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Abstract. We introduce a general class of automorphisms of rotation algebras, the non-
commutative Furstenberg transformations. We prove that fully irrational non-commutative
Furstenberg transformations have the tracial Rokhlin property, which is a strong form
of outerness. We conclude that crossed products by these automorphisms have stable
rank one, real rank zero, and order on projections determined by traces (Blackadar’s
Second Fundamental Comparability Question). We also prove that several classes of
simple quotients of the C*-algebras of discrete subgroups of five-dimensional nilpotent
Lie groups, considered by Milnes and Walters, are crossed products of simple C*-algebras
(C*-algebras of minimal ordinary Furstenberg transformations) by automorphisms which
have the tracial Rokhlin property. It follows that these algebras also have stable rank one,
real rank zero, and order on projections determined by traces.

0. Introduction
Furstenberg introduced in [8] a family of homeomorphisms of S' x S', now called
Furstenberg transformations. They have the form

hy.a £(C1, &) = (€17 ¢, expQrif ()¢l 6),

with fixed y € R,d € Z, and f: S' — R continuous. For y ¢ Q and d # 0, Furstenberg
proved that &, 4, ¢ is minimal. These homeomorphisms, and higher dimensional analogs
(which also appear in [8]), have attracted significant interest in operator algebras (see, for
example, [30, 10, 15, 42, 43]) and in dynamics (see, for example, [9] and [45]).

For any 6 € R, the formula for the automorphism f + f o hy 4 r of C(S! x S!)
also defines an automorphism of the rotation algebra Ag. Taking the generators of Ag
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to be unitaries u and v satisfying vu = €27

Ag such that

uv, we obtain an automorphism ayg 4, 5 of

Aoy @) =eu and g, .a r(v) = expQrif(u))uv.

We call it a Furstenberg transformation on Ag. When 6 ¢ Q, it is the most general
automorphism « of Ay for which «(u) is a scalar multiple of u (Proposition 1.6).
Several special cases of these have been considered previously (see the discussion after
Proposition 1.6), but, as far as we know, not the general case.

In this paper, we prove that when 1, 6, y are linearly independent over Q, then ag 4, f
has the tracial Rokhlin property introduced in [29]. In particular, all non-trivial powers of
ag,y.d, f are outer in a strong sense. Combining this result with that of [29], we see that
C*(Z, Ao, ag .4, r) has stable rank one and real rank zero, and that the order on projections
over this algebra is determined by traces (Blackadar’s Second Fundamental Comparability
Question).

Other cases, in which 1, 0, y are linearly dependent over QQ, or even in which 6, y, or
both are rational, are also interesting, but the analysis becomes more difficult. Sometimes
the automorphism has the tracial Rokhlin property (see Theorem 3.7), sometimes the
automorphism does not have the tracial Rokhlin property but the crossed product is simple
anyway (see Example 3.8), and sometimes the crossed product is not simple (such as when
6 and y are both rational). It seems to be an interesting question to understand the structure
of the crossed products in these cases, but we leave it for future work.

The method of proof applies to other examples as well. In a series of papers
[25-28,49], Milnes and Walters have studied the simple quotients of the C*-algebras of
certain discrete subgroups of nilpotent Lie groups of dimension up to five. These algebras
are a kind of generalization of the irrational rotation algebras, which occur when the Lie
group is the three-dimensional Heisenberg group. Among the algebras in these papers, the
least is known about the algebras Ag’3 and A;’ﬁ of [26] and the algebras Ag’3(oz, B,v,8,¢)
of [28]. We show that each of these is the crossed product of a simple C*-algebra
(the C*-algebra of an ordinary minimal Furstenberg transformation on S! x S') by an
automorphism with the tracial Rokhlin property. Again, it follows that these algebras have
stable rank one and real rank zero, and that the order on projections over them is determined
by traces.

This paper is organized as follows. In §1, we define Furstenberg transformations on
rotation algebras, and prove some basic properties. Among other things, we compute the
ordered K-theory of the crossed product when 1, 6, y are linearly independent over Q,
and we identify several cases in which one can prove by elementary means that crossed
products of two different rotation algebras by two different Furstenberg transformations
are isomorphic.

In §2, we derive an easy-to-verify criterion for the tracial Rokhlin property. Let A be a
simple unital C*-algebra with tracial rank zero in the sense of [18, 19], and with a unique
tracial state. Then an automorphism of A has the tracial Rokhlin property if and only if
the corresponding automorphism of the type II; factor obtained from the tracial state via
the Gelfand—Naimark—Segal construction is aperiodic. This is a kind of generalization
of the equivalence of conditions (i) and (iii) in Theorem 2.1 of [13], and we essentially
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follow the proof there. In §3, we apply this result to g, 4, r in the case that 1,6, y are
linearly independent over Q, and also in the case 8 € Q, y = 0, d # 0, and f constant.
Section 4 contains the results on simple quotients of discrete subgroups of five-dimensional
nilpotent Lie groups.

1. Furstenberg transformations on rotation algebras
For 6 € R let Ay be the usual rotation algebra, generated by unitaries # and v satisfying

vu = ey,

Definition 1.1. Let 0,y € R, letd € Z, and let f: S! — R be a continuous function.
The Furstenberg transformation on Ag determined by (0, y, d, f) is the automorphism
ag,y.d, f of Ag such that

oy @) =eu and g a4 r(v) = expQrif(u))uv.

We check below that ag,y, 4, r is an automorphism. It might be called a non-commutative
Furstenberg transformation. Note that the parameter 8 does not appear in the formulas;
its only role is to specify the algebra on which the automorphism acts.

Special cases of these have been studied previously. See the discussion after
Proposition 1.6.

LEMMA 1.2. Let 6,y € R, letd € Z, and let f : S' — R be a continuous function.
Then there is a unique automorphism given by the formulas in Definition 1.1.

Proof. One checks easily that

uo = ey and vy = expmif(u))uv
are unitaries which satisfy the commutation relation voug = 279 yovg. Therefore there
is a homomorphism ag,y 4, f Which sends u to up and v to vg. Uniqueness is obvious.
To prove that it is an automorphism, we exhibit an inverse. With g(¢) = — f (e 277 ¢) +

dy for ¢ € S!, one can check that oy _4 ¢ is a two-sided inverse for o, 4, 7. a

We are interested in the crossed products C*(Z, Ag, ag .4, f) by these automorphisms.
There is some immediate redundancy, which we exhibit in the next three lemmas.

LEMMA 1.3. Let0,y € R, letd € Z, and let f : S! > Rbea continuous function. Then
C*(Z,Ag,00,y,4,f) = C* (L, Ay, 0y 6,—d,— f)-
Proof. Let w be the canonical implementing unitary of the crossed product
C*(Z, Ap, a6,y.d,1)-

Then C*(Z, Ag, ag,y.d, f) is the universal C*-algebra generated by three unitaries u, v, w,
subject to the relations

271191,“},

v =e wuw®* =¥y, and wvw* = exp2mif w))u’v.

We take adjoints in the third relation, exchange the first two, and rearrange algebraically,
to get

wu = eV yw,  vuv* =%, and vwv* = exp(—=27if w)u " w.
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The universal C*-algebra generated by unitaries satisfying these relations is
C*(Z, Ay , ay,&,—d,—f),
with v playing the role of the implementing unitary of the crossed product. a

LEMMA 1.4. Let 0,y € R, letd € 7, and let f : S' — R be a continuous function.
Letk,l € Z. Set g(¢) = f(e*™9¢) + (Id — k). Then

k.l
Ad(u"v') oag y.d,f = o,y1i0,d,g-
Moreover, the crossed products by ag 4. r and ag 11,4, are isomorphic.

Proof. The first statement is a computation. The second is then a special case of the
isomorphism C*(Z, A, Ad(u) o @) = C*(Z, A, ) for any unitary u. Lacking a suitable
reference for this isomorphism, we outline the proof here. The actions of Z generated by
o and Ad(u) o o are exterior equivalent, in the sense of 8.11.3 of [34], via the cocycle
defined by u, = ua(u)---o"'(u) forn >0andu_, = a™" (u}y) for n > 0. The crossed
products are then isomorphic as in the proof of Theorem 2.8.3(5) of [35]. O

LEMMA 1.5. Let6,y € R, letd € Z\ {0}, and let f : S' — R be a continuous function.
Letr € R, and set g(¢) = f(e*"/4¢) + r. Then the automorphism B of Ag, determined
by B(u) = exp(mir/d)u and B(v) = v, satisfies

-1
Boagydarob =aoyds
Moreover, the crossed products by g 4. f and ag y 4.¢ are isomorphic.

Proof. The first statement is a computation. The second statement is immediate from the
first. a

In this lemma, one does not get anything new by taking 8(v) = exp(2wis)v.
As we now show, when 6 € R \ Q, automorphisms of the form o, 4, s are the most
general automorphisms of Ay which send u to a scalar multiple of u.

PROPOSITION 1.6. Let 6 € R\ Qandlet y € R. Let « € Aut(Ay) be an automorphism
such that a(u) = e*™Vu. Then there exist d € 7 and a continuous function f: ' — R
suchthatoa = og y 4, f.

Proof. We have
ua()u* = [ ula @) ul* = a(uou®) = e " (v).

