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GENERIC DERIVATIONS ON ALGEBRAICALLY BOUNDED
STRUCTURES II: MODEL THEORETICAL PROPERTIES

ANTONGIULIO FORNASIERO"* AND GIUSEPPINA TERZO

Abstract. Let T be an algebraically bounded theory. We consider the L(d)-expansions of T by a tuple
6 of derivations (which may be commuting or not). We investigate the model completion of either of the
above theories, whose existence has been established in [21], with particular attention to its model-theoretic
properties, including w-stability, simplicity. open core, and elimination of imaginaries.

§1. Introduction. We study the model-theoretic properties of the model comple-
tion of the theory of algebraically bounded fields expanded with derivations, con-
tinuing the foundational work in [21]. Algebraically bounded fields, encompassing
structures like algebraically closed, real closed, and p-adically closed fields, provide
a rich framework for exploring the interplay between field-theoretic and model-
theoretic algebraic notions. Throughout this article, we denote by K a structure
that expands a field of characteristic 0. Recall that K is algebraically bounded if the
model-theoretic algebraic closure and the field-theoretic algebraic closure coincide
in every structure elementarily equivalent to K; for more details, examples, and main
properties (see [13]).

Let K be algebraically bounded. L be the language of K, and T be its theory. In
order to study derivations on K, we denote by = {J;. ..., } new unary functions
symbols.

Assume that 7" is model complete. In [21] we proved that, for every k € N, the
- -expansions of 7. T9¢ (saying that J is a k-tuple of derivations) and T° (saying
that ¢ is a k-tuple of commuting derivations) have a model completion. We denote
by Tg7 the model completion of either of the above theories. In the preceding work

[21], we began investigating the model-theoretic properties of 7' 3-?: we showed that

if T is stable (resp.. dependent), then Tg‘” is also stable (resp., dependent).

The above results include and extend a long series of results in the literature (see
[21] for a short survey: here we mention [49] that shows that large model complete
fields admit generic derivations). There are also examples of theories which do not
admit generic derivations (see [22]).

In this article, we extend the investigation of 7' g ? with a specific focus on model-
theoretic properties such as stability, w-stability, simplicity, and elimination of
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2 ANTONGIULIO FORNASIERO AND GIUSEPPINA TERZO

imaginaries (EI); we also address other questions raised in [21]. Multiple authors
have examined these properties in several particular cases; here we consider general
setting of algebraically bounded fields with several generic derivations. For instance,
in [38], the authors demonstrated that DCFy ,, .., the model completion of the theory
of fields with non-commuting derivations, is stable but not w-stable, eliminates
imaginaries, and is uniformly finite. Building upon these results, [33, 37] further
generalized some of the properties established in [38].
In this article, we pay particular attention to the following questions:

1) When is T§*7 simple or totally transcendental?
2) Which are the imaginaries of 72-"?
3) If T is equipped with a definable topology. is T the open core of T' g-??

)
) -

4) Is T?" uniformly finite?

5) What is a “generic” object?

6) Does Tg  have a dimension function in the sense of [13]?

7) What is the theory of the restriction of Tg  where we forget the derivation but

we keep the field of constants?

We will give a full answer to 1) (Sections 7 and 9 and [20]). In Section 7 we prove
that if T is simple. then 770" is simple. [38] showed that the model completion of the
theory of fields with non-commuting operators is simple, eliminates imaginaries, is
uniformly finite, and under some additional assumptions it is stable.

In [20] the first author together with E. Kaplan and A. Matthews further extend
the results exposed here, proving the following.

THEOREM A.

o T is rosy iff it is super-rosy of thorn rank 1; in this case, T has Geometric EI;

o T is simple iff it is supersimple or SU-rank 1;

o T is stable iff it is equal to the theory of pure algebraically closed fields, expanded
by some constants (we will simply write “ T = ACFy”).

Combining the above with the results in this article, we get that Tg 7 is stable iff T is
stable iff T = ACF,. In the case the derivations commute, one can improve stability
with w-stability. Furthermore, in the commuting case when T is stable the theory
Tg-7 coincides with the theory of differentially closed fields with several commuting
derivations DCF,,; while in the noncommuting case it yields Moosa—Scanlon’s
theory DCF ;¢

We have some partial answers to 2). We show that if 7 has (Geometric) EI and
it is either stable or supersimple, then 7’ g‘m also has (Geometric) EI: Theorems 7.5
and 7.9 and Corollary 7.10: together with Theorem A, we get that if T is simple then
T g  has GEI. We also show that if 7" has a definable topology satisfying some general

conditions, then T 5’7 eliminates imaginaries relative to 7 see Corollary 11.11; we
generalize results in [32]. We conjecture that a stronger result holds than what we
manage to prove (see Conjectures 3.7 and 6.7).

We give a complete answer to 3) (Section 11 in particular Corollary 11.11).

For 4) we will give a positive answer in a separate paper.

For 5) we give some possible answers (Section 13), where we study the Polish space
of all derivations on a countable model M |= T (under some “bigness” condition
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ALGEBRAICALLY BOUNDED DERIVATIONS II 3

on M) and show that generic derivations form a dense Gs-set among all possible
derivations. )

For 6) we give a complete answer in Section 12: Tg*’ has a dimension function iff
the derivations commute. We also generalize the result in [14] on “coincidence of
dimensions” (see also [6, 24] for previous results in particular cases). i

For 7). in Section 10 we study the field of constant C; of a model (K,d) = Tg*?.
We show that (K. C;) is a lovely pair of geometric structures (in the sense of [4]).
and we study the definable subsets of C('g.

In Sections 5 and 6 we study independence relations on model of 7 and of Tg*7.

We introduce the independence relation |*° and prove the fundamental Extension
Theorem 5.3 and Independence Theorem 6.1: they will make much easier to prove
the results in Sections 7 and 11. We also characterize the algebraic closure inside
models of T

Let us mention here the recent work [42] where the authors study groups definable
in models of Tg : they show that any such group can be embedded in a T-definable
group.

We conclude the article with several open questions, conjectures, and announce-
ments of further work.

§2. Preliminaries and conventions. L is a language and T is a L-theory (later we
will impose additional conditions on them).

When we say that € is a “monster model”, we mean that € is a A-saturated and
J-homogeneous model of T for a “sufficently big” cardinal i > R + |L| (other
authors mean that € is a proper class, and it is A-saturated and A-homogeneous for
every cardinal 4).

By “small” subset/tuple of € we mean of cardinality less than 4.

K will be an L-structure, and K will be either its domain, or, when K expands a
field, its underlying field.

We say that K is algebraically bounded if it expands a field of characteristic 0 and,
for every subset A C K (not necessarily a substructure), the model theoretic closure
of A (computed in a sufficiently saturated elementary extension of K) coincides with
the field theoretic algebraic closure of the field generated by 4 and dcl(().

2.1. Generic derivations. This work explores the model theory of differential
fields, specifically focusing on expansions of a base theory 7' by derivations.
Our assumptions for the whole article are the following:

e K is a structure expanding a field of characteristic 0.

o L is the language of K and T = Th(K) is its model complete L-theory.
o F :=dcl(P) C K.

o K is algebraically bounded over F.

By algebraic closure we always mean the 7T-algebraic closure; in particular, acl
denotes the T-algebraic closure, and algebraic independence is understood with
respect to T (equivalently, over F in the field-theoretic sense).

Under our assumptions, K is geometric: in the monster model € > K, the operator
acl satisfies the exchange property, and thus induces a matroid structure.
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4 ANTONGIULIO FORNASIERO AND GIUSEPPINA TERZO

Moreover, K is equipped with a dimension function dim, assigning to each
definable set (with parameters) a natural number and satisfying the axioms of [13].

We also consider the rank function rk associated with the matroid acl: for sets I
and B. rk(V/B) is the cardinality of a basis of ¥ over B. In particular, if X C ¢” is
definable with parameters b, then

dim(X) = max{rk(a/b):a € X}.
Letd := (01, ...,0k). Let 51, ..., ni be derivations on F. We obtain two theories:

T? : the expansion of T saying that the §; are derivations which commute with
each other, i.e., for every i, j < k. J; 0d; =, 0J;, and that J; extends #; for
i <k:

T9"¢ : the expansion of T saying that the §; are derivations without any further
conditions and that §; extends #; for i < k.

Both theories have a model completion (remember that T is model complete) (see
[21]). For convenience, we use T’ fq to denote either of the model completions, both
for commuting and non-commuting tuples of derivations.

(€.6) is a monster model of 77"

(K. ) is some model of Tg-'?.

2.2. Notations and know results. We introduce some notation that we use in
the sequel. We denote by I' the free commutative (or non-commutative) monoid
generated by J, we can define the canonical partial order < given by < af. for all
a,perl.

REMARK 2.1. If I is the free non-commutative monoid generated by 6 then < is
a well-founded partial order on I, but it is not a well-partial-order (i.e., there exist
infinite anti-chains):

1) 0 (i.e.. the empty word. corresponding to the identity function on K) is the

minimum of [’;
2) ifa < . then yae < pff and oy < fy.

