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Abstract We consider the dynamics of piecewise smooth interval nfap#th a nowhere
vanishing derivative. We show thatffis not infinitely renormalizable, then all its periodic
orbits of sufficiently high period are hyperbolic repelling. If, in addition all periodic orbits
of f are hyperbolic, thery has at most finitely many periodic attractors and there is a
hyperbolic expansion outside the basins of these periodic attractors. In particufar, if
is not infinitely renormalizable and all its periodic orbits are hyperbolic repelling, then
some iterate off is expanding. In this caseg, admits an absolutely continuous invariant
probability measure.

1. Introduction

There is an extensive theory on the dynamics of one-dimensional maps. Especially smooth
maps have attracted much attention; the most detailed statements have been obtained for
quadratic maps or for unimodal maps with a negative Schwarzian derivativeMS8863J]

for an account of the theory. The existence of critical points plays a dominant role in the
dynamics of smooth maps. A natural question occurs: what can be said on the dynamics of
piecewise smooth maps for which the derivative nowhere vanishes? Studying the dynamics
of such maps is the goal of this paper.

We study the dynamics of maps : I — [ on a compact interval with a finite
number of turning points. A turning point is a local extremum in the interiof .ofA
continuous mapf is called multimodal if it possesses a finite number of turning points.
Let C1tLiP+SYMpe the class of multimodal mags: I — I, so thatf is strictly monotone
outside the set of turning pointsand In| Df| is Lipschitz continuous (the superscript Sym
in the notation indicates thabf | is continuous at the turning points, see §2).

We show that from a metric point of view, the possible dynamics of a rfiap
C1HLP+Sym is limited. We show that iff is not infinitely renormalizable then there
existsM > 0 so that all periodic orbits of period larger thah are hyperbolic repelling.
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To exclude pathological dynamics one can further assume that all periodic orbits are
hyperbolic. Then there is at most a finite number of periodic attractors. We prove that
in this situation there is an exponential expansion outside the basin of attraction of the
periodic attractors.

Let us state our main result.

THEOREM1.1. Let f € C1HHP+SYM he at most finitely often renormalizable. Then there
are numbersk,, with K,, — oo asn — oo, S0 that

IDfn(pn)| > K, 1)

for each periodic poinp,, with minimal period.

If, moreover, all periodic orbits are hyperbolic, then there is only a finite number of
periodic attractors and there exist > 0, A > 1 so that for allx € I with f”(x) notin the
immediate basin of attraction of an attracting periodic orbit,

IDf"(x)| = CA".
In particular, if f only has periodic repellers, there exists> 0 with
IDfN| > 1,
so thatf admits an absolutely continuous invariant probability measure.

In 85 we give variants of this theorem, for classes of maps with less stringent
smoothness requirements, but with additional restrictions on the dynamics. Together
with the results of Alsed et al [AJS99, classifying infinitely renormalizable piecewise
smooth maps, this result provides a good understanding, from a metric point of view, of
the dynamics of piecewise smooth multimodal maps with a nowhere vanishing derivative.

As a corollary of the above theorem the following statement is obtained. A necessary
and sufficient condition forf € C1tHP+SYM tg pe eventually expandingff”| > 1
for somen € N) is that f is at most finitely often renormalizable and all its periodic
orbits are hyperbolic repelling. It is well known that eventually expanding maps admit
an absolutely continuous invariant probability measure (in short, an a.cliYy/8]. So
the result in this paper shows that any piecewise smooth multimodal map with a nowhere
vanishing derivative admits an a.c.i.p. if all its periodic orbits are hyperbolic repelling and
it is at most finitely often renormalizable. The property that some iterate of an interval map
is expanding is persistent under smooth perturbations. Therefore, these a.c.i.p.'s occur
persistently. This is in marked contrast with the situation for smooth maps, where a.c.i.p.’s
do not occur persistently. We should remark though that in one parameter families of
smooth multimodal maps satisfying some natural conditions, a.c.i.p.’s occur at a set of
parameter values of positive measuirg], BC85, MvS93, MN98, L%

In the course of proving Theorem 1.1 we present a simple proof aféldafeorem,
giving an exponential expansion along orbits which stay outside a neighbourhood of the set
of turning points and do not converge to periodic attractors (see Theorem 3.1). Actually,
our proof of Maié’s theorem holds for a somewhat larger class of maps than the proofs
of Mafié [M85] and van Strien {S90, MvS93 (compare alsoNi8g)). Let C1*BV be
the class of maps on the intervaldefined as follows. A magf is in C1+BY if f
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is C1 except possibly at a finite set, there exigts> 1 so that ¥C < |Df| < C,

and In|Df| has bounded variation. We prove h&S theorem for maps frong 1BV,

This includes piecewise affine maps which have attracted some attention recently, see
[MT96, GMT97, JS97]. It is shown in MT96, JS97, that piecewise affine maps are

not infinitely renormalizable. It was conjectured BNMT97] that piecewise affine maps

with only hyperbolic repelling periodic orbits would be eventually expanding. Although
some intermediate results in this paper, such asé&4aheorem, are proved for a class of
maps including piecewise affine maps, our main result is proved for a class of maps that
does not include all piecewise affine maps. However, the statement of the main theorem
also holds for mapg e C*BV for which the limit sets of the turning points are not
minimal Cantor sets, see §5.

Let us say a few words on the proofs in this paper. A basic lemma we prove provides,
foramapf e C*BY, a hyperbolic expansion outside the basin of the periodic attractors
under the conditions that all periodic orbits are hyperbolic and there is a strong expansion
along periodic orbits of high period. This lemma enables an easy proof oé'slEieorem
mentioned above. Indeed, it is readily seen that periodic orbits of high period staying
outside a fixed neighbourhood of the turning points have a strong expansion along them.
Marié’s theorem follows from an application of the just described lemma.

From the above itis clear that a key role is played by the periodic orbits. Our strategy for
proving Theorem 1.1 is by demonstrating a strong expansion along periodic orbits of high
period. It suffices to show this for periodic orbits that stay in the vicinity ofdHanit set
of a turning point. Demonstrating this is fairly direct if the turning point is periodic or not
recurrent. More work will be involved in establishing a strong expansion along periodic
orbits of high period near the-limit set of a non-periodic but recurrent turning point.
Dynamics neat-limit sets of recurrent turning points that are not minimal, is treated by
direct arguments similar to those used in the previous sections. For periodic orbits near
minimal w-limit sets we proceed as follows. df(c) is a Cantor set we show that it has
zero Lebesgue measure, by adapting the existing proofs of this fact2fenultimodal
maps by Blokh and LyubichgL90a, BL90b], Martens Ma90, Ma94] and Vargasy96].

Using this we show that i (c) is a minimal Cantor set, it is a hyperbolic repelling set. It
is then immediate that a strong expansion exists along periodic orbits of high period that
stay neaw(c).

The organization of this paper is as follows. The next section contains some notation
and tools that are used throughout the paper. In 83 we prove the above mentioned theorem
by Marié. In 84 we assume Theorem 1.1 holds for orbits that stay neas-thmit sets
of the turning points and show how to extend it to all orbits. With the lemmas proved
in 84 one can easily treat multimodal maps for which turning points are not recurrent, or
periodic, or have a hyperbolic repellirglimit set. In 85 we prove Theorem 1.1 making
use of the material in the previous sections, as well as results on the Lebesgue measure of
w-limit sets. These results are collected in §6. We show thawthimit set of a turning
point has zero Lebesgue measure if it contains no intervals (as mentioned above, the proof
is an adaptation of the existing proof of this fact &t multimodal maps).
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2. Prerequisites

This section collects some, mostly well known, properties of interval maps that we need
in the following. We first define the three classes of maps occurring in this paper. Let
I be a compact interval. Lef'*BY pe the class of mapg : I — I, so thatf is C*
except possibly at a finite set, there exi€ts> 1 so that YC < |Df| < C, and In|Df|

has bounded variation. L&t'*1P be the class of multimodal mags: I — I, so that

f is strictly monotone outside the set of turning poifitand In|Df| restricted to each
interval in 7\T can be extended to a Lipschitz continuous map on a compact interval. Let
C1+Lip+Sym he the class of multimodal maps: I — 1, so thatf is strictly monotone
outside the set of turning pointsand In|Df| is Lipschitz continuous.

Note thatC1LiP+Sym — cl+lip  c14BV |n particular, for all mapg in C1+LiP+Sym,
ctlip or c1*+BV | Df| is bounded and bounded away from zero. Fdrom C1*BY or
C*LP it is allowed that at a turning point lim, . |Df (x)| and lim.y. |Df (x)| differ.

This is not allowed for mapg e C1+tiP+Sym

AnintervalT c I is called ahomtervalif 7|7 is monotone for all € N. T is called a
wandering intervalf in addition f(T) N f/(T) = ¢ forall0 <i < j. See MvS93] for
the following lemma.