Therefore u commutes with a(v)v*. Since 6 is irrational, C* (1) is a maximal commutative
subalgebra of Ay by Corollary 3.3.3 on p. 79 of [48]. (See the previous page of this
reference for the notation.) So there is a continuous function g: S' — S! such that
a(v)v* = g(u). We may write g(¢) = exp(2nif(§))§d for suitable d € Z (the degree
of g) and a suitable continuous function f: S! — R. Then a(v) = exp(ZTrif(u))udv,
whence o = a4, 1. a
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When 6 = 0,d # 0, and y € R\ Q, then oy, 4, r is a minimal Furstenberg
transformation on the torus, as first introduced in §2 of [8]. Crossed products by these
have been well studied, sometimes only in special cases such as f constant or d = 1,
and sometimes in considerably greater generality, such as in higher dimensions. See,
for example, §4 of [30], [45], [15], Example 4.9 of [36], and [43]. When f is smooth,
this homeomorphism is uniquely ergodic by Theorem 2.1 of [8], and it follows from [24]
(also see the survey article [23]) that the crossed product is classifiable. More recently,
classifiability has been proved whenever f is uniquely ergodic [22]. In particular, the
crossed product does not depend on the choice of f, and when d = 1 it is an AT algebra.
For arbitrary continuous f, Theorem 2 (in §4) of [9] shows that the Furstenberg
transformation need not be uniquely ergodic. (See the discussion in Example 3.8 below.)

The case d = 1 and f equal to the constant function 0 has been studied by Packer
[31, 32]. She classified the crossed products up to isomorphism and Morita equivalence,
and computed the ordered K-theory. In the case that at least one of 6 and y is not rational,
she also proved that the projections satisfy cancellation.

Thecase y =0,d = 1,and 8 € R\ Q has been considered by Kodaka and Osaka [16].
They have shown that o 0,1, ¢ is outer. Lemma 1.3 shows that in this case the crossed
product is isomorphic to the transformation group C*-algebra of a minimal Furstenberg
transformation on the ordinary torus. Using Lemmas 1.4 and 1.3, one can show that if
6 € R\ Qbut 1, 0, y are linearly dependent over Q, then

C*(Z, Ag, ap,y.4,f) = C*(Z, Agy, %6y, v0.do, fo)

with 6y € Q, that is, the crossed product is isomorphic to the crossed product of a
Furstenberg transformation on a rational rotation algebra. Although we will not consider
such crossed products in this paper, it is plausible that one can relate them to the
transformation group C*-algebras of ordinary Furstenberg transformations using Morita
equivalence.

We compute the K-theory of the crossed product by a Furstenberg transformation on Ag
when 6 and y are not both rational. The computation of the groups is valid without this
restriction. The statement about the range of a tracial state should be as well, but we do not
investigate the rational case further here.

LEMMA 1.7. Let 0,y € R, letd € Z, and let f: S' — R be a continuous function.
Let B = C*(Z, Ap, ag,y.4,1). Suppose 0 and y are not both rational and d # 0. Then

Ko(B)=Z> and Ki(B)=Z’®Z/dZ.
Moreover, if T is any tracial state on B, then t.(Ko(B)) = 7Z 4 07 + yZ.

Proof. By Lemma 1.3, without loss of generality 6 ¢ Q. Let @ = ayp,y,q, r. Without loss
of generality 0 < 8 < 1. Lett : Ag — B be the inclusion map. The composition T o ¢ is
the unique tracial state on Ag, and we denote it again by t.
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We use the Pimsner—Voiculescu exact sequence [39], which here takes the following
form.

id—a;!

Ko(Ag) ——— Ko(Ag) —— Ko(B)

expT la

K1(B) =—— Ki(Ag) <——— Ki(4p)
Recall that Ky(Ag) = 72 with generators [1] and [p], where p € Ay is a projection
with 7(p) = 6. Also, recall that K1(Ayp) = 72 with generators [u] and [v], the classes
of the standard unitary generators. The induced map o, on Ko(Ap) is the identity, since
Ko (Ap) has no non-trivial automorphisms preserving order and [1] when 6 ¢ Q. We have
[€27V 4] = [u] and [exp(Q,nif(u))udU] = d[u] + [v], so oy on K1(Ap) has the matrix

]

Therefore the upper left horizontal map in the sequence above is zero and the lower right

horizontal map is
0 d
0 0/

The computation of the groups follows easily.

It remains to determine the range of 7. If y = 0 then the result on the range of the
tracial state follows from Lemma 1.3 and Example 4.9 of [36]. If y is rational, we may use
Lemma 1.4 to replace y by y + 6. Accordingly, we may assume y ¢ Q. We may further
assume 0 < y < 1.

Let ug € C(S') be the standard generating unitary, and let ¢: C(S') — Ay be the
homomorphism determined by ¢(xo) = u. Then ¢ is equivariant for the automorphisms
up — €2y of C(S') and « of Ag. Therefore there is a homomorphism ¢ : A, — B of
the crossed products. Taking suitable portions of the Pimsner—Voiculescu exact sequences
for these crossed products, we get the following commutative diagram with exact rows.

* 0,
0—— KOs — 2+ Ko(A,) — 2~ gl(s)) ——>0

U : idfot;1
0 — Ko(Ag) — Ko(B) — Ki1(Ag) — Ki(Ap)

As for Ay, the composition T o ¥ is the unique tracial state on A,, and we write simply 7.
Further, Ko(A,) = 72 with generators [1] and [¢], where g € A, is a projection with
T(g) = y. Moreover, do([g]) = [uo].

We claim that Ko(B) is generated by [1], tx([p]), and ¥ ([g]). Since these have trace
1, 0, and y, the result will follow. Let w € Ko(B). Then

d(w) € Ker(id—a; ) = Z - [u].
Choose m € 7Z such that d(w) = m[u]. Then

d(m([q])) = m - ¢ 0 do([q]) = m@«([uo]) = m[u] = d(w).
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Therefore d(my«([q]) — w) = 0, so there are k,I € Z such that my,([q]) — © =
tx(k[1] + [ p]). Thus w = k[1] + [t ([p]) + my¥.([q]), as desired. O

To further analyze the crossed products by the Furstenberg transformations «yg .4,
with 1, 6, y linearly independent over Q, we need to show that these automorphisms have
the tracial Rokhlin property. In the next section, we give a general method for proving this

property.

2. The tracial Rokhlin property in terms of trace norms
We recall the definition of the tracial Rokhlin property (Definition 1.1 of [29]).

Definition 2.1. Let A be a stably finite simple unital C*-algebra and let « € Aut(A).

We say that « has the tracial Rokhlin property if for every finite set F C A, every ¢ > 0,

every n € N, and every non-zero positive element x € A, there are mutually orthogonal

projections eg, ey, . .., e, € A such that:

(1) Jla(ej) —ejrill <eforO<j<n-—1,

(2) lleja—aej|]l <eforO<j <nandalla € F;

(3) withe = Z;:() ej, the projection 1 — e is Murray—von Neumann equivalent to a
projection in the hereditary subalgebra of A generated by x.

The definition requires no condition on a(e,).

The main result of this section is a criterion for the tracial Rokhlin property for an
automorphism « of a simple unital C*-algebra A with tracial rank zero and unique tracial
state, namely that o should induce an aperiodic automorphism of the type II; factor
obtained as the weak operator closure of A in the Gelfand—Naimark—Segal representation
associated with 7. It is a kind of generalization of the equivalence of conditions (i) and (iii)
of Theorem 2.1 of [13]. We follow the outline in §4 of [13], but we give the details omitted
there. Some of the lemmas here are of independent interest, such as the approximate
supremum of finitely many projections in a C*-algebra with real rank zero (Lemma 2.3).
In Theorem 2.14, we also show, under the same hypotheses as above, that the tracial
Rokhlin property is equivalent to an analog of the Rokhlin property in which operator
norm estimates are replaced by trace norm estimates.

Since the following computation will be used several times, we state it separately.

LEMMA 2.2. Let A be a C*-algebra, and let a € A satisfy 0 < a < 1. Then
lab — b|| < [2|labb* — bb*||1'/? for every b € A.

Proof. We have
llab — bl|* < llabb* — bb*| - |a*|| + llabb* — bb*|| < 2|labb* — bb*|.
Take square roots. O

The following lemma is an approximate version for C*-algebras with real rank zero of
the projection onto the closed span of finitely many subspaces. We get the correct size
control on the projection, but it only approximately does the correct thing on most of the
subspaces.
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LEMMA 2.3. Let A be a C*-algebra with real rank zero. Let qo,q1,...,qn € A be
projections, and let ¢ > 0. Then there exists a projection e € A such that:
() qo=<e;

(@) llegk —qxll < e forl <k <n;
B) eZgPa D Dgnin My (A).
Proof. We first prove this whenn = 1. Set p = gp and ¢ = ¢1. Since A has real rank
zero, there is a projectionr € (1 — p)qAq (1 — p) such that

lr(1 = p)g(1 = p) — (1 — p)g(1 = p)Il < 3>,
Then ||[r(1 — p)g — (1 — p)gll < € by Lemma 2.2. Sete = p + r. Clearly ¢ > p, which
is part (1). We have

lleg —qll = llepg +e(1 = p)g —qll = llpg +r(1 = p)g — 4|
= r(l = p)g = (1 = p)ql <e,
which is part (2). Finally, it follows from Lemma 4.1 of [29] that r is Murray—
von Neumann equivalent to a projection in g(1 — p)A(l — p)g C qAq. Soe 3 p D q,

which is part (3).

