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Abstract. We consider the dynamics of piecewise smooth interval mapsf with a nowhere
vanishing derivative. We show that iff is not infinitely renormalizable, then all its periodic
orbits of sufficiently high period are hyperbolic repelling. If, in addition all periodic orbits
of f are hyperbolic, thenf has at most finitely many periodic attractors and there is a
hyperbolic expansion outside the basins of these periodic attractors. In particular, iff

is not infinitely renormalizable and all its periodic orbits are hyperbolic repelling, then
some iterate off is expanding. In this case,f admits an absolutely continuous invariant
probability measure.

1. Introduction
There is an extensive theory on the dynamics of one-dimensional maps. Especially smooth
maps have attracted much attention; the most detailed statements have been obtained for
quadratic maps or for unimodal maps with a negative Schwarzian derivative. See [MvS93]
for an account of the theory. The existence of critical points plays a dominant role in the
dynamics of smooth maps. A natural question occurs: what can be said on the dynamics of
piecewise smooth maps for which the derivative nowhere vanishes? Studying the dynamics
of such maps is the goal of this paper.

We study the dynamics of mapsf : I → I on a compact intervalI with a finite
number of turning points. A turning point is a local extremum in the interior ofI . A
continuous mapf is called multimodal if it possesses a finite number of turning points.
LetC1+Lip+Sym be the class of multimodal mapsf : I → I , so thatf is strictly monotone
outside the set of turning pointsT and ln|Df | is Lipschitz continuous (the superscript Sym
in the notation indicates that|Df | is continuous at the turning points, see §2).

We show that from a metric point of view, the possible dynamics of a mapf ∈
C1+Lip+Sym is limited. We show that iff is not infinitely renormalizable then there
existsM > 0 so that all periodic orbits of period larger thanM are hyperbolic repelling.
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To exclude pathological dynamics one can further assume that all periodic orbits are
hyperbolic. Then there is at most a finite number of periodic attractors. We prove that
in this situation there is an exponential expansion outside the basin of attraction of the
periodic attractors.

Let us state our main result.

THEOREM 1.1. Letf ∈ C1+Lip+Sym be at most finitely often renormalizable. Then there
are numbersKn withKn → ∞ asn → ∞, so that

|Df n(pn)| ≥ Kn (1)

for each periodic pointpn with minimal periodn.
If, moreover, all periodic orbits are hyperbolic, then there is only a finite number of

periodic attractors and there existC > 0, λ > 1 so that for allx ∈ I with f n(x) not in the
immediate basin of attraction of an attracting periodic orbit,

|Df n(x)| ≥ Cλn.

In particular, if f only has periodic repellers, there existsN > 0 with

|DfN | > 1,

so thatf admits an absolutely continuous invariant probability measure.

In §5 we give variants of this theorem, for classes of maps with less stringent
smoothness requirements, but with additional restrictions on the dynamics. Together
with the results of Alsed`a et al [AJS98], classifying infinitely renormalizable piecewise
smooth maps, this result provides a good understanding, from a metric point of view, of
the dynamics of piecewise smooth multimodal maps with a nowhere vanishing derivative.

As a corollary of the above theorem the following statement is obtained. A necessary
and sufficient condition forf ∈ C1+Lip+Sym to be eventually expanding (|Df n| > 1
for somen ∈ N) is thatf is at most finitely often renormalizable and all its periodic
orbits are hyperbolic repelling. It is well known that eventually expanding maps admit
an absolutely continuous invariant probability measure (in short, an a.c.i.p.) [LY73]. So
the result in this paper shows that any piecewise smooth multimodal map with a nowhere
vanishing derivative admits an a.c.i.p. if all its periodic orbits are hyperbolic repelling and
it is at most finitely often renormalizable. The property that some iterate of an interval map
is expanding is persistent under smooth perturbations. Therefore, these a.c.i.p.’s occur
persistently. This is in marked contrast with the situation for smooth maps, where a.c.i.p.’s
do not occur persistently. We should remark though that in one parameter families of
smooth multimodal maps satisfying some natural conditions, a.c.i.p.’s occur at a set of
parameter values of positive measure [J81, BC85, MvS93, MN98, L96].

In the course of proving Theorem 1.1 we present a simple proof of Ma˜né’s theorem,
giving an exponential expansion along orbits which stay outside a neighbourhood of the set
of turning points and do not converge to periodic attractors (see Theorem 3.1). Actually,
our proof of Mañé’s theorem holds for a somewhat larger class of maps than the proofs
of Mañé [M85] and van Strien [vS90, MvS93] (compare also [N88]). Let C1+BV be
the class of maps on the intervalI defined as follows. A mapf is in C1+BV if f
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is C1 except possibly at a finite set, there existsC ≥ 1 so that 1/C ≤ |Df | ≤ C,
and ln|Df | has bounded variation. We prove Ma˜né’s theorem for maps fromC1+BV.
This includes piecewise affine maps which have attracted some attention recently, see
[MT96, GMT97, JS97]. It is shown in [MT96, JS97], that piecewise affine maps are
not infinitely renormalizable. It was conjectured in [GMT97] that piecewise affine maps
with only hyperbolic repelling periodic orbits would be eventually expanding. Although
some intermediate results in this paper, such as Ma˜né’s theorem, are proved for a class of
maps including piecewise affine maps, our main result is proved for a class of maps that
does not include all piecewise affine maps. However, the statement of the main theorem
also holds for mapsf ∈ C1+BV for which the limit sets of the turning points are not
minimal Cantor sets, see §5.

Let us say a few words on the proofs in this paper. A basic lemma we prove provides,
for a mapf ∈ C1+BV, a hyperbolic expansion outside the basin of the periodic attractors
under the conditions that all periodic orbits are hyperbolic and there is a strong expansion
along periodic orbits of high period. This lemma enables an easy proof of Ma˜né’s theorem
mentioned above. Indeed, it is readily seen that periodic orbits of high period staying
outside a fixed neighbourhood of the turning points have a strong expansion along them.
Mañé’s theorem follows from an application of the just described lemma.

From the above it is clear that a key role is played by the periodic orbits. Our strategy for
proving Theorem 1.1 is by demonstrating a strong expansion along periodic orbits of high
period. It suffices to show this for periodic orbits that stay in the vicinity of theω-limit set
of a turning point. Demonstrating this is fairly direct if the turning point is periodic or not
recurrent. More work will be involved in establishing a strong expansion along periodic
orbits of high period near theω-limit set of a non-periodic but recurrent turning point.
Dynamics nearω-limit sets of recurrent turning points that are not minimal, is treated by
direct arguments similar to those used in the previous sections. For periodic orbits near
minimalω-limit sets we proceed as follows. Ifω(c) is a Cantor set we show that it has
zero Lebesgue measure, by adapting the existing proofs of this fact forC2 multimodal
maps by Blokh and Lyubich [BL90a, BL90b], Martens [Ma90, Ma94] and Vargas [V96].
Using this we show that ifω(c) is a minimal Cantor set, it is a hyperbolic repelling set. It
is then immediate that a strong expansion exists along periodic orbits of high period that
stay nearω(c).

The organization of this paper is as follows. The next section contains some notation
and tools that are used throughout the paper. In §3 we prove the above mentioned theorem
by Mañé. In §4 we assume Theorem 1.1 holds for orbits that stay near theω-limit sets
of the turning points and show how to extend it to all orbits. With the lemmas proved
in §4 one can easily treat multimodal maps for which turning points are not recurrent, or
periodic, or have a hyperbolic repellingω-limit set. In §5 we prove Theorem 1.1 making
use of the material in the previous sections, as well as results on the Lebesgue measure of
ω-limit sets. These results are collected in §6. We show that theω-limit set of a turning
point has zero Lebesgue measure if it contains no intervals (as mentioned above, the proof
is an adaptation of the existing proof of this fact forC2 multimodal maps).
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2. Prerequisites

This section collects some, mostly well known, properties of interval maps that we need
in the following. We first define the three classes of maps occurring in this paper. Let
I be a compact interval. LetC1+BV be the class of mapsf : I → I , so thatf is C1

except possibly at a finite set, there existsC ≥ 1 so that 1/C ≤ |Df | ≤ C, and ln|Df |
has bounded variation. LetC1+Lip be the class of multimodal mapsf : I → I , so that
f is strictly monotone outside the set of turning pointsT and ln|Df | restricted to each
interval inI\T can be extended to a Lipschitz continuous map on a compact interval. Let
C1+Lip+Sym be the class of multimodal mapsf : I → I , so thatf is strictly monotone
outside the set of turning pointsT and ln|Df | is Lipschitz continuous.

Note thatC1+Lip+Sym ⊂ C1+Lip ⊂ C1+BV. In particular, for all mapsf in C1+Lip+Sym,
C1+Lip or C1+BV, |Df | is bounded and bounded away from zero. Forf from C1+BV or
C1+Lip, it is allowed that at a turning pointc, limx↓c |Df (x)| and limx↑c |Df (x)| differ.
This is not allowed for mapsf ∈ C1+Lip+Sym.

An intervalT ⊂ I is called ahomtervalif f i |T is monotone for alli ∈ N. T is called a
wandering intervalif in additionf i(T ) ∩ f j (T ) = ∅ for all 0 ≤ i < j . See [MvS93] for
the following lemma.

LEMMA 2.1. (‘Contraction principle’)Let f : I → I be a continuous multimodal map
without wandering intervals. For anyδ > 0 there is aδ̃ > 0 so that for any intervalJ ⊂ I

with |J | ≥ δ and for whichf n(J ) does not converge to some periodic orbit asn → ∞,
we have|f n(J )| ≥ δ̃.

The fact that we can apply the contraction principle follows from the following result
from [MdMvS92].

THEOREM 2.2. A mapf ∈ C1+BV has no wandering intervals.

The derivativeDf might not exist in a pointx. To avoid cumbersome notation, we will
write, for example,|Df n(x)| ≥ C if both limy↓x |Df n(y)| ≥ C and limy↑x |Df n(y)| ≥ C.
Thedistortionof f n on an intervalJ ⊂ I is defined as

sup
x,y∈J

|Df n(x)|/|Df n(y)|.

A collectionI = {I1, . . . , IL} of subintervals ofI is said to haveintersection multiplicity
S if the maximum overx ∈ I of the number of intervals fromI containingx is S.

LEMMA 2.3. Let f ∈ C1+BV . For eachS > 0 there isD > 1 so that for each interval
J ⊂ I with the collection{J, f (J ), . . . , f n−1(J )} having intersection multiplicity at most
S, the distortion off n onJ is bounded byD.

