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Abstract. We first improve an old result of McMahon and show that a metric minimal flow
whose enveloping semigroup contains less than 2¢ (where ¢ = 2™0) minimal left ideals is
proximal isometric (PI). Then we show the existence of various minimal PI-flows with
many minimal left ideals, as follows. For the acting group G = SL(R)Y, we construct a
metric minimal PI G-flow with ¢ minimal left ideals. We then use this example and results
established in Glasner and Weiss. [On the construction of minimal skew-products. Israel
J. Math. 34 (1979), 321-336] to construct a metric minimal PI cascade (X, T) with ¢
minimal left ideals. We go on to construct an example of a minimal PI-flow (¥, §) on a
compact manifold ¥ and a suitable path-wise connected group G of a homeomorphism of
Y, such that the flow (¥, G) is PI and has 2¢ minimal left ideals. Finally, we use this latter
example and a theorem of Dirbék to construct a cascade (X, T) that is PI (of order three)
and has 2¢ minimal left ideals. Thus this final result shows that, even for cascades, the
converse of the implication ‘less than 2¢ minimal left ideals implies PI’, fails.
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1. Introduction

For a compact metric space X, let Homeo(X) denote the Polish group of self
homeomorphisms of X equipped with the compact open topology. In this work, a G-flow
(X, G) is a pair consisting of a compact (usually metrizable) space X and a continuous
homomorphism of the topological group G into Homeo(X). We usually write (g, x) — gx
for the action of G on X that is defined via this representation. A flow (X, Z), with the
group of integers Z as the acting group, is called a cascade and is usually denoted as
(X, T), where T is the homeomorphism that corresponds to 1 € Z.
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For a flow (X, G), let E(X, G) denote its enveloping semigroup. Recall that E (X, G)
is defined as the closure, in the compact space X X of the collection of homeomorphisms
that is the image of the homomorphism from G into Homeo(X) that defines the dynamical
system (X, G). E(X, G) has a structure of a compact right topological semigroup and
it is also a G-dynamical system. By a theorem of Ellis, it always has minimal left ideals,
which coincide with its minimal subsystems. We let mi(X, G) denote the cardinality of the
collection of minimal left ideals in E (X, G). For the definition of proximal-isometric (PI)-
flows and for more details on enveloping semigroups and the structure theory of minimal
flows, we refer the reader to [2, 7, 16] (see also §2 below).

The main result of [6], actually stated as the title of that paper, is that (for any acting
group G) a metric minimal flow whose enveloping semigroup contains finitely many
minimal left ideals is PI. This result was later greatly improved by McMahon [14], who
showed that a metric minimal flow with mi(X, G) < 28! is PI. In the first section of this
note, following a suggestion of Akin, we improve McMahon’s result and show that a metric
minimal flow whose enveloping semigroup contains less than 2¢ (where ¢ = 2%0) minimal
left ideals is PI.

At the end of [6], the first named author claimed that a certain metric minimal PI G-
flow (X, G), with G = SL(2, R), has an enveloping semigroup E (X, G) with ¢ minimal
left ideals. Unfortunately, the argument given in [6, example on p. 91] does not at all
show this. Instead, it actually shows that each minimal left ideal in E(X, G) contains ¢
idempotents. In §3, we construct an example of a metric minimal PI-flow (2, G) (of order
two), with G = GN = SL, (R)N and with the property that mi(€2, G) = ¢. Then, in §4, we
use this example and results established in [10] to construct a metric minimal PI cascade
(X, T) (of order three) with mi(X, T) = c. In §5, we construct a minimal PI-flow (X, G)
(of order two) on the Cantor set X, with a suitable acting group G and with mi(X, G) = 2°¢.
Finally, in §6, we construct a minimal PI cascade (of order three) (X, T) with mi(X, T) =
2¢. Thus this final result shows that, even for cascades, the converse of the implication,
mi(X, T) <2¢ = PI, does not hold. The Morse minimal set (X, T'), which is PI of order
three, has mi(X, T) =2 (see [11, Theorem 3.1] and [15]). In Remark 4.4 at the end of
§4 we indicate how to construct, given n € N, a minimal PI cascade with 2" minimal
left ideals. It seems that it should not be too hard to construct minimal PI cascades with
mi(X, T)=nforanyn =1, 2, ..., Ro. However, we leave this question open.

2. Non Pl-flows have 2° minimal left ideals

The way in which we will usually control the number of minimal left ideals in an
enveloping semigroup E is by computing the number of minimal idempotents in E that
are equivalent to a given minimal idempotent u. We recall the definitions and basis facts
concerning these notions (see, e.g., [7, Ch. 1, §2] or [8, Ch. 1]).

THEOREM 2.1.