The general case is proved by induction. If the statement holds for n, and
40,91, ---,9n+1 € A are projections, then we find ey for go,q1,...,qn € A by
the induction hypothesis and e for the projections ep and ¢,4+; by the case n = 1.
This projection satisfies the conclusion of the lemma. a
COROLLARY 2.4. Let A be a C *-algebra with real rank zero. Let qo,q1,-..,qn € A be
projections, and let ¢ > 0. Then there exists a projection e € A such that:

() e <gqos

() llgke —ell <eforl <k <n;

() el = 1] = k=11 = [gx]) in Ko(A).

Proof. Apply Lemma 2.3 with the same value of ¢, and with 1 —¢go, 1 —¢1,...,1 —¢g, in

place of qo, q1, . . . , gn. Call the resulting projection f. Thentakee =1 — f. O
The next several lemmas will be used to control the traces of various projections that

we construct.

LEMMA 2.5. Let ¢ > 0. Then there is a continuous function g: [0, 1] — [0, 1] with
g(0) = 0 and g(1) = 1 such that whenever A is a C*-algebra with real rank zero, and
a € A satisfies ||la|| < 1, then there exists a projection e € A such that g(aa™)e = e and
llea — al| < e.

Proof. Set ey = %82. Define continuous functions g, i: [0, 1] — [0, 1] by

—1
gy t, 0=t =<eo,
g(t)={°

1, gg <t <1,
and
0, 0<t<ep,
h(t) = yeg'(t —e0), 0 <t < 2,
1, 20 <t <1.
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Then ||h(aa*)aa™ — aa™| < 2&p. Therefore Lemma 2.2 gives

Ih(aa*)a — al| < v/2e0 = 3e.
Since A has real rank zero, there is a projection e in the hereditary subalgebra B of A
generated by h(aa™) such that ||eh(aa™) — h(aa™)| < %8. Now

lea —all < ell - lla — h(aa®)all + |eh(aa™) — h(aa™)| - lla| + |h(aa*)a — a|
< %84—%84—%8:8.
Also g(aa*)e = e because g(aa*)b = b forall b € B. O

LEMMA 2.6. Let g: [0,1] — [0, 1] be a continuous function such that g(0) = 0 and

g(1) =1, and let ¢ > 0. Then the following hold.

(1)  There exists 5 > 0 such that, whenever w is a state on a C *-algebra A and a € A
satisfies 0 < a < 1 and w(a) < 6, then w(g(a)) < ¢.

(2) There exists 5 > 0 such that, whenever w is a state on a C *-algebra A and a € A
satisfies 0 < a < 1 and w(a) > 1 — 6, then w(g(a)) > 1 —¢.

Proof. We prove part (1). Choose §o > 0 such that g(r) < %8 for all + € [0, 5o].
Setd = %850. Let @ and w be as in the hypotheses of part (1).

By considering the homomorphism ¢: C([0,1]) — A which sends the function
h(t) = t to a, and the state w o ¢, we reduce to the case A = C([0, 1]) and a = h.
Then there is a probability measure p on [0, 1] such that w(f) = fol fdu for all
f € C([0, 1]). The assumption w(h) < § becomes fol tdu(t) < 8. Fromt > 8o xs,,11(t)
we get dou ([So, 1]) < &, whence w([do, 1]) < %8. Since g < 1, we now get fﬁlo gdu < %8.
Also

8 .
/ gdp < 5u([0.80]) =
0

N ™

Putting these together gives w(g(a)) = fol gdu <e.
For part (2), apply part (1) to the function h(¢) = 1 — g(1 —¢). If w(a) > 1 — § then
w(l —a) <§,sowh(l —a)) <e, whencew(g(a)) =1—wh(l —a)) >1—e¢. O

LEMMA 2.7. Let g: [0, 1] — [0, 1] be a continuous function such that g(0) = g(1) =0,
and let ¢ > 0. Then there exists § > 0 such that, whenever w is a state on a C *-algebra A
and a € A satisfies 0 <a <1 and w(a — a?) < 8, then w(g(a)) < e.

Proof. Choose 8y > 0 such that 8o < 5 and g(t) < 4e forall t € [0,80] U [1 — &, 1].
Set§ = %850. Let a and w be as in the hypotheses. As in the proof of Lemma 2.6,
we may assume that A = C([0, 1]), that a(¢z) = ¢ for all 7, and that there is a probability
measure i on [0, 1] such that w(f) = fol fduforall f e C([0, 1]). Fort € [80, 1 — o]
we have t — 12 > §) — 83 > %50. From fol (r — t2) du(t) < éE(S() we therefore get
(80, 1 — 80]) < 1e. So

8o 1-8¢p 1
w(g(a))=/O gdu+/ gdu+/ gdp

8o 1-3g
< gu([O, 80) + 1 ([0, 1 — So]) + gu([l — 0. 1) <&

This completes the proof. a
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We will make extensive use of the LZ-norm (or seminorm) associated with a tracial
state T of a C*-algebra A, given by |lal2: = t(a*a)V/?.
Lemma V.2.20 of [46] for more on this seminorm in the von Neumann algebra context.
All the properties we need are immediate from its identification with the seminorm in
which one completes A to obtain the Hilbert space H; for the Gelfand—Naimark—Segal
representation associated with 7, and from the relation t(ba) = t(ab) for a,b € A.
In particular, we always have ||abc|2,r < |la| - |bll2,¢ - llc|| fora, b, c € A.

We prove here L? analogs for C*-algebras with real rank zero of various norm
approximation results. These are probably well known in von Neumann algebras.

However, as we see here, all that is really needed is real rank zero.

See the discussion before

LEMMA 2.8. Forevery e > Qandn € N, there is 5 > 0 such that the following holds.
Let A be a unital C*-algebra with real rank zero, let T C T(A), and let
D, f1. fa, ..., fu € A be projections such that ||pfxll2.r < 8§ for1 < k < n and all
T € T. Then there exists a projection e € A such that:

1 e=p;

@) llefill < eforl <k =n;

3) t(e)>7t(p)—¢cforalteT.

Proof. Choose g as in Lemma 2.5 for %8 in place of e. Apply Lemma 2.6(1) with this g
and with n~lg in place of &, and let 8 be the resulting positive number. Set § = (Sé/ 2,

Let the C*-algebra A, the subset T C T (A), and the projections p, f1, f2,..., fu € A
be as in the hypotheses, with this choice of §. By the choice of g, for each k there is a
projection gy such that g(pfi p)gx = qx and |lgxpfix — pfxll < %8. Apply Lemma 2.3 in
the C*-algebra pAp to find a projection g < p such that ||gqr — gi|| < %8 forl <k<n
andg 2q1 D@ ®---Dg,in M,(pAp). Thensete = p — q.

That e < p is clear. To prove part (2), we estimate, using g < p at the second step,

lefill = lpfi — qfkll = I pfc — qpfl
< lpfe — akpfill + gk — qqill - lIpfil + gl - gk pfic — pficll
< %84‘%84‘%8:8.
For part (3), for t € T we use the choice of §p and the hypothesis 7 (pfi p) = || pfk ||§ <
82 = 8 to conclude that 7 (g(pfip)) < n 'e. So g(pfip)gr = qi gives

1/2

t(q0) = (g (pfip) Pag(pfip)'?) < t(g(pfip)) <nle.

Therefore 7(q) < Y ;_; T(qk) < &, whence T(e) = T(p) — T(q) > T(p) —&. d

LEMMA 2.9. Foreverye > Qandn € N, there is § > 0 such that whenever A is a C *-
algebra with real rank zero, T C T(A), r € A is a projection, and p1, p2, ..., pn € rAr
are projections with ||pjpilla,c < 6 for j # k and © € T, then there exist mutually
orthogonal projections q1, q2, . . ., qn € 1 Ar such that ||qx — pill2. < € for all k and all
tel.

Proof. We prove this by induction on n. The statement is trivial for n = 1.
Suppose therefore that the statement is known for a particular value of n, and let ¢ > O.
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Choose Jp for the statement with n projections and with %8 in place of €. Set §; =
min(%éo, %8). Choose 6; > 0 so small that whenever f, g are projections in a C*-algebra
B which satisfy || fg|| < &2, then there is a projection 2 € B such that fh = 0 and
lg —h| < 81. We also require § < ¢2. Choose 8 > 0 as in Lemma 2.8 for the given value
of n and with §, in place of &. We also require § < %50.

Now let A, T, and r, p1, p2, ..., Pnt+1 € A be as in the hypotheses, with this value of §.
Use the choice of § following Lemma 2.8 to find a projection g,+1 € A with g,+1 < ppt1
such that ||g+1pkll < §2 forl <k <mand 1(py+1 —gn+1) < 82 forall T € T. Then also
Ilgn+1 + (1 — r)Ipkll < 82 for 1 < k < n. Use the choice of §; to find projections
e1,e€2,...,e, € A which are orthogonal to g,,4+1 + (1 — ) and satisfy |lex — pkll < &1 for
1<k <n.

For j # k we now have

lejexllze < llej — pjll - llexl2,e + Ilpjll2e - llek — pill + lpj pll2e < 281 + 6 < do.
Apply the induction hypothesis with ej, e2, ..., e, in place of pi, p2,..., p, and with
r —gn+1 in place of r, obtaining mutually orthogonal projections g1, g2, - . -, gn < F —qn+1
with |lgk — ekll2.r < }Ts forallk andall t € T. Thenfor 1 <k <nand t € T we have
gk = Pellae < llgk = exll2e + llex — pill < g6 +81 <e.
Since also ||gni1 — pas1ll® < 82 < €% (using gui1 < pns1), this completes the proof. O
The next two lemmas are special cases of Lemma 2.12, but are used in its proof. In the

first, we could presumably, with more care, also require || pg — q| < €.