Proof. Denote byK = Var(ln |Df |) the variation of ln|Df |. Let L be the set of points
where|Df | is discontinuous, letL denote its cardinality. Write

M = sup
x∈L

∣∣∣∣limy↓x ln |Df (y)| − lim
y↑x ln |Df (y)|

∣∣∣∣ .
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Forx, y ∈ J ,

| ln |Df n(x)| − ln |Df n(y)|| =
∣∣∣∣
n−1∑
k=0

ln |Df (f k(x))| − ln |Df (f k(y))|
∣∣∣∣

≤ S(K + LM). (2)

The distortion off n onJ is thus bounded byeS(K+LM). 2

Maps fromC1+Lip have somewhat better distortion properties than maps fromC1+BV.
The Lipschitz constant off ∈ C1+Lip is defined as the supremum of the Lipschitz
constants off restricted to an interval ofI\T.

The proof of the following lemma goes just as the proof of Lemma 2.3.

LEMMA 2.4. Let f ∈ C1+Lip. Denote the Lipschitz constant ofln |Df | byK. Suppose
Jn is an interval on which|Df n| is continuous. Then the distortion off n onJn is bounded
byexp[K∑n−1

i=0 |f i(Jn)|].
Observe that the distortion off n on Jn with Jn as in the above lemma, is close to one

if
∑n−1
i=0 |f i(Jn)| is small. The following lemma tells how much we can extend an interval

Jn on whichf n has bounded distortion, and still have bounded distortion on the larger
interval.

LEMMA 2.5. Let f ∈ C1+Lip. There is a constantK so that the following holds. Let
Jn = (a, b) and Tn = (a, d) ⊃ Jn be intervals on which|Df n| is continuous. Let
σ = ∑n−1

i=0 |f i(Jn)| and letτ > σ be such that
∑n−1
i=0 |f i(Tn)| = τ . Then

|Tn\Jn|
|Jn| ≥ e−Kτ

( τ
σ

− 1
)
.

Proof. Denoteρ = |Tn\Jn|/|Jn|. By Lemma 2.4, the distortion off n onTn is bounded by
eKτ for some constantK. So, for 0≤ m < n and somez ∈ Tn\Jn,

|f m(Tn)| = |fm(Jn)| + |Dfm(z)||Tn\Jn|
≤ |fm(Jn)| + eKτ

|f m(Jn)|
|Jn| |Tn\Jn|

≤ |fm(Jn)| + eKτ
|f m(Jn)|

|Jn| ρ|Jn|.
Hence

n−1∑
i=0

|f i(Tn)| ≤
n−1∑
i=0

|f i(Jn)|(1 + eKτρ).

Soρ satisfiesτ/σ ≤ 1 + eKτρ, i.e.ρ ≥ e−Kτ [(τ/σ)− 1]. 2

A closed forward invariant subsetX ⊂ I of f ∈ C1+BV is calledhyperbolic repelling
if there existsC > 0,λ > 1 with

|Df n(x)| ≥ Cλn (3)

for all x ∈ X. A periodic pointp with minimal periodn is called hyperbolic if both
limy↑p |Df n(y)| and limy↓p |Df n(y)| are either smaller or larger than one.
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LEMMA 2.6. Letf ∈ C1+BV . LetX be a closed invariant set with the property that there
existsλ > 1 so that for allx ∈ X, there existsnx with |Df nx (x)| ≥ λ.

ThenX is hyperbolic repelling.

Proof. Let, for someλ̃, 1 < λ̃ < λ, Bx 3 x denote the ball with|Df nx |Bx | > λ̃.
BecauseX is a closed set, it can be covered by a finite number of ballsBx1, . . . , BxL .
For x ∈ L andn ∈ N, there are positive integers 0= n0 < n1 < · · · < nM ≤ n

with nj = nxk if f n0+···+nj−1(x) ∈ Bxk . Observe thatnj − nj−1, n − nM ≤ N , where
N = max{nx1, . . . , nxL}. Also

λ̃ ≤ |Df nj−nj−1(f n1+···+nj−1(x))|.
From

|Df n(x)| =
( M∏
j=1

Df nj−nj−1(f n1+···+nj−1(x))

)
Df n−nM (f n1+···+nM (x)),

writing m = min{1,minx∈I |Df (x)|}, we get

|Df n(x)| ≥ λ̃Mmn−nM ≥ λ̃(n/N)mN.

Therefore there existsN ∈ N so that for eachx ∈ L, |DfN(x)| ≥ λ. On a small
neighbourhoodV of L, |DfN |V | ≥ λ̃. The lemma now easily follows. 2

Finally, we recall the notion of renormalizibility. A multimodal mapf : I → I is called
renormalizable, if there exists an intervalJ containing a turning point, so thatf k(J ) ⊂ J

for some positive integerk, and all intervalsf i(J ),0 ≤ i < k are mutually disjoint. The
mapf is called infinitely renormalizable, if there is a decreasing sequence of intervalsJn

containing a turning point, so thatf kn(Jn) ⊂ Jn for integerskn with kn → ∞ asn → ∞,
and all intervalsf i(Jn), 0 ≤ i < kn are mutually disjoint.

3. Mañé’s theorem
For a subsetU of I , write

0n(U) = {x ∈ I, x, f (x), . . . , f n(x) ∈ I\U}. (4)

In the case ofC2 maps, the following theorem is due to Ma˜né [M85], see also [MvS93].
The argument given here seems more direct.

THEOREM 3.1. Letf ∈ C1+BV . LetU be a neighbourhood of the set of turning pointsT

of f . Then there are numbersKn withKn → ∞ asn → ∞, so that

|Df n(pn)| ≥ Kn (5)

for each periodic pointpn with minimal periodn andO(pn) ⊂ I\U .
If all periodic orbits in I\U are hyperbolic, then there areC > 0, λ > 1, so that for

eachn ∈ N andx ∈ 0n(U ∪ B0),

|Df n(x)| ≥ Cλn. (6)

HereB0 denotes the union of the immediate basins of the periodic attractors.
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Proof. Let pn be a periodic point off with minimal periodn andO(pn) ⊂ I\U . If n
is large enough,pn will not be a periodic attractor with a turning point in its basin of
attraction. We will assume thatn is large enough so that this holds. SinceDf n is the same
at each point ofO(pn), we may replacepn by the point inO(pn) closest toU . We keep
writing pn for this point. LetJn 3 pn be the maximal interval withf n|Jn monotone and
f n(Jn)∩O(pn) = {pn}. One easily sees that each pointx ∈ I is contained in at most two
of the intervalsf j (Jn), 0 ≤ j < n. By Lemma 2.3, there existsD > 0 so that for alln,
the distortion off n on Jn is bounded byD. Let δ be the minimal length of components
of U . If for all i < n, the boundary∂(f i(Jn)) of f i(Jn) does not intersectT, thenf n(Jn)
contains a component ofU and so|f n(Jn)| ≥ δ. If ∂(f i(Jn))∩T 6= ∅ for somei < n with
i chosen the minimal number for which this holds, then|f i(Jn)| ≥ δ. By the contraction
principle, which we can apply since no turning point is in the basin of attraction ofO(pn),
there exists a positive numberδ̃ < δ so that|f n(Jn)| ≥ δ̃. It follows that

|Df n(pn)| ≥ 1

D

|f n(Jn)|
|Jn| ≥ 1

D

δ̃

|Jn| . (7)

By Theorem 2.2f has no wandering intervals. We can therefore apply Lemma 3.2 below
to get|Jn| → 0 asn → ∞; this proves (5).

By extendingf to a larger interval and alteringf in U , we may assume that the turning
points are in the basin of attraction of an attracting fixed point in∂I . Then (5) holds,
perhaps with different numbersKn, for all periodic orbits. Assume now that all periodic
orbits inI\U are hyperbolic. From an application of Lemma 3.3 below we obtain (6).2

LEMMA 3.2. Letf : I → I be a continuousl-modal map. Supposef has no wandering
intervals. For eachS > 0, there existsξn > 0 with ξn → 0 asn → ∞ so that for all
intervalsJn with f n|Jn monotone,f n(Jn) ⊃ Jn and{Jn, . . . , fn(Jn)} having intersection
multiplicity bounded byS, we have|Jn| ≤ ξn.

Proof. Assume, by contradiction, there existsC > 0 and a sequenceJi with |Ji | ≥ C,
f i |Ji is monotone,f i(Ji) ⊃ Ji and {Ji, . . . , f i(Ji)} having intersection multiplicity
bounded byS. LetJ be an interval contained in infinitely manyJi ’s. SoJ is a homterval.
Since wandering intervals do not exist,f l(J ) ∩ f k(J ) 6= ∅ for somel < k ∈ N. We may
choosel, k minimal with this property. It is not hard to see thatl andk are bounded by
integersl0, k0 depending only on|J |. The interval

⋃
s∈N f l+s(k−l)(J ) is a homterval, so

any point inJ is attracted by a periodic point of minimal periodk− l or 2(k− l). Observe
that f l(Ji) contains a periodic pointqi of period at leasti/S. If v ∈ f l(J ), because
2(k − l) < i/S for i large enough, there isw ∈ (v, qi), 0 ≤ s < i with f s(w) ∈ T. This
contradicts thatf i |Ji is monotone. 2

The following lemma shows, in particular, that the points outside the basins of periodic
attractors form a hyperbolic repelling set if all periodic orbits are hyperbolic and there is a
strong expansion along periodic orbits of high period.

LEMMA 3.3. Letf ∈ C1+BV . Suppose there are numbersKn withKn → ∞ asn → ∞,
so that|Df n(pn)| ≥ Kn for each periodic pointpn of minimal periodn. If U ⊂ I is an
open set and all periodic orbits inI\U are hyperbolic, then there areC > 0, λ > 1, so
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that for eachn ∈ N andx ∈ 0n(B0 ∪ U), we have|Df n(x)| ≥ Cλn. HereB0 denotes the
union of the immediate basins of the periodic attractors.

