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THE JOINT MOMENT GENERATING
FUNCTION OF QUADRATIC
FORMS IN MULTIVARIATE
AUTOREGRESSIVE SERIES

The Case with Deterministic Components

KARIM M. ABADIR
University of York

ROLF LARSSON
Stockholm University

Let{X,} follow a discrete Gaussian vector autoregression with deterministic com-
ponents We derive the exact finite-sample joint moment generating function
(MGF) of the quadratic forms that form the basis for the sufficient statiSte
formula is then specialized to the limiting MGF of functionals involving multi-
variate and univariate Ornstein—Uhlenbeck procestifts, and time trendsSuch
processes arise asymptotically from more general non-Gaussian processes and also
from the GaussiafX;} and have also been used in areas other than time series
such as the “goodness of fit” literature

1. INTRODUCTION

Let thek X 1 vector of discrete time serid¥,}] be generated by the vector

autoregressiofiVAR)
p .
Xi = > pujth + AXy + &= ur + AX g + &, g~ NID(0,Q), (1)
j=0

whereu = [ o, 1,..., upl iSkX (p+ 1), e =[Lt,...,tP]"is(p+1) X1,
Ais k X k, Xy is a known constant vectoand Q is k X k positive definite
The moment generating functig®MGF) derivations given subsequently are not
affected by the value of), which we take for simplicity to bé,, the identity
matrix of orderk. Also, because the process includes a drift tewa can take
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MGF IN VAR 223
Xo = 0 without loss of generalityFor example defining {Y;} = {X; — Xo}
and using(1),
(Ve + Xo) = pr + A(Y 1 + Xo) + &,
leading to the VAR
Y= (pur + (A= 1)Xo) +AY,_, + & = ar + AY_; + &,

WhereYO = O’ la' = [/10’ /-Ll’n":up]’ andlao = Mo + (A - Ik)XO~
The likelihood of this model can be written as

L(IU”A;XO’-"’XT)

— (Zw)f(TK/Z) |Q|7(T/2)

1 T
X etr{_ﬁ (O Z (Xt - MT T Axt—l)(xt - MTe T AXt,l)’ , (2)
t=1
where|-| = det(-) and etf-) = exp[tr(-)] and the corresponding sufficient sta-
tistic is extracted from
’ ! ! Tt ! !
E XX 7 X{i] and 2 {X :|[Tt Xi1l,
t—1

where henceforth all the summations are from 1,..., T except when stated
explicitly. There are two obvious reductions in our special setting to

(2 Xerls 2 Xeoa s 2 X X1, 2 X1 XtLl);

unlike in the full linear modelFirst, X7, 7/ is deterministic and need not ap-
pear Second X2 X, X{ and>X,_, X{_, differ by X; X%, which is already obtain-

able from the first elemenX; of XX, 7/ — 2 X,_,7{. There remains one final

and more subtle simplificatioro this end note that

2 Xt — 2 Xioa7{ = Xg7re + E X(7{ = 741)
and
Z X(tlyr— 1) = 2 X [0, 1, 2t+1, 3t2+3t+1, ...]

is a function of > X7/ only. (Whenp = 0, the term is the null function and
may be omitted altogethefhe reduction is therefore to replageX, =/ by X,
and the sufficient statistic is

(Xrs 3 Xeoa s 3 X X1 3 X Xia ).

The sufficient statistic is minimal if one furthermore excludes terms that are
repeated in the symmetric matrxX,_, X{_,. The elimination matrix could be
used to remove the redundant terrst this is not necessary for the MGF that
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follows where the off-diagonal elements of parameter matrices corresponding
to symmetric matrices are customarily scaledsbgnyway

For the purpose of the asymptotic analysis in Sectipit & more conve-
nient to work with the basis for the sufficient statistic

S=(8.,5,%,5)= (XT’Z Xio17¢, 2 e X{-1, 2 Xi1 XtLl)’ (3)

which is a -1 transform of the sufficient statistiby (1).

Distributional results for such models are patchy and are summarized in
Tanaka(1996. See also Nielsefl997), Rothenberd1999, Génen Puri, Ruym-
gaart and van Zuijlen(1999. In this paperwe present the exact MGF of the
generalSin Section 2 This extends earlier work by Abadir and Larsgd996
and opens the way for a systematic study of the effects of including drifts and
trends in VAR modelsFor exampleresults along the lines of AbadiHadri,
and Tzavalig(1999 may now be investigatedn Abadir and Larssori1996),
the marginal MGF for the different basis

(Xr X5, 3 e X1, 3 X1 X

was derived because there were no deterministic components tiegree the
irrelevance of the sign oy, from a distributional viewpointand its inclusion
throughX; Xt.

In Section 3we specialize the MGF to the asymptotic casbich happens
to allow the process$l) to cover more general error structures}. We do so
while focusing on the casg = 0. The result is the joint MGF of functionals
involving Ornstein—Uhlenbeck processesifts, and time trendsall of which
had no known joint MGF’s except for sonaot all) of the univariate special
casesOther potential uses for our results can be found in the literature on good-
ness of fit where these functionals arig¢see e.g., d’Agostino and Stephens
1986.

