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Abstract. A domain decomposition based spectral collocation method is proposed
for numerically solving Lane-Emden equations, which are frequently encountered in
mathematical physics and astrophysics. Compared with the existing methods, this
method requires less computational cost and is particularly suitable for long-term com-
putation. The related error estimates are also established, indicating the spectral ac-
curacy of the method. The numerical performance and efficiency of the method are
illustrated by several numerical experiments.
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1 Introduction

The Lane-Emden equation is defined in the following form:





u′′(t)+
a

t
u′(t)+ f (u(t))=0, t>0, a∈N

+,

u(0)=u0, u′(0)=0,
(1.1)

where u0 is the initial data and f is a continuous function in R. Such kind of equa-
tions are frequently encountered in mathematical physics and astrophysics, including
the theory of stellar structure, the thermal behavior of a spherical cloud of gas, isother-
mal gas spheres, and the theory of thermionic currents. We refer the reader to the refer-
ences [4, 11, 17] for details about the physical background of the equation.
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Due to the importance of Lane-Emden equations, there have developed a variety of
numerical methods for solving them in the past decade (see [12,14,22] and the references
therein). The typical and effective approach is the spectral method. Concretely speaking,
Parand et al. proposed in [14] a Hermite function collocation method, Doha et al. pro-
posed respectively in [5, 6] a Jacobi rational Gauss collocation/pseudospectral method,
and Gürbü and Sezer proposed in [7] a Laguerre collocation method, to solve the Lane-
Emden type equations. The other recent methods include the homotopy perturbation
method (cf. [13]), the variational iteration method (cf. [23]), the Adomian decomposition
method (cf. [16]) and the wavelet method (cf. [18, 26]).

Compared with the other methods, the spectral method has a significant advantage,
that means, it can produce very accurate numerical solution (cf. [19]). However, all the
spectral methods mentioned above only study the global approximation in the whole so-
lution domain [0,∞). Hence, they are not suitable for long-term computation since we
can not choose the polynomial degree N very large in actual computation (cf. [24]). The
other point to be emphasized is that no error analysis has been developed for these meth-
ods. In this article, we aim to devise a domain decomposition based spectral collocation
method for solving the problem (1.1), which is very suitable for long-term computation.
Then, we will establish error estimates for the method and show it has spectral accuracy
if the exact solution is smooth enough. Moreover, we will provide a series of numerical
experiments to show the numerical performance of our method proposed.

Since the idea of the proposed domain decomposition spectral collocation method is
very natural and intuitive, we’d like to briefly introduce it in this introduction section.
The details of the method can be found in Section 3. To this end, we first divide the
unbounded domain [0,∞) into the two subdomains Γ1 :=[0,T0] and Γ2 :=[T0,∞), where T0

is a given constant as desired. To tackle the singularity of the coefficient function a/t, we
reformulate (1.1) as the initial value problem of an equivalent Volterra integro-differential
equation:





u′(t)+
∫ t

0

sa

ta
f (u(s))ds=0, t∈Γ1,

u(0)=u0,
(1.2)

together with the initial value problem of a second order differential equation





u′′(t)+
a

t
u′(t)+ f (u(t))=0, t∈Γ2,

u(T0)=u(T0−), u′(T0)=u′(T0−),
(1.3)

where u(T0−) and u′(T0−) are determined from problem (1.2). Then, the problem (1.2) is
approximated by a multi-step Legendre-Gauss-Radau (LGR) collocation method based
on the formulation (1.2) (cf. [2, 20]). Since the previous method is very time-consuming,
we then turn to use the standard multi-step LGR collocation method for solving the prob-
lem (1.1) after t≥T0, i.e. the problem (1.3) (cf. [10]). We remark that, compared with the
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spectral collocation method in [10], we use here the Legendre-Gauss-Radau collocation
points instead of the Legendre-Gauss collocation points, so that we can determine the ini-
tial values of a problem to be solved in a subinterval from the computed results directly.
This will increase the efficiency of the implementation. We mention in passing that the
domain decomposition methods are a very effective tool to solve a variety of differential
equations whose coefficient functions are singular or degenerate around the boundary of
the solution domain, since we can use different suitable and efficient spectral methods in
different domains. We refer to [8] for details along this line.

In order to derive the error estimates of the proposed spectral collocation method,
we require first to establish error estimates for the multi-step LGR collocation method
based on the formulation (1.2) and the LGR collocation method for the method (1.3).
The estimates can be developed by using some ideas in [10, 21] combined with technical
derivation handling the choice of Legendre-Gauss-Radau collocation points. The combi-
nation of all these estimates will lead to the error analysis of our method developed here
readily. The details can be found in the appendix of this article.

The rest of this article is organized as follows. In Section 2, we introduce some basic
properties of the shifted Legendre polynomial interpolations. In Section 3, we develop
a domain decomposition based spectral collocation method for solving the Lane-Emden
equation (1.1). In Section 4, we mention the error estimates for the proposed collocation
methods, with the detailed proofs given as an appendix. In Section 5, we report our
numerical findings and demonstrate the accuracy of the proposed method by considering
several numerical examples. Some concluding statements are given in Section 6.

2 The properties of the shifted Legendre polynomial

interpolations

In this section, we introduce some basic properties of the shifted Legendre polynomial
interpolations for later uses. Let Ih be a partition of [0,∞) given by

Ih :={tn : 0= t0< t1< ···< tN0
=T0< ···< tN =T< tN+1< ···}; (2.1)

write In := (tn−1,tn] and hn := tn−tn−1. Let Ll(x), x ∈ [−1,1] be the standard Legendre
polynomial of degree l (cf. [19]). Then, the shifted Legendre polynomial Ln,l(t), t∈ In is
defined by

Ln,k(t)= Lk

(2t−tn−1−tn

hn

)
, t∈ In, k≥0.

The set of Ln,k(t), k≥0 is a complete L2(In)-orthogonal system, i.e.,

∫

In

Ln,k(t)Ln,j(t)dt=
hn

2k+1
δk,j, (2.2)
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where δk,j is the usual Kronecker delta. Thus for any v∈L2(In), we can write

v(t)=
∞

∑
k=0

vn,kLn,k(t), vn,k =
2k+1

hn

∫

In

v(t)Ln,k(t)dt. (2.3)

According to the properties of the standard Legendre polynomials, we have (cf. [19]) that
for k≥1 there hold

(k+1)Ln,k+1(t)−h−1
n (2k+1)(2t−tn−1−tn)Ln,k(t)+kLn,k−1(t)=0,

L′
n,k+1(t)−L′

n,k−1(t)=
4k+2

hn
Ln,k(t). (2.4)

In particular,

Ln,0(t)=1, Ln,1(t)=
2t−tn−1−tn

hn
,

Ln,2(t)=
6t2−6(tn−1+tn)t+4tn−1tn+t2

n−1+t2
n

h2
n

. (2.5)

Furthermore, we can deduce from (2.4) that for k≥2,

4

h2
n

Ln,k(t)=
L′′

n,k+2(t)

(2k+3)(2k+1)
−

2L′′
n,k(t)

(2k+3)(2k−1)
+

L′′
n,k−2(t)

(2k+1)(2k−1)
. (2.6)

We now turn to the right-hand Legendre-Gauss-Radau interpolation. Let {xn,j,ωn,j}Mn
j=0

be the nodes (arranged in ascending order with the fixed right endpoint xn,Mn=1) and the
corresponding Christoffel numbers of the standard Legendre-Gauss-Radau interpolation
on the interval [−1,1].

Let PMn(In) be the set of polynomials of degree no more than Mn on the interval In.
Introduce

tn,j :=
1

2
(hnxn,j+tn−1+tn), 0≤ j≤Mn.

