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STATIONARY INTEGRATED ARCH(0)
AND AR(oc0) PROCESSES WITH
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We prove the long standing conjecture of Ding and Granger (1996) about the
existence of a stationary Long Memory ARCH model with finite fourth moment.
This result follows from the necessary and sufficient conditions for the existence
of covariance stationary integrated AR(co), ARCH(c0), and FIGARCH models
obtained in the present article. We also prove that such processes always have long
memory.

1. INTRODUCTION

A non-negative random process {7x} = {7x, k € Z} is said to satisfy an ARCH(00)
equation if there exists a sequence of non-negative i.i.d. random variables {e}
with unit mean Ee¢p = 1, a non-negative number @ > 0 and a deterministic
sequence b; >0, j =1,2,..., such that

o0
T = &k a)—}—ijrk_j s kel. (1.1)
j=I1

In this article, we assume that the process {zx} described by equations (1.1)
is causal, i.e., for any k, 7x can be represented as a measurable function
f(ek,€k—1,...) of the present and past values &;,s5 < k. The last property im-
plies that a stationary {zx} process is ergodic, and ¢ is independent of 7;,s < k.
Therefore,

Elt|ts,s <kl=hy, hi :Co+zj?ilbjrk_j.

A typical example of 74 and g in financial econometrics is that of squared returns
and squared innovations, viz., tx = r,?, & = z,%, where the return process {ry}
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satisfies the ARCH equations

o0
re=uhy?, =0+ bl kel (1.2)
j=1
{zx} is a standardized i.i.d. (0, 1)-noise and / is volatility. The class of ARCH(c0)
processes (1.1) includes the parametric stationary ARCH and GARCH models of
Engle (1982) and Bollerslev (1986).

The ARCH(oo) process was introduced by Robinson (1991) and later stud-
ied in Giraitis, Kokoszka, and Leipus (2000a), Giraitis and Surgailis (2002),
KazakeviCius and Leipus (2002), and elsewhere. In contrast to a standard
stationary GARCH(p, gq) process whose autocorrelations decay exponentially,
the ARCH(o0) process may have autocovariances cov(tg, 79) decaying to zero
at a rate k=7 with y > 1 arbitrarily close to 1. However, a finite variance sta-
tionary solution to the ARCH equations in (1.1) with @ > 0, if it exists, has
short memory or absolutely summable autocovariance function, see Giraitis and
Surgailis (2002). The existence of such a solution necessarily implies Zf; bj <1
by Etg = o+ (372, bj) Ewi > (372, bj) Ety, excluding stationary Integrated
ARCH models with Z,?;bj = 1. Because of the well-known empirical phe-
nomenon of long memory of squared returns, the latter finding may be consid-
ered as a limitation of ARCH modeling. Subsequently, it initiated and justified
the study of other ARCH-type models for which the long memory property can
be rigorously established, see Giraitis, Robinson, and Surgailis (2000b), Giraitis,
Leipus, and Surgailis (2009).

A particular case of the IARCH model is the well-known FIGARCH equation

o0
a=af{o+(1-0-D)u}=alo+d buj|. ke, (1.3)
j=1

where 0 < d < 1/2 is the fractional differencing parameter, L is the backshift op-
erator, and the coefficients b; are determined by the generating function B(z) =
>2ibjzl =1=(1—2)% Here, b; > 0, 72 bj = 1 and bj = O(j~'7) decay
hyperbolically with j — co. The FIGARCH equation was introduced by Baillie,
Bollerslev, and Mikkelsen (1996) to capture the long memory effect in volatil-
ity. Independently of the last paper, Ding and Granger (1996, equation (4.24))

introduced the LM(d)-ARCH model
rt=zthk, hi=pu(1—0)+0(1—1—-L)rZ, keZ, (1.4)

where 0 € [0, 1], u > 0 and rg, 7 are related to 7y, & as in (1.2). A similar long
memory model for absolute returns was proposed by Granger and Ding (1995).
Ding and Granger (1996) derived (1.4) via contemporaneous aggregation of a
large number of GARCH(1,1) processes with random Beta distributed coeffi-
cients. Ding and Granger (1996) note that in the integrated case 8 = 1, (1.4) co-
incides with the special case w = 0 of the FIGARCH model in (1.3). Ding and
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Granger (1996, pp. 206-207) argue that a stationary solution of (1.4) with finite
fourth moment has long memory, in the sense that
L=, 142

corr(rg, r,?) ~—

T@) 1.5)

The results in Baillie et al. (1996, pp. 10-11) imply a similar long memory
behavior of the FIGARCH model.!

However, the existence of a stationary solution of the LM(d)-ARCH equa-
tion in (1.4) with finite fourth moment was not rigorously established and the
validity of (1.5) remained open. See Davidson (2004), Giraitis et al. (2000a),
Kazakevicius and Leipus (2003), Mikosch and Stérica (2000, 2003) for a discus-
sion of controversies surrounding the FIGARCH and the LM(d)-ARCH models.

The present article solves the long standing conjecture (1.5) of Ding and
Granger (1996). We prove that the necessary and sufficient condition for the exis-
tence of a covariance stationary solution of the FIGARCH equation in (1.3) with
w=0is

r'(1-2d)

E 2
0 TU=2d)—T2(1=d)’

1.6)

and therefore conditions (1.6) and @ = 1 being necessary and sufficient for (1.5).2
See Corollary 2.2 below.

The above result is a particular case of more general result concerning inte-
grated ARCH(00), or IARCH(00) equation with zero intercept:

o0 o0
w=c | D bju—j|. keZ, with D bi=1 (1.7)
j=1 j=1

Note that for Z;’i 1 bj <1, equation (1.7) has only the trivial stationary solution
7% = 0 with finite mean, which follows from Et = (Zj’il b;j)Et by taking ex-
pectations. Our main result is Theorem 2.1 saying that a covariance stationary
solution of the IARCH equation in (1.7) with b; > 0 exists if and only if

oo

lgl? =D "¢} <(1+0%)/0?, (1.8)
j=0

where o% = var(gg) and g;j are determined from the power expansion

>ogill =1 =B(L), where  B(L) =2, b;L/. (1.9)

Condition (1.8) rules out integrated GARCH(p, q) as well as any IARCH(c0)
models with sufficiently fast decaying lags which are known to admit a station-
ary solution with infinite variance, see KazakeviCius and Leipus (2003), Douc,
Roueff, and Soulier (2008), Robinson and Zaffaroni (2006). It turns out that
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covariance stationary solutions of (1.7) always have long memory, in the sense
that the covariance function is nonsummable and the spectral density is infinite at
the origin, see Corollary 2.1.