Proof. We show that

lim sup
i∈N

|Df i(x)| = ∞ (8)

for each pointx ∈ 0∞(B0 ∪ U). Let us first finish the proof assuming (8). It follows
from (8) that there existsλ > 1 so that for eachx ∈ 0∞(B0 ∪ U), there isnx ∈ N with
|Df nx (x)| > λ. By Lemma 2.6, there existsC > 0, λ > 1 so that|Df n(x)| ≥ Cλn for
all x ∈ 0∞(B0 ∪ U). So there areN > 0 and a neighbourhoodV of 0∞(B0 ∪ U) so that
|DfN |V | ≥ λ. We claim there existsM ∈ N so that(I\V) ∩ 0M(B0 ∪ U) = ∅. Indeed,
there would otherwise be a sequence of pointsxi → x in I\V so thatf j (xi) 6∈ B0 ∪U for
0 ≤ j ≤ i, but thenx ∈ 0∞(B0 ∪U), which is impossible. It follows that for someN ∈ N

andλ̃ > 1, |DfN | ≥ λ̃ on0N(B0 ∪ U). The lemma easily follows.
It remains to establish (8). Since (8) is clear for repelling periodic points, we may

assume thatx is not periodic. Iff l(x) is a turning point for somel, replacex by f l+1(x).
So we may assumeO(x) ∩ T = ∅. Choose a pointy ∈ ω(x) as follows. Ifω(x) ∩ T 6= ∅,
let y be a turning point inω(x). If ω(x) ∩ T = ∅, there existc ∈ T and an interval(y, y ′)
with y ∈ ω(x), c ∈ (y, y ′), f (y) = f (y ′) andω(x) ∩ (y, y ′) = ∅. We can in fact choose
y andy ′ so thaty ′ 6∈ T. Indeed, sinceω(x) ∩ T = ∅, alteringf nearT so that the values
of f at T are slightly perturbed does not changeω(x). Alter f so thatf (T) ∩ ω(x) = ∅
and no new transverse intersections of the graph off with I × {y} are created. Seek an
interval(y, y ′) as above for this altered map, this satisfies the required properties.

If y is a turning point, define a functionτ on a small neighbourhoodW of y by τ (y) = y

andf (τ(x)) = f (x) with τ (x) 6= x if x 6= y. If y is not a turning point, letτ be a function
defined on a small neighbourhoodW of {y} ∪ {y ′} by f (τ(x)) = f (x) andτ (x) 6= x.
Note thatτ (y) = y ′. Two cases occur which have to be studied separately. Either there
exist infinitely many points inO(x) ∩ (y, τ (y)) or there are only finitely many points in
O(x) ∩ (y, τ (y)).
There are only finitely many points inO(x) ∩ (y, τ (y)). Note that this case in particular
occurs if y ∈ T, since then(y, τ (y)) = ∅. Let N be the maximal number so that
fN(x) ∈ (y, τ (y)). Replacex by fN+1(x).

The setsVk we now define will play an important role in establishing (8). Fork ∈ N

write

Vk = {y ∈ W : f i(y) 6∈ (y, τ (y)),0< i < k, f k(y) ∈ (y, τ (y))}. (9)

We first discuss some properties of the setsVk. Let Tk be a connected component ofVk.
We claim that the following two items hold:
• a pointa ∈ ∂Tk satisfiesf k(a) ∈ {a, τ (a)},
• f i(Tk) ∩ f j (Tk) = ∅ for 0 ≤ i < j < k.
For the first item, observe thata ∈ ∂Tk implies that for somel,0 < l ≤ k, f l(a) ∈
{a, τ (a)}. Take l to be the minimal number with this property. Eitherl = k, then we
are finished, orl < k. In the latter case, writek = sl + t with t < l. Thenf k(a) =
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f sl+t (a) = f t (a) or f t (τ (a)). So t = 0 by minimality of l andf k(a) ∈ {a, τ (a)}. In
particular, for each boundary pointa of Tk, eithera or τ (a) is periodic. For the second
item, write Tk = (a, b) with b ∈ (a, τ (a)). If f i(Tk) ∩ f j (Tk) 6= ∅ then there is
y ∈ Tk with f k(y) = f k−j+i (a) or f k(y) = f k−j+i (b). The first possibility contradicts
the definition ofTk, the second possibility implies that eitherTk ∩ f k−j+i (Tk) 6= ∅ or
τ (Tk) ∩ f k−j+i (Tk) 6= ∅. This givesa ∈ f k−j+i (Tk) respectivelyτ (a) ∈ f k−j+i (Tk).
Therefore there existsz ∈ (a, b) with f k−j+i (z) = a respectivelyf k−j+i (z) = τ (a).
However, thenf k(z) = f j−i (a), contradicting the definition ofTk. Because the intervals
f i(Tk), 0 ≤ i < k, are mutually disjoint, the minimal period of the periodic pointa or
τ (a) with a ∈ ∂Tk, is k/2 ork.

Let f n(i)(x) be a sequence of closest returns to(y, τ (y)); n(0) satisfiesf n(0)(x) ∈ W
andn(i + 1) is the minimal integer so thatf n(i+1)(x) ∈ (f n(i)(x), τ (f n(i)(x))). Observe
thatn(i + 1)− n(i) → ∞ asi → ∞ andf n(i)(x) ∈ Vn(i+1)−n(i). Let Tn(i+1)−n(i) be the
connected component ofVn(i+1)−n(i) that containsf n(i)(x). Write

Df n(i+1)(x) =
i∏

j=0

Df n(j+1)−n(j)(f n(j)(x)). (10)

By lemma 2.3, forz ∈ Tk,

|Df k(z)| ≥ 1

D
Cmin(Kk/2,Kk) (11)

whereD bounds the distortion off k onTk andC = minx∈W |Df (x)|/|Df (τ(x))|. Using
this in (10) one gets lim supi∈N |Df i(x)| = ∞.

There are infinitely many points inO(x)∩ (y, τ (y)). There remains the case wherey 6∈ T

and an infinite number of iterates ofx is contained in(y, τ (y)). The reasoning is similar
as above, but involves a different sequence of closest returns. Note thatO(x) ∩ (y, τ (y))
accumulates ony or on τ (y). By replacingy by τ (y) if necessary, we may assume that
O(x) ∩ (y, τ (y)) accumulates ony.

Define

Vk = {z ∈ (y, c) : f i(z) 6∈ (y, z),0< i < k, f k(y) ∈ (y, z)}. (12)

We first study some properties ofVk. Let Tk be a connected component ofVk. We claim
that:
• a pointa ∈ ∂Tk satisfiesf k(a) = a or f k(a) = y,
• f i(Tk) ∩ f j (Tk) = ∅ for 0 ≤ i < j < k.
For the first item, leta ∈ ∂Tk. Then for somel,0< l ≤ k, eitherf l(a) = a or f l(a) = y.
Let l be the minimal number for which this holds. Iff l(a) = a then, writingk = sl+t with
t < l, f k(a) = f sl+t (a) = f t (a) showst = 0 andf k(a) = a. SinceO(y)∩(y, τ (y)) = ∅
anda ∈ (y, τ (y)), f l(a) = y andf k(a) 6= y for l < k is not possible. So eitherf k(a) = a

orf k(a) = y. To obtain the second item, suppose, by contradiction,f i(Tk)∩f j (Tk) 6= ∅.
Thenf k(Tk) ∩ f k−j+i (Tk) 6= ∅. By the minimality ofk, f k−j+i (Tk) cannot be contained
in f k(Tk). So there existsz ∈ Tk with f k−j+i (z) = a, the boundary point ofTk with
largest distance toy; but thenf k(z) = f j−i (a) cannot lie inTk, a contradiction.
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Let f n(i)(x) be a sequence of closest returns toy in (c, y); n(0) satisfiesf n(0)(x) ∈
(y, c) ∩W andn(i + 1) is the minimal integer so thatf n(i+1)(x) ∈ (y, f n(i)(x)). Note
thatf n(i)(x) ∈ Vn(i+1)−n(i). Let Tn(i+1)−n(i) be the connected component ofVn(i+1)−n(i)
that containsf n(i)(x).

We claim that there exists a neighbourhoodV of y so thatf n(i+1)−n(i) is monotone on
Tn(i+1)−n(i) for all sufficiently large values ofi. If such a neighbourhoodV would not
exist, we could take a sequence of pointszi ∈ V ∩ Tn(i+1)−n(i) converging toy so that
f si (zi) = d for somed ∈ T, 0 ≤ si ≤ n(i + 1) − n(i). Note |zi − f n(i)(x)| → 0 and
|f n(i+1)−n(i)(zi)−f n(i+1)(x)| → 0 asi → 0. Becauseω(x)∩T = ∅, there isδ > 0 so that
|f si (zi )− f n(i)+si (x)| = |d − f n(i)+si (x)| ≥ δ. This contradicts the contraction principle
Lemma 2.2, proving the claim. Using this claim it follows that for largei, ∂Tn(i+1)−n(i)
contains a periodic point. As above one concludes lim supi∈N |Df i(x)| = ∞. 2

The use of the above lemma is not restricted to the proof of Ma˜né’s theorem (i.e. to maps
with the turning points contained in basins of periodic attractors). Also, in the following
sections our strategy will be to prove the existence of a strong expansion along periodic
orbits of high period and then apply Lemma 3.3. We will apply Lemma 3.3 withU equal
to the empty set. For clarity, let us formulate the corresponding lemma separately.

LEMMA 3.4. Letf ∈ C1+BV . Suppose there are numbersKn withKn → ∞ asn → ∞,
so that|Df n(pn)| ≥ Kn for each periodic pointpn of minimal periodn. If, moreover,
all periodic orbits are hyperbolic, then there areC > 0, λ > 1, so that for eachn ∈ N

andx ∈ 0n(B0), we have|Df n(x)| ≥ Cλn. HereB0 denotes the union of the immediate
basins of the periodic attractors.

4. Hyperbolic limit sets
Mañé’s theorem tells us that our main theorem holds for orbits which stay outside a
neighbourhood of the turning points. In this section we show how to prove the main
theorem if we assume it holds for orbits which stay nearω-limit sets of turning points. This
forms the contents of the following lemma. After the statement and proof of this lemma
we apply it to prove the main theorem in some simple situations, making assumptions on
the orbits of the turning points.

LEMMA 4.1. Let f ∈ C1+BV and letT denote the set of its turning points. Suppose that
for eachc ∈ T there are neighbourhoodsU(ω(c)) ofω(c) andV(c) of c, and numbersLn
withLn → ∞ asn → ∞, so that

|Df n(pn)| ≥ Ln (13)

for each periodic pointpn with minimal periodn andO(pn) ⊂ U(ω(c)),O(pn)∩V(c) 6=
∅. Then there are numbersKn withKn → ∞ asn → ∞, so that

|Df n(pn)| ≥ Kn (14)

for each periodic pointpn with minimal periodn.