(1) A subset M of E is a minimal left ideal of the semigroup E if and only if it is a
minimal subsystem of (E, G). In particular, a minimal left ideal is closed. Minimal
left ideals M in E exist and for each such ideal the set of idempotents in M, denoted
by J = J(M), is non-empty. We say that an idempotent in E is a minimal idempotent
if it belongs to some minimal left ideal.
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(2) Let M be a minimal left ideal and let J be its set of idempotents.
(@) ForvelJand pe M, pv=p.
(b) ForeachveJ, vM ={vp:p e M} is asubgroup of M with identity element
v. For every w € J the map p +— wp is a group isomorphism of vM onto wM.
(c) {vM:v e J}is a partition of M. Thus if p € M, then there exists a unique
v € J such that p € vM; we denote by p~! the inverse of p in vM.
(3) Let K, L and M be minimal left ideals of E. Let v be an idempotent in M. Then
there exists a unique idempotent v' in L such that vv' = v’ and v'v = v. (We write
v~ v and say that v is equivalent fo v.) If v € K is equivalent to v/, then v ~ v.
The map p — pv’ of M to L is an isomorphism of G-systems.

Now to PI-flows. We say that a minimal flow (X, G) is a strictly PI-flow if there is an
ordinal n (which is countable when X is metrizable) and a family of flows {(W,, w,)}.<y
such that (i) Wy is the trivial flow, (ii) for every ¢ < n there exists a homomorphism ¢, :
W,+1 — W, that is either proximal or equicontinuous (isometric when X is metrizable),
(iii) for a limit ordinal v < 7 the flow W, is the inverse limit of the flows {W,},,, and (iv)
W, = X. We say that (X, G) is a PI-flow if there exists a strictly PI-flow X anda proximal
homomorphism 6 : X - X.

We say that the extension (X, G) = (Y, G) is an RIC (relatively incontractible)
extension if, for every n € N, the minimal points are dense in the relation

R ={(x1, x2, ..., xp) € X" 1w (x;) = w(xj) V1 <i, j <n}.

It is easy to see that an RIC extension satisfies the generalized Bronstein condition as
defined in [16, p. 813], with r; = 7, forall 1 <i < n. Also, an RIC extension is necessarily
an open map. Clearly, every distal extension is RIC, so, in particular, every distal extension
is open.

The structure theorem for the general minimal flow is proved in [4, 13] (see also [16])
and asserts that every minimal flow admits a canonically defined proximal extension which
is a weakly mixing RIC extension of a strictly PI-flow. Both the Furstenberg and the
Veech-Ellis structure theorems (for minimal distal and point-distal flows, respectively)
are corollaries of this general structure theorem. For more details on the structure theorem
see (2,7, 16].

THEOREM 2.2. (Structure theorem for minimal flows) Given a minimal flow (X, G),
there exists an ordinal n (countable when X is metrizable) and a canonically defined
commutative diagram (the canonical PI-tower),

% or 01
X Xo X7 - X, Xv+1 o Xy =X
g o T Ty TTy41 oo
pt o Yo r Z1 ) Yy - Y o Zy+1 oo Yvh1 Y=Yy

where, for each v <n, m, is RIC, p, is isometric, 0, 0 are proximal and 1w is RIC and
weakly mixing of all orders. For a limit ordinal v, X,,, Y\, w, etc. are the inverse limits (or
joins) of X,, Y,, w, etc. for 1 < v. Thus X  is a proximal extension of X and an RIC weakly
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mixing extension of the strictly PI-flow Y. The homomorphism 7o is an isomorphism (so
that Xoo = Yoo) if and only if X is a PI-flow.

The weak mixing of all orders of the extension m,, means that for every n € N the
relation

R;’Z ={(x1, x2, ..., Xp) € X3 1 Moo (Xi) = Moo (x;) V1 <, j <n}

is topologically transitive. This augmented version of the structure theorem follows from
Theorem 2.6.2 in Veech’s review paper [16]. It can also be proved by a slight modification
of E. Glasner’s proof of the structure theorem as it appears in [2, Theorem 27, Ch. 14
(p- 219)].

Now let (X, G) be a minimal metric flow and let 7:(X,G)— (Y,G) a
homomorphism. Let E denote the Cantor set. We choose a sequence U, of clopen
partitions of E so that U,4+; < U, and so that J,.y U, generates the topology on E.
We let k, = card U,,.

Let R;[E be the compact subset of X Z defined by the condition

R ={reX%:n(r(§)) =n(r(§2) V&1, &2 € E).
That is, the set of r such that 7 o r : & — Y is a constant function. We denote by CRZ the
subset of R;TE consisting of continuous maps, and by UC R;TE the topological space whose
underlying set is C RﬂE but equipped with the topology of uniform convergence: i.e., the
topology induced by the metric
D(ri, ry) = gug d(ri(§), r2(§)).
(SIC)

It is easy to see that D is a complete metric. For each n € N, we will identify the space
Rfr” with the subspace of UCRE consisting of functions that are constant on each cell of
WU,. Clearly, |, .y RY" is a dense subset of both spaces UCRE and RE. In particular, it
follows that U C R is a Polish space.