The main idea of constructing a stationary L>-solution 7; of the IARCH
equation (1.7) with mean 4 = E7x > 0 is the reduction of equation (1.7) to the
linear Integrated AR (IAR) equation for the centered process Yy = 7x — u:

o0
Yo = D biYioj+My, kel (1.10)
j=1

with a conditionally heteroskedastic martingale difference noise { My} defined as

(&)
M= | uo+o D biYi; |, (111
j=1

where ¢ = (ex — 1) /o, 0% = var(g]) < 0o. In turn, from (1.10) and (1.11) the pro-
cess {M}} can be defined as a stationary solution of the LARCH (Linear ARCH)
equation (2.5) with standardized zero mean i.i.d. innovations {¢%} discussed in
Giraitis et al. (2000b), Giraitis, Leipus, Robinson, and Surgailis (2004), given by
convergent Volterra series in (2.6). Then, a causal Lj;-solution {¥}} can be ob-
tained by inverting the linear IAR equation in (1.10).

The last question is studied in Section 3 where we establish sufficient and nec-
essary conditions for the existence of a covariance stationary solution of the linear
Integrated AR(c0) equation generalizing (1.10):

o0
=Y bixj=& ke, (1.12)
j=1

where b; > 0, Zfil br =1 and {&} is a stationary short memory process, in
particular, white noise. Theorem 3.1 says that covariance stationary solutions
of (1.12) always have long memory, which originates from integration property
Zj’il b; =1 with infinite number of b; > 0. This result is in deep contrast with
the well-known fact that integrated AR(p), p < oo processes are nonstationary
and need to be differenced to achieve stationarity.

The article is structured as follows. Section 2 discusses stationary Lj-solutions
of the ARCH(o0) (1.1) and bilinear (1.10)—(1.11) equations and their mutual re-
lationship. It contains Theorem 2.1 together with several corollaries. Section 3
discusses solvability and second-order properties of IAR(co) equation (1.12). All
proofs are relegated to Sections 4 and 5.

In the sequel, we set Il = [—x, 7], and write a, ~ b, if a,/b, — 1. All
(in)equalities involving random variables in this article are supposed to hold al-
most surely. C stands for a generic positive constant whose precise value is not
required and which may assume different values at various locations.
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2. STATIONARY SOLUTIONS OF FIGARCH, IARCH, AND ARCH
EQUATIONS

In this section we discuss the existence of a stationary L;-solution of ARCH(co0)
equation (1.1) in the integrated case Zfil bj = 1. We first explain the idea of
solving the ARCH(o0) equation (1.1) with a non-negative i.i.d. noise {&x} by re-
ducing it to a bilinear equation with a zero mean i.i.d. noise {¢%} used in Giraitis
and Surgailis (2002). Recall the definition of ARCH(oco) model in (1.1). Specifi-
cally, for a stationary ARCH(oo) process 7 in (1.1) with mean Ez; = u, we set

Yi=t—u.

Letf = Zfil bj. We focus on two cases, a) 0 > 0and 0 <60 < 1,andb) v =0
and @ = 1. As noted above, case @ =0 and 6 < 1 is uninteresting and excluded
from the subsequent discussion since it leads to the unique trivial solution 7z = 0.
By taking expectations, equation (1.1) implies Etx = w+60FEt, or u = Etj =
w/(1—80) in case a), while in case b), it does not contradict a free choice of u > 0.
Motivated by these facts, put

o/ =0) if <1, andw > 0, @.1)
| any positive number z > 0 if 0 =1 and w = 0. )
Assume o2 = var(e;) < oo and let {¢k = (ex — 1) /0, k € Z} be the centered i.i.d.

noise (recall that g in (1.1) are standardized: Ee; = 1). With this notation, the
ARCH equation of (1.1) can be written as the bilinear equation

o0 o0
Vo= biYij+& | no+o D b |, 2.2)
j=l1 j=I
see also Giraitis and Surgailis (2002). As noted in Giraitis et al. (2000b), Giraitis
and Surgailis (2002), (2.2) is a different class from bilinear equations discussed

in Granger and Andersen (1978), Subba Rao (1981) due to the presence of cross
terms (i Yi— ;. Set

M, =Y —Zfil ijk—j =(1-B(L))Yk.

Then Y = (1 — B(L))™ "My = G(L)M = 332 gj Mi—j and

02521 bjYr—j =0 B(L)(1 = B(L)) ™' My = H(L)My = .72 hj My,

where coefficients g;, h; of the generating functions G(z), H (z) are defined by

o B(2)

0= =30

e .
- zhjzf, lz| < 1. (2.3)
j=1

=247, H@)=

1
1 —B(z) =
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Notice that hj = 0g;(j > 1), go = 1, ho = 0 follows from equality H(z) =
0 (G(z) — 1) which in turn follows from (2.3). Hence (2.2) can be written as the
system of two equations:

(o) oo
@ Y=Y biYij+Mi,  (b) M = & | uo+> hiMi—j|. (2.4)
j=1 j=1

Note that equation (2.4)(b) does not contain the Y; and coincides with the so-
called LARCH model studied in Giraitis et al. (2000b, 2004) and elsewhere. Also
observe that {M}} is a martingale difference sequence which may be written as

)
My = (o, Vg = 1o +zthk_j’ 2.5)
=1

where v; may be interpreted as volatility. A stationary solution {M}} of equation
(2.5) is constructed in terms of causal Volterra series in i.i.d. innovations (, s < k:

oo
Mk ZIUUCk 1 +Z Z hk_slhsl_sz”‘hsm—l_smé‘sl ...Csm > (2'6)

m=1s, <--<sy <k

see Giraitis et al. (2000b, 2004). The series in (2.6) converges in L, if and only if

o0
0-/%/[ = EM]? = (#0-)2 1 + Z z h%_slhgl —82 o h?m—l_sm (2'7)

m=1sy,<---<s;<k
o0

- (MZ)(l +. ||h||2m)= (1a?) A= [R*)™" < oo,
m=1

or ||h]? = Zf;h,z < 1, which is equivalent to ||g||> = Zj’iogjz <(1+0%/c2.
After solving equation (2.4)(b), equation (2.4)(a) in the integrated case 6 =
Zj’il b; =1 represents a particular case of the IAR(c0) model with causal uncor-
related noise {My} discussed in Theorem 3.1 below. Accordingly, the stationary
solution of the bilinear equation (2.2) and hence the ARCH equation (1.1) can be

obtained by inverting (2.4) (a), viz.,
oo
Yi=(1=BL) M= giMi- 2.8)
j=0
= uo (231021 Z—OO<Sm <--<s1<k gk—SIhSI_SZ'“ o .hsm—l_smCSI o '(Sm)’

as a solution of the AR(oc0) equation with martingale difference innovations My ;
determined by equation (2.4)(b), or (2.5), see Proposition A.1(iii).