Proof. Let On be a periodic orbit of minimal periodn. Let ci , 1 ≤ i ≤ s, denote the
turning points for whichOn intersectsV(ci). Assume that, withU = ∪si=1U(ω(ci)), On
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contains a point inI\U . SinceDf n is the same at each point ofOn we may, in order to
prove (14) forpn ∈ On, replacepn by any point inOn. We may assume thatpn ∈ On is
contained inI\U .

Write Jn 3 pn for the maximal interval withf n|Jn monotone andf n(Jn)∩On = {pn}.
Since the collection{f i(Jn)}, 0 ≤ i < N , has intersection multiplicity of at most two,
by Lemma 2.3,f n has bounded distortion onJn with a boundD not depending onn.
Write In ⊃ Jn for the maximal interval containingpn on whichf n is monotone. Since
pn ∈ I\U and∂f n(In) ⊂ O(T), there isδ0 not depending onn so that both components of
f n(In)\{pn} have length at leastδ0 (by the contraction lemma). By Lemma 3.2, there is a
sequenceξn → 0,n → ∞, with |Jn| ≤ ξn. So (14) holds in case for somepn ∈ On∩I\U ,
one point of∂Jn is contained inO(T), since then|f n(Jn)| ≥ δ0.

It remains to prove (14) for periodic orbitsOn of minimal periodn so that for each
pn ∈ On ∩ I\U , ∂f n(Jn) ⊂ On. Suppose by contradiction that there is a constantC > 0
and a sequence of periodic pointspn(i) in I\U of minimal periodn(i), n(i) → ∞ as
i → ∞, so that|Df n(i)(pn(i))| ≤ C. From

|Df n(i)(pn(i))| ≥ 1

D
|f n(i)(Jn(i))|/|Jn(i)|

and Lemma 3.2 it follows that|f n(i)(Jn(i))| → 0 asi → ∞. Consider the set of limit
points{f j (pn(i)) : 0 ≤ j < n(i), i ∈ N}. Because|f n(i)(Jn(i))| → 0 asi → ∞, this
set of limit points contains an interval. We can therefore take a periodic pointy in I\U
contained in the interior of this set of limit points.

Denote byk the minimal period ofy. If Df k(y) < 0, let l = 2k. Otherwise, letl = k.
Let P1 be a fundamental domain ofy; P1 is an interval of the form[b, f l(b)) contained
in the maximal interval aroundy on whichf l is monotone. Takeb to be an eventually
periodic point. LetPn ⊂ (y, b) be such thatf n−1(Pn) = P1. By Lemma 4.2 below, there
is a periodic pointqn(i) ∈ O(pn(i)), so that|Df j (qn(i))| ≤ C for all j < n(i). Let h(i) be
the minimal integer so thatf h(i)(qn(i)) ⊂ Pn. LetHn be the maximal interval containing
qn(i) so thatf h(i) is monotone onHn andf h(i)(Hn) ⊂ Pn. We claim that forn high
enough,
• f h(i)(Hn) = Pn,
• f q(Hn) ∩ f p(Hn) = ∅,
for 0 ≤ q < p < h(i). For the first item, iff h(i)(Hn) 6= Pn, thenf l(z) ∈ T for some
z ∈ Hn andl < h(i). This contradictsO(T) ∩ Pn = ∅ for largen. For the second item, if
f q(Hn)∩f p(Hn) 6= ∅ for some 0≤ q < p < h(i), thenf q+h(i)−p(Hn)∩f h(i)(Hn) 6= ∅.
This contradictsO(∂Pn)∩Pn = ∅ for n high enough, which is a consequence of choosing
b ∈ ∂P1 eventually periodic.

From the above it follows thatf h(i)+n−1(Hn) = P1 and f h(i)+n−1 has uniformly
bounded distortion onHn. So, there existsD > 0 so that for alli,

|Df h(i)+n−1(qn(i))| ≥ 1

D

|P1|
|Hn| . (15)

Since|Hn| → 0 asn → ∞, |Df h(i)+n−1(qn(i))| is large if i is large. This contradicts
the definition ofqn(i); sinceh(i) + n − 1 is clearly bounded by 2n(i), we have that
|Df h(i)+n−1(qn(i))| is bounded byC2. 2
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LEMMA 4.2. Let f ∈ C1+BV . If pn is a periodic point off of minimal periodn with
|Df n(pn)| ≤ C for someC > 1, then there existsqn ∈ O(pn) with |Df j (qn)| ≤ C for all
integersj ≤ n.

Proof. One can state the lemma alternatively as follows. Letxi , i ∈ Z/nZ, be positive
real numbers with

∏n−1
i=0 xi ≤ C for someC > 1. Then there existsk, 0 ≤ k < n, with∏j

i=0 xk+i ≤ C for all j , 0 ≤ j < n.
The proof goes by induction onn. The lemma clearly holds forn = 2. Supposen > 2.

Given xi , i ∈ Z/nZ, as above, letyi , i ∈ Z/(n − 1)Z, be given byy0 = x0x1 and
yi = xi+1, 1 ≤ i < n − 1. By the induction assumption there existsk, 0 ≤ k < n − 1, so
that

∏j

i=0 yk+i ≤ C for all 0 ≤ j < n− 1.

Assume first thatk = 0. If x0 ≤ x1, it is easily seen that
∏j

i=0 xi ≤ C for all j ,

0 ≤ j < n. If x1 ≥ x0, we have
∏j

i=0 x1+i ≤ C for all j , 0 ≤ j < n.

If k 6= 0, we claim that either
∏j

i=0 xk+i ≤ C for all j , 0 ≤ j < n, or
∏j

i=0 x1+i ≤ C

for all j , 0 ≤ j < n. Indeed, if the former possibility does not hold, then
∏0
i=k xi > C.

Now, if j < k, from
∏0
i=k xi > C and

∏j
i=k ≤ C we get

∏j

i=1 xi = ∏j
i=k xi/

∏0
i=k xi ≤

1< C. If j ≥ k we have
∏j

i=1 xi = ∏k−1
i=1 xi

∏j
i=k xi ≤ C. 2

In the following lemma we discuss expansion along periodic orbits near a hyperbolic
repelling invariant set.

LEMMA 4.3. Let f ∈ C1+BV and letc be a turning point off . If ω(c) is a hyperbolic
repelling set, then there is a neighbourhoodU ofω(c) and numbersKn withKn → ∞ as
i → ∞, so that for each periodic pointpn of minimal periodn and withO(pn) ⊂ U ,

|Df n(pn)| ≥ Kn.

Proof. We claim there existsδ0 > 0, C > 0 andλ > 1 so that for allx ∈ I with
x, f (x), . . . , f n(x) contained in aδ0 neighbourhood ofω(c), |Df i(x)| ≥ Cλi , 0 ≤ i ≤ n.
TakeN so large that|DfN | > 3 onω(c). For eachx ∈ ω(c) there is a ballBε(x) so that
|DfN | > 2 onBε(x). Sinceω(c) is compact, it is covered by a finite set{Bε(x1), . . . , Bε(xs)}
of these balls. Letδ0 equal the minimum ofε(x1), . . . , ε(xs). Write n = kN + l with
l < N . Then|Df n(x)| ≥ 2k minx∈I |Df (x)|l. The claim and the proof of the lemma
follow easily. 2

Using the above lemmas one can easily treat dynamics of multimodal maps inC1+BV

for which the turning points are either periodic, or non-recurrent, or have a hyperbolic
repelling limit set. This includes Misiurewicz maps; maps for which turning points are not
recurrent. The dynamics ofC2 Misiurewicz maps was studied in [vS90], in that paper such
maps were shown to admit an absolutely continuous invariant probability measure.

THEOREM 4.4. Let f ∈ C1+BV . Suppose that for each turning pointc the following
holds. Eitherc is not recurrent, orc is periodic, orω(c) is a hyperbolic repelling set.
Then there are numbersKn withKn → ∞ asn → ∞, so that

|Df n(pn)| ≥ Kn (16)
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for each periodic pointpn with minimal periodn.
If, moreover, all periodic orbits are hyperbolic, there is only a finite number of periodic

attractors and there existC > 0, λ > 1 so that for all x ∈ I with f n(x) not in the
immediate basin of attraction of an attracting periodic orbit,

|Df n(x)| ≥ Cλn. (17)

In particular, if f only has periodic repellers, there existsN > 0 with

|DfN | > 1. (18)

Proof. We show that the assumption of Lemma 4.1 is satisfied. The theorem then follows
from Lemmas 4.1 and 3.4.

Let c be a turning point. Ifω(c) is a hyperbolic repelling set, (13) follows from
Lemma 4.3. Ifω(c) is periodic, periodic orbits which stay in a small neighbourhood of
it have the same period asc or twice the period. So the estimate (13) holds for periodic
points in a small neighbourhood ofω(c) if c is periodic. Ifc is not recurrent, (13) holds
for periodic orbits in a small neighbourhood ofω(c) by Theorem 3.1. 2

5. Proof of the main theorem
We make use, in this section, of a result on the measure ofω-limit sets that we present in the
next section. This result, an adaptation of work of Blokh and Lyubich [BL90a, BL90b],
Martens [Ma90, Ma94] and Vargas [V96], states that theω-limit set of any point of a map
f ∈ C1+Lip either contains intervals or has zero Lebesgue measure. Using this result we
derive a lemma stating that periodic orbits of high period near theω-limit set of a recurrent
turning point, for a mapf ∈ C1+Lip that is not infinitely renormalizable, are hyperbolic
repelling. This is a first step in proving that such periodic points of high period are in fact
strongly repelling.

Our main result is the following theorem. In its proof we make use of a number of
lemma’s presented after the proof.

THEOREM 5.1. Letf : I → I be a map satisfying one of the following.
(1) f ∈ C1+Lip+Sym is at most finitely often renormalizable,
(2) f ∈ C1+Lip is unimodal and at most finitely often renormalizable,
(3) f ∈ C1+BV is such that theω-limit sets of the recurrent turning points are not

minimal Cantor sets.
Then there are numbersKn withKn → ∞ asn → ∞, so that

|Df n(pn)| ≥ Kn (19)

for each periodic pointpn with minimal periodn.
If, moreover, all periodic orbits are hyperbolic, there is only a finite number of periodic

attractors and there existC > 0, λ > 1 so that for all x ∈ I with f n(x) not in the
immediate basin of attraction of an attracting periodic orbit,

|Df n(x)| ≥ Cλn.