All the proofs are collected in the Appendiks for the general notatigrve
follow the one summarized in the appendix of Abadir and Lar44®96. Ad-
ditionally, the change of a variable of integration that maps v = A(u), for
some functionA(-), will be written in the inverse-mapping form < A 1(v),
wherebyu is replaced byA"(v) in the integrand

2. THE MOMENT GENERATING FUNCTION

Consider the block-tridiagonal nonsingulBk X Tk symmetric matrix

[P Q 0 .. O
Q P Q -
D=0 - ~ -~ 0], (4)
. Q P Q
(0 .. 0 Q M|
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whereM, P,Q are k-square full-rank matrices witM and P symmetric and
denotes null matrices of appropriate dimensiohise following lemma is ex-
tracted from the proofs in Abadir and Larss@®96 and will be used in our
derivations here

LEMMA 1. The determinant of Dis given by

_pO-1 T
D = [=QI" [l 0][ N Ik] ’

Qerl 0 _Q’
We need to derive one further lemma abbybefore proceeding to obtain the
main result of this sectiarFollowing Abadir and Larssofl996 Theorem 21),

define
Co= Iy
Cl = PQ_la

CJ = Cj—lPQ71 - Cj—ZQ,Q717 J S Z7
whose solution is

PQ 1 I |

]
— _ \—1
oo O] Qo (@) ][

PQ71 | j+1
[ Cal=1l 01[ oot Ok]

5)
for any integer(including negativgj. Then we have the following lemma
LEMMA 2. The typical block of the inverse of;[» given by
DT = (=1))Q7HC oM — Cj 3Q")

T—t
X ZO(CH—n—lM - Ct+n—2Q/)7lQ’(MCtl+n—2 - QCI,+n—3)71
X (MC{_, = QT 3)(Q") 7},

where t=1,...,Tand j=0,...,t — 1 and the superscripts refer to (block-) row
and column numbeysespectivelystarting from the top left corner. The terms
above the diagonal blocks are obtained by LT~ t*1H = (DI~ tF1+).T-t+ 1),

This lemma is general an@s pointed out by the refereean be used in
problems that are not necessarily related to our workio statistics
We can now derive the main result of this section

THEOREM 3 TheMGF of S is

@71, (U, Uy, Uz, Uy) = 97.0(0,0,Us3, U4)e”(_ s 2 Tt Tt,> exp(3{'Ds*?),
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where (uy, U,,Us,U,) correspond ta S, S, Sz, S4), respectivelyU, is symmet-
ric, and

M=,
P=I1,—-2U,+UA+AU]+AA=P’
= -A-Uj
¢1.0(0,0,U3,U,) = det(—Q)* T2

_PQfl _lk T-1 lk —(1/2)
d I, O .
o (3 e )

Finally, D¢t is defined explicitly in Lemma, and{ = (1,...,{%)" with
§i = 11Uy — p'Us — p'A) + 7 ), t=1....T-1
Gk =y + il

The theorem can be made more explicit in a variety of directidapending
on the required applicatioror examplethe (p + 1) X (p + 1) matrix X7 7/
can be written as

T(T+1)
1t .. T s
Srr=>t t2 . |=|TT+1) T(T+1@2T+1)

2 6

Ti+jf1
i+j—1
wherei, j are the row and column numbersspectivelyThis theorem can also
be simplified to a variety of published univariate asymptotic special cakrg-
ever more importantwe can specialize this theorem to a general asymptotic

nearly nonstationary case that arises frequently in connection with limiting dis-
tributions in time seriesThis is the purpose of the next section

3. THE NEARLY NONSTATIONARY LIMITING CASE

Let u = 0andA = I+ (1/T)H, whereH is an arbitraryk X k matrix. Then
defining

I'=diag(1, T %...,TP),
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it can be shown that

1 1 1 1
(\/_T X5 ﬁ E Xi—17( T, ? 2 e X1, ﬁ 2 Xi—1 Xt’l>

1 1 !
i)(JH(l),fo JH(r)[l,r,...,rp]elr,(f0 JH(r)dW(r)’>,

flJH(r)JH(r)’dr>
0
= (SL’ SZ’ §3’S4) = S (6)

where % denotes convergence in distributiom(r) is the standardk-
dimensional Wiener process an& [0,1], and J4(r) is the corresponding
Ornstein—Uhlenbeck process defined by

JH(r)Efoexp[(r—s)H]dW(s)

when X, = 0. These limiting distributions hold under less restrictive distribu-
tional assumptions ofe}.
In view of (6), the limiting MGF of interest becomes

$1(ug,Up,Us, Uy) = Efetr(uy S, + U, S, + Us S + U, §)]

