles (§3.4), and blenders (§3.5). In §6 we explain how the
general version of Theorem 2.1 and the proofs of Theorem 2.2 and Corollary 2.3 follow
from the arguments in the proof of Theorem 2.1 in the non-critical case.

3. Main tools: transitions, itineraries, secondary cycles, and blenders
To prove Theorem 2.1 we begin by considering arcs(ft )t∈I ∈ J E(M) with a non-critical
cycle, that is, satisfying:
(NC) the connectionγ0 of 0(f0, P0,Q0) satisfiesγ0 = Ws(P0) ∩ Wu(Q0) = Ws(P0) t

Wu(Q0) and it is transverse to the strong stable and unstable foliations.
From now on consider a fixed arc(ft )t∈I ∈ J E(M) ∩NE(M).

3.1. Coordinates, foliations, and projections.
3.1.1. Linearizing coordinates. Let n ≥ 3 be the dimension ofM and let λ1(t),

. . . , λn(t) (respectivelyβ1(t), . . . βn(t)) be the eigenvalues ofDPt ft (respectivelyDQt ft ),
where|σi(t)| ≤ |σi+1(t)|, σ = λ, β. From (2.1) the indices ofPt and Qt are r and
r − 1 ≥ 1, respectively. Since(ft )t∈I ∈ E(M) one has
(CE) |λr−1(t)| < λr(t) < 1 < βr(t) < |βr+1(t)| for every|t| close to 0.
For simplicity from now on we writeλr(t) = λt andβr(t) = βt . For smallt denote
by γt the continuation of the connectionγ0 of the cycle, i.e. the connected component of
Ws(Pt ) t Wu(Qt ) close toγ0. Generically the closure ofγt is tangent atPt (respectively
Qt ) to the eigenspace associated toλt (respectively toβt ), see [D1, §3] for details. In other
words,γt is a separatrix of a centre stable manifold ofPt and of a centre unstable manifold
of Qt . Consider the neighborhoodsUP and UQ of Pt andQt (independent oft) whereft

is linearizable. From the previous comments we can take the linearizing coordinates such
that

γt ∩ UP = {x = (x1, . . . , xn) such thatxi = 0 for all i 6= r andxr < 0},
γt ∩ UQ = {x = (x1, . . . , xn) such thatxi = 0 for all i 6= r andxr > 0}.

Givenx ∈ UP ∪ UQ we writex = (xs, xc, xu), wherexs = (x1, . . . , xr−1), xc = xr , and
xu = (xr+1, . . . , xn). In UQ we define the subsets

S(Qt ) = {(xs, xc, 0u)}, S(Qt )
+ = S(Qt ) ∩ {xc > 0}.
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Due to the geometry of the cycle and the non-critical assumption (NC), since every
z = (0s, zc, 0u) ∈ UQ with zc > 0 belongs toγt , we can take the linearizing coordinates
in UQ such that

S(Qt )
+ ⊂ Ws(Pt ).

Analogously, using the coordinates inUP , we can assume that

S(Pt ) ⊂ Ws(Pt ), whereS(Pt ) = {(xs, xc, 0u)} ⊂ UP .

3.1.2. Foliations. In UP and UQ consider the extensions of the strong stable and
unstable foliations with leavesFss

t = {(xs, 0, 0u)} andFuu
t = {(0s, 0, xu)}, respectively.

Using the non-criticality condition, for small|t| we can extend these foliations to a small
neighborhoodU (independent oft) of the connectionγt . Such extensions, also denoted
by F ss

t andFuu
t , a priori, are notft -invariant. Recalling that|λt | > |λi(t)| for all

1 ≤ i ≤ (r − 1) and|βt | < |βi(t)| for all (r + 1) ≤ i ≤ n, and using the non-criticality
condition one obtains

lim
n→∞ C(f −n

t (x), F ss
t (f −n

t (x)) ∩ UQ) → Ws
loc(Qt ),

lim
n→∞ C(f n

t (x), F uu
t (f n

t (x)) ∩ UP ) → Wu
loc(Pt ),

for anyx ∈ γt , where the convergence is understood to be in theC1-topology andC(x,A)

denotes the connected component of the setA containingx.
Observe that we can assume thatx0 ∈ UQ and f

−h0
0 (x0) ∈ UP , h0 as in (GU1)

in the definition of generic unfolding of the cycle. LetB = f
h0
0 (UP ) and take a small

neighborhoodU0 ⊂ UQ of x0 with U0 ⊂ B. Consider the neighborhoodV of the cycle
given by

V = UP ∪ UQ ∪ U ∪ (∪h0
i=0f

−i
0 (U0)). (3.1)

Our next objective is to extend the foliations to the wholeV by iterations off ±
t . For

instance, inB we consider the extensioñFuu
t with leaves

F̃ uu
t (x) = f

h0
t (ϕ−1

Pt
({(as, bc, xu), xu ∈ R

u})),
whereϕPt (x) = (as, bc, du) and ϕPt is the linearizing coordinate atPt . As before, if
x ∈ B ∩ UQ, F̃ uu

t (x) may be different fromFuu
t (x). But, one has that these leaves

are arbitrarilyC1-close (the proximity is of the order ofCtα , for someα > 1 and
C > 0 independent oft , see [D1] and §6). For notational simplicity we also denote
such extensions byF ss

t andFuu
t and suppose that:

(IF) the foliationsF ss
t andFuu

t defined inV areft -invariant.
The general case is handled as in [D1] or [DR2]. For completeness, in §6 we explain how
one removes this hypothesis in the general case.

3.1.3. Projections. Define projectionsπu,s
t along the leaves of the foliationsF ss,uu

t

in V ,

πu
t : S(Pt ) → S(Qt ), x 7→ Fuu

t (x) ∩ S(Qt ),

πs
t : S(Rt ) → {0s, xc, 0u)}, (xs, xc, 0u) 7→ (0s, xc, 0u), R = P,Q.

(3.2)
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πs
t

πs
t

zt

FIGURE 2. Projections.

Consider the extension̂γt of γt given by

γ̂t = γt ∪ ϕ−1
Pt

({(0s, xc, 0u)}) ∪ ϕ−1
Qt

({(0s, xc, 0u)})
and the natural ordering< in γ̂t with Qt < Pt . GivenA ⊂ γ̂t we say that a mapρ : A → γ̂t

is order preservingif ρ(x) < ρ(y) for all x < y. We have the following result (for the
proof see [DR2, Lemma 3.2]).

LEMMA 3.1. Suppose that(ft ) ∈ E(M) unfolds a non-critical cycle. Thenπs
t ◦ πu

t :
γ̂t ∩ UP → γ̂t ∩ UQ is order preserving for every small|t|.

The geometry of the cycle implies that the pointsxt in (GU1) and (GU2) belong to
S(Qt ). Assume thatxt ∈ S(Qt )

+ for t > 0, otherwise consider the unfolding of the cycle
for negativet . In particular, sinceS(Qt )

+ ⊂ Ws(Pt ), using the non-criticality condition,
we have thatxt ∈ H(Pt).

To emphasize the main ideas in our proof and to avoid technicalities in our
constructions, let us assume that in our coordinatesπs

t ◦ πu
t has the simplest form

(AP) πs
t ◦ πu

t (x) = (as(x), xc + t, 0u), x = (xs, xc, 0u) ∈ S(Pt ).
In particular,

πs
t ◦ πu

t (Pt ) = xt = (as(t), t, 0u),

whereas(x) andas(t) areC1 maps. Finally, for smallt > 0 definezt as the (unique) point
such that

zt ∈ γt ∩ UP and πu
t (zt ) = (xs, 0c, 0u), i.e.πu

t (zt ) ∈ Ws
loc(Qt ). (3.3)
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From (AP), in our local coordinates inUP ,

zt = (0s,−t, 0u).

In §6 we explain how to proceed in the general case. In very rough terms, one can think
thatπs

t ◦πu
t is an affine map. Essentially, this is the same as supposing that the distortion of

thereturnsis included in thetransitionTt from Qt to Pt which we are going to introduce.
In the following sections we also explain what we mean exactly by returns and transitions.

3.2. Transitions and returns. From now on we focus our attention on the dynamics of
pointsx in 3t(V ) = ∩i∈Zf i

t (V ), whereV is the neighborhood of the cycle defined in
(3.1). In this sectionV only plays an auxiliary role and thus our results do not depend
on V . Considerx in 3t(V ), small t > 0. If x 6∈ Ws(Pt ) ∪ Ws(Qt ) then its forward
orbit returns infinitely many times toUQ. To analyze such returns we fix the fundamental
domainD̃+

t ⊂ UQ of the restriction offt to γt and the cubẽC+
t defined by

D̃+
t = {0s} × [β−1

t , 1] × {0u},
C̃+

t = {x = (xs, xc, xu) ∈ UQ such that(0s, xc, 0u) ∈ D̃+
t }.

Theforward returns{ni(x)}i≥0 of x to C̃+
t are given by

xi = f
ni (x)
t (x) ∈ C̃+

t and f n
t (x) 6∈ C̃+

t , for all ni(x) + 1 < n < ni+1(x).

Observe that everyx ∈ 3t(V ), x 6= Pt ,Qt , has at least one iterate (backward or forward)
in C̃+

t . Thus, replacingx by some iterate, we can assume thatx ∈ C̃+
t andn0(x) = 0.

Remark 3.2.Let mi(x) = ni+1(x) − ni(x). The action of the derivativeDxif
mi(x)
t in the

strong stable and unstable directions (tangent toF ss
t andFuu

t ) is hyperbolic: there isλ > 1

such thatDxi f
mi(x)
t is a uniform contraction of ratioλ−mi (x) in the stable direction and a

uniform expansion of ratioλmi(x) in the unstable direction.

The remark follows by using the standard cone field construction and (IF). Thus, in our
proof we focus our attention on the action ofDxi f

mi(x)
t in the central direction(almost

parallel toγt , i.e. on vectorsv ' (0s, vc, 0u)). A key idea we borrow from [D1] and [DR2]
is that such a derivative isessentiallydetermined by the restriction offt to γt . This justifies
the introduction of the family of transitions(Tt ) below. To define such transitions we fix
h1 > 0 such thatf h1

t (D̃+
t ) = D̃−

t ⊂ UP . For simplicity, let us suppose that for everyt

D̃−
t = {0s} × [−1,−λt ] × {0u}.

ThetransitionTt from D̃+
t to D̃−

t is defined by

Tt : D̃+
t → D̃−

t , x 7→ Tt (x) = f
h1
t (x).

These transitions can be extended differentially, and we do so to a compact neighborhood
K(D̃+

t ) of D̃+
t in γt in the natural way. We also denote this extension byTt . Since the

derivativeT ′
t depends continuously ont there are 0< m < M such that

m < |T ′
t (x)| < M, for all x ∈ K(D̃+

t ) and smallt . (3.4)
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FIGURE 3. Returns.

A key ingredient of our construction is an appropriate control of the distortion of the
derivatives of returns tõC+

t in the central direction. For this we divide the segment of the

orbit of x between two consecutive returns, sayf
ni (x)
t (x), f

ni (x)+1
t (x), . . . , f

ni+1(x)
t (x),

into four parts:
(i) the transition from UQ to UP (i.e. the h1 iterates offt corresponding to the

transitionTt );
(ii) the iterates inUP , saye−

i (x);
(iii) the transition fromUP to UQ (i.e. theh0 iterates in (GU1)); and
(iv) the iterates inUQ before returning tõC+

t , saye+
i (x).

The estimates of the distortion inUP and UQ (parts (ii) and (iv)) are trivial (the
diffeomorphisms are linearizable in these sets). In our coordinates theh0 iterates in the
transition fromUP to UQ (part (iii)) correspond to an isometry: we are concerned with the
central direction and assume thatπs

t ◦πu
t is a translation in thexc-direction, see (AP). Thus

the crucial point is to control the derivative ofTt . This is done in the following section.

3.3. Choice of the itineraries of returns. Estimates on the distortion ofTt . To estimate
the distortion ofTt given smallε1 > 0 (to be fixed in (3.6)) we divideK(D̃+

t ) into intervals
Uk such thatDTt (x)/DTt(y) ∈ (1 − ε1, 1 + ε1) for all x, y ∈ Uk; that is, in eachUk

the distortion ofTt is fairly bounded. The next step is to obtain an accurate control of
the central coordinate of the returnsxi of x. We will get such an appropriate control for
parameterss close to the parameters corresponding tosecondary cycles, see the definition
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in §3.4. Finally, we prove that such parameterss have positive density at the bifurcation,
see Lemma 3.5 and Proposition 3.6. Let us now go into the details of our construction.

3.3.1. Distortion constants. In this section we fix some constants which allow us to
control the distortion ofTt . The reasons for the choice of such constants will be clear
throughout the proof of Theorem 2.1. We begin by taking constants 1< ρ1 < ρ2 close to
1 such that

(1 − ρ−1
2 ) <

m

2Mβ10
0

and
β−14

0 λ13
0 m2

M(1 − ρ−1
2 )

> 3, (3.5)

with m andM as in (3.4). Clearly, (3.5) holds forρ2 close to 1. Fixε1 > 0 such that

0 < ε1 <

√
2ρ2

ρ1 + ρ2
− 1 <

√
ρ2

ρ1
− 1. (3.6)

If ρ1 is close enough toρ2 thenε1 is arbitrarily small. Associated withε1 we consider
a covering U = {U1, U2, . . . , U`} of D̃+

t (independent of smallt) by open intervals
contained inK(D̃+

t ) such that for eachi there aremi andMi , 0 < m ≤ mi < Mi ≤ M,
satisfying

mi < |DTt (x)| < Mi, for all x ∈ Ui and smallt ,

3

4
< (1 − ε1)

1/2 <
mi

Mi

<
Mi

mi

< (1 + ε1)
1/2.

(3.7)

Pickυ = λ2
0β

−2
0 ; this constant will appear in a natural way in (3.14). In[υ, υ−1] take the

partition induced byυ = υ0 < υ1 < · · · < υj < υj+1 < · · · < υk = υ−1, where

(1 − ε1)
1/2 <

υj−2

υj+2
<

υj+2

υj−2
< (1 + ε1)

1/2, for everyj ∈ [2, k − 2]. (3.8)

Note that we can assume thatk = ` (the number of intervals of the coveringU of D̃+
t ).