REMARK 2.2. If T is the free commutative monoid generated by &, with the
canonical partial order <, it is isomorphic to N¥.

Fixn € N, X = (x|, ..., x,),anddenoteby I, := {yx; : y € ', i < n}:weconsider
I, as a set of some L°-terms, as a set of functions from K” to K, and as a set of
indices. For example, d10,x3 is in '3 but d10,x3 + d;x; is not. Given a € K", we
denote by Jet(a) := (ya : y € [,).

Moreover, we denote by 1 a set of formal variables indexed by I',,: that is, for
every f € I', we have a variable X,. Given an L(4)-formula a(Xr) we denote by
a(I') the L?(A)-formula where we replaces each occurrence of a variable Xy with
the corresponding term f(x) € T',. B

Let J C T, and 4 C K be a “small” subset of K with 04 C 4. Let p(X) be a
complete L°-type over 4 (in n variables). Define

psi={a:a(¥r) L(4)-formulas.t. a(T') € p} € S7(4).
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We say that some type ¢ € S7(A) is 6-compatible if there exists s € SZ()-. (4) such
that g = sy. .

Many of the model-theoretic properties of T are inherited by T’ 5*7. The following
results from [21], which plays a crucial role in our subsequent analysis, is particularly
useful.

THEOREM 2.3. For every a tuple in € and B subset of €, the Lg-type of a over B is
uniquely determined by the L-tuple of Jet(a) over Jet(B).

THEOREM 2.4.
1) If T eliminates quantifiers, then Tg 7 eliminates quantifiers.

2) For every LO-formula () there exists an L-formula B(%r) such that

707 V& (a(F) & (D).

§3. Elimination of imaginaries. EI is a powerful concept in model theory that
simplifies arguments by allowing us to work directly with elements of the model,
rather than with equivalence classes of definable sets.

We remind what EI and some of its variants are as follows.

DrerINITION 3.1. T eliminates imaginaries (7 has EI) if every imaginary is
interdefinable with a real tuple: i.e., for every imaginary e there is a real tuple a
such that dcl®(e) = dcl®(a).

DerINITION 3.2. T weakly eliminates imaginaries (7 has WEI), if for every
imaginary e there is a real tuple a such that e is definable over a and a is algebraic
over e: that is, e € dcl®(a) and a € acl®d(e).

REMARK 3.3. Equivalently, a theory T admits weak EI (WEI) in the sense of B.
Poizat (see [10, 53]) if, for any ¢(X.@) € L(a). we have the smallest algebraically
closed set B such that ¢(x, @) is definable over B.

DEFINITION 3.4. T has geometric eliminates imaginaries (7 has GEI), if for every
imaginary e there is a real tuple a such that e is algebraic over « and « is algebraic
over e: thatis, e € acl®d(a) and a € acl®d(e).

REMARK 3.5. By definition, it is clear that EI implies WEI, and that WEI implies
GEI. The converse implication, namely, that WEI implies EI, holds when working
over a field as is the case here (see [35]).

REMARK 3.6. In any structure containing at least two constants, as in our case,
the definition of EI is equivalent to the Uniform EI (see [10] for definition and
proof).

Regarding generic derivations, we formulated the following.

CoNJECTURE 3.7 [21]. Let T be algebraically bounded. Then, Tg“-’ has EI modulo
T ) )

In particular: if 7 has GEI, then Tg’? also has GEI, and if 7 has EI, then Tg?
also has EI.
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A few particular cases were already known, when 7 is one of the following:

e ACFy: see [36, 38];

e RCF: see [19, 32] for a proof based on M. Tressl’s idea, see also [7, 43] for
different proofs.

We will prove two cases of the above conjecture:

e When 7 is simple: by Theorem A 7" has GEI: we then employ a result in [52] to
show that Tg - also has GEI (see Section 7.1 );if T has EI, we adapt a technique
in [28] to show that Tg 7 also has EI (see Section 7.2).

e When T has a suitable definable topology: we employ a technique by M. Tressl
to show that Tg " has EI modulo 7% (see Section 11).

§4. Independence relations. To establish the primary results of this article, we
remind the concept of independence relations and revisit key theorems related to
this notion. We fix a monster model € = T'.

Let | be a ternary relation on small subsets of €. We mostly use the definitions
and nomenclature from [1]: in particular, we are interested in the cases when |
is either a strict independence relation, or the relation Jﬁ‘ defined in [1. Definition

1.26]. or Shelah-forking | .
We remind for completeness the definition M introduced in [1].

DErFINITION 4.1. The relation M (M-dividing independence) is defined as:
A M, Biffforany C's.t C C C' C acl(BC) thenacl(AC') Nacl(BC’) = acl C".

For the remainder of this section, | is an independence relation on €.
RemArRk 4.2. 1f 4 | . B.then 4 | . acl(BC).

Proor. By Existence, there exists D =pc acl(BC) s.t. 4 | sc Dt notice that
D = acl(BC), and therefore 4 | e acl(BC). By transitivity, 4 | c acl(BC). H

Notice that we don’t assume that 7" has some form of EI, nor that | extends
to €%, However, the setting in [1] often assumes implicitly to work in 7%7: to avoid
confusion, we will introduce some additional nomenclature, following in part [52].

DEFINITION 4.3.  We say that an independence relation | is:

real-strict: if, foreverya € Cand BC €, a | pd iff a € acl(B);
strict: if | extends to an independence relation on €% (which we also
denote by | ). and for every a € € and B C €. a | aiffa e
acl®(B);
real-canonical: if it is real-strict and, for every A, B, C,D C €suchthat B O C, D
Al BANA| B= A4 | B
C D acl(C)Nacl(D)

canonical: if it is strict and, for every A, B, C, D C €%, such that B O C,D

A J/ B AN A J/ B — A \L B.
C D acl®d(C)Nacl®d(D)
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Notice thatif | isstrict, then it is real-strict. If either € = €%, or € has geometric
EI (GEI), then | is real-strict iff it is strict; similarly, under the same assumption,
L is real-canonical iff it is canonical.

Facr 4.4.

1) There exist rosy theories with EI (even o-minimal ) such that |/ (thorn-forking
independence) is not (real)-canonical: [1, Appendix A.3] explains an example
from [34]; see also [52, Remark 3.5].

2) There exists a theory with WEI (the “integral Urysohn space”) with more than
one strict independence relation (see [11]).

Fact 4.5 [52, Lemma 3.1]. If' | is strict and real-canonical, then € has GEI

COROLLARY 4.6. Let | be real-strict and real-canonical. T f.a.e.:

1) € has GEI;
2) | isstrict;

3) L=2L

LeMMA 4.7. Let | be a real-strict independence relation on €. If A | . B. then
4 Y. B.

In particular, if T is simple and A |/, B then A ch B.

Proor. Let 4, B. C. C’ be as in Definition 4.1. Assume that 4 | . B. Letd €
acl(AC’") Nacl(BC’). We need to show that d € acl(C’):

A| B =4 ad(BC) = A | BC' —
c C c
= A4 | B = acl(4C’) | acl(BC') = d | d.
c! cr c
Since | is real-strict, the latter implies that d € acl(C”). .
FacTt 4.8 [1, Section 3.1].[8].

1) If € is either stable or super-simple, then it has elimination of hyperimaginaries
(EHI);
2) if € is simple with EHI, then | is canonical:

3) if | is canonical, then | = J/.

For more on EHI in (simple) theories, see, e.g.. [8, 9, 39]; there are no known
examples of simple theories that do not eliminate hyperimaginaries; for us the
relevant implication is the following fact.

FAcT 4.9. If € is either stable or super-simple, then | is canonical and |, = | .

DEFINITION 4.10. | satisfies “Independence over Models” if:
For every a.beer, a.b' cem for every M < € with M small, if

alb ala b b ad=ky
M M M
then there exists ¢ € € such that

= - - _L - _L i
¢ | ab. c=yad. C:Mi;b‘
M
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| satisfies “Independence over Algebraically Closed (real) Substructures” (IACS)
if the above is true when we let M vary among algebraically closed substructure of
€. We say that T satisfies IACS if |’ satisfies it.

Fact 4.11 (Kim-Pillay: see [30]. [48, Theorems 29.11 and 29.13]). Let | be an
independence relation on € that satisfies Independence over Models. Then, € is simple
and | is Shelah-forking (on €).

Conversely, if € is simple, then | is a strict independence relation satisfying
Independence over Models.

Fact 4.12 [8]. If € is simple with EHI and EI. then | satisfies IACS.

