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Abstract. In this paper, we continue our investigation of dissipative PDE’s forced by
random bounded kick-forces and of the corresponding random dynamical system (RDS) in
function spaces. It has been proved that the domain .4 of attainability from zero (which is
a compact subset of a function space) is invariant for the RDS associated with the original
equation and carries a stationary measure ., which is unique among all measures supported
by .A. Here we show that p is the unique stationary measure for the RDS in the whole space
and study its ergodic properties.

1.  Main result

We first recall the main result of the paper [KS]. Let H be a separable Hilbert space
with norm || - || and orthonormal basis {e1, e2,...} and let S be a locally Lipschitz
transformation of H satisfying the condition S(0) = O and the three hypotheses below
(see [KS, Remark 2.3] for a discussion of their meaning).

(A) Forany R > r > 0 there exist positive constants a = a(R,r) < 1 and C = C(R)
and an integer no = no(R, r) > 1 such that

[S@1) — Sl < C(R)[luy —uzll forallui,uz € By (R), (1.1)
115"l < max{allull,r} foru € Bu(R), n = no, (1.2)

where By (R) denotes the ball in H of radius R centred at zero.
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The next condition expresses the property of the existence of a bounded absorbing set
for the system in question. To formulate it, we introduce some notation.

For any R > 0 and a compact set K C H, we define a sequence of sets Ax (R, K) C H
by the rule

Ao(R, K) = By (R), Ax(R,K)=SAr_1(R,K)+K, k>1. (1.3)
Let us set

AR, K) = U Au(R, K). (1.4)
k=0

(B) For any R > 0 and any compact set K C H, the set A(R, K) C H is bounded.
Moreover, for any compact set K, there is a p > 0 such that Ax(R, K) C By (p)
for k > ko, where ko is an integer depending on R and K.

We note that, in [KS], it was required that A(R, K) is bounded only for R = 0, and this
is why we have denoted this condition here by (B’) rather than (B).

Clearly, inequality (1.2) and condition (B) hold true if we assume the following stronger
hypothesis, which is satisfied for the Navier—Stokes (NS) system (see Example 1.1 below),
but not for the Schrédinger equation (Example 1.2).

(A") There is a positive constant y < 1 such that ||Sw)|| < y||\u| forallu € H.

For a subspace E C H, we denote by E* its orthogonal complement in H.
For an integer N > 1, let Hy be the finite-dimensional subspace generated by the
vectors eq, ..., ey and let Py and Qu be the orthogonal projections onto Hy and H L
respectively.

(C) Forany R > O thereis adecreasing sequence yy(R) > 0 tending to zeroas N — oo
such that

QN (S@1) = S|l < yN(R)llur —uzll  forallui,u € By(R). (1.5

We consider the following random dynamical system in H:
ug = Sug—1) +nk, k=1 (1.6)

Here ng, k > 1, is a sequence of independent H -valued random variables of the form
o
m=)_bj&jke;, (1.7)
=1
where b; > 0 are some constants such that
o
Z b3 < o, (1.8)
j=1

and {&,} is a family of independent real-valued random variables satisfying the following
condition.
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(D) For any j, the random variables &jr, k > 1, have the same distribution 7 such
that wj(dr) = pj(r)dr, where the densities p;j(r) are Lipschitz continuous and,
moreover, p;(0) > 0 and supp p; C [—1, 1].

Equation (1.6) defines a discrete-time random dynamical system in H. Let B(H)
be the o-algebra of Borel subsets of H, let P(H) be the set of probability measures
on (H,B(H)), and let C,(H) be the space of bounded continuous functions on H.
We denote by P(k,v,T"), where k > 0, v € H, and I' € B(H), the corresponding
transition function:

Pk,v,T) = P{uy € T'},

where (ug, k > 0) is a solution of (1.6) such that ug = v. Let
Py : Cp(H) - Cp(H), P} :P(H)— P(H)

be the Markov semigroups associated with P (k, v, I').
Random dynamical systems of the form (1.6) naturally arise in the theory of dissipative
PDE:s forced by random kick-forces (see [KS]).

Example 1.1. Let us consider the 2D NS equations

o0
w—vAu+ (u,Vu+Vp =n(t,x)= Z nk(x)s( —k), divu =0. (1.9)
k=1
The system (1.9) is supplemented with either periodic or Dirichlet boundary conditions.
In the first case, we also assume that (u(z, x)) = (n(t,x)) = 0 for t > 0, where we set
(v) = sz v(x)dx, and T2 denotes the 2D torus. To be precise, we confine ourselves to
the case of periodic boundary conditions.