LEMMA 2.10. For every ¢ > 0 andn € N, there is 5 > 0 such that, whenever A is a
unital C*-algebra with real rank zero, T C T (A), and (e k)1<j k<n is a system of matrix
units for a copy of M,, in A with identity e, and whenever p € A is a projection with p < e
such that ||[p,ejilll2,c < 8 for1 < j,k < nandallt € T, then there is a projection
q € Awith q < e that commutes with all e ;. and such that ||q — pll2,: < eforallt € T.

Proof. Use Lemma 5.1 of [29] to choose a continuous function g: [0, 1] — [0, 1] such
that g(0) = 0, such that g(1) = 1, and such that, whenever A is a C*-algebra with real
rank zero and a € A satisfies 0 < a < 1, then there is a projection f € aAa such that

laf — 1l < 6i and || fg(a) — g(@)] < —.
n 6n

Apply Lemma 2.7 to the function h(t) = (t — g(1))? with ﬁn_zsz in place of e.
Let o > O be the resulting number. Set
5 = min( v/280, — ).
2n?

Now let A, T', (¢ x)1<j,k<n» €, and p be as in the statement of the lemma. Then, using
the trace property several times at the last step,

280 = 8% > t([p, e111*[p, e1,1])
- T(el,lpel,l + pei,1p —ey1pei1p — Pel,lpel,l)

=2t(e1,1per1 — (e11pe11)).
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With a = ej 1pey.1, the choice of &g gives T((g(a) — a)?) < ﬁn_zsz forallt € T.

The choice of g then gives a projection f € aAa C e;,1Aey,1 such that

laf — fII < 6i and | fg(a) — g(@)l| < —.
n 6n

We estimate
I f —alz: = If— fall+1Ifll-lla—=g@lz2:+ I fgl@) — gl@ll + llgla) — alla,x
£ n g2 \'/? n £ n g2 \'/? £
< — _— — _— = —.
6n 144n? 6n 144n? 2n

Now set ¢ = Y j_jex1fei k. Clearly g commutes with all ¢jx and ¢ < e =
Y i—; ek.k- We estimate || p — gll2,-, in several steps. First, for j # k we have

I
llej,jpekxllz,e < lllej,j, plll2,cllexxll <8 < 2
Second, we get
llexk pekx — ex,1 ferkllz,e < llexkpexk — ex1perkllz,e + ller,iperr — fli2,c
< llexill - llp, ex1lll2,c - lerill + I f —all2.«
5 + £ < £ i £

< — < — 4+ —.

2n T 20?2 2n

Adding things up, we get

n
P —ql2.: = Z lex.kperk — ek ferkllze + Z llej.jpek.ll2.c
k=1 7k

< £l + (n* —n) ° €
n| — + — n—n)|-—|=ce
2n2  2n 2n?

This completes the proof. |

LEMMA 2.11. For every e > 0 andn € N, there is § > 0 such that, whenever A is a
unital C *-algebra with real rank zero, T C T(A), and ey, ea, ..., e, € A are projections
such that Zzzl ex = 1, and whenever p € A is a projection such that ||[ p, ex]ll2.- < 8 for
1 <k <nandallt € T, then there is a projection q € A which commutes with all ey and
such that ||g — pll2.c <eforallt eT.

Proof. The proof is essentially the same as that of Lemma 2.10. Let g, §, and § be as there.
With A, T, eq, ea, ..., ey, and p as in the hypotheses, for 1 < k < n let ar = ex pex, and
use the method of the first part of the proof of Lemma 2.10 to find projections f; € exAex
such that || fx — akll2.r < %n_ls. Setg = Zzzl Jx- Using the method of the second part
of the proof of Lemma 2.10, slightly simplified, one gets

lg — pllac < n<§) + (- n)<§) <e

as desired. O

https://doi.org/10.1017/50143385706000277 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385706000277

Noncommutative Furstenberg transformations 1635

LEMMA 2.12. For every ¢ > 0 and every finite dimensional C *-algebra E, there is § > 0
such that, whenever A is a unital C *-algebra with real rank zero, T C T (A), S is a system
of matrix units for E, and ¢ : E — A is a unital homomorphism, and whenever p € A is a
projection such that ||[p, ¢(x)]ll2.c <& forallx € S and v € T, then there is a projection
q € A which commutes with ¢(E) and such that |q — pll2.c < eforallt €T.

Proof. Write E = @}_; M,). Apply Lemma 2.10 with %n_ls in place of ¢ and with
the values r(1), 7(2), ..., r(n) in place of n. Let §o > 0 be the minimum of ¢ and the n
resulting values of §. Apply Lemma 2.11 with %50 in place of ¢ and with the given value
of n, and let 61 > O be the resulting number. Set R = max(r(1),r(2),...,r(n)), and set
8 = min(R~15y, 180).

Now let A, T, E, S, and p be as in the statement of the lemma. Let eq, ez, ..., e, be
the minimal central projections of E, with ¢ being the identity of M, ). Since ey is a sum
of r(k) < R elements of S, we get [|[p, p(ex)]ll2, < RS < §; for 1 < k < n and for all
Tt € T. Therefore there is a projection f € A which commutes with all ¢(ex) and such
that || f — pll2.c < %80 forall T € T. Set fr = fo(ex). For s € § a matrix unit for the kth
summand M, ), we have [¢(s), fi] = [¢(s), f], so

(), fillze < 20F — placle® N+ Iles). plil2.c < 380 + 380 = do.

Applying Lemma 2.10 to the set of all such ¢(s) with k fixed, and with e; in place
of e, we obtain a projection gx < e that commutes with all such ¢(s) and satisfies
gk — fillo.r < %n_ls. Set ¢ = > j_; qk, which is a projection that commutes with
all elements of E and satisfies

n
1 —1 1
lg — fll2,r < lgx — fill2,c <n(zn~"¢) = 5e.
2 2
k=1

So llg — pllo;r < %e + 80 < e. o

LEMMA 2.13. Let A be a simple separable unital C*-algebra with tracial rank zero.
Leta: T' — Aut(A) be an action of a discrete group. Let F C I" and S C A be finite sets,
and let ¢ > 0. Then there exist projections q, qo € A, unital finite dimensional subalgebras
E C gAq and Ey C qoAqo, and automorphisms ¢, € Aut(A) for y € F U {1}, such that:
(1) @1 =idaandl|l¢y —ay| <eforally € F;

(2) foreveryy € FU{l}andx € E, we have qop, (x) = ¢, (x)qo and qop, (x)qo € Eo;
(3) foreverya € S, we have ||qga — aq|| < € and dist(qaq, E) < &;

@) t(l—qg), (1 —qo) <eforallt € T(A).

Proof. Since A has tracial rank zero, there is a projection ¢ € A and a unital finite
dimensional subalgebra E C gAgq, such that (1 — g) < ¢ forall T € T(A), and such
that for every a € S we have ||ga — aq| < ¢ and dist(gaq, E) < ¢. With this choice,
condition (3) clearly holds, as does the part of condition (4) which applies to g.

Use Lemma 2.5.10 of [17] to find § > O such that, whenever B and C are unital
subalgebras of a unital C*-algebra A such that dim(B) < dim(E) + 1 and such that B
has a system of matrix units each of which has distance less than § from C, then there is a
unitary u € A with |ju — 1| < %8 such that u*Bu C C.
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Let Ty be a system of matrix units for £ + C(1 — ¢g), and set T = UyeFu{l} ay, (Tp).
Using again the fact that A has tracial rank zero, find a projection p € A and a unital
finite dimensional subalgebra D C pAp such that (1 — p) < ¢ for all T € T(A),
and such that for every a € T, we have ||pa — ap| < %5 and dist(pap, D) < %5.
Set B= D+ (1 — p)A(1 — p), and observe that if a € T then

dist(a, B) < |la — [pap + (1 — p)a(1 — p)]|| + dist(pap, D)
<2|l[p, alll + dist(pap, D) < é.

Using the choice of § on the system of matrix units e, (Tp) for the subalgebra «) (E +
C(1 — g)), choose for each y € F U {1} a unitary u,, € A with [lu,, — 1| < ie such that

u;jay(E +CA —g)uy, CD+1—-pAQ - p).

Now set go = u1 pu} and Eg = uy Duy. This gives

E+C(l —¢g) C Eo+ (1 — go)A(1l — qo).
Further define ¢, (x) = [ulu;j]ay (x)[ulu;j]* for x € A. Then ¢; = id4 and

loy —ayll = 2flur — L + 2fuy, — 1] <eé.
Thus condition (1) holds. Condition (2) follows from

u1[D + (1 = p)A(l — p)luj = Eo + (1 — g0)A(1 — qo),

and the remaining part of condition (4) holds by construction. o

In the following theorem, condition (3) can also be weakened to require merely
Yo T(ex) > 1 — ¢ forevery T € T(A).

THEOREM 2.14. Let A be a simple separable unital C *-algebra with tracial rank zero.
Let o € Aut(A). Then o generates an action of Z with the tracial Rokhlin property if and
only if for every ¢ > 0, every n € N, and every finite subset S C A there exist orthogonal
projections eg, e1, ..., e, € A such that:

(1) a(ex) —ek+1llar <eforO0 <k <n—1landallt € T(A),

2) |lex,alllz,r <efor0 <k <n,alla e S, andall t € T(A),

3) Y pex=1

Proof. Suppose « generates an action of Z with the tracial Rokhlin property. Let ¢, S,
and n be given. We may assume that |la|| < 1 for all a € §. Since A has tracial rank
zero, Corollary 5.7 and Theorems 5.8 and 6.8 of [19] imply that the order on projections
over A is determined by traces. (The definition is recalled in Definition 3.4 below.)
We apply Lemma 1.4 of [29] with min(%e, 582) in place of ¢. Call the resulting projections
fos fisooos fu Set f =371 fi,seteo = fo+1— f,andsete; = fjforl < j <n.