Then, thanks to the property of the standard Legendre-Gauss-Radau quadrature, it fol-
lows that

∫

In

φ(t)dt=
hn

2

∫ 1

−1
φ
(hnx+tn−1+tn

2

)
dx=

hn

2

Mn

∑
j=0

φ(tn,j)ωn,j, ∀φ(t)∈P2Mn(In). (2.7)

Next we define the discrete inner product and norm over In as follows

〈u,v〉In :=
hn

2

Mn

∑
j=0

u(tn,j)v(tn,j)ωn,j, ‖u‖In ,Mn := 〈u,u〉
1
2
In

. (2.8)
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We denote by It,Mnv∈PMn(In) the shifted Legendre-Gauss-Radau interpolation operator.
That means for v∈C(In),

It,Mnv(tn,j)=v(tn,j), 0≤ j≤Mn.

Then it is evident from (2.7) and (2.8) that

∫

In

It,Mn(u(t)v(t))dt=
hn

2

Mn

∑
j=0

u(tn,j)v(tn,j)ωn,j= 〈u,v〉In .

3 A domain decomposition based spectral collocation method

In this section, we intend to introduce a domain decomposition based spectral collocation
method for solving the Lane-Emden equation (1.1). Essentially, it is a combination of
two LGR spectral collocation schemes for second order differential equations. The first
method is a collocation method (cf. [2]) based on its Volterra integro-differential equation
(VIDE) (cf. (1.2)). Observing that this method is very time-consuming, we next propose a
domain decomposition based LGR spectral collocation method. The idea of the method
is very simple and natural. Since the coefficient function a/t in Eq. (1.1) has singularity
at t=0, we still use the previous method for discretization around t=0. After the time T0,
which is a given number as desired, we turn to use the standard multi-step LGR spectral
collocation method for solving the second order differential equation (1.1). In this time
interval, the coefficient function becomes smooth, so this method is able to approximate
the exact solution very well. After careful and detailed reasoning, it is shown that the
errors of both methods have spectral accuracy. However, the latter method require much
less computational cost than the foregoing one.

3.1 A LGR collocation scheme based on the VIDE

Denote by un(t) the solution of (1.1) on the n-th element, i.e.,

un(t) :=u(t)|In , n≥1.

First of all, as shown in Section 1, the integral equation (1.2) can be recast as follows.

For any t∈ In,

d

dt
un(t)+

n−1

∑
k=1

∫

Ik

sa

ta
f (uk(s))ds+

t−tn−1

hn

∫

In

[σ(λ,t)]a

ta
f (un(σ(λ,t)))dλ=0, (3.1)

where

ξ=σ(λ,t) := tn−1+
(λ−tn−1)(t−tn−1)

hn
, λ∈ In.
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Based on this formulation, the LGR collocation scheme for solving (1.1) is to seek Un(t)∈
PMn+1(In), such that





d

dt
Un(t)+

n−1

∑
k=1

〈 sa

ta
, f (Uk)

〉
Ik

+
t−tn−1

hn

〈 [σ(·,t)]a
ta

, f (Un(σ(·,t)))
〉

In

=0, t∈{tn,j}Mn
j=0,

Un(tn−1)=Un−1(tn−1),
(3.2)

where Uk(t)∈PMk+1(Ik) is the numerical solution of uk(t) on the interval Ik, and U1(t0)=
u0. In the following, we express the collocation method in continuous version by using
the interpolation operator It,Mn, instead of the pointwise form (cf. [2]), which is more
convenient for us to develop the solution algorithm and theoretical analysis.





d

dt
Un(t)+It,Mn

[n−1

∑
k=1

〈 sa

ta
, f (Uk)

〉
Ik

+
t−tn−1

hn

〈 [σ(·,t)]a
ta

, f (Un(σ(·,t)))
〉

In

]
=0,

Un(tn−1)=Un−1(tn−1).

(3.3)

Next, let us discuss how to solve the scheme (3.3) effectively at each time interval In. As
usual, to ensure stability of the solution, we carry out the computation in the frequency
space. In other words, we express the unknown function Un(t) in the form

Un(t)=
Mn+1

∑
p=0

ûn
pLn,p(t), (3.4)

which implies

d

dt
Un(t)=

Mn+1

∑
p=1

ûn
pL′

n,p(t). (3.5)

Set

It,MnIs,Mk

[ sa

ta
f (Uk(s))

]
=

Mn

∑
p=0

Mk

∑
p′=0

ak
p,p′Ln,p(t)Lk,p′(s), (3.6)

It,MnIλ,Mn

[(
t−tn−1

) [σ(λ,t)]a

ta
f (Un(σ(λ,t)))

]
=

Mn

∑
p,p′=0

bn
p,p′Ln,p(t)Ln,p′(λ). (3.7)

Then it follows from (2.2) and (3.6) that, for 1≤ k≤n−1,

∫

Ik

It,MnIs,Mk

[ sa

ta
f (Uk(t))

]
ds=

Mn

∑
p=0

Mk

∑
p′=0

ak
p,p′Ln,p(t)

∫

Ik

Lk,p′(s)·1ds=hk

Mn

∑
p=0

ak
p,0Ln,p(t). (3.8)
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That means, {hkak
p,0}p are the coefficients of the function on the left of (3.8) expanded by

the Legendre polynomials {Ln,p(t)}p. Hence, we have by (2.3) and (2.7) that

ak
p,0=

2p+1

4

Mn

∑
i=0

Mk

∑
j=0

ta
k,j

ta
n,i

f (Uk(tk,j))Ln,p(tn,i)ωk,jωn,i, 0≤ p≤Mn. (3.9)

On the other hand, owing to (2.4) and using some direct manipulation, we find Eq. (3.8)
can be rewritten as

∫

Ik

It,MnIs,Mk

[ sa

ta
f (Uk(t))

]
ds=hk

Mn

∑
p=0

ak
p,0Ln,p(t)=hkhn

Mn+1

∑
p=1

âk
p,0L′

n,p(t), (3.10)

where

âk
p,0=

ak
p−1,0

4p−2
−

ak
p+1,0

4p+6
, 1≤ p≤Mn−1,

âk
Mn ,0=

ak
Mn−1,0

4Mn−2
, âk

Mn+1,0=
ak

Mn ,0

4Mn+2
. (3.11)

Employing the similar argument as above, we can also obtain

∫

In

It,MnIλ,Mn

[(
t−tn−1

) [σ(λ,t)]a

ta
f (Un(σ(λ,t)))

]
dλ

=hn

Mn

∑
p=0

bn
p,0Ln,p(t)=h2

n

Mn+1

∑
p=1

b̂n
p,0L′

n,p(t), (3.12)

where

bn
p,0=

2p+1

4

Mn

∑
i,j=0

(
tn,i−tn−1

)σa
i,j

ta
n,i

f (Un(σi,j))Ln,p(tn,i)ωn,jωn,i, 0≤ p≤Mn,

σi,j =σ(tn,j,tn,i),

b̂n
p,0=

bn
p−1,0

4p−2
−

bn
p+1,0

4p+6
, 1≤ p≤Mn−1,

b̂n
Mn,0=

bn
Mn−1,0

4Mn−2
, b̂n

Mn+1,0=
bn

Mn,0

4Mn+2
. (3.13)

Now, inserting (3.5), (3.10) and (3.12) into (3.3), we arrive at

Mn+1

∑
p=1

ûn
pL′

n,p(t)+hn

n−1

∑
k=1

hk

Mn+1

∑
p=1

âk
p,0L′

n,p(t)+hn

Mn+1

∑
p=1

b̂n
p,0L′

n,p(t)=0. (3.14)
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Observing that {L′
n,p}p are orthogonal polynomials with respect to the weight function

1−t2, we know the coefficients of L′
n,p of the function on the left of (3.14) must vanish.

We therefore have

ûn
p=−hn

n−1

∑
k=1

hk âk
p,0−hn b̂n

p,0, 1≤ p≤Mn+1. (3.15)

Furthermore, due to Ln,p(tn−1) = (−1)p and using the initial condition of the problem
(3.3), we can get from (3.4) that

û1
0=u0−

Mn+1

∑
p=1

(−1)pû1
p, ûn

0 =Un−1(tn−1)−
Mn+1

∑
p=1

(−1)pûn
p, n≥2. (3.16)

According to the relations (3.4), (3.9), (3.11), (3.13), (3.15) and (3.16), we can derive a fixed
point formulation for the coefficients {ûn

p}p, which naturally leads to the following fixed
point algorithm for solving the previous coefficients, described as Algorithm 1.