LEmMA 2.1. (‘Contraction principle’yet f : I — I be a continuous multimodal map
without wandering intervals. For any> O there is a5 > 0 so that for any interval c I
with |J| > & and for whichf"(J) does not converge to some periodic orbitras> oo,
we have " (J)| > $.

The fact that we can apply the contraction principle follows from the following result
from [MdMvS92].

THEOREM2.2. Amapf € C1*BY has no wandering intervals.

The derivativeD f might not exist in a point. To avoid cumbersome notation, we will
write, for example|Df" (x)| > C ifbothlimy [Df"(y)| > C and limy4, |[Df"(y)| = C.
Thedistortionof /" on an intervall C I is defined as

sup [Df*()I/IDf* ().

x,yeJ

A collectionZ = {I1, ..., I.} of subintervals of is said to havéntersection multiplicity
S if the maximum over € I of the number of intervals from containingx is S.

LEMMA 2.3. Let f € C*BV, For eachS > Othere isD > 1 so that for each interval
J C I with the collection{J, f(J), ..., f*~1(J)} having intersection multiplicity at most
S, the distortion off” on J is bounded byD.

Proof. Denote byK = Var(In|Df|) the variation of InDf|. Let £ be the set of points
where|Df | is discontinuous, leL. denote its cardinality. Write

M = sup|limIn|Df(y)| = limIn|Df(y)||.
xel |YvX ytx
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Forx,y e J,

I IN[Df" ()| = In|[Df" (Il =

n—1
D oInIDf(fF )= InIDFCF )
k=0

<S(K+LM). 2)
The distortion off” on J is thus bounded by’ K +LM), |

Maps fromC1*+HP have somewhat better distortion properties than maps &&h¢Y .
The Lipschitz constant off e C't4P is defined as the supremum of the Lipschitz
constants off restricted to an interval of\T.

The proof of the following lemma goes just as the proof of Lemma 2.3.

LEMMA 2.4. Let f € C1*HP, Denote the Lipschitz constant bf|Df| by K. Suppose
J, is aninterval on whichDf™| is continuous. Then the distortion ¢f on J, is bounded

byexp K Y05 1 ()l
Observe that the distortion gf* on J, with J,, as in the above lemma, is close to one
if Zl’.’;ol | f1(J,)] is small. The following lemma tells how much we can extend an interval

J, on which f* has bounded distortion, and still have bounded distortion on the larger
interval.

LEMMA 2.5. Let f € CY*HP. There is a constank so that the following holds. Let
Jy, = (a,b) and T, = (a,d) D J, be intervals on whicHDf"| is continuous. Let
o =Y""51f(J,)| andletr > o be suchthad "_} | f(T;,)| = . Then

1T\ Jn| S KT (3 _ 1)_
|Jn] o

Proof. Denotep = |T,\J,|/|Jx|. By Lemma 2.4, the distortion of” on 7}, is bounded by
¢K* for some constank . So, for 0< m < n and some € T\ J,,

LF™(T)| = 1™ (I)| + IDF™ ()N T\l
m Jn
< 1f™ () +e’“%m\1ﬁ|

m Jn
< ") +er%/>|1"|.

Hence
n—1 ) n—1 )
Y@ <Y 1 Ul + KT p).
i=0 i=0

Sop satisfiest/o < 14+ eK7p,ie.p > e K7[(z/0) — 1]. O

A closed forward invariant subsét c I of f € C**BV is calledhyperbolic repelling
if there existsC > 0, A > 1 with

IDf"(x)| = CA” 3)

for all x € X. A periodic pointp with minimal periodn is called hyperbolic if both
limy4, |IDf"(y)| and lim,, , |[Df"(y)| are either smaller or larger than one.
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LEMMA 2.6. Let f € C1*BVY| Let X be a closed invariant set with the property that there
existsh > 1 so that for allx € X, there exists, with |Df"x(x)| > A.
ThenX is hyperbolic repelling.

Proof. Let, for somex, 1 < A < A, B, > x denote the ball withDf"s|p | > A.
BecauseX is a closed set, it can be covered by a finite number of ®&lls. .., B, .

Forx € L andn € N, there are positive integers & ng < n1 < --- < ny < n
with nj = ny, if f"ot*"i-1(x) € By,. Observe that; —nj_1,n —ny < N, where
N =maxXny,, ..., ny }. Also

A< DTS )
From
M
IDf"(x)| = (l_[ Df”f”fl(f"1+“'+”f1(x)))Df"”M(f”1+“'+”M(x)),
j=1
writing m = min{1, min,<; |Df (x)|}, we get
|Dfn(x)| > )NLanan > X(n/N)mN

Therefore there exist&/ € N so that for eachx € L, |[DfN(x)|] > A. On a small
neighbourhood of L, |DfV|y,| > i. The lemma now easily follows. |

Finally, we recall the notion of renormalizibility. A multimodal mgp: I — [ is called
renormalizable, if there exists an intervatontaining a turning point, so that(J) c J
for some positive integet, and all intervalsf(J), 0 < i < k are mutually disjoint. The
map f is called infinitely renormalizable, if there is a decreasing sequence of intefvals
containing a turning point, so thatr (J,) C J, for integersk, with k, — oo asn — oo,
and all intervalsf’(J,), 0 < i < k, are mutually disjoint.

3. Mafé’s theorem
For a subsea¥/ of 7, write

L)y ={xel,x, f(x),..., f"(x) e I\U}. (4)

In the case of”? maps, the following theorem is due to k&a[M85], see alsovS93].
The argument given here seems more direct.

THEOREM3.1. Let f € C1*BV Letl/ be a neighbourhood of the set of turning poifits
of f. Then there are numberss, with K,, — oo asn — o0, so that

IDfn(pn)| > K, %)

for each periodic poinp,, with minimal periodh andO(p,) C I\U.
If all periodic orbits in I\l are hyperbolic, then there ar€ > 0, A > 1, so that for
eachn e Nandx € I',({ U Bp),

IDf"(x)] = CA". (6)

Here By denotes the union of the immediate basins of the periodic attractors.
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Proof. Let p, be a periodic point off with minimal periodn andO(p,) Cc I\U. If n

is large enoughp,, will not be a periodic attractor with a turning point in its basin of
attraction. We will assume thatis large enough so that this holds. Sineg” is the same
at each point o®(p,), we may replace, by the point inO(p,) closest td{. We keep
writing p, for this point. LetJ, > p, be the maximal interval witff"|;, monotone and
[ () NO(pr) = {ps}- One easily sees that each point I is contained in at most two
of the intervalsf/ (J,), 0 < j < n. By Lemma 2.3, there exist® > 0 so that for all,
the distortion of f on J, is bounded byD. Let§ be the minimal length of components
of 4. If forall i < n, the boundary(fi(J,)) of fi(J,) does not intersedt, then f*(J,)
contains a component &f and so| f(J,)| = 8. If 3(f7(J,))NT # @ for somei < n with

i chosen the minimal number for which this holds, th¢h(J,,)| > §. By the contraction
principle, which we can apply since no turning point is in the basin of attractid(pf,),
there exists a positive numb&r § so that| /" (J,)| > §. It follows that

LU0l 18
D |Jl T DIl

[IDf"(pn)| = . @)
By Theorem 2.2f has no wandering intervals. We can therefore apply Lemma 3.2 below
to get|J,| — 0 asn — oo; this proves (5).

By extendingf to a larger interval and altering in ¢/, we may assume that the turning
points are in the basin of attraction of an attracting fixed pointin Then (5) holds,
perhaps with different numbers,, for all periodic orbits. Assume now that all periodic
orbits in I\U/ are hyperbolic. From an application of Lemma 3.3 below we obtain (B).

LEMMA 3.2. Let f : I — I be a continuous-modal map. Supposg has no wandering
intervals. For eachS > O, there exists,, > 0with &, — 0asn — oo so that for all
intervalsJ, with f"|; monotonef"(J,) D J, and{J,, ..., f,(J,)} having intersection
multiplicity bounded bys, we havdJ,| < &,.

Proof. Assume, by contradiction, there exisis> 0 and a sequenc& with |J;| > C,

£l is monotone,fi(J;) D J; and {J;,..., fi(J;)} having intersection multiplicity
bounded bys. Let J be an interval contained in infinitely marfy's. SoJ is a homterval.
Since wandering intervals do not exigt,(J) N f*(J) # @ for somel < k € N. We may
choose, k minimal with this property. It is not hard to see thaandk are bounded by
integerdlo, ko depending only onJ|. The interval J, .y f/7**~(J) is a homterval, so
any pointinJ is attracted by a periodic point of minimal period- [ or 2(k — [). Observe
that f/(J;) contains a periodic poing; of period at leasi/S. If v € f!(J), because
2(k — 1) < i/S for i large enough, there is € (v, g;), 0 < s < i with fS(w) € T. This

contradicts thay”'|1i is monotone. O

The following lemma shows, in particular, that the points outside the basins of periodic
attractors form a hyperbolic repelling set if all periodic orbits are hyperbolic and there is a
strong expansion along periodic orbits of high period.