. 1 1 1 1
= linw @710 \/_T Up, \/? Iy, T Us, T2 Us ),
which is the joint MGF ofS= (S,,S$,,$;,S,). WhenH = 0, Jo(r) = W(r) and
the resulting MGF is denoted hy(u;,U,, U3, U,) = ¢o(uq,Us, Uz, U,), and the
functionals contain no stochastic components other than Wiener processes
COROLLARY 4. The jointMGF of S is
¢ (U, Uz, Uz, Uy) = expl (€ + £, + €3)]etr[—3 (H' + U)]/\det(g(1)),
where
F=H'H+H'U]+ U;H - 2U,,
G=H'—-H+U;— U4,

0 = uajo (9(1-2'9(1-2) tdzu,

1
= 2U’1f0 (9(1-2)'g(1-2) *f(2)dz,
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1
la= fo f(2)'(9(1-2)g(1-2) ' (2)dz,

B G | I
-t oenf2 )]

p i
f(Z),Ez‘B[Uil <ee Ui 0']2‘6(_01(_1)]
i= j=

(ernloe]? 1)
S

with z being a scalaru;, being the typical elemer{tow i, column n of U,,
and(—i); = [1.25(n — i) denoting the Pochhammer symbol

We have not worked out the integrals rfor the general cases they are
more easily manipulated numericallthe integration is over the intervéd,1)
in one dimensiopin applications Note thatany function of ann X n matrix
can be written as a polynomial of degree- 1 in the matrix by the Cayley—
Hamilton theoremso that infinite series of matrices are not required numeri-
cally. This comment applies to exp and also to matrix functions such as
(g()g(-))

In f(-), the finite series irj is Tricomi’'s confluent hypergeometric function
Little additional insight is gained from using the hypergeometric formulation
here so we have refrained from doing.so

We now illustrate our corollary by specializing it to the univariate case with
general trend components the univariate casés = 0 and furthermore put
F =f, H= h, andU; = u; to stress that these quantities have become scalars
Because

o)l o

it is now possible to evaluate the exponential of this matrix explicifty this
end a series expansion yields

0 1 coshz\f) S sinh(z\/f)
ol g )-[men me)
\Vfsinh(zVf)  coshzVf)
implying
g(z) = cosh(z\f) — v sinh(z\f), v= h :L/?us. (7)
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In connection with€4,{,, €3 of Corollary 4 we have the following further
reductions

COROLLARY 5. In the univariate casék = 1), we have

P , sinhy/f

! g(l)\/_

w2 i1+ D) & (i) VT

- g<1>fi=o““< T e e )
p P

l3= 29( g;ouilujl')’ija

where y, is the typical element of the vectos and

i1+ (-1 [ j@—v)eV — (1)@ +0v)e V)

O (V)
L En(@+0) - (D1 —v)
v2 T ]
L (D [ @ 0)eVT + ()@ + e VT
+m§0( )[ jri—-m+1
L CDMG i m)!((1—v)eV — (1) (1+v)e V)
(2\/?)]+ifm+l
MM =) VT ymengg — e NT
+ n§=:0 (2\/?)”+l ((1+U)e f—(-1 1-v)e f):|

It is worth observing thatin the asymptotics for the univariate caseatters
simplify further This is becausgrom (6),

. 1 J.(D2—-1 1
%=£Jh(r)dw(r)=%—hfo Ju(r)2dr

SlZ_
T2

so that we may seat; = 0. This, howevey induces no simplifications for the
preceding derivation®ther than setting = h/\/— f (i.e,, u3=0)in (7). For the
vector casginequalities such as

f Jn(r)dW(r)" # (f Jh(r)dW(r)’>,
0 0

rule out such manipulations

- h§47
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Some special cases follow directly from these corollaries by setting some
components ofl. to zerg hence obtaining marginal MGFE 'or examplewhen
only a constant is fitted to the modele get the MGF of sufficient statistics
associated with de-meaned Brownian motions which are particularly useful in
connection with the goodness-of-fit literatusee e.g., d’Agostino and Stephens
1986. In this casethe joint MGF of the sufficient statistic

1 1
(W(l),]O W(r)dr,fO W(r)zdr>

is
expl 3 (€, + €5+ €3)]

cosH\—2u;)

with the ordering ofuy, u,,u, corresponding to the respective variates given
earlier and

d)o(ul’ UZ’O’ U4) =

u2
;= \[——lTu“ tanr(\[ —2u4),

0= Uq Uy 1 _1

> u, \ cosi{y—2u,) ’
u3 ([ tanh(y—2u,) .
2u4 w _ZU4

The marginal MGF of a famous related stochastic integral has been obtained
by Anderson and Darlingl952 and used further by Abadir and Paru¢i®97);
see also Rothenbefd999.

63:
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APPENDIX: PROOFS

Proof of Lemma 1. See Theorem.3 of Abadir and Larsso1996.