Algorithm 1 The fixed point iterative algorithm

for n=1,··· ,N do

Input: set the initial guess of {ûn
p}Mn+1

p=0 to be any given numbers, say zero values;
if n>1 then

for k=1,··· ,n−1, do

Compute âk
p,0 by (3.9) and (3.11);

end for
end if

while the maximum absolute difference between two consecutive coefficients

of {ûn
p}Mn+1

p=0 is bigger than the desired tolerance do

Compute {Un(tn,i)}Mn
i=0 and {Un(σ(tn,j,tn,i))}0≤i≤Mn, 0≤j≤Mn

by (3.4);

Compute {b̂n
p,0}Mn

p=0 by (3.13);

Update the coefficients {ûn
p}Mn+1

p=0 by (3.15) and (3.16);
end while

Compute the values {Un(tn,j)}Mn
j=0 by (3.4);

end for

3.2 A domain decomposition based LGR spectral collocation method

The advantage of Algorithm 1 is that it can solve the problem (1.1) with high accuracy,
even if the coefficient function a/t is singular at t = 0. The disadvantage is that when
solving the numerical solution on the subinterval In, we require to compute repeatedly
the numerical integration over the previous n−1 subintervals I1, I2, ··· , In−1. So the algo-
rithm is very time-consuming and is in particular not suitable for long-term computation.
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Our numerical experiment in Section 5 will also show this weakness. Based on this ob-
servation, we aim to design a domain decomposition based spectral method to overcome
this difficulty. To this end, we choose T0 = tN as desired, and then solve the problem
(1.1) after t≥T0 by means of the direct spectral method for solving second order differ-
ential equations as given in [10]. The only difference is that we use the Legendre-Gauss-
Radau collocation points instead of the Legendre-Gauss collocation points, in order to
increase the efficiency of the implementation. Mathematically speaking, we want to seek
Un(t)∈PMn+2(In) (n≥N+1) such that





U′′
n (t)+

a

t
U′

n(t)+ f (Un(t))=0, t∈{tn,j}Mn
j=0,

Un(tn−1)=Un−1(tn−1), U′
n(tn−1)=U′

n−1(tn−1).
(3.17)

It should be emphasized that the initial values of UN(tN) and U′
N(tN) are obtained from

Algorithm 1. Next, let us describe the above method in continuous setting for further
discussion. As a matter of fact, with the help of the interpolation operator It,Mn , we can
reformulate the first equation of (3.17) as

U′′
n (t)=It,Mn Fn(t,Un(t),U

′
n(t)), t∈ In, (3.18)

where

Fn(t,Un(t),U
′
n(t))=− a

t
U′

n(t)− f (Un(t)).

Then we need to design an effective algorithm for solving (3.18) at each time interval In.
To this end, we express the unknown function Un(t) in the form

Un(t)=
Mn+2

∑
p=0

ũn
pLn,p(t), (3.19)

which implies

U′
n(t)=

Mn+2

∑
p=1

ũn
p∂tLn,p(t), U′′

n (t)=
Mn+2

∑
p=2

ũn
p∂2

t Ln,p(t). (3.20)

Set

It,Mn Fn(t,Un(t),U
′
n(t))=

Mn

∑
p=0

f̃ n
p Ln,p(t). (3.21)

The combination of (3.21) with (2.3) and (2.7) implies

f̃ n
p =

2p+1

2

Mn

∑
j=0

Fn(tn,j,Un(tn,j),U
′
n(tn,j))Ln,p(tn,j)ωn,j, 0≤ p≤Mn. (3.22)
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On the other hand, by (2.5), (2.6) and some direct manipulation, we find the relation (3.21)
can be rewritten as

It,Mn Fn(t,Un(t),U
′
n(t))=

Mn

∑
p=0

f̃ n
p Ln,p(t)=

Mn+2

∑
p=2

f̂ n
p ∂2

t Ln,p(t), (3.23)

where

f̂ n
p =

h2
n

4

[ f̃ n
p−2

(2p−3)(2p−1)
−

2 f̃ n
p

(2p−1)(2p+3)
+

f̃ n
p+2

(2p+3)(2p+5)

]
, 2≤ p≤Mn−2,

f̂ n
Mn−1=

h2
n

4

[ f̃ n
Mn−3

(2Mn−5)(2Mn−3)
−

2 f̃ n
Mn−1

(2Mn−3)(2Mn+1)

]
,

f̂ n
Mn

=
h2

n

4

[ f̃ n
Mn−2

(2Mn−3)(2Mn−1)
−

2 f̃ n
Mn

(2Mn−1)(2Mn+3)

]
,

f̂ n
Mn+1=

h2
n

4

f̃ n
Mn−1

(2Mn−1)(2Mn+1)
,

f̂ n
Mn+2=

h2
n

4

f̃ n
Mn

(2Mn+1)(2Mn+3)
. (3.24)

Inserting (3.20) and (3.23) into (3.18) yields

Mn+2

∑
p=2

ũn
p∂2

t Ln,p(t)=
Mn+2

∑
p=2

f̂ n
p ∂2

t Ln,p(t). (3.25)

Due to the orthogonality of
{

∂2
t Ln,p(t)

}Mn+2

P=2
, and comparing the coefficients of ∂2

t Ln,p(t)
on both sides of (3.25), we know

ũn
p= f̂ n

p , 2≤ p≤Mn+2. (3.26)

Furthermore, the fact (cf. (3.177a) of [19])

Ln,p(0)=(−1)p, ∂tLn,p(0)=
1

hn
(−1)p−1p(p+1), p≥0,

along with the initial condition in (3.17) gives

ũn
1 =

hn

2
U′

n−1(tn−1)−
1

2

Mn+2

∑
p=2

(−1)p−1p(p+1)ũn
p,

ũn
0 =Un−1(tn−1)−

Mn+2

∑
p=1

(−1)pũn
p. (3.27)

According to the relations (3.19), (3.20), (3.22), (3.24), (3.26) and (3.27), we can derive a
fixed point formulation for the coefficients {ũn

p}p, which naturally leads to the following
fixed point algorithm for solving the previous coefficients, described as Algorithm 2.
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Algorithm 2 The fixed point iterative algorithm

Load the initial values UN(T0) and U′
N(T0) computed by Algorithm 1;

for n=N+1,··· ,Nm do

Input: set the initial guess of {ũn
p}Mn+2

p=0 to be any given numbers, say zero values;

while the maximum absolute difference between two consecutive coefficients

of {ũn
p}Mn+2

p=0 is bigger than the desired tolerance do

Compute {Un(tn,j)}Mn

i=0 and {U′
n(tn,j)}0≤i≤Mn

by (3.19) and (3.20);

Compute { f̂ n
p }Mn+2

p=2 by (3.22) and (3.24);

Update the coefficients {ũn
p}Mn+2

p=0 by (3.26) and (3.27);
end while

Compute the values {Un(tn,j)}Mn
j=0 by (3.19);

end for

4 Error estimates for the proposed spectral collocation schemes

In this section, we only give the error estimates for the LGR collocation schemes (3.3) and
(3.17), respectively. Since the proofs are rather lengthy, we leave them in the appendix to
make the presentation more clear. Write M :=minn≥1 Mn and h:=maxn≥1hn. Assume that
u|In ∈Hr(In) and f ∈Hr(In) for n≥1, and the function f used in (1.1) fulfills the following
uniformly Lipschitz condition: there exists a positive constant L such that

| f (x1)− f (x2)|≤ L|x1−x2|, ∀x∈R. (4.1)

Theorem 4.1 (Error estimates for Algorithm 1). Let u be the solution of (1.1) and U be the
numerical solution obtained by Algorithm 1, respectively. Given any T>0, assume that the mesh
sizes hn of the partition Ih in (2.1) satisfy (A.18) for 1≤n≤N. Then there hold

‖u−U‖2
H1(0,T)≤ET, |u(T)−U(T)|2≤ET, |u′(T)−U′(T)|2≤E′

T,

with

ET :=exp(cT2L2)
[
TM2−2rh2r−2‖∂r

t u‖2
L2(0,T)+T2M−2rh2r−2a‖ f (u(·))‖2

Hr(0,T)

]
, (4.2)

E′
T :=exp(cT2L2)

[
T2M2−2rh2r−2‖∂r

t u‖2
L2(0,T)+T3M−2rh2r−2a‖ f (u(·))‖2

Hr(0,T)

]
, (4.3)

where r is an integer such that 2≤ r≤Mn+1 and c is a generic constant.