LEMMA 3.3. Let f € C1*BV, Suppose there are numbefs with K,, — oo asn — oo,
so that| Df"(p,)| = K, for each periodic poinjp, of minimal periods. If &/ C I is an
open set and all periodic orbits ih\l/ are hyperbolic, then there al€ > 0, » > 1, so
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that for eachn € N andx € I';,(Bo UU), we havg Df" (x)| > CA". Here By denotes the
union of the immediate basins of the periodic attractors.

Proof. We show that

limsup|Df (x)| = oo (8)
ieN

for each pointx € ' (Bo U U). Let us first finish the proof assuming (8). It follows
from (8) that there exists > 1 so that for eaclv € I'oo (Bg U Uf), there isn, € N with
|Df"(x)| > A. By Lemma 2.6, there exist§ > 0,1 > 1 so that|Df"(x)| > CA" for
all x € I'eo(Bo UU). So there ar&v > 0 and a neighbourhodd of I'o (Bg U Uf) so that
IDfN|y| = A. We claim there exist8/ € N so that(/\V) N Ty (Bo UU) = @. Indeed,
there would otherwise be a sequence of paits> x in 7\V so thatf/ (x;) & Bo Ul for
0 < j <i,butthent € I'o(BoUU), which is impossible. It follows that for somé € N
andi > 1,|DfN| > 1 onT"y(Bo UU). The lemma easily follows.

It remains to establish (8). Since (8) is clear for repelling periodic points, we may
assume that is not periodic. Iff/(x) is a turning point for some replacex by f/*+1(x).
So we may assum@(x) N T = ¢J. Choose a poing € w(x) as follows. Ifw(x) NT # @,
let y be a turning pointinv(x). If w(x) N T = @, there exist € T and an intervaly, y’)
with y € w(x), c € (v,"), f(y) = f(') andw(x) N (y, y’) = @. We can in fact choose
y andy’ so thaty’ ¢ T. Indeed, since»(x) N T = @, altering f nearT so that the values
of f atT are slightly perturbed does not changér). Alter f so thatf(T) N w(x) = @
and no new transverse intersections of the grapli wfith / x {y} are created. Seek an
interval(y, y’) as above for this altered map, this satisfies the required properties.

If y is aturning point, define a functianon a small neighbourhodd of y by (y) = y
and f(t(x)) = f(x)with t(x) # x if x # y. If y is nota turning point, let be a function
defined on a small neighbourhodd of {y} U {y'} by f(z(x)) = f(x) andz(x) # x.
Note thatr (y) = y’. Two cases occur which have to be studied separately. Either there
exist infinitely many points irO(x) N (y, 7(y)) or there are only finitely many points in
Ox) N (y, T(y))-

There are only finitely many points 3(x) N (y, T(y)). Note that this case in particular
occurs ify € T, since then(y,t(y)) = @. Let N be the maximal number so that
fY(x) € (v.7(y)). Replacer by fN*(x).

The setsV, we now define will play an important role in establishing (8). kFos N
write

Vi=lyeW: i) &, t(»),0<i <k, X)) e (v, ()} 9

We first discuss some properties of the séts Let 7, be a connected component .
We claim that the following two items hold:

e apointa € 3Ty satisfiesf*(a) € {a, 7(a)},

o  fiTONfiI(Ty)=0for0<i<j<k.

For the first item, observe that € 97, implies that for somé, 0 < [ < k, fl(a) €
{a, t(a)}. Takel to be the minimal number with this property. Eithee k, then we
are finished, of < k. In the latter case, writé = s/ + ¢ with t < [. Then f¥(a) =
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@) = fl(a) or f'(t(a)). Sot = 0 by minimality of/ and f*(a) € {a, t(a)}. In
particular, for each boundary poiatof T, eithera or z(a) is periodic. For the second
item, write Ty = (a,b) with b € (a,t(a)). If fi(Tx) N f/(T}) # @ then there is
y € Ty with f%(y) = f*=i%i(a) or f¥(y) = f*=7+i(b). The first possibility contradicts
the definition of7y, the second possibility implies that eith& N fX—/+i (1) # & or
(Ty) N fR=I+(Ty) # @, This givesa e =i+ (Ty) respectivelyr (a) € =7+ (Ty).
Therefore there exists € (a, b) with f¥=/%i(z) = a respectivelyf*—/ti(z) = 1(a).
However, thenf*(z) = f/~(a), contradicting the definition df;. Because the intervals
fi(Ti), 0 < i < k, are mutually disjoint, the minimal period of the periodic painbr
7(a) With a € 8Ty, isk/2 ork.

Let " (x) be a sequence of closest returngor (v)); n(0) satisfiesf” @ (x) e W
andn(i + 1) is the minimal integer so that"*+ D (x) e (@ (x), 1 (f*?(x))). Observe
thatn(i +1) — n(i) - oo asi — oo andf"(i)(x) € Vi(i+1)—n(i)- Let Tyi+1—na) be the
connected component &f,;+1)—n() that containg™® (x). Write

DD () = D= () (x)y., (10)
=0

J

By lemma 2.3, for € Ty,
X 1 .
IDf*(z)| > BC min(Kx 2, Kr) (11)

whereD bounds the distortion of* on 7y andC = min, ¢y |Df (x)|/|Df (z (x))|. Using
this in (10) one gets lim sypy | Df! (x)| = oo.

There are infinitely many points @(x) N (y, t(y)). There remains the case wherg T
and an infinite number of iterates ofis contained in(y, =(y)). The reasoning is similar
as above, but involves a different sequence of closest returns. Not@ thah (y, t(y))
accumulates on or ont(y). By replacingy by t(y) if necessary, we may assume that
Ox) N (y, T(y)) accumulates on.

Define
Vi={ze (.0 fl) € (v.2.0<i <k, f*) e (. 2} (12)
We first study some properties &f. Let 7; be a connected componentWf. We claim
that:

e apointa € 3Ty satisfiesf*(a) = a or f¥(a) =y,

o  fiTH)NfiI(Ty) =0for0<i < j <k.

For the first item, let: € 37;. Then for somé, 0 < [ < k, either f!(a) = a or f'(a) = y.
Let/ be the minimal number for which this holds.fif (@) = a then, writingk = s/+4r with

t <1, f¥a) = "% (a) = f'(a) shows = 0andf*(a) = a. SinceO(y)N(y, T(y)) =0
anda € (v, 7(y)), fl(a) = yandf¥(a) # yforl < kis not possible. So eithei (a) = a
or f¥(a) = y. To obtain the second item, suppose, by contradictfé(}) N 7/ (Ty) # @.
Then f5(Ty) N F*=7+i(T}) # ¢. By the minimality ofk, f¥~/+/(T}) cannot be contained
in fX(T}). So there exists € T with f¥=/*i(z) = 4, the boundary point of} with
largest distance tg; but thenf*(z) = f/=/(a) cannot lie inTy, a contradiction.
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Let /@ (x) be a sequence of closest returnsytin (c, y); n(0) satisfiesf"© (x) €
(y,¢) N W andn(i + 1) is the minimal integer so that"+V (x) e (y, /@ (x)). Note
that £ (x) € Vy(i+1)-n(i)- L€t Thi+1)—na) e the connected component¥f;+1)—na)
that containsf™® (x).

We claim that there exists a neighbourhdddf y so thatf”(+1-"() js monotone on
Tui+1)—n() for all sufficiently large values of. If such a neighbourhootd would not
exist, we could take a sequence of poigtse V N T, +1)—n¢) converging toy so that
fSi(zi) = dforsomed € T,0 < s; < n(i +1) — n(@i). Note|z; — f"@(x)] - 0 and
| Fri+D=n() (7, — i+ (x)| — Oasi — 0. Because (x)NT = ¢, thereiss > 0 so that
|f5i(zi) — frOFi(x)| = |d — frO+5i(x)| > 8. This contradicts the contraction principle
Lemma 2.2, proving the claim. Using this claim it follows that for lafg@ 7, +1)—n¢)
contains a periodic point. As above one concludes limsyfDf (x)| = oo. |

The use of the above lemmais not restricted to the proof af@éaheorem (i.e. to maps
with the turning points contained in basins of periodic attractors). Also, in the following
sections our strategy will be to prove the existence of a strong expansion along periodic
orbits of high period and then apply Lemma 3.3. We will apply Lemma 3.3 #itqual
to the empty set. For clarity, let us formulate the corresponding lemma separately.

LEMMA 3.4. Let f € C1*BV, Suppose there are numbefs with K,, — oo asn — oo,

so that|Df"(p,)| > K, for each periodic pointp, of minimal periodn. If, moreover,
all periodic orbits are hyperbolic, then there at@ > 0, A > 1, so that for eacln € N
andx € I',,(Bg), we have Df"(x)| > CA™. Here By denotes the union of the immediate
basins of the periodic attractors.