Let t:UCRE — CREZ C RE denote the natural map. Clearly, ¢ is a continuous
injection. We observe that the image space CRE is dense in RE. Of course all of these
spaces are G-invariant; however, whereas the spaces R7kT” and RE are indeed flows, in
the sense that their phase spaces are compact, the space UC RE is merely a Polish space
and thus (U CRE, G) is a Polish dynamical system. We now have the following crucial
proposition whose proof mimics that of [1, Proposition 4.10].

PROPOSITION 2.3. Let (X, G) be a minimal metric flow and let (X, G) z (Y, G) be a
homomorphism. Suppose that 7 is a weakly mixing extension of all (finite) orders. Then the
(non-metrizable) flow (R;:‘, G) is topologically transitive and has a dense set of transitive
points.

Proof. We will first show that the Polish dynamical system (UC RE, G) is topologically
transitive. So let Vi, V> be two non-empty open subsets of UC RnE. There are ny, np e N
with V; N R,];"[ %, i =1, 2. Then, with n = max(n{, np) we have V; N Rf;" #0, i=
1, 2. Since, by assumption, the flow (R,k,”, G) is topologically transitive, there is some
g € G with

0 #gViNnRyYy N (VN REY cgvin vy,
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Thus the Polish system (UC RE, G) is indeed topologically transitive, and being Polish,
this fact implies that it has a dense Gj subset of transitive points. Now, under ¢, this
set is pushed onto a dense set of transitive points in the flow (R,?, G) and our proof is
complete. O

We are now ready to state and prove the main result of this section, Theorem 2.4 below.
Our proof of this theorem follows the main ideas of McMahon’s proof in [14]. The tools
that enable us to improve his result are the augmented form of the structure theorem,
Theorem 2.2 and Proposition 2.3.

THEOREM 2.4. Let (X, G) be a minimal metric flow that is not PI. Then E(X, G) has 2¢
minimal left ideals.

Proof. We start by recalling the following proposition from [14].

PROPOSITION 2.5. If the extension 7 : (X, G) — (Y, G) is proximal, then © induces a
one-to-one correspondence between the collections of left minimal ideals in E(X, G) and
E(Y, G).

Proof. Let m, be the induced semigroup homomorphism from E(X, G) onto E(Y, G).

Suppose I1, I are two distinct (and hence disjoint) minimal ideals in E(X, G) with [ =

. (I1) = me(I2). Let uy € I1 and uy € I be equivalent idempotents, so that ujur = uy

and upu; = uy. Then, as m,(u1) and m.(u>) belong to the same minimal left ideal 7 in

E(Y, G), we have m,(u1) = m(uou1) = m(u2)mw(u1) = m4(u2). So, for every x € X,
T(u1x) = Ty (U7 (x) = 73 (u2) 7w (x) = 70 (U2X).

Thus the points u1x and upx are proximal. But, since we have both u(#1x) = u1x and

u1(uax) = upx, these points are also distal, and hence u1x = uox. This means that u; =
ur € Iy N I, which is a contradiction. O

Now, in the PI diagram constructed for (X, G) in the structure Theorem 2.2, the
extension X, — X is a proximal extension. Hence, in view of Proposition 2.5, in counting
the minimal left ideals we can replace X by X,. So, from now on, we assume that
X = Xoo and that the extension X = Xy, — Y = Y is nontrivial, RIC and weakly mixing
of all orders.

Applying Proposition 2.3, we conclude that the flow (RE, G) has a dense set of
transitive points. Recall that the enveloping semigroup E (X, G) can be identified with the
enveloping semigroup E(RHE, G) (in fact, also with E(XZ, G)) by letting p € E(X, G)
act on X & coordinatewise.

Let r € RZ be a fixed transitive point. Let y be the unique point in ¥ such that
r(8) c 7~ (y). We also fix a left minimal ideal I in E(X, G). Next observe that the
extension 7, being non-trivial and RIC, cannot be proximal. It follows that there is a
minimal idempotent u € I with card (urr ~!(y)) > 1. We fix two distinct points x and x’ in

ur 1 (y). ~
For each non-empty subset A C &, let r4 € R be defined by
& =1" €A,
ra§) =
x', &e€A°.
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Since r is a transitive point, there is an element g4 € E(X, G) with gar =r4. Let I4 =
Ig4. This is a minimal left ideal in E (X, G). Let u4 be the unique minimal idempotent in
14 that is equivalent to u. Then, for some element s4 € I4, we have ug = s4qa. Suppose
A, A’ are two distinct non-empty subsets of E. Then uar(&) =saqar(§) =sara(§),
which equals sgx or sgx’ according to whether & € A or & € A°. Similarly, u,r(§) =
sarqar(E) = spra (&), which equals s4/x or s 4.x” according to whether £ € A’ or§ € A,
Since x and x’ form a pair of distinct points in uX (ux = x, ux’ =x’"), we conclude
that sax # sax’ and sgx # spx’. (B.g., if sax =sax’, then also x = uax = uAsglsAx =
uAsglsAx’ =uax’ = x’, which is a contradiction.) It follows that u4r # u’,r, and hence
ug #Zuy. Thus Iy # I4 and the map A — [4 is one-to-one. This shows that E(X, G)
has at least 2° minimal ideals. By cardinality arguments, mi(X, G) < 2° and the proof of
Theorem 2.4 is complete. O