Theorem 4.2 (Error estimates for Algorithm 2). Let u be the solution of (1.1) and U be the
numerical solution obtained by Algorithm 2, respectively. Given any T, T0 > 0 with T > T0,
assume that the mesh sizes hn of the partition Ih in (2.1) satisfy (A.18) for 1≤n≤N0 and (A.40)
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for N0+1≤n≤N, respectively. Then there hold

‖(u−U)‖2
H2 [0,T]≤ cTh2r−3M7−2r‖∂r

t u‖2
L2[T0,T]+cTE′

T0
+cTET0

,

|u(T)−U(T)|2 ≤ ch2r−1M7−2r‖∂r
t u‖2

L2 [T0,T]+cET0
+ch2E′

T0
,

|u′(T)−U′(T)|2≤ ch2r−3M7−2r‖∂r
t u‖2

L2[T0,T]+cE′
T0
+ch2ET0

,

where r is an integer such that 3≤r≤Mn+1, c is a generic constant, ET0
and E′

T0
are determined

by (4.2) only with T replaced by T0.

From the above theorems we can conclude that both spectral collocation methods
proposed in Section 3 (i.e. Algorithm 1 and Algorithm 2) exhibit the spectral accuracy if
the exact solution u is sufficiently smooth. Our numerical results given in the next section
also demonstrate such results.

5 Numerical results

In this section, we perform several numerical results to illustrate the efficiency of the
proposed methods. We comment that when using Algorithm 1 or 2 to do numerical
simulation, we always choose the initial guess to be zero values.

Example 5.1. Consider the following nonlinear Lane-Emden-type equation





u′′(t)+
2

t
u′+4(2eu+e

u
2 )=0, t>0,

u(0)=0, u′(0)=0,
(5.1)

which has the exact solution:
u=−2ln(1+x2).

Let
Emax[0,T] := max

0≤t≤T
|u(t)−U(t)|≈ max

1≤n≤N
|u(tn)−U(tn)|.

We use Algorithm 1 to solve (5.1) with t∈ [0,10], N=1 and M=30. That means a single-
step collocation method with 31 collocation points is used for simulation. In Table 1, we
list the errors of LGR collocation method (i.e. Algorithm 1), HFC method (cf. [14]) and
SJC method (cf. [1]) at the corresponding points. The displayed results show that the LGR
spectral collocation method has much higher computational accuracy than the other two
methods.

Moreover, we use Algorithm 1 to solve Example 5.1 with various step sizes h and
fixed M= 2,4,6,8. The corresponding results are shown in Fig. 1(a), which indicate that
the errors decay algebraically with refined time partitions. In Fig. 1(b), we plot the errors
Emax[0,10] with the variation of M and the fixed time step sizes h = 1,1/2,1/4,1/8, from
which we may observe that the numerical errors decay exponentially as M increases.
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Table 1: Absolute errors of LGR method, HFC method and SJC method for Example 1 with 31 collocation
points.

t HFC-error SJC-error LGR-error

0.01 2.93·10−6 6.31·10−9 2.33·10−17

0.1 3.94·10−6 2.15·10−7 1.14·10−16

0.5 3.02·10−6 4.32·10−7 2.39·10−15

1 9.31·10−7 5.62·10−8 5.55·10−15

2 5.00·10−7 3.92·10−8 7.99·10−15

3 8.10·10−7 1.50·10−7 5.33·10−15

4 7.69·10−7 1.15·10−7 2.66·10−15

5 6.64·10−7 1.00·10−8 8.88·10−16

6 5.48·10−7 7.18·10−8 8.44·10−14

7 1.70·10−7 7.51·10−8 1.19·10−12

8 1.09·10−7 1.48·10−8 1.09·10−12

9 1.21·10−5 6.85·10−8 5.60·10−11

10 3.83·10−5 1.90·10−9 5.66·10−11
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Figure 1: The Emax[0,10] vs N=T/h and the degree of polynomials M for Example 5.1 with T=10.

Next, we use Algorithm 2 (T0 = 1) to solve (5.1) with t ∈ [0,100]. Fig. 2(a) shows
the Emax[0,100] against N at a fixed uniform mode M= 1,2,4,6, while Fig. 2(b) shows the
Emax[0,100] against M with fixed time step sizes h = 1,1/2,1/4,1/8. From all these nu-
merical results, we can observe the similar convergence phenomenon as for Algorithm 1
mentioned above.

Fig. 3(a) gives the cpu time consumption comparison of Algorithm 1 and Algorithm
2 for Example 5.1. Line 1 shows the cpu time used for various T by Algorithm 2 with
T0 =1, h=1/2, M=10 and line 2 shows the corresponding cpu time used by Algorithm
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Figure 2: The Emax[0,100] vs N=T/h and the degree of polynomials M for Example 5.1 with T=100.
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(a) Comparison of the time consumption for Al-
gorithms 1 and 2
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(b) The Emax[0,T] by Algorithm 2

Figure 3: Long-term simulation for Example 5.1.

1 with the same h and M, from which we may see that Algorithm 2 requires much less
computation cost than Algorithm 1 in long-term simulation. The numerical results by
Algorithm 2 are shown in Fig. 3(b), which indicate that this algorithm can produce very
accurate solution in long-term simulation as well.

Example 5.2. Consider the thermionic currents equations




u′′(t)+
a

t
u′= e−u, t>0,

u(0)=0, u′(0)=0.
(5.2)

This equation can be used to model the density and electric force of an electron gas in the
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Figure 4: The Emax[0,1] vs N=T/h and the degree of polynomials M for Example 5.2 with T=1.
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Figure 5: The Emax[0,1] vs N=T/h and the degree of polynomials M for Example 5.2 with T=100.

neighborhood of a hot body in thermal equilibrium [17]. In general case, it does not have

closed-form solutions. Fortunately, it has an explicit solution for a=1: u=2ln(1+ t2

8 ).

We use Algorithm 1 and Algorithm 2 (T0 =1) to numerically solve the problem (5.2),
respectively. In Fig. 4(a)/5(a), we show the variation of errors Emax[0,1]/Emax[0,100] over the
number of steps N, at a fixed uniform mode M=1,2,3,4. The numerical results indicate
that the errors decay algebraically with refined time partitions. In Fig. 4(b)/5(b), we
plot the errors Emax[0,1]/Emax[0,100] with the variation of M and the fixed time step h =
1,1/2,1/4,1/8. We observe that the numerical errors decay exponentially as M increases.
All these numerical results coincide with the theoretical estimates given in Section 4.
Moreover, comparing Fig. 4(a) with Fig. 5(a) and Fig. 4(b) with Fig. 5(b), we may find that
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(a) The Emax[0,T] for Example 5.2
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Figure 6: The Emax[0,T] and the time consumption for Example 5.2.

compared with Algorithm 1, Algorithm 2 requires fewer collocation points and bigger
step sizes to achieve the solution with desired accuracy.

Next, we use Algorithm 2 (T0=1) to solve (5.2) for long-term simulation. In this case,
hn =h=1/4 and Mn =M=8. Fig. 6(a) shows the variation of the absolute errors Emax[0,T]

over various T ∈ [1,7000]. In Fig. 6(b), we plot the corresponding cpu time, from which
we may observe that Algorithm 2 can obtain the high accuracy solution with very small
amount of computational cost even for long-term simulation.