4. Hyperbolic limit sets

Marfié’s theorem tells us that our main theorem holds for orbits which stay outside a
neighbourhood of the turning points. In this section we show how to prove the main
theorem if we assume it holds for orbits which stay nedimit sets of turning points. This
forms the contents of the following lemma. After the statement and proof of this lemma
we apply it to prove the main theorem in some simple situations, making assumptions on
the orbits of the turning points.

LEMMA 4.1. Let f € C1*BY and letT denote the set of its turning points. Suppose that
for eachc € T there are neighbourhoodé(w(c)) of w(c) andV(c) of ¢, and numberd.,,
with L,, — oo asn — o0, so that

IDf"(pu)| = Ln (13)

for each periodic poinp, with minimal periodh andO(p,) C U(w(c)), O(pn) NV(c) #
#. Then there are numbess, with K,, — oo asn — oo, S0 that

IDf" (pn)| = Kn (14)
for each periodic poinp,, with minimal period.

Proof. Let O, be a periodic orbit of minimal period. Letc;, 1 < i < s, denote the
turning points for whichD, intersects/(c;). Assume that, witl/ = U:_,U(w(ci)), Oy
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contains a point if\l/. SinceDf" is the same at each point 6f, we may, in order to
prove (14) forp, € O,, replacep, by any point inO,,. We may assume thai, € O, is
contained in/\U/.

Write J, > p, for the maximal interval withy”| ;, monotone and™” (J,) N O, = {px}.
Since the collectiorf f1(J,)}, 0 < i < N, has intersection multiplicity of at most two,
by Lemma 2.3,f" has bounded distortion o}, with a boundD not depending orm.
Write I, D J, for the maximal interval containing,, on which /" is monotone. Since
pn € INU andaf"(1,) c O(T), there isfp not depending on so that both components of
f*(I)\{pn} have length at leagy (by the contraction lemma). By Lemma 3.2, there is a
sequencé, — 0,n — oo, with |J,| < &,. So (14) holds in case for somg € O, NI\U,
one point ofd J, is contained inO(T), since then /" (J,)| > do.

It remains to prove (14) for periodic orbit8, of minimal periodn so that for each
pn € O, NINU, 0f"(Jy) C O,. Suppose by contradiction that there is a constast 0
and a sequence of periodic poingg;) in I\U of minimal periodn(i), n(i) — oo as
i — 00, s0 that Df" D (p,a))| < C. From

. 1
IDF"D (up)l = " Gn)I/ 1o

and Lemma 3.2 it follows thatf"® (J,;))| — 0 asi — oco. Consider the set of limit
points{ f/(puiy) : 0 < j < n(i),i € N}. Becausd " (J,;))| — 0 asi — oo, this
set of limit points contains an interval. We can therefore take a periodic pamt/ \l/
contained in the interior of this set of limit points.

Denote byk the minimal period ofy. If Df*(y) < 0, letl = 2k. Otherwise, lef = «.
Let P; be a fundamental domain of P; is an interval of the fornib, f!(b)) contained
in the maximal interval aroungl on which f! is monotone. Tak# to be an eventually
periodic point. LetP, C (y, b) be such thay”~1(P,) = P1. By Lemma 4.2 below, there
is a periodic pointy, i) € O(pui)), SO that|Df/'(q,1(,»))| < Cforall j < n(i). Leth(i) be
the minimal integer so that"® (¢, )) C P,. Let H, be the maximal interval containing
qn(iy SO thatf"® is monotone orH, and f"®(H,) C P,. We claim that for high
enough,

o fMO(H,) =Py,

i S9(Hn) N fP(Hp) =¥,

for0 < ¢ < p < h(i). For the first item, iff*©(H,) # P,, then f!(z) € T for some

z € H, and! < h(i). This contradict®)(T) N P, = ¥ for largen. For the second item, if
fA(H,)N fP(Hy,) # @ forsome0< g < p < h(i), thenf?t"O=r(H,) N 1D (H,) # 0.
This contradict®)(a P,) N P, = ¥ for n high enough, which is a consequence of choosing
b € d P1 eventually periodic.

From the above it follows thay"®@+"—1(H,) = P; and f"®+"=1 has uniformly
bounded distortion oiiZ,,. So, there exist® > 0 so that for all,

P pn— 1 |P|
ph+n=1 > = 15
|IDf (gniy)| = D 1A, (15)
Since|H,| — 0 asn — oo, |Df"D+1=1(q, )| is large ifi is large. This contradicts
the definition ofg,); sinceh(i) + n — 1 is clearly bounded by:i), we have that
|DfhO+1=1(g, i) is bounded byC?. ]
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LEMMA 4.2. Let f € C¥*BY_ If p, is a periodic point off of minimal periodn with
IDf"(pn)| < C for someC > 1, then there existg, € O(p,) with |[Df7(g,)| < C for all
integersj < n.

Proof. One can state the lemma alternatively as follows. ket € Z/nZ, be positive
real numbers Wiﬂﬂ?jxi < C forsomeC > 1. Then there existk, 0 < k < n, with
H}j:oxk+i <Cforall j,0<j <n.

The proof goes by induction on The lemma clearly holds for = 2. Suppose > 2.
Givenx;, i € Z/nZ, as above, let;, i € Z/(n — 1)Z, be given byyy = xox1 and
vi = xi+1, 1 <i < n — 1. By the induction assumption there exigt® < k <n — 1, so
that]_[{':0 yiri < Cforall0<j <n—1.

Assume first thak = 0. If xg < x1, it is easily seen thaﬂ{zoxi < C forall j,
0<j<n.lIf x1 > x0, we have]_[{:0x1+,~ <Cforall j,0<j <n.

If k£ # 0, we claim that eitheﬂ;/:oxk+i <Cforall j,0<j <n,or ]’[{zoxm <C
forall j, 0 < j < n. Indeed, if the former possibility does not hold, tl“lé[rﬁzk x;i > C.
Now, if j < k, from [, x; > C and[]/_, < Cwe get[T/_, x; = [T, xi/ 1y xi <
1<C.If j >kwehave[[/_, x = [\ [T, x < C. O

In the following lemma we discuss expansion along periodic orbits near a hyperbolic
repelling invariant set.

LEMMA 4.3. Let f € C1*BVY and letc be a turning point off. If w(c) is a hyperbolic
repelling set, then there is a neighbourhdédf w(¢) and number, with K, — oo as
i — 00, so that for each periodic point, of minimal period: and withO(p,) C U,

IDf*(pn)| = K.

Proof. We claim there exist§g > 0, C > 0 andA > 1 so that for allx € I with
x, f(x),..., f*(x) contained in & neighbourhood ab (c), |Df (x)| > CA/,0<i < n.
TakeN so large thatDf"| > 3 onw(c). For eachy € w(c) there is a balB. () so that
IDfN| > 2 0N Bc(y). Sincew(c) is compact, itis covered by a finite §& v,). - . -, Be(x,)}
of these balls. Lebp equal the minimum o&(x1), ..., e(xy). Writen = kN + [ with
I < N. Then|Df"(x)| = 2*min.e; |Df(x)|'’. The claim and the proof of the lemma
follow easily. |

Using the above lemmas one can easily treat dynamics of multimodal mags &Y
for which the turning points are either periodic, or non-recurrent, or have a hyperbolic
repelling limit set. This includes Misiurewicz maps; maps for which turning points are not
recurrent. The dynamics @f? Misiurewicz maps was studied in$94, in that paper such
maps were shown to admit an absolutely continuous invariant probability measure.

THEOREM4.4. Let f € CYBY. Suppose that for each turning pointthe following
holds. Eitherc is not recurrent, orc is periodic, orw(c) is a hyperbolic repelling set.
Then there are numbers, with K,, — oo asn — 00, so that

IDf"(pu)| = Kn (16)
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for each periodic poinp,, with minimal period.

If, moreover, all periodic orbits are hyperbolic, there is only a finite number of periodic
attractors and there exist > 0,1 > 1 so that for allx € I with f"(x) not in the
immediate basin of attraction of an attracting periodic orbit,

|IDf"(x)| = CA". 17)
In particular, if £ only has periodic repellers, there exists> 0 with
IDfY| > 1. (18)

Proof. We show that the assumption of Lemma 4.1 is satisfied. The theorem then follows
from Lemmas 4.1 and 3.4.

Let ¢ be a turning point. Ifw(c) is a hyperbolic repelling set, (13) follows from
Lemma 4.3. lfw(c) is periodic, periodic orbits which stay in a small neighbourhood of
it have the same period asor twice the period. So the estimate (13) holds for periodic
points in a small neighbourhood af(c) if ¢ is periodic. Ifc is not recurrent, (13) holds
for periodic orbits in a small neighbourhood®tc) by Theorem 3.1. |

5. Proof of the main theorem
We make use, in this section, of a result on the measureliofiit sets that we presentin the
next section. This result, an adaptation of work of Blokh and LyubiiteDa, BL90b],
Martens Ma90, Ma94] and VargasYV96], states that the-limit set of any point of a map
f e cYLp ejther contains intervals or has zero Lebesgue measure. Using this result we
derive a lemma stating that periodic orbits of high period neamtlimit set of a recurrent
turning point, for a mapf € C1+HP that is not infinitely renormalizable, are hyperbolic
repelling. This is a first step in proving that such periodic points of high period are in fact
strongly repelling.