Proof of Lemma 2. Let

e | Wr
Wr | Yroq | Wrog
Dot = Wrog | ] ;
73
L W,

whereyy is k X k and¥; is the(t — 1)k X k matrix of all the blocks below, therefore
expanding witht. Abadir and Larssori1996 By of Theorems 2 and 23 there derive
Jr by recursive partitioned inversbut here we need to derive the whole matrix

Define D4(t) as the matrixDg(T) = Dg but of dimensiongk X tk instead ofTk X Tk
and denote the leftmost upper block Bf *(t) by B,. Notice thatB, # i except for
t = T. First, partition Dg into

P| Q@ 0
D, =

0 D(T—-1)

Then using the partitioned inverse formule first component of the second diagonal
block is

I

I
-1 = [k 0]<D31(T— 1) +DsHT—-1) |:o:|er//TQ/[|k 0]Ds H(T — 1)){(;]

=Br_1 + B QY1 Q'Br_;y.

Second partition Dg into

P Q|0 O
Q P|Q O
D.=| 0 Q
0 0| D(T-2)
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and repeat a similar operation to get

0 Q
br,=[l, 0]|DsX(T-2+D;XT-2)|0 O

N TR I I
Lalle o e

=Br 2+ Br QP 1Q'Br;
as beforeBy induction this relation
1= Bi1 T B QY Q'Bi
holds for all partitions oD becauseB; = M~1. As a resulf
=B+ B QB 1 QB+ -+ + BiQB1...QBr Q"... B, 1 Q'B,. (A.1)

For the explicit solution of this formujave need to work ouB;Q...B;Q using

-1

so=0 @ "o "
Q=10 @ ool | g

0 gl PO T Y A2
X ") .
© @7 oo ol |-o|) - (A2)

which we deduce from Abadir and Larss@996 Theorem 23). We have reformulated
the power of the firs{2k) X (2k) matrix in their formula forB;, so that the required
typical product simplifies sequentially to

BQ...B,nQ=[0 (Q)* AT I B
tQ t+nQ_[ (Q ] _Q,Q,1 O _Qr

PQfl lk t+n M -1
x| [0 (Q@)™] )
< -QQ* o] |-Q
=Q HC2M - C3Q)(Cp-1M = Cpiy2Q)1Q (A.3)
by (5). We also need to work o®'B,,—1...Q’'B; to solve(A.1) explicitly. Because the
B matrices are symmetii€’'Bin—1...Q'B; = (BQ...Bi:n-1Q)’, and using the trans-

pose of(A.3) with n — 1 in place ofn,

Q'Biin-1.--Q'B = Q' (MC/,, ,— QC{+n,3)71(MC{,2 - Qc{fs)(Q')il-
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Combining it with(A.3),
BiQBy;...QB Q... B, 1 Q"B
=Q G oM —-C3Q)(Ciin 1M —Ciip Q)
X Q'(MC{in-5 = QCn-3) H(MC_, = QC3)(Q) 4,

which upon substitution ifA.1) gives
T—t
= EOQ_l(Ct—ZM —C-3Q)(Ciyn-1M — Cpip Q) H

X Q' (MClin—» — QCLp-3) H(MC_, — QC5)(Q") Y, (A.4)

as the required diagonal blocks

Now we turn to the off-diagonal blocks d@g *(T). By symmetry ofDs (T), we
only need the blockg, that are below any typical diagonal blogk. For this we need
to calculate the complete first block-column Bf 1(t), which we denote by

- I B
ofs]-[2

By the recursive partitioned inversion B (t) for successive,
—B-1QB

B :—Dfl(t—l) Q B = — By QB = +B-2QB-1QB;
b 0™ B, 3QB,,QB,_, QB |'

Similarly,
. Q Br s
Vr=-DgH(T-1) 0 Yr=- B- . Qi
T-1
and by repeated use of the partitioned inverse formula as we did earligy, for
0 Q
. . 0 Qyr_
Y, =-D;XT-2)[0 O =-D;YT-2 —
. . . lvl/Tfl Ik 0
_ |Br
- BT—2 Ql!ijl'
By induction
7Bllel//t

By B 2QB 1 Qi
W= - t = (A.5)

Bt—l _Bt—sQBt—zQBt—lQl//t
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Changingt & t — j andn < j — 1 in (A.3), we have
BiQ...B1Q=Q YCj oM — C; ;Q)(C2M ~ C3Q) *Q, (A.6)
which together with(A.4) and(A.5) gives the stated result |

Proof of Theorem 3.The MGF of S = (5,5,%,%) = (X1,2X_17(,
2‘9[ Xt’flyzxt—lxt’—l) is

QDT,,L(UL U, U, Uy)

= E[exp(ui X + 2 U X g+ 2 X1 Use + 3 X1 Ug X,y )|
= (2m)" (W2 JeXp<U/1XT + 2 X Ugm + 2 X1 Ugey

1
+ 2 X{—1UaX 1 — E 2 & 8t>(dx) (A.7)

by using(2) with Q = I, and where the integral is ov&™ with (dx) being the exterior
product c;;0x15...dxr. Using the VAR formulation(1) to substitute fore;, we can
decompose these sums into deterministic and stochastic components