Since [leo — foll2,r = (1 — f)V/2 < 1e and |lall2,r < |la]l forall T € T(A), itis easy to

show that e, ey, . . ., e, satisfy the conditions of the theorem.
Now we prove the other direction. Let S C A be a finite set, let ¢ > 0, and let
n € N. Without loss of generality ¢ < 1. We construct projections eg, €1, . . ., ¢, such that

lloe(er) — ex+1ll < e for0 <k <n — 1, such that ||[ex, a]|| < e fora € Sand0 < k <n,
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and such that 1 — >}_,7(ex) < ¢ forall t € T(A). By Lemma 1.4 of [29], this is
sufficient.

Choose g9 > 0 with gy < %s(n + 1)_l and so small that whenever pg, p1, ..., Pn
are projections in a C*-algebra B which satisfy ||p;p«|l < 4eg for j # k, then there are
orthogonal projections eg, e1, ...,e, € B such that eg = pg and |lex — pr| < %8 for
1<k<n.

Apply Lemma 2.8 with &g in place of ¢ and with n as given, and let &1 > 0 be the
resulting value of 6. We also require 1 < &g. Then set

. 8% €1 &
g=min|l, —, —, — ).
16 2(n+3) 18

Set
n
T=|)a k).
k=0
Apply Lemma 2.13 with &, in place of &, with T in place of S, and with {—n, —n +
1,...,1,0} in place of F. We obtain projections g, qo € A, unital finite dimensional

subalgebras E C gAq and Ey C qoAqo, and automorphisms ¥, = ¢_; € Aut(A) for
—n < k < 0 as there. Apply Lemma 2.12 with &3 in place of ¢ and Eg + C(1 — gg) in
place of E, obtaining § > 0.

Apply the hypothesis with n as given, with § in place of &, and with a system
of matrix units for Eg + C(1 — gg) in place of S, getting projections pg, p1, ..., Pn.
Let By = AN[Ey+ C(1 — go)]’, the subalgebra of A consisting of all elements which
commute with everything in Eg + C(1 — go). Apply the choice of § using Lemma 2.12
to po, obtaining a projection f € By which satisfies || f — poll2,r < &z forall T € T(A).
Since g is in the center of Eg+ C(1 —qo), the element fy = go f is also a projection in By.
Since goy¥r(E)qo C Ejp, it follows that fo commutes with all elements of oy (E)go and
hence with all elements of ¥ (E). Therefore fi = v ! (fo) commutes with all elements
of E, including g. So fi also commutes with 1 — g. We estimate || fo fk||2,- for T € T(A).
To start, || f — poll2. < &2 and

2
1fo = fllae = t((1 = go) HV? < t(1 — go)'/? < &)/* < Ley,

SO
I fo— pollae < lfo— fllze + I1f = polloe < &1 + &2

Now for 1 <k <n we get
Il fe — & o)l = I (fo) — o (fodll < Iyt — o)l

-1 —k k
= I lle™ = el - lle™ || < 2.

So
I fe = pelle < Ifie — &XCfo)llae + llek (fo) — X (po)lla,c + Nk (po) — prlla.e
k—1
< i = )+ 1o = Polla, cout + Y Nlet(pj) = pjsillz, rous
j=0

<&+ (hei1+e) +ney =ty + (n+ 2)en.
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Therefore,

Il fo fell2,c = Il fofk — popill2,e < Ilfo— pollz,c - Lfell + llpoll - | fe — prll2,c
< (%81 + &) + (}—;81 +(n+2)e) = %81 +(+3)er <ey.

We saw that fo, f1,...,fu € B = AN[E + C( — g)]. This algebra has real
rank zero because E 4+ C(1 — ¢) is finite dimensional. Therefore Lemma 2.8, applied
to B with {t|p: T € T(A)} in place of T, and the choice of €1, provides a projection
g€ AN[E+ C( — q)] suchthat g < fp, such that ||gfx|| < &o for 1 < k < n, and such
that t(g) > t(fo) —eo forall T € T(A).

Now use Corollary 2.4 to find a projection g € A N [E + C(1 — g)]’ such that
eo < ¢, such that |[gegp — ep|| < €0, and such that [eg] > 1 — (1 — [¢g]) — (1 — [g])
in Kg(AN[E 4+ C(1 — g)7). The last inequality implies that

T(ep) > 1(g) —t(1 —q) > t(fo) — g0 — &2 > 1(fo) — 2e0

forall t € T(A).

We now show that eg, a(eg), ..., a" (eg) are approximately orthogonal. It suffices to
estimate |epa® (eg)|| for 1 < k < n. We first use 1//,:1(g) < 1//,:1(]‘0) = f to estimate
v ' ()8l < Il fegll < eo. Then

I, (eodeoll < 2lleo — geoll + W (o)l - W' (9)gll - lleoll < 2e0 + e0 = 3eo.

So
leoat® ()l < llo™ — vl + II’»ﬁlz1 (eo)eoll < &2+ 3ep < 4eo.

Now use the choice of g to find orthogonal projections
el,....,en € AN[E+C(1 —¢q)T,

all orthogonal to e, such that |lex — ozk(eo)|| < %8 for 1 < k < n. We prove that
eo, €1, - . ., ey satisfy the estimates asked for at the beginning of the proof of this direction.
The first estimate is easy:

k k+1 1 1
la(er) — extrll < llex — a*(eo)ll + [l (e0) — exs1ll < 56 + 3¢ < €.

For the second, we start by estimating ||[eg, a]|| for a € T. By construction, there is
by € E such that ||gag — bol| < &2. Then b = by + (1 — g)a(1 — q) satisfies

lla — bl < llgag — boll + 2ll[g. alll < 3e2.

Now ep < ¢ and ep commutes with all elements of E, so ¢g commutes with b. Therefore
Ileo, alll <2-3e. fnowa € Sand 0 < k < n, thena ¥ (a) € T, so

I (e0), alll = llleo, @ ¥ (a)]]] < 6e2,

and
ILex, alll < 2llex — a* (eo) || + Ille* (e0), alll < 3& + 622 < e,

as desired.
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Finally, we estimate 1 — ) ;_ t(ex) for t € T(A). We saw above that t(eg) >
7(fo) — 2&0 for all T € T(A). Thus also t(aX(eg)) > t(aF(fo)) — 2e0 for T € T(A)
and 0 < k < n. From |lex — ak(eo)H < %8 < % we get T(ex) = r(ak(eo)), and from
Il fx —ozk(fo)|| <e <lwegett(fy) = r(ozk(fo)). So t(ex) > t(fr) —2¢eofort € T(A)
and 0 < k <n.

Next, using a previous estimate at the second step,

lT(f) = TPl < Ik — prllae < 381+ (n +2)ex < e,

so T(fx) > t(pr) — €1. Thus t(ex) > t(px) — &1 — 2&9 > t(pr) — 3e9. Summing over k
andusing Y ;_ot(pk) =1L, weget) ;_ot(ex) > 1—3(n+ 1)gg > 1 — &, as desired.
This completes the proof of Theorem 2.14. a

LEMMA 2.15. Let H be a Hilbert space, and let A C L(H) be a unital C*-subalgebra
which has real rank zero. Let p € A” be a projection. Then p is a strong operator limit of
projections in A.

Proof. The proof of Lemma 4.6 of [12] (which gives this conclusion for the weak operator
closure of an AF algebra in the Gelfand—Naimark—Segal representation from a tracial state)
applies here with no essential change. a

The following lemma is known, and is a special case of results in [3]. However, a direct
proof is much easier, and we have not found one in the literature.

LEMMA 2.16. Let A be a simple separable unital C*-algebra with tracial rank zero,
and suppose that A has a unique tracial state t. Let m;: A — L(H;) be the Gelfand-
Naimark—Segal representation associated with T. Then 7 (A)"” is a hyperfinite factor.

Proof. Set N = m;(A)”, and regard A as a subalgebra of N. That N is a factor is
well known. For hyperfiniteness, we verify Theorem II1.7.3(iii) of [5]. The first part is
trivial. For the second part (approximation of finite sets in trace norm by finite dimensional
subalgebras), let t,1,...,;, € N. Without loss of generality |#;]] < 1 for all j.
Let & > 0. The sets

{x e Ntllxll < Land lx = 1jll2,c < 7€)

are open in the *-strong operator topology on the closed unit ball of N because t is normal
(Proposition V.2.5 of [46]). So the Kaplansky Density Theorem provides by, by, . . .,
b, € Awith ||bj|| < 1and |b; —tjll2: < %8 for all j. Use tracial rank zero to find a
projection p € A, a finite dimensional unital subalgebra E C pAp,andci,c2,...,¢cy € E
such that t(1 — p) < %82, such that ||pb; — b;p| < %8 for all j, and such that
lpbjp — cjll < ge forall j. Now

Ibj — pbiplaz < Ibj = pbjlaz + lIpll - Ib; —bjplaz <201 = pllac < %e,
SO
llej —tjlloe < licj — pbjpll+pbjp —bjlo: + Ibj —tjlo: < t6 + 16+ Je=e.