In what follows, the term ‘causal’ indicates a stationary process {yx} written
as a measurable function of the present and past values (s, s < k or, equivalently,
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&s,5 < k. By an L»-solution of equations (1.1), (2.2), (2.4), we mean a random
process with finite second moment such that all series in these equations converge
in mean square and the corresponding equations hold for each k € Z.

The main result of this paper is the following theorem which establishes suf-
ficient and necessary conditions for the existence of a causal Ly-solution {zx} of
the ARCH(o0) equation (1.1) and {(Y%, M)} of bilinear equations in (2.2), (2.4).
Denote the transfer function

Ax)=(1=BE)™", B(™) =272 bjel", xell, (2.9)
and set ||g||Z = zj?’;’og]? and [A]? = [;; |A(x)]?dx.

THEOREM 2.1. (a) ARCH equation (1.1) has a nontrivial causal L>-solution
{7} if and only if

lgl* < (1+0%) /0. (2.10)
Condition (2.10) is equivalent to
IAl? <2z (1+02) /0> (2.11)

(b) Let (2.10) or (2.11) be satisfied, and let Yy be defined as in (2.8), (2.6).

(@) If o> 0,0 <60 < 1 then ARCH equation (1.1) has a unique causal Lo-
solution {ty = u + Yi}, where u = w/(1 —0) = Exy.

(ii) If ©=0,0 =1 then for each u > 0, {tx = p+ Y} is a unique causal
Lo-solution of (1.1) with mean Ety = .

Theorem 2.1 is new in the integrated case @ = 1 only, since for § < 1 it follows
from Giraitis and Surgailis (2002). Case 6 < 1 is included above for comparison.
While for § < 1 the solution is unique, for § = 1 the IARCH equation (1.1) has an
infinite number of causal L>-solutions parametrized by E7x = u. Since the g; are
expressed through the b; via multiple infinite series, see (3.2), direct verification
of condition (2.10) may be hard. On the other hand, condition (2.11) in some
cases can be verified rather easily if the transfer function A (x) is explicitly known,
as in the case of the FIGARCH model.

The following corollary establishes the long memory property of the stationary
IARCH model.

COROLLARY 2.1. The IARCH equation (1.7) has a nontrivial stationary
causal Ly-solution if and only if 0% = var(e1) and bj satisfy condition (2.11).
In the latter case,

(i) Foreach u > 0, the process {tx = u + Yi} with Yy defined in (2.8), (2.6)
is a unique causal La-solution of (1.7) with mean Ety = u.
(ii) The covariance function of the solution {tx = u + Y} is given by

cov(t0, k) = 0y D720 8 8kt j- (2.12)
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(iii) The covariance function in (2.12) is non-negative, cov(tg, tx) > 0, and
nonsummable: >, _, cov(zg, Tx) = 00. Moreover, {t} has spectral den-
sity f(x) = ,uz(a/%,,/Zir)H — B(e™™)|72, x € II that is unbounded at the
zero frequency: f(x) = ocoasx — 0.

The above corollary together with Lemma B.1(iii) imply that the IARCH model
in (1.7) with @ = 0 does not have a stationary solution with finite variance if the
bj tend to zero fast enough, e.g., exponentially or decay at rate b; = O(j~7) for
some y > 3/2.In contrast, the sufficient conditions for the existence of a station-
ary IARCH process with nonzero intercept @ > 0 and infinite mean Et; = oo
obtained in Kazakevicius and Leipus (2003) require an exponential decay of b; as
Jj — oo.

The next corollary details the case of the FIGARCH equation in (1.3) with zero
intercept w = 0. It establishes existence of stationary long memory FIGARCH
processes {7;} and shows that their covariance function cov(z, 7o) decays to zero
hyperbolically slowly as in (2.13).

COROLLARY 2.2. For the FIGARCH model in (1.3) with w =0 and d €
(0,1/2), condition (2.10) is equivalent to (1.6). Under this condition, the state-
ments of Corollary 2.1 hold. Moreover, as k — oo, the covariance and spectral
density of the FIGARCH process {t} with Ety = u satisfy

cov(zo, ) ~ urc, k1, (2.13)

where ¢, = 01%,[1“(1 =2d)/{T () (1 —d)}, 01%[ = 02/(1 +0%—02(T0 -
2d)/T*(1—d))), and

fx) = (o} 2m)1 —e¥| 72 ~ (62, /270) x|, x = 0. (2.14)

For comparison, Corollary 2.3 below recovers the results on the existence of a
stationary finite variance solution of ARCH(oc0) equation with 6 = Zj'i] bj <1,
obtained in Giraitis and Surgailis (2002). As noted above, the existence of such a
solution in this case necessarily implies Etx = 4 = w/(1 —0). In sharp contrast
to a finite variance stationary IARCH process, which can have only long memory,
see Corollary 2.1, stationary finite variance ARCH process with § < 1 always has
short memory.

COROLLARY 2.3. ARCH(>) equation in (1.1) with w > 0 and 6 =
Zf.ozlbj < 1 has a unique stationary causal L-solution ty if and only if con-
dition (2.10) is satisfied. The above solution is given by {ty = p + Yy}, with
u=w/(1—0)and Y} defined in (2.8), (2.6). It has mean Ety = u = w/(1 —0)
and a non-negative covariance function given in (2.12). Moreover,

(9] (9]
Zcov(ro, T}) < 00, ng < 00.
k=0 k=0
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The following Corollary 2.4 discusses the weak convergence in the Skorohod
space D[0, 1], denoted by — pjo,1], of the partial sums process of {zx}. Part (i) of
this corollary is known, see Giraitis et al. (2000a), Giraitis, Leipus, and Surgailis
(2007). Below, {B(t),t € [0, 1]} denotes standard Brownian motion with variance
EB*(t)=tand {Bg4 ,2(t),t €0, 1]} a fractional Brownian motion with variance
EB§+1/2(t) =12+ de(0,1/2).

COROLLARY 2.4. Suppose that (2.10) holds.

(i) Let w > 0,60 < 1 and {7} be the ARCH(0c0) process as in Corollary 2.3.
Then

n=1/2 Z,[:i]l (tx — Etk) = pio.1 s2B(1), §2 = > kez cov(o, Tk).