L can be extended to L-types: given A C B small subsets of € and an L(B)-type
(in a small number of variables) ¢(7), we write

9.l B
A
if for some ¢ € ¢! realizing ¢(7) we have that
¢ | B
A

Notice that the above is equivalent to:
“For every ¢ € €7l realizing ¢(7) we have that ¢ | B

4.1. Independence relations on algebraically bounded structures. We analyze now
the case when L extends the language of rings and 7 is algebraically bounded.
LeMMA 4.13. Let A, B,C C €. Tfa.e.
1) 4 ¥ ¢ B:
2) forevery A’ C A, if A’ is algebraically independent over CF (where F = dcl(0)),
then it is still algebraically independent over BC
3) for every A’ C A, if A’ generates A (in the sense of the matroid acl) over BC,
then it generates A over B;
4) for every A" CA and B CB. tr.deg.(A'B'/C)=tr.deg.(4'/C)+
tr.deg.(B’/C) .
Moreover, |M is a real-strict independence relation on € satisfying the strong finite
character condition.

ProOF. For the “moreover” part, notice that 4 implies that M is symmetric, and
the conclusion follows by [1, Theorem 2.39 and Exercise 2.6]. o

Fact4.14. If Cis algebraically bounded and has GEI. then | = |/ and € is rosy.
i.e.. [P is an independence relation on €; moreover, it is super-rosy of p-rank 1.!

Proor. Since ¢ has GEI, ﬂ‘ is a strict independence relation on €7, and therefore
€ is rosy. For more details see [1]: in particular, [1, Definition 1.28].

¢ is then super-rosy of rank 1 because UP(a/B) = tr. deg.(d/FB). where U” is the
p-rank, tr.deg. is the transcendence degree, and F is the model-theoretic algebraic
closure of the empty set. .

I ater, we will prove a kind of converse to this fact.
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REMARK 4.15. Assume that € is algebraically bounded. with GEI, simple, and
[ iscanonical. Then, M= [°.

ProOF. Since |’ is canonical, |° = [P, and by the Fact 4.14 we have the
conclusion. 4

§5. The extension theorem. The results presented in this section are of inde-
pendent interest and will be utilized in the sequel. For now, K is some field of
characteristic 0.

DEFINITION 5.1. We denote by M the ternary relation on subsets of K induced
by acl over F:

A MB
C

iff, for every a finite subset of A, if a is algebraically independent over CF, then a
remains algebraically independent over CFB.?

The following lemma is well-known; we provide a proof for completeness.

LEMMA 5.2 (Amalgamation). Let By. By. and B, be subrings of K containing F.
Let 0; be k-tuples of derivations on B;, i = 0,1, 2. Assume:
1) (By.do) is a common substructure of (By.d1) and (Bs.,):
2)
B, M B,.

By

Then, there exists a k-tuple of derivations 5 on K which extends all the §;. Moreover,
if each &; commutes, then & commutes.

PrOOF. Let b; be a transcendence basis of B; over By, i = 1.2. By 2), by and by
are disjoint, and by U by is algebraically independent over By. Thus. there exists a
k-tuple of derivations d on K extending dy and such that

o(b;) =6;(b;). i=1.2.

But then J extends also J; and J,. If moreover each 6; commutes, let ¢ be
a transcendence basis of K over ByU By U B,. Let 6 be the unique k-tuple of
derivations on K such that:

1) 5: extends 5_9;

2) 6(b;) =0i(b;). i =1.2:

3) 5(¢c) =0.
Then,  commutes. -

Now (K. ) is a monster model of Tg*?.
The following technical result has several applications: we will see some later; in
[40, Lemma 5.8] the authors prove a version of it in order to study definable groups.

2When K is algebraically bounded. the above definition coincides with the one in Section 4.
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THEOREM 5.3 (Extension). Let A C B be “small” subsets of K with 0A C A and
0B C B. Let p(X) be a complete L-type over A (in n variables). Let g € S{(B) be
some extension of py. If

q ['B.
A

then q is 6-compatible (see Section 2.2).

PrOOF. Wl.o.g.. 4 and B are also subrings of K. Let @ € K" be a realization of
pand b € K’ be a realization of g. Since Jet(@) and b have the same L-type ¢ over
A, there exists ¢ an L-automorphism of K fixing A4 point-wise and mapping b to
Jet(a). .

Define ¢ := ¢! 06 0 ¢. Let

° 5:0 be the restriction of 5: to A4;
e 0| be the restriction of 6 to B;
e J, be the restriction of € to A[b].

Notice that € is a tuple of derivations on K which extends 6_0 and such that &
commutes if 6 commutes. Thus, by the amalgamation lemma, there exists a k-tuple
/. of derivations on K which extends Jy. 1. and ;. and such that A commutes
if 6 commutes. Thus, (K, ) = T°7 ( 4 is not generic, in general). Let by € K",
interpreted in (K, 1), we have that Jet(bg) = b, and therefore Jet(by) satisfies g.
Thus, the partial L°(B)-type

u(%) := T2" U Diag,;(B) U g(Jet(%))
is consistent. Since (K.d) is existentially closed and |B|*-saturated, there exists
¢ € K" satisfying u. o

5.1. Relation with the framework of [33]. It is worth noting that, in view of
Lemma 5.2, the theory T° with respect to (7, ﬂ) fits into the framework of
derivation-like expansions introduced in [33].

Indeed, Lemma 5.2 yields the amalgamation property required in part (1) of
the definition of derivation-like expansions. Moreover, since K is algebraically
bounded, algebraic closure defines an independence relation, and, in characteristic
0, derivations extend uniquely to algebraic extensions. This immediately implies part
(2) of the definition.

Furthermore, when T = Th(K) is simple, forking independence implies algebraic
independence, and hence T° is derivation-like also with respect to (7. L)

As a consequence, several of our results can alternatively be obtained from the
general theory developed in [33], and our Theorems 5.3, 6.1, 7.1, and 7.4 (as well
as Corollary 6.2) can be recovered from their corresponding general results in that
setting.

Nevertheless, we have chosen to include self-contained proofs of these results.
This is partly for the convenience of the reader, and partly to maintain a uniform
approach and notation throughout the article, avoiding the need to repeatedly
translate between our setting and the abstract framework of [33].
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§6. Algebraic closure and independence relations. In this section we examine the
relations between algebraic closure, independence relations, and (geometric) EL.
The results in this section will be used in Sections 7 and 12.

We fix (€;0) monster model of Tg*?.

Let | be some ternary relation on subsets of €. We define the following ternary
relation on subsets of €:

A ' B < Jet(4) | Jet(B).
C Jet(C)

Notice that we are not assuming that 7" eliminates imaginaries, or that | extends
to €¢4).

THEOREM 6.1. Assume that | is a real-strict independence relation on € (see
Def. 4.3). Then, \Jﬁ is a real-strict independence relation on (€, 5).

If moreover | is real-canonical, then [ is real-canonical.

Proor. In [1], a list of axioms for independence relations is presented. The
author subsequently demonstrates that the Extension Axiom is equivalent to the

conjunction of the Existence Axiom and the Symmetry Axiom. Notably, among
the axioms for independence ( |°) outlined in [1]. only the Existence Axiom
requires non-trivial verification. Thus, let d,l_),E be small tuples in €. Since |
is an independence relation, there exists a small tuple d C € s.t. d L Jet(2) Jet(h).
Let p := tpt’ (Jet(a)/ Jet(¢)) and ¢ := tp~(d/ Jet(¢) Jet(h)). By assumption, ¢ is a
complete L-type extending p, and

q | Jet(b).

Jet(c)
Since | is real-strict, Lemma 4.7 implies that
g |V Jet(h)

Jet(¢)

and therefore, by the extension theorem, there exists @’ C € s.t. Jet(a’) realizes ¢:
hence,

ana b,

c

_ o
a =k
proving that |’ satisfies Existence.

The fact that [’ is real-strict is clear.
Finally, assume that | is real-canonical. Assume that

cpfanelb.
Eb Ea

We have to prove that

¢ L ab.

acl‘)T(Ed)ﬁacl‘)f(Elg)
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W.l.0.g., we may assume that £ = aclE. Thus, we have
Jet(?) | Jet(a@) A Jet(c) | Jet(h).
E Jet(b) E Jet(a)

Since | is real-canonical, we have

Jet(¢) L Jet(b).

acl(E Jet(b))Nacl(E Jet(b))

acl(E Jet(h)) = acl’ (Eb), and similarly for a, we are done. -
In particular, we can choose | := M, and obtain that the induced relation |*-*
is a real-strict independence relation on (€;4).
COROLLARY 6.2 (cf. [33, Corollary 3.16], [42, Corollary 1.4]).
1) The algebraic closure on (€;9) is given by
acl(Jet(4)).
forevery 4 C €7 )
2) If (€:9) has GEI, then it is rosy, and [*° coincides with b-forking |\ (for
(€:9)).
PROOE. Let acl’ be the algebraic closure according to T g‘i 2,

Ifac acl’ B, then, since Jﬁ” is an independence relation,

a\Jf“T 54

and in particular,

that is, a € acl(Jet(B)). )
Conversely, it is clear that acl(Jet(B)) must be contained in a_clé (B).
2) Since M is a real-strict independence relation on (€,4), we have that the

latter is real-rosy; if moreover (€, 5_) has GEI, it is rosy (see [1] for definitions and
proofs: in particular, [1, Definition 1.26]). .