3. A metric minimal PI-flow with ¢ minimal left ideals

Let X = S! and ¥ = P' be as in [6], namely, the spaces of rays emanating from the origin
and lines through the origin of R?, respectively. Let G = SLy(R) and we consider (X, G)
and (Y, G) as G-flows. Then the map 7 : X — Y, which sends a ray into the unique line
in which it is contained, is a homomorphism of minimal G-flows. It is easy to see that ¥
is proximal and that the extension  is a group extension with fiber group {p, id} = Z,,
where p : X — X is the map that sends a ray onto its antipodal ray. Thus the G-flow
(X, G) is, in particular, a PI-flow.

As was shown in [6, Example on p. 91] each minimal left ideal in E(X, G) contains
¢ idempotents, called minimal idempotents. Any minimal idempotent u corresponds to
a partition of the circle s! (naturally identified with X) into two arcs, say, J; and J,
with common (antipodal) end points x; and x;, which are fixed by u, and are such
that u(J1) = {x1}, u(J2) = {x2}. For example, the figure below describes two minimal
equivalent idempotents u and u’ (and thus belonging to two different minimal left ideals),
which correspond to the arcs with end points N, S.

In fact, it is not hard to see that E (X, G) contains exactly two minimal left ideals. For
the proof of the following lemma, see Appendix A below.

LEMMA 3.1. Let E = E(X, G) be the enveloping semigroup of (X, G). For any line y €
Y, with corresponding pair of antipodal rays x1, x3 in X, let uy, and u’y be the maps from
X into itself that send the corresponding arcs onto the endpoints x1, x> in the counter-
clockwise direction and in the clockwise direction, respectively.

(1) G embeds topologically into E.

(2) Foreachy €Y, the maps uy, u; are idempotents in E.

(3) Thesets Iy ={uy:ye€Y}landl = {u;‘ 1y € Y} are the two minimal left ideals in
E

(4) The set {e} U I+ U I_ comprises all the idempotents in E.

Next we will describe a construction of a flow (2, G), for a suitable group G, which is
metric, minimal, PI and whose enveloping semigroup has ¢ minimal left ideals.
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u u
N
Y T
S S
u(@)=N, u(y)=§ u'(2)=85, u'(y)=N

U uU=u L ! :71,/

FIGURE 1. The minimal idempotents « and u’.

We let @ = XV, where X is as above. The group G is the product group G = G =
SLZ(]R)N . The action of G on 2 is coordinatewise. For each n € N, the projection P, :
2 — X is a homomorphism of the flow (2, G) onto the flow (X, G).

As G acts coordinatewise, we can achieve, for every sequence 6 € {1, —1}N, a minimal
idempotent ug € E(2, G) such that P,(ug) is either u or u’, as in the example above,
according to whether 6(n) = 1 or —1.

Ranging over the elements 6 € {1, —I}N, we obtain, in this way, a collection of ¢
pairwise equivalent distinct minimal idempotents, which, in turn, belong to ¢ distinct
minimal left ideals.

Finally, it is not hard to see that (2, G) is minimal and PI. In fact, the natural
mapI[I=(moP,moPr,...):Q—> Q= YNisa group extension, with compact fiber
group K = 7Y, and the factor flow (9, G) is proximal.

4. A cascade with ¢ minimal left ideals

We will next apply the construction of skew-product minimal flows from [10] and the
above example to obtain a minimal PI cascade with ¢ minimal left ideals.

In the following, we use the notation of [10]. In particular, (Z, o) is a fixed minimal
metric cascade and (Y, 9) is a minimal G-flow with G a path-wise connected topological
group. In addition, we assume that 7 : (Y, §) — (Y, ) is a group extension with compact
fiber group K. That is, there is a compact subgroup K C Homeo(Y), the group of
homeomorphisms of the compact metric space Y, such that gky =kgy for every y €
Y, g€ G and k € K, and is such that 7(y;) = 7w (y2) if and only if there is a k € K with
y2» = ky;. Note that any homeomorphism 4 of Y that commutes with K defines a unique
homeomorphism h of Y.

