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In this article we introduce combinatorial multicolour discrepancies and generalize several
classical results from 2-colour discrepancy theory to ¢ colours (¢ > 2). We give a recursive
method that constructs c-colourings from approximations of 2-colour discrepancies. This
method works for a large class of theorems, such as the ‘six standard deviations’ theorem
of Spencer (1985), the Beck-Fiala (1981) theorem, the results of Matousek, Wernisch
and Welzl (1994) and Matousek (1995) for bounded VC-dimension, and Matousek and
Spencer’s (1996) upper bound for the arithmetic progressions. In particular, the c-colour
discrepancy of an arbitrary hypergraph (n vertices, m hyperedges) is

o)

If m = O(n), then this bound improves to

o)

On the other hand there are examples showing that discrepancy in ¢ colours can not be
bounded in terms of two-colour discrepancies in general, even if ¢ is a power of 2. For the
linear discrepancy version of the Beck—Fiala theorem, the recursive approach also fails.

Here we extend the method of floating colours via tensor products of matrices to
multicolourings, and prove multicolour versions of the Beck—Fiala theorem and the Barany—
Grinberg theorem. Using properties of the tensor product we derive a lower bound for the
c-colour discrepancy of general hypergraphs. For the hypergraph of arithmetic progressions
in {1,...,n} this yields a lower bound of ﬁf/ﬁ for the discrepancy in ¢ colours. The
recursive method shows an upper bound of 0(0_0'16(%).

1. Introduction

Combinatorial discrepancy theory deals with the problem of partitioning the vertices
of a hypergraph (set system) in such a way that all hyperedges are split into roughly
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equal-sized parts. Discrepancy measures the deviation of an optimal partition to an ideal
one, that is, one where all edges contain the same number of vertices in each class of the
partition.

Usually we represent the partition by a colouring, that is, a mapping from the vertices
into some set such that the classes of equal images form the partition classes. In this setting,
most results known so far only deal with two colours. Recent results from communication
complexity (e.g., [2]) further motivate the study of multicolour discrepancies.

In this article we give two methods for constructing multicolourings with low dis-
crepancy. If the given hypergraph fulfils some hereditary property, we can construct
multicolourings from 2-colourings having low discrepancy. This works for a large class
of hypergraphs: for hypergraphs # with n vertices and n hyperedges we obtain an upper
bound of O(\/?) for the discrepancy in ¢ colours. This extends Spencer’s famous ‘six
standard deviations’ result to arbitrary numbers of colours. Along the same lines we
receive another extension of Spencer’s result: we find that in this situation the discrepancy
with respect to a given weight (p,1 —p),p € [0,1] is O(\/[Tn).

We also apply the recursive method to prove multicolour versions of the Beck—Fiala
theorem [7], the results of MatouSek, Wernisch and Welzl [26] and Matousek [22]
for bounded VC-dimension, and an upper bound of O(c~%'®n!/4) for the multicolour
discrepancy of the hypergraph of arithmetic progressions, extending the bound of
Matousek and Spencer [25].

The recursive method fails for the linear discrepancy version of the Beck—Fiala theorem
and the Barany—Grinberg theorem. Here we extend the method of floating colours to
multicolourings and use this to prove similar results for any number of colours.

Finally, introducing a tensor product representation for multicolour discrepancy, we
extend a lower bound result for the discrepancy function due to Lovasz and Sos to the
multicolour case: we show that the c-colour discrepancy is at least

\/ M) (AT A),
mc

where A is the incidence matrix of the hypergraph and Amin(-) denotes the minimum
eigenvalue. Applying this to the hypergraph of arithmetic progressions #,, we get a lower
bound for the c-colour discrepancy of Q(c~%3n!/4). Spencer’s examples of hypergraphs
constructed from Hadamard matrices have n vertices and n hyperedges and show a c-
colour discrepancy of Q(ﬂ). Thus our bounds for the arithmetic progressions and the
‘six standard deviations’ situation are rather close. In particular, they are sharp for fixed
numbers of colours (apart from constants).