2 X{1Usee = 2 X1 Us(X — pr — Ax_ 1),

1 1
- E E &&= *E Z (X = pure — AX_1)" (Xe — 1 — A% 1)
1
= S 2T

1 1
+ (E X{ p7y — 5 E X{ X + Z X{_ AN <Xt — MT T E Axt—1>>
Substituting back intdA.7), rearrangingthen usingx, = 0, these give

o1, (U1, Up, Uz, Uy)

1
= (2m)" W2 exp(—a 7 M’Mﬁ)
1
X | expluixs + X X pr — EEX{Xt
+ 2 Xt’—l((UZ, —Usp — A+ (Us + A)x

+ <u4 —UsA— % A’A) xt_1>] (dx). (A.8)
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Definex=vedXy,..., X7), andDs as in(4) with M, P,Q stated in the theorenThen we
can rewrite(A.8) as

GPT,M(Ub U,,Us,U,)

1 1
= (277)_(Tk/2)etr<—§ T Tt’) fexp({’x - Ex’sz>(dx)
1 1
= |Dg|~ V2 etr(‘é s E Tth,> eXp(E §’D;1§>

1 ’ ’ 1 -1
= ¢1,(0,0,U3,Uy)etr _EMMETtTt exp 54 D¢ ), (A.9)

where we have completed the square and integrated and wherep o(0,0,Us, U,) is
obtained by Lemma.l |

Proof of Corollary 4. From Theorem 3
. 1 1 1
bn (U, Uy, Us,Uy) = T'Enw P10 \/_T Ug, ﬁ ry,, ? Us, E U,

_ 11 1
:1[@00€0T,0 0,0,?U3,§U4 exp Ef Ds=¢ ).

The limit of the first component is available from Corollary23f Abadir and Larsson
(1996 as

. 1 1 1
lim ¢16(0,0,—U;, 5 U, | = etr ~3 (H" + Uy)
Tooo

T T
G I I
O

Define E = G — (1/T)G(H + Uj3). Then for the second componenim+_,,,
exp(3'Ds1¢), we note the reductions

—-1/2
X

M =1,

1 1
P=2l+ = (H+H +Us+ ) + —F

1
Q=L+ = (H+Uj
T
—1 1 ’ l 2 1
-Q :|k—?(H+U3)+§(H+U3) +0 = (A.10)
PQ =2l +£E+iF+o<i>
- k T T2 T3

QQ =1+ lE+o<i>,
T T3
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and dropping lower-order terms henceforth for clarity of exposjti&hgives

. M [-PQ* —1 ]9 M
A C‘“][—Q’}_[Ik oo o] {—Q’}

1 1
2+ TE+5F

q

- [Ik 0]

1
l+=E 0
T

e

1
et = (H' + U)

<0 o 32 o)) |ol7)

(A.11)

The latter step follows becausfor any fixed (2k) X (2k) matrix 2, andq € N an
increasing function off of maximal orderO(T),

. 1 \a . 1
Tlmo<|2k+ T E> = Tlmo exp[q Iog<I2k+ T E)]
: 1_ 1 : q._
- tm osfal 7=+ 0(5:)) | - im o] 7 2]

so that we could use the same steps of Corollag/ & Abadir and Larssori1996.
Then (A.11) allows us to write the required blocks &f; ! of Lemma 2 for largeT,
witht=1,...,Tandj =0,...,t — 1, as

ool ) o)

We need the limit

T t—1

T'lnwéV’Dglfz lim > > (1+5gn(j)){f—geay DI T

T—oo (= 1j=0

T t-1 —j
_||_|m 212(1+ sgn(j))dr- t+1+]g( >
=00 (=1

Sl W

T t-1
= lim > > (1+sgn(j))r t+1+Jg( J)
Toow t=1j=0

=(o(-7)s(-7)) ol5)
anog T g T g T {rtin (A.12)
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where sgii-) is the signunisign) function and we have reversed the surmiby replac-
ingn < T —t — n. In the context of this corollary

1
{ = =11 TU,, t=1....,T—-1

/\,T?’

g’/ 1 ’
= —=uj,
T \/T 1

wherer!,,T" is a normalized bounded matrix for any. For largeT, the sums become
integrals and we convert successively

t
— < xXe(0,1),
T 0,1)

LoyeOx,

n
—<z€(0,1—-x),
T

and

T L~ [1, %,..., (%)p] <[ %,...,xP]=h(x). (A.13)

With these normalizationshe quadratic terms ity fort = 1,...,T — 1 (which are ob-
tained wherj = 0) vanish at a rate of ~1. The remaining quadratic term is the one in
{1, which is obtained whenp= 0 andt =1 in (A.12) and which we denote b¥; in the
limit. The cross-product terms are split in tweamely whenj =t — 1 > 0 in (A.12)
and we have products involvingt and {t_+1, whose limit we denote by,; and the
remaining terms whose limit we denote By. This gives

lim ¢'Dgt =€, + €, + {3,
T—oo
where

1
= U’lfo (91—2)g(1—2) *dz u,
1 1—x
= ZU’lfo jo (9(1-2)'g(1—2))"tdz g(x)’'Ush(1 — x) dx,
1 rx
€352fojoh(l—X+y)’Uzg(x—y)dy