3.3.2. Itineraries of returns. By hypothesis log(β0)/log(λ0) is irrational, see (J2). From
this it follows that

{λi
0β

j

0}i,j>0 is dense inR+. (3.9)

This fact will allow us to choose returns with fine distortion properties. As{λi
0β

j

0}i,j>0 is
dense inR+, for eache, g ∈ {1, . . . , `}, g ≥ 1, there are integerske,g , je,g > 0 (that we
can take arbitrarily large) such that

λ
ke,g

0 β
je,g

0 m2
eυ

2
g−1 ∈

(
ρ1, ρ1 + ρ2 − ρ1

2

)
=

(
ρ1,

ρ2 + ρ1

2

)
.

From (3.7), (3.8), and (3.6), one has

λ
ke,g

0 β
je,g

0 M2
e υ2

g+2 = λ
ke,g

0 β
je,g

0 m2
eυ

2
g−2

M2
e

m2
e

υ2
g+2

υ2
g−2

<
ρ1 + ρ2

2
(1 + ε1)

2 < ρ2,
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where 2≤ g ≤ ` − 2. The two inequalities above are summarized as follows: given
e, g ∈ {1, . . . , `}, 2 ≤ g ≤ ` − 2, there areke,g, je,g > 0 (arbitrarily large) such that

ρ1 < λ
ke,g

0 β
je,g

0 m2
eυ

2
g−2 < λ

ke,g

0 β
je,g

0 M2
e υ2

g+2 < ρ2, for all e, g ∈ {1, . . . , `}. (3.10)

Remark 3.3.We first choose the constants 1< ρ1 < ρ2 with ρ1 andρ2 close to 1 and
satisfying (3.5). Next we fix a smallε1 > 0 (depending onρ1 andρ2, see (3.6)). In its turn,
ε1 determines the coveringU = {Ui}`i=1 of D̃+

t as well as its Lebesgue numberτ (i.e. for
everyx ∈ D̃+

t the ball of radiusτ centered atx is contained in someUj ). The constantε1

also determines the partitionυ0, . . . , υ` of [υ−1, υ], see (3.8). The coveringU determines
the constants{mi,Mi}`i=1, in (3.7). Finally, we takeke,g and je,g, e, g ∈ {1, . . . , `},
satisfying (3.10). Sinceki,g andji,g can be taken arbitrarily large, we can assume that

λ
ki,g

0 + β
−ji,g

0 M2
i < τ, for all i, g ∈ {1, . . . , `}. (3.11)

Let us end this section with the following remark we use in §6.

Remark 3.4.Let (ft )t∈I ∈ J E(M) and denote byλc(f0) and βc(f0) the central
eigenvalues of(ft )t∈I . The maps

(gt )t∈I 7→ (λc(g0), βc(g0)) and t 7→ (λc(ft ), βc(ft )),

are both continuous at(ft )t∈I and t = 0, respectively. In particular, (3.5), (3.7), (3.10),
and (3.11) hold for all small|t| and every(gt )t∈I in a neighborhoodW of a fixed arc
(ft )t∈I ∈ JE(M).

3.4. Secondary cycles.Givenx = (xs, xc, xu) ∈ UR, R = P,Q, let xc = (0s, xc, 0u).
We use the same notation for vectors: given a vectorv = (vs, vc, vu) then vc =
(0s, vc, 0u).

Let t > 0. Thetime of exit ofxt , N
+
t (see (GU1) for the definition ofxt ) is the minimum

number of positive iterations thatxc
t = (0s, t, 0u) needs to arrive at̃D+

t . Similarly, thetime
of entry ofzt , N−

t (see (3.3) for the definition ofzt ) is the minimum number of negative
iterations thatzc

t = zt = (0s,−t, 0u) needs to arrive at̃D−
t . These times satisfy

β
N+

t
t t ∈ D̃+

t = [β−1
t , 1), N+

t ' −log(t)

log(βt )
,

λ
−N−

t
t (−t) ∈ D̃−

t = (−1,−λt ], N−
t ' log(t)

log(λt )
.

(3.12)

Thescaled fundamental domainsD±
t of D̃±

t are now defined by

D+
t = f

−N+
t

t (D̃+
t ) and D−

t = f
N−

t
t (D̃−

µ ). (3.13)

Write
σt = β

N+
t

t λ
N−

t
t .

From (3.12) it follows that

0 < υ = β−2
0 λ2

0 < σt < β2
0λ−2

0 = υ−1, for small |t|. (3.14)
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xµ

fµ(xµ)

f
nµ
µ (xµ)

x1
µ

D+
µ D−

µ

f
Nµ
µ

FIGURE 4. Secondary cycle.

We say thatfµ, µ > 0, has a secondary cycle0(fµ, Pµ,Qµ) if

C(f
Nµ
µ (xµ),Wu(Pµ) ∩ B) ∩ Ws

loc(Qµ) = {x1
µ}, Nµ = N+

µ + h1 + N−
µ , (3.15)

and(ft )t∈I unfolds the cycle atµ generically. From (IF) (ft -invariance ofF ss,uu
t ) and (AP)

(πu
s ◦ πs

t is a translation in thexc-direction by a vector of norm|t|), (3.15) is equivalent to

πs
µ(πu

µ(f
Nµ
µ (xµ))) = πs

µ(x1
µ) = Qµ. (3.16)

We have the following result on the frequency of secondary cycles.

LEMMA 3.5. Let (ft )t∈I ∈ E(M) be an arc unfolding a non-critical cycle0(f0, P0,Q0).
There areK > 0 and a sequence of parameters(tn)n, tn → 0+, corresponding to
secondary cycles0(ftn , Ptn ,Qtn) such that

0 < K <
tn+1

tn
< 1.

We omit the proof of this lemma and refer the reader to the proofs of [DR1,
Lemmas 3.3–3.4].

We now classify the parameters corresponding to secondary cycles according to the

intervals of the coveringU and of the partition{υ1, . . . , υ`} containingf
N+

t
t (xc

t ) and

σt = β
N+

t
t λ

N−
t

t , respectively. Givent corresponding to a secondary cycle, consider the
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intervalIτ (f
N+

t
t (xc

t )) of radiusτ (the Lebesgue number ofU) centered atf Nt
t (xc

t ) in γt .

By definition of τ , Iτ (f
N+

t
t (xc

t )) ⊂ Ue for somee ∈ {1, . . . , `}. On the other hand,
by the definitions ofσt and the partition(υi), see (3.14),υg−1 < σt ≤ υg for some
g ∈ {1, . . . , `}. Then we say that the secondary cycle att is of type(e, g). The control
of these two positions will allow us to have an accurate control of the distortion of the
derivative in the central direction of the returns we consider.

3.5. Blenders ofm symbols. In Rn, n ≥ 3, consider then-cubeCn = [−1, 1]s ×
[−1, 1] × [−1, 1]u, s, u ≥ 1, s + u + 1 = n, and aC1-embedding of it in the ambient
manifold,φ : Cn → M. In C = φ(Cn) take the coordinates(xs, xc, xu) induced byφ,
identify [−1, 1] with φ({0s} × [−1, 1] × {0u}), and write

Ds = φ([−1, 1]s × {(0, 0u)}), Du = φ({(0s, 0)} × [−1, 1]u).
ThenC = Ds × [−1, 1] × Du. Consider the following subsets of the boundary∂C of C:

∂ssC = ∂(Ds) × [−1, 1] × Du, ∂uuC = Ds × [−1, 1] × ∂(Du),

∂uC = Ds × ∂([−1, 1] × Du).

Let Css, Cuu, and Cu be cone fields around the tangent spaces ofDs × {(ac, au)},
{(as, ac)} × Du, and{as} × [−1, 1] × Du, respectively. Note thatCuu ⊂ Cu. LetCj (x) be
the cone ofCj atx.

Definition 3.1.
• A vertical diskV ⊂ C is au-disk tangent toCuu (i.e.TxV ⊂ Cuu(x), for all x ∈ V )

such that∂V ⊂ ∂uuC.
• A vertical stripS is the image of aC1-embedding8 : [−1, 1]× [−1, 1]u → C such

thatTx(S) ⊂ Cu(x) andSt = 8({t} × [−1, 1]u) is a vertical disk for allt .

The following definition for theblender ofm symbolsgeneralizes the concept of a
center-stable blender in [BD1, pp. 365–366].

Definition 3.2. Given ann-cubeC and aC1-diffeomorphismf : M → M the pair(C, f )

is a generalized blender ofm symbolsif there are a constantρ > 1, positive integers
{qi}m1 , n-cubes{Ci}m1 contained inC, and cone fieldsCss, Cuu andCu as before satisfying
(B1)–(B4):
(B1) f qi (Ci) ⊂ C for everyi = 1, . . . ,m;
(B2) for everyi ∈ {1, . . . ,m} the cone fieldsCu, Cuu, andCss satisfy

• Dxf qi (Cu(x)) ⊂ Cu(f qi (x)) and |Dxf qi (v)| > ρ|v| for everyx ∈ Ci and
v ∈ Cu(x),

• Dxf qi (Cuu(x)) ⊂ Cuu(f qi (x)) for everyx ∈ Ci ,
• Dxf −qi (Css(x)) ⊂ Css(f −qi (x)) and|Dxf −qi (v)| > ρ|v| for everyx ∈ Ci

andv ∈ Css(x);
(B3) the cubeCm contains a unique hyperbolic periodic pointA of periodqm. Moreover,

A is in the interior ofC.
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f q3
f q2

f q1

FIGURE 5. Projection of a blender of three symbols and its central dynamics.

We say thatA is the periodic point of the blender(C, f ). By (B2) the index ofA
is s. Condition (B2) also implies that the local stable manifold ofA, Ws

loc(A), intersects
transversely the two connected components of∂ssC. Thus we can consider two types of
vertical disks inC that do not intersectC(A,Ws(A) ∩ C) = Ws

loc(A): vertical disks at the
left of A, briefly, `-disks(the class of{(0s,−1)} × Du), andvertical disks at the right of
A, r-disks(the class of{(0s, 1)} × Du). We define aǹ -strip as a vertical strip consisting
of `-disks.

Given aǹ -diskV write Vi = Ci ∩V , i ∈ {1, 2, . . . ,m} (some of theVi may be empty).
We also assume that:

(B4) Given anỳ -diskV there isi ∈ {1, 2, . . . ,m} such thatf qi (Vi) is an`-disk.

The main step towards proving Theorem 2.1 is the following result.

PROPOSITION3.6. Let (ft ) ∈ JE(M) be an arc unfolding a cycle0(f0, P0,Q0)

generically. There exist a neighborhoodW of (ft )t∈I in H(M) and constantsδ,K > 0
such that for every(gt )t∈I in W there is a decreasing sequence(sn)n of parameters,
sn → 0+, such that:

(a) sn+1/sn > K;
(b) for everyt ∈ [sn, sn(1 + δ)] there is a generalized blender(Ct , gt ) such that

(I1) Ws(Qt) intersects transversely every`-strip of (Ct , gt ),
(I2) Wu(Pt ) contains aǹ -disk such that its interior is in the interior ofCt .
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The existence of the blenders in Proposition 3.6 will be derived from the existence of
secondary cycles and the control on the distortion of the transition maps. We postpone the
proof of Proposition 3.6 to §5. We now prove Theorem 2.1 using this proposition.

4. Proof of Theorem 2.1
4.1. Positive density of the bifurcation set.To prove the theorem takeBn = [sn,
sn(1 + δ)], sn andδ as in Proposition 3.6.

CLAIM 4.1. Let (gt )t∈I in W andt ∈ Bn, with n large enough. Then

Ws(Pt ) t Wu(Qt ) ⊂ H(Qt) ⊂ L(gt ).

In particular,γt ⊂ L(gt ) ∩ V for every neighborhoodV of the cycle andL(gt ) ∩ 3t(V ) is
non-hyperbolic.

The claim immediately implies (ii) in Theorem 2.1 and the fact thatBn is contained
in the bifurcation set for all largen. From the claim we also get (i) in Theorem 2.1: by
shrinkingδ we can assume thatsn+1(1+δ) < sn, where(sn)n is the sequence of parameters
in Proposition 3.6; thus

lim inf
t→0

|∪n Bn ∩ [−t, t]|
2t

≥ K2δ

2(1 − K)
> 0.

We now prove the claim.

Proof. Pick a parametert in Bn, a pointx in Ws(Pt ) t Wu(Qt ), and any small(u + 1)-
disk Vx in Wu(Qt ) containingx in its interior. By theλ-lemma, the forwardgt -orbit of
Vx accumulates onWu(Pt ). By (b(I2)) in Proposition 3.6 and the cycle configuration,
there is (large)k > 0 such thatgk

t (Vx) contains aǹ -strip Ṽx . From (b(I1)) we get
Ws(Qt ) t Ṽx 6= ∅. Therefore,Vx ∩ H(Qt ) 6= ∅. Since this assertion holds for every
(u + 1)-diskVx in Wu(Qt ) containingx, one gets the claim. 2

4.2. Structure of the resulting non-wandering set.To prove (iii) in Theorem 2.1 assume
that P0 and Q0 are isolated inL(f0) and that the neighborhoodV of the cycle is
small. LetD denote the set of parameterst such thatgt has a cycle0(gt , Pt ,Qt ), i.e.
Wu(Pt) ∩ Ws(Qt) 6= ∅. Generically,D has measure zero. WriteSn = Bn \ D, then
(generically)|Sn| = |Bn|. We claim thatSn ⊂ S for all largen. In the following paragraphs
we state the two key properties of3t = 3t(V ) for t ∈ Sn: the density ofH(Qt) in 3t and
the existence of a strong partially hyperbolic splitting. These two properties of3t imply
thatSn ⊂ S.

4.2.1. Density ofH(Qt) in 3t .

PROPOSITION4.2. Let t ∈ Sn (large n) and letV be small (independent ofn). Then
H(Qt) = 3t(V ) = 3t .

The main step for proving the proposition is the next lemma.
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LEMMA 4.3. Let t ∈ Sn (large n) and letV be small (independent ofn). Then3t =
3t(V ) ⊂ Ws(Pt ) t Wu(Qt ).

Proof. The lemma follows from arguments as in the proof of [D1, Lemma 5], so we
just sketch it here. In the proof we use the fact that, for smallV , the leaves of the
strong unstable (respectively stable) foliation are expanded by the forward (respectively
backward) iterations ofgt , see also Remark 3.2. More precisely, suppose first for simplicity
that

x ∈ 3t \ (Ws(Pt ) ∪ Wu(Pt) ∪ Ws(Qt ) ∪ Wu(Qt )).

Then the forward and backward orbits ofx return infinitely many times to the cubẽC+
t .