6.1. GEI in algebraically bounded structures.

PROPOSITION 6.3. Let K be any field of characteristic 0. Define A | c B if. for

every X C A which is algebraically independent over C (in the field-theoretic sense),
X remains algebraically independent over BC. Then, | is real-canonical.

PrOOE. Let K be the field-theoretic algebraic closure of K. Given C C K, let C be
the field-theoretic algebraic closure of C inside K. and acl(C) be the field-theoretic
algebraic closure of C inside K.

3T§'? is differentially algebraically bounded (see [50. Definition 4.1, Remark 4.21]; cf. [13. Section
2.251).
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Let D .= Ci NG
Cramm 1.

—_—~—

Cl N éz = acl(Cl) n aCl(Cz).
First, w.l.o.g. we may assume that C; = acl(C;), for i = 1, 2. It is clear that
D - é] N éz;

we have to prove the opposite inclusion. Let C be either C; or C». Let a € C; N
C, and aj., ..., a; be the conjugates of a over K. Then, a; € C. j=1,....0. Let
o,(x1....,x¢) be one of the symmetric polynomials: we have that o,(ay., ....a;) €
C NK = C. Thus. if p(x) € K[x] is the minimal polynomial of @ over K. we have
p € CJx], and therefore p € D[x].

Thus, a € 15, proving the claim.

Let \L be the analogue of | inside K.

CLam 2. | is real-canonical.

In fact, \L coincides with \Ji on K seen as a pure field, and, since K (using the
fact that it is an algebraically closed field) is stable with EI, |' is real-canonical (see
[1, Section 3.1]).

Assume now that C; C Bfori =1,2,and 4 | ¢ Band C; C B, fori =1,2.

We have 4 | o B fori =12 Since L is real-canonical, we have that

4 \L é]ﬁézB’

and therefore, by Claim 1,

AL 5B
which is equivalentto 4 | B.

COROLLARY 6.4. | is real-strict and real-canonical. |"° is also real-strict and
real-canonical.

Proor. This is an immediate consequence of Theorem 6.1 and Proposition 6.3.
4|
Thus, by Corollary 4.6, we have the following theorem.

THEOREM 6.5. T.fa.e.:

1) € has GEI;

2) [Mis strict;

3) =L

4) € is super-rosy of p-rank 1.
THEOREM 6.6. T.fa.e.:

1) (€:9) has GEI:

2) M isstrict;

3) |M9 is equal to b-forking on (€:6).
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CONJECTURE 6.7. Assume that € has GEI. Then, (¢; ] ) also has GEL

PROPOSITION 6.8. Let € be a monster model of some theory. Assume that |, is an
independence relation on € satisfying the following conditions:
I) | isreal-canonical;

1) | is “controlled by a rank”: there exist a linearly ordered set (I;<) and a
function p associating an element of 1 to each type (over some small subset of
the monster model € in finitely many real variables), such that:

a) p is invariant under automorphisms:;

b) p for every a, B, C. p(a/B) < p(a/BC). with equality iff a |, , C:

c) for every non-empty set X which is type-definable over A, p(x/A) attains a
maximum on X (e.g., p is upper semi-continuous).

Let e € €%, where e = f(a) for some (real finite tuple) a € € and some function
f which is definable without parameters. Let E := acl*l(e) N € and P be the set of
realization of tp(a/E) (inside €). Then there exists ¢ € P such that f(¢) = e and

al,c
PROOF. Proposition 6.8 follows the proof in [28. (1.10)] and [38. Theorem 5.12].

As noticed in [28], Neumann’s Lemma implies that there exists b conjugate of @ over
E U {e} such that

acl(Ea) Nacl(Eb) = acl®(Ee)N ¢ = E (1)
(see [15]). Let Q be the set of b € P satisfying (1).
CLAam 3. Q is type-definable over Ea.*
Since P is type-definable, it suffices to show that the set
X ={xec acl(Ea)nacl(Ex) D E}

is V-definable. For every d € acl(Ea) \ E. let X; := {x € ¢ : d c acl(EX)}. X, is
V-definable (over Ed) because it is a union of sets defined by formulae of the form
alc.d.X) A |a(E, €, x)| < n, as « varies among all L-formulae and » varies in N.
Therefore, X' = (U, caei(za)\ g Xa is also V-definable (over acl(Ea)).

By assumption, there exists b € Q such that p(b/Ea) is maximum (inside Q).
Let¢ = tp(b/Ea) suchthata | pa b Asin [28, (1.10)] (cf. [38, Theorem 5.12]),
we see that

¢l ancél b
Eb Ea
Since | is real-canonical, and acl(Ea) Nacl(Eb) = E. we have that

¢ | ab
E

and therefore ¢ | 5 proving Proposition 6.8.

4This step was not clear to us: thanks to Itay Kaplan for explaining it.

https://doi.org/10.1017/js1.2026.10229 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2026.10229

ALGEBRAICALLY BOUNDED DERIVATIONS II 15

§7. Simplicity. We will now prove that if T is simple, then T’ g‘? is also simple.
Our proof relies on the crucial notion of “Independence over Algebraically Closed
Substructures” (IACS), which we define and explore in this section.

THEOREM 7.1 (Simplicity of Tg ). If T is simple. then T: g‘? is also simple.

The above is non-trivial, but thanks to the preliminary work we can give an easy
proof. i
We fix (€, J) monster model of Tg?. Assume that € is simple. Let | be Shelah-

forking relation on €, and " be the induced independence relation on (€,4) as in
Section 6.

Since we want to prove a stronger version of Theorem 7.1, we need the following
definition.

DerNiTION 7.2, An independence relation | satisfies “Independence over
Algebraically Closed Substructures” (IACS) if:

(IACS) For every a.b € €, a’',b’ € €™, for every M C € with M small and
algebraically closed, if

alb ala b b a=ty
M M M
then there exists ¢ € € such that

¢ | ab, c=h.a. c=t_b.
M

We say that T satisfies IACS if |' satisfies it.
As we will see later, IACS is closely related to (weak) EI (cf. [28]).

RemARK 7.3. Obviously, IACS implies Independence over Models; the converse
is not true: for instance, let L = {E}, where E is a binary relation, and T be the
theory saying that E has two equivalence classes, both infinite; then, 7" is w-stable
and hence simple, therefore |’ satisfies Independence over Models, but it is easy to

see that it does not satisfy IACS (take M = ()). Indeed it is enough to consider four
distinct elements a. a’. b, b’ with a’, b’ in two different equivalence classes.

THEOREM 7.4. Assume that T is simple. Then, [ is a real-strict independence
relation on (C, 5_> and it satisfies independence over models.

Thus, TgfS 7 is simple, and |/? is Shelah-forl_cing on (€,9).

If moreover T satisfies IACS, then also Tg 7 satisfies IACS.

PrOOF. From Theorem 6.1 we have that |* is a strict independence relation.
We have to show that |* satisfies independence over models (resp.. over

algebraically closed substructures) if Jﬂ satisfies it. Let a, l;, a’, b’ be as above
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and M be a small elementary L9-substructure (resp.. small L‘g-algebraically closed
substructure) of (€,d). The assumptions become

Jet(a \L Jet(b Jet(a \L Jet(a),
Jet(h") \L Jet(h). Jet(a') EA; Jet(b').

By Fact 4.11 (applied to €), [' satisfies independence over models (resp.. by
assumption, |° satisfies IACS), and therefore there exists d € M"™ such that

d [ Jet(a)Jet (b). d =t Jet(a). d =t Jet(p))
¢ ¢ Jet(a) ¢ Jet(h)

Let ¢ := tp~(d /M Jet(a) Jet(h)). and p be restriction of ¢ to €. Notice that p is

realized by da. and it is therefore 6-compatible. Moreover, d \L Jet(a) Jet(h) and
therefore ¢ | eJet( a) Jet(b). and therefore

q [MJet(a)Jet(b).
¢

Thus, by the extension theorem, ¢ is d-compatible, and it is therefore realized by
Jet(¢) for some ¢ € €. Thus, we have

Jet(¢) J/Jet a)Jet(b), Jet(¢) =t Jet(a'). Jet(c) =t Jet(d)
¢ Jet(a) ¢ Jet(h)

which implies the conclusion. =

7.1. GEI and simplicity.

THEOREM 7.5. Assume that T is algebraically bounded, simple, with GEI and |/, is
real-canonical (e.g., T is either stable or supersimple). Then:

) L=L=UL:

2) T is super-simple of SU-rank 1:

3) M is strict and real-canonical:

4) Shelah forking on T g Yis equal to |? and is also strict and real-canonical;

5) T has GEL

Proor. M= [P byFact4.14 anditis thereforestrict. |M = | by Remark 4.15
M is real-canonical by Corollary 6.4.