2. Preliminaries

2.1. Two-colour discrepancy

Let # = (X, &) denote a finite hypergraph, i.e., X is a finite set (called vertices or nodes)
and & is a family of subsets of X (called hyperedges). A partition into two classes can
be represented by a colouring y : X — {—1,41}. We call —1 and +1 colours. The colour-
classes y~!(—1) and y~!(41) form the partition. The imbalance of a hyperedge E € & can
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be expressed as y(E) := > .. x(x). The discrepancy of # is defined by

disc(#)=  min  max|y(E)| (2.1)

1 X—={—1,+1} Ees =

This concept may be generalized to matrices in a natural way. Let A = (a;;) be any
(m x n)-matrix and set

disc(A) := min || Ay| . (2.2)
1LY

Let X = {xi1,....X,}, 6§ = {E\,..., E,}, and define a matrix A = (a;;) by a;; = 1if x; € E;,
and a;; = 0 otherwise. 4 is called the incidence matrix of J#. We have disc(4) = disc(#), so
discrepancy of matrices is indeed a more general concept (if, of course, we restrict ourselves
to zero—one-matrices, both concepts are equivalent). Sometimes even for hypergraphs, the
matrix notion is more convenient.

There are two related notions. The linear discrepancy of an arbitrary matrix A4 is defined
by

lindisc(4) := max min [A(p — %) |- (2.3)
pel-1,11" ye{—1.1}»

Linear discrepancy can be regarded as a measure of how well a fractional solution can
be rounded to an integer solution. Some authors define linear discrepancy by

max min [|A(p — ). 4
pel01]" ze{o,1}n 1AM = 1)l (2.4)

Both versions differ only by the constant factor 2. A special case of the second version is
the weighted discrepancy, which refers to the problem of splitting the edges in an arbitrary
ratio p : 1 — p (instead of 0.5 : 0.5 as in the discrepancy problem). We define the weighted
discrepancy in 2 colours by

wd(4,2) = Jmax min, [ALap = 1) oo, (2.5)

where 1, = (1,....,1)T € R".
Finally, the hereditary discrepancy is

herdisc(A) := 51;2[1'3 disc((aij)iepm,jes)s (2.6)

where [n] == {1,...,n}.

All notions can be translated to hypergraphs in a natural way, so herdisc(s#) is the
maximum discrepancy of all induced subgraphs.

To shorten notation we will write 49 < A to indicate that the matrix Ay consists of
some columns of the matrix 4. Similarly, for hypergraphs we will write #y < # if # is
an induced subgraph of /7.
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Proposition 2.1. The following relations between the different notions hold:
(1) disc(A4) < herdisc(A4),

(if) disc(A4) < lindisc(A4),

(iti) wd(A4,2) < % lindisc(4),

(iv) lindisc(A4) < 2 herdisc(A4).

Relations (i) to (iii) are trivial, while the relation between the linear and the hereditary
discrepancy is not. Relation (iv) was discovered in [9] and [21]. It is not completely
clear how sharp this inequality is. The first author recently gave a slight improvement in
[12]. For our purposes (iv) is sufficient. MatouSek investigated the opposite problem of
bounding the hereditary discrepancy in terms of the linear discrepancy in [24].

An excellent survey of classical and recent results in discrepancy theory is the article
of Beck and Sos [8]. For a more thorough treatment we refer to the books by Beck and
Chen [6] and Matousek [23]. Discrepancy theory is put into a broader context in the new
book by Chazelle [11].

2.2. Multicolour discrepancy
Until now little was known about the discrepancy problem for partitions into more than
two classes. We have found the following two results in the literature.

Theorem 2.2. (Beck and Fiala [7]) Given n > 5 finite sets, it is possible to partition

their union into r parts Ay,..., A, for any positive integer r in such a way that, for each i, j
and k,

||E; N Aj| — |Ei N Agl|< 244/2n log(2n).

Theorem 2.3. (Beck and Sos [8]) Let # be any hypergraph such that the incidence matrix
of A is unimodular. Then, for any number ¢ € N, there is a c-partition X = X1U---UX, of
X such that, for any edge E € & and i € [c],

E
Enx|— El <4
C

Let us introduce some notation concerning c-colour discrepancies. A c-colouring of #
is simply a mapping y : X — M, where M is any set of cardinality ¢. For convenience,
we normally have M = [c] := {1,...,¢}. Sometimes a different set M will be useful. Note
that, in applications to communication complexity, M can be a finite abelian group [2].
The basic idea of measuring the deviation from the average motivates the definitions of
the discrepancy of an edge E € & in colour i € M with respect to y by

E
disc,(E) == ||y ') N E| — '—C| , (2.7)
the discrepancy of # with respect to y by
disc(A, x, ¢) == ierAr},%)ég disc, i(E), (2.8)
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and the discrepancy of A in c¢ colours by
disc(H#,c) = mln dlsc(f % C)- (2.9)

X
Remark 1. We immediately deduce disc(/#,2) = %disc(% ).