(ii) Let {1y} be the FIGARCH process as in Corollary 2.2. Then

n~1/2—d ZIE’Z]I (tx — Etx) = p1o,1] Sa Ba+1,2(1), s = 12cy /[(d(1+2d)).

We are able to give a final answer to the conjecture (1.5) of Ding and
Granger (1996), which assumes the existence of a stationary solution {r;} of
the LM(d)-ARCH model in (1.4) with E r,4 < 00, for arbitrary parameters 6 €
(0,11,0 <d < 1/2,and u > 0. Although this conjecture is proved for & = 1 only,
the fact that it is invalid for all 0 < @ < 1 is also new since previously the failure

of (1.5) was shown for 8 < 1/ Ez‘o‘ < 1 alone, see Giraitis et al. (2000a, p. 15).

COROLLARY 2.5. The conjecture (1.5) of Ding and Granger (1996) about
the LM(d)-ARCH model in (1.4) is true if and only if 6 = 1 and Ezg = Ee(z)
satisfies condition (1.6).

3. STATIONARY INTEGRATED AR(cc) PROCESS: ORIGINS OF LONG
MEMORY

As explained in the Introduction, our construction of a stationary solution of the
TIARCH model relies on solving the IAR equation (1.10) with martingale differ-
ence innovations {My}. Particularly, we want to know which conditions on the
filter b; guarantee that the IAR equation has a stationary solution and when this
solution has covariance long memory, in the sense that its covariance function is
nonsummable?

It turns out that the two questions are closely related, in the sense that the exis-
tence of a stationary solution of the IAR equation implies the long memory prop-
erty of its solution. This question is of independent interest apart from ARCH
models since it indicates a general mechanism for generating a long memory pro-
cess different from fractional differencing or explicit ARFIMA (p,d,q) modeling
commonly used in the time series literature, see, e.g., Brockwell and Davis (1991),
Giraitis, Koul, and Surgailis (2012). Being a technical tool for generating paramet-
ric long memory time series, fractional filtering/differencing cannot fully explain
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the phenomenon and the mechanism by which long memory is induced, which
has sometimes led to controversies justifying the use of long memory processes
and explaining their generating process. See Lieberman and Phillips (2008) for an
illustrative analysis of how long memory may arise in realized volatility.

In this section we discuss stationary solution of Integrated AR(oc0) equation:

o0
xe— > bixij=&, kel (3.1)
j=1

where b; are non-negative, Z;il bj =1, and {&} is a white noise (a stationary
sequence of uncorrelated random variables with zero mean and finite variance
052 = Eélz < 00). Everywhere in this section by stationarity we mean weak sense
or covariance stationarity since no other properties of random variables with ex-
ception of the two finite first moments will be used.

DEFINITION 3.1. We say that a random process {xy} is a Ly-solution of (3.1)
if Ex,% < 00 for each k € Z, the series Z;il bjxy—j converges in mean square
and (3.1) holds.

The above definition is very general and does not assume causality or even
ergodicity of {x;} since any constant r.v. x = x, Ex? < 00 is a Ly-solution of the
homogeneous equation xj — Zj’il bjxi—j = 0. As for the IARCH equation (1.7),
a (stationary) L»-solution {x;} of (3.1), if it exists, is not unique: for any real g,
{xx + w} is also a Ly-solution of (3.1).

A causal solution of (3.1) can be constructed by inverting the filter 1 — B(z)
with the inverse filter coefficients g;, j > 0 defined as in (2.3) by using the power
expansion of the analytic function G(z) = (1 — B(z))~! = ij:)o g;jz/ on the unit
disc {|z] < 1}. The resulting coefficients are non-negative and given by

J
G =2 X bimsby—s by by iz g=1 (32

m=10<sy,_1<--<s1<j

which follows from equality (1 — B(z))~' = > o B™(2). Assuming that || g|| =
(Zf.io gjz)l/2 < 00, we can define a stationary L>-solution of (3.1) as

T = Y208k, kel 3.3)

As shown below in Lemma B.2, if the transfer function A(x) = (1 — B(e™))™!
is Ly-integrable: ||A|| = (fn |A(x)|2dx)'/2 < 0o, the Fourier coefficients of A (x)
agree with g; in (3.2):

g = Qn)7! [[A(x)eTWdx and A(x)= Zj’iogjeixj. 3.9

Notice that equalities (3.4) are not obvious since the g;s are defined by the power
expansion of G(z) in the open disc |z| < 1 while the definition of A(x) requires
only B(e™) # 1 aee.

The next theorem establishes the equivalence of conditions ||g|| < oo and
I|A]l < oo and the representations (3.2) and (3.4). It also obtains conditions for the
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existence and uniqueness of a stationary L»-solution of (3.1) and its long memory
property.

THEOREM 3.1. (i) Assumption ||g|| < oo is necessary and sufficient for the
existence of a stationary Ly-solution {x;} of (3.1).
@) If |l gll < oo then with Xy as in (3.3) for each real u,

Xe=p+%, keZ 3.5)

is a stationary Lj-solution of (3.1) with Exi = u. The above solution is unique
in the class of all stationary linear processes xi = p + 2 ., ¢i&k—j with

jEL
2
2 jenC; < oo
(iii) The solution xy in (3.5) has a non-negative and nonsummable covariance
function:

o0
cov(xg, x;) = 052 Zgjgk+j >0, ZCOV(Xo,xk) =00 3.6)
j=0 keZ

2 .
and unbounded spectral density f(x)= ;—f;ll — B(e™)| 2 with lim,_¢ f (x) = c0.
@iv) llgll < oo implies ||A|l < oo and (3.4). Conversely, ||A| < oo implies
lgll < oo.

A surprising consequence of Theorem 3.1 is the fact that a stationary solution
(3.3) of (3.1) does not exist if the b;s vanish for j large enough. The validity of
this conclusion is not obvious from the representation of g; in (3.2) but follows
easily from (3.4). Indeed, since |A(x)|~! = |1 — B(e™)| = |Zf.iobj(1 —eliY)| <
lx] 2552, jlbj| < Clx| this implies [i; |A(x)|*dx > €~ [;x 2dx = oo and ||g|| =
oo according to (3.4). The above argument combined with Lemma B.1(iii) is
formalized in the following corollary.

COROLLARY 3.1. The IAR(0c0) equation in (3.1) does not have a stationary
L>-solution if the bjs decay as j —3/2 or faster. In particular, the latter holds if

bj =0, j > joforsome jo>1,0rb; = O(e~)forj>1,c>0.