[ is Shelah’s forking by Theorem 7.4 it is therefore strict; it is real-canonical by
Theorem 6.1.

T2? has GEI by 3) and Fact 4.5. .

By Theorem A, we can deduce that the assumptions of Theorem 7.5 can be
weakened to “T is algebraically bounded and simple.”

7.2. Elimination of imaginaries and simplicity. In this section we give some
sufficient conditions for 7' 5’7 to have EI when T is simple (see Theorem 7.9 and
Corollary 7.10); for previous results see [37, 38].
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Given a monster model €, we use the following convention: a, b,c.d are finite
tuples of real elements, A, B, C, D, E are small sets of real elements, while e will be
an imaginary element: acl will always denote the algebraic closure inside ¢ (and not
€%); when we consider two theories, T and Tgfm, we will use acl for the algebraic

closure according to 7', and acl’ for the algebraic closure according to 7' gg?

DEFINITION 7.6. We say that T is “good” if:

1) T is algebraically bounded:;

2) T has EI;

3) T is supersimple.

REMARK 7.7. If T is good then T has EHI and | = [° (Fact 4.8 and
Theorem 6.5).

Moreover conditions 1) and 2) imply that M = [P (Theorem 6.5).

Conditions 2) and 3) imply that | satisfies IACS (Fact 4.12).
Finally. if 7" is good, then T is supersimple of SU rank 1.

REMARK 7.8. If we consider the conditions 1) and 2) of Definition 7.6 together
with the assumption that the theory 7 is stable, then it is easy to see that || =
= M which implies that 7 is superstable of SU rank 1 (a particular case of
supersimplicity). and therefore it is good. By Theorem A, we can further weaken
the assumption to conditions 1) and 2) plus 7 is simple.

THEOREM 7.9. If T is good, then Tg-7 is simple, | is real-canonical and satisfies
IACS. and T?" has EI

We will prove the above theorem at the end of this section, after some consequences
and preliminary results.

CoROLLARY 7.10. If T is algebraically bounded and stable with EI, then Tg ” has

EIL
Proor. If T is stable with EI, then it is superstable (of U-rank 1). (Theorem A
gives that T = ACF). -

We prove a more general result that we will use for the proof of Theorem 7.9.

PrOPOSITION 7.11.  Let € be a monster model satisfying the following conditions:
1) € is simple:

2) [ satisfies IACS;

3) [ isreal-canonical;

4) [ is controlled by a rank p, as defined in II of Proposition 6.8.

Then, € has WEI. If moreover € expands a field, then € has EI

PrOOF. The proof keeps following the one in [28, (1.10)] and [38, Theorem 5.12].°
Here are some more details.

SNotice that in their proof [38] do not mention that ¢ should have IACS: but this holds in their
setting. [12, Fact 4.14] gives a similar result that might be easier to prove in this context.
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Let e be an imaginary element. Write e = f (@) for some (real finite tuple) a € ¢*
and some function f which is definable without parameters. Let E := acl®l(e) N €.
Our thesis that U has WEI is equivalent to e € dcl®)(E) (when € expands a field,
WEI implies EI see Remark 3.6).

Let P be the set of realization of tp(a/E) (inside €). By Proposition 6.8, there
exists ¢ € P such that f(¢) = e and a and ¢ are (forking)-independent over E.

CLam 4. fis constant on P.

_ Otherwise, there exists d e P such that f(a) # f (d"). Let d”.a" be such that
d"a" ' d'aand d"a" = d'a. Thus. f(d") # f(a"). d" =g a. and @ =g a.
Thus, choosing either d := d” ord := a@” we get f(d) # f(a)andand d || L a
_ By IACS (since E is algebraically closed), (by taking @ := a.b :=d. a’ := ¢. and
b’ := ain Definition. 7.2) there exists ¢’ € ¢* such that ¢’ =7 aand ¢’ =g; ¢. Since
e= f(a)# f(d) weget f(C") # e;butsince e = f(a) = f(¢), we get f(¢") =e.
absurd.

CramM 5. e € dcl*d(E).

By Claim 4 and compactness, there exists an L(E)-definable set X such that
P C X and f is constant on X. Thus, e is defined by the L(E)-formula 3% € X

f(x)=y. -

ProOF OF THEOREM 7.9. We have to show that 7" and T’ g ” satisfy the assumptions
of Proposition 7.11.

For T, we define p(a/B) to be the rank given by the algebraic closure (notice that
under our assumptions 7 is super-simple of rank 1, and p is equal to the SU-rank).
Since p(ay, ....an)/B < m, condition Ilc of Proposition 6.8 is automatically true,
and therefore 7 satisfies the assumptions of Proposition 7.11.

We consider now T g’?: we have to show that the various properties of 7' that we
need are inherited by 77"

We have seen before that T' g? is simple with IACS and real-canonical.

We need to introduce a suitable function p and show that it satisfies the conditions
in Proposition 7.11. We can use the analogue of the dimension function dimp

in [38]. For every r € N, define p(a/B)(n) as the transcendence degree of Jet, (a)
over acl(Jet(B)), where

Jet,(a) = {ua : p € T and |u| < n}.

Thus, p(a/B) € w®. If we endow w® with the lexicographic ordering, then p is
upper semi-continuous, and satisfies the conditions in Proposition 7.11. -

§8. Distality. This section is based on a suggestion by Elliot Kaplan. Distality
is a stronger condition than NIP, it characterizes NIP theories that are as far from
stability as possible. For a formal definition and key properties of distal theories, see
[2, 47]. In [21] we showed that if T is NIP, then Tg " is NIP. A similar results hold
when T is distal.

TueoreMm 8.1. If T is distal, then Tg s distal.

Proor. Immediate from Theorem 2.4 and [2, Proposition 7.1]. o
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§9. w-stability. In [21], we showed that if the theory T is stable, then T g 7 retains
stability. The analogous result for w-stability is false: here we give necessary and
sufficient conditions for 79" to be w-stable. Recall that countable theory is totally
transcendental iff the theory is w-stable (see [46, p. 125]).

THEOREM 9.1. T§’7 is totally transcendental iff T = ACFy (i.e.. T is the theory of
pure algebraically closed fields, possibly with some constants) and d commute.

We first need the following lemma (cf. Theorem A).
LemMma 9.2. T is algebraically bounded and strongly minimal iff T = ACF,.

Proor. Itisclearthat,if 7 = ACFy, then T is algebraically bounded and strongly
minimal.

Conversely, assume that 7" is algebraically bounded and strongly minimal. Let
K = T. Since K is strongly minimal, as a field K is algebraically closed (see
Macintyre’s Theorem [44, Theorem 3.1]). By [27. Theorem 1], every K-definable
set is definable in the field language. -

ProOF OF THEOREM 9.1 If T' = ACF, then T, g is w-stable [36].
Let us now consider the converse. Let (K.d) = Tg'?.

1) Assume that 6 do not commute. Let C; be the fixed field of &,. Notice
that 6,(C;) = K, since K is existentially closed. Thus, MR(C;) = MR(K).
However, C} is a subgroup of K of infinite index, and therefore MR (K ) = oo.
proving that (K.J) is not w-stable.

2) We have to prove that 7 = ACF, so by Lemma 9.1 we assume that K is not
strongly minimal. We want to show that (K,J) is not w-stable. It suffices to
show that, assuming that L(K) is countable, there exist 2 L-1-types over K.
Then, let X C K which is K-definable and such that both X and K\ X are

infinite. Fix J C N and consider the following partial L (K)-type:
pix)=(@xeX:ieJ)u@ix¢X:ig¢lJ).

Notice p; is indeed a partial type and, for every J # J', p; and p; are
incompatible. Thus, |S25 (K)| > 2. 5

§10. The field of constants. We give some interesting results on the field of
constants. Before we introduce some notations and definitions.

DEeriNITION 10.1.  The field of constants is the set
Cs:={aeK:d0(a)="=0d(a) =0}

We consider the reduct (K.C;) (i.e.. the expansion of K with a unary predicate
for Cj).

Observe that C; is dense in K w.r.t. the matroid acl: that is, for every Z C K which
is L-definable (remember that L is the signature of K) with parameters in K and
large, Z intersects C5; moreover, C; is also L-algebraically closed in K. Thus. (K. C;)
is a lovely pair of geometric structures (in the sense of [4, 5]: see also [16]). Thus, we
can apply the known results (see [4, 5, 16]).
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LemMA 10.2. b € K¢ and B := dcl;(Jet(b) = del 5 (Jet(b)). Then, B is P-
independent: that is, B " C5. where A := B N P.

PROOE. Assume not: then, there exists d € Jet(h)" s.t. d is L-algebraically
independent over 4 but the following system has a solution ¢ € (K")™:
ox =0
T40

_ (1)
Z xijdj’» = O
i.j

W.Lo.g.. we may assume that (K.d) is a monster model. Let 5’ E/Lf bs.t. b’ M9 N

Let o be an L‘g-automorphism of K over A mapping b to b’ and d' "= a(d). Then,
d’ is L-algebraically independent over 4 and therefore (1) (with d’ in place of d)

cannot have a solution in K. But » and 5’ have the same L°-type, absurd. !