So let us suppose thatx itself is in C̃+
t . Take the leafFuu

t (x). We now get a sequence(zi)

such thatzi ∈ Fuu
t (x) t Ws(Pt ) andzi → x as follows. Letz̃i = Fuu

t (xi) ∩ Ws(Pt ) and

zi = g
−ni (x)
t (z̃i ). Since dist(zi, x) < λ−ni (x), λ > 1 as in Remark 3.2, we havezi → x.

ThusWs(Pt ) accumulates onx. Analogously, using the fact that the backward orbit ofx

returns infinitely many times tõC+
t , we get thatWu(Qt ) accumulates onx. Finally, using

the non-criticalities assumption (NC) one has thatWs(Pt ) andWu(Qt ) have a point of
transverse intersection close tox.

In the remaining cases we use the no-cycles condition (t 6∈ D and thusWu(Pt ) ∩
Ws(Qt ) = ∅). Suppose, for instance, that the orbit ofx only returns finitely many times to
C̃+

t , then

x ∈ (Ws(Pt ) ∪ Ws(Qt)) ∩ (Wu(Pt ) ∪ Wu(Qt)).

SinceWs(Qt ) ∩ Wu(Pt ) = ∅ there are three possibilities: (i)x ∈ Ws(Pt ) ∩ Wu(Qt )

(in this case the lemma is obvious); (ii)x ∈ Ws(Qt ) ∩ Wu(Qt ) (in this case the
lemma follows observing thatWs(Qt ) is contained in the closure ofWs(Pt )); and (iii)
x ∈ Ws(Pt )∩Wu(Pt). Arguing as above it is not difficult to see that case (iii) also satisfies
the conclusion of the lemma. 2

We are now ready to prove the proposition. Lemma 4.3 and Claim 4.1 imply

3t = 3t(V ) ⊂ Ws(Pt ) t Wu(Qt ) ⊂ H(Qt).

The converse,H(Qt) ⊂ 3t , follows by using a filtration. The existence of such a filtration
follows from the fact thatP0 andQ0 are both isolated inL(f0). Since this is a standard
construction we omit the details and refer the reader to [DR2, §3.3].

4.2.2. Partial hyperbolicity of3t . Let Per(3t ) denote the set of periodic points ofgt in
3t . From Remark 3.2 the actions ofDgt in Fuu

t and inF ss
t are hyperbolic (expanding and

contracting, respectively). Bearing in mind the fact that the dimensions of the leaves of
these foliations aren − r andr − 1 (r is the index ofP0), it is not hard to see that for every
R in Per(3t) the derivativeDRgm

t (m is the period ofR) has at least(r − 1) contracting
eigenvalues, sayς1, . . . , ςr−1, and(n−r) expanding eigenvalues, sayςr+1, . . . , ςn, where
|ςj | ≤ |ςj+1|. Moreover, there existsς > 1 (independent oft) such that

|ςr−1| < ς−1 < 1 < ς < |ςr+1|.
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Using the linearizing coordinates, the cycle configuration, and the non-critical property
(also recall that the compositionπs

t ◦ πt
t preserves<, see Lemma 3.1) it is not difficult to

see thatDRgm
t has a positive central eigenvalueςr such that

min

{ |ςr |
|ςr−1| ,

|ςr+1|
|ςr |

}
> (1 + δ)m, (4.1)

for someδ > 0 independent ofR and small|t|.
Let us give the main ideas of the proofs of the inequalities above. By replacingR

by some iterate of it we can suppose thatR belongs toC̃+
t . Observe that between two

consecutive returns of the orbit ofR to C̃+
t the number of iterates of the orbit outside

the linearizing neighborhoodsUP and UQ is h1 + h0 ± 1, thus it is uniformly bounded
independently oft . On the other hand, the number of iterates of the orbit in the linearizing
neighborhoods goes to infinity ast goes to zero: the number of iterates of the orbit inUQ

and UP , sayqt andpt , is (at least) of order ofN+
t andN−

t , respectively, andN±
t → ∞

ast → 0, see (3.12). Finally, inUP ∪ UQ the ratio between the expansion in the strong
unstable direction and the central one, (respectively, between the contraction in the strong
stable direction and the central one) after thept +qt iterations, goes to infinity (respectively
zero) exponentially. Observe that to prove (4.1) one does not use the fact thatt belong to
S. Finally, the fact that the central eigenvalueςr is positive follows by observing that the
projectionπs

t ◦ πu
t preserves<, see Lemma 3.1.

Using (4.1), givenR ∈ Per(3t ) define theDRgt -invariant linear spacesEss
R , Euu

R ,
and Ec

R spanned by the eigenvectors associated to{ς1, . . . , ςr−1}, {ςr+1, . . . , ςn}, and
ςr . Write

Esc
R = Ess

R ⊕ Ec
R, Euc

R = Euu
R ⊕ Ec

R.

By (4.1) the splittings(Esc
R ⊕ Euu

R )R∈Per(3t ) and(Euc
R ⊕ Ess

R )R∈Per(3t ) are bothdominated
in the period: there are 0< λ < 1 andC > 0 such that everyR ∈ Per(3t ) of periodm

satisfies

‖DRf m/Ess
R

‖‖DRf −m/Ecu
f m(R)

‖ < Cλm and ‖DRf −m/Euu
R

‖‖DRf m/Ecs
f −m(R)

‖ < Cλm.

Moreover, these splittings satisfy a stronger form of domination.

LEMMA 4.4. The splittings(Esc
R ⊕Euu

R )R∈Per(3t ) and(Euc
R ⊕Ess

R )R∈Per(3t ) are uniformly
dominated: there areK > 0, 0 < µ < 1, andj > 0 such that

‖DRf j/Ess
R

‖‖DRf −j /Ecu

f j (R)
‖ < Cµj and ‖DRf −j /Euu

R
‖‖DRf j/Ecs

f −j (R)
‖ < Cµj

for everyR in Per(3t).

The lemma follows from the arguments in the proof of (4.1) recalling that ifj is large
enough, for instance of the order ofN+

t + N−
t , the number of iterates of the orbit of any

R ∈ Per(3t) in the linearizing neighborhoodsUP and UQ (at least of the order ofN±
t ) is

much larger than the number of iterations (of the order, at most, 2(h0 + h1)) outside such
vicinities.

Now, from Proposition 1.3 in [M2], Lemma 4.4 allows us to extend(Esc
R ⊕

Euu
R )R∈Per(3t ) and(Euc

R ⊕ Ess
R )R∈Per(3t ) to a uniformly dominated bundle defined on the
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closure of Per(3t), which is the whole3t (see Proposition 4.2). Denote such extensions
also byEsc, Euc, Ess , andEuu. Let Ec

L = Esc
L ∩ Euc

L , L ∈ 3t . By construction,
(Ess

L ⊕ Ec
L ⊕ Euu

L )L∈3t is a strong partially hyperbolic splitting. This completes the proof
of (iii) in Theorem 2.1.

5. Construction of blenders: proof of Proposition 3.6 (non-critical case)
We first prove the proposition for the fixed arc(ft )t∈I in JE(M) satisfying the non-critical
assumption (NC). After that we extend our constructions to a neighborhoodW of (ft )t∈I .

5.1. Periodic points with central eigenvalue close to1+. The first step to construct the
blenders in Proposition 3.6 is to find a decreasing sequence of parameters(t̃n)n and a
constantK ′ > 0 such that:
• t̃n → 0+ andt̃n+1/t̃n > K ′ > 0;
• for every t̃n there is a hyperbolic pointAn ∈ Per(3t̃n

) of index (r − 1) and having
central (weak expanding) eigenvalue of modulus close to 1+.

We use the pointAn for constructing the cube of the blender, actually the continuations
of An will be the periodic points of such blenders. To obtain thet̃n we first consider
parameterstn corresponding to secondary cycles in Lemma 3.5: eacht̃n will be taken close
to tn, |t̃n − tn| ' Ctn. Let us go into the details of our construction.

Fix a parametertn (largen) corresponding to a secondary cycle of type(e(n), g(n)).
Then

Iτ (f
N+

tn
tn

(xc
tn
)) ⊂ Ue(n) and σtn = β

N+
tn

tn
λ

N−
tn

tn
∈ (υg(n)−1, υg(n)].

For simplicity we writejn = je(n),g(n) andkn = ke(n),g(n), whereje(n),g(n) andke(n),g(n)

are as in (3.10). Let us also writeNn andN±
n in place ofNtn andN±

tn .
The goal of this subsection is to prove the following proposition.

PROPOSITION5.1. There is a decreasing sequence of parameters(t̃n), with tn < t̃n <

tn+1, such that every diffeomorphismft̃n
has a hyperbolic periodic pointAn ∈ Per(3t̃n

) ∩
UQ of index(r − 1) and periodpn = 2Nn + jn + kn, such that:
(1) Ac

n = xc
t̃n

;

(2) (DAnf
pn

t̃n
(0s, 1, 0u))

c = vc, wherevc ∈ (ρ1, ρ2), andρ1 andρ2 are the constants in
(3.5) and (3.6);

(3) Ws(An, ft̃n
) t Wu(Qt̃n

, ft̃n
) 6= ∅;

(4) Wu(An, ft̃n
) t Ws(Pt̃n

, ft̃n
) 6= ∅;

(5) |tn − t̃n| ' (λ
kn
tn

+ β
−jn
tn

)tn.

For the sake of clearness we divide the proof of the proposition into two parts: parameter
estimates and the existence of periodic (in thexc-direction) unstable leaves (i.e.zc = wc

for everyz ∈ Fuu
t (x) andw = Fuu

t (f
p
t (x)) for somex andp ≥ 1).

5.1.1. Parameter estimates.Taketn corresponding to a secondary cycle and the interval

Un = Ue(n) of the coveringU containingIτ (f
N+

n
tn (xc

tn
)). For t close totn define thescaled
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intervalUn(t) by

Un(t) = f
−N+

n
t (Un), where diameter(Un(t)) ≥ 1

2tβ−1
t diameter(Un).

The estimate on the diameter ofUn(t) follows from (3.12). Fixτ ′ = (β−1
c τ )/2. Now,

sinceτ is the Lebesgue number ofU , we haveItnτ ′(xc
tn
) ⊂ Un(tn), recall again (3.12).

By continuity, Itτ ′(xc
t ) ⊂ Un(t) for all t close totn. The next lemma giveŝτ > 0 and

a lower bound for the size of the intervalIn centered attn of the parameterst such that
It τ̂ (x

c
t ) ⊂ Un(t).

LEMMA 5.2. There are constantŝτ and 1, 0 < 1 < τ̂ , independent oftn (hence
independent ofkn andjn) such that

It τ̂ (x
c
t ) ⊂ Un(t), for everyt ∈ In = [tn(1 − 1), tn(1 + 1)].

Proof. First observe that sincef
N+

n
tn

(Itnτ ′(xc
tn
)) ⊂ Un we have

dist(f
N+

n
tn

(xc
tn
), (γt \ Un)) ≥ K0τ (5.1)

for someK0 independent of largen. Now takeτ̂ given by

3τ̂ = min{K0τ, τ }. (5.2)

Next, fixing an intervalJn = [tn(1 − κ), tn(1 + κ)], for largen and smallκ > 0, we

estimate the distance fromf
N+

n
t (xc

t ) to the complement ofUn in γt . For that we first obtain

an upper bound for|f N+
n

t (xc
t ) − f

N+
n

tn
(xc

tn
)|, t ∈ Jn. If t ∈ Jn then

|f N+
n

t (xc
t ) − f

N+
n

tn
(xc

tn
)| = |tβN+

n
t − tnβ

N+
n

tn
|.

Write gn(t) = tβ
N+

n
t , t ∈ Jn. By the mean value theorem,

|f N+
n

t (xc
t ) − f

N+
n

tn (xc
tn
)| = |gn(t) − gn(tn)| ≤ |βN+

n
s + N+

n β
N+

n −1
s β ′

ss||t − tn|,
for somes ∈ Jn. On the other hand, from (3.12), one has

|N+
n s| ' −log(tn)

log(βtn)
tn

s

tn
≤ 1 + κ

log(βtn)
(−log(tn)tn) → 0 asn → ∞.

Sinceβ
N+

n
s ' 1/s andβ ′

s is uniformly upper bounded (recall (3.12) and (J3)), for smalls,
one has

|f N+
n

t (xc
t ) − f

N+
n

tn
(xc

tn
)| ≤ constant

|t − tn|
s

≤ K1κ.

Now pick small1 > 0 satisfying

3τ̂ − K11 > 2τ̂ .

From (5.1) and (5.2) (definition of̂τ ) for everyt ∈ [tn(1 − 1), tn(1 + 1)] we have

dist(f
N+

n
t (xc

t ), (γt \ Un)) > K0τ − K11 ≥ 3τ̂ − K11 ≥ 2τ̂ . (5.3)

From (3.12) for everyy ∈ It τ̂ (x
c
t ) we have

|f N+
n

t (yc) − f
N+

n
t (xc

t )| ≤ β
N+

n
t τ̂ t ' β

−log(tn)/ log(βtn )
t τ̂ t = t

−log(βt )/log(βtn)
n τ̂ t < 3

2 τ̂ . (5.4)

Inequalities (5.3) and (5.4) now imply that1 andτ̂ satisfy the lemma.
Finally, note that the choices of1 andτ̂ do not involve calculations withjn andkn, thus

1 andτ̂ are independent oftn. 2
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Sincejn andkn can be taken arbitrarily large we can assume that

Mλ
kn

0 + β
−jn

0 < 1, 1 as in Lemma 5.2. (5.5)

5.1.2. Almost periodic leaves: periodicity in the central direction.Let

U+
Q = {(xs, xc, xu) ∈ UQ such thatxc ≥ 0}.

Our next objective is to obtain a natural numberpn, a parametersn close totn (sn ∈ In, see
Lemma 5.2, andtn a parameter corresponding to a secondary cycle of type(en, gn)), and
wsn ∈ Wu(Psn) close toxsn such that

zc = yc = xc
sn

, for all z ∈ C(xsn,W
u(Psn) ∩ UQ)

andy ∈ C(f
pn
sn (wsn),W

u(Psn) ∩ UQ).

This is done in the next proposition.

PROPOSITION5.3. For everyn sufficiently large there aresn ∈ In, In as in Lemma 5.2,
andwsn ∈ C(xsn,W

u(Psn) ∩ UQ) = Fuu
sn

(xsn) such that

(f
pn
sn (wsn))

c = wc
sn

= xc
sn

, pn = 2Nn + jn + kn.