1-x
X f (g(1—2)g(1—2)) tdz g(x)'Ush(1 — x)dx. (A.14)
0
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The integral inz is the least tractable of the thrdgecause of the inversion of-). It is
therefore beneficial to reverse the order of integratioii.imo

1-z

l,= 2u’lf0 (gl—-2'g(1—- z))’lf0 g(x)'Ush(1 — x) dxdz. (A.15)

For €3, a change of variable of <> x — vy, followed by a change of order of integration
(x andz), gives

1 rx 1-x
l3= 2f0 fo h(1-y)'U,9(y) Olyf0 (9(1-2)'g(1 - 2)) *dz g(x)'Ush(1 — x) dx

1 1-z rx
- Zfo fo JO h(1—y)'U.g(y)dy(g(1 - 2)'g(1 - 2))"*g(x)'U;h(1 — x) dxdz.

(A.16)

By symmetry of this particular integrand xandy, we have here

1-z rx 1-z ry
J j...dydx:f J...dxdy,
0 0 0 0

whereas we know thafrom standard changing of the order of double integrals

1-z X 1-z 1-z
f f...dydxsf f ...dxdy
0 0 o y

for any integrangdso that

1-z X 1-z rl1-z
2] f ...dydx=J f ...dxdy
0 0 0 0

and

1 1-z ’ 1-7
€3ZL<L g(x)'UZ'“(l—XNX)<9<1—z)'g<1—z>)—1 fo 9(x)'Ush(1 - x)dxdz

(A17)

We now work out the row vector
1-z

f(z) = f h(1 - x)'U,g(x) dx
0

for use in(A.15) and(A.17).
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From the definitions ofj(-) andh(-) in (A.11) and(A.13),

1-z G lk Ik
f(z>’=f0 [[L(1=%),....A=x°1Y, 0’]exp<X{F 0} dx[—H/—uJ

_fiz[[l(—x) (=x)PJU, 0 ]exp|x © k dx
T : F o

ol L)

where the latter equality follows from<« x + 1 and from theg2k) X (2k) matrix com-
muting with itself Notice that the first matrix is now a row vector and we can write

P -z . G lk
f(2)) = 2 [Uiz - U 0] (=x)' exp<X[ Ddx
i—o -1

L

P . G Ik i -
=> (D [y ... Uy 0Jexp| (x+1) > (i) xi
i=o F 0|/=
Fol et
X
F 0 “H' - U,
P i oy G I
=2 MU o U 01X (=)D 2z expl (1-2) = o
i=o i=o F O

G L] L
>< I
F 0 —H’ = U

which is the required result |

z

-1

Proof 1 of Corollary 5. To evaluatef;, via (7) and because

d sinh(1-2)vf)  f
& eil-2  ga-27 (A-18)

we simply have

1oz sin/f
€, = uff 2
(0]

si-27 =Ygt (A.19)

As for €,, we retrace the steps of the proof of the previous corollary and observe that

U;h(1-x) = i Uip (1= %)’ (A.20)
i=0
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to find
1-x
b= 2u12 U.lf j )2 9(x) (1= x)" dx. (A.21)
Here via (A.18) and using the identity
sinhacoshb — coshasinhb = sinh(a — b), (A.22)
we find
2u; P f1< sint/f sinh(xV?)) .

bL=—==24 - X)(1— x)' dx A.23

2 \/TZ‘ 1 9(1) 9(x) g(x)( ) ( )

2u,

(l)\/_z |1f Sinh((l_x)\/?)(l_X)idX

24, Z 1xi sinh(x\/f) dx
gNT S i 0 ’

Further successive integration by parts yields

Yo __i!(1+(—1)i) yi i ~NT N
fox sinh(x\f)dx = —Z(W)iﬂ E (y\/_)J (eVNVT 4+ (=1)jeyVh),

(A.24)

giving the desired expression fés by lettingy = 1.
Looking at¢s, we use the proof of the preceding corollary to obtain

P P

2 Z Uiz Uj1Yij» (A.25)
=0j=0

where by (A.20) and(A.16),

1—x
--—49(1)ffj(1 y)'g(y)dyf )Zg(X)(l—X)idx.