THEOREM 10.3. C; is an elementary L-substructure of K.
Let be K and X C Cg’ be L°-definable with parameters b. Then. there exists

Y C K" which is L-definable (in K) with parameters Jet(b) such that X = Y N C.

If moreover b € Cs. then X is L-definable in C s with parameters b equivalently. there
exists Y C K" which is L-definable in K with parameters b such that X = Y N K".

ProoF. The theorem is a reformulation of [16, Lemma 8.22] (see also [4.
Proposition 3.4]), using Lemma 10.2. -

Notice that, by Corollary 6.2, C; is algebraically closed in K w.r.t. the L-structure.
DEerINITION 10.4. A basic formula is a formula of the form
35 (7 € K Aw(3.7)).

where y is an L-formula. A basic set is a set definable by a basic formula (with
parameters from K).

TueoreMm 10.5. Let Z C K" be definable in (K. Cz) with parameters from K. Then,
Z is a finite Boolean combination of basic sets, with the same parameters as Z.

The Theorem is a reformulation of [4, Corollary 3.2] and [16, Theorem 8.5].

REMARK 10.6. Let (4, B) be a lovely pair of geometric structures, with 4 = 7.
Then. there exists B* = B and a derivation * on B* such that (B*.d*) |= Ty and
(B*, A*) = (B, A), where A* := €;»

PrOOF. The theory 7% of lovely pairs of models of T is complete (see [4]). Let
(B*, A*) = (B, A) be a 0-big (a.k.a. “splendid”: see [26]). By bigness, there exists a
derivation 6* on B* satisfying the conclusion. o

[32. Section 5] use a particular case of the above remark to (re-)prove some results
about lovely pairs.
For more results (in particular on imaginaries in (K. Cj)) see [4. 5. 16].
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§11. Open core. The open core of a topological structure is the structure
generated by the sets which are both open and definable. We investigate expansions
of algebraically bounded topological structures with generic derivations: more
precisely we prove that, under very weak assumptions, 7" is the open core of Tg?
(Corollary 11.11).

By a topology 7 on T we mean an assignment, to every K = T and every n € N,
of a topology 7,x on K",

DEeFINITION 11.1 [41]. 7 is definable if, for every n € N, there exists an L-formula
(without parameters) o, (¥.7), where X is an n-tuple and j is a finite tuple, such
that, for every K |= T, we have that

(a(K.B): b e KV}
is a basis of open sets for 7, . The family {a (K, b):be K7} is a definable basis
for the topology.

If we give only a topology on K, we assume that the topology on K” is the product
topology.

DEFINITION 11.2. T is an open core of Tg? if, for every (K.J) = Tg*? and every

n € N, every t-open LS(K )-definable subset of K" is already L(K )-definable.

We give: sufficient conditions for 7' being an open core of Tg*? (see Assump-

tion 11.7 and Theorem 11.9) and for 77" to have EI (see Theorem 11.10).

In an article in preparation we will present another approach, with slightly
different assumptions and a very different proof.

Let K |= T and n € N. Let X C K" be an L(K)-definable set.

DeFINITION 11.3. Given a € K", the Local Dimension of X at a is
loc-dim;(X') := min{dim(X N U) : U open definable set containing a}.
The Local Dimension of X is
loc-dim(X) := max{loc-dimz(X) : a € X}.
We say that X has constant local dimension d if, for every a € X, loc-dim;(X) = d.
REMARK 11.4. loc-dim(X) < dim(X).

DEeFINITION 11.5. dim is local (w.r.t. to 7) if, for every K |= T, for every n € N,
and every X C K"L(K)-definable, dim(X ) = loc-dim(X).

[18] gives sufficient conditions for dim to be local. It gives also an example where
it is not local (the Sorgenfrey plane).

Fact 11.6 [18]. Assume that t is definable, the topology on K" is the product
topology (for every n € N), (K, +) is a Hausdorff topological group (for every K |=
T), and every open definable set is large, i.e., it has the same dimension of ambient
space.

Then, dim is local.
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AsSSUMPTIONS 11.7. We assume that, for every n,m € Nand K = T,

1) 7 is definable;

2) the projection map K" x K™ — K" is continuous;
3) 1,k is invariant under permutation of coordinates:;
4) dim is local.

ExampLEs 11.8. The following topologies satisfy the assumptions:

1) T = RCF with the usual Euclidean topology.
2) T is a theory of Henselian valued fields with the valuation topology.

THEOREM 11.9 (Open Core). T is the open core of Tg 2,
More precisely: let (K.d) = T2 and A C K 5.0.0(A) C A. Let X C K" be LO(A)-
definable and closed. Then, X is L(A)-definable.

We give a proof later in Section 11.1. Particular cases of Theorem 11.9 were
already known (see [32, Section 6]).

THEOREM 11.10. Assume moreover that t satisfies the following condition:

5) If X is L(K)-definable and nonempty, then dim(X \ X) < dim(X). where X is
the topological closure of X.

Then, Tg'? has EI modulo T*.

Proor. With trivial modifications, the proof suggested by M. Tressl in [19] works.
#

For the following corollary, we spell all conditions explicitly.

CoROLLARY 11.11. Let T be algebraically bounded, with a definable topology .
Assume that t is a non-trivial and non-discrete ring topology. Then, T is the open core
of Tg 2,

If moreover t and satisfies Assumption 5) in Theorem 11.10, then Tg ? has EI modulo
T,

PrOOF. Since 7 is a non-trivial ring topology, it is HausdorfT (see, e.g., [51,
Theorem 11.10]).

We only need to show that dim is 7-local.

By Fact 11.6, it suffices to show that every nonempty open subset of K" is large.

For n = 1. since 7 is Hausdorff and non-discrete, every nonempty open subset of
K is infinite and hence large.

Forn > 1, let U C K" be open and nonempty. Let By, ..., B, C K be open and
nonempty s.t. B := By x --- x B, C K". Since, by the case n = 1, each B; is large,
then B is large. B

11.1. Proof of Theorem 11.9. We present some preliminary results before giving
the proof.

Fixn € Nand X = (x|, ..., x,,). We use the same notation as in Section 2.

We need to endow K'" with a topology. For every J finite subset of ', of
cardinality m € N, 7, is a topology on K™ and hence on K’ (it does not depend on
how we enumerate the elements of J, since we assumed that 7,k is invariant under
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permutation of coordinates). We have a natural map I1; : K™ — K. We define
the topology txr, as the coarsest topology making all the maps I1; continuous:
equivalently, a basis of 7x r, is given by

{11,'(U) : U C K’ open,J C i, Ty}

Let K = T be a monster model (i.e., A-saturated and A-homogeneous for some
sufficiently large cardinal A >Ry +|L|) and 4 C K be a “small” subset (i.e.,
|4] < A).

Let J C T, (J could be finite or infinite); again, we consider J as a set of indices
and x; as a tuple of variables (see Section 2.2)

A partial type p(x;) over 4 determines a (type-definable) subset Z C K. If J is
finite, we can define the dimension of Z as

dim(Z) := min{dim(a(K) : « € p} € N.

If however J is infinite, the dimension of Z (defined in the “obvious” way) may be
infinite (e.g.. dim(K”) is infinite). We need to define when Z' is a large subset of Z
even when dim(Z) is infinite.

DEerINITION 11.12. Let Y C Z be subsets of K7 which are type-definable (over
some small 4 C K). We say that Y is large in Z if, for every J' C J with J' finite,
dim(I1;/(Y)) = dim(I1;/ (Z)).

Given a partial type p(x;). we denote by p(K) the set of realizations of p in K’
and dim(p(xy)) := dim(p(K)). Given J' C J, we denote by p(J’) the partial type
corresponding to the set IT;/(p(K)).

Let ¢ € S7(A4) be a complete type. of dimension d.

Lemma 11.13. Assume that J is finite.

Then, there is a family {X; : i € I} of L(A)-definable sets such that:
1) q(K) =g Xi:

2) each X; has constant local dimension d.

PrOOF. Let {Y;:i € I} be a family of L(A)-definable sets such that: ¢(K) =
N{Y; :i € I}. Let Z be some L(A)-definable set of dimension d containing ¢ (K):
by replacing Y; with Y; N Z, w.l.o.g. we may assume that all ¥; have dimension d.
Given an L(A4)-definable set ¥ C K’ of dimension d, let

Sing(Y) :={a € Y :loc-dim;(Y) < d}
and Reg(Y) := Y \ Sing(Y).
Since dim is definable, Sing(Y) and Reg(Y) are L(A)-definable. Since dim is local,

dim(Sing(Y)) < d. and therefore dim(Reg(Y)) = d and Reg(Y) has constant local
dimension d.