Moreover, the orbit ofwsn satisfies:
• f i

sn
(wsn) ∈ V for all 0 ≤ i ≤ pn;

• f i
sn

(wsn) ∈ UP for all Nn ≤ i ≤ Nn + kn − h0;

• f
Nn+kn
sn (wsn) ∈ U+

Q ;

• f
2Nn+kn+i
sn (wsn) ∈ U+

Q for all 0 ≤ i ≤ jn,
wherejn = je(n),g(n) andkn = ke(n),g(n) are defined as in (3.10).

To prove the proposition, fixingt ∈ In = [tn(1 − 1), tn(1 + 1)] write

Sn(t) = {x ∈ S(Qt ) such thatxc ∈ Un(t)}
and consider the projectionsπ1

t andπ2
t defined by

π1
t , π2

t : Sn(t) → S(Qt ),

{
x1 = π1

t (x) = πu
t (f

Nn
t (x)),

x2 = π2
t (x) = πu

t (f
Nn+kn
t (x)).

(5.6)

Recalling that we are assuming thatπs
t ◦ πu

t is a translation in the central direction(see
(AP)), from the estimates on the distortion ofTt in (3.7) and the definitions ofNn (3.15)
andσt (3.14) for everyt ∈ In one has

σtmn|xc − yc| < |(x1)c − (y1)c| < σtMn|xc − yc|,
σtmnλ

kn
t |xc − yc| < |(x2)c − (y2)c| < σtMnλ

kn
t |xc − yc|. (5.7)

LEMMA 5.4. The image ofSn(t) byπ2
t , π2

t (Sn(t)), is contained inSn(t) for all t ∈ In.
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Proof. From the definition ofNn (see (3.15)) and (3.12) there are functionsd±
n (t) such that

|f Nn+kn
t (xc)| ∈ [λkn

t d−
n (t)t, λ

kn
t d+

n (t)t], whereλ3
t < d±

n (t) < λ−2
t , (5.8)

for everyx = (xs, xc, 0u) with xc ∈ D+
t . Sinceπu

t (Pt ) = xt , using (AP) the last equation
gives

λ
kn
t d−

n (t)t ≤ |(πu
t (f

Nn+kn
t (x)))c − (πu

t (Pt ))
c| = |(π2

t (x))c − (πu
t (Pt ))

c|
= |(x2)c − (xt )

c| ≤ λ
kn
t d+

n (t)t, (5.9)

for everyx = (xs, xc, 0u) such thatxc ∈ D+
t . On the other hand, sincekn is large enough

(see (5.5)), we haveλkn−2
t < τ̂ . Thus from (5.8)

|(x2)c − (xt )
c| ≤ λ

kn
t d+

n (t)t ≤ λ
kn−2
t t < tτ̂ . (5.10)

By Lemma 5.2, the last inequality gives(x2)c ∈ Un(t) for all x ∈ Sn(t), that isx2 ∈ Sn(t).
This ends the proof of the lemma. 2

The previous lemma allows us to define the projectionπ3
t = π1

t ◦ π2
t ,

π3
t : Sn(t) → S(Qt ),

x3 = π3
t (x) = πu

t (f
Nn
t (π2

t (x))) = π1
t (π2

t (x)) = π1
t (x2) = (x2)1.

(5.11)

Since we are considering pointsx in Sn(t), from (5.7) and Lemma 5.4 we have

σ 2
t m2

nλ
kn
t |xc − yc| < |(x3)c − (y3)c| < σ 2

t M2
nλ

kn
t |xc − yc|. (5.12)

Finally, to prove Proposition 5.3 we need the following lemma.

LEMMA 5.5. Let tn be a parameter corresponding to a secondary cycle. Then

(f
jn
sn (x3

sn
))c = (xsn)

c,

for somesn = tn(1 + 1̂n), where

1̂−
n < 1̂n < 1̂+

n ,

and

1̂+
n ' a+

n

σtK− − a+
n

' a+
n , a+

n = σtMnλ
kn
tn

d(tn)
+ + β

−jn
tn

,

1̂−
n ' a−

n

σtK+ − a−
n

' a−
n , a−

n = σtmnλ
kn
tn

d(tn)
− + β

−jn
tn

,

(5.13)

whereK− andK+ are positive constants such that

λ
kn
t + β

−jn
t < K− < K+.

Before proving Lemma 5.5 let us prove Proposition 5.3 assuming it.
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Proof of Proposition 5.3.Take sn as in Lemma 5.5. We claim that there is au-disk
δu contained inFuu

t (xsn), xsn ∈ δu, consisting of pointsz having the itinerary in the
proposition and such that

(f
pn
sn (z))c = (z)c = xc

sn
, pn = 2Nn + kn + jn.

Recalling the definitions ofπ1
t , π2

t , andπ3
t (see (5.6) and (5.11)) and theft -invariance of

the foliationsF ss
t andFuu

t (IF), it is enough to take

δu = f
−pn
sn (F (f

jn
sn (x3

sn
))), F (f

jn
sn (x3

sn
)) = C(f

jn
sn (x3

sn
), f

pn
sn (F (xsn)) ∩ UQ).

Sincekn andjn can be taken arbitrarily large,1̂n is of the order ofλkn
sn + β

−jn
sn . Thus

1̂n ≤ 1̂+
n < 1

andsn belongs toIn. This completes the proof of the proposition assuming the lemma.2

Before proving Lemma 5.5 let us state a remark we will use in §6. Observing that
there are finitely many pairs(jn, kn) (at most̀ 2, where` is the number of intervals of the
covering U) and thatd±

n (t) andσt are both uniformly bounded (see (5.8) and (3.14)), we
get the following.

Remark 5.6.There isδ̂ > 0 such that 0< δ̂ < 1̂−
n ≤ 1̂n < 1̂ for all n sufficiently large.

Proof of Lemma 5.5.We begin by observing that from Lemma 3.1 one can state the
following.

FACT 5.7. The projectionsπ1
t , π2

t , andπ3
t preserve the ordering< in γt .

Observe that to prove the lemma it is enough to find smallµ > 0 such that

(x3
tn(1+µ))

c = β
−jn

tn(1+µ)tn(1 + µ) = β
−jn

tn(1+µ)x
c
tn(1+µ). (5.14)

We first get some preliminary estimates on the distortion ofπi
t . The definitions oftn

(secondary cycle),π1
t , andπ3

t , and Fact 5.7 give

(x1
tn
)c = 0 and (x3

tn
)c < 0. (5.15)

Arguing as in Lemma 5.2 one gets constantsK±, independent oft andn, such that

σtK
−(t − tn) ≤ (x1

t )c ≤ σtK
+(t − tn), for t > tn and close totn. (5.16)

Obviously, theK± do not depend onkn andjn. So, takingjn andkn large enough, we get

λ
kn
t + β

−jn
t < K− < K+.

On the other hand, by Lemma 5.2,(x2
t )c ∈ Un(t) (i.e. x2

t ∈ Sn(t)) and we can definex3
t .

From (5.7) and (5.9) we get

|(x3
t )c − (x1

t )c| = |((x2
t )1)c − ((xt )

1)c| > σtmn|(x2
t )c − (xt )

c|
≥ mnσtλ

kn
t d−

n (t)t. (5.17)
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Similarly,

|(x3
t )c − (x1

t )c| < σtMn|(x2
t )c − (xt )

c| ≤ σtMnλ
kn
t d+

n (t)t. (5.18)

Recalling that(x2
t )c < (xt )

c andπ1
t is order preserving, from (5.18) and (5.16) one has

(x3
t )c > (x1

t )c − σtMnλ
kn
t d+

n (t)t ≥ σt (K
−(t − tn) − Mnλ

kn
t d+

n (t)t). (5.19)

Analogously, from (5.17) and (5.16), one gets

(x3
t )c < (x1

t )c − σtmnλ
kn
t d−

n (t)t < σt (K
+(t − tn) − mnλ

kn
t d−

n (t)t).

Taket = tn, from (5.15) we get

(x3
tn
)c < (x1

tn
)c − σtmnλ

kn
tn d−

n (tn)tn = 0 − σtmnλ
kn
tn d−

n (tn)tn < 0 < β
−jn
tn tn. (5.20)

We claim that to prove the lemma it is enough to get smallν > 0 such that

σtn(1+ν)(K
−tnν − Mnλ

kn

tn(1+ν)d
+
n (tn(1 + ν))tn(1 + ν)) = β

−jn

tn(1+ν)tn(1 + ν). (5.21)

In fact observe that (5.19) implies that

(x3
tn(1+ν))

c ≥ σtn(1+ν)(K
−tnν − Mnλ

kn

tn(1+ν)d
+
n (tn(1 + ν))tn(1 + ν)).

The mean value theorem and (5.20) now giveµ in (0, ν) satisfying (5.14). Thus it is
enough to see that theν in (5.21) is positive and small. Such a number is of the order of

ν ' β
−jn
tn

+ σtnMnλ
kn
tn

d+
n (tn)

σtnK
− − σtnMnλ

kn
tn

d+
n (tn) − β

−jn
tn

,

which is positive and small. Now it suffices to take1̂+
n equal to theν satisfying (5.21).

This implies that 0< µ < 1̂+
n . Similarly, we have thatµ > 1̂−

n for some1̂−
n satisfying

1̂−
n ' β

−jn
tn

+ σtnmnλ
kn
tn

d−
n (tn)

σtnK
+ − σtnmnλ

kn
tn

d−
n (tn) − β

−jn
tn

.

This completes the proof of the lemma. 2

5.1.3. Proof of Proposition 5.1. We divide the proof of the proposition into two
parts: construction of the periodic pointAn satisfying (1)–(4) and parameter estimates
(conclusion (5) in the proposition).

Construction of the periodic pointAn. Write µ = sn andw = (ws,wc,wu) = wsn = wµ,
wheresn andwsn are as in Proposition 5.3. Using the linearizing coordinates and the non-
criticality condition, from the choice of the itinerary ofw (w ∈ C̃t , f

Nn+kn
µ (w) ∈ U+

Q , and

f i
µ(w) ∈ V for all 0 ≤ i ≤ Nn + kn) we get

‖wu‖ ' λr+1(µ)−N−
n −knβr+1(µ)−N+

n .

Givenz in UQ, let zsc = (zs, zc, 0u). Similarly, given a setH we letHsc = {zsc, z ∈ H }.
In UQ, for some suitable constantK (independent ofµ = sn andn) to be fixed, consider
then-cubeC = C(w) aroundw given by

C = C(wsc) = {(xs, xc, xu), |xc − wc| ≤ τ̂µ, ‖xu‖ ≤ Kλr+1(µ)−N−
n −knβr+1(µ)−N+

n },
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where τ̂ is as in Lemma 5.2. Sincewc = xc
µ and Iτ̂µ(xc

µ) ⊂ Un(µ), we have that
Csc ⊂ Sn(µ) andπ3

µ(x) is defined for allx in Csc. Moreover, we control the distortion of
π3

µ(x) in terms of (5.12). Let

C0 = C(f pn
µ (w), f pn

µ (C) ∩ UQ), pn = 2Nn + jn + kn.

Having in mind (IF) (Fuu
µ is fµ-invariant), we can chooseK such thatC0 is given by

C0 = Csc
0 × Fu

µ = {x ∈ UQ such thatxsc ∈ Csc
0 }, Csc

0 = f jn
µ ◦ π3

µ(Csc). (5.22)

Let

π0
µ = f jn

µ ◦ π3
µ (5.23)

and define thewidth of a subsetH of UQ, denoted by$(H), as the diameter ofπs
µ(H sc).

CLAIM 5.8. Letρ1 andρ2 be the constants in (3.5) and (3.6), then

ρ1$(C) < $(C0) < ρ2$(C).

Proof. Suppose that the cycle attn is of type(e, g). From (5.12),

(σµme)
2λkn

µ $(Csc) ≤ $(π3
µ(Csc)) ≤ (σµMe)

2λkn
µ $(Csc).

Now, from (5.22),

(σµme)
2λkn

µ βjn
µ $(Csc) ≤ $(Csc

0 ) ≤ (σµMe)
2λkn

µ βjn
µ $(Csc).

By (3.10) the last equation gives

ρ1$(Csc) < $(Csc
0 ) < ρ2$(Csc)

ending the proof of the claim. 2

Let us observe that the estimates in the proof of the claim also give

ρ1|xc − yc| ≤ |(π0
µ(x))c − (π0

µ(y))c| ≤ ρ2|xc − yc|, for all x, y ∈ Csc. (5.24)

We are now ready to obtain thepn-periodic pointAn. Claim 5.8 and Proposition 5.3
imply thatC0 is a cube aroundw of width strictly larger than the width ofC. In fact our
arguments give somewhat more: there arez` andzr in Csc

0 such that

zc
` < wc < zc

r , ρ1τ̂ < |(zj )c − wc| < ρ2τ̂ , j = r, `.

This property and a standard argument (involving the expansion/contraction ofDfµ in
the unstable/stable directions, recall Remark 3.2) imply that there is a unique hyperbolic
periodic pointAn ∈ C of periodpn, which is close tow. It is not hard to check that our
construction also shows that:
• (An)

c = (w)c;
• An has index(r − 1) and its central (expanding) eigenvalue is in betweenρ1 andρ2;
• Ws

loc(An) = {x = (xs, xc, xu) ∈ C such thatxc = Ac
n, xu = (An)u};

• Wu
loc(An) = {x = (xs, xc, xu) ∈ C such thatxs = (An)s}.

Finally, the expansion ofDfµ (respectivelyDf −1
µ ) along the leaves of the unstable

foliation (respectively stable foliation) implies immediately that:
• Ws(Aµ) intersects Wu(Qµ) and Wu(Aµ) intersects Ws(Pµ) (where both

intersections are transverse).
All these comments imply (1)–(4) in Proposition 5.1.
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Parameter estimates.Lemma 5.5 implies that

sn − tn = 1̂ntn, where1̂n ' λ
kn
tn

+ β
−jn
tn

.

This implies (5) in the proposition. Now the proof of the proposition is complete. 2

5.2. Construction of the cubes of the blenders.The first step is to construct the blender
for the parameterssn in Proposition 5.1.

5.2.1. Projections and returns. We begin by defining the auxiliary cubeC+
t

C+
t = {x = (xs, xc, xu) ∈ UQ such thatxc ∈ D+

t }.
Condition (IF) (ft -invariance ofF ss

t andF ss
t ) gives immediately the following relation

between forward returns of points toC+
t and projections along leaves of the unstable

foliation.

Remark 5.9.Let x ∈ 3+
t ∩ C+

t andk = Nt + m, m ≥ 0, be the first forward iterate ofx
in C+

t , i.e.f k
t (x) ∈ C+

t andf i
t (x) 6∈ C+

t for everyi ∈ {2, . . . , k − 1}. Then

(f k
t (x))sc = πu

t (f k
t (xsc)).