Now, as in(A.21)—(A.23) again

jlx & g(x) = sinh((1—x)Vf),
o 9(1-2)7? g(l)\/—

and

1 X
yij:4\/?fofo(1—y)ig(y)dysinh((l—x)xﬁ)(l—x)‘dx
1 1—x _ _
= [ [T yyigty) dysinteT ox

0 0

1 ) 1-y )
=4\/?f (1—y)Jg(y)f sinh(x\/f)x' dxdy

0 (0]

1 y
:4x/?f ng(l—y)J x! sinh(x\/f ) dxdy, (A.26)
o] 0
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by x & 1 — x, changing the integration order ayck- 1 — vy, respectively The inner
integral is given by(A.24), so that

1 (1 1 i " i—m
Yi = _Zfo ng(l—Y)(l ( (J:/% ") mgo( (I) ))/m (ey*/TJr(—l)meV\/T))dy

1
_f yi((1- U)e(1*y>\/7 +(1+ v)e*(lfy)\/T)
0

i1+ (-1)f)
[ N2 WY

__ A+l NG NG T NG
= (\/?) [(1 v)e J‘y'ey dy+ (1+v)e” fyley dy

1
Cm [((1—u)eW+(—1)m(1+u)eW)f ylHi-mdy
VE)© 0

y m(eNT 4 (—1me VT >]dy

>

m=0

A

1 —
+ (=)™ - v)e*ﬁf ylti-mg=2yNT gy
0

1
+(1+ u)e‘\ﬁf yj+“me2V\/Tdy]
0

by the definition ofg(-) in (7). Using

whereq € N U {0} gives the stated result u

Proof 2 of Corollary 5. A more conventional proof may be obtained from exploiting
Girsanov's theorem as in Perrdh991, Theorem 2 or Tanaka(1996 Ch. 4).
We want to calculate the MGF of

<sl,s;,ss,s4>z(Jh<1>, f (L1t ), f 341 dW(r), f Jh<r>2dr),

which we define as
dn(Ug, Up, Ug, Uy) = E{exp(u; S + Uz S, + U S; + us Sp)b, (A.27)

whereu, us, Uy are scalars and, = (U, ...,Uz,) is a(p + 1)-dimensional vectorAt
first, apply 1t6’'s formula to write

d(J,(t)?) = 2J,(t)dJ,(t) + dt = 2hJ,(t)2dt + 2J,(t) dW(t) + dit,

so that by integrating and solving

1 1 1
fJh(t)dW(t)=E{Jh(l)z—l}—hf J,(1)2dt
0 0
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and(A.27) may be reformulated as

3

1
¢dn(Ug, Uy, Uz, Uy) = exp(—%) E{eXp(Uth(l) + U’zf (Lt,...,tP) J(t)dt
0

1
+ %Jh(1)2 (U — u3h)f0 Jh(t)2dt>}.

Now, following Tanaka(1996 p. 110, we define the auxiliary proces4t) through
dY(t) = —BY(t)dt + dW(t), Y(0)=0.

Putting X(t) = Ju(t) (with @ = —h in Tanaka'’s notationand lettingu; and uy be the
probability measures governirlg andY, respectivelywe get

% 3 1 B h2 _ BZ 1 )
day (YY) = exp[(h+B)J0 Y(t)dY(t) > fo Y(t) dt}

h+B h+p hzf,ezfl
= ———+ ——Y(1)2 - ——— | Y(t)2dt
exp[ > Ty YR T | YR,
the second line following from It6’s formuldNow, as in Tanakd1996 p. 111),

¢n(Ug, Uy, Uz, Uy)

Uz

1
= exp(;) E{exp(ulY(l) + u’zf (Lt,...,tP)YY(t)dt
0

U ~ ' Ay
+ YW (u, u3h)f0 Y(t)zdt> "™ (Y)}

1
= exp(—y)E{exp<ulY(l) + u/zf (Lt,...,tP)Y(t)dt + yY(1)2>} (A.28)
0

by choosing

h2 + 2hu; — 2u,

and defining
_Uzt+h+p
Y= 2 .

To go furthey the idea is to define a proceZst) = Y(t) — 6,Y(1), where#, is a con-
stant chosen in such a way tha&(t) becomes independent &f(1). But as is easily
shown we have thatfor< s=t=1,

sinh(Bs
E{Y(9)Y()} = e % (A.29)
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and so

—B
E{Y(DZ()} = % {sinh(Bt) — 6, sinhB},

implying the choicguncorrelatedness is equivalent to independence for normal progesses

sinh(Bt)
sinhg -

=
Utilizing this, we may rewrite(A.28) as

¢n(Ug, Uy, Uz, Uyg)

1
= exp(—y)E{exp<u1Y(1) + u’zf (Lt,...,tP) (Z(t) + 6,Y (D) dt + 7Y(1)2>}
0

1
= exp(—y)E{exp[(ul + Gtu’zf (1, t,...,tp)/dt) Y(1) + 'yY(l)2:|}
0o

1
X E{exp(u’zj (1, t,...,tp)/Z(t)dt>}
[0]

= exp(—y)E{exp(nY(1) + yY(l)z)}~E{exp<u’2L1 (1, t,...,tp)’Z(t)dt>},

(A.30)
where

P

1
2 f t' sinh(Bt) dt. (A.31)

m= sth r

But Y(1) is normal with mean zero anffom (A.29), varianceo? = (1 — e 2#)/(2p).