As in [10], on the product space X =Z x Y, we let Hg(X) be the subgroup of
Homeo(X) that consists of homeomorphisms g : X — X of the form g(z, y) = (z, g:(3)),
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where z — g, € G is a continuous map from Z into G. We then let
Sg(0)={g oo og:geHg(X)}

(here o is identified with o x id, where id is the identity map on Y, so that g(z, y) =
(oz, g;zlgz(y))). We set Xo=Z x Yy and define the map 7y : X — X as nx(z, y) =
(z, ().

We note that every homeomorphism 7 € 8g(o) (where the closure is taken in the
Polish group H(X) equipped with its uniform convergence topology) commutes with the
K-action on the Y coordinate of X. Thus, every such T defines also a corresponding
homeomorphism T in H(Xp). The proof of the following lemma is straightforward and
we omit it.

LEMMA 4.1. Forevery T € 8g(0), each element p in the enveloping semigroup E(X, T)
has the form

Pz, y) = ((pP)z, pry),

where 1, (p) is the image of p in E(Z, o) and p; is an element of E(Y, G). Moreover, p
is an idempotent if and only if w.(p) and all the p,, z € Z, are idempotents.

We will assume that the action of G on Y has the following property ().

For every pair of points y1, y» in Yy, there exist neighborhoods U and V of
y1 and y», respectively, such that, for every € > 0, there exists h € § with
diam(h(V UU)) <e.

PROPOSITION 4.2. Under the above assumptions, there exists a dense Gs subset R C
% such that, for every T € R:

(1) the cascade (X, T) is minimal;

(2) the extension wx : (X, T) — (Xo, f‘) is a K-extension; and

(3) the projection P : (X, T)— (Z,0)is a proximal extension.

In particular, for T € R, the minimal cascade (X, T) is PL

Proof. Part (1) is just [10, Theorem 1]. Part (2) is clear. For part (3), apply the proof
of [10, Theorem 3] with the following modification. In the definition of the sets Ey v e,
we consider only non-empty open subsets U and V of Y that are K-invariant, and the
diameter is taken with respect to the pseudometric on X, which is obtained by lifting the
X metric via mx. Thus, for this kind of open set and with respect to this pseudometric,
the conditions required in the proof of [10, Theorem 3] are satisfied by our assumption on
the G-action on Yj. O

THEOREM 4.3. There exists a metric minimal PI cascade (of order three) whose
enveloping semigroup has ¢ minimal left ideals.

Proof. We are going to apply Proposition 4.2 with the following input. (Z, o) is a fixed
metric minimal equicontinuous cascade (e.g., one can take (Z, o) to be an irrational
rotation on the unit circle in C). The role of Y and Yy will be played by € and €2,
respectively, with G = G = SL(R)", as described in §3. Clearly, property (%) holds for
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the action of G on 2. Therefore, Proposition 4.2 applies and we pick any T in the residual
set R provided by this proposition. We also fix an arbitrary point zg € Z.

Let now u# be any minimal idempotent in E(X, 7). By the equicontinuity of (Z, o),
u projects to Z as the identity. By Lemma 4.1, for any w € 2, u(z9, o) = (uzo, uz,w) =
(20, Uzyw), wWhere uz, is an idempotent in E(£2, G). Next observe that an element p of
E(2, §) is completely determined by its projections P,(p), n € N, in E(S I SL,(R)). Of
course, for eachn € N, P, (u,,) is an idempotent in £(X, G) and hence, by Lemma 3.1(4),
either P, (uz,) = up,(w) Or Py(uz) = u/Pn(w) (by Lemma 3.1(1), P, (uz,) # e). One more
observation: the reflection p (which sends a ray onto its antipodal ray) satisfies p(uz,) =
u’zo and it follows that, under the action of K = {p, id}N, the orbit Ku, restricted to the
fiber over zo, namely, Ku,, exhausts all the possible ug, 6 € {1, —1 }N.

We finally conclude, as in the discussion in §3, that E(X, T) indeed contains ¢ minimal
left ideals. a

Remark 4.4. For any n € N, the same method, in which in §3 we set Q2 = X" instead of
XN will produce, a minimal cascade with 2" minimal left ideals.

5. A PI-flow on the Cantor set with 2° minimal left ideals

Let Z denote the Cantor set. Let Go C Homeo(Z) be a finitely generated subgroup such
that the corresponding flow (Z, Gy) is totally minimal in the sense that, for every two
ordered finite subsets of distinct points, {z1, 22, ..., z,} and {wi, wy, ..., w,} of X,
there is a sequence of elements y; € Go with lim; o y;(z;) =w;, fori=1,2,..., n.
Actually a less stringent condition will suffice: for every two ordered finite subsets of
distinct points, {z1, z2, ..., z2n} and {wy, wa, ..., w,} of X and every pair of disjoint
non-empty open sets Vi, V, C X, there is an element g € Gy with yz; € Vi and yw; € V,
forall 1 <i <n.