Remark 3.1. The exponent 3/2 in the critical decay rate condition b; =
O(j~3/?) in the above corollary which does not permit a stationary solution
cannot be replaced by a smaller one. Indeed, the ARFIMA(0,d,0) equation
with b; ~ j~41/ T (=d),d+1 < 3/2 does have a stationary L>-solution, see
Example 3.1 below.

The requirement of Theorem 3.1 that the r.h.s. {&} in the IAR equation (3.1) is
a white noise is restrictive and can be relaxed. Theorem 3.2 extends Theorem 3.1
to the case when {&} is a short memory process as described below.

THEOREM 3.2. Let {&} be a stationary process with zero mean, finite vari-
ance, and a spectral density fz which is bounded away from 0 and oo:

c1 < fe(x) <c2, Vxell, A0 <) <y < 0. 3.7)
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Then statements (i) and (ii) of Theorem 3.1 remain valid while statement (iii) has
to be modified as follows:
(iii’) The solution {xi} in (3.5) has unbounded spectral density f(x) =
[1— B(eix)|_2f§(x), limy_,0 f(x) = co and a nonsummable autocovariance:
> kez lcov(xo, xi)| = oo.

Apparently, the class of stationary TAR(c0) processes with long memory sat-
isfying the conditions of Theorems 3.1 or 3.2 is quite large. Since condition
6 = Z;’il bj =1 does not assume any particular form of b;, it seems that the
spectral density of an IAR(oc0) process need not grow regularly as a power func-
tion |x|~%, 0 < a < 1 at x = 0 and, similarly, the covariance function need not
decay regularly with the lag as k~'*%. The latter properties are key features of
fractionally integrated ARFIMA models, see e.g., Hosking (1981), also (Giraitis
et al. (2012), Chap. 7).

Example 3.1

The ARFIMA(0,d,0) model is defined as a stationary solution of the equation
(1- L)dxk =&, 0 <d < 1/2, where {&} is an uncorrelated white noise with
E& =0, Eékz = 052. It can be written as the IAR(co) equation in (3.1) with b;
generated by B(z) =1 — (1 —2)? = Zj’ilbjzj. The transfer function A(x) =
(1 —B(e™ ™))~ ! satisfies |[A(x)| = |1 —e ™|~ ~ |x| as x — 0 and is square
integrable. The coefficients b; and g; of the generating functions B(z) and G(z) =
(1=B(z))"" = (1 —z)~¢ are given by

r(j—d L T(+d)

TG rea 9T TGer@ et 68

They have properties b; > 0, g; > 0,0 = Z?ilbj =1, and

bj~—j~ T (=d), g ~j""/TWd), j— oo (3.9

so that ||g]| < oo. Relations (3.9) imply that the covariance y; = cov(xgp, xx) =
052 ij:)o 8j8k+j decays hyperbolically, viz.

oZT (1 —2d)

142d _
TTT@ri-ay

yi ~ ey k142 (3.10)

Example 3.2
A nonparametric (depending on infinite number of parameters) class of IAR pro-

cesses Xy = Z;O:I bjxy—j + ¢k generalizing the previous example is defined by

equation (3.1) with uncorrelated noise {;} and coefficients b; generated by the
operator

B(L)=(1-(=L))P(L)=>52,b;L/, 0<d<1/2. (3.11)
Here, P(z) = Zf.io p jzj is a generating function with coefficients satisfying

pj=20, p1>0, >Zgpj=1, and 372, jp; <oo. 3.12)
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Then b; = Z,’(;& pkb;)_k where b](.) are the coefficients of the expansion 1 —
(1-2)4= Zj’ozlb?zj, see (3.8). Hence, the b; in (3.11) are non-negative and
sum up to 1. A

Let us show that |A(x)|* = |1 — B(e!¥)|2 is integrable. Since b = pob? >
0, by Lemma B.1(ii) |A(x)| is bounded on [¢, 7] for any € > 0._ Therefore, it
suffices to show that | A (x)|? is integrable at x = 0. Rewrite 1 — B(e) =1 — (1 —
(1—e™)?) P(e™) = (1 —e™)9h(x), where
h(x) = P(e™) — (P(e™) —1)(1 —e™)™. (3.13)
From (3.12) we have |PE)—11=252, [e" —11p; < x| 252, jpj=0(x]) =
o(|(1 —e™)4|) and therefore lim,_,0 i (x) = h(0) = P(1) = 1. Hence, |A(x)|*> ~
x|~ x = 0, proving the integrability of |A(x)|? for d € (0,1/2). The corre-

sponding stationary solution {x;} of (3.1) with uncorrelated noise {&} has the
spectral density

f)=(02/20)|1=B(e™™)|7* = (67 2m)|1 —e ™| |h(x)| 7%, xell
(3.14)

with & defined at (3.13). It satisfies f(x) ~ (a§/27t)|x|_2d,x — 0, and is a
continuous bounded function on intervals [€, 7], € > 0. Moreover, using (3.14),
(3.13), (3.12), and Lemma 2.3.1 of Giraitis et al. (2012), one can show that the
asymptotics of the covariance function cov(xg, xx) ~ ¢y k1124 k- oo with Cy
given in (3.10) is the same as for ARFIMA(0, d, 0) model. Hence, the p; or P(L)
in (3.11) essentially affects the short memory dynamics and do not affect the
long-run behavior of the corresponding IAR process.

Example 3.3
(The IAR(g, d) model). We introduce the parametric class IAR(g, d) consisting of
TAR(00) processes (3.1) with B(L) as in (3.11) and P(L) a polynomial of degree
q satisfying (3.12). It is convenient to parameterize such polynomials as
P() = l+riz+-+ryz?
I+ri+-+ry
Thus, p; =ri/(1+---+ry), 1 <i <gq,po=1/(1+---+r,y) satisfy (3.12) so
that IAR(q, d) is a particular case and shares the same long memory properties as
TAR in Example 3.2. Note that TAR(0, d) model coincides with ARFIMA(O, d, 0).
Apart from this case, it seems that [AR(g, d) are different from ARFIMA(p,d, q)
models. For example, the model (1 — B(L))x; = & with B(z) = (1 — (1 —2)9)
(1+rz)/(A+r) with P(z) = (1 +rz)/(1 +r) generates a different covariance
structure than ARFIMA(1, d,0) model (1 — L) (1 +rL)x; = &.