In particular, if f only has periodic repellers, there existsN > 0 with

|DfN | > 1.
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Proof. It suffices to prove the theorem for maps that are not renormalizable. We prove that
for each turning pointc of f there are neighbourhoodsU of ω(c) andV of c, so that

|Df n(pn)| ≥ Kn (20)

for periodic pointspn of minimal periodn whose orbits are contained inU and intersect
V . The theorem then follows from Lemma 4.1.

Let c ∈ T. We have already seen that (20) holds ifc is not recurrent or ifc is periodic,
compare with Theorem 4.4. Assume, now, thatc is recurrent and not periodic. The case
whereω(c) is a minimal Cantor set is treated separately.

ω(c) is a minimal Cantor set.We prove that

lim sup
n∈N

|Df n(x)| = ∞ (21)

for all x ∈ ω(c).
Sinceω(c) is minimal, for eachx ∈ ω(c) we havec ∈ ω(x). Let τ be a function

on a neighbourhoodV of c, defined byτ (c) = c andf (τ(y)) = f (y) with τ (y) 6= y

if y 6= c. For x ∈ ω(c), let f n(i)(x) be a sequence of closest returns toc; n(0)
is such thatf n(0)(x) ∈ V and n(i + 1) is the smallest integer larger thenn(i) with
f n(i+1)(x) ∈ (f n(i)(x), τ (f n(i)(x))).

Write

|Df n(i+1)(x)| =
i∏

j=0

Df n(j+1)−n(j)(f n(j)(x)). (22)

LetVk be defined as in (9):

Vk = {y ∈ V : f i(y) 6∈ (y, τ (y)),0< i < k, f k(y) ∈ (y, τ (y))}.
Let Tn(i+1)−n(i) be the component ofVn(i+1)−n(i) containingf n(i)(x). It was shown in the
proof of Lemma 3.4 that

f i(Tn(i+1)−n(i)) ∩ f j (Tn(i+1)−n(i)) = ∅, for 0 ≤ i < j < n(i + 1)− n(i).

By the contraction principle (Lemma 2.2),

sup
0≤j≤n(i+1)−n(i)

|f j (Tn(i+1)−n(i))| → 0 (23)

as i → ∞. So, the intervalsf l(Tn(i+1)−n(i)) are mutually disjoint for 0≤ l <

n(i + 1)− n(i) and arbitrarily close toω(c) for i large enough.
By Theorem 6.1, the Lebesgue measure ofω(c) is zero. Hence, the Lebesgue measure

|Uε | of theε-neighbourhoodUε of ω(c) satisfies

lim
ε→0

|Uε | = 0. (24)

We conclude that
∑n(i+1)−n(i)
l=0 |f l(Tn(i+1)−n(i))| → 0 asi → ∞. This implies that the

distortion off n(i+1)−n(i) on monotone branches ofTn(i+1)−n(i) goes to one asi → ∞.
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If f is a multimodal map fromC1+Lip+Sym, either∂Tn(i+1)−n(i) or τ (∂Tn(i+1)−n(i))
contains a periodic point. From Lemma 5.2, using continuity of|Df |, it follows that
the terms in the product (22) are strictly larger than one forj large; (21) follows. Iff
is a unimodal map fromC1+Lip, f n(i+1)−n(i) is monotone onTn(i+1)−n(i) and therefore
∂Tn(i+1)−n(i) contains a periodic point. Hence (21) follows from Lemma 5.2.

By Lemma 2.6,ω(c) is a hyperbolic set. An application of Lemma 4.3 yields (20).

c is recurrent andω(c) is not a minimal Cantor set.If there is no recurrent turning point
(different fromc) in ω(c) whoseω-limit set is a minimal Cantor set, then the following
reasoning applies tof ∈ C1+BV.

Let c1, . . . , cs with cs = c be the turning points inω(c) with ω(ci) = ω(c), 1 ≤ i < s.
Note that there can be turning pointsc̃ ∈ ω(c) with ω(c̃) strictly contained inω(c).

Assume, by contradiction, the existence ofC > 0 and a sequence of periodic orbits
On(i) with minimal periodn(i) and with the maximal distance betweenOn(i) andω(c)
as well as the minimal distance betweenOn(i) andc, converging to zero asi → ∞, so
that |Df n(i)(pn(i))| ≤ C for pn(i) ∈ On(i). By Lemma 4.2, for eachi there exists a point
qn(i) ⊂ On(i) so that|Df j (qn(i))| ≤ C for all integersj ≤ n(i).

Let neighbourhoodsSn(ch) of ch be as in Lemma 5.3. Note that the minimal distance
betweenOn(i) and any of the turning pointsch, 1 ≤ h ≤ s, goes to zero asi → ∞. So for
anyn and for anych there existsi withOn(i)∩Sn(ch) 6= ∅. Leth(i) be the minimal integer
so that for somej , f h(i)(qn(i)) ∈ Sn(cj ). LetHn be the maximal interval containingqn(i)
on whichf h(i) is monotone and withf h(i)(Hn) ⊂ Sn(cj ). We claim that
• f h(i)(Hn) = Sn(cj ),
• f k(Hn) ∩ f l(Hn) = ∅ for 0 ≤ k < l < h(i).

Suppose that the first item is false. Thenf j (Hn) would intersectT for somej < h(i).
f j (Hn)would then in fact hit a turning pointck; the orbits of the other turning points do not
come near anySn(cj ). Sincef j (qn(i)) 6∈ Sn(ck), there isz ∈ Hn with f j (z) ∈ ∂Sn(ck).
This contradicts thatf l(∂Sn(ck))∩Sn(cj ) = ∅ unlessf l(∂Sn(ck)) ⊂ Sn(cj ). To establish
the second item, supposef k(Hn) ∩ f l(Hn) 6= ∅ for some 0≤ k < l < h(i). Then
f h(i)−l+k(Hn) ∩ Sn(ck) 6= ∅. By minimality of h(i), f h(i)−l+k(Hn) cannot be contained
in Sn(ck), so that somez ∈ Hn is mapped into∂Sn(ck) by f h(i)−l+k. A contradiction is
derived as above.

By Lemma 2.3,f h(i) has uniformly bounded distortion onHn. From this and
Lemma 5.3, there is a constantD > 0 so that for alli,

|Df h(i)+sj (n)(qn(i))| ≥ 1

D

|f sj (n)(Sn(cj ))|
|Hn| ≥ 1

D

δ

|Hn| . (25)

Since there are no homtervals,|Hn| → 0 asn → ∞. Hence,|Df h(i)+sj (n)(qn(i))| is large
if n is large. From Lemma 5.3 we obtain that the orbit piece{qn(i), . . . , f h(i)+sj (n)(qn(i))}
hits the intervalSn(cj ) only once. Thereforeh(i)+ sj (n) ≤ 2n(i), from which it follows
that|Df h(i)+sj (n)(qn(i))| is bounded byC2, a contradiction. 2

LEMMA 5.2. Let f ∈ C1+Lip be at most finitely often renormalizable. Supposec is a
turning point off so thatω(c) is a Cantor set. Then there existλ > 1, ε > 0 andN ∈ N

so that for all periodic pointspn of minimal periodn > N withO(pn) ⊂ Uε, whereUε is
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theε neighbourhood ofω(c),

|Df n(pn)| ≥ λ. (26)

Proof. We may assume thatf is not renormalizable.
Suppose a sequence of periodic pointspn(i) of minimal periodn(i) accumulating on

ω(c) exists so that

|Df n(i)(pn(i))| = λi (27)

with λi → 1 asi → ∞. By Mañé’s theorem the minimal distance betweenO(pn(i)) and
the set of turning pointsT goes to zero asi → ∞. By taking a subsequence, we may
assume thatpn(i) converges to a turning pointc̃ ∈ ω(c). Let τ be a function defined on a
small neighbourhoodU of c̃ so thatτ (c̃) = c̃ andf (τ(y)) = f (y) with τ (y) 6= y if y 6= c̃.
We may assume thatpn(i) is such that(pn(i), τ (pn(i)))∩O(pn(i)) = ∅. Letm(i) = n(i) if
Df n(i)(pn(i)) > 0 andm(i) = 2n(i) if Df n(i)(pn(i)) < 0. SoDfm(i)(pn(i)) > 0.

Write Sm(i) for the maximal interval in(pn(i), τ (pn(i))) bounded bypn(i) with
fm(i)(Sm(i)) ⊂ (pn(i), τ (pn(i))). We claim that

f l(Sm(i)) ∩ f k(Sm(i)) = ∅ for 0 ≤ l < k < m(i).

Indeed, iff l(Sm(i))∩ f k(Sm(i)) 6= ∅ for some 0≤ l < k < m(i), thenf m(i)−k+l(Sm(i))∩
fm(i)(Sm(i)) 6= ∅. SinceO(pn(i)) ∩ (pn(i), τ (pn(i))) = ∅ there isa ∈ Sm(i) with
fm(i)−k+l (a) ∈ {pn(i), τ (pn(i))}, but thenf m(i)(a) cannot lie inSm(i).

Write Hm(i) for the maximal interval inSm(i) bounded bypn(i) on which f m(i) is
monotone. SinceSm(i) is a symmetric neighbourhood of the turning pointc (i.e. both
boundary points ofSm(i) have the same image underf ), it follows that

fm(i)(Hm(i)) = f m(i)(Sm(i)). (28)

By Theorem 6.1, the Lebesgue measure ofω(c) is zero. Hence, the Lebesgue measure
|Uε | of theε-neighbourhoodUε of ω(c) satisfies

lim
ε→0

|Uε | = 0. (29)

By the contraction principle (Lemma 2.2),

sup
0≤j≤m(i)

|f j (Sm(i))| → 0 (30)

as i → ∞. Because the intervalsf l(Sm(i)) are mutually disjoint for 0≤ l < m(i) we

conclude from (29) and (30) that
∑m(i)−1
l=0 |f l(Sm(i))| → 0 as i → ∞. This implies

that the distortion offm(i) onHm(i) goes to one asi → ∞, see Lemma 2.4. Because
Dfm(i)(pn(i)) → 1 as i → ∞, it follows that |Dfm(i)| → 1 uniformly onHm(i) as
i → ∞. It is easily seen from this and (28) thatf is renormalizable. 2

The following lemma is stated forf ∈ C1+Lip+Sym andc1, a recurrent turning point
of f , with ω(c1) not minimal. For unimodal maps it suffices to requiref ∈ C1+Lip.
Furthermore, under the additional assumption that for all recurrent turning pointsd in
ω(c1), ω(d) is not a minimal Cantor set, the lemma holds forf ∈ C1+BV. This will be
clear from the proof.
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LEMMA 5.3. Letf ∈ C1+Lip+Sym and letc1 be a non-periodic but recurrent turning point
of f so thatω(c1) is not a minimal set.