To add some further motivation to what follows, let us give an example which shows
that a hypergraph may have very different discrepancies in different numbers of colours.

Example. Let k € N and n = 4k. Set #, = ([n],{X < [n]| |X N[51 =X\ [5]]}). Obvi-
ously, #, has 2-colour discrepancy zero, but disc(#,,4) =

Proof. Let y : [n] — [4] be any 4-colouring. Let i € [4] be a colour such that [~ (i)] < in
Then there are sets Ey < [3], E» < [n] \ [5] such that |E;| = %n and y(i) NE; = 0. Thus
E{UE; is an edge in # and has discrepancy én in colour i. On the other hand,
7 1 x— [%] is a colouring having discrepancy gn. O

In fact, such examples exist for nearly any two numbers of colours. Unless ¢; divides
¢y, there are hypergraphs J#, on n vertices having discrepancy ®(n) in ¢; colours and zero
discrepancy in ¢, colours. This has been investigated in [16].

In the above notion we cannot express discrepancies simply by sums of colours. As this
is sometimes very practical and a step towards the matrix concept, we describe the colour
i € [c] by a vector m") € R¢ defined by

c—1 ifi=j
o . ) < wir=y
C

otherwise.
Then
: . _ (x(x))
dise(, 7, ¢) = max > om (2.10)
x€E e
Set M, := {m]i € [c]}. Apparently, we have
disc(A, c) = ,(Xmirzlvf max Z 1(x) (2.11)
x€E 0

As for 2 colours, the notion of multicolour discrepancy has a natural extension to
matrices. Let 4 € R™" be any matrix. Let 4 be the matrix which results from replacing
every a;; in A by a;jl., where I. denotes the identity matrix of dimension c. Identifying a
« : [n] & M. by a cn-dimensional vector in the natural way, we get

disc(4, ¢) := mm
([n]->M,

(2.12)
The other notions of discrepancy transform to the multicolour case in a similar way.

Set Mo = {> ey 2imV| ) € [0, 1], Y icig 4 = 1}, the convex hull of M.. For p € M. set
P : [n] = M,;i+—> p. We define the (weighted) discrepancy of A with respect to the weight p
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and the colouring y by

wd(4,2.p) = [Ap - 1), (2.13)
the (weighted) discrepancy of A with respect to the weight p by
wd(A4,¢,p) == min wd(4,y,p) (2.14)
x:[nl—>M.
and the weighted discrepancy of A by
wd(4, ¢) := max wd(4,c, p). (2.15)

PEM,

There is an equivalent way to define weighted discrepancy which puts more emphasis
on the aspect of weights. Let E. denote the standard basis of R¢ and let E. denote its
convex hull, that is, all p € [0,1]¢ such that ||p|l; = 1. We have

wd(A,¢) = max min |[AF— )| . 2.16
(4, ¢) = may Z:[HHE(II =0, (2.16)

Note that this is an extension of the definition of wd(s#,2) in equation (2.5). For

hypergraphs this translates to

d(A#,c) = mi Eny ') —pilE|l.
wd(A, c) X:gg%(jermég\\ 2 (DI —pjlE|

The linear discrepancy in ¢ colours can be defined by

lindisc(A4,¢) ;= max min HZ(p—;{) (2.17)

p:lnl->M, x:[nl—>M.,

Finally, the hereditary discrepancy in ¢ colours is

herdisc(4, ¢) := n(}gi disc(Ay, ¢). (2.18)

All these notions will be defined for hypergraphs as well, by taking the incidence matrix
of the hypergraph. For example, for a hypergraph # with incidence matrix 4 we have
lindisc(#°) := lindisc(4). As in Remark 1, these other discrepancy notions are identical
to the usual notions up to the constant factor of 2. When citing 2-colour results we use
the conventional notation, which has no parameter c in it, e.g., herdisc(), so there is no
danger of confusion.

2.3. Tensor products

As it will be convenient to substitute matrices into each another in the way described
above, let us analyse this briefly. For any two matrices 4y € C™*™ k = 1,2, the tensor
(or Kronecker) product A; ® A, is the matrix B = (b;;) € C™"™>*™"" such that

b —tymi+in (i —1m+p = iy j iy

for all iy € [my], jk € [m], k = 1,2. Hence B is produced by replacing every entry a;; of A;
by a,~jA2.
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Lemma 2.4. The following laws hold for the tensor product.