, 11>0,...,r,>0. 3.15)

4. CONCLUSION

Ding and Granger (1996) proposed the Long Memory ARCH model to cap-
ture hyperbolic decay of sample autocorrelations of speculative squared returns.
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The LM ARCH model is closely related to the FIGARCH model which was inde-
pendently introduced in Baillie et al. (1996). However the existence of covariance
stationary solutions of these models was not established and, thus, the possibility
of long memory in the ARCH setting was doubtful. The present article resolves
this doubt and associated controversy by showing that FIGARCH and IARCH(00)
equations with zero intercept may have a nontrivial covariance stationary solution
with long memory. It also obtains necessary and sufficient conditions for the ex-
istence of stationary integrated AR(co) processes with finite variance and proves
that such processes always have long memory. The article provides a complete
answer to the long standing conjecture of Ding and Granger (1996) about the
existence of the Long Memory ARCH model.

NOTES

1. In Baillie et al. (1996) on page 10, bottom line and on page 11, line 6, d should be replaced
by —d.

2. Condition (1.6) for the existence of a stationary solution of the FIGARCH equation in (1.3)
with @ = 0 was independently obtained in the unpublished paper by Koulikov (2003) who used a
similar approach for constructing the solution. However, the proof in Koulikov (2003, Thm. 2) uses
erroneous assumption (9) which contradicts the IARCH condition Zj’i 1bj=1
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APPENDIX A: Proofs of Theorem 2.1 and Corollaries
2.1-2.4

The following proposition used to prove Theorem 2.1 establishes the relation be-
tween solutions 7 of (1.1), and (Yy, M) of (2.2) and (2.4) with ¢, and ¢} related
by e =0o(x+ 1, and o = u(1 —0). For Y in (2.2), we define the ‘noise’ as My =
Ce(uo +o Zj'il bjYy— ). For My in (2.4), the volatility process vy is defined in (2.5).

PROPOSITION A.1. Let 0 < i < 0o and 0 € (0, 1].

(@) If{zx} is a causal Ly-solution of (1.1) then (Y} = 1 — u} is a causal Ly-solution
of (2.2) such that Yy, > —pu.

(ii) If {Yy} is a causal Ly-solution of (2.2) such that Yy, > —u, then {ty, = Y+ u} is
a causal Ly-solution of equation (1.1).
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(iii) {Yr} is a causal Ly-solution of bilinear equation (2.2) if and only if {Yy, My}
is a causal Ly-solution of equation (2.4). Moreover, {Yy > —u} is equivalent to
{vr > 0} with v as in (2.5).

Proof. The equivalence of (i) and (ii) is immediate. It remains to prove (iii). Let {¥}}
be a causal Ly-solution of (2.2). Set My = () (uo +o Zfi] bjYr—j) and denote vy =
uo + ZOC:’I hjMj_j. Let us prove that {Y;, My} is a causal Lj-solution of (2.4). This
follows from (2.2) and equality

o =po+o Zfi]bjyk—j» (A1)

which is verified below. From the definition of M}, and (2.2) it follows that the Y}, satisfy the
IAR equation Y — Zj'i 1bjYi—j = My where {My} is a causal uncorrelated process with

finite variance. Therefore by Theorem 3.1 we have Y;, = ij:)O 8j My—j which implies that

o Zfil bjYy_j=0 Zfil bj >0 8iMk—j—i = Zfil hjMj._j in view of the definition
of hj in (2.3), proving (A.1) and the fact that {Y, My} is a causal Lj-solution of (2.4).
Moreover, Y ;j > —u and (A.1) imply vy > uo +0(Z]9C=’1 bj)(—p) = po(1-0) > 0.

Conversely, assume that {Yy, My} is a causal Lj-solution of (2.4). Then causality of
L,-solution of (2.2) follows from (A.1) which in turn follows from Theorem 3.1 using
exactly the same argument as above. Finally, from vy >0, (A.1), (2.2) and ¢ > —1/0, we
obtain

Yi = 2720bi Y j+ vk = 22720 bi Vi j — (1/0)vx
=2 20biYij = (1/0) (o +0 X2 0bi Ve j) = —p,
proving part (iii) and the proposition. |

Proof of Theorem 2.1. (a) The equivalence of (2.10) and (2.11) follows from the
equivalence of ||g|| < oo and ||A|| < oo, see Lemma B.2, and Parseval’s identity || g|| =
27 ||A|l. Let us prove the necessity of condition (2.10), or ||#] < 1, for the existence
of a stationary solution. Assume that {r;} is an L,-solution of ARCH equation (1.1).
Then by Proposition A.1(i), the last fact implies that for x > 0, {Yk =1, — U, My =
Ce(uo +o Zj’ozl bjYy— j)} is an Ly-solution of the bilinear equation (2.4). Consequently,
oh = EM} = E(uo + 352 hiMi_;)* = (o) + (52, kD)ol = (uo)? + hIod,
yielding [|h]|2 < 1, or (2.10), since ||2]|% = ¢ 2(||g]|* = 1).

Conversely, let us show that ||| < 1 implies the existence of Lj-solution {7z} of (1.1)
with Et;, = p given by 73, = Y, + u and Y, defined in (2.8), (2.6). As shown in (2.7),
lh]] < 1 guarantees that {Y;} is an Lp-solution of (2.2). Therefore by Proposition A.1(ii),
it suffices to prove that

Yz —p. (A2)

To show (A.2), we approximate Y} by

00
Yie,p = (uo) Z Z Bk—syPsj—sy My =5 Cs1 7 Com | >

m=1 \p<sy<--<s1<k

where —p > 1 is a large integer. Observe that for k > p the Y; ,, satisfy equation (2.2),
viz.,
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oo oo

Yip=Ck | no+o ijYk—j,p +ijyk—j,p, for k > p, (A.3)
j=1 j=1

while Y ,, =0 for k < p. Moreover, by orthogonality of Volterra series, £ (Y — Yy, p)z =
2 (m)
(no)* >0, Ty where

(m) _ 2 2 2
Jk,p - Z gk—5|h81—82 “'hsm—l—sm'

S < <81 <k, Sm<p

Notice that Jk(,”;;) < ||g||2||h||2(m_l), where ||h| < 1. Hence anc;l Jk(,n;) is dominated

by a converging series. Moreover, for each m > 1, Jk(";) — 0 as p —» —oo. Hence,

limp—s —0o E(Yi =Yy, p)2 =0 for any k € Z by the dominated convergence theorem. There-
fore, (A.2) follows if we show that for any p € Z,

Yk,p > —u, kel. (A4)

To prove (A.4), we use induction on k. Clearly, (A.4) holds for k < p because by definition
Yi,p=0> —pfork < p. Also, (A.4) holds fork = p+1since Y11 p = (40)py1 > —p
because (uo){j = (no)(ej —1)/o > —u, for j € Z. Letk > p + 1. Assume by induction
that Yy , > —p for all s < k. Then, by (A.3) and the inductive assumption,

o0
Yi,p =G (po)+ (o +1) ijYk—j,p
j=1

> a(uo)+@o+ D) | D b | (=) =—p.
j=1

This proves the induction step k —1 — k and (A.4), (A.2), too, thereby proving part (a) of
the theorem.