Example 5.3. Consider the standard Lane-Emden equations




u′′(t)+
2

t
u′+um=0, t>0,

u(0)=1, u′(0)=0.
(5.3)

This model describes the thermal behavior of a spherical cloud of gas acting under the
mutual attraction of its molecules and subject to the classical laws of thermodynamics
[4, 11]. Physicists are usually interested in the case of m∈ [0,5]. However, there are not
any closed-form solutions to the problem (5.3) except for m=0,1,5 until now.

Then, let us apply Algorithm 1 to solve (5.3) with m= 0.5,1.5,2,2.5,3. The numerical
solutions (LGR solution) are shown in Fig. 7. Moreover, for comparison, we use three
different methods for solving (5.3) with m=3, including Algorithm 1, the Hermite func-
tion collocation method (HFC) (cf. [14]) as well as the rational Legendre Pseudospectral
method (RLP) (cf. [15]). Similar to the other related references, we use the numerical re-
sults obtained in [11] for m=3 as the exact solution or the reference solution. And list the
corresponding absolute errors of the three numerical methods at different time in Table 2,
from which we may observe that Algorithm 1 has much better approximation accuracy
than the other two methods.
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Figure 7: The numerical solutions U(t) for Example 5.3 with different m.

Table 2: Absolute errors of LGR method, HFC method and RLP method for Example 5.3 with m=3.

t LGR-error HFC-error RLP-error

0.100 3.0·10−8 1.4·10−6 8.1·10−7

0.500 3.0·10−8 3.0·10−6 5.0·10−6

1.000 3.1·10−8 2.0·10−6 1.2·10−5

5.000 3.4·10−8 3.9·10−7 1.1·10−5

6.000 2.1·10−9 1.1·10−6 5.8·10−5

6.800 3.6·10−10 1.1·10−5 1.3·10−5

6.896 4.6·10−12 9.8·10−8 1.3·10−7

Finally, we solve (5.3) with m = 3 and t ∈ (0,100] by Algorithm 1 and Algorithm 2
(T0=1), respectively. For the two algorithms, we choose h=1/4 and M=5. In Fig. 8(a), we
plot the numerical solutions obtained by Algorithm 1 and Algorithm 2. Fig. 8(b) shows
the cpu time used for the two algorithms, where Line 1 (resp. 2) indicates the cpu time
used by Algorithm 2 (resp. Algorithm 1). From these numerical results, we may observe
that Algorithm 2 performs better than Algorithm 1, as shown also in the preceding two
numerical examples.

6 Conclusions

The Lane-Emden equation (1.1) frequently occurs in the context of mathematical physics
and astrophysics. Due to its importance, a variety of numerical methods were proposed
for solving it, among which the spectral method has a significant advantage—it can pro-
duce very accurate numerical solution (cf. [19]). However, the spectral methods devel-
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Figure 8: The numerical solutions and the comparison of time consumption for Example 5.3.

oped until now (cf. [5–7, 14]) are not very suitable for long-term computation. In this
article, we design a domain decomposition based spectral collocation method for solving
the Lane-Emden equation. Essentially, it is a combination of two Legendre-Gauss-Radau
collocation schemes for second order differential equations. The first one is a collocation
method based on the equivalent Volterra integro-differential equation of (1.1) (cf. (1.2)).
Noting that this method is very time-consuming, we next propose a domain decompo-
sition based Legendre-Gauss-Radau spectral collocation method. The idea behind the
method is very simple and natural. Since the coefficient function a/t in the equation (1.1)
has singularity, we still use the previous method for discretization around t = 0. After
the time T0, which is a given number as desired, we turn to use the standard multi-
step Legendre-Gauss-Radau collocation method for solving the second order differential
equation (1.1). After careful and detailed reasoning, it is shown that the errors of both
methods have spectral accuracy. Moreover, the latter method require much less compu-
tational cost than the foregoing one. We provide a series of numerical experiments to
show the numerical performance of the proposed methods (Algorithm 1 and Algorithm
2), which demonstrate that the domain decomposition based method (i.e. Algorithm 2) is
particularly suitable for long-term simulation. Compared with the existing methods, Al-
gorithm 2 requires much less computation cost while achieves high-accuracy numerical
solution.
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A Appendix

In this appendix, we are going to present the proofs of Theorems 4.1 and 4.2, respectively.
To this end, we first recall two well-known lemmas frequently used later on. The first
lemma collects some estimates for the Lagrange interpolation operator It,Mn (cf. (5.4.33)
and (5.4.34) of [3]):

Lemma A.1. For any v∈Hr(In), with integers 1≤ r≤Mn+1, there hold

‖v−It,Mn v‖In ≤ cM−r
n hr

n‖∂r
t v‖In , (A.1)

and

‖∂l
t

(
v−It,Mn v

)
‖In ≤ chr−l

n M
2l− 1

2−r
n ‖∂r

t v‖In , 1≤ l≤ r, (A.2)

where and in what follows, we simply write ‖·‖In for ‖·‖L2(In).

As given in [20], we have the following Gronwall’s inequality:

Lemma A.2. Assume that {kj} and {ρj} (j≥0) are two given non-negative sequences, and the
sequence {εn} satisfies ε0≤ρ0 and

εn ≤ρn+
n−1

∑
j=0

qj+
n−1

∑
j=0

kjε j, n≥1,

with qj ≥0 for j≥0. Then

εn ≤ρn+
n−1

∑
j=0

(qj+kjρj)exp
(n−1

∑
j=0

kj

)
, n≥1.

A.1 The proof for Theorem 4.1

In order to present the proof of Theorem 4.1 more clear, we first derive the following
lemma:

Lemma A.3. Let G(t,x) be a continuous function satisfying the following Lipschitz condition:
there exists a positive constant K, independent of t, such that

|G(t,x1)−G(t,x2)|≤K|x1−x2|, ∀x1,x2∈R. (A.3)

Then, for any n≥1 there holds

‖It,Mn(G(t,ψ)−G(t,Ψ))‖In ≤ c1K‖It,Mnψ−Ψ‖In , ∀ψ∈C(In), Ψ∈PMn+1(In),

where c1=
√

2+ 2
2Mn+1 .
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Proof. By virtue of (2.7), we have

∫

In

(
It,Mn(G(t,ψ)−G(t,Ψ))

)2
ds=

hn

2

Mn

∑
i=0

(G(tn,i,ψ(tn,i))−G(tn,i,Ψ(tn,i)))
2ωn,i=: I. (A.4)

On the other hand, it follows from (A.3) and Lemma 2.1 of [25] that

I≤ hn

2

Mn

∑
i=0

K2(ψ(tn,i)−Ψ(tn,i))
2ωn,i

=K2
∫

In

(
It,Mn(ψ(t)−Ψ(t))

)2
ds≤ c2

1K2‖It,Mnψ−Ψ‖2
In

,

from which and (A.4) the required result follows readily.

Now, we proceed with the error analysis for Algorithm 1 on each subinterval In. Ac-
cording to (3.1),

It,Mn

[ d

dt
(un(t))+

n−1

∑
k=1

∫

Ik

sa

ta
f (uk)ds+

t−tn−1

hn

∫

In

[σ(λ,t)]a

ta
f (un(σ(λ,t)))dλ

]
=0. (A.5)

Let

En(t) :=un(t)−Un(t),

B1(t) :=It,Mn

( d

dt
un(t)

)
− d

dt
un(t),

B2,k(t) :=It,Mn

∫

Ik

(
I−Is,Mk

)( sa

ta
f (uk)

)
ds, (A.6)

B3,k(t) :=It,Mn

∫

Ik

Is,Mk

( sa

ta
f (uk)−

sa

ta
f (Uk)

)
ds,

B4(t) :=It,Mn

t−tn−1

hn

∫

In

(
I−Iλ,Mn

)( [σ(λ,t)]a

ta
f (un(σ(λ,t))

)
dλ,

B5(t) :=It,Mn

t−tn−1

hn

∫

In

Iλ,Mn

( [σ(λ,t)]a

ta

[
f (un(σ(λ,t)))− f (Un(σ(λ,t)))

])
dλ.