Let H be the space of divergence-free vector functions u € L*(T?, R?) such that
(u(x)) = 0, and let {e;} be the trigonometric basis in H. Assuming that the kicks nx
have the form (1.7) and normalizing the solution u(¢) by the condition of continuity from
the right, we observe that (1.9) can be written in the form (1.6), where u; = u(k) and
S : H — H is the time-one shift along trajectories of the free NS system. As is shown
in [KS, §7], the operator S satisfies conditions (A), (B") and (C) (as well as (A")).

Example 1.2. The theory developed in [KS] also applies to the Schrodinger equation

o0
i —v(A = Du+ilul’u =an(x)5(t—k), x e T" (1.10)
k=1
In this case, the corresponding random dynamical system is defined in the Sobolev space
H*(T?, R?) with s > n/2.

We now introduce the compact set

(e.¢]
K:{u:ijej:xjesupppj foralljzl}, (1.1D)
Jj=1
and note that the distribution D(n;) of the random variable n; does not depend on k and
is supported by K. If we define the sets .4y and A by relations (1.3) and (1.4) in which
R = 0 and K is given by (1.11), then according to condition (B’) the set A is bounded
in H. Moreover, it follows from (C) that .4 is compact in H. We also note that:

https://doi.org/10.1017/50143385702000986 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000986

1490 S. Kuksin and A. Shirikyan

(i) A; is the support of the measure D(u;), where (ux, k > 0) is the solution of (1.6)
with ug = 0;

(ii) A is invariant for (1.6), that is, if v € A and (ux, k > [) is the solution of (1.6) with
u; = v, then uy € A almost surely for all k > 1.

Thus, we can regard (1.6) as a random dynamical system in 4. We shall use the same
notation for the corresponding transition function and the Markov semigroups.

Let us recall that © € P(H) is called a stationary measure for a Markov chain if
P = p for k > 1. The main result of [KS] is the following theorem.

THEOREM 1.3. Suppose that conditions (A)—(D) are satisfied. There is an integer Ny > 1
such that if
bj#0 forl < j<No, (1.12)

then the restriction of the Markov chain (1.6) to A has a unique stationary measure [i.
Moreover, for any continuous function f € C(H),

Py f(uw) = (u, f):= /;if(u),u(du) as k — oo, (1.13)

uniformly inu € A.

In some rigorous sense explained in [KS], the measure p is equivalent to an abstract
1D Gibbs measure. The aim of this paper is to prove the following result concerning the
Markov chain (1.6) in the whole space H.

THEOREM 1.4. Under the conditions of Theorem 1.3, there exists an integer N1 > Ny
such that if (1.12) is satisfied with No replaced by N1, then (1.13) holds uniformly
inu € By(R) forany f € C(H) and R > 0. In particular, i is the unique stationary
measure for the Markov chain (1.6) in H.

This theorem readily implies that if 1 is an arbitrary initial distribution, then P o —
nask — oo.

In terms of the unique stationary measure u = u, for equation (1.9) (or
equation (1.10)), the turbulence problem for this equation can be stated as understanding
of the limiting properties of the measure as v — 0. For some non-trivial properties of a
stationary measure for equation (1.10) with v < 1, see [K].

After the work [KS], E et al [EMS] and Bricmont et al [BKL] considered the 2D NS
equations perturbed by a white noise force

o
n(t, x) =Y bjibj(t)ej(x),

j=1
where wy, wa, ... are independent standard Brownian motions. Under the assumptions
thath; #0for1 < j < Nandb; =O0forj > N’ with sufficiently large integers N’ > N,
they obtained uniqueness of a stationary measure p. Moreover, it is shown in [BKL] that
for any Lipschitz function f the expression Py f (1) converges exponentially fast to (i, f)
for p-almost all initial conditions u € H.
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We note that the main difficulty in proving the uniqueness of a stationary measure is
related to the fact that the force n(¢, x) can be smooth in x. The non-smooth case was
treated earlier in [FM].

2.  Proof of the main result

To prove Theorem 1.4, we first establish an auxiliary assertion, which is of independent
interest, and then show that it implies convergence (1.13) and uniqueness of a stationary
measure for the Markov chain in H.

2.1. Markov semigroups with a squeezing property. Let X be a Polish space with the
Borel o-algebra B(X) and let P(k, u, I') be a Feller transition function. We shall denote
by P, and P the corresponding Markov semigroups. We recall that a Borel set A C X is
said to be invariant for P(k,u,T) if P(1,u, A) = 1foru € A.