Our main result is the following theorem. In its proof we make use of a number of
lemma’s presented after the proof.

THEOREMS.1. Let f : I — I be a map satisfying one of the following.

(1) f e CHLP+SYMig gt most finitely often renormalizable,

(2) f e CcHtUP s unimodal and at most finitely often renormalizable,

() f e CYBV s such that theo-limit sets of the recurrent turning points are not
minimal Cantor sets.

Then there are numbers, with K,, — oo asn — 00, so that

IDf" (pn)| = Kn (19)
for each periodic poinp,, with minimal period.
If, moreover, all periodic orbits are hyperbolic, there is only a finite number of periodic

attractors and there exis€ > 0,A > 1 so that for allx € I with f"(x) not in the
immediate basin of attraction of an attracting periodic orbit,

IDf"(x)] = CA".
In particular, if f only has periodic repellers, there exists> 0 with
IDfN| > 1.
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Proof. It suffices to prove the theorem for maps that are not renormalizable. We prove that
for each turning point of f there are neighbourhootisof w(c) andV of ¢, so that

IDf" (pn)| = Kn (20)

for periodic pointsp,, of minimal periodn whose orbits are contained dn and intersect
V. The theorem then follows from Lemma 4.1.

Letc € T. We have already seen that (20) holds i§ not recurrent or it is periodic,
compare with Theorem 4.4. Assume, now, thadd recurrent and not periodic. The case
wherew(c) is a minimal Cantor set is treated separately.

w(c) is a minimal Cantor setWe prove that

limsup|Df"(x)| = oo (21)
neN
forall x € w(c).

Sincew(c) is minimal, for eachx € w(c) we havec € w(x). Let t be a function
on a neighbourhoo® of ¢, defined byz(c) = ¢ and f(z(y)) = f(y) with t(y) # y
if y # ¢c. Forx € w(c), let f"@(x) be a sequence of closest returnscton(0)
is such thatf*@(x) € V andn(i + 1) is the smallest integer larger therti) with
D) e (f"O ), T(f"O(x))).

Write

DY@ = [T DI (D). (22)
j=0
Let Vi be defined as in (9):
Vi={yeV:fi(»)ém.t().0<i<k ) e o}

Let Ty,(i+1)—n() be the component of;,i+1)—n() containing/” (x). It was shown in the
proof of Lemma 3.4 that

S Ta11-n@) N ! Tuyny i) =0, foro<i < j<n@+1) —n().
By the contraction principle (Lemma 2.2),

sup | £/ (Tni+1)-naiy)| — O (23)
0<j<n(i+1)—n(i)

asi — oo. So, the intervalsf’(T,,(,-Jrl),n(,»)) are mutually disjoint for 0< [ <
n(i + 1) — n(i) and arbitrarily close ta(c) for i large enough.

By Theorem 6.1, the Lebesgue measure @f) is zero. Hence, the Lebesgue measure
|Ue| of thee-neighbourhood, of w(c) satisfies

lim 24| = O. (24)
e—>0

We conclude thaE}’fgrl)’"(") | f1(Ty(i+1)—n@))| — 0 asi — oo. This implies that the
distortion of f*(+D="() on monotone branches &§; 1)) goes to one as— oo.
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If f is a multimodal map frOﬂCl+Lip+Sym, either87",1<i+1)_,,(,~) or T(aTn(i+1)_n([))
contains a periodic point. From Lemma 5.2, using continuity of|, it follows that
the terms in the product (22) are strictly larger than onejftarge; (21) follows. If f
is a unimodal map frone+HP, fr+D-n(@ js monotone oy, 41)—n¢) and therefore
3T i+1)—n@) CONtains a periodic point. Hence (21) follows from Lemma 5.2.

By Lemma 2.6 w(c) is a hyperbolic set. An application of Lemma 4.3 yields (20).

¢ is recurrent andw (c) is not a minimal Cantor setlf there is no recurrent turning point
(different fromc) in w(c) whosew-limit set is a minimal Cantor set, then the following
reasoning applies tg € C1+BY,

Letcy, ..., ¢s With ¢, = ¢ be the turning points i (c) with w(c;) = w(c), 1 <i < s.
Note that there can be turning poiatg o (c) with w(c) strictly contained inv(c).

Assume, by contradiction, the existence®f> 0 and a sequence of periodic orbits
Oniy with minimal periodn (i) and with the maximal distance betweéh;, andw(c)
as well as the minimal distance betwe®p;, andc, converging to zero as — oo, SO
that| Df "D (p,i))| < C for paiy € Ony. By Lemma 4.2, for eachthere exists a point
qniiy C Ouqiy SO that|Df/'(q,1(,»))| < C for all integersj < n(i).

Let neighbourhoods,, (c;,) of ¢, be as in Lemma 5.3. Note that the minimal distance
betweer?, ;) and any of the turning points,, 1 < 1 < s, goes to zero as— oo. So for
anyn and for anyc;, there exists with O,y NS, (cp) # 9. Leth(i) be the minimal integer
so that for somg, "9 (g,q)) € Su(c;). Let H, be the maximal interval containing
on which f"® is monotone and witlf* (H,) C S,(c;). We claim that
o MO(HY) = Su(c)),

o fKH)N fI(H,) =0for0O<k <1 < h(i).

Suppose that the first item is false. Thef(H,) would intersectl for somej < h(i).
£7(H,) would then in fact hit a turning poimj; the orbits of the other turning points do not
come near any, (c;). Sincef’(gni)) & Su(ck), there isz € H, with £7(z) € 3S,(ck).
This contradicts that’ (3.5, (cx)) N Sy (c;) = B unlessf! (85, (ck)) C Su(c;). To establish
the second item, suppos® (H,) N f'(H,) # ¢ for some 0< k < [ < h(i). Then
FRO=IHR (g N S, (ck) # @. By minimality of a(i), f"O~!**(H,) cannot be contained
in S, (cx), so that some € H, is mapped intdS, (cy) by f"®-l+k A contradiction is
derived as above.

By Lemma 2.3, f"® has uniformly bounded distortion o#,. From this and
Lemma 5.3, there is a constabt> 0 so that for all,

15 Sale)l 18
D |Hi T D|Hl

| DO (g i) > (25)
Since there are no homterval&,| — 0 asn — oco. Hence|Df " D+si®™ (g, )| is large
if n is large. From Lemma 5.3 we obtain that the orbit piggg;), . .., f" O+ (g,))}
hits the intervalS,, (c;) only once. Thereforg(i) + s;(n) < 2n(i), from which it follows
that| Df"+5i™ (g,))| is bounded byC?, a contradiction. |

LEMMA 5.2. Let f € CYHP pe at most finitely often renormalizable. Suppeds a
turning point of f so thatw(c) is a Cantor set. Then there exist> 1,¢ > OandN € N
so that for all periodic pointg, of minimal period: > N with O(p,) C U., wherelf; is
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thee neighbourhood ok (¢),
[IDf" (pn)| = A. (26)

Proof. We may assume that is not renormalizable.
Suppose a sequence of periodic poipig), of minimal periodn (i) accumulating on
w(c) exists so that

IDF"D (puiiy)| = A (27)

with 4; — 1 asi — oo. By Mafié’s theorem the minimal distance betwe®(p,;)) and
the set of turning point¥ goes to zero as — oco. By taking a subsequence, we may
assume thap,;, converges to a turning poidte w(c). Lett be a function defined on a
small neighbourhoo®f of ¢ so thatr (¢) = candf(t(y)) = f(y) witht(y) # yif y #¢.
We may assume tha,;) is such thatp,qy, T(pui))) N O(puiy) = 9. Letm (i) = n@i) if
Df"D (puiy) > 0andm(i) = 2n() if Df"D(pyg)) < 0. SODF™ D (pyiy) > 0.

Write S,y for the maximal interval in(p,), T(pniy)) bounded by p,; with
TP (Sm@) C (Patiy> T(Pagiy))- We claim that

FHSmi) N A Smiy) =0 for0<1 <k < m(i).

Indeed, if £/ (i) N f¥(Sm@iy) # @ for some 0< I < k < m(i), then fmO=k+ (g, )y N
O (Suiy) # 8. Since O(puiy) N (Puiy, T(Pry)) = ¥ there isa € Spq) with
FmOK+ (@) € {puay, T(paaiy)}, but thenf™ @ (a) cannot lie inS,,, ).