Subtracting (3.3) from (A.5) yields

E′
n(t)+B1(t)+

n−1

∑
k=1

B2,k(t)+
n−1

∑
k=1

B3,k(t)+B4(t)+B5(t)=0, t∈ In. (A.7)

Next, we estimate ‖B1‖In . Clearly, from (A.1) it follows that

‖B1‖2
In
=‖It,Mn

( d

dt
un(t)

)
− d

dt
un(t)‖2

In
≤ cM2−2r

n h2r−2
n ‖∂r

t un‖2
In

. (A.8)
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Using (2.7), (A.1) and (A.6), we have

‖B2,k‖2
In
=

hn

2

Mn

∑
i=0

(∫

Ik

(
I−Is,Mk

)( sa

ta
n,i

f (uk)
)
ds
)2

ωn,i

≤ hn

2

Mn

∑
i=0

cM−2r
k h2r+1

k

∫

Ik

(
∂r

s

( sa

ta
n,i

f (uk)
))2

ds·ωn,i

≤ hn

2

Mn

∑
i=0

cM−2r
k h2r+1−2a

k ‖ f (uk(·))‖2
Hr(Ik)

·ωn,i

≤ cM−2r
k h2r+1−2a

k hn‖ f (uk(·))‖2
Hr(Ik)

. (A.9)

Using (2.7), (4.1) and Lemma A.3, we have

‖B3,k‖2
In
=

hn

2

Mn

∑
i=0

(∫

Ik

Is,Mk

( sa

ta
n,i

f (uk)−
sa

ta
n,i

f (Uk)
)

ds
)2

ωn,i

≤ hn

2

Mn

∑
i=0

hk

∫

Ik

(
Is,Mk

( sa

ta
n,i

f (uk)−
sa

ta
n,i

f (Uk)
))2

ds·ωn,i

≤ c2
1L2hnhk‖Is,Mk

uk−Uk‖2
Ik

. (A.10)

Furthermore, we have by (A.1) and (A.10) that

‖B3,k‖2
In
≤2c2

1L2hnhk

(
‖Is,Mk

uk−uk‖2
Ik
+‖uk−Uk‖2

Ik

)

≤ cL2hnh2r+1
k M−2r

k ‖∂r
t uk‖2

Ik
+2c2

1L2hnhk‖Ek‖2
Ik

. (A.11)

Similarly, according to (2.7) and (A.1),

‖B4‖2
In
=

hn

2

Mn

∑
i=0

[ tn,i−tn−1

hn

∫

In

(
I−Iλ,Mn

)( [σ(λ,tn,i)]
a

ta
f (un(σ(λ,tn,i)))

)
dλ

]2
ωn,i

≤ cM−2r
n h2r+2

n

Mn

∑
i=0

( tn,i−tn−1

hn

)2∫

In

[
∂r

λ

( [σ(λ,tn,i)]
a

ta
f (un(σ(λ,tn,i)))

)]2
dλ·ωn,i

≤ cM−2r
n h2r+2−2a

n

Mn

∑
i=0

‖ f (un(·))‖2
Hr(In)

·ωn,i≤ cM−2r
n h2r+2−2a

n ‖ f (un(·))‖2
Hr(In)

. (A.12)

Finally, we estimate ‖B5‖2
In

. From (2.7), (4.1), (A.1) and Lemma A.3, it follows that

‖B5‖2
In

=
hn

2

Mn

∑
i=0

( tn,i−tn−1

hn

)2[∫

In

Iλ,Mn

(σ(λ,tn,i)
a

ta
n,i

(
f (un(σ(λ,tn,i)))− f (Un(σ(λ,tn,i)))

))
dλ

]2
ωn,i
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≤ (c1hn)2

2
L2

Mn

∑
i=0

( tn,i−tn−1

hn

)2∫

In

(
Iλ,Mn

un(σ(λ,tn,i))−Un(σ(λ,tn,i))
)2

dλ·ωn,i

≤cM−2r
n h2r+2

n L2
Mn

∑
i=0

( tn,i−tn−1

hn

)2∫

In

(
∂r

λun(σ(λ,tn,i))
)2

dλ·ωn,i

+(c1hn)
2L2

Mn

∑
i=0

( tn,i−tn−1

hn

)∫

In

(
un(s)−Un(s)

)2
ds·ωn,i. (A.13)

On the other hand, by the chain rule for differentiation, we find

∫

In

(
∂r

λun(σ(λ,tn,i))
)2

dλ=
( tn,i−tn−1

hn

)2r−1∫ tn,i

tn−1

(
∂r

sun(s)
)2

ds,

which combined with (A.13) gives

‖B5‖2
In
≤cM−2r

n h2r+2
n L2

Mn

∑
i=0

( tn,i−tn−1

hn

)2r+1∫ tn,i

tn−1

(
∂r

sun(s)
)2

ds·ωn,i

+(c1hn)
2L2

Mn

∑
i=0

( tn,i−tn−1

hn

)∫

In

(
un(s)−Un(s)

)2
ds·ωn,i

≤cM−2r
n h2r+2

n L2‖∂r
sun‖2

In
+(c1hn)

2L2‖En‖2
In

. (A.14)

Moreover, thanks to (A.7) and the Cauchy-Schwarz inequality, we know

‖E′
n‖2

In
≤5

[
‖B1‖2

In
+‖

n−1

∑
k=1

B2,kh1/2
k ·h−1/2

k ‖2
In
+‖

n−1

∑
k=1

B3,kh1/2
k ·h−1/2

k ‖2
In
+‖B4‖2

In
+‖B5‖2

In

]

≤5

[
‖B1‖2

In
+T

n−1

∑
k=1

h−1
k ‖B2,k‖2

In
+T

n−1

∑
k=1

h−1
k ‖B3,k‖2

In
+‖B4‖2

In
+‖B5‖2

In

]
,

which, in conjunction with (A.8)-(A.14), leads to

‖E′
n‖2

In
≤cM2−2r

n h2r−2
n ‖∂r

t un‖2
In
+cT

n−1

∑
k=1

M−2r
k h2r−2a

k hn‖ f (uk(·))‖2
Hr(Ik)

+cT
n−1

∑
k=1

L2hnh2r
k M−2r

k ‖∂r
t uk‖2

Ik
+cT

n−1

∑
k=1

L2hn‖Ek‖2
Ik

+cM−2r
n h2r+2−2a

n ‖ f (un(·))‖2
Hr(In)

+5(c1hn)
2L2‖En‖2

In
. (A.15)

On the other hand, it is evident that




E2
k(tk)−E2

k(tk−1)=2
∫

Ik

E′
k(t)Ek(t)dt≤‖Ek‖2

H1(Ik)
,

Ek(tk−1)=Ek−1(tk−1), E1(t0)=0.
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Summing up all these inequalities, we obtain

E2
n−1(tn−1)≤

n−1

∑
k=1

‖Ek‖2
H1(Ik)

. (A.16)

Therefore,

‖En‖2
In
=

∫

In

(∫ t

tn−1

E′
n(s)ds+En(tn−1)

)2
dt≤2h2

n‖E′
n‖2

In
+2hnE2

n(tn−1)

=2h2
n‖E′

n‖2
In
+2hnE2

n−1(tn−1)≤2h2
n‖E′

n‖2
In
+2hn

n−1

∑
k=1

‖Ek‖2
H1(Ik)

.