CLamM 6. Foreveryi € I, g(K) C Reg(Y;).

Assume not: then, since ¢ is a complete type over 4, ¢(K) C Sing(Y;). but then
dim(g) < dim(Sing(Y;)) < d. absurd.
Thus, we can define X; := Reg(Y;).

Notice that in the above lemma we used that dim is definable.
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LeMMA 11.14. Let U C K’ be open and definable (with parameters in some small
set Bwith A C B C K). If U N q(K’) is nonempty. then it is large inside q(K’).

Proor. Since U is definable, there is some Jy C J finite and ¥ C K70 L(A)-
definable and open, such that U = =« }é (V). LetJy C J' C J, with J’ finite. We need

to prove that I1,/(U N ¢(K”’")) is large inside 1,/ (¢(K)).

The former is equal to U’ N ¢(K(J')), where U’ := I1,/(U’): thus, by replacing
U with U’, J with J’, and ¢(x;) with g(x;/). we may assume that J' is finite. Thus,
by Lemma 11.13, we may assume that ¢(K) = (1), X;. where each X; is an L(4)-
definable set of constant local dimension d. Thus, since X; N U is nonempty, X; N U
has (local) dimension d, and therefore dim((), X; N U) = d. =

PrOOF OF THEOREM 11.9. W.l.0.g.. we may assume that (K.0) is a monster model
and A4 is “small”. By Beth definability, it suffices to show that X is L(A4)-invariant
(i.e., that X is set-wise invariant under automorphisms of K as L-structure fixing 4
point-wise).

Let Z :=Jet(X) C K™ and Y be the closure of Z (according to the topology
Ik, ). Since X is closed, we have that X = IT,(Y) (where I1,, is the projection onto
the first n coordinates). Thus, it suffices to show that Y is L(A)-invariant.

Leta, a’ € KT, with the same L(A)-type, and such that a € Y. We need to show
that @’ € Y. Since 7, is definable and Y is closed, it suffices to prove the following.

Cramm 7. Let U' C K" be an L(K)-definable open set containing a'. Then, U’
intersects Y.

Let ¢ be an L(A)-automorphism of K such that ¢(a’) = a. Let U := ¢(U’'):
notice that U is an open L(A)-definable set containing a: therefore, there exists

b € X such that Jet(b) € U. Let ¢’ := ¢ ' (Jet(b)).
Let g(xr) be the L(A)-type of Jet(b): by definition, it is also the L(A4)-type of ¢’.
By Lemma 11.14, ¢(K) N U’ is large inside ¢(K). Thus, by the Extension Theorem,

there exists 5’ € K" such that

Jet(p') € g(K) N U
Therefore, b’ € X and therefore Jet(b') e ZNU' C Y N U'.

§12. Differential dimension.

12.1. The commutative case. Let (A4.J) be a field (of characteristic 0) with k
commuting derivations. The derivations induce a matroid on 4. Givena € 4, Y C
A, and X C A, we define a € d-acly(X) if Jet(a) is not algebraically independent
overJet(X UY).

As shown in [19]. d-acly is a matroid on 4.°

Fix (€.0 ) monster model of T; . We have the corresponding matroid d-acl(X) :=
o-aclp(X).

%A more general result is true. Let A := (4, cl) be a finitary matroid. Let 0 be a tuple of commuting
quasi-endomorphisms of A, in the sense of [19]. Given X, Y C A, define - cly(X)asthesetofa € 4
such that @’ is not cl-independent over Jet(X) Jet(Y). Then, J- cl is a finitary matroid on A.
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THEOREM 12.1. d-acl is an existential matroid (in the sense of [16]).

PrROOF. We have to prove that d-acl is definable and it satisfies existence (see [16.
Section 3]). )

The fact that 5-acl is definable means that, for every 4 C ¢ and b € J-acl(4) there
exists an L‘j-form_ula #(X.y) and @ € A" such that (€, 5) = ¢(a,b) and, for every
a'.b'in €, if (€,0) = ¢(a’.b’). then b’ € d-acl(a’). We can take as ¢ any formula
witnessing that /%€ is not algebraically independent over A.

For existence, let 4 C B C € be subsets of small cardinality. Let ¢ € € such that
¢ ¢ 6-acl(A4). We have to show that there exists d € € such that ¢ and d have the
same L‘s-typp over A and d ¢ J-acl(B).

Since | satisfies existence, there exists d € € such that ¢ and d have the same
L°-typeover A and d Jﬂ” B Then, Jet(d ) is algebraically independent over Jet(B):

therefore, d ¢ 6-acl(B), proving that d-acl is an existential matroid. -

Thus, J-acl induces a dimension function 6-dim on models of Tg (see [16]; see
also [24]).

REMARK 12.2.

1) d-acl is not the T;’ -algebraic closure: the former only contains the latter. For
instance, the whole field of constants Cj is in 5-acl(0).

2) M isnot the independence relation induced by d-acl, because |*° is strict.
For instance, if a € C; \ acl(F). then a Af‘"m‘ga.

LeEmMMA 12.3 (See [14]). Ler (K.0) |= Tg. Let Y C K" be L-definable (with
parameters). Then, dim(Y) = 5-dim(Y).

ProoF. By the properties of dimension functions (see [13]) it suffices to treat the
case when n = 1 (the general case follows by induction on ). If dim(X) = 0. then X
is finite, and therefore -dim(X) = 0. If dim(X) = 1. then (X — X)/(X - X) =K.
and therefore -dim(X) = 1. -

The same proof gives a more general result.

ProrosITION 12.4 (Invariance of dimension for fields). Let L be a language
expanding the language of rings, and L* be an expansion of L. Let A* be an L*-
structure expanding a field, and A be its restriction to the language L. Assume that
dim* and dim be dimension functions on A* and A, respectively. Then, for every
X C A" which is L-definable (with parameters), dim*(X) = dim(X).

Unlike in the case of lovely pairs, we cannot approximate L’-definable sets with
L-definable sets.

REMARK 12.5. Let (K.d) |= T9. Let X C K be L°-definable (with parameters).
If X is definable in the lovely pair (K. Cj) (see Section 10), then there exists ¥ C K
which is L-definable and such that J-dim(XAY) < 1 ([16, Proposition 8.36]). If not,
such Y might not exist: for instance, let K be a real closed field, and X := {x € K :
ox > 0}.
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12.2. The non-commutative case. The assumption that the derivations commute
cannot be dropped.
LeEmMA 12.6. If the derivations do not commute, then o-acly is not a matroid,

because it is not transitive.” In fact, let k =2 and (K, 5) = Tg_’”". Then, there exist
a.b,c € K such that:

1) a' is algebraically independent over F;

2) (Szb =0 andélb = 5161;

3) c=a-b.
Notice that d1¢ = 0. Then. a ¢ 6-acl(F). b, ¢ € 6-acl(F). but a € d-aclp(b. ¢): thus.
transitivity fails.

Lemma 12.7. For k > 2. models of ng’”" do not have a dimension function.

PrOOF. For simplicity, we do the case when k = 2. Let (K.d) = T' g ¢ Assume, by

contradiction, that dim’ is a dimension function on (K.J). Let X := {b € K : 6;b =
0}. Let Y := {c € K : 5,c = 0}. Notice that X and Y are L°-definable subfields of
K of infinite index inside K: thus, dim’(X) = dim’(Y) = 0.

CLam8. X +Y =K.

Leta € K.Letb € K such thatd;b = 0and d»b = d»a. and let ¢ = a — b. Notice
thatb € X andc € Y. Thus X + ¥ = K.

But dim’(X) = dim’(Y) = 0, and therefore dim’(K) = 0. while the axioms of
dimension require that dim’(K) = 1.

§13. Genericity. We denote by KX the set of all functions from K to K. and by
Derg C KX the set of derivations on K extending # (remember that # is a fixed
derivation on the field F = dcl(()): see Section 2.1). The main references for this
section is [25], from which our presentation is heavily inspired; for the background
notions of descriptive set theory see [29].

For every a,b € K", we define

B,;:={0 € KX :5(a)=b}.
For every L°-sentence ¢ with parameters in K, we define
Uy :=1{0 € K¥ : (K.9) = ¢}.
The set KX has two “canonical” topologies:
e The pro-discrete topology, whose basis of open sets is given by
{B,;:a.beK".neN}

and which we denote by t,;, which is the topology induced by the product
topology on KX

"Naturally, we use the free monoid T instead of the free commutative monoid Jet to define -acl in
this situation.
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e The “first-order” topology, whose basis of open sets is given by

{Ug: ¢ L?-sentence with parameters in K},

and which we denote by 7x¢.
REMARK 13.1. Another basis for 7, is

{Uy : ¢ quantifier-free L’-sentence with parameters in K}.

In fact,

Bﬁ.j? = U(éalibl/\<~-/\($un:bn)'

For the remainder of this section, when we don’t specify the topology, we mean
74. The following notions concerning specific formulas are useful for obtaining
information about sets with respect to the topology.