Write Hy,, for the maximal interval inS,,;) bounded byp,:, on which f"® is
monotone. Sinces, ;) is a symmetric neighbourhood of the turning painfi.e. both
boundary points of,,; have the same image undgy, it follows that

P (Hpuaiy) = D (Smiiy)- (28)

By Theorem 6.1, the Lebesgue measure @f) is zero. Hence, the Lebesgue measure
|Ue| of thee-neighbourhood/, of w(c) satisfies

lim |U| = 0. (29)
e—0
By the contraction principle (Lemma 2.2),
sup | f7(Sw@)| = O (30)
0<j<m(i)

asi — oo. Because the intervalﬁl(Sm(,»)) are mutually disjoint for 0< [ < m(i) we
conclude from (29) and (30) th@;’;(g)*l|f’(s,,,(,~))| — 0 asi — oo. This implies
that the distortion off™® on H, ;) goes to one a8 — oo, see Lemma 2.4. Because
Df" D (puiy) — 1asi — oo, it follows that|Df™®| — 1 uniformly on H,,, as
i — oo. Itis easily seen from this and (28) thAts renormalizable. |

The following lemma is stated fof € C1tLP+SYM andey, a recurrent turning point
of 7, with w(c1) not minimal. For unimodal maps it suffices to requifee C+HP,
Furthermore, under the additional assumption that for all recurrent turning pbiints
w(c1), w(d) is not a minimal Cantor set, the lemma holds jore C1+BV . This will be
clear from the proof.
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LEMMA 5.3. Let f € C1HHP+SYMand lete; be a non-periodic but recurrent turning point
of f so thatw(c1) is not a minimal set.

Letey, ..., cs be the turning points witly(c1) = - - - = w(cs). Then there exist > 0
so that for each turning point;, there are decreasing neighbourhoa$igc;) of ¢; and
integerss; (n) such that

|58 (ci))] = 8 (31)

and %™ has uniformly bounded distortion dfy (c;).
Furthermore, fom sufficiently large,

FHSu(e) 0 K (Su(c)) =0 (32)
forall0 <! <k < s;(n) and
FL@S () NSu(cjy =B of  fL(3S,(ci) C Sulc)) (33)
forall ¢; #¢j,1 e N.

Proof. If w(c1) contains an interval, periodic orbits lie dense in itwlf1) is not a minimal
Cantor set, it contains a minimal set. Such a minimal set is a periodic orbit or minimal
Cantor set.

(i) w(c1) is a Cantor set that contains a periodic poirtet y be a periodic point i (c1).
Write k for the minimal period of. If Df*(y) < 0, letl = 2k, otherwise lef = k. Letz;
be an eventually periodic point so thgltis monotone oriy, z1). Let p1 € (y, z1) be such
that f!(p1) = z1. Write Py = [p1, z1) and letP, C (y, z1) be such thay *~Di(p,) = Py.
Note thatP, is a fundamental domain for, f(int P,)nint P, = @ andf (3 P,)Nd P, # @.

We first construcs, (c;) for a single turning point;. For positive integers, let o (n)
be the minimal integer withf? ™ (¢;) € P,. Let =, be the maximal interval containing
so thatf?™(x,) c P,. We claim that fon sufficiently large,

FiE)NfiE)=0 for0<i<j<on).

Suppose by contradiction that (X,) N f/(X,) # . ThenfeW(z,)N fEW-iti(x,) #
@. Becausef°™(x,) c P, and fC™W-iti(¢;) ¢ P,, somez € %, is mapped by
foMW=i+ to a point ind P, 1 U P,. This contradict€)(z1) N P, = @ for n high which
follows from the fact that; is eventually periodic.

We may takez1 so thatw(z1) is outsidew(c1). Then there is a neighbourhod@y of
9 P1 so thatO(c1) N T1 = . Therefore,f°"™(x,) contains a connected component of
T1 N Py. By choosings; (n) = o (n) andsS, (c;) = %,, (31) is satisfied.

Note that f/(S,(c;)) cannot contain a boundary point 8f(cj) for 0 < I < s;(n)
andi # j, since these boundary points are never mappediptdBy maximality of the
intervalssS;, (¢;) it follows that, for 0< [ < s;(n) andi # j, eitherf’(Sn(c,-))mSn(cj) =0,
or f1(Su(ci)) = Sn(cj); (33) is an easy consequence.

(i) w(c1) is a Cantor set that contains no periodic point&he construction is very much
the same as the case wherg) is a Cantor set containing a periodic orbit; only different
intervalsP, are chosen. Let € w(c1) be a point whose-limit set is minimal. We claim
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thatw(y) is a hyperbolic repelling set. Indeed,df(y) contains no turning points, this
follows from Maié’s theorem. lfw(y) does contain a turning point, the argument given
in the proof of Theorem 5.1, for limit sets that are minimal Cantor sets, applies. This is
the only place where we use the stronger assumptienC1+HP+Sym (or f e C1+LP for
unimodal maps) instead of merefye C1BV,

As above, we define a sequence of inten@)swith |P,| — 0 asn — o0, so that
f"(P,) is a fixed intervalP;. Choose an intervaPb; with the following properties. Let
U be a small neighbourhood @f(y). ChooseP; so thatP1 C U, P1 N w(y) = @,

P1 Nw(c1) # ¥ anda P1 consists of eventually periodic points so tia® P1) N P1 = 0.

It is not hard to see that such an intervalRscan be chosen. For > 1, let P, be a
maximal interval inf ~1(P,_1) that is contained i/ and intersects (y), so thatf” is
monotone onP,. Becausev(y) is a hyperbolic repelling set, the intersection multiplicity
of the collection of intervalg’(P,), 0 < i < n — 1, is bounded.

It follows from Lemma 2.3 thayf” has uniformly bounded distortion a,. If T1 is a
neighbourhood oé P1 with 71 N w(y) = @, then f"(P,) contains a connected component
of P N T1. We can conclude from the fact thafy) is a hyperbolic repelling set, that
|P,| — 0asn — oco. The restis as above.

(i) w(c1) contains an intervallf w(c1) contains an interval we have a bit more work
to do. Lety be a periodic point inv(c1). IntervalsP; = [p1, z1) with z1 eventually
periodic andP, with f®=DI(p,) = P; are defined as in the case thatcy) is a
Cantor set containing a periodic point. For positive integeret o (n) be the minimal
integer with f°™(¢;) € P,. Let £, be the maximal interval containing so that
oM (%,) C P.y1U P,. As before one shows that farsufficiently large,

flE)NfiE)=0 for0<i<j<o).

Let the integer 1 be so thatf1(z1) = g1 is periodic. Writen for the minimal period
of ¢1. If Df"(gq1) < 0, we replace:; by 2n1, so that alwayDf"1(q1) > 0. Letb € P,
be close enough tg so thatf"1|fm ) 4,) iS monotone.

Either P, or (b, z1) is contained infe™W+=Di(y )y et S,(c;) = =, ands;(n) =
o) + (n — DI. feW+0=Dics s contained inb, z1). Note thatfo™+0—Di(¢) ¢
(b, z1). Take a fundamental domai®y C f™1(b, z1) for gq1. Let P, be the interval in
™ (b, z1) so thatfm=Yni(p)y = P]. Note thatfoW+=Di+mi(c,) is contained in
some intervalP,,. LetX/ C %, be the maximal interval withy (W+1=Di+mi(sy
P,;H_l UP,. LetS,(c;) =X, ands;(n) = o(n) + (n — 1)I + m1 + (m — 1)n1. Note that
Py C [ (Sp(ci).

Finally, (33) is easily seen to hold from the constructiorspfc; ). |

6. Lebesgue measure of limit sets
For a measurable séf, we denote byX'| its Lebesgue measure. In this section we prove
the following theorem.

THEOREMG6.1. Let f € C1UP and letz € I. If w(z) contains no intervals, then
lw(z)| = 0.
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Such a theorem was proved f6f multimodal maps inBL90a, BL90b, Ma90, Ma94,
V96]. The proof is subdivided into several propositions, treating different kinds of limit
sets. Thew-limit set of a recurrent, non-periodic, turning point is called a solenoid if it
is obtained from infinitely many renormalizations. SoJ,ifis a sequence of decreasing
intervals containing a turning poiatsatisfying f¢ (1) c I, with ¢, — oo asn — oo
and fi(I,) N fil,) =vfor0<i < j < q(n), thenw(c) = Nyen Yo j<q, [/ (Iy) is a
solenoid.

PROPOSITIONG.2. Let f € C11BY Letz e I satisfyT Nw(z) = @, whereT denotes the
set of turning points of . Then|w(z)| = 0.

Proof. By extendingf to a larger interval and altering near the seT of turning points,
we may assume that(al) c 9l and f(T) c al. This does not altew(z). Assume
w(z) has positive measure. Lete w(z) be a point that is not eventually periodic. This
excludes, at most, countably many points. We may thus takeebe a density point of
w(z). Let(y, y") € I andc € T be suchthay € w(x), c € (v, y") andew(x)N(y, y') = 0.
On a neighbourhoot of {y} U {y’} let a functiont be defined byf(z(¢)) = f(g) and
7(q) # gq. Note thatf (y) = y'.