Let c1, . . . , cs be the turning points withω(c1) = · · · = ω(cs). Then there existδ > 0
so that for each turning pointci , there are decreasing neighbourhoodsSn(ci) of ci and
integerssi (n) such that

|f si(n)(Sn(ci))| ≥ δ (31)

andf si(n) has uniformly bounded distortion onSn(ci).
Furthermore, forn sufficiently large,

f l(Sn(ci)) ∩ f k(Sn(ci)) = ∅ (32)

for all 0 ≤ l < k < si(n) and

f l(∂Sn(ci)) ∩ Sn(cj ) = ∅ or f l(∂Sn(ci)) ⊂ Sn(cj ) (33)

for all ci 6= cj , l ∈ N.

Proof. If ω(c1) contains an interval, periodic orbits lie dense in it. Ifω(c1) is not a minimal
Cantor set, it contains a minimal set. Such a minimal set is a periodic orbit or minimal
Cantor set.

(i) ω(c1) is a Cantor set that contains a periodic point.Let y be a periodic point inω(c1).
Write k for the minimal period ofy. If Df k(y) < 0, let l = 2k, otherwise letl = k. Let z1

be an eventually periodic point so thatf l is monotone on(y, z1). Letp1 ∈ (y, z1) be such
thatf l(p1) = z1. WriteP1 = [p1, z1) and letPn ⊂ (y, z1) be such thatf (n−1)l(Pn) = P1.
Note thatPn is a fundamental domain fory; f l(intPn)∩intPn = ∅ andf l(∂Pn)∩∂Pn 6= ∅.

We first constructSn(ci) for a single turning pointci . For positive integersn, let σ(n)
be the minimal integer withf σ(n)(ci) ∈ Pn. Let6n be the maximal interval containingci
so thatf σ(n)(6n) ⊂ Pn. We claim that forn sufficiently large,

f i(6n) ∩ f j (6n) = ∅ for 0 ≤ i < j < σ(n).

Suppose by contradiction thatf i(6n)∩f j (6n) 6= ∅. Thenf σ(n)(6n)∩f σ(n)−j+i(6n) 6=
∅. Becausef σ(n)(6n) ⊂ Pn and f σ(n)−j+i(ci) 6∈ Pn, somez ∈ 6n is mapped by
f σ(n)−j+i to a point in∂Pn+1 ∪ Pn. This contradictsO(z1) ∩ Pn = ∅ for n high which
follows from the fact thatz1 is eventually periodic.

We may takez1 so thatω(z1) is outsideω(c1). Then there is a neighbourhoodT1 of
∂P1 so thatO(c1) ∩ T1 = ∅. Therefore,f σ(n)(6n) contains a connected component of
T1 ∩ P1. By choosingsj (n) = σ(n) andSn(cj ) = 6n, (31) is satisfied.

Note thatf l(Sn(ci)) cannot contain a boundary point ofSn(cj ) for 0 ≤ l < si(n)

andi 6= j , since these boundary points are never mapped intoPn. By maximality of the
intervalsSn(ci) it follows that, for 0≤ l < si(n) andi 6= j , eitherf l(Sn(ci))∩Sn(cj ) = ∅,
or f l(Sn(ci)) = Sn(cj ); (33) is an easy consequence.

(ii) ω(c1) is a Cantor set that contains no periodic points.The construction is very much
the same as the case whereω(c1) is a Cantor set containing a periodic orbit; only different
intervalsPn are chosen. Lety ∈ ω(c1) be a point whoseω-limit set is minimal. We claim
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thatω(y) is a hyperbolic repelling set. Indeed, ifω(y) contains no turning points, this
follows from Mañé’s theorem. Ifω(y) does contain a turning point, the argument given
in the proof of Theorem 5.1, for limit sets that are minimal Cantor sets, applies. This is
the only place where we use the stronger assumptionf ∈ C1+Lip+Sym (or f ∈ C1+Lip for
unimodal maps) instead of merelyf ∈ C1+BV.

As above, we define a sequence of intervalsPn with |Pn| → 0 asn → ∞, so that
f n(Pn) is a fixed intervalP1. Choose an intervalP1 with the following properties. Let
U be a small neighbourhood ofω(y). ChooseP1 so thatP1 ⊂ U , P1 ∩ ω(y) = ∅,
P1 ∩ ω(c1) 6= ∅ and∂P1 consists of eventually periodic points so thatO(∂P1) ∩ P1 = ∅.
It is not hard to see that such an interval asP1 can be chosen. Forn > 1, let Pn be a
maximal interval inf−1(Pn−1) that is contained inU and intersectsω(y), so thatf n is
monotone onPn. Becauseω(y) is a hyperbolic repelling set, the intersection multiplicity
of the collection of intervalsf i(Pn), 0 ≤ i < n− 1, is bounded.

It follows from Lemma 2.3 thatf n has uniformly bounded distortion onPn. If T1 is a
neighbourhood of∂P1 with T1 ∩ ω(y) = ∅, thenf n(Pn) contains a connected component
of P1 ∩ T1. We can conclude from the fact thatω(y) is a hyperbolic repelling set, that
|Pn| → 0 asn → ∞. The rest is as above.

(iii) ω(c1) contains an interval.If ω(c1) contains an interval we have a bit more work
to do. Lety be a periodic point inω(c1). IntervalsP1 = [p1, z1) with z1 eventually
periodic andPn with f (n−1)l(Pn) = P1 are defined as in the case thatω(c1) is a
Cantor set containing a periodic point. For positive integersn, let σ(n) be the minimal
integer with f σ(n)(ci) ∈ Pn. Let 6n be the maximal interval containingci so that
f σ(n)(6n) ⊂ Pn+1 ∪ Pn. As before one shows that forn sufficiently large,

f i(6n) ∩ f j (6n) = ∅ for 0 ≤ i < j < σ(n).

Let the integerm1 be so thatf m1(z1) = q1 is periodic. Writen1 for the minimal period
of q1. If Df n1(q1) < 0, we replacen1 by 2n1, so that alwaysDf n1(q1) > 0. Letb ∈ P1

be close enough toz1 so thatf n1|(f m1(b),q1) is monotone.
EitherP2 or (b, z1) is contained inf σ(n)+(n−1)l(6n). Let Sn(ci) = 6n andsi (n) =

σ(n) + (n − 1)l. f σ(n)+(n−1)l(6n) is contained in(b, z1). Note thatf σ(n)+(n−1)l(ci) ∈
(b, z1). Take a fundamental domainP ′

1 ⊂ fm1(b, z1) for q1. Let P ′
m be the interval in

fm1(b, z1) so thatf (m−1)n1(P ′
m) = P ′

1. Note thatf σ(n)+(n−1)l+m1(ci) is contained in
some intervalP ′

m. Let 6′
n ⊂ 6n be the maximal interval withf σ(n)+(n−1)l+m1(6′

n) ⊂
P ′
m+1 ∪ P ′

m. Let Sn(ci) = 6′
n andsi (n) = σ(n)+ (n− 1)l +m1 + (m− 1)n1. Note that

P ′
2 ⊂ f si(n)(Sn(ci)).

Finally, (33) is easily seen to hold from the construction ofSn(ci). 2

6. Lebesgue measure of limit sets
For a measurable setX , we denote by|X | its Lebesgue measure. In this section we prove
the following theorem.

THEOREM 6.1. Let f ∈ C1+Lip and let z ∈ I . If ω(z) contains no intervals, then
|ω(z)| = 0.
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Such a theorem was proved forC2 multimodal maps in [BL90a, BL90b, Ma90, Ma94,
V96]. The proof is subdivided into several propositions, treating different kinds of limit
sets. Theω-limit set of a recurrent, non-periodic, turning point is called a solenoid if it
is obtained from infinitely many renormalizations. So, ifIn is a sequence of decreasing
intervals containing a turning pointc satisfyingf q(n)(In) ⊂ In with qn → ∞ asn → ∞
andf i(In) ∩ f j (In) = ∅ for 0 ≤ i < j < q(n), thenω(c) = ∩n∈N ∪0≤j<qn f j (In) is a
solenoid.

PROPOSITION6.2. Letf ∈ C1+BV . Letz ∈ I satisfyT ∩ ω(z) = ∅, whereT denotes the
set of turning points off . Then|ω(z)| = 0.

Proof. By extendingf to a larger interval and alteringf near the setT of turning points,
we may assume thatf (∂I) ⊂ ∂I andf (T) ⊂ ∂I . This does not alterω(z). Assume
ω(z) has positive measure. Letx ∈ ω(z) be a point that is not eventually periodic. This
excludes, at most, countably many points. We may thus takex to be a density point of
ω(z). Let (y, y ′) ∈ I andc ∈ T be such thaty ∈ ω(x), c ∈ (y, y ′) andω(x)∩ (y, y ′) = ∅.
On a neighbourhoodU of {y} ∪ {y ′} let a functionτ be defined byf (τ(q)) = f (q) and
τ (q) 6= q. Note thatf (y) = y ′.

First assume that at most finitely many points inO(x) are contained in(y, τ (y)).
Replacingx by an iterate, we may assumeO(x) ∩ (y, τ (y)) = ∅. Now let f n(i)(x) be
the sequence of closest returns to(y, τ (y)); n(0) is the minimal integer withf n(0)(x) ∈ U
andn(i + 1) is the minimal integer withf n(i+1)(x) ∈ Uf n(i)(x). Define

Vk = {q ∈ U : f i(q) 6∈ (q, τ (q)),0< i < k, f k(q) ∈ (q, τ (q))}, (34)

see (9). LetTn(i+1)−n(i) be the component ofVn(i+1)−n(i) containingf n(i)(x). Write
Tn(i+1)−n(i) = (a, b) with b ∈ (y, a). Reasoning as in the proof of Lemma 3.4 and noting
thatf (T) ⊂ ∂I , we get that eitherf n(i+1)−n(i)(a) = a andf n(i+1)−n(i)(b) = τ (b) or
f n(i+1)−n(i)(a) = τ (a) andf n(i+1)−n(i)(b) = b. Let Hi = f n(i+1)−n(i)(Tn(i+1)−n(i)).
Note that

(y, τ (y)) ⊂ Hi. (35)

LetJi be the maximal interval containingx on whichf n(i)(x) is monotone andf n(i)(Ji) ⊂
Tn(i+1)−n(i). We claim that:
• f n(i)(Ji) = Tn(i+1)−n(i),
• f l(Ji) ∩ f k(Ji) = ∅ for 0 ≤ l < k < n(i).