Clearly then, the flow (Z, Gy) is, in particular, minimal and proximal. We note that the
existence of Gy, as above, follows from a result of Kechris and Rosendal [12, Theorem
2.10], according to which the Polish group Homeo(Z) is topologically 2-generated: i.e., it
contains a dense subgroup that is generated by two elements.

LetZ, = {1, —1} and set X = Z x Zj;. Choose a fixed non-empty clopen proper subset
U of Z.Let ¢ : Z — Z; be the function

-1, zeU,

and define a homeomorphism @ of X by the formula

D(z, €) =(z, p(2)e).

By abuse of notation, given y € Go, we also denote by the same letter y the
homeomorphism y x id of X. Thus y(z, €) = (yz, €). Finally, let G denote the subgroup
of Homeo(X) generated by G (acting on X) and &.

PROPOSITION 5.1. The flow (X, G) is PI and its enveloping semigroup has 2 minimal
left ideals.
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Proof. By construction, (X, G) is a group extension (with fiber group Z,) of a proximal
flow. Thus it is a strictly PI-flow of order two. It is easy to check that it is minimal. Fix an
arbitrary point zg € Z and let {V,,},,en be a nested sequence of clopen neighborhoods of zg
with () Vi, = {z0}.

Given any two non-empty disjoint finite sets E, F C Z and an n € N, choose elements
oa=ag Fy, and B=Pg Fn in Go such that (i) «(E) C U, (ii)) «(F) C U® and (iii)
B(a(E) Ua(F)) C V,. Then form the product

VE,F.n = BPa.

Given an infinite subset A C Z with an infinite complement B = Z\ A, we consider
the directed set {(E, F,n): E C A, F C B, n € N}, where (E, F,n) < (E’, F', n’)if and
only if EC E’, F C F' and n <n’. A moment’s reflection will convince the reader that,
for A C Z such that zg € A, the net {yg r ,} C G converges to a minimal idempotent 4 €
E (X, G) defined by the formula

(zo, —€), z€A,

MA(Z, 6) =
(2o, €), z € B.

Clearly, uaus = uy for any choice of sets A, A’ C Z, as above, i.e., us and uy are
equivalent minimal idempotents, and it follows that E (X, G) has at least 2° minimal left
ideals. By cardinality arguments, mi(X, G) < 2¢ and our proof is complete. O

6. A cascade with 2¢ minimal left ideals
In this last section, we show how to construct a minimal PI cascade with 2 minimal left
ideals. The construction is similar to the constructions described in §§ 4 and 5.

Now, back to the context of §4. Let Yy = S2, the 2-sphere in R3, and let So =
Homeog(S?) denote the connected component of the identity of the Polish group
Homeo(S2). We observe that Gy = Homeog(S2) acts totally minimally and extremely
proximally on S2. Let K = S' = {¢ € C: |¢| = 1} be the circle group and set ¥ = §% x
S'=Y)x K.

Choose two open sets Uy, U C Yo with Uy NU;=@. Let ¢:Yy— [0, 1] be a
continuous function such that
, YEU

1
o) = 0. yeln.

Now define a one parameter family of homeomorphism ®; of Y by the formula

D (y, §) = (y, €TPW).

We set @ = @ so that ®(y, ¢) = (v, ¢) for ¢ € U, and (y, —¢) for ¢ € U;. By abuse of
notation, given g € Go, we also denote by the same letter g the homeomorphism g x id of
Y =Yy x S!. Thus g(y, ¢) = (gy, ¢). Denote by G the subgroup of Homeo(Y) generated
by the following three path-wise connected subgroups: (i) 9o (acting on Y), (ii) {®; |t €
R} and (iii) id x K. Clearly, G is itself path-wise connected. Also one can easily check that
K is central in G.
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PROPOSITION 6.1. The flow (Y, S) is PI and its enveloping semigroup has 2¢ minimal left
ideals.

Proof. By construction, (Y, §) is a group extension (with fiber group S') of the extremely
proximal flow (Yo, 9o). Thus it is a strictly PI-flow of order two. It is clearly minimal. Fix
an arbitrary point yp € Yo and let {V},},,en be a nested sequence of clopen neighborhoods
of yo with () V,, = {yo0}-

Given two non-empty disjoint finite sets £, F' C Yp and n € N and choose elements o =
o, Fnand B = Be F., in Go such that (i) a(E) C Uy, (ii) a(F) C Uz and (iii) B(a(E) U
a(F)) C V,. Then form the product

8E,F.n = BPa.

Given an infinite subset A C Y with an infinite complement B = Y\ A, we consider the
directed set {(E, F,n): E C A, F C B finite, n € N}, where (E, F,n) < (E', F/, n) if
andonlyif ECE', FC F'andn <n'.