Bearing in mind this remark we introduce the family(%m
t )m≥0 of projections defined by

%m
t : S(Qt )

+ → S(Qt ), x 7→ %m
t (x) = πu

t (f
Nt+m
t (x)).

Using this notation one hasπ1
t = %0

t (recall (5.6)).

5.2.2. Determination of the basis of the cube.Consider parameterssn and periodic
pointsAn in Proposition 5.1. Given 0< ν ≤ τ̂ , τ̂ as in Lemma 5.2, define the rectangle
R(ν, sn) ⊂ UQ by

R(ν, sn) = {(xs, xc, 0u) : |xc − (An)c| ≤ snν}.
Thepoints at the left ofAc

n defines the subrectangleR−(ν, sn) of R(ν, sn) as follows

R−(ν, sn) = {x ∈ R(ν, sn) : xc ≤ Ac
n}.

Finally, the cubeCR(ν,sn) of basisR(ν, sn) is

CR(ν,sn) = {x ∈ C+
sn

: xsc ∈ R(ν, sn)}.
The cube of the blender will be of the formCR(νn,sn) for someνn we are going to determine.
For simplicity, from now we omit the parametersn in the definitions above. The size ofνn

will be chosen to guarantee that the following two key properties hold:
(a) π1

sn
(R−(νn)) = %0

sn
(R−(νn)) ⊂ S(Qsn)

+;
(b) the distance from%0

sn
(R−(νn)) to Ws

loc(Qsn) is ξnsn, for some smallξn < K−1−
n to

be fixed precisely in (5.29).
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Pt
Qt

Qt

γt

γt

CR(ν,sn)

R−(ν, sn)

π1
sn

(R−(ν, sn))

π1
sn

ξnsn f
Nsn
sn (R−(ν, sn))

f
Nsn
sn

FIGURE 6. The cubeCR(ν,sn): key properties.

These two conditions (especially (b)) will allow us to obtain expansive`-returns to
CR(νn) for every `-disk in CR(νn). Let us now go into the details of our construction.
Having in mind (AP) and Fact 5.7, to get (a) and (b) it is enough to see that

(%0
sn

(x`))c = (π1
sn

(x`))c = ξnsn,

x` = (0s, (An)c − νnsn, 0u) = (0s, (xsn)c − νnsn, 0u).
(5.25)

From (5.16) andsn − tn = 1̂ntn (see Proposition 5.3 and Lemma 5.5) we have

(π1
sn

(xsn))c = (x1
sn

)c = σsnκn(sn − tn) = σsnκnδnsn,

K− ≤ κn ≤ K+, δn = 1̂n

1 + 1̂n

.
(5.26)

Thus, from (5.7) and(π1
sn

(x`))
c < (π1

sn
(xsn))

c,

σsnsn(κnδn − Mnνn) ≤ (π1
sn

(x`))c ≤ σsnsn(κnδn − mnνn).
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Hence, (5.25) holds for someνn with

νn ∈
[

σsnκnδn − ξn

σsnMn

,
σsnκnδn − ξn

σsnmn

]
. (5.27)

Takingξn close to zero one getsσsnκnδn−ξn > 0, thusνn is well defined (strictly positive).
Note thatνn increases asξn decreases, that isξn/νn can be taken arbitrarily small. To get
expansive returns we need to chooseξn small, but uniformly bounded from below (forn
sufficiently large) by someξ > 0, satisfying the following two inequalities:

1

4
>

ξn

νn

β8
0 − 1

mλ2
0β

−2
0

, (5.28)

and

β−12
0 λ11

0 m2

(ξn/νn) + λ−2
0 β2

0M(1 − ρ−1
2 )

≥ 2 > ρ1, (5.29)

where the last inequality follows from (3.5).

5.2.3. Returns (at the left) of vertical̀-disks. Fixing νn andξn as before, consider the
cubeCR(νn) containingAn. Given a vertical disk6 in CR(νn), letx6 = 6 ∩R(νn). Having
in mind (IF), we can focus our attention on vertical disks6 contained in leaves ofFuu

t

(6 = {x ∈ C+
t : xsc = x6}). As in the definition of the blender, the disk6 is at the left of

An (6 is an`-disk) if (x6)c < (An)
c (i.e.x6 ∈ R−(νn)).

Given a vertical disk6 in CR(νn) we say thatk = Nsn + m, m ≥ 0, is an`-return of6
if f k

sn
(6) ∩ CR(νn) contains aǹ -disk 6′

k such thatf −i
sn

(6′
k) ⊂ V for all 0 ≤ i ≤ k. By

Remark 5.9, this definition can be stated in terms of projections%m
sm

and iterations offsn .

Remark 5.10.Let k be aǹ -return of6. Then there areh ≥ 1, j1, . . . , jh, andr1, . . . , rh,
ji, ri ≥ 0, with k = hNsn + ∑h

i=1(ji + ri ), such that

6′
k = {x ∈ C(νn) : xsc = x̂6}, wherex̂6 = (f

jh
sn ◦%rh

sn
)◦· · ·◦(f

j1
sn ◦%r1

sn
)(x6) ∈ R−(νn).

Then we say that thè-returnk of 6 is of typeJ = (jh, rh) · · · (j1, r1).

In view of this remark we introduce projections%J
sn

associated tò -returnskJ of type

J = (jh, rh) · · · (j1, r1), kJ = hNsn + ∑h
i=0(ji + ri ), defined on subrectanglesRJ of

S+(Qsn) by

%J
sn

: RJ → S(Qsn), x 7→ %J
sn

(x) = (f
jh
sn ◦ %rh

sn
) ◦ · · · ◦ (f

j1
sn ◦ %r1

sn
)(x).

We say that theprojection%J
sn

is ρ-expanding in the rectangleRJ if

$(%J
sn

(α)) ≥ ρ$(α), for every curveα in RJ .

Similarly, an`-return of typeJ is ρ-expanding inRJ if %J
sn

is ρ-expanding inRJ .
Bearing in mind the comments above, in our context (ft -invariance ofF ss

t andFuu
t

and hyperbolicity ofDft in Ess andEuu) we can reformulate conditions (B1)–(B4) in the
definition of blender in terms of projections%J

sn
and expansivè-returns (which give the

expansion in the central direction). Then we prove that(CR(νn), fsn) satisfies (P1)–(P3)
and that (P1)–(P3) imply (B1)–(B4):
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(P1) there exists a covering(Ri)
ϑ
i=0 of R−(νn) by rectangles and families of pairs(Ji)

ϑ
i=0

such that%Ji
sn (Ri) ⊂ R−(νn);

(P2) %
Ji
sn is ρ1-expansive inRi for all i, ρ1 > 1 as in (3.6);

(P3) Ac
n ∈ R0 and the period ofAn is kJ0 = pn (An is the periodic point in

Proposition 5.1).

LEMMA 5.11. (P1)–(P3) imply (B1)–(B4).

Proof. In the definition of the blender takeqi = kJi .
(P1) implies (B1). It suffices to takeCi = f −qi (C

%
Ji
sn (Ri)

).

(P1) implies (B4). Given any`-disk V in CR(νn) let {xV } = V ∩ R−(ν). If xV ∈ Ri ,
i ∈ {0, . . . , ϑ}, let Vi = V ∩ Ci . By definition ofCi , f

qi
sn (Vi) = Fuu

sn
(%

Ji
sn (xV )), which is

an`-disk; recall that by (P1),%Ji
sn (Ri) ⊂ R−(νn).

(P2) implies (B2). Using Fuu
sn

(respectivelyF ss
sn

) we construct the strong unstable
(respectively stable) cone fieldCuu aroundEuu

sn
(respectivelyCss aroundEss

sn
). Theρ1-

expansiveness of%Ji
sn implies thatDxf

qi
sn , x ∈ Ci , is ρ1-expansive in the central direction.

This allows us to construct the unstable bundleCu-aroundTxF
uu
sn

(x) ⊕ (0s, vc, 0u).
(P3) implies (B3). By construction,An is in the interior ofCR(νn). Moreover, by

definitions ofC0 andq0 and by construction,An belongs toC0 and is the unique point
of periodq0 in C0. 2

Construction of the covering(Ri). Expansive returns.Our target now is the construction
of the covering(Ri) of R−(νn) satisfying (P1)–(P3). For that we define expansive`-returns
of vertical disks6 with x6 ∈ R−(νn).

Definitions of̀ -returns: returns of typeJ0 = (jn, 0)(0, kn). These returns are associated
to %

J0
sn . From (5.23) we have

π0
sn

= %J0
sn

, J0 = (jn, 0)(0, kn).

Consider the rectangle

R0 = {x ∈ R−(νn) : (An)c − ρ−1
2 νnsn ≤ xc ≤ (An)c} ⊂ R−(νn) ⊂ Sn(sn).

SinceR0 ⊂ Sn(sn), by (5.24), the definition ofAn, and Fact 5.7, for eachx ∈ R0 one has

(An)c − νnsn ≤ (An)c − ρ2|xc − (An)c| ≤ (π0
sn

(x))c ≤ (π0
sn

(An))c = (An)c.

Thus

%J0
sn

(R0) = π0
sn

(R0) ⊂ R−(νn).

This inclusion and the arguments in the proof of Claim 5.8 immediately imply the
following.

LEMMA 5.12. The projection%J0
sn = π0

sn
is ρ1-expanding. In particular, everỳ-disk6 in

CR(νn), such thatx6 ∈ R0, has aρ1-expanding̀ -return of typeJ0 = (jn, 0)(0, kn).

By definition it is obvious that the rectangleR0 satisfies (P3).
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Further expansivè-returns. In view of Lemma 5.12 we are now left to get expansive`-
returns for̀ -disks6 with x6 ∈ (R−(νn) \ R0). The domains of definition of such returns
will determine the rectangles(Ri)

ϑ
i=1. For i ≥ 1 define the subrectangleRi of R−(νn) by

Ri = {x ∈ R−(νn) : (π1
sn

(x))c ∈ [snβi−1
sn

ξn, snβ
i+2
sn

ξn] and(π1
sn

(x))c < (An)c}.
These rectangles are not disjoint, for instanceRi intersectsRi+1, Ri+2, andRi+3, i ≥ 1.
Moreover, sinceπ1

sn
preserves<, Ri+1 is at the right ofRi , meaning thatxc < yc for every

x ∈ (Ri \ Ri+1) andy ∈ (Ri+1 \ Ri). Finally, if i is largeRi may be empty.
We say thatRi has full widthif there arex, y ∈ Ri such that(π1

sn
(x))c = βi−1

sn
ξnsn

and (π1
sn

(y))c = βi+2
sn

ξn, i.e. (π1
sn

(Ri))c = [βi−1
sn

ξnsn, β
i+2
sn

ξnsn]. If ξn is small then
(πsn(R1))c = [snξn, snβ

3
sn

ξn] andR1 has full width. Moreover, ifRi has full width then
R1, R2, . . . , Ri−1 also have full width and

(π1
sn

(R1 ∪ R2 ∪ · · · ∪ Ri))c = [ξnsn, β
i+2
sn

ξnsn].
From (5.7) it follows that the diameterd(i) of (R1 ∪ · · · ∪ Ri)c satisfies

ξnsn(β
i+2
sn

− 1)

Mnσsn

≤ d(i) ≤ ξnsn(β
i+2
sn

− 1)

mnσsn

.

Let δ be the diameter of(R−(νn) \ R0)
c, then

δ = (1 − ρ−1
2 )snνn.

Let in be the firsti such thatRi intersects the interior ofR0. We prove that in this
caseR1, . . . , Rin have full width (see Claim 5.13 below). FromR1 ∪ · · · ∪ Rin 6⊂
(R−(νn) \ R0) and the position of the rectangles we get thatd(in) ≥ δ. Similarly,
(R1 ∪ · · · ∪Rin−1)∩ int(R0) = ∅ impliesd(in − 1) ≤ δ. The estimates ond(i) before give

ξn(β
in+1
sn − 1)

Mnσsn

≤ (1 − ρ−1
2 )νn ≤ ξn(β

in+2
sn − 1)

mnσsn

.

In particular,

ξnβ
in+1
sn

≤ Mnσsn(1 − ρ−1
2 )νn + ξn. (5.30)

CLAIM 5.13. The rectangleRin+5 has full width, i.e. [ξnsnβ
in+4
sn , ξnsnβ

in+7
sn ] =

(π1
sn

(Rin+5))c. In particular,Ri has full width and intersectsR0 for everyin ≤ i ≤ in + 5.

Proof. By constructionξnsn is the left extreme of(π1
sn

(R−(νn)))c. Thus, to prove the claim
it is enough to see that

[ξnsn, β
in+8
sn

ξnsn] ⊂ int(π1
sn

(R−(νn)))c.

Having in mind the estimates on the expansion ofπ1
sn

in (5.7), to get this inclusion it is
enough to check that

βin+8
sn

ξn < ξn + mnσsnνn.

Thus, from (5.30), it suffices to see that

βin+8
sn

ξn ≤ β7
sn

ξn + β7
sn

Mnσsnνn(1 − ρ−1
2 ) ≤ ξn + mnσsnνn.
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That is, it is enough to check that

(1 − ρ−1
2 ) ≤ mnνnσsn + ξn − β7

sn
ξn

β7
sn

Mnσsnνn

.

But for largen (thus smallsn) the choice ofρ2 in (3.5) andm ≤ M give

(1 − ρ−1
2 ) ≤ 1

2

m

Mβ7
sn

≤ 1

2β7
sn

.

Therefore, it suffices to prove that

1

2β7
sn

≤ mnνnσsn + ξn(1 − β7
sn

)

β7
sn

Mnσsnνn

.

Clearly, this inequality holds if

mn

Mn

≥ 1

2
+ ξn(β

7
sn

− 1)

mσsnνn

.

Sincemn/Mn > 3/4 (see (3.7)) this follows from (5.28) and the estimates onσsn , see
(3.14). This completes the proof of the claim. 2

The covering(Ri). Write ϑn = in + 5 and consider the covering(Ri)
ϑn

0 of R−(νn). For
simplicity let us writeϑ instead ofϑn. We claim that these rectangles satisfy (P1)–(P3).
Recall thatAn ∈ R0, so we are left to check properties (P1) and (P2). Recall also that for
everyx ∈ R0 there is aρ1-expansivè -return associated toπ0

sn
(Lemma 5.12). Therefore,

it is enough to defineρ1-expansivè -returns forR1, . . . , Rϑ . For eachi ∈ {1, . . . , ϑ} take
gi minimum such that

f
gi
sn (π1

sn
(Ri)) ⊂ {x ∈ S(Pt ) : |xc| ≤ λsnνnsn}

and write

gi = ai + Nsn + bi, ai, bi ≥ 0 andai minimum such thatf ai
sn

(π1
sn

(Ri)) ∩ D+
sn

6= ∅.