The first item holds, since otherwisef j (p) = c for somep ∈ Ji , j < n(i). Because
f j (x) 6∈ Ua, f j (Ji) contains eitherTn(i+1)−n(i) or τ (Tn(i+1)−n(i)). Sof n(i)(Ji) contains
f n(i)−j (a) wherea ∈ ∂Tn(i+1)−n(i). It is, however, easily seen thatO(a) ∩ Tn(i+1)−n(i) =
∅, a contradiction. To see that the intervalsf j (Ji), 0 ≤ j < n(i), are pairwise disjoint,
supposef l(Ji)∩f k(Ji) 6= ∅ for some 0≤ l < k < n(i). Thenf n(i)(Ji)∩f n(i)−k+l(Ji) =
Tn(i+1)−n(i) ∩ f n(i)−k+l (Ji) 6= ∅. Since, by minimality ofn(i + 1), f n(i)−k+l (Ji) cannot
possibly be contained inTn(i+1)−n(i), there existsz ∈ Ji with f n(i)−k+l (z) = a ∈ ∂Ji .
This again contradictsO(a) ∩ Tn(i+1)−n(i) = ∅.

By Lemma 2.3, the distortion off n(i+1) on Ji is bounded by some constantD > 0.
From the forward invariance ofω(z) we getf n(i+1)(ω(z) ∩ Ji) ⊂ ω(z) ∩ Hi . Hence, for
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someqi ∈ Ji ,
|ω(z) ∩Hi|

|Hi | ≥ |f n(i+1)(ω(z) ∩ Ji)|
|f n(i+1)(Ji)|

= 1 − |f n(i+1)(Ji\(ω(z) ∩ Ji))|
|f n(i+1)(Ji)|

= 1 −
∫
Ji\(ω(z)∩Ji) |Df n(i+1)(t)| dt

|Df n(i+1)(qi)||Ji |
≥ 1 −D

|Ji\(Ji ∩ ω(z))|
|Ji | ,

which goes to one asi → ∞ becausex is a density point ofω(z) and|Ji | → 0, i → ∞.
So, because(y, τ (y)) ⊂ Vi , |ω(z) ∩ (y, τ (y))| = |(y, τ (y))|. Sinceω(z) is a closed set,
we get(y, τ (y)) ⊂ ω(z), a contradiction. The case where infinitely many iteratesf i(x)

are contained in(y, τ (y)) is treated similarly, compare the proof of Lemma 3.3. 2

Before going on studying the measure ofω-limit sets of recurrent turning points, we
introduce some notions and notations. Near a turning pointc, one can define a functionτ
by demandingf (c) = c andf (τ(y)) = f (y) with τ (y) 6= y is y 6= c. LetUτ be the union
of the neighbourhoods of turning points on which such a function is defined. Forx ∈ Uτ ,
writeUx = (x, τ (x)). A point x ∈ Uτ is callednice if O(x) ∩ Ux = ∅. An interval of the
formUx is calledsymmetric.

The following lemma gives the device by which one can prove that theω-limit set of a
recurrent turning point, if it contains no intervals, has zero Lebesgue measure.

LEMMA 6.3. Let f ∈ C1+BV and letc be a turning point off . If there existλ > 1 and
symmetric neighbourhoodsPn ⊂ Qn of c with |Qn| → 0 asn → 0, ∂Qn consisting of
nice points,ω(c) ∩Qn ⊂ Pn, and|Qn|/|Pn| ≥ λ, then|ω(c)| = 0.

Proof. Let C1+BV = {x : c ∈ ω(x)}. By Theorem 6.1,ω(c) ∩ (I\C1+BV) has zero
measure. Takex ∈ C1+BV ∩ω(c) and leth(n) be the minimal integer withf h(n)(x) ∈ Qn.
Let Tn be the maximal interval containingx so thatf h(n)(Tn) ⊂ Qn. We claim that

f i(Tn) ∩ f j (Tn) = ∅ for 0 ≤ i < j < h(n).

Indeed, if f i(Tn) ∩ f j (Tn) 6= ∅ for some 0 ≤ i < j < h(n), then f h(n)(Tn) ∩
f h(n)−j+i (Tn) 6= ∅. Becausef h(n)−j+i (Tn) ⊂ Qn is not possible by minimality ofh(n),
there existsz ∈ Tn with f h(n)−j+i(z) ∈ ∂Qn; but thenf h(n)(z) cannot be inQn since
∂Qn consists of nice points, a contradiction.

Let Sn ⊂ Tn satisfyf h(n)(Sn) ⊂ Pn. Note that

ω(c) ∩ Tn ⊂ Sn. (36)

By Lemma 2.3,f h(n) has bounded distortion onTn with a bound independent ofn.
Therefore, using∂f h(n)(Tn) ⊂ ∂Qn and|Qn|/|Pn| ≥ λ, there exists̃λ > 1 so that

|Tn|/|Sn| ≥ λ̃ (37)

for all n. The contraction principle (Lemma 2.1) yields|Tn| → 0 asn → ∞. Therefore,
(36) and (37) imply thatx is not a density point ofω(c). So almost no point inω(c) is a
density point ofω(c). By the Lebesgue density theorem,ω(c) has zero measure. 2
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PROPOSITION6.4. Letf ∈ C1+BV . Letc be a turning point off .
If ω(c) is not minimal and does not contain an interval, then|ω(c)| = 0.

Proof. Becauseω(c) is not minimal, there existsy ∈ ω(c) with c 6∈ ω(y). We may assume
thatω(y) is a minimal set.

First supposey is periodic. Writek for the minimal period ofy. If Df k(y) < 0, let
l = 2k, otherwise letl = k. Let I1 = (y, y1) be an interval on whichf l is monotone, with
y1 an eventually periodic point andO(c) accumulates inI1 to y. Let In be the maximal
subinterval ofI1 with f (n−1)l(In) = I1. WriteJn = In\In−1. Note thatJn is a fundamental
domain;f l(int Jn) ∩ int Jn = ∅ andf l(∂In) ∩ ∂In 6= ∅.

Let s(n) be the minimal integer withf s(n)(f (c)) ⊂ Jn. SinceO(c) accumulates inI1
ony, s(n) is well defined for alln. LetSn be the maximal interval containingf (c) so that
f s(n)(Sn) ⊂ Jn. We claim that forn sufficiently large,

f i(Sn) ∩ f j (Sn) = ∅ for 0 ≤ i < j ≤ s(n).

Indeed, if f i(Sn) ∩ f j (Sn) = ∅ for some 0 ≤ i < j ≤ s(n), then f s(n)(Sn) ∩
f s(n)−j+i(Sn) 6= ∅. Now f s(n)−j+i(Sn) ⊂ Jn is impossible by minimality ofs(n). So
somep ∈ Sn is mapped byf s(n)−j+i to z ∈ ∂Jn. This contradictsO(z) ∩ Jn = ∅ for n
large which follows from the fact thaty1 is eventually periodic.

Applying Lemma 2.3 tof s(n)|Sn and f ln|Jn , one sees thatf s(n)+ln has uniformly
bounded distortion onSn.

By takingy1 with ω(y1) ∩ ω(c) = ∅, we have∂J1 ∩ ω(c) = ∅. Let T ⊂ J1 be so that
ω(c) ∩ J1 ⊂ T , let Tn ⊂ Sn be so thatf s(n)+(n−1)l(Tn) = T . Becausef s(n)+(n−1)l has
bounded distortion onSn and∂f s(n)+(n−1)lSn ⊂ ∂J1, there existsν > 0 with

|Ln|/|Tn|, |Rn|/|Tn| ≥ ν, (38)

whereLn andRn are the components ofSn\Tn. Let Pn, Qn be the maximal intervals
containingc with f (Pn) ⊂ Tn andf (Qn) ⊂ Sn, respectively. By (38),|Qn|/|Pn| ≥ λ for
someλ > 1. Application of Lemma 6.3 yields|ω(c)| = 0.

The case wherey is an infinite minimal set proceeds similarly. We may assumey

is a nice point. Letf n(i)(f (y)) be the sequence of closest returns toc; n(0) is the
minimal integer withf n(0)(f (y)) in the connected component ofUτ that containsc and
n(i + 1) is the minimal integer withf n(i+1)(f (y)) ∈ Uf n(i)(y). Let Vk be defined as in

(34) and letTn(i+1)−n(i) be the component ofVn(i+1)−n(i) containingf n(i)(f (y)). Write
Tn(i+1)−n(i) = (a, b) with b close toc. Let Jn be the maximal interval containingf (y)
with f n(i)(f (y)) ⊂ Tn(i+1)−n(i). From the fact that a boundary point ofTn(i+1)−n(i) or its
image underf is periodic, see the proof of Lemma 3.4, it is easily seen that

O(∂Tn(i+1)−n(i)) ∩ Tn(i+1)−n(i) = ∅. (39)

We claim that

f k(Jn) ∩ f l(Jn) = ∅ for 0 ≤ k < l < n(i).

Otherwisef n(i)(Jn) ∩ f n(i)−l+k(Jn) = Tn(i+1)−n(i) ∩ f n(i)−l+k(Jn) 6= ∅. Since, by
minimality of n(i+ 1)− n(i), f n(i)−l+k(Jn) ⊂ Tn(i+1)−n(i) is not possible, there isz ∈ Jn
with f n(i)−l+k(z) ∈ ∂Tn(i+1)−n(i). Now (39) yields a contradiction. The rest proceeds as
above. 2
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PROPOSITION6.5. Letf ∈ C1+BV . Letc be a turning point off .
If ω(c) is a solenoid, then|ω(c)| = 0.