First assume that at most finitely many points(itix) are contained in(y, t(y)).
Replacingx by an iterate, we may assund®x) N (y, 7(y)) = #. Now let /@ (x) be
the sequence of closest returng 1o (y)); n(0) is the minimal integer withy”© (x) € U
andn(i + 1) is the minimal integer witty” () (x) € U fu) ). Define

Vi=lqgel: fiq) ¢(qt@)0<i<k f"q) € (g t@)), (34)

see (9). LetTi+1)-n() be the component o¥,+1)_,¢) containing ) (x). Write
Th(i+1)—n(i) = (a, b) with b € (y, a). Reasoning as in the proof of Lemma 3.4 and noting
that £(T) c 87, we get that eithey"(+D—"0(g) = g and fE+D=O () = ¢(b) or
fn(i+l)fn(i)(a) = 1(a) and fn(i+l)fn(i)(b) =b. LetH;, = fn(i+l)7n(i)(Tn(i+l)—n(i))-
Note that

(v, t(y)) C H;. (35)

Let J; be the maximal interval containingon which @ (x) is monotone angt”) (J;) ¢
Tn(i+1)—n(i)- We claim that:

o MO = Thit1)-ni)

o flUnnfruny=0vfor0<I <k <n(.

The first item holds, since otherwig€ (p) = ¢ for somep € J;, j < n(i). Because
fi(x) & Uy, f7(J;) contains eithet;,;+1)—n(i) OF T(Tni+1)—na))- SO "9 (J;) contains
fMD=J(a) wherea € 3T, +1)—nq)- Itis, however, easily seen th&(a) N Tyi+1)—ni) =
@, a contradiction. To see that the intervals(J;), 0 < j < n(i), are pairwise disjoint,
suppose’ (J)N f5(J;) # B forsome0< [ < k < n(i). Thenf" D (J)N frO=—k+ () =
Toii+1)—n(y N ST, (J;) # @. Since, by minimality ofe(i + 1), f"@~*+(J;) cannot
possibly be contained i, ;11)—n(), there existg € J; with f"O~*+(z) = a € 3J;.
This again contradict® (a) N Ty,(i+1)—na) = 9.

By Lemma 2.3, the distortion of "+ on J; is bounded by some constabt > 0.
From the forward invariance @ (z) we get/"“tD(w(z) N J;) € w(z) N H;. Hence, for
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someyg; € J;,
@) NHi| _ 1" P (@) 0 )
N
I el CANCIO AR/
1D )

=1-— fJf\(w(sz,-) |Df" D @) dt
| Df D (g1 i
L1 pli\Uine@l
[Jil

which goes to one as— oo because is a density point ofv(z) and|J;| — 0,i — oo.
So, becauséy, t(y)) C Vi, lw(z) N (v, ()| = |(y, T(y))|. Sincew(z) is a closed set,
we get(y, 7(y)) C w(z), a contradiction. The case where infinitely many itergtés)
are contained irty, T(y)) is treated similarly, compare the proof of Lemma 3.3. O

Before going on studying the measureaslimit sets of recurrent turning points, we
introduce some notions and notations. Near a turning poiote can define a function
by demandingf(c) = cand f(t(y)) = f(y) with t(y) # yisy # c. Letl; be the union
of the neighbourhoods of turning points on which such a function is defined: Ed.,
write Uy = (x, t(x)). A pointx € U, is calledniceif O(x) N U, = @. An interval of the
form U, is calledsymmetric

The following lemma gives the device by which one can prove thabthimit set of a
recurrent turning point, if it contains no intervals, has zero Lebesgue measure.

LEMMA 6.3. Let f € C1*BVY and letc be a turning point off. If there exist. > 1 and
symmetric neighbourhood3, ¢ Q, of ¢ with |Q,| — 0asn — 0, 3Q, consisting of
nice pointsw(c) N Oy C Py, and|Qy |/ Pu| = 4, thenjw(c)| = 0.

Proof. Let C1*BY = (x : ¢ € w(x)}. By Theorem 6.1w(c) N (I\C**BV) has zero
measure. Take € C*BY Nw(c) and leth(n) be the minimal integer with"™ (x) € Q,,.
Let 7, be the maximal interval containingso thatf" (7;,) c Q,. We claim that

FTH)NfIT) =9 forO<i < j<h®n).
Indeed, if fi(T,) N fi(T,) # & forsome 0< i < j < h(n), then "™ (T,) N
Fh=iti(T,y £ ¢. Becausef"™~i*i(T,) c Q, is not possible by minimality of(n),
there existg € T, with f*™—iti(z) € 3Q,; but then f*™ (z) cannot be inQ, since
9 Q, consists of nice points, a contradiction.
Let S, C T, satisfy f*™(S,) c P,. Note that

w(l)NT, CS,. (36)
By Lemma 2.3, /"™ has bounded distortion of, with a bound independent of.
Therefore, using /" (T,) c 30, and|Q,|/|P.| > A, there exists. > 1 so that

| Tal/1Sn] = 2 (37)

for all n. The contraction principle (Lemma 2.1) yields,| — 0 asn — oo. Therefore,
(36) and (37) imply that is not a density point ok (c). So almost no point im(c) is a
density point ofw(c). By the Lebesgue density theore#c) has zero measure. O
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PROPOSITION6.4. Let f € C1*BVY | Letc be a turning point off .
If w(c) is not minimal and does not contain an interval, theric)| = 0.

Proof. Becausev(c) is not minimal, there existg € w(c) with ¢ € w(y). We may assume
thatw(y) is a minimal set.

First suppose is periodic. Writek for the minimal period ofy. If Df*(y) < 0, let
I = 2k, otherwise lef = k. LetI1 = (y, y1) be an interval on whiclf! is monotone, with
y1 an eventually periodic point an@(c) accumulates il to y. Let 7, be the maximal
subinterval offy with f=Y!(1,) = I1. Write J, = I,\I,_1. Note that/, is a fundamental
domain; f(int J,) Nint J, = @ and f1(31,) N a1, # .

Let s(n) be the minimal integer withf*™ (f(c)) C J,. SinceO(c) accumulates iy
ony, s(n) is well defined for all. Let S, be the maximal interval containinfj(c) so that
£5M(s,) c J,. We claim that fom sufficiently large,

FiS)N ISy =0 for0<i<j<sn).

Indeed, if f1(S,) N f/(S,) = ¥ forsome 0< i < j < s(n), then £ (S,) N
FIW=iti(s,y £ @ Now fsW=iti(s,) c J, is impossible by minimality of(n). So
somep € S, is mapped byf*™ i+ to z € 3J,. This contradict€)(z) N J, = ¥ for n
large which follows from the fact that is eventually periodic.

Applying Lemma 2.3 tof*™|s, and |, , one sees thaf*"™+/" has uniformly
bounded distortion o1,,.

By taking y1 with w(y1) N w(c) = @, we haved J1 Nw(c) = @. Let T C J1 be so that
w()NJy C T,letT, C S, be so that*®+=Di(7,) = T. Becausef*™+~Dl has
bounded distortion off, anddf*W+#=blg = 5 J, there exists > 0 with

[Lal/ITal, [Ra /1T = v, (38)

whereL, and R, are the components &,\7,. Let P,, O, be the maximal intervals
containinge with f(P,) C T, and f(Q,) C Sy, respectively. By (38),Qx|/|P.| > A for
somei > 1. Application of Lemma 6.3 yieldigv(c)| = 0.

The case where is an infinite minimal set proceeds similarly. We may assume
is a nice point. Letf"®(f(y)) be the sequence of closest returnscton(0) is the
minimal integer with 77O ( 7(y)) in the connected component&f that containg and
n(i + 1) is the minimal integer withf” "V (£ (y)) € Ujaa(y). Let Vi be defined as in
(34) and letT,,+1)—n() be the component of,,+1)—nq) containingf™ (£ (y)). Write
Thi+1)—n@i) = (a,b) with b close toc. Let J, be the maximal interval containing(y)
with f"O(f(y)) C Tui+1)-na)- From the fact that a boundary point Bf;+1)—n ) Or its
image underf is periodic, see the proof of Lemma 3.4, it is easily seen that

OOTwi+1)-n(i) N Tuii+1)-nG) = 9. (39)
We claim that
U N Fl) =0 for0<k <1 < n().

Otherwise f"® (J,) N 1O~k = Tyiiny—ney N P OHk,) # @, Since, by
minimality of n(i + 1) — n(i), f"O*K(J,) C Thi+1)—n@) is NOt possible, there ise J,
with D=1+ (z) € 3Ty i11)—ni)- Now (39) yields a contradiction. The rest proceeds as
above. O
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PROPOSITIONG.5. Let f € C1BV . Letc be a turning point off .
If w(c) is a solenoid, thefw(c)| = 0.