From the definitions ofRi andD+
sn

, and 1≤ i ≤ ϑ = in + 5, we get

βai
sn

βi+2
sn

ξnsn ∈ [β−1
sn

, 1] H⇒ βai
sn

≥ β−8
sn

β
in
snξnsn

. (5.31)

Using the estimates in (5.30) and in (3.14) (the definition ofσsn), the last inequality gives

βai
sn

≥ β−8
sn

β
in
snξnsn

≥ β−7
sn

(ξn + Mnσsn(1 − ρ−1
2 )νn)sn

>
β−9

0 λ2
0

(ξn + Mβ2
0λ−2

0 (1 − ρ−1
2 )νn)sn

. (5.32)

On the other hand, from the definitions ofgi , Nsn , andbi one immediately gets

λbi−3
sn

∈ [λ2
sn

νnsn, λsnνnsn) H⇒ λbi
sn

> λ6
0νnsn for every largen. (5.33)
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Finally, the choice ofgi gives

πu
sn

(f
gi
sn (π1

sn
(x))) ∈ R−(νn), for all x ∈ Ri andi = 1, . . . , ϑ.

Thus we can define projections

φi
sn

: Ri → R−(νn), x 7→ φi
sn

(x) = %Hi
sn

(x), Hi = (0, bi)(ai, 0), i = 1, . . . , ϑ.

For completeness, letφ0
sn

: R0 → R−(νn), φ0
sn

(x) = π0
sn

(x). The definition of theφi
sn

implies that(Ri)
ϑ
i=0 satisfies (P1). The fact that(Ri)

ϑ
i=0 satisfies (P2) follows from the

next lemma.

LEMMA 5.14. Every projectionφi
sn

, i ∈ {0, 1, . . . , ϑ}, is ρ1-expansive.

Proof. As we have mentioned the result holds forφ0
sn

= π0
sn

. So we focus our attention on
the projectionsφi

sn
, i = 1, . . . , ϑ. Let

EA = β−12
0 mλ4

0

ξn + β2
0λ−2

0 M(1 − ρ−1
2 )νn

1

sn
, EB = λ6

0mνnsn.

We claim that the constant of expansionE(φi
sn

) of φi
sn

satisfies

E(φi
sn

) ≥ EAEB = β−12
0 λ10

0 m2

(ξn/νn) + β2
0λ−2

0 M(1 − ρ−1
2 )

> 2 > ρ1,

where the last inequality follows from (5.29). To prove the claim writeφi
sn

= %
Bi
sn ◦ %

Ai
sn ,

Bi = (0, bi) andAi = (ai, 0), and observe that in our case (hypotheses (IF) and (AP)) we
have

E(φi
sn

) = E(%Bi
sn

)E(%Ai
sn

). (5.34)

FromRi ⊂ R(νn) ⊂ Ssn(sn), the definition of%Ai
sn , and the estimates onβai

sn , andσsn , see
(5.32) and (3.14), we get

E(%Ai
sn

) ≥ σsnmnβ
ai
sn

≥ mβ−12
0 λ5

0

ξn + λ−2
0 β2

0M(1 − ρ−1
2 )νn

1

sn
= EA. (5.35)

Similarly, from the definition of%Bi
sn and the estimates forλbi

sn in (5.33),

E(%Bi
sn

) ≥ mλbi
sn

sn > mλ6
0νnsn = EB. (5.36)

The claim (and thus the lemma) now follows from (5.34), (5.35), and (5.36). 2

This concludes the proof of the fact that the covering(Ri)
ϑn

i=0 satisfies (P1)–(P3).
Lemma 5.11 now implies that(CR(νn), fsn) is a blender ofϑn + 1 symbols.

5.2.4. Geometric properties of the blender(CR(νn), fsn). In this section we prove that
the blender(CR(νn), fsn) satisfies the geometric properties (a) and (b) in Proposition 3.6.
This follows from the next proposition.

https://doi.org/10.1017/S0143385701001067 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001067


62 L. J. D́ıaz and J. Rocha

PROPOSITION5.15. The blender(CR(νn), fsn) satisfies:
• Ws(Qsn) intersects transversely every`-strip in CR(νn);
• Wu(Psn) contains a vertical̀ -disk in the interior ofCR(νn).

Given a vertical stripS in CR(νn) let αS = S ∩ R(νn) be itsbasis. In the proof of the
proposition we use the following property of the rectanglesRi , i ∈ {0, 1, . . . , ϑn}.
LEMMA 5.16. LetS be an`-strip in CR(νn) such thatαS is not contained in anyRi . Then
Ws(Qsn) intersectsS transversely.

Proof. We claim that ifαS is not contained in anyRi then(π1
sn

(αS))c contains at least two
consecutive fundamental domains ofγsn . This claim implies that

C(π1
sn

(αS), f Nn
sn

(S) ∩ UQ) t Ws(Qsn) 6= ∅.

This assertion follows by observing that given any fundamental domainD ⊂ UQ of
fsn in γsn there is a transverse homoclinic pointZ = (0s, zc, zu) of Qsn such that

Zc = (0s, zc, 0u) ∈ D and|zu| < C|λr+1(sn)|−N−
t .

To prove the claim let̀α andrα , (`α)c < (rα)c, be the extremes ofαS . Definei` as the
maximumi such thatRi contains̀ α . By hypothesis,rα does not belong toRi` (otherwise
α ⊂ Ri` ). There are two cases: eitheri` ≤ ϑn − 1 or i` = ϑn. We show the claim in
the first case; the second one follows analogously and we omit its proof. We split eachRi

(1 ≤ i ≤ ϑn) into three parts,

Ri = R0
i ∪ R1

i ∪ R2
i , where(π1

sn
(R

j
i ))c = [βi+j−1

sn ξnsn, β
i+j
sn ξnsn], j = 0, 1, 2.

Remark thatR0
i = R1

i−1 = R2
i−2 and thatRk

i is at the left ofRk+1
i .

Observe that̀α ∈ R0
i`

: otherwise, by the definitions ofRj
i , `α ∈ Ri`+1, i` + 1 ≤ ϑn,

contradicting the definition ofi`. On the other hand, sincerα does not belong toRi` ,
(R1

i`
∪ R2

i`
)c ⊂ (αS)c. Let α̂S = αS ∩ (R1

i`
∪ R2

i`
). The definition ofRj

i implies that

(π1
sn

(α̂S))c = [βi`
snξnsn, β

i`+2
sn ξnsn]. That is,(π1

sn
(α̂S))c is the union of two consecutive

fundamental domains ofγsn. This ends the proof of the claim, and thus of the lemma.2

Proof of Proposition 5.15.To state its first part consider any`-strip S0 and its basisα0 =
αS0 = S0 ∩R(νn). If α0 is not contained in anyRi , from Lemma 5.16,S0 t Ws(Qsn) 6= ∅
and we are done. So assume thatα0 is contained in someRi0. By definition ofgi0, f

gi0
sn (S0)

contains thè -stripS1 given by

S1 = C(α1, f
gi0
sn (S0) ∩ Csn), α1 = αS1 = φi0

sn
(α0) ⊂ R−(νn),

and such that, see Lemma 5.14,

$(α1) > ρ1$(α0), ρ1 > 1.

As before, ifα1 is not contained in anyRi thenS1 intersects transverselyWs(Qsn) and we

are done (recall thatS1 ⊂ f
gi0
sn (S0)). So assume thatα1 ⊂ Ri1 for somei1. At this stage

we argue inductively defining̀-curvesα0, . . . , αk and`-stripsS0, . . . , Sk , such that:
• αj = αSj ⊂ Rij ;

• Sj = C(αj , f
gij−1
sn (Sj−1) ∩ Csn) ⊂ f

gij −1
sn (Sj−1);
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• αj = φ
ij−1
sn (αj−1) and$(αj ) > ρ1$(αj−1) > ρ

j

1$(α0), ρ1 > 1.
Since the width of theRi is upper bounded, there is a firstk such thatαk is not contained

in anyRi . As before,Sk t Ws(Qsn) 6= ∅. SinceSk ⊂ f
q
sn(S0), q = ∑k−1

j=0 gj , this ends
the proof of the first part of the proposition.

The second part of the proposition follows immediately from theλ-lemma and the
geometric configuration of the cycle:Wu(Psn) accumulates on the left ofxsn. More
precisely, there is a sequence(yk)k of transverse homoclinic points ofPsn contained in
S(Qsn)

+ such that

yk → xsn, (yk)
c < (xsn)

c, and |(yk)c − (xsn)c| ' λk
sn

.

This ends the proof of Proposition 5.15. 2

This completes the proof of Proposition 3.6 for the parametersn in the non-critical
case. The next step is to see that there is a uniformδ, depending only on the choice of the
constants in §§3 and 5, such that our constructions hold for everyt ∈ [sn, sn(1 + δ)].

5.3. End of the proof of Proposition 3.6.Fixing the arc(ft )t∈I ∈ J E(M) with a non-
critical cycle, for everysn as in Proposition 5.1 we have constructed a blender(CR(νn), fsn)

satisfying the intersection properties in (b) in Proposition 3.6:
(I1) Ws(Qsn) intersects transversely every`-strip;
(I2) Wu(Psn) contains aǹ -disk in the interior ofCsn .

For everyg C1-close tofsn we can define in the natural way a blender(Cg, g) which
is a continuationof (CR(νn), fsn), see [BD1, Lemma 1.11]. Moreover, ifg is close tof
then (C, g) also satisfies (I1) and (I2): just observe that to get such properties we only
use compact parts of the invariant manifolds ofPsn andQsn (whose sizes depend only on
Nn, kn, andjn) and that compact parts of invariant manifolds depend continuously on the
diffeomorphism. Thus to end the proof of Proposition 3.6 we need to get some uniform
δ > 0 such that if|t −sn| ≤ δsn then the continuation(Ct , ft ) of (CR(νn), fsn) also satisfies
(I1) and (I2).

LEMMA 5.17. There isµ > 0 such that for everyt ∈ I (sn) = [sn(1 − µ), sn(1 + µ)] the
continuation(Ct , ft ) of (CR(νn), fsn) is well defined and satisfies (I1) and (I2).

From Lemmas 3.5 and 5.5 the parameterssn satisfysn+1/sn > K ′ > 0 (largen). Thus
Proposition 3.6 follows immediately from the lemma.

Proof of Lemma 5.17.We divide the proof of the lemma into two parts.

Existence of continuations.Suppose that the secondary cycletn (sn is associated totn) is of
type(e, g). Then thecentral sizeof CR(νn) is νnsn, whereνn depends only on the following
constants:
• σsn , defined in (3.14);
• κn, defined in (5.26);
• δn = 1̂n/(1 + 1̂n), 1̂n defined in (5.13) in Lemma 5.5;
• ξn, introduced in (b) in §5.2.2 and fixed in (5.28) and (5.29);
• Mn andmn, defined in (3.7).
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These constants are uniformly bounded (the bounds depend on the type(e, g) of the
secondary cycle considered). Thus there are constantsν−

e,g andν+
e,g such that

0 < ν−
e,g < νn < ν+

e,g. (5.37)

That is, the scaled size of the cube of the blender is determined by the type(e, g) of the
secondary cycletn used in its construction.

We also observe that the number of symbols of the blender,ϑn +1, depends exclusively
on (e, g). As before, for largen, there areϑ−

e,g andϑ+
e,g such that

0 < ϑ−
e,g ≤ ϑn ≤ ϑ+

e,g.

This follows from the fact thatϑn is determined byεn (recall thatϑn = in +5 and equation
(5.30)) and that theξn are uniformly bounded.

From the considerations above one getsµe,g > 0 such that the continuation(Cs, fs ) of
(CR(νn), fsn) is defined for everys ∈ I (sn) = [sn(1 − µe,g), sn(1 + µe,g)].

Finally, there are at most̀2 types of secondary cycles (` the number of sets of the
coveringU), thus it is enough to takeµ equal to the minimum of theµe,g .

In rough terms, one can think (up to the type(e, g) of the cycle attn) that for eachsn
there is an intervalI (sn) (in the parameter space) centered atsn and of size 2µe,gsn and
maps (renormalizations) ϕs,n, s ∈ I (sn), ϕs,n : Rn → M, such that the cubeCs is the
image byϕs,n of a universal cubeCe,g in Rn and that in thexc-direction the derivative of
ϕt,n is a contraction of ratiosn.

Intersection properties.We prove that theµe,g can be taken such that(Ct , ft ) satisfies the
intersection properties in Proposition 3.6 for allt ∈ I (sn) = [sn(1 − µe,g), sn(1 + µe,g)].
(I1) Ws(Qt ) intersects transversely every`-strip. This fact follows from the choice of the

cubesCi (associated to rectanglesRi ). Recall that to get (I1) for the parametersn we
only use the fact thatπs

sn
π1

sn
(Ri), i ≥ 1, contains three fundamental domains ofγsn

(actually, in the proof it is enough to take such images containing two fundamental
domains). Clearly, the continuations can be taken satisfying such a property.

(I2) Wu(Pt ) contains aǹ -disk. The fact that (I2) holds forWu(Psn) follows from the
existence of a sequence of`-disks(Wk)k ⊂ Wu(Psn) accumulating on the left ofAn

(the periodic point of the blender) and such that

dist(Wk,An) ' λk
sn

sn.

Thus there existsr0 > 0 such that

2λr0
sn

< ν−, ν− = min{ν−
e,g},

whereν−
e,g is the lower bound of the scaled size of the cubes of the blenders in (5.37).

If µe,g is small andt ∈ [sn(1−µe,g), sn(1+µe,g)], Wu(Pt) contains a diskWt which
is (λ

r0
t sn)-close toWr0. By construction,Wt is an`-disk. The proof of the lemma is

now complete. 2

This ends the proof of Proposition 3.6 for the arc(ft )t∈I .
To see that our constructions work for arcs in a small neighborhood of(ft )t∈I , just

observe that we only use the fact that, fixing suitableρ1 andρ2 close to 1+, and constants
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mi andMi in [m,M] (see (3.4)), the central eigenvalues of the cycle satisfy (3.10) and
the transition verifies (3.7). Remark 3.4 and the continuous dependence of the transitions
guarantee that these inequalities hold in a neighborhood of(ft )t∈I . This completes the
proof of Proposition 3.6 assuming the simplifying hypotheses (IF), (AP), and (NC). In the
next section we explain how one argues in the general case. 2

6. Proof of Proposition 3.6: general case
In this section we explain how one removes the simplifying assumptions (IF), (AP), and
(NC) in §3.4.