This completes the proof. a
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THEOREM 2.17. Let A be a simple separable unital C*-algebra with tracial rank zero,
and suppose that A has a unique tracial state ©. Let m;: A — L(H;) be the Gelfand—
Naimark—Segal representation associated with t. Let o € Aut(A). Then o generates
an action of A with the tracial Rokhlin property if and only if for every n > 0 the
automorphism of w:(A)” induced by " is outer.

Proof. Assume the automorphism of m;(A)” induced by «” is outer for every n > 0.
We verify the hypotheses of Theorem 2.14. Thus let ¢ > 0,letn € N, and let S C A be
a finite subset. Without loss of generality |la|| < 1 foralla € S. Set g9 = (4n + 5)" le.
Choose 6 > 0 as in Lemma 2.9 with n as given and for &g in place of ¢.

We regard A as a subalgebra of N = 7 (A)”, we let T also denote the extension of the
tracial state to 7, (A)”, and we let @ denote the extension of the automorphism to 7, (A)”.
The algebra N is hyperfinite by Lemma 2.16.

Fix o € BN\ N, and let N, be the central sequence algebra, as defined before
Theorem XIV.4.6 of [47]. (We use [47] as our standard reference, but almost everything
is also in [4].) By Lemma XIV.4.5, Theorems XIV.4.6 and XIV.4.18 of [47], this
algebra is a type II; factor, whose unique tracial state t, sends the image of a strongly
w-central sequence (a;);cN in Ny, to lim;—, 4, 7(aq;). Let @, be the induced automorphism
of Ny. Theorem XIV.4.16 and Lemma XVIL.2.2 of [47] show that o], is properly
outer for all n # 0. Apply Definition XVII.1.5 and Theorem XVII.1.6 of [47] to find
projections fo, fi,..., fu € Ny suchthat Y }_o fx = 1 and |[@w(fi) — fit1l2,7, < 0.
By Theorem XIV.4.6(v) of [47], we can represent each f; by a sequence (fi,;)eN in I (N)
such that each fi; is a projectionand Y ;_ fx; = 1 forevery /. ForO <k <nanda € S
we have

lli_)rr;) t(la, fiil'la, fiil) = tw(a, fil*la, fi]) =0,

so there is a neighborhood U of w in BN such that [ € U implies ||[a, fi.illl2.c < €0
fora € Sand 0 < k < n. Similarly, for [ € N sufficiently close to @ we have
e fx,1) = ferrill2,e <eoforO <k <n-—1.

Choose [y € N for which the above estimates hold. For 0 < k < n use Lemma 2.15 to
find a projection gx € A such that [[gx — fiill2,c < min(%é, g0). Then |lg;jgkll2,r < & for
J # k, so the choice of § using Lemma 2.9 provides mutually orthogonal projections
el,...,ep € A such that |lex — grll2,r < €0, and therefore [lex — fiill2,c < 2eo.

Seteg = 1—3"7_e;. Since 3 i fj, = 1, we get

n
lleo = fogpllz.r =< Z llej = fiallz,e < 2neo.
j=1

Now

lle(eo) — erll2,« < llaeo — fo,00) 2, + Nl (fo,1) — Srill2,e + 11 f1 —etll2c

< 2nep + &0 + 20 < €.
Similarly ||a(e;j) —ejyill2,c <560 <eforl < j <n— 1. Finally,if a € S then

lla, eolll2,z < 2lleo — foipll2,« - llall + llla, folll2,: < 2-2neg+ &0 < &,
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and similarly for j # 0 we have ||[a, ¢;][l2,: < 2:2&0+ &0 < ¢. This completes the proof
that outerness in the trace representation implies the tracial Rokhlin property.
The converse follows from Proposition 2.3 of [13] and Corollary 4.6 of [29]. O

We can now give a version of Kishimoto’s result, Theorem 2.1 of [13], giving conditions
for the Rokhlin property on a simple unital AT algebra with real rank zero and a unique
tracial state.

THEOREM 2.18. Let A be a simple separable unital C *-algebra with tracial rank zero,

and suppose that A has a unique tracial state t. Let m;: A — L(H;) be the Gelfand-

Naimark—Segal representation associated with t. Let « € Aut(A). Then the following

conditions are equivalent:

(1) o has the tracial Rokhlin property;

(2)  the automorphism of w;(A)" induced by a" is outer for every n # 0, that is, o is
not weakly inner in 7, for any n # 0;

(3) C*(Z, A, @) has a unique tracial state;

@) C*(Z, A, a) has real rank zero.

Proof. The equivalence of (1) and (2) is Theorem 2.17. The implication from (1) to (4) is
Theorem 4.5 of [29]. The implication from (3) to (2) is Proposition 2.3 of [13].

We prove that (4) implies (3). Assume that (4) holds. Proposition 2.2 of [13] implies
that the restriction map T(C*(Z, A,«)) — T(A) is a bijection to the set T(A)* of
a-invariant tracial states of A. Since T(A)* = {r}, it follows that C*(Z, A, @) has a
unique tracial state. O

3. The tracial Rokhlin property for non-commutative Furstenberg transformations

In this section, we prove that the automorphism a4, ¢ of Definition 1.1 has the tracial
Rokhlin property when 1, 0, y are linearly independent over Q. We do the same for the
case # € R\ Q, y = 0, and f constant. Thus, the results of [29] apply to the crossed
products by these automorphisms.

A question that remains unanswered is whether these automorphisms actually have
the Rokhlin property. An argument in §6 of [11] and an argument in [12] proceed
by first proving the approximate Rokhlin property, and then showing that, for the
algebra and automorphism in question, the approximate Rokhlin property implies the
Rokhlin property. Apparently, though, those arguments depend on approximate innerness.
Our automorphisms are not approximately inner because they are non-trivial on K.

If A is a simple C*-algebra with unique tracial state t, and « € Aut(A), we write o
for the automorphism of 7;(A)” determined by . We also use the trace norm || - ||2.¢
described before Lemma 2.8.

LEMMA 3.1. Let A be a separable unital C*-algebra with a faithful tracial state t.
Let (yi)ier be a family of unitaries such that (y}y;) = 0 for i # j and whose linear
span is dense in A. Let m: A — L(H) be the Gelfand—Naimark—Segal representation
associated with T. We identify A with its image in w(A)". Then every a € w(A)” has a
unique representationasa =y _;.; ;i yi, with convergence in |- |12, and whose coefficients

satisfy Y ieq |hil* = llall3 . If a is unitary then 3",y |1i|* = 1.
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Proof. Let & € H be the standard cyclic vector for . Then one immediately checks that
a > aé& is an isometric linear map from 7 (A)” with || - ||2,; to H, and that (y;§)e; is an
orthonormal basis for H. The coefficients A; are determined by aé = ), ; A; yi&. O

LEMMA 3.2. Let® €e R\ Qandlety € R. Let @ € Aut(Ayp) satisfy a(u) = exp(2wiy)u.
Ify € 7.+ 07 then & is outer.

Proof. Let T be the unique tracial state on Ay, and identify Ag with its image in 7, (Ag)" .
Suppose @ is inner, so @ = Ad(w) for some unitary w € 7;(Ag)”. We apply Lemma 3.1
with I =7 x Z and yy, ,, = u™v" for m,n € Z, and write

w= E Am 0"

m,ne’
with convergence in || - ||2,z. Then, also with convergencein || - ||2,¢,
§ : eZmn(-?)Lm’nuerlvn — § : )Lm’numvnu
m,nez m,nez
= wu = eZmyuw _ § : eZmy)\ um+lvn

We have 1, , # 0 for some m,n € Z, and uniqueness of the series representation then
implies exp(2winf) = exp(2wiy). O

THEOREM 3.3. Let 0,y € R and suppose that 1,0,y are linearly independent over Q.
Let d € 7. Then the automorphism o = g,y 4, f € Aut(Ag), of Definition 1.1, has the
tracial Rokhlin property.

Proof. 1t follows from Theorem 4 and Remark 6 of [6] and Proposition 2.6 of [18] that Ag
has tracial rank zero. Also, Ag has a unique tracial state . Lemma 3.2 implies that @ is
outer on 7w, (Ag)” forall k # 0. The theorem is therefore immediate from Theorem 2.17. O

Before stating the consequences, we recall a definition.

Definition 3.4. Let A be a unital C*-algebra. We say that the order on projections over A
is determined by traces if, whenever n € N and p, g € M (A) are projections such that
t(p) < 1(q) forallt € T(A), then p = q.

This is Blackadar’s Second Fundamental Comparability Question for My (A).
See 1.3.11in [1].

COROLLARY 3.5. Let 0, y € R and suppose that 1, 8, y are linearly independent over Q.