It is now easy to see that, for A with yp € A, the net {gr r .} C G converges to the
minimal idempotent u4 € E(Y, G) defined by the formula

(y()v _g)v yE€ As
(30, %),  ye€B.

(Clearly, u 4 is an idempotent. To see that it is minimal, observe that for, y € G, we have
yua(y, &) = (yyo, ££).)

It is easy to see that uqu = u 4 for any choice of sets A, A’ C Yy, as above, i.e., uy
and u 4+ are equivalent minimal idempotents. It follows that E (Y, G) has at least 2¢ minimal
left ideals. By cardinality arguments, mi(Y, §) < 2¢ and our proof is complete. O

MA()’: é‘) =

In [3], Dirbak extended some of the results of [10] and, among other things, proved the
next theorem which we reformulate in terms that are convenient for our purpose (see [3,
Theorem 6]).

Let (Z, o) be an infinite minimal cascade on a compact metric space Z. Let G be
a Polish group with a dense path-wise connected subgroup. Let C(Z, G) denote the
Polish space of continuous functions from Z into G (the cocycles) and let B(Z, G) be
the collection of co-boundaries, i.e.,

B(Z,9)={y € C(Z,9): ¥(z) = $(c2)$(z)” 'for some ¢ € C(Z, G)},
andlet C'(Z, §) = B(Z, 9).

THEOREM 6.2. (Dirbak) There exists a dense Gg subset R C C'(Z, G) such that, for every
cocycle ¢ € R, the corresponding Polish dynamical system (skew-product) defined on Z x
G by the formula

Ty(z, 8) = (0z, $(2)8)
is topologically transitive.

THEOREM 6.3. There exists a metric minimal Pl cascade (of order three) whose
enveloping semigroup has 2% minimal left ideals.
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Proof. Again we are going to apply Proposition 4.2, and this time also Theorem 6.2, with
the following input.

(Z, o) is a fixed metric minimal equicontinuous cascade (e.g., one can take (Z, o) to
be an irrational rotation on the unit circle). As above, we let Yo = S2, ¥ = ¥y x S1, and
consider the corresponding actions of Gp and §. We set Xg=Z x Yo, X = Z x Y x S!
and define the map 7wy : X — X as wx(z, y) = (z, 7 (y)), where 7 : (¥, §) — (Yo, o).
Clearly, property (x) and extreme proximality hold for the action of Gg on Yy. Therefore,
Proposition 4.2 applies, as well as Theorem 6.2. We pick any T = T in the intersection of
the residual sets provided by these theorems. We also fix a point zg € Z such that the orbit
of the point (zg, e), where e is the identity element of G, is dense in Z x G.

Given an infinite subset A C Yp with an infinite complement B = Yp\A, we
now consider the directed set {(E, F,n,¢):ECA, FCB,neN,e >0}, where
(E,F,n,e)<(E',F',n',e)ifandonlyif ECE', F C F/,n <n' and € < ¢. For each
(E, F, n, €), we choose V(g F n,e) € Z such that (in Z x §)

d(T(;(E,F.n,e) (ZO? 6), (ZOv g(E,F-,"))) < €.
If we let ¢1.(2) = $ (0F ' 2)9 0+ 22) - - (02 (2). then

T(;(E,F,n,e) (Z07 8) — (O—V(E,F,n.e)ZO’ ¢V(E,F,n,e) (ZO))-
It now follows that, along the directed set {(E, F, n, €)}, we have,in X =Z x Y,
lim 7, (z0, y, ¢) = (20, ua(y, ¢)), andin E(Y, §),

lim ¢U(E.F.n,s) (ZO) =UuUa,

where
(YO, _g)’ y € A,
(o, ¢), yeB=A°.

Thus, denoting g = lim T, the limit of the net T¢” EEm9 in (X, Tp), we have

q(z0, ¥, ¢) = (2o, ua(y, £)) = (20, yo, £&). (D

Now let v be any minimal idempotent in E(X, T'). Clearly, v restricts to Z as the
identity. By Lemma 4.1, for any y € Y, v(zo, y) = (vz0, vz,Yy) = (20, Vz,y), Where v,
is an idempotent in E(Y, §). We let myv,, = v,, be the corresponding idempotent in
E (Yo, S0). Because v is a minimal idempotent and because the extension P : (X, T) —
(Z, o) is proximal, it follows that v, is a minimal idempotent in E(Yp, Go): i.e., its range
is a singleton, a one-point set (in Yo = S2). We can further require, as we may, that this
single point be yg. We now have

Ve (3, &) = (o, E()¢)  forall (v, £) €Y =¥ x S, 2)

for some function & : Yo — S' and, as Uz, is an idempotent, we must have & (yp) = 1.
Next consider the element vg € E(X, Ty). It belongs to some minimal left ideal, say,
I C E(X, Ty) and (by (1) and (2))
vq (20, ¥, £) = v(z0, Yo, ££) = (20, Yo, §(y0) (££))
= (20, Y0, £&) = q (20, ¥, ) = (20, ua(y, ¢)).

uA(y7 C) =
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Denote by (vg)~! the inverse of vg, in the maximal subgroup of I which contains vg, and
let ig = vg(vg)~' = (vg) " 'vg. Then ii4 is a minimal idempotent in I and

1A (zo, ¥, &) = (20, ua(y, ¢)).