6.1. Almost-invariance and regularity ofF ss
t andFuu

t (AF).

6.1.1. Almost-invariance ofF ss
t andFuu

t . In general, the foliationsF ss
t andFuu

t we
consider (induced by the linearizing coordinates) are notft -invariant: ifx ∈ 3t(V ) ∩ UQ

and f n
t (x) is a return ofx to UQ then Fuu

t (f n
t (x)) and f n

t (F uu
t (x)) are (in general)

different. But we claim that the compact parts of these leaves we consider in our
constructions areC1-t1+α-close for someα > 0 independent of smallt . In the proof we use
the componentC1 = C(f n

t (x), f n
t (F uu

t (x))∩ UQ) of f n
t (F uu

t (x))∩ UQ containingf n
t (x),

and assumingft -invariance ofFuu
t we replace it byC2 = C(f n

t (x), F uu
t (f n

t (x)) ∩ UQ).
We claim that doing this replacement we introduce an error of order oft1+α , which is
negligible in our context.

Takex ∈ 3t(V ) having a returnf n
t (x) such thatft (x), . . . , f r

t (x) do not belong toUQ,
f r+1

t (x), . . . , f n(x) are in UQ, andf n+1
t (x) 6∈ UQ. It is not hard to check thatn − r is

(at least) of order ofN+
t ' |log(t)|/log(βt ). Similarly, the number of consecutive iterates

of this segment of orbit inUP is (at least) of order ofN−
t ' |log(t)|/|log(λt )|. Using the

linearizing coordinates and these bounds for the number of consecutive iterates of the orbit
of x in UP and UQ we get thatC1 andC2 are t1+α-close, whereα > 0 depends only
on log(|λr+1(0)|)/log(λr (0)) and log(|βr+1(0)|)/log(βr(0)), see the calculations in [D1,
§3.2].

This proximity betweenC1 andC2 allows us to carry our constructions into the general
case as follows. We first replaceFuu

t (f n
t (x)) by C(f n

t (x), f n
t (F uu

t (x)) ∩ UQ). In
particular, one needs to use a new projection, sayπ̃3

t , instead ofπ3
t = π1

t ◦ π2
t , defined as

follows:

π̃3
t = C(f

Nt
t (π2

t (x)), f
Nt
t (H(π2

t (x))) ∩ B) ∩ S(Qt ),

H(π2
t (x)) = C(π2

t (x), f
Nt+kn
t (F uu

t (x)) ∩ UQ).

The comments before guarantee thatπ̃3
t is t1+α-close toπ3

t .
We also need to introduce the same kind of modifications in the definitions of the

projections%J andφi in §5.2.3 in the construction of the blender. To do this, we define
new projections%̃J and φ̃i which are t1+α-close to%J and φi . More precisely and
inductively, consider a projection%0 associated to a family of disksG0 = (G0(x)) (in
our caseG0 = Fuu

t ) and to a returnn0, that is

%0(x) = C(f n0(x), f n0(G0(x)) ∩ B) ∩ S(Qt ).

https://doi.org/10.1017/S0143385701001067 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001067


66 L. J. D́ıaz and J. Rocha

In the next step we consider the familyG1 given byG1(x) = C(%0(x), f
n0
t (G0(x))∩ UQ)

instead ofG0, as well as the projection%1 associated toG1 and the corresponding returnn1

of the construction. Inductively we have projections%i associated to returnsni and disks
Gi . As before, we have thatC(%i(x), f

ni
t (Gi(x)) ∩ UQ) andFuu

t (%i(x)) aret1+α-close.
We claim that we can ignore the deviations introduced by the earlier replacements. To

see why this is so fixtn corresponding to a secondary cycle and thesn close totn. Note that
in the construction of the cubeCνn we work with a margin of error of the order oftn, i.e. of
the size of a fixed negative iterate of the scaled fundamental domainD+

tn
, see (3.13). Thus

our construction also works considering perturbations of the projections of order much
smaller thantn. Replacing the projections along the leaves ofFuu

t by the new projections,
we introduce an error (deviation from our affine model) of the order oft1+α

n � tn, α > 0.
Thus we can carry our construction to the general setting without extra difficulties. For
details see [D1, §3.2].

6.1.2. Regularity of the projections along the leaves ofF ss
t andFuu

t . On the one hand,
the projection fromS(Pt ) to S(Qt ) along the leaves of theFuu

t in general fails to beC1. To
guarantee the regularity of this projection one needs to assume some (open but not dense)
conditions on the eigenvalues ofDPt ft . In fact, the unique point where such a projection
may fail to be differentiable isPt : the derivative of the projection atPt in the direction
F ss

t (Pt ) may not exist. On the other hand, our construction does not involve points in
Fss

t (Pt ). In fact, in our proof we only consider points in a sectorS of S(Pt ) of the form

S = {(xs, xc, 0u) : ‖xs‖ < ‖xc‖},
and inS the projection along the leaves ofFuu

t is differentiable. So we lose no generality
assuming such a differentiability.

6.2. Projections (AP). In general, the transverse homoclinic pointxt of Pt in the
definition of unfolding of the cycle (see (GU1) and (GU2)) is of the form

x(t) = (a(t)s, tC(t), 0u), whereC(0) 6= 0

and the projections

πu
t : γ̂t ∩ UP = {(0s, xc, 0u)} → S(Q(t)), πs

t : S(Qt ) → {(0s, xc, 0u)} ⊂ UQ,

are not isometries. Let now us explain how one argues in the general case.
Let Wu

t = Wu(Pt ) ∪ Wu(Qt ) and0t = C(xt ,W
u
t ∩ S(Qt )). DefineKu andKs as the

derivatives atP0 andx0 of the projections

πu
0 : γ̂0 → S(Q0) and πs

0 : 00 → {(0s, xc, 0u)},
respectively. Fort > 0 there is a transverse homoclinic pointyt of Qt which is the
continuation ofx0, that is the analogous ofxt for Qt . Write

wt = πs
t (xt ) ∈ γt , zt = (πu

t )−1(yt ) ∈ γt ,
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and consider the restrictions̃πs,u
t of π

s,u
t to the segmentsJ (t) = [zt , Pt ] ⊂ γt and

L(t) = [yt , xt ] ⊂ 0t ,

π̃u
t : J (t) = [zt , Pt ] → [yt , xt ] ⊂ 0t , π̃ s

t : L(t) = [yt, xt ] → [Qt,wt ] ⊂ γt .

Denote byKu,s
t andk

u,s
t the maximum and the minimum of the derivatives ofπ̃

u,s
t . Then

these constants satisfy (see the arguments in [D1, p. 298])

K
u,s
t , k

u,s
t → Ku,s, in particular,

K
u,s
t

k
u,s
t

→ 1. (6.1)

Moreover, one immediately gets

(zt )c ∈ [(Ku
t )−1tC(t), (ku

t )−1tC(t)], (wt )c ∈ [ks
t tC(t),Ks

t tC(t)].
Recall that in our affine model we had(zt )

c = −t and(wt )
c = t .

In the general case the scaled fundamental domainsD±
t are defined by

D+
t = f

−N+
t

t (D̃+), N+
t minimumi ≥ 0 such thatf i

t (wt ) ∈ D̃+,

D−
t = f

N−
t

t (D̃−), N−
t minimumi ≥ 0 such thatf −i

t (zt ) ∈ D̃−,
(6.2)

where the fundamental domainsD̃± are exactly as in §3.2. The estimates before give

tC(t)λt

Ku
t

≤ λ
N−

t
t ≤ tC(t)

ku
t

,
1

tC(t)βtK
s
t

≤ β
N+

t
t ≤ 1

tC(t)ks
t

.

As in §3.4, see (3.14), let

σ̃t = λ
N−

t
t β

N+
t

t where
β−2

0 λ2
0

Ku
t Ks

t

≤ σ̃t ≤ β2
0λ−2

0

ku
t ks

t

.

Then

σ̃t = 1

k̃u
t k̃s

t

σt , for someσt ∈ (λ2
0β

−2
0 , λ−2

0 β2
0) andk̃u

t k̃s
t ∈ [ku

t ks
t ,K

u
t Ks

t ]. (6.3)

Using that, by definition,|Dxπ̃
s,u
t | ∈ [ks,u

t ,K
s,u
t ], we can obtain the analog of the estimates

in (5.7) for the distortion of the derivatives (in the central direction) of the new projections.

For instance, considerπ1
t andx ∈ f

−N+
t

t (Ui), whereUi is an interval of the coveringU
of D̃+

t . As in §5.1.2
miσ̃t k

s
t k

u
t ≤ (πs

t π1
t )′(x) ≤ Miσ̃tK

s
t K

u
t .

From (6.1) and (6.3) we have

mik
−
t σt ≤ (πs

t π1
t )′(x) ≤ MiK

+
t σt ,

k−
t = ks

t k
u
t

Ks
t Ku

y

and k+
t = Ks

t Ku
t

ks
t k

+
t

, k±
t → 1 ast → 0.

That is, ift is small, we have essentially the estimates we found in the affine case assuming
(AP). It is now clear that the general construction follows exactly as in the simplified case
(assuming (IF) and (AP)).
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Q0

γ0

γ̃0

a f0(a)
Wcs+ (Q0)

x1
x2

x3
x4

DQ

FIGURE 7. Non-critical levels.

6.3. The critical case: assumption (NC).Let us now explain how we eliminate the non-
criticalies assumption (NC) in the general case. Suppose that0(f0, P0,Q0) is a connected
cycle and letγ0 be a periodic connection (in our case we are assuming thatf0(γ0) = γ0).

Consider the foliationsF ss
0 of Ws(P0) andFuu

0 of Wu(Q0) induced by the linearizing
coordinates. Denote byC the set of pointsx ∈ γ0 such that eitherF ss

0 (x) orFuu
0 is tangent

to γ0 at x. Take fundamental domainsDP ⊂ UP andDQ ⊂ UQ of f0 in γ0. Generically,
there arex1, . . . , xr such that

C ∩ (DP ∪ DQ) = {x1, . . . , xr },
and the contact at eachxi is quadratic. Using the coordinates inUP,Q, consider the
separatrizes of the centre stable manifold ofP0 and of the centre unstable manifold of
Q0 given by

Wcs− (P0) = {(0s, xc, 0u), xc < 0} and Wcs+ (Q0) = {(0s, xc, 0u), xc > 0}.
Take a neighborhoodUC of {x1, . . . , xm} in γ0 and define

γ̃0 = γ0

∖ ( ⋃
i∈Z

f i
0(UC)

)
.

If UC is small enough then

πss
0 (γ̃0 ∩ UP ) = Wcs− (P0) and πuu

0 (γ̃0 ∩ UQ) = Wcu+ (Q0),

whereπss
0 and πuu

0 are the projections along the leaves ofF ss
0 andFuu

0 , respectively.
Moreover, for smallt we can define a non-critical continuationγ̃t of γ̃0 satisfying this
covering property (in the language in §2.3,γ̃t contains fundamental domains).

Using the arguments in [DR1] we can repeat the constructions in the non-critical case
replacingγt by γ̃t and considering non-critical subsetsW̃ s

t of Ws(Pt ) as follows:

W̃ s
t =

⋃
x∈γ̃t

C(x, F ss
t (x) ∩ V ).
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Now we can define projections (which are multivalued at some points) fromW̃ s
t ∩ UP to

W̃ s
t ∩ UQ along the leaves ofFuu

t . More precisely, at this stage we need to take theξn

small enough andρ2 close to 1+ in such that

β−12
0 λ11

0 m2

(ξn/νn) + λ−2
0 β2

0M(1 − ρ−1
2 )

≥ 2(r + 1),

where r is the number of critical points. Observe that (in each fundamental domain
of γt ) W̃ s

t hasr non-critical levels, sayW̃ s
t (i). Consider now the projectionsφi

t as in
Lemma 5.14. Then for every curveα in a rectangleRi , i ≥ 1, there is somej such that
((φi

t )(α) ∩ Ws
t (j))c > 2(α)c. See [DR1] for details. The result now follows as in the

non-critical case.

Remark 6.1.The arguments before also work if the cycle contains fundamental domains:
considerγ̃0 ⊂ Ws(P0) t Wu(Q0) consisting of countable many components without
criticalities and such thatπss

0 (γ̃0) and πuu
0 (γ̃0) cover the separatrizesWsc− (P0) and

Wcu+ (Q0), respectively.

7. Proofs of the auxiliary results: Theorem 2.2 and Corollary 2.3
In this section we end the proofs of the auxiliary results in §2.3. Observe that Corollary 2.3
follows immediately from Theorem 2.2.

In view of the proof of Theorem 2.1 and Remark 6.1, to state the first part of
Theorem 2.2 we are left to consider the case in which the projectionπs

0 ◦ πu
0 does

not preserve the ordering<. In this case one considers parameterstn corresponding to
secondary cycles and cycles0(ftn , Ptn ,Qtn). It can be immediately checked that these
new cycles preserve the ordering< in the continuationγtn of γ0. Applying the arguments
of the proof of Theorem 2.1, for eachn we get an intervalB ′

n arbitrarily close totn of
parameters corresponding to non-hyperbolic diffeomorphisms.

Observe that we do not know if these intervalsB ′
n have positive density at 0: in the

proof of Theorem 2.1 we fix compact parts of the leaves of the strong stable and unstable
foliations (the parts corresponding to the continuations ofWs

loc(Q0) andf
h0
0 (Wu

loc(Q0))).
This allows us to control the distortion of the holonomy and thus the size of the bifurcation
intervals. In this general case the size of the compact part ofWu(Ptn) we need to consider
goes to infinity asn; just observe that the secondary cycle is associated to the intersection

Ws
loc(Qtn) ∩ f

Ntn
tn

(Wu
loc(Ptn)), Ntn → ∞, as in the definition of the secondary cycle, see

(3.15).
Finally, to get the neighborhood of the cycle we argue as in the proof of the critical case,

see §6.3. It suffices to replaceV in the definition of the neighborhood of the cycle by some
suitableW obtained as follows: define the critical setC and its neighborhoodUC exactly
as in §6.3. Now it is enough to takeW = (V \ UC).