Letd € 7. Let o,y q, f € Aut(Ag) be as in Definition 1.1. Then:

(1) C*(Z, Ag, 0p,y.a,f) is simple;

(2) C*(Z, Ao, 0p,y.a, f) has a unique tracial state;

(3) C*(Z, Ag, 0g,y.a, ) has real rank zero;

(4) C*(Z, Ao, ap,y.a, ) has stable rank one;

(5)  the order on projections over C*(Z, Ag, a9,y ,a, 1) is determined by traces;

(6) C*(Z,Ag,q9,y,4,5) satisfies the local approximation property of Popa [40]
(is a Popa algebra in the sense of Definition 1.2 of [3]).
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Proof. Part (1) follows from Theorem 3.3 and Corollary 1.14 of [29]. It is well known
that Ag has real rank zero (Theorem 1.5 of [2]; Remark 6 in §5 of [6]) and stable
rank one (see [41]), and that the order on projections over Ay is determined by traces
(Corollary 2.5 of [44]). (These also all follow from tracial rank zero; see Theorem 3.4
of [18] and Theorems 5.8 and 6.8 of [19].) Therefore part (2) follows from Theorem 3.3 and
Corollary 4.6 of [29], part (3) follows from Theorem 3.3 and Theorem 4.5 of [29], part (4)
follows from Theorem 3.3 and Theorem 5.3 of [29], part (5) follows from Theorem 3.3 and
Theorem 3.5 of [29], and part (6) follows from Theorem 3.3 and Corollary 4.7 of [29]. O

It is worth pointing out that one can verify the tracial Rokhlin property for the
automorphisms above using methods related to those of [38] (also see the long unpublished
preprint [37]), without considering the automorphism in the trace representation or using
tracial rank zero. The basic idea is to find approximately central embeddings of irrational
rotation algebras, which are equivariant for an action on the embedded algebra which
rotates one of the standard generators. In the case at hand, the rotation of the generator
is irrational; in [38], the group is finite cyclic, and the rotation of the generator is rational.
This was our original approach. It has the advantage that it can be used in situations in
which the algebra is not known to have tracial rank zero. But it requires more work than
the proof of Theorem 3.3, and the difficulty increases rapidly with the complexity of the
algebra. For example, we also originally proved Proposition 4.1 this way, but that proof is
much harder than for Theorem 3.3.

We will show that the same methods give the tracial Rokhlin property for one other kind
of Furstenberg transformation on an irrational rotation algebra.

LEMMA 3.6. Let6 € R\ Q. Let a € Aut(Ayg) satisfy a(u) = u and a(v) = ruv with
» e St andd € Z\ {0}. Then @ is outer:

Proof. Lett, Ag C m:(Ag)’, @ = Ad(w),and w = Y
of Lemma 3.2. Then, with convergencein | - [|2,,
Z e2nin9)\m!num+lvn — Z )\m!numvnu

m,nez m,nez

=wu =uw = E )»m,,,u'"Hv".
m,nez

m.nez Amnt™ V" be as in the proof

Since 6 ¢ Q, uniqueness of the series representation implies A, , = 0 for n # 0.

Set B = Am.0. Then, again with convergencein || - [|2,,
Z Bmtt™v = wv = Auvw = Z ABmuvu™ = Z re2Timo gty
meZ meZ mez
Uniqueness of the series representation implies |B,+q4] = |Bm| for all m € Z. Since
> oo |Bnl? =1andd # 0, this is a contradiction. O

In fact, if &g 0,4, r is inner, then one can show that there are numbers 8, € C forn € Z
with 3°°° __|8,* = 1 such that

n=—00
e2nif({)§-d — Z ﬂmﬁ_n€72nin9€.mfn

m,nez

forall ¢ € S'.
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THEOREM 3.7. Let 6 € R\ Q, let p € R, and let d € 7 \ {0}. Then the automorphism
a = ap,0,d,p € Aut(Ag) of Definition 1.1 (with p regarded as a constant function) has the
tracial Rokhlin property.

Proof. The proof is the same as for Theorem 3.3. O

We then get all the properties listed in Corollary 3.5 for the crossed products by these
automorphisms as well. By Lemma 1.3, the crossed product is also the C*-algebra of an
ordinary smooth minimal Furstenberg transformation on the torus, and in this case it is in
fact known that the C*-algebra has tracial rank zero. (See [24].)

Theorem 3.7 can also be proved by methods related to those of [38], but with
considerably more difficulty. See the comment after Corollary 3.5.

Example 3.8. We show that Theorem 3.3 and Corollary 3.5(2) can fail if 1, 6, y are not
linearly independent over Q, even if the crossed product is simple, d = 1, and 6 and y are
both irrational.

By Theorem 2 (in §4) of [9] and the preceding discussion, there is an irrational number
6 € R (called « there) and a continuous function g: S — R (which in the notation of [9]
is g(e¥™i") = f(t) — t) such that the function from S! to S! given by ¢ > €278 ¢ isa
coboundary with respect to the action of rotation by ¢2*? on S'. Therefore the Furstenberg
transformation (&1, £2) = (exp(2mif)¢y, exp(2mwig(£1))L142) is not ergodic with respect
to Lebesgue measure. (See the discussion before Proposition 1 in §4 of [9].) So % is not
uniquely ergodic.

Define go: S' — R by go(¢) = g(e=#?¢) — 6. One checks that the automorphism
f = fohlof Ap = C(S!' x S') is equal to g, —g,—1,—g,- It follows from
Lemma 1.3 that C*(Z, S x SY, h) & C*(Z, A_y, Q_9,0,1,g9)- Accordingly, the C*-algebra
C*(Z, A_g, a—p0,1,4,) has more than one tracial state. Since Ay has a unique tracial state,
it follows from Theorem 2.18 that the automorphism o_g 0,1, does not have the tracial

Rokhlin property.
This version of the example does not have y ¢ Q, but by applying Lemma 1.4
with k = 0 and [ = —1, we easily find a continuous function k: S! — R such that

C*(Z, A_g,a_90,1,8) = C*(Z, A_g,0_0,6,1,k). S0 C*(Z, A_g, a_g,9,1,k) does not have
real rank zero, and «_g 9,1 x does not have the tracial Rokhlin property.

4. C*-algebras of discrete subgroups of nilpotent Lie groups

In this section, we consider the C*-algebras A;’3 and Ag’6 of [26], which are the ‘largest’
simple quotients of the C*-algebras of certain discrete subgroups of five-dimensional
nilpotent Lie groups. The corresponding results for the other four Lie groups considered
in [26] follow from already known results. We give details at the end of this section.
But those results do not apply to Ag’3 and Ag’6.

PROPOSITION 4.1. For 8 € R\ Q, the C*-algebra Ag’3 of §3 of [26] is isomorphic
to a crossed product C*(Z, B, o) in which B is the C*-algebra of a smooth minimal
Furstenberg transformation on S' x S' and has a unique tracial state t, and o has the
tracial Rokhlin property.
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Proof. Let . = exp(2mif). Then Ag’3 is the universal C*-algebra generated by unitaries
u, v, w, x satisfying the relations

UV = XVU, UW = WU, UX = AXU,

vw = Awv, vx =xv, and wx =xw.

(In [26], the element x is included in the relations but not among the generators. However,
the first relation implies that x is in the C*-algebra generated by the other unitaries.)
We take B to be the universal C*-algebra generated by unitaries u, v, x satisfying the
relations
uv = xvu, ux =Aixu, and vx =xv.

We have B = C*(Z, st x Sl,h), where i: S1 x S! — §! x S! is the smooth Furstenberg
transformation given by h(¢1, &) = ()rlgl , )»{17142), so that h~! 1, &) = (X1, 6182).
Theorem 2.1 of [8] and the remark after it imply that / is uniquely ergodic and minimal.
Unique ergodicity implies that B has a unique tracial state t.

One easily checks that there is a unique automorphism « of B satisfying

a(w)=u, al)=Aiv, and o(x)=ux,

and that C*(Z, B, @) = Ag’3 with the canonical unitary of the crossed product being sent
to w*.

Let 7, be the Gelfand—Naimark—Segal representation associated to 7. We prove that,
for any k # 0, the automorphism @* of 7, (B)” induced by o is outer. Suppose that @*
is inner, so @* = Ad(z) for some unitary z € 7, (B)". We apply Lemma 3.1 with I = Z3

and y; 0 = ulv™x" forl, m,n € Z, and write

7= Z Al’m’nulvmxn
l,m,neZ
with convergence in || - ||2,r. Then, also with convergencein || - ||2,¢,
Z kl,m,nulvmx”"’l =zXx =Xx7 = Z Al,m,nxulv'"x"
l,m,neZ l,m,nez
= Z )\l,m,n)\_lulv'"x""'l.
l,m,neZ

Uniqueness of the series representation and A~/ 1 for [ % 0 imply A ., = 0 for [ # 0.

Therefore
= Z )LO,m,nUmxno

m,nezl

So z commutes with v, contradicting o* (v) = Akv. This shows that @k is outer.
It follows from [24] or [22] that B has tracial rank zero. It now follows from
Theorem 2.17 that « has the tracial Rokhlin property. O

The crossed product decomposition of Proposition 4.1 is not the same as the one in
Theorem 3.1(1) of [26], but can be obtained from it by forming the partial crossed product
by one of the two homeomorphisms used there.
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COROLLARY 4.2. For0 € R\ Q, let Ag’3 be as in §3 of [26]. Then:

(1) A3 is simple;

2) Ag’3 has a unique tracial state;

3) Ag’3 has real rank zero;

4) Ag’3 has stable rank one;

(5) the order on projections over Ag’3 is determined by traces;

(6) Ag’3 satisfies the local approximation property of Popa [40] (is a Popa algebra in the
sense of Definition 1.2 of [3]).

Proof. Since the algebra B in Proposition 4.1 has tracial rank zero (by [24], or by [22]),
it follows from Theorem 3.4 of [18] that B has real rank zero and stable rank one, and from
Theorems 5.8 and 6.8 of [19] that the order on projections over B is determined by traces.
The proof is then the same as for Corollary 3.5. a

Parts (1) and (2) of Corollary 4.2 are proved in [26], but the other properties are new.