Proof. This proposition is proved inAJS9g. For completeness, we give a short
alternative argument here. The m@pestricted tow(c) is injective. Therefore, for each
y € Uy, lw(c) N U, | is smaller than the maximum ¢y, c)| and|(c, T(y))|. So

limsuplw(c) NUy|/|Uy| < A (40)
y—c

for somer < 1. Takex € w(c). If |w(c)] > 0 we may assume is a density point
of w(c). Letcy,...,cs with ¢ = ¢ denoting the turning points im(c). Since f is
infinitely renormalizable, there is a decreasing sequence of neighbour®pads of ¢;
with f49n (P, (c;)) C Pa(ci) and f*(Py(c)) N f1(Pa(ci)) = 8,0 < k < I < q(n), for some
g(n) — oo asn — oo. Letk(n) > 0 be the minimal number such thgt™ (x) € P,(c;)
for somec;. Let I, be the maximal interval so that mapsl,, homeomorphically onto
P,(c;). By Lemma 2.3, there exist® > 0 so that the distortion of* |7, is bounded by

D. Compute
[ P (ci)\(Pn(ci) Nw(c))] - | (L \ (I N (e))] D [ I \(In Nw(c))|
| Pu(ci)l N | fon (1) N [1n] '
Sincex is a density point ofo(c) and|I,| — 0 asn — oo, |I,\(I, N w(c))|/|I,| — 0 as
n — 00. Thus| P, (c;) Nw(c)|/|Py(c;)| = 1 asn — oo. This contradicts (40). O

The following proposition is proved folC? multimodal maps by Vargasvpe),
generalizing work of MartensMa90, Ma94] on unimodal maps. The proof i'Vp6]
also works forf e C1tUP. We present a proof for the smaller clagttiP+Sym of
multimodal mapsf e C*YP for which | Df| is continuous and refer to/pé] for the
proof for f € C1tLP,

PROPOSITIONG.6. Let f € C1HP and lete be a turning point off. If w(c) is a minimal
Cantor set which is not a solenoid, then(c)| = 0.

A main ingredient of the proof of Proposition 6.6 is Lemma 6.7 below, for which we
must first introduce some notation.

Forx € Uy, let D, = {y € I : 3k > O0with f*¥(y) € U,}. The minimal numbek
with f¥(y) € U, for y € D, is called thetransfer timeof y. LetR, : D, — U, be the
Poincag map:R; (y) = f*(y), wherek is the transfer time of. If x is a nice point then
the transfer time is constant on each connected compondnt:oé boundary point of a
maximal subinterval oD, on which the transfer time is constant, is mapped&t for
some iterate and thus also isd,.

Let z be some nice point and writg for the connected component Bt that contains
f(c). Letx = ¥ (z) be defined byy, = f~1(S.).

LEMMA 6.7. Let f € C1HHP+SYM Sypposef is not renormalizable and is recurrent.
There are symmetric neighbourhoddg,) C Uy Of ¢, wherev(n) is a nice point and
u(n) = ¥(v(n)) is as defined above, with the following properties:

(1) |Uyw| — Oasn — oo,
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() fiu®) & Uy fori >0,

(3) there existsD > 0 so that the distortion oR,,) is bounded on each connected
component oD, ),

(4) forsomer < 1, |Uu(n)|/|Uv(n)| <A

Proof. Let v(n) be a nice point and let(n) = v (v(n)). For the second item, first note
that f*(u(n)) = v(n), whereR,mlu, = f*, so thatf (u(n)) ¢ Upw if i > k. If
fiu(n)) € Uy for some 0< i < k, then sincef’ (u(n)) & Uy, there isa € Uy
with fi(a) € {v(n), t(v(n))}; but thenf*(a) € Uy 1s impossible since(n) is nice. For
the third item, showing bounded distortion Bf,(,y on connected components DX, (),
let J be a connected component bf,,, and letk denote the transfer time ah Then
FiNH N fi(J) =@for0 <i < j < k. To see this, note that’(J) N J # ¢ for
some O< i < k would imply the existence of € J with fi(y) = a € 8J. Then
5 = (@) ¢ U,w), a contradiction. Lemma 2.3 shows that, for some- 0, the
distortion of R, on each connected component®f, is bounded byD.

For the last item, we must further restrict the choice0f). Letc, ) = F2™(c) be
the sequence of nearest returng toDenote byN the set of nice points; observe that
is an accumulation point of nice points. There thus are infinitely many integesith
ey \Ucyiny) NN #£ . For thoser, let

Z("l) = Suﬂy <cC: y € (ch(nfl)\UCq(n)) mN}v

x(n) = ¥(z(n)).
By definition ofz(n), we havex(n) ch(n) ande(n)(c) =cqm) € U;i)\Uxn)-

Ry has a fixed point itUy ). Let pyuy € Ux@) be the periodic point of minimal
periodg(n) and andDf 9™ (p,,y) > 0. Sincef is not renormalizable, there ign) €
(Pg(ny» ©) With f4M) (r(n)) = T(py(ny)- Since the distortion oR,(,) on U, is uniformly
bounded an®;,)(c) € U;)\Ux@m), there exists > 1 so that if|{U; ;)| /|Uxn)| < v, then
1Upyin | /1Urm)| = v. Therefore, we can always choose neighbourhd@gds C Uy, as
in the statement of the lemma.

Ry has no fixed point inU,). We claim the existence of > 1 so that if
U/ I1Rx(y(Ux))l < v, thenc is in the basin of attraction of a periodic attractor. If
1U-)|/|Rx(n)(Ux )| < v, then|DRyy |u,,, | < D(v — 1) for some constanb, since
Ry () has uniformly bounded distortion di, ,y. Applying Lemma 2.5 one easily obtains
the claim.

So we may assumé/; |/ Rxm) (Uxm))| > v. Letv < v. If [U;pyl/Uxmyl = v let
v(n) = z(n) andu(n) = x(n). Otherwise lety(n) be so thal,,, is the maximal interval
iN Uy () With 9 (U ) \Uy(n)) C Uzy)\Ux(n)- LELF (1) = W(g(n)). BecauseR,,) has
uniformly bounded distortion ob (), we havelUy »)/|U, ()| = V' for somey’ > 1. O
Proof of Proposition 6.6 forf e C1+HP+SYm Take symmetric neighbourhoods )
Uymy as in Lemma 6.7. Since(c) is minimal, w(c) C Dyq). Compactness ab(c)
implies thatw(c) is contained in a finite number of connected component®,f,. Let
I, be the connected component with maximal transfer timeDenote byJ, > I, the
maximal interval withf* (J,) c Uymy. We claim that

w(c) N (Ju\In) = 9. (41)
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If this were not so, there would be are J,\ I, with fi(y) € Uiy, i < ky (by maximality
of ku). Then f*(1,) N Uy = ¥ and f'(y) € Uy imply that f7(z) € {u(n), T(u(n)))
for somez € J,\I,. Thenfb (z) = fR=i(u(n)). By Lemma 6.7.f/ (u(n)) & Uy for
all j > 0. Sof* (z) cannot be i, ). This contradiction shows (41).

Let s, be the minimal integer withf*»(f(c)) € I,. As shown, before, there is an
interval §,, containingf (c) so thatf*»(S,) C J,. We claim that

SNl =0 for0<i <k <s,.

If £5(Sy) N FL(S,) # B forsome0< I < k < s,, then £ (S,) N f5~I+k(S,) # @. Write
h = s, —1+k and observe that” (S,) cannot be contained if), = 7% (S,,) by minimality
of s,. So there exists € J, with f"(z) = a € 3J,. Then "tk (2) € {v(n), T(v(n))}.
So fintkn(z) = finthi=h(g)y = f=J(v(n)) can not be iUy, sincev(n) is nice, a
contradiction.

By Lemma 2.3,f*" has bounded distortion a$) where the bound does not depend on
n. By Lemma6.7|U,()|/|Usm| < * for somer < 1 notdepending on and the magf*»
has bounded distortion ofy. Let J, C J, be the maximal interval witrzk"al | FE(Ly)]
and Zk" | /1(R,)| bounded byzk”0 | f1(I,)|, whereL,, R, are the components of
Ju\I,. By Lemma 2.4 /% has uniformly bounded distortion ofy. For some» > 0, both
f*(L,) and f* (R,) have size atleasiU,|. Let P, C Q! be intervals containing (c)
with fketsn(p/ ) = Uugnys fratsn(Ql) = Uyy. ReplacingQ), by the smaller intervap,
satisfying/* (Q,) = J, we can ensure thgt+s has bounded distortion ap, and both
components an\P,; have size at least P, | for somev > 0. So also

L1 /1Py 1, IRy 1/ 1Py = v,

whereL, andR/, are the components ¢f,\ P,. Applying Lemma 6.3 with?, = f~1(P))
andQ, = f~1(Q)) (well defined sincef (c) € P)) yields|w(c)| = 0. O
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