PROPOSITION 2.1. Suppose that there exists a decreasing sequence of Borel subsets of X,
X1 D X2 D .-+, and an integer M > 1 such that

inf P(M,u, X)) >é, @2.1)
ueX

inf P(1,u, Xg41) >1—¢r forallk > 1, 2.2)

ueXy
where € and € are positive constants such that e, < 1 and Z,fozl e < 00. Then

sup P(k,u, X \ X,)) < ¢,/8 + (1 — &)™, 2.3)

ueX

where k > M + n — 1, my is the largest integer not exceeding k/(M + n — 1), and

00 M+2(n—1)
s=e[Ja-ep>0. G=1- T[] d-ep.
j=1 j=n

Moreover, the set A = mjzl X is invariant, and any stationary measure ju for P is
concentrated on it.

We note that §, — 0 as n — oo. This follows immediately from the convergence of
the series Y &.

Proof. (1) We first show that

I4+n—1
Jnf P Xor) = ]]j[ (1—¢j) forn,I>1, 24)
i—1
inf P(M+i—1LuX)>e[[(—g)=6>0 fori>1. (2.5)
ueX

j=1
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To this end, note that, in view of inequality (2.2) with k = n + [ — 1 and the Chapman—
Kolmogorov (CK) relation, we have

P, Xni) z/ P = 1,u, dv)P(L, v, Xns1)

Xnti-1

VEX 41

> —epp—1)PU =1, u, Xpq—1).

Taking the infimum over # € X, and arguing by induction, we obtain (2.4).

Inequality (2.5) follows from (2.1), (2.4) (withn = 1 and [ = i —1), and the CK relation.
The fact that § > 0 is a simple consequence of the convergence of the series Y &.

(2) We can now prove (2.3). Let us note that, in view of the CK relation and the
invariance of A, we have

sup P(l,u,Y) = sup/ Pl —k,u,dv)Pk,v,Y)
uc A uecAJA

<sup P(k,u,Y) fork <I, Y e B(X).
ue A
Therefore, it suffices to establish (2.3) for k = mk,, wherek, = M +n —1andm > 1is
an arbitrary integer.
To this end, we fix a point # € X and arbitrary positive integers m and n and estimate
the expression

P () := P(mky, u, X \ Xp) =/ P((m — Dky, u, dv)P(kn, v, X \ Xp)
X

- / + / . 2.6)
X, JX\Xn

In view of inequalities (2.4) and (2.5) with [ = k,, and i = n, we have

sup P(knv va\Xn) =< sup P(kl’ls v, X\Xn+kn) =< ;l’lv

veXy veX,
sup P(k,, v, X\ Xp) <1-6.
veX

Substituting these estimates into (2.6), we obtain
Py ) < &+ (1= 8)p" D (w).
Iterating this inequality and using the trivial estimate p,(qo) (u) < 1, we derive
P ) < /8 + (1= 8",

which completes the proof of (2.3).
(3) The fact that A is an invariant set follows from (2.2):

P(Lu, A) = lim P(l,u,Xz) > lim (1 —ex) =1, ue A
k—o00 k—o00
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Furthermore, if Pl* W = W, then, by (2.3), for any m > 1 we have

w(A) = lim w(X,) = lim / P(mky, u, X)) u(du)
n—oo n—oo X
> lim (1= /8 = (1=8)""H)=1-(1-8"", 2.7)

where we have used the fact that ¢, — 0 as n — oo. It follows from (2.7) that

w(A) = 1. O

2.2.  Proof of Theorem 1.4. (1) The fact that convergence (1.13) implies the uniqueness
of a stationary measure is well known. Thus, it suffices to show that (1.13) holds uniformly
with respect to u € By (R). To this end, we apply Proposition 2.1. Let us fix a small
constant d > 0 (which will be chosen later) and setf

X =SA(p, K) + K, Xi={ueX:dist(u, A <27%a}, (2.8)

where p is the constant defined in condition (B), K is the support of D(n;) (see (1.11)),
and A is the domain of attainability from zero.

It is clear that X is a compact set in H and (-, Xx = A. If we show that
the conditions of Proposition 2.1 are satisfied, then the required assertion will follow
from Theorem 1.3. Indeed, suppose that the assertion of Proposition 2.1 holds and let
f € C(H). Condition (B") implies that

inf P(k,u,X)=1 fork>ko+1.
lull <R

Therefore, to prove the theorem, it suffices to show that (1.13) holds uniformly in u € X.
Without loss of generality, it can be assumed that (i, f) = 0. Let w(s) be the modulus
of continuity for the restriction of f to X. Then

[ fur) — fw)| <w(s) ifur,ureX, |lug —us| <s,

and w(s) goes to zero with s. It follows from (1.1) that if vy and v,/( are two solutions
of (1.6) starting from deterministic points v € X and v’ € X, respectively, then [Jvy —v; || <
L¥||lv — V||, where L > 0 does not depend on v, v/, and k. Since P f (v) = Ef(v), we
conclude that

|Pef (@) = P f)] < (LK lv =), v,0 €X. 2.9)