DEFINITION 13.2. We say that an L°-sentence ¢ with parmeters @ is “relatively

quantifier free” if ¢ = a(Jets(a)) for some L-formula without parameters . We say
¢ is “relatively existential” if

¢ = 3% a(let(a). Jet(%)).

for some L-formula without parameters cc. We can define “relatively universal” and
“relatively V3 L?-sentences with parameters.

LemMA 13.3. Let ¢ be an L? sentence with parameters.

o If ¢ is relatively quantifier free, then Uy is clopen.
o If ¢ is relatively existential, then Uy is open.

o If ¢ is relatively universal, then Uy is closed.

o If ¢ is relatively V3, then Uy is Gs.

Proor. We do only the case when ¢ is relatively existential: the others are similar.
Write ¢ = 3y a(a.da,....0"a, b.ob, ....0™b), for some L-formula ¢. Then,

U¢ = U (Bg_gl n Bd1ﬂz n---N Bﬁnilﬁn N B/;J_’l N Bf_)lf_)z M---N B}‘)

ai, ... ,ﬁn,Bl, ...,Bm e K<“A <K,5> ): a(d,dl, ,dn,B,Bl, ,Bm)).

m-1:bm

For the remainder of this section, we assume that K and L are countable.
Thus, Derk is 7ro-closed and it is a 74- G5 inside K X; we use the same names for
the induced topologies on Derg. Notice that KX is a Polish space: therefore, Derg

is also a Polish space (see [29]). Thus, any two dense G5 subsets of Derk always
intersect.

Given Z C K" x K", we define
I, = {0 € Derg : 3b € K" : (h.0b) € Z}.
Lemma 13.4. For every Z C K" x K", I is an open subset of Derg.

PRrROOF.

Iz =|J(B;p:ac K" beK" (ab)e Z).
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Let G be the family of derivations § € Derx such that (K,8) = T¢. Let £ be the
family of the sets Z C K"*" definable with parameters, such that I, (Z) is large (for
some n € N).

LemMA 13.5. G(M) = mZe.c I7. Moreover, G is a Gs-subset of Derg.

ProOF. By the axiomatization T“zi 4 (Where we introduced in [21, Definition 3.3]).
GM)=N zer 1z. Bach Iz is open. By our assumptions, £ is countable. o

LEMMA 13.6. On G, tpp and t, coincide.

PrOOF. By elimination of quantifiers, every L°-sentence is equivalent, modulo
T ;,) , to arelatively quantifier-free sentence. The conclusion follows from Lemma 13.3.
_{

LemMA 13.7. Assume that tk(K/F) is infinite. Then, for every a finite tuple in K
and every W large subset of K" which is L-definable with parameters, there exists
b € W which is algebraically independent over Fa.

Proor. By induction on n, it suffices to treat the case when n = 1. Let b €
K\ acl(Fa). Since W C K is large, then there exists by, by, b3, by € W such that
(by — b3) /(b3 — by) = band by # by. Therefore, atleast one of the b; isnotinacl(Fa).

_{

THEOREM 13.8. There exists K = T which is countable and of infinite rank over F.
For any such K, the set G is a dense subset of Dery.

Thus, in a precise topological sense, G is a generic set (notice that G is tro-closed
in Derg).

ProoF. We have seen that each I is open. It suffices to prove the following claim.
CLAM 9. Forevery Z € L, I is dense.

Let Z C K" x K". Let B; ; be a nonempty basic open set. We have to verify that
Iz N B j is nonempty. Let ¢ € B, ;: that is, € € Derg and ea = b. Let g9 be the
restriction of € to acl(Fa). Let ¢ € I1,,(Z) be algebraically independent over Fa.
We can extend ¢ arbitrarily to ¢; in particular, there exists 6 € Derg such that §

extends g and doc € Z. Thus,d € Iz N B; ;.

The following theorem gives a “topological” criterion for when a differential
system has a solution in models of T' g .

TuEOREM 13.9. Let (K.€) |= T°. Assume that K countable and of infinite rank
over F. Let a € K*. Let Derg(a. €) be the set of derivations & on K extending n and
such that € and 8 coincide on Jet,(a), the Jet relative to the derivation e.

Let Z C K" x K" be L-definable with parameters a. Let 6 be a derivation in K
such that (K,d) = Tg. Tfa.e.:

1) I is dense in Derg(a, €);

2) I is nonempty:

3) I; NG is nonempty:;

4) o€ ly.

https://doi.org/10.1017/js1.2026.10229 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2026.10229

ALGEBRAICALLY BOUNDED DERIVATIONS I 29

Proor. Firstofallitiseasy toseethat (1) = (2),and (4) = (3) are obvious.
Moreover (2) is equivalent to (3). since I by Lemma 13.4 is open and G by
Theorem 13.8 is dense in Derk.

We prove first the case when a is empty (i.e., Z is L-definable without parameters
and Derg(a,e) = Derg).

In this case, we can add another equivalent formulation to 4:

5) G CIy.

Since T; is complete, and “ § € I;” can be expressed as a first-order sentence
(without parameters), we have that (4) = (5). the converse is trivial so (4) and
(5) are equivalent. Therefore, (1) is equivalent to (2).

Let us consider now the case when a is non-empty. Let F’ := F[Jet,(a)] and let
n’ be the restriction of ¢ to F'. We denote by L' := L(F), and T’ := T U Diag(F’).

We can consider the theory T’ g of generic derivations on K extending #’: notice
that (K,0) £ T ’Z. We can apply the previous proofto 7", since Z is now L’-definable
in K without parameters (notice that we need to modify the definition of G, since
we are restricting the space of derivations to those extending #’: however, we already
proved the equivalence between (2) and (3)). We conclude in this way the proof. -

Barbina and Zambella [3] deal with a similar situation: however, we cannot use
their results, since to apply them to our setting we would need that K is countable
and saturated. Maybe there could be a common refinement if one could weaken
their assumption to K resplendent (since every countable consistent theory has a
countable resplendent model: see [26]).

§14. Conjectures and open problems. In the article [22], we posed several
conjectures. We now conclude the article with a list of additional open problems,
remarks, and some further ideas.

14.1. Definable types. Let (K.J) = Tg‘?. Given a type p € Szg(K), let @ be a
realization of p; we define p € SLF” (K) as the L-type of Jet(a) over K.

OPEN PROBLEM 14.1. s it true that p is definable iff p is definable? We conjecture
that it is true when Tg*? = Tg and T has NIP.

14.2. Zariski closure. Given X C K", denote by X“%" be the Zariski closure of X.

QUESTIONS 14.2 (See [23]).
1) Let (X, NS I) be an L-definable family of subsets of K". Is (Xiz“’ NS I) also
L-definable? .
2) Assume that 1) holds for K. Let (K.6) = T2, Let (X;:i€lI) be an
LO-definable family of subsets of K". Is (X7 : i € I) also L°-definable?
We have affirmative answers to both questions, which will be presented in a paper
in preparation.
14.3. Kolchin polynomial. Let (¢.J) be a monster model of T g . Let a € ¢,
B C ¢ such that B C B. There exists a polynomial g (1) such that, for n large
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enough. rk(Jet,(a) | B) = wg p(n). where Jet,(a) = {ua:u el and |u| < n}
(see [31]). The degree of the polynomial is at most k: denote by u(a) the leading
monomial of wgx (including its coefficient). Let X C K" be L-definable with
parameters b: define

w(X) :=sup (u(a | Jet(b)) : a € X)
Wy = sup (w&|Jet(13) ra € X).

where the supremum for o is taken inside R[¢] w.r.t. the order p > ¢q if
lim; 400 p(t) > q (cf. [23]), while the supremum of u is taken w.r.t. the order
rtd <17 ifd < d' ord = d'and r < ' (cf. [17]). Notice that, by Section 6, u(X)

and wy are well-defined (i.e., they not depend on the choice of the parameters b).

CoONJECTURE 14.3 (See [23, 45]). The suprema in the definitions of wy and
1(X) are maxima. Moreover, w and u are definable in families: that is, for every
L°-definable family (X,- ciel ) there exists a partition of / into finitely many
definable set I = I Ll --- LI I, such that #(X;) and w x, are constant on each /;.

OPEN PROBLEM 14.4. What is the “geometric” meaning of u(X)? Notice that, up

to a multiplicative constant, the k' coefficent of wy is equal to 6-dim(X).

If Conjecture 14.3 is true, then the function X — u(X) behaves like a dimension
on L°-definable sets (with the difference that the values of u are not natural numbers,
but monomials: cf. [13, Section 2.5]).

CONJECTURE 14.5. Assume that € is endowed with a topology 7 satisfying some
suitable conditions. Let 75 be the topology on € induced by the embedding ¢ — €',
x + Jet(x) (where € is endowed with the product topology induced by 7). Denote
by X7 the 75-closure of X. Then, for every X C & which is L°-definable and

nonempty, X ° is also L-definable, and u(X \ X) < u(X).
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