Proof. This proposition is proved in [AJS98]. For completeness, we give a short
alternative argument here. The mapf restricted toω(c) is injective. Therefore, for each
y ∈ Uτ , |ω(c) ∩ Uy | is smaller than the maximum of|(y, c)| and|(c, τ (y))|. So

lim sup
y→c

|ω(c) ∩ Uy |/|Uy | ≤ λ (40)

for someλ < 1. Takex ∈ ω(c). If |ω(c)| > 0 we may assumex is a density point
of ω(c). Let c1, . . . , cs with cs = c denoting the turning points inω(c). Sincef is
infinitely renormalizable, there is a decreasing sequence of neighbourhoodsPn(ci) of ci
with f qn(Pn(ci)) ⊂ Pn(ci) andf k(Pn(ci))∩f l(Pn(ci)) = ∅, 0 ≤ k < l < q(n), for some
q(n) → ∞ asn → ∞. Let k(n) > 0 be the minimal number such thatf k(n)(x) ∈ Pn(ci)
for someci . Let In be the maximal interval so thatf k(n) mapsIn homeomorphically onto
Pn(ci). By Lemma 2.3, there existsD > 0 so that the distortion off kn |In is bounded by
D. Compute

|Pn(ci)\(Pn(ci) ∩ ω(c))|
|Pn(ci)| ≤ |f kn(In\(In ∩ ω(c)))|

|f kn(In)| ≤ D
|In\(In ∩ ω(c))|

|In| .

Sincex is a density point ofω(c) and|In| → 0 asn → ∞, |In\(In ∩ ω(c))|/|In| → 0 as
n → ∞. Thus|Pn(ci) ∩ ω(c)|/|Pn(ci)| → 1 asn → ∞. This contradicts (40). 2

The following proposition is proved forC2 multimodal maps by Vargas [V96],
generalizing work of Martens [Ma90, Ma94] on unimodal maps. The proof in [V96]
also works forf ∈ C1+Lip. We present a proof for the smaller classC1+Lip+Sym of
multimodal mapsf ∈ C1+Lip for which |Df | is continuous and refer to [V96] for the
proof forf ∈ C1+Lip.

PROPOSITION6.6. Letf ∈ C1+Lip and letc be a turning point off . If ω(c) is a minimal
Cantor set which is not a solenoid, then|ω(c)| = 0.

A main ingredient of the proof of Proposition 6.6 is Lemma 6.7 below, for which we
must first introduce some notation.

For x ∈ Uτ , let Dx = {y ∈ I : ∃k > 0 with f k(y) ∈ Ux}. The minimal numberk
with f k(y) ∈ Ux for y ∈ Dx is called thetransfer timeof y. LetRx : Dx → Ux be the
Poincaré map:Rx(y) = f k(y), wherek is the transfer time ofy. If x is a nice point then
the transfer time is constant on each connected component ofDx : a boundary point of a
maximal subinterval ofDx on which the transfer time is constant, is mapped to∂Ux for
some iterate and thus also is in∂Dx .

Let z be some nice point and writeSz for the connected component ofDz that contains
f (c). Let x = ψ(z) be defined byUx = f−1(Sz).

LEMMA 6.7. Let f ∈ C1+Lip+Sym. Supposef is not renormalizable andc is recurrent.
There are symmetric neighbourhoodsUu(n) ⊂ Uv(n) of c, wherev(n) is a nice point and
u(n) = ψ(v(n)) is as defined above, with the following properties:
(1) |Uv(n)| → 0 asn → ∞,
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(2) f i(u(n)) 6∈ Uv(n) for i > 0,
(3) there existsD > 0 so that the distortion ofRu(n) is bounded on each connected

component ofDu(n),
(4) for someλ < 1, |Uu(n)|/|Uv(n)| ≤ λ.

Proof. Let v(n) be a nice point and letu(n) = ψ(v(n)). For the second item, first note
that f k(u(n)) = v(n), whereRu(n)|Un = f k, so thatf i(u(n)) 6∈ Uv(n) if i ≥ k. If
f i(u(n)) ∈ Uv(n) for some 0< i < k, then sincef i(u(n)) 6∈ Uv(n), there isa ∈ Uu(n)

with f i(a) ∈ {v(n), τ (v(n))}; but thenf k(a) ∈ Uv(n) is impossible sincev(n) is nice. For
the third item, showing bounded distortion ofRu(n) on connected components ofDu(n),
let J be a connected component ofDu(n) and letk denote the transfer time onJ . Then
f i(J ) ∩ f j (J ) = ∅ for 0 ≤ i < j < k. To see this, note thatf i(J ) ∩ J 6= ∅ for
some 0< i < k would imply the existence ofy ∈ J with f i(y) = a ∈ ∂J . Then
f k(y) = f k−i (a) 6∈ Uu(n), a contradiction. Lemma 2.3 shows that, for someD > 0, the
distortion ofRx on each connected component ofDu(n) is bounded byD.

For the last item, we must further restrict the choice ofv(n). Let cq(n) = f q(n)(c) be
the sequence of nearest returns toc. Denote byN the set of nice points; observe thatc
is an accumulation point of nice points. There thus are infinitely many integersn with
(Ucq(n−1)\Ucq(n) ) ∩N 6= ∅. For thosen, let

z(n) = sup{y < c : y ∈ (Ucq(n−1)\Ucq(n) ) ∩N },
x(n) = ψ(z(n)).

By definition ofz(n), we havex(n) ∈ Ucq(n) andRx(n)(c) = cq(n) ∈ Uz(n)\Ux(n).
Rx(n) has a fixed point inUx(n). Let pq(n) ∈ Ux(n) be the periodic point of minimal

periodq(n) and andDf q(n)(pq(n)) > 0. Sincef is not renormalizable, there isr(n) ∈
(pq(n), c) with f q(n)(r(n)) = τ (pq(n)). Since the distortion ofRz(n) onUx(n) is uniformly
bounded andRz(n)(c) ∈ Uz(n)\Ux(n), there existsν > 1 so that if|Uz(n)|/|Ux(n)| ≤ ν, then
|Upq(n) |/|Ur(n)| ≥ ν. Therefore, we can always choose neighbourhoodsUu(n) ⊂ Uv(n) as
in the statement of the lemma.
Rx(n) has no fixed point inUx(n). We claim the existence ofν > 1 so that if

|Uz(n)|/|Rx(n)(Ux(n))| ≤ ν, thenc is in the basin of attraction of a periodic attractor. If
|Uz(n)|/|Rx(n)(Ux(n))| ≤ ν, then|DRx(n) |Ux(n) | ≤ D(ν − 1) for some constantD, since
Rx(n) has uniformly bounded distortion onUx(n). Applying Lemma 2.5 one easily obtains
the claim.

So we may assume|Uz(n)|/|Rx(n)(Ux(n))| > ν. Let ν̄ < ν. If |Uz(n)|/Ux(n)| ≥ ν̄ let
v(n) = z(n) andu(n) = x(n). Otherwise letv(n) be so thatUv(n) is the maximal interval
in Ux(n) with f q(n)(Ux(n)\Uv(n)) ⊂ Uz(n)\Ux(n). Let r(n) = 9(q(n)). BecauseRx(n) has
uniformly bounded distortion onUx(n), we have|Uq(n)/|Ur(n)| ≥ ν′ for someν′ > 1. 2

Proof of Proposition 6.6 forf ∈ C1+Lip+Sym. Take symmetric neighbourhoodsUu(n) ⊂
Uv(n) as in Lemma 6.7. Sinceω(c) is minimal,ω(c) ⊂ Du(n). Compactness ofω(c)
implies thatω(c) is contained in a finite number of connected components ofDu(n). Let
In be the connected component with maximal transfer timekn. Denote byJn ⊃ In the
maximal interval withf kn(Jn) ⊂ Uv(n). We claim that

ω(c) ∩ (Jn\In) = ∅. (41)

https://doi.org/10.1017/S0143385700000407 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700000407


772 A. J. Homburg

If this were not so, there would be any ∈ Jn\In with f i(y) ∈ Uu(n), i < kn (by maximality
of kn). Thenf i(In) ∩ Uu(n) = ∅ andf i(y) ∈ Uu(n) imply thatf i(z) ∈ {u(n), τ (u(n))}
for somez ∈ Jn\In. Thenf kn(z) = f kn−i (u(n)). By Lemma 6.7,f j (u(n)) 6∈ Uv(n) for
all j > 0. Sof kn(z) cannot be inUu(n). This contradiction shows (41).

Let sn be the minimal integer withf sn(f (c)) ∈ In. As shown, before, there is an
intervalSn containingf (c) so thatf sn(Sn) ⊂ Jn. We claim that

f k(Sn) ∩ f l(Sn) = ∅ for 0 ≤ l < k < sn.

If f k(Sn)∩ f l(Sn) 6= ∅ for some 0≤ l < k < sn, thenf sn(Sn)∩ f sn−l+k(Sn) 6= ∅. Write
h = sn− l+k and observe thatf h(Sn) cannot be contained inJn = f sn(Sn) by minimality
of sn. So there existsz ∈ Jn with f h(z) = a ∈ ∂Jn. Thenf h+kn(z) ∈ {v(n), τ (v(n))}.
So f sn+kn(z) = f sn+kn−h(a) = f sn−j (v(n)) can not be inUv(n) sincev(n) is nice, a
contradiction.

By Lemma 2.3,f sn has bounded distortion onSn where the bound does not depend on
n. By Lemma 6.7,|Uu(n)|/|Uv(n)| ≤ λ for someλ < 1 not depending onn and the mapf kn

has bounded distortion onIn. Let J̃n ⊂ Jn be the maximal interval with
∑kn−1
i=0 |f i(L̃n)|

and
∑kn−1
i=0 |f i(R̃n)| bounded by

∑kn−1
i=0 |f i(In)|, whereL̃n, R̃n are the components of

J̃n\In. By Lemma 2.4,f kn has uniformly bounded distortion oñJn. For someν > 0, both
f kn(L̃n) andf kn(R̃n) have size at leastν|Uu(n)|. LetP ′

n ⊂ Q′
n be intervals containingf (c)

with f kn+sn(P ′
n) = Uu(n), f kn+sn(Q′

n) = Uv(n). ReplacingQ′
n by the smaller interval̃Qn

satisfyingf sn(Q̃n) = J̃n we can ensure thatf kn+sn has bounded distortion oñQn and both
components ofQ̃n\P ′

n have size at leastν|P ′
n| for someν > 0. So also

|L′
n|/|P ′

n|, |R′
n|/|P ′

n| ≥ ν,

whereL′
n andR′

n are the components ofQ′
n\P ′

n. Applying Lemma 6.3 withPn = f−1(P ′
n)

andQn = f−1(Q′
n) (well defined sincef (c) ∈ P ′

n) yields|ω(c)| = 0. 2
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