(b) Claim (i) is shown in Giraitis and Surgailis (2002), Thm. 3.1. Let us prove (ii). By part
(a), it suffices to prove the uniqueness of the solution {z;}. Let {t,é}, {r,é’ } be two causal
L-solutions of (1.1) with E7; = Et;. Then 7; — 7}/ = Yj is a causal Lj-solution
of Yy = Z]Qilijk—j + My, where My = (o Zfi]bjyk—r By causality, the sta-
tionary process Yy = f(er,ex—1,...) is a function of lagged i.i.d. variables. Hence,
{Y;} is a regular process with EYk2 < 00, having a spectral density, see Ibragimov and
Linnik (1971), Thm. 17.1.2. Moreover, My = (} Z;C:)Ithk—j’ see (2.4) (b), where
{My} is a covariance stationary white noise and zj?'ilhjz. =|n|? <1, E(k2 = 1. Then
EM} = j%'ilhj?EM,f_j = |h|?EM} implies EM} = 0 and hence My = 0. There-
fore {Y;} has spectral density and is a stationary solution of the homogeneous equa-
tion Y — Zj'il b;jYg—; = 0. As shown in the proof of Theorem 3.1(ii) below, such an
equation has a unique solution Y; = 0, proving the uniqueness of {r;}. Theorem 2.1 is
proved. |

Proof of Corollary 2.1. All claims with exception of (iii) follow from Theorem 2.1,
and the claim (iii) follows from Theorem 3.1(iii). |
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Proof of Corollary 2.2. Note 0% = Ezj — 1. We have [|A|> = [;; |1 —e!¥|72?dx =

2rT'(1-2d)/ r2a- d) yielding the equivalence of (2.11) and (1.6). The remaining claims
follow from Corollary 2.1 and the fact (3.10) in Example 3.1. ]

Proof of Corollary 2.3. All statements with exception of the last claim follow from
Theorem 2.1. To show it, note that g; > 0 in (3.2) satisfy Z?O:() g < D" < o0
since € < 1.

Proof of Corollary 2.4. It suffices to show part (ii) only. Since by (2.8) Y, = 7x — Et;, =
Z‘-’io 8jMj_ is a moving average in stationary ergodic martingale differences {M;} of
(2.6) with coefficients g; given in (3.8) and satisfying (3.9), the convergence in (ii) follows
from Theorem 3.1 in Abadir, Distaso, Giraitis, and Koul (2014) or Theorem 6.2 in Giraitis
and Surgailis (2002). |

Proof of Corollary 2.5. Let § = 1. Then the LM(d)-ARCH model in (1.4) coincides
with the FIGARCH model in (1.3) with @ = 0 and the statement follows from Corollary
2.2. Next, let @ < 1. Then (1.4) can be written as ARCH(o0) equation in (1.1) with @ =
#(1—=0) > 0. According to Corollary 2.3, the squared process {rlg = 14} has short memory

and summable autocovariance Z,C(x;o cov(rg, r]%) < 0o which contradicts (1.5). |

APPENDIX B: Proofs of Theorems 3.1 and 3.2.

The proof of Theorem 3.1 uses auxiliary Lemmas B.1 and B.2. The proofs of these
lemmas are postponed till the end of this section. Denote J, ={j > 1 : b; > 0}, and assume
Jp has at least two elements. Denote by ged(Jp) the greatest common divisor of j € Jp.
For example, if by > 0 then ged(Jp) = 1, and if by > 0,b3;—1 =0, j = 1,2,... then
gcd(Jp) =2.

LEMMA B.1. Let 6 = 1.

(i) The function 1 — B(eix ), x € I1 has only finite number of zeroes on 11, including
x=0.
(ii) The point x = 0 is the unique zero of 1 — B(e™) if and only if gcd(Jp) = 1.
@iii) Ifby = O(k™7), k = oo, for some y >3/2 then || A|| = oc.

LEMMA B.2. Let 0 < 1.

@) Ifllgll < oo then ||A| < co and (3.4) hold.
(i) If 1Al < oo then ||gl| < oc.

Proof of Theorem 3.1. All statements in (iv) follow from Lemma B.2.

(1) If ||g|l < oo, then by (iv), ||A|| < oo and (3.4) holds. Evidently, this implies that (3.3) is
a stationary solution of (3.1).

Conversely, if a stationary solution {x; } of (3.1) exists, it suffices to prove that [|A[| < co
which by (iv) implies ||g|| < co. Let x; = fl‘[ elkY 7, (dy) be the spectral representation of
{xx} and Fy(dy) = E|Zx (dy)l2 be its spectral measure. (We do not assume a priori that
{xz} has a spectral density.) Denote by & = fl‘l elky Zz(dy) the spectral representation of
the noise {¢;} and by Fs(dy) = E|Z¢ dy))? = (0§/2n)dy its spectral measure. Since the
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series B(e?) = Zfil bjeij Y converges uniformly in II to a bounded function, so x; —
S22 bjxk—j = (1= BE) Zx(dy) = & = [r¢*¥ Z(dy) leading to

1= BeY)[* Fx(dy) = Fz(dy) = (62 /2x)dy, yell. (B.1)

By Lemma B.1(i), 1 — B(e_iy) has a finite number of zeros yy,..., y; € II. Since Fy is
nondecreasing, (B.1) implies that F (dy) coincides with f(y)dy, f(y)= (:7C3/27t)|A(y)|2
except for possible jumps at the points yi, ..., ym, i.e., Fx(dy) = f(y)dy + Z;"zl cidy;
where ¢; > 0 are some non-negative constants. Therefore,

00 > Exi = [i Fx(dy) = [ f()dy = (07/27) [ |AD)IAdy,

proving ||A] < oo.

(ii) Since {x;} in (3.3) is a zero mean L,-solution of equation (3.1), see the proof of (i)
above, it remains to show the uniqueness of solution x; = u + X of (3.1) with the stated
properties. Let {x }, {x;'} be two stationary Lj-solutions of (3.1) with Ex; = Ex;’ and let
Yk = X}, — X/ Moreover, by the assumption in (ii), y; has the form y; = 2 jerCick—j
with > ieZ CJZ < 00. The above facts imply that {y;} is a Ly-solution of the homoge-
neous equation yy — Zfil bjyr—j =0 and a stationary process with absolutely contin-
uous spectral measure Fy(dx) = fy (x)dx, fy(x) = (U§/27I)| ZjeZ cjeij’cl2 and a spec-
tral representation yy = [ glkx Zy(dx). Since Z;il el/ *bj converges uniformly on TT,
hence also ip Ly (Fy), it follows that y; — Z?O:1 bjyp—j = fl‘[ (1—B(e')) Zy(dx) =0 and
fl‘[ [1— B(e”‘)|2Fy (dx) = 0. Together with Lemma B.1(i) this implies that fy(x) =0 a.e.
on IT and hence Fy = 0 and y; = 0, proving part (ii).