Remark 4.3. The same results hold for the slightly more complicated versions of these
algebras which appear in [28]. For ri,r2,r3,r4,r5 € Z let Ag’3(r1, r2, 13, r4,rs5) be the
universal C*-algebra generated by unitaries u, v, w, x satisfying the relations

uv = A2x"ou, uwuw = \Swu, ux = \3xu,
vw = A%wv, vx=xv, and wx =xw.

(In [28], the exponents ry, 12, 13, 14, 5 are called «, 8, v, §, €.) Theorem 2 of [28] asserts
that if

ri,r3,re >0, 0<rs<3lged(rs,ry), and 0<ry < %ged(r,r3,r4,13),

then Ag’3(r1, r2, 13,14, rs) is simple. (These conditions are stated in Theorem 1 of [28].
The last two conditions are really just normalization conditions, and can be omitted in what
follows.)

We apply the same analysis to these algebras. The algebra B of Proposition 4.1 is now
the universal C*-algebra generated by unitaries u, v, x satisfying the relations

uv = A2x"vu, ux =A"xu, and vx = xv.
The homeomorphism 4 is now
h(g1, &) = (W8, AT ).

Since ry and r3 are non-zero, it is still a smooth uniquely ergodic minimal Furstenberg
transformation. The automorphism ¢ is now determined by

aw) =21""u, ol =A%, and a(x)=x.

Since r4 # 0, the proof that o has the tracial Rokhlin property is identical. Thus, the
conclusions of Corollary 4.2 hold for these algebras as well. Parts (1) and (2) are proved
in [28], but the others are new.

‘We now turn to AZ’G.
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PROPOSITION 4.4. For 0 € R\ Q, the C*-algebra Ag’6 of §6 of [26] is isomorphic
to a crossed product C*(Z, B, o) in which B is the C*-algebra of a smooth minimal
Furstenberg transformation on S' x S' and has a unique tracial state t, and o has the
tracial Rokhlin property.

Proof. Let . = exp(2mif). Then Ag’6 is the universal C*-algebra generated by unitaries
u, v, w, x satisfying the relations

uv = wou, uw = xwu, ux = Axu,

vw = Awv, vx =xv, and wx =xw.

(In [26], the elements w and x are included in the relations but not among the generators.
However, the first two relations imply that w and x are in the C*-algebra generated by u
and v.)
We take B to be the universal C*-algebra generated by unitaries u, w, x satisfying the
relations
uw =xwu, ux =>Aixu, and wx =xw.

As in the proof of Proposition 4.1, this C*-algebra is the crossed product by a uniquely
ergodic minimal smooth Furstenberg transformation on §' x S!. One easily checks
(and this is the content of Theorem 6.1(1) of [26]) that there is a unique automorphism
a of B satisfying

a(u) = w'u, a(w)=2iw, and o(x)=nx,

and that C*(Z, B, a) = Ag’6 with the canonical unitary of the crossed product being sent

tov.

Let 7 be the unique tracial state on B, and let 77, be the associated Gelfand—Naimark—
Segal representation. We prove that, for k # 0, the automorphism o of 7 (B)” induced
by o is outer. Suppose @ is inner, so @ = Ad(z) for some unitary z € 7, (B)". We apply
Lemma 3.1 with / = Z3 and Viman = ulw™x" forl, m, n € Z, and write

7= Z kl’m’nulwmxn

l,m,ne’
with convergence in || - ||2,z. Then, also with convergencein || - ||2,¢,
Mumalw"x" = zx = xz = Mo axul w™x"
l,m,n l,m,n
l,m,nez l,m,nez
= Z Mo Ltw™ i+
l,m,ne’

Uniqueness of the series representation and A~ = 1 for [ # 0 imply A; ., = 0 for [ # 0.
Therefore
7= Z romaw™x".
m,nez

So z commutes with w, contradicting o*(w) = A¥w. This shows that @ is outer.
It follows from [24] or [22] that B has tracial rank zero. It now follows from
Theorem 2.17 that « has the tracial Rokhlin property. O
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COROLLARY 4.5. For0 € R\ Q, let Ag’6 be as in §6 of [26]. Then:
56 . . .

(1) Ay is simple;

2) A2’6 has a unique tracial state;

3) Ag’6 has real rank zero;

“4) Ag’6 has stable rank one;

(5) the order on projections over Ag’6 is determined by traces;

(6) Ag’6 satisfies the local approximation property of Popa.

Proof. The proof is the same as for Corollary 4.2. a

As for Ag’3 , Parts (1) and (2) of Corollary 4.5 are proved in [26], but the other properties
are new.

Since this is not done in [26] (which was written before some of the relevant results
were known), we explain how to show that the other ‘largest’ simple quotients of the
C*-algebras of the discrete subgroups of five-dimensional nilpotent Lie groups satisfy the
properties we have proved for Ag’3 and Ag’6. In fact, for three of the cases, the C*-algebras
are known to be classifiable simple C*-algebras with tracial rank zero.

THEOREM 4.6. For6 € R\ Q, the C*-algebras Ag’l of §1 of [26] and the C*-algebras
A;’S of §5 of [26] are simple separable nuclear C *-algebras with tracial rank zero which
satisfy the Universal Coefficient Theorem. For 61,6, € R such that 1, 01, 0> are linearly
independent over Q, the C*-algebras Agfez of §2 of [26] are simple separable nuclear
C *-algebras with tracial rank zero which satisfy the Universal Coefficient Theorem.

Proof. Theorem 1.1(1) of [26] easily gives Ag’l = Ap ® Ay, the tensor product of two
copies of the same irrational rotation algebra. This algebra is a simple higher dimensional
non-commutative torus, so the desired result follows from the main theorem of [38].
(Also see the long unpublished preprint [37]. There are earlier results which cover this
particular case, such as Theorem 3.11 of [7].)

Define a diffeomorphism /4 : (SH3 — (sH3 by

h(¢1, &2, &3) = (exp(2mif) {1, 182, $283).

Theorem 5.1(1) of [26] gives an isomorphism A)° = C*(Z,(S")3 h). The diffeo-
morphism 4 is minimal and uniquely ergodic by Theorem 2.1 of [8] and the remark after it,
SO AZ’S is simple and has a unique tracial state 7. Clearly C*(Z, (S')3, h) contains a copy
of the irrational rotation algebra Ag, so 7,.: Ko(C*(Z, (SH3, 1)) — R has dense range.
The conclusion for Ag,s therefore follows from [22] or from [24] (also see [23]).
Theorem 2.1(1) of [26] gives an isomorphism of Agfez with the crossed product of
S! x S! by the rotation by (exp(27i6;), exp(27i6,)). This rotation is uniquely ergodic
and minimal because 1, 61, 6, are linearly independent over Q. The desired conclusion for
A;;?Hz now follows in the same way as for Ag’s. (This algebra is also a higher dimensional

non-commutative torus, so one could also use [38] as was done for Ag’l ) O

THEOREM 4.7. For 01,0, € R such that 1,61, 6, are linearly independent over Q,
let AY", be as in §4 of [26). Then:
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(1) A01,92 is simple;

2) Ag]’492 has a unique tracial state;
3) Ag]’492 has real rank zero;

4) Ag]’%z has stable rank one;
(5) the order on projections over Ag]’f‘ez is determined by traces;

(6) Ag]’%z satisfies the local approximation property of Popa.

Proof. Theorem 4.1(1) of [26] identifies Agfez as the crossed product of the irrational
rotation algebra A_p, by the automorphism determined on the standard generators by
v > exp(2mwify)v and u +— wvu. Since 1, 01, 8, are linearly independent over Q, this
automorphism is conjugate to an automorphism covered by Corollary 3.5, and the result
follows from that corollary. a

We end with a problem. The algebras in Propositions 4.1 and 4.4 and in Theorems 4.6
and 4.7 are all twisted group C*-algebras using suitable cocycles. (See the note in §3
of [26].) In fact, the groups are nilpotent, and, under conditions which cover all these
examples, the twisted group C*-algebras have been shown in Theorem 1.7 of [33] to be
simple and have unique tracial states. A unified treatment would be nice, and the following
problem thus arises.

Problem 4.8. Let G be a countable nilpotent group, and let o be a 2-cocycle on G. Assume
the hypotheses of Theorem 1.7 of [33]. Does it follow that the twisted group C*-algebra
C*(G, o) has real rank zero and stable rank one, and that the order on projections over
C*(G, o) is determined by traces? More generally, does it follow that C*(G, o) has
tracial rank zero, as one expects for crossed products of simple unital C*-algebras with
tracial rank zero by automorphisms with the tracial Rokhlin property?

One might hope for an approach using ideas related to the tracial Rokhlin property.
This cannot be done directly, because we are looking at the C*-algebra of a group acting
trivially on the C*-algebra C. For example, the results of [29] may well hold for an action
twisted by a cocycle, but proving this would not solve the problem. A proof that such
C*-algebras have tracial rank zero would give a new proof of the classification of simple
higher dimensional non-commutative tori. The only known proof [38] (also see [37]) relies
on the realization of some simple higher dimensional non-commutative tori as successive
crossed product by Z, in such a way that the intermediate crossed products are all simple
and the actions of Z beyond the first all have the Rokhlin property. (See the proof of
Corollary 6.6 of [14]. Later work [21] shows that the tracial Rokhlin property would
suffice. Note that there is a gap in the proof of Theorem 2.9 of [23]. This gap is fixed
in [21].) The general case is obtained from this case by consideration of fixed point
algebras of actions of finite groups which have the tracial Rokhlin property.
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