Hence we have
1 * (1-202%y) y2
s ) exp| n —2 > dy

L ( ‘e ) (A.32)
= ex . .
Vi-202y P\ 2(1-20%y)

Moreover fol(l, t,...,tP)’Z(t)dt is (p + 1)-variate normal with mean zero and covari-
ance matrixs with typical elementy, i,j = 0,1,..., p where

E{exp(nY(1) + yY(1)?)} =

1 1
:j f tisl E{Z(t)Z(s)} dtds.
0 0
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Herg via (A.29), we have forO< s=t =1,
E{Z()Z(9)} = E{[Y(t) — 6, Y(D][Y(s) — 6, Y(D]}
L sinh(3s) s sinh(Bs) sinh(Bt) s sinh(Bt) sinh(Bs)
=ehPt——e —e
sinhg B sinhB B
s sinh(Bt) sinh(Bs) sinhB
€ " Tsinhg sinhg B
- sinh(Bs) e sinh(Bs) sinh(Bt)

sinhg B
_sinh(Bs)sinh(B(1—1))
B BsinhB ’
and so
1 t
oy = BsinhB [fo t! snnh(,B(lft))fO s! sinh( Bs) dsdt

1 s
+f sl sinh(,B(lfs))f t‘sint‘(ﬁt)dtds}. (A.33)
0 0

Now, because

1 1
E{exp(uzj0 (1, t,...,tp)’Z(t)dt)} = exp(E u’22u2>,

(A.30) and(A.32) yield
1 nc? 1
$n(Uy, Uz, U, Uy) = Viz207 expl —y + 20-202y) S Ul | (A.34)

To see how(A.34) corresponds to the results of Corollary &serve tha3 = Vf,
and so

h+ ug

g(1) = coshg — sinhp,

and we have

sinhg
e e A.35
o (A.35)
so that
sinhB h+u; + sinh h + u; sinh
1—20'2721—2—'8—3'821— B _ s Sinh3
Bef 2 ef B ef
=e Ag(D). (A.36)

But

e 7 = g lh+u)/B](g=8)1/2
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so that

1 1

Y =

Vi-20% No®

which is the last factor of the result of Corollary Burthermoreby (A.31),

e lh+us)/8]

2 2 2u 3 li ;
n?=ul+ Snhp Zou2i . t' sinh(Bt) dt

+

) 11
Sni7B zozouauzjjoj;t'sl sinh(Bt)sinh(Bs) dsdt, (A.37)

so the contribution ofA.34) to the ¢ coefficient is by (A.35) and(A.36),

o?  sinhg
1-20%  Bg(D)’

(A.38)

which is in accord with Corollary SMoreover the u,u,; coefficient is by (A.37) and
(A.39),

2 1
Mfo t' sinh(Bt) dt,

which is in accord withA.23) of the first proof of Corollary 5Similarly, the contribu-
tion to theuy; uy coefficient fromn20-%/(1 — 20°2y) is

1 1 1 P
PN ici oj .
% = Bsinhpg(1) fo fo t's’ sinh(Bt)sinh( Bs) dsdt.

In view of (A.26), we now need to prove thafior each(i, j),

Yi T Vi 2 e o
a; ta; toyt+oy = = Mfo fo (t's! +1t1s')g(1 - t)sinh(Bs) dsdt.

2B%9(1)
(A.39)

To this end we see from(A.33) that

BsinhB(oy + oy :fo fol (t's! + tis")sinh(B(1 — t))sinh(Bs) dsdt
1 rs
+ f f (t'sl + tish)sinh(B(1 — s))sinh( Bt) dtds
(0] ]
1 rt
= Zf f (t'sh + tis")sinh(B(1 — t))sinh(Bs) dsdit,
0 Yo
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where the second step follows by reversing the roleisasfds in the second integral of
the first step Similarly,

1 rr o
i N ) = —— icj jeilai :
Bsmhﬁ(au + a,,) 9D JO J;) (t's! + t1s")sinh(Bt)sinh( Bs) dsdt

2 1t B
:@f f (t'sh + ts)sinh(Bt) sinh( Bs) dsdt,
o Jo

the second step following by symmetiyence (A.39) follows if we can prove
sinh(Bt)sinh(Bs) + g(1)sinh(B(1 — t))sinh(Bs) = g(1 — t)sinhB sinh( Bs);
i.e., crossing out sinfBs) and using the definition of,

h+ ug

sinh,B) sinh(B(1—t))

h+u; . .
3 snnh(,B(l—t))]smh,B,

sinh(Bt) + (coshﬁ -

= [cosr(ﬁ(l— t) —

which is equivalent to

sinh(Bt) + coshB sinh(B(1 —t)) = cosH B(1 — t))sinhp,
which is identically true becauséor anya andb,

sinh(a — b) = sinha coshb — cosha sinhb.

Hence (A.39) is proved |
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