Again it is easy to check that, restricted to the fiber of X over zg, gty = iis for
any choice of sets A, A’ C Yy, as above. This implies that, for A # A’, the minimal
idempotents 14 and 4 belong to different minimal left ideals in E (X, T). In fact, if
they belong to the same minimal left ideal then, in E(X, T), we have st o = ti s, Which,
in turn, will imply the same equality for the restriction on the fiber over z, leading to the
equality 4 = i 4 on this fiber, which is a contradiction. It follows that E(X, Ty) has at
least 2° minimal left ideals. By cardinality arguments, mi(X, T3) < 2° and our proof is
complete. O
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A. Appendix. A proof of Lemma 3.1

We first recall the following lemma of Furstenberg from [5, Lemma 2]. Let V be a finite-
dimensional real linear space. P(V) will denote the corresponding projective space. If
v e V, v will denote the corresponding point of P(V); if W is a subspace of V, W will
designate the corresponding linear subvariety of P (V). Finite unions of linear subvarieties
will be called quasi-linear subvarieties. As for all algebraic subvarieties, these satisfy the
descending chain condition. This leads to the following lemma.

LEMMA A.l. Let 1, € GL(V) and let t, denote the corresponding projective
transformations. Assume that dett, = 1 and ||1,|| — 0o, where || - || is a suitable norm
on the linear endomorphisms of V. There exists a transformation i of P(V') whose range
is a quasi-linear subvariety C P(V), and a sequence {ni} with 7, (x) — m(x) for every
x € P(V).

In our case, where dim(V) = 2, the transformation 7 is either of the form g with
g € SLo(R), or it has the form 7w = my x, x,,» Where w(x) = x¢ for every x € P'\{x;} and
7 (x1) = x2 (possibly with xg = x7). Note that, in this case, the range of 7 consists of at
most two points.

Proof of Lemma 3.1. (1) First, consider the action of PSL>(R) on Y =P'. If gy = y for
g € PSLr(R) and every y €Y, then ge; =)»,~e,~,f 1,2, with A2 =1, so that g =

()6‘ koz) If |\ # |A2], then g(}) = (i;) and (}) +~ (i;) which contradicts our assumption.
Thus |A1| = |X2|, and hence g = id in PSL,(R). We conclude that the map g +— g, from
PSL,;(R) to E (Y, PSL,(R)) is a continuous injection.

Next assume that g,y — gy for g € PSLy(R), a sequence g, € PSL,(R) and every

y € Y. It follows from Furstenberg’s lemma that the topological space E (Y, PSL2(R))
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is Fréchet: i.e., its topology is determined by sequences, rather than nets. In other words,
the dynamical system (Y, PSL,(R)) is rame; see [9]. By Furstenberg’s lemma (and its
proof), we have pointwise convergence g, — h, with 4 a semi-linear map R> — R2. In
particular, gy = hy for every y € Y. But, as observed above, if / is not a linear map,
then & has a range that consists of at most two points; so it follows that / is an invertible
linear map. Now, the equality g =/ implies that g = & as elements of PSLy(R). Thus
the map g+ g from PSL(R) to E(Y, PSLy(R)) is a homeomorphism. Now, when
dealing with X, the space of rays, instead of ¥ =P! we have the canonical surjective
map E(X, SLr(R)) — E(Y, PSL>(R)). Again the map g — g € E(X, SL2(R)) is clearly
a continuous injection and, as we are now in a situation where rays are mapped onto rays,
it follows easily that the assumption ‘g,x — gx for g € SL,(R), a sequence g, € SL>(R)
and every x € X’ implies that g,, — g in SL>(R). Thus g +> g is indeed a homeomorphism
from SL,(R) onto its image in E(X, SL,(R)).

(2) This is easily checked.

(3)-(4) It follows from the discussion so far that an element p of E(Y, PSLy(R)) is
either of the form p = g for some g € PSLy(R) or it has the form p = i for some semi-
linear map A. If, in addition, p2 = p is an idempotent, then either p =id or it has the
form w = my,, where 7 (y) = yo for every y € Y. Now observe that there are exactly two
possible liftings of p to minimal idempotents u, u’ in E (X, SLy(R)), as claimed. This is
because X = S! is 1-dimensional; the situation is radically different when one goes to 2
and P? (see the proof of Theorem 6.3). This proves part (4) and part (3) follows as well. O
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