8. Proofs of the theorems
In this section we prove the theorems in the introduction. Observe that Theorem E is
an immediate consequence of (iii) in Theorem 2.1; just defineA3 as the union of the
neighborhoodsW in Theorem 2.1, where the(ft )t∈I run overJ E(M) ∩NIE(M).
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8.1. Proof of Theorem D. Consider an arc(ft )t∈I with a cycle0(f0, P0,Q0). Denote
by λc andβc, |λc| < 1 < |βc|, the central eigenvalues of the cycle.

8.1.1. Proof of (i). To prove the first part of the theorem we classify the cycles according
to the character of the central eigenvalues (real and complex) and the connections (the
existence of critical components of the intersectionWs(P0) ∩ Wu(Q0)). We consider
generic arcs and observe that there are the following possibilities:
(1) eitherλc or βc is in (C \ R);
(2) the cycle has real central eigenvalues:

(2.1) the cycle is connected,
(2.2) the cycle is non-connected (every component ofWs(P0) ∩t Wu(Q0) is non-

periodic),
(2.2.1) the cycle is critical: there is a connected component ofWs(P0) t

Wu(Q0) having quadratic criticalities (related to either the strong
stable foliationF ss

0 of Ws(P0) or to the strong unstable foliationFuu
0

of Wu(Q0)),
(2.2.2) the cycle is non-critical: every component ofWs(P0) t Wu(Q0) is

non-critical (transverse toF ss
0 andFuu

0 ).

Cases (1) and (2.2.1).In these cases there is a sequence(tn) of parameters,tn → 0, such
thatftn has a homoclinic tangency associated toPtn or Qtn for everytn. More precisely,
in Case (1) and ifβc (respectivelyλc) is complex then the tangencies are associated to
Ptn (respectivelyQtn). On the other hand, in Case (2.2.1), if the critical component
of Ws(P0) t Wu(Q0) is tangent toF ss

0 (respectively toFuu) then the tangencies are
associated toQtn (respectively toPtn).

From [R, Theorem C] and [MV , Theorem A], for each largen there is a set of positive
measureJn, Jn close totn, such thatft has a strange saddle (roughly speaking, the product
of a Hénon-like attractor/repeller by a hyperbolic dynamics) for allt ∈ Jn. In particular,
ft is non-hyperbolic for everyt ∈ Jn. This completes the proof in Cases (1) and (2.2.1).

Case (2.1).This case follows immediately from Theorem 2.2 using the following remark.

Remark 8.1.Let 0(f, P,Q) a connected cycle with real central eigenvalues. Then it
contains infinitely many fundamental domains.

Case (2.2.2).We claim that one can perturb the arc to get either a critical cycle or a cycle
containing infinitely many fundamental domains. In the first case the conclusion follows
from the arguments in Cases (1) and (2.2.1); in the second it follows from Theorem 2.2.

LEMMA 8.2. Let f be aCk-diffeomorphism,k ≥ 1, with a cycle0(f, P,Q) such that
its central eigenvalues are both real andWs(P ) t Wu(Q) has a connected component
γ which is non-periodic and non-critical. Then there isg Ck-close tof with a cycle
0(g, Pg,Qg) such that either:

• 0(g, Pg,Qg) is critical; or
• 0(g, Pg,Qg) contains infinitely many fundamental domains.
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PP

Ws
loc(P )Ws

loc(P )

y yf k(y) f k(y)

f i(γ ) ∩ Ws
loc(P )f i(γ ) ∩ Ws

loc(P )

FIGURE 8. The intersectionf i(γ ) ∩ Ws
loc(P ).

Proof. After perturbation we can assume thatf is C1-linearizable atP andQ. We argue
by contradiction. Suppose that for every connected componentγ of Ws(P ) t Wu(Q) one
has thatπss(γ ) andπuu(γ ) contain only finitely many fundamental domains ofWcs(P )

andWcu(Q), respectively. If we can perturbf to get a critical cycle we are done. Thus let
us suppose that it is not the case and that for everyg close tof the cycle0(g, Pg,Qg) is
non-critical. Fixing a componentγ of Ws(P ) t Wu(Q) we have the following.

CLAIM 8.3. Either f i(γ ) is not contained inWs
loc(P ) for all i ≥ 0 or f −i (γ ) is not

contained inWs
loc(Q) for all i ≥ 0.

Proof. Suppose that the claim is false, then there isk ≥ 0 such thatγ s = f k(γ ) ⊂
Ws

loc(P ) andγ u = f −k(γ ) ⊂ Wu
loc(Q). The curveγ s has extremesas andbs, as, bs 6∈ γ s .

We can assume thatas, bs 6∈ Wu(Q), otherwise there is a tangency betweenWs(P )

and Wu(Q) at eitheras or bs, and after perturbation one gets a critical cycle. Let
γ ′ = γ s ∪ {as, bs}. Thenf −i (γ ′) is not contained inWu

loc(Q) for everyi ≥ 0, otherwise
as and bs belong toWu(Q). This implies thatf −k(γ ) is not contained inWu

loc(Q),
contradicting our hypotheses. 2

Now suppose, for instance, thatf i(γ ) is not contained inWs
loc(P ) for every i ≥ 0.

Sinceπss(f i(γ )) contains only finitely many fundamental domains ofWcs(P ), we have
thatγ does not intersectWss(P ). There are essentially the two possibilities depicted in
Figure 8 for the intersectionf i(γ ) ∩ Ws

loc(P ).

Consider anyx ∈ γ and the vectorvx tangent toγ at x. Sinceγ is non-critical the
component ofvx in the central direction (the direction spanned by the eigenvectorvc of
λc) is different from zero. Thus using the linearizing coordinates we get that the vectors
Dxf i(vx) = vf i(x) converge to a vector parallel tovc . Now, sincef i(x) converges toP ,
πss(f i(γ )) contains only finitely many fundamental domains, andf i(γ ) is not contained
in Ws

loc(P ), one immediately gets sequences of points(zi), zi ∈ (f i(γ ) ∩ Ws
loc(P )), and
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of unitary vectorswi , wi = ((wi)s , (wi)c, 0u) ∈ Tzi f
i(γ ), such that

‖(wi)s‖
‖(wi)c‖ → ∞.

That is, if i is large enoughwi is almost parallel toWss(P ). It is now clear that we can
perturbf to obtaing with a critical cycle0(g, Pg,Qg). This concludes the proof of the
lemma. 2

8.1.2. Proof of (ii). There are two possibilities. First, if the cycle0(f0, P0,Q0) has
central real eigenvalues the result follows from (i) in Theorem 2.2.

Suppose that the cycle has a complex (non-real) central eigenvalue. In this case
the result follows from [DU]: for an open and dense subset of arcs(ft )t∈I exhibiting
a connected heterodimensional cycle0(f0, P0,Q0) and having only one central real
eigenvalue there is an interval[−ε, ε] in the parameter space such that:
• the set of parameterst corresponding to diffeomorphismsft with homoclinic

tangencies associated either toPt or Qt is dense in[−ε, ε]; and
• for everyt ∈ [−ε, ε] the connectionγt of the cycle is contained inL(ft ).

Note that in this case one hasb+
n = ε andb−

n = −ε for all n. Let us also observe that
in the proofs in [DU] the authors assume some conditions on the central eigenvalues, but
these assumptions can be removed exactly as we did in §6.1.

8.1.3. Proof of (iii). Consider an arc(ft )t∈I with a cycle0(f0, P0,Q0) corresponding
to a first bifurcation, i.e.(ft )t∈I ∈ FbC(M). Then (for an open and dense subset of such
arcs) one has that:
• the central eigenvalues of the cycle are both real and positive;
• the projectionπs

0◦πu
0 along compact parts of the strong unstable and stable foliations

in §3.1.3 is order preserving;
see the arguments in [DR2, §3]. The result now follows arguing exactly as in the proof of
Theorem 2.1. 2

8.2. Proof of Theorem A. Consider a heterodimensional cycle0(f, P,Q). After
perturbation off we can assume that:
• f is C1-linearizable atP andQ;
• the central eigenvalues are both real (otherwise we can approximatef by a

diffeomorphism with homoclinic tangencies associated either toP or Q);
• the foliationsF ss of Ws(P ) andFuu of Wu(Q) are defined and every connected

component ofWs(P ) t Wu(Q) is transverse to these foliations (otherwise we obtain
homoclinic tangencies).

We now have two possibilities.
• The cycle is connected. The result follows from Corollary 2.3 recalling that the cycle

contains infinitely many fundamental domains, see Remark 8.1.
• The cycle is non-connected. Observe that we can not perturb0(f, P,Q) to

get a critical cycle0(g, Pg,Qg) (recall that the cycle is far from tangencies).
Now, from Lemma 8.2, after a new perturbation (if necessary) we get a cycle
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containing infinitely many fundamental domains and the result follows as before
from Corollary 2.3. 2

8.3. Proof of Theorem B. Since the cycle0(f, P,Q) is connected it contains infinitely
many fundamental domains (Remark 8.1). From Corollary 2.3, fixing any neighborhood
Uf of f there is an open subsetV of Uf such that for everyg ∈ V there is a transitive set
3g containingPg andQg. In particular,Pg andQg are persistently connected inV .

By hypothesis,P andA (respectivelyQ andB) are homoclinically related; thusPg

andAg (respectivelyQg andBg) are persistently connected inV (smallV). Since to be
persistently connected defines a relation of equivalence, see [BD2, Theorem 3.1],Ag and
Bg are persistently connected inV . Finally, [BD2, Theorem C] implies that there is a
residual subsetR in V of diffeomorphisms with infinitely many sinks or sources. This
completes the proof of the theorem. 2

8.4. Proof of Corollary C. Suppose thatf has a bicritical cycle0(f, P,Q). Denote
by λs , λc, andλu, |λs | < |λc| < |λu|, (respectivelyβs , βc andβu, |βs | < |βc| < |βu|)
the eigenvalues ofDP f k, k the period ofP (respectivelyDQf m, with m the period of
Q). Observe that0(f, P,Q) contains infinitely many fundamental domains. Given any
C1-neighborhoodUf of f there is an open subsetV consisting ofg such that:
• there is a transitive set3g containingPg andQg , recall Corollary 2.3;
• Ws(Pg) t Wu(Qg) has a bicritical periodic connected component.

After perturbation we can assume that everyg in V satisfies either (1) or (2) below:
(1) eitherPg is sectionally dissipative (i.e.|λc(g)λu(g)| < 1) or Qg is sectionally

expansive (i.e.|βc(g)βs(g)| > 1),
(2) |λc(g)λu(g)| > 1 > |βc(g)βs(g)|.

Let us first prove the corollary in the second case, which is the hardest one. For that
we see that there isg C1-close tof with a cycle0(g, Pg,Qg) satisfying the hypotheses in
Theorem B. That is, we get periodic pointsAg andBg homoclinically related toPg and
Qg , respectively, such that their derivatives have complex (non-real) eigenvalues.

SincePg andQg are in the same transitive set, using the connecting lemma in [H] we get
g1 ∈ V such thatWu(Pg1) andWs(Qg1) have a quasi-transverse intersection. In particular,
0(g1, Pg1,Qg1) is a bicritical connected cycle. Unfolding this cycle we getg2 ∈ V with a
homoclinic tangency associated toQg2. SinceQg2 is not sectionally expansive, unfolding
this tangency we getg3 with a saddleP ′

g3
such that its derivative has a complex contracting

eigenvalue (see [R] and [YA ]). We claim thatP ′
g3

can be chosen satisfying:
(i) Ws(P ′

g3
) ∩ Wu(Qg3) 6= ∅;

(ii) Wu(P ′
g3

) intersects transverselyWs(Pg3).
The second assertion follows from the standard cone field construction. In this way

we get thatWu(P ′
g3

) is close toWuu
loc(Qg3) andWs(Pg3) accumulates onWs(Qg3). From

these observations it is now not difficult to get (ii). The first assertion follows from [R],
we also refer the reader to [BD2, Lemmas 2.4–2.6]. Let us sketch the proof of this fact.
From [R] we can think of this tangency as a two-dimensional one associated to arcsσ s and
σu, σ s,u ⊂ Ws,u(Qg2), in a normally hyperbolic surface6 which is locallyg2-invariant
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and such thatg2 is dissipative in6 (this follows from |βc(g2)βs(g2)| < 1, see [R]).
Unfolding this tangency (in6) we getg3 such thatσ s(g3) andσu(g3) bound a diskD ⊂ 6

containing a pointP ′
g3

which is an attractor of the restriction ofg3 to 6, see [YA ]. Since
the restriction ofg3 to 6 is area contracting,Ws(P ′

g3
) is not contained inD: just consider

the backward iterations ofWs
loc(P

′
g3

) and observe that the area of these iterations grows
exponentially. ThusWs(P ′

g3
) intersects the boundary ofD. Since the stable manifolds of

different periodic points are disjoint,Ws(P ′
g3

) necessarily intersectsσu(g3) ⊂ Wu(Qg3).
This ends the proof of the claim.

We are now ready to end the proof of the corollary in case (2). We claim that (after a new
perturbation if necessary) we can assume thatWu(Pg3) intersects transverselyWs(P ′

g3
).

For that observe that sincePg3 andQg3 are in the same transitive set after perturbation
we can get a cycle0(g4, Pg4,Qg4). By (i), Ws(P ′

g4
) accumulates onWs(Qg4). Now,

unfolding0(g4, Pg4,Qg4) we getg5 such thatWu(Pg5) intersectsWs(P ′
g5

) transversely.
The claim and (ii) now imply thatPg5 andP ′

g5
are in the same homoclinic class. We

now have an open and dense subsetW of V such that for everyg ∈ W :
• there is a saddleP ′

g homoclinically related toPg such that its derivative has a
contracting complex eigenvalue.

Applying the previous arguments toQg we get an open and dense subsetY of W of
diffeomorphismsh with a saddleQh homoclinically relatedQ′

h such that the derivative
of Qh has a non-real expanding eigenvalue. By construction, everyh in Y satisfies the
hypotheses of Theorem B. This concludes the proof of the corollary in case (2).

In the first case, suppose, for instance, thatP is sectionally dissipative and consider the
subsetsVk of V defined by

Vk = {g ∈ V such thatg has at leastk hyperbolic sinks}.
By definition, theVk are open. We claim that everyVk is dense inV . In fact, it is enough
to see thatVk is dense inVk−1. To get the density ofVk in Vk−1, fix g in Vk−1. As before,
we first perturbg to get a bicritical cycle. After a new perturbation, we get a homoclinic
tangency associated toPg . SincePg is sectionally dissipative, this leads to the creation of
a new sink, see [MV ].

Finally, we letR = ∩Vk . By construction,R is a residual subset ofV consisting of
diffeomorphisms with infinitely many sinks. This completes the proof of the corollary.2
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