(iii) As noted above, solution Xx; in (3.3) has spectral density f(x) = (a? /2m)|1 —
B(ei")|_2. Relation lim,_,q f(x) = oo follows from B(1) = 1, continuity of B(e_i"),
and the fact | B(x)| < 1 for 0 < x < xq for some xq > 0 which holds by Lemma B.1(i). The
divergence > ;<7 lcov(xg, x)| = oo is immediate from the previous fact. Finally, the first

claim in (3.6) is a consequence of the moving average representation (3.3) and positivity
of gj. Theorem 3.1 is proved. |

Proof of Theorem 3.2. The proof follows using the same arguments as in the proof of
Theorem 3.1. |

Proof of Lemma B.1. (i) First observe that B(eix) =0 =1 holds for x = 0. Sup-
pose that x € (0,2x) is such that 1 = B(e""). Then B(e") is a real number: B(e") =
Zj?'il bj cos(jx? ?.nd then 1 = j’ozlbj cos(jx) < Z?O:1bj = 1 is possible if and only if
1 =cos(jx)=¢eV* forall j € Jp, or

12 i —1
x/2x € m Ij, where [; = {— - ,]—}

-, = . (B.2)
J J

jedp

Clearly, since each /; is a finite set, the intersection in (B.2) is a finite set, too, proving (i).
(ii) Let gcd(Jp) = 1. Then ged(jy, jo) = 1 for ji, jo € Jp, j1 # Jo. It suffices to show that
I;, N 1j, = @. Indeed, assume ad absurdum that I;, N1}, # @, then ky = ky j/j; for some
integers 1 <k < ji, 1 <kp < jp by definition of /; in (B.2). Since jj and j, are coprimes,
this means that jj is a divisor of k, or k| € {j1,2/1, ...}, which contradicts k| < jj.
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Let p = ged(Jp) = 2. Then for any j € Jp, j = j'p with 1 < j < j. Thus, j/p €
{1,2,...,j — 1}, implying I/P €ljforall jeJpand 1/p e ﬂje]b I;. Particularly, x =
2x/p # 0 is a zero of 1 — B(e'™).

(iii) Tt suffices to show that b; < Cj~7 < cj—3/2, Zfi] bj = 1 imply |1 — B(e™)| <
C;1x1Y/2, €} = max(2, 16C) as this in turn implies Jal —B(e™)|2dx > C1_2 S dx/1x]
= 00. Clearly, |1 —B(eix)| <2< C1|x|1/2 for |x| > 1. On the other hand for |x| < 1

using |1 —eli¥| < 2min(j|x|, 1), we obtain |1 — B(e‘x)| = |Z°°1b (1 —e‘fx)| <
CIAI X< ety d ™2+ C st ) d 3% where 342 j <00~/ < 16]x] 71/ and
Zj21/|x|j_3/2 < 16|x|1/2. This proves (iii) and the lemma, too. |

Proof of Lemma B.2. (i) Suppose that ||g|| < co. Set kr(x) = Zj'iogjrjeijx,
0 <r < 1. Then {k,} is a Cauchy sequence in L, (IT):

2
00 . .
”k"_kr/”2 :A ’ijogj(}’j —r/J)eIJX dx
=12 Z(-)oogjzh’j —r2 50 as e 11
j:

Moreover, k- (x) = A(x) = (1 — B(e*))~! ae.in IT as r 1 1, since k- (x) = G(re™) =
(1=B(re*))~! for0 <r < 1 and 1 — B(e'*) # 0 a.e. in II (see Lemma B.1(i)). Therefore,
lkr —A|| = Oasr T land ||A| < oo, see Rudin (1978, Thm. 3.12). Since k| € L (IT) and
Ik —kq ||2 — 0asr 71, then A =k in Ly(IT) which proves (3.4).

(i) Let ||A]l < oo. Then the functions hy(x) = e 7K /(1 — B(e¥)) = e k¥ A(x), x €
I, k € Z belong to the Hilbert space Lo (IT) with the norm ||| = ([ |2 (x)|>dx)!/2. So,
lag]l = I|All < oco. Then hy(x) — Zfil bjhp—j(x) = ¢!k where the series converges in
Lo (IT). By Lemma B.1(iii), [|A|| < oo implies that b; > O for infinite number of j. For a
large p > 1 denote bj’. =b;I(j < p) and B/(ei¥) = j’ilb}eij". Then

14 00
hk(x)—ijhk_j(x):elkx+uk(x), where wp(x)= > bjhi_j(x).
j=1 j=p+1

Since Z 1 bjhi—j(x) = hy(x)B’(€) and Zjl.;lbj = f.;b} < 1, we obtain

) , o elkr y ug (x)
M) = ey =K, where G0 = T 0 = Ty
We claim that under assumption ||g|| = o0, as p = oo
lup Il < gl = IAll <oo  and 1]l — oo. (B.3)

On the other hand, [|&; || = lhx —uj || < [lAgll+llu} ]l < 2||hx ]| < C < 0o which leads to a
contradiction, implying ||g| < oo. N
To prove (B.3), note that from the definition of u;( (x)and 1 < |1 — Zle bje™ VX 4

|Z _1bj e ¥ < |1—Zp b; e_‘jx|+zj[.):1bj,we obtain

2

bje J
] =p+17J
I / ’(1 BE)(1— 3 bje i)

o 1bi\2
S/ dx (ijpﬂ A / I ST
ml=BEMPEAN =37 b |1 = B(el)P?
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proving the first relation in (B.3). The second claim in (B.3) follows from
dx
/12 ! (alX Y2 /N2
= T = G'(e dx =27 2)
I /1'[ 11— B/(c¥)P2 /1'[ G jZ:O(g,)

where gj’. are power coefficients of the analytic function G'(z) = (1 — B'(z))~! =
Zfio gj’.zj, |z| < 1 as given by (3.2) with b; replaced by b}. Note 0 < g]’. — gj mono-
tonically as p — oo and therefore Zj’io(gj’.)z - |lg ||2 = 00. This completes the proof of
(i1) and the lemma. |
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