This along with (A.15) yields

‖En‖2
H1(In)

≤cM2−2r
n h2r−2

n ‖∂r
t un‖2

In
+cT

n−1

∑
k=1

M−2r
k h2r−2a

k hn‖ f (uk(·))‖2
Hr(Ik)

+cT
n−1

∑
k=1

L2hnh2r
k M−2r

k ‖∂r
t uk‖2

Ik
+cT

n−1

∑
k=1

L2hn‖Ek‖2
H1(Ik)

+cM−2r
n h2r+2−2a

n ‖ f (un(·))‖2
Hr(In)

+5(c1hn)
2L2‖En‖2

In
+2h2

n‖E′
n‖2

In
. (A.17)

If

max
(
5c2

1h2
n L2, 2h2

n

)
≤η<1, (A.18)

then we may rewrite (A.17) as

‖En‖2
H1(In)

≤ cT
n−1

∑
k=1

L2hn‖Ek‖2
H1(Ik)

+Qn, (A.19)

where

Qn=cT
n−1

∑
k=1

(
M−2r

k h2r−2a
k hn‖ f (uk(·))‖2

Hr(Ik)
+L2hnh2r

k M−2r
k ‖∂r

t uk‖2
Ik

)

+cM2−2r
n h2r−2

n ‖∂r
t un‖2

In
+cM−2r

n h2r+2−2a
n ‖ f (un(·))‖2

Hr(In)
.

By taking εk =h−1
k ‖Ek‖2

H1(Ik)
in Lemma A.2, we can get from (A.19) that

‖un−Un‖2
H1(In)

=‖En‖2
H1(In)

≤exp(cT2L2)hn

n−1

∑
k=1

[
M2−2r

k h2r−2
k ‖∂r

t uk‖2
Ik
+TM−2r

k h2r−2a
k ‖ f (uk(·))‖2

Hr(Ik)

]

+cM2−2r
n h2r−2

n ‖∂r
t un‖2

In
+cM−2r

n h2r+2−2a
n ‖ f (un(·))‖2

Hr(In)
. (A.20)
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Furthermore, by setting T= tN , we have from (A.20) that

‖u−U‖2
H1(0,T)

≤exp(cT2L2)
N

∑
n=1

[
hn

n−1

∑
k=1

[
M2−2r

k h2r−2
k ‖∂r

t uk‖2
Ik
+TM−2r

k h2r−2a
k ‖ f (uk(·))‖2

Hr(Ik)

]

+M2−2r
n h2r−2

n ‖∂r
t un‖2

In
+M−2r

n h2r+2−2a
n ‖ f (un(·))‖2

Hr(In)

]
.

Let h :=max1≤n≤NT
hn and M :=min1≤n≤NT

Mn. Then the above estimate can be simply
rewritten as

‖u−U‖2
H1(0,T)

≤exp(cT2L2)
[
TM2−2rh2r−2‖∂r

t u‖2
L2(0,T)+T2M−2rh2r−2a‖ f (u(·))‖2

Hr(0,T)

]
. (A.21)

With the aid of (A.16) and (A.21), we also have

|u(T)−U(T)|2

≤exp(cT2L2)
[
TM2−2rh2r−2‖∂r

t u‖2
L2(0,T)+T2M−2rh2r−2a‖ f (u(·))‖2

Hr(0,T)

]
.

In addition, we have by (3.1) and (3.3) that

|u′(T)−U′(T)|2=
∣∣∣∣

N

∑
k=1

∫

Ik

( sa

Ta
f (s,uk)−Is,Mk

sa

Ta
f (s,Uk)ds

)∣∣∣∣
2

.

This along with Lemma A.3 and the Cauchy-Schwarz inequality gives

|u′(T)−U′(T)|2≤T
N

∑
k=1

∫

Ik

( sa

Ta
f (uk)−Is,Mk

sa

Ta
f (Uk)

)2
ds

≤2T
N

∑
k=1

∫

Ik

[(
(I−Is,Mk

)
sa

Ta
f (uk)

)2
+
(
Is,Mk

sa

Ta
( f (uk)− f (Uk))

)2
]

ds.

≤2T
N

∑
k=1

(
‖(I−Is,Mk

)
sa

Ta
f (uk)‖2

Ik
+c2

1L2‖Is,Mk
uk−Uk‖2

Ik

)
.

Therefore we use Lemma A.1 and (A.21) successively to deduce that

|u′(T)−U′(T)|2

≤exp(cT2L2)
[
T2M2−2rh2r−2‖∂r

t u‖2
L2(0,T)+T3M−2rh2r−2a‖ f (u(·))‖2

Hr(0,T)

]
.

This completes the proof of Theorem 4.1.
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A.2 The proof for Theorem 4.2

In this part of appendix, we will establish the error analysis of Theorem 4.2. First of all, it
follows from (1.3) that

It,Mnu′′
n(t)+

a

t
It,Mnu′

n+ f (It,Mnun)=0, t∈{tn,j}Mn
j=0. (A.22)

Let

Ẽn(t) :=Un(t)−It,Mn un(t),

Gn
1 (t) :=It,Mn u′′

n(t)−
(
It,Mnun(t)

)′′
, (A.23)

Gn
2 (t) :=

a

t

(
It,Mnu′

n−(It,Mnun)
′), (A.24)

Gn
3 (t) :=

a

t

(
(It,Mnun)

′−U′
n(t)

)
, (A.25)

Gn
4 (t) := f (It,Mn un)− f (Un). (A.26)

Subtracting (A.22) from (3.17) leads to

Ẽ′′
n(t)=

4

∑
i=1

Gn
i (t), t∈{tn,j}Mn

j=0, n≥1. (A.27)

On the other hand, after a direct manipulation, we know

((t−tn−1)
−1(Ẽ′

n(t)− Ẽ′
n(tn−1)))

′

=−(t−tn−1)
−2(Ẽ′

n(t)− Ẽ′
n(tn−1))+(t−tn−1)

−1Ẽ′′
n (t), t∈{tn,j}Mn

j=0, n≥1. (A.28)

Multiplying (A.28) by 2(Ẽ′
n(tn,j)−Ẽ′

n(tn−1))ωn,j and then summing over j with 0≤ j≤Mn,
we have from (A.27) that

2〈(((t−tn−1)
−1(Ẽ′

n(t)− Ẽ′
n(tn−1)))

′,Ẽ′
n− Ẽ′

n(tn−1)〉In

=−2〈(t−tn−1)
−2(Ẽ′

n− Ẽ′
n(tn−1)),Ẽ

′
n− Ẽ′

n(tn−1)〉In

+2
〈
(t−tn−1)

−1(Ẽ′
n− Ẽ′

n(tn−1)),
4

∑
i=1

Gn
i

〉
In

. (A.29)

Since Ẽ′
n(t)− Ẽ′

n(tn−1)∈PMn+1(In) and (t−tn−1)
−1(Ẽ′

n− Ẽ′
n(tn−1))∈PMn(In), we have by

(2.7) and (A.29) that

h−1
n (Ẽ′

n(tn)− Ẽ′
n(tn−1))

2+‖(t−tn−1)
−1(Ẽ′

n− Ẽ′
n(tn−1))‖2

In

=2
〈
(t−tn−1)

−1(Ẽ′
n− Ẽ′

n(tn−1)),
4

∑
i=1

Gn
i

〉
In

.
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This implies that

h−1
n (Ẽ′

n(tn)− Ẽ′
n(tn−1))

2≤2
〈
(t−tn−1)

−1(Ẽ′
n− Ẽ′

n(tn−1)),
4

∑
i=1

Gn
i

〉
In

,

and

‖(t−tn−1)
−1(Ẽ′

n− Ẽ′
n(tn−1))‖2

In
≤2

〈
(t−tn−1)

−1(Ẽ′
n− Ẽ′

n(tn−1)),
4

∑
i=1

Gn
i

〉
In

.