We now fix an integer n > 1 and note that
| Prt1 f (w)] 5/ P(k,u,dv)| P f(v)] =/ +/ : (2.10)
X X\ X, n
By (2.3), the first integral on the right-hand side of (2.10) does not exceed
I£1x oo Sup Pk, u, X \ Xp) < [ f1xlloo(Cn/8 + (1 — &)™ .
ueX

To estimate the second integral, we note that, in view of Theorem 1.3,

sup |Pf()] =8 — 0 asl— oco. (2.11)
veA

T We do not take X = A(p, K), since it is more convenient to deal with a compact phase space.
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Let us fix arbitrary v € X,, and choose v’ € A such that |[v — v'|| < 27"d. Using (2.9)
and (2.11), we derive

|PLf )] < [PfO)] +o@ v =v']) < pi + 07" L'd),
Substitution of the above estimates into (2.10) results in

Sug |Pest f@] < 1 f Ixlloo (/8 + (1= 8)™ ) + B + 027" L'd). (2.12)
ue

Since ¢, — 0 asn — oo and w(s) — 0 as s — 0, the right-hand side of (2.12) can be
made arbitrary small if we fix sufficiently large integers n and [, n > [, and then require
that k£ > 1. This completes the proof of (1.13).

Thus, it remains to show that the conditions of Proposition 2.1 are satisfied.

(2) To prove (2.1), we take arbitrary u € X and, for any sequence §; € K, denote
by 6k = Ok(u; &1, ..., &) the solution of (1.6) such that g = u and n; = &;, j > 1.
It follows from (1.2) that if §; = O for all j > 1, then there is an integer M > 1, not
depending on u € X, such that ||0y|| < d/4, where d is the constant in the definition
of Xy. By continuity, there is y > 0 such that if ||§;]| < y for 1 < j < M, then
103 (u; &1, ..., €M)l < d/2. Tt follows from (1.8) and condition (D) that the event
Inkll < y has a positive k-independent probability. Since the random variables ng, kK > 1,
are independent, we conclude that

P{lovll <d/2) = Bl <y, 1< j < My = e:=y".

To complete the proof of inequality (2.1), it remains to note that, since 0 € X, we have
{IOmll = d/2} C {0y € X1}
(3) To prove (2.2), we need the following auxiliary assertion.

LEMMA 2.2. Supposethatbj #0for j =1, ..., N. Then there is a constant C > 0 such
that
P{v+Pyn € PvK}>1—Clv|| forve Hy. (2.13)

Taking this lemma for granted, let us complete the verification of (2.2). By conditions
(A) and (C), there is a constant L > 0 and an integer N > 1 such that

[1S(u1) = S|l < Liluy — uzl, (2.14)
QN (SQu1) — Sl < llur —u2ll/2, (2.15)

where uy, up € X. We claim thatif b; # 0 for 1 < j < N, then (2.2) holds. Indeed, let
u € Xy for an integer k > 1. Since A is a compact subset of H, there is u’ € A such that
lu —u'll <27%d. By (2.15),

IQn (S(u) — SN < llu —u'll/2 < 27*FDq. (2.16)
Since S(u’) + K € Aand K = PyK x QuK, it follows from (2.16) that

dist(S(u) + 11, A) < dist(S(u) + n1, S(u') + K)
< dist(Py (S) + n1), PN (S@W)) + K)) + 2~ %+Dg

https://doi.org/10.1017/50143385702000986 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000986

Dissipative systems perturbed by bounded random kick-forces 1495

and, therefore,

P(1,u, Xg1) = P{Su) + 11 € Xit1)
= P(dist(S(u) + 11, A) < 2~*+Dg)
> PPN (S(u) + m) € Py(S@') + K)). (2.17)

Applying Lemma 2.2 with v = Py (S(u) — S(u’)) and taking into account (2.14), we
conclude that the right-hand side of (2.17) can be estimated from below by the expression

1—CIISw) — SW)H|| >1—CL|lu—u']| >1—2"%dCL.

Thus, inequality (2.2) is satisfied with g = 27%dCL. It is clear that gy < 1if dCL < 1
and that ) _ g < oo.
To complete the proof of Theorem 1.4, it remains to establish (2.13).

Proof of Lemma 2.2. By condition (D), the random variable Py7n; has a Lipschitz-
continuous density D(x) with respect to the Lebesgue measure on Hy. Therefore,

P{v +Pyn1 € PyK} =/ D(x +v)dx. (2.18)
PyvK

It remains to note that the right-hand side of (2.18) is uniformly Lipschitz-continuous with

respect to v and is equal to 1 for v = 0. o
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