Again, using (2.7) and the Cauchy-Schwarz inequality, we find

‖(t−tn−1)
−1(Ẽ′

n− Ẽ′
n(tn−1))‖In ≤2

∥∥∥
4

∑
i=1

Gn
i

∥∥∥
In,Mn

≤2
4

∑
i=1

‖Gn
i ‖In ,Mn , (A.30)

and

h−1
n (Ẽ′

n(tn)− Ẽ′
n(tn−1))

2≤2
∥∥∥

4

∑
i=1

Gn
i

∥∥∥
In,Mn

‖(t−tn−1)
−1(Ẽ′

n− Ẽ′
n(tn−1))‖In . (A.31)

For bounding ‖Gn
1‖In ,Mn , we have by (2.7), (A.23) and Lemma A.1 that

‖Gn
1‖In ,Mn =‖Gn

1‖In ≤‖It,Mn u′′
n−u′′

n‖In +‖u′′
n−

(
It,Mnun(t)

)′′‖In

≤ chr−2
n M2−r

n ‖∂r
t un‖In +chr−2

n M
7
2−r
n ‖∂r

t un‖In

≤ chr−2
n M

7
2−r
n ‖∂r

t un‖In . (A.32)

Similarly, by (2.7), (A.24) and Lemma A.1,

‖Gn
2‖In ,Mn ≤

a

T0
‖It,Mn u′

n−(It,Mnun)
′‖In ≤

ca

T0
hr−1

n M
3
2−r
n ‖∂r

t un‖In . (A.33)

With the aid of (A.25) and Lemma 2.1 of [25], we obtain

‖Gn
3‖In ,Mn ≤

a

T0
‖Ẽ′

n‖In ,Mn ≤
c1a

T0
‖Ẽ′

n‖In . (A.34)

According to (A.26), (4.1) and (3.303a) of [19],

‖Gn
4‖In ,Mn ≤ L‖It,Mnun−Un‖In ,Mn ≤ c2L‖Ẽn‖In , (A.35)

where the generic constant c2 is proportional to 2+ 2
Mn

. Therefore, we have by (A.32)-
(A.35) and (A.27) that

‖Ẽ′′
n‖In ≤ chr−2

n M7/2−r
n ‖∂r

t un‖In +c2L‖Ẽn‖In +
c1a

T0
‖Ẽ′

n‖In . (A.36)
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In addition, the combination of (A.30)-(A.35) yields

‖(Ẽ′
n− Ẽ′

n(tn−1))‖In ≤ chr−1
n M

7
2−r
n ‖∂r

t un‖In +2c2hn L‖Ẽn‖In +
2c1a

T0
hn‖Ẽ′

n‖In ,

which along with the triangle inequality leads to

‖Ẽ′
n‖In ≤chr−1

n M
7
2−r
n ‖∂r

t un‖In +2c2hn L‖Ẽn‖In +
2c1a

T0
hn‖Ẽ′

n‖In +h
1
2
n |Ẽ′

n(tn−1))|. (A.37)

If

d1 :=1− 2c1a

T0
hn ≥d>0,

we can conclude from (A.37) that

‖Ẽ′
n‖In ≤ chr−1

n M
7
2−r
n ‖∂r

t un‖In +
2c2hn L

d1
‖Ẽn‖In +ch

1
2
n |Ẽ′

n(tn−1))|. (A.38)

On the other hand, by the Poincaré inequality,

‖Ẽn‖In ≤
√

2h
1
2
n |Ẽn(tn−1))|+2hn‖Ẽ′

n‖In ,

and with (A.38) we further have

‖Ẽn‖In ≤ chr
n M

7
2−r
n ‖∂r

t un‖In +
4c2h2

n L

d1
‖Ẽn‖In +ch

3
2
n |Ẽ′

n(tn−1))|+
√

2h
1
2
n |Ẽn(tn−1))|. (A.39)

Therefore, if

d0 :=1− 4c2h2
n L

d1
≥d>0, (A.40)

then we have from (A.39) that

‖Ẽn‖In ≤ chr
n M

7
2−r
n ‖∂r

t un‖In +ch
3
2
n |Ẽ′

n(tn−1))|+ch
1
2
n |Ẽn(tn−1))|. (A.41)

Now, it remains to bound |Ẽn(tn−1)| and |Ẽ′
n(tn−1)| for n≥N+1. We first consider the

case of n=N+1. Since for any v∈H1(In) (see page 279 of [9]),

|v(t)|2 ≤h−1
n ‖v‖2

In
+hn‖∂tv‖2

In
, (A.42)

which along with Lemma A.1 implies

|ẼN+1(tN)|= |UN+1(tN)−It,MN+1
uN+1(tN)|

≤h
− 1

2
N+1‖uN+1−It,MN+1

uN+1‖IN+1
+h

1
2
N+1‖∂t(uN+1−It,MN+1

uN+1)‖IN+1
+E

1
2
T0

≤ ch
r− 1

2
N+1M−r

N+1‖∂r
t uN+1‖IN+1

+ch
r− 1

2
N+1M

3
2−r

N+1‖∂r
t uN+1‖IN+1

+E
1
2
T0

≤ chr− 1
2 M

3
2−r‖∂r

t uN+1‖IN+1
+E

1
2
T0

. (A.43)
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Employing the similar argument as above, we can also get

|Ẽ′
N+1(tN)|≤ chr− 3

2 M
7
2−r‖∂r

t uN+1‖IN+1
+(E′

T0
)

1
2 . (A.44)

Hence, inserting (A.43) and (A.44) into (A.41) yields

‖ẼN+1‖IN+1
≤ chr M

7
2−r‖∂r

t uN+1‖IN+1
+h

1
2 E

1
2
T0
+h

3
2 (E′

T0
)

1
2 . (A.45)

And the combination of (A.37), (A.44) and (A.45) gives

‖Ẽ′
N+1‖IN+1

≤ chr−1M
7
2−r‖∂r

t uN+1‖IN+1
+h

3
2 E

1
2
T0
+h

1
2 (E′

T0
)

1
2 . (A.46)

Furthermore, by Lemma A.1, (A.45) and (A.46) we have

‖uN+1−UN+1‖2
IN+1

≤2‖It,MN+1
u−uN+1‖2

IN+1
+2‖ẼN+1‖2

IN+1

≤ ch2r M7−2r‖∂r
t uN+1‖2

IN+1
+chET0

+ch3E′
T0

, (A.47)

and

‖u′
N+1−U′

N+1‖2
IN+1

≤2‖(It,MN+1
u)′−u′

N+1‖2
IN+1

+2‖Ẽ′
N+1‖2

IN+1

≤ ch2r−2M7−2r‖∂r
t uN+1‖2

IN+1
+chE′

T0
+ch3ET0

. (A.48)

Thanks to (A.42), (A.47) and (A.48), we can obtain

|uN+1(tN+1)−UN+1(tN+1)|2≤ ch2r−1M7−2r‖∂r
t uN+1‖2

IN+1
+cET0

+ch2E′
T0

.

Similarly, owing to (A.42), (A.46) and (A.36), we have

|u′
N+1(tN+1)−U′

N+1(tN+1)|2

≤2h−1(‖(uN+1−It,MN+1
u)′‖2

IN+1
+‖Ẽ′

N+1‖2
IN+1

)

+2h(‖(uN+1−It,MN+1
u)′′‖2

IN+1
+‖Ẽ′′

N+1‖2
IN+1

)

≤ch2r−3M7−2r‖∂r
t uN+1‖2

IN+1
+cE′

T0
+ch2ET0

.

Implementing the above argument recursively on In, we arrive at

‖un−Un‖2
In
≤ ch2r M7−2r‖∂r

t u‖2
L2[T0,tn]

+chET0
+ch3E′

T0
, (A.49)

‖(un−Un)
′‖2

In
≤ ch2r−2M7−2r‖∂r

t u‖2
L2[T0,tn]

+chE′
T0
+ch3ET0

, (A.50)

|u(tn)−Un(tn)|2≤ ch2r−1M7−2r‖∂r
t u‖2

L2[T0,tn]
+cET0

+ch2E′
T0

, (A.51)

|u′(tn)−U′(tn)|2≤ ch2r−3M7−2r‖∂r
t u‖2

L2[T0,tn]
+cE′

T0
+ch2ET0

. (A.52)

The required estimates then follow from Theorem 4.1 and (A.49)-(A.52) readily.
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