(1) Associativity: all matrices A, B, C satisfy (A® B)®@ C =A® (B® C).
(ii) Distributivity with +: for all matrices A,B,C such that A+ B is defined, we have
(A+B)@C=4A®C+B®Cand C®(A+B)=C®A+C®B.
(iii) ‘Mixed Product Rule’: (AB) ® (CD) = (A ® C)(B ® D) for all matrices A, B, C,D such
that AB and CD are defined.
(iv) ® is compatible with inversion: (A ® B)™' = A= ® B! for all nonsingular matrices A
and B.
(v) The (complex) eigenvalues of A ® B are exactly the products of an eigenvalue of A and
one of B.
(vi) rank(4 ® B) = rank(A)rank(B).
(vil) det(4 ® B) = (det A)"2(det B)™ for all matrices A € C"*" and B € C"s*"s,

Some patience and knowledge of linear algebra is enough to prove Lemma 2.4. Most
books on multilinear algebra will contain these results in chapters concerning tensor
products of linear mappings and matrices. An elementary approach can be found in [18].

In the tensor product notation, equation (2.12), for instance, transforms to

disc(H#,c) = /g(n_l’rjle(A ® I(,);{HOO. (2.19)

2.4. The basic probabilistic bound

An elementary probabilistic approach is to consider a random colouring. We colour each
vertex independently with a random colour. Using the so-called Chernoff bound, we prove
that with positive probability our random colouring is balanced to a certain extent. Let
H = (V,&) be any hypergraph. Set m :=|&| and s = maxgeg |E|. For the 2-colour case
it is well known that disc(#") < /2s In(2m) holds ([1, Theorem 12.1.1]). For ¢ colours we
have the following result.

Proposition 2.5. disc(J7,c) < \/%s In(2mc).

Proof. Define a random c-colouring y by independently picking a random colour uni-
formly distributed from [c] for every vertex v € V. Define random variables X;, by

c—1 : .

= ify) =1,
Xi,v = ('1 K( ) .

—<  otherwise,

forallve V,ie[c]. Set Xjg := ), Xip forall E € &, i € [c]. From [1, Theorem A.1.4],
we know

P(IXip| > o) < 2e2/IE

for any real o > 0.

https://doi.org/10.1017/50963548303005662 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548303005662

372 B. Doerr and A. Srivastav

For o = ./%s In(2mc) we have

PViel[c,E€é | Xig|<a)=1—PEie€[c],E€& : | Xig| > )
>1— > P(Xigl>0)
icc,Eeé&

>1— Y 2e7/E

i€[c],Ee&
>1—cm 202/ —

by choice of o. Hence, with positive probability, our random y has discrepancy not greater

than 4/ %s In(2mc); thus such a colouring exists. ]

3. Recursive colouring

For some 2-colour discrepancy results the proofs seem to rely heavily on the fact that
only two colours are used. One example is Spencer’s O(,/n) bound for hypergraphs having
n vertices and edges. A key step in the proof is to construct a low discrepancy partial
colouring y = %(Xl — y2) from two colourings y1, x> with y(E) = y2(E) for all E € &. It
is not clear to us how this idea can be generalized to ¢ colours.

As the partial colouring method has been a major breakthrough in 2-colour discrepancy
theory, it is desirable to have a similar method for ¢ colours as well. What we do in this
section is not partial colouring, i.e., enlarging the partition classes by successively colouring
points, but recursive 2-colouring, i.e., successively enlarging the number of partition classes.
The basic idea is to find a suitable 2-colouring of X with colour classes X1, X; and then to
iterate this process on the subhypergraphs induced by X; and X5. If the weighted 2-colour
discrepancies of suitable induced subhypergraphs are bounded, such a recursive method
can be analysed, even if ¢ is not a power of 2. This will lead to a generalization of the ‘six
standard deviations’ theorem of Spencer [29], the discrepancy bound of Beck—Fiala [7]
and the bounds using the primal and dual shatter function of Matousek, Wernisch and
Welzl [26] and Matousek [22].

At the end of this long section we will show the limits of the recursive approach. For
example, for the linear discrepancy in ¢ colours, recursive methods are rather weak, and
we need other methods, which will be introduced in the next section.

3.1. The recursive method
The following lemma analyses a single step in the recursion. It shows that an imbalance
inflicted in the first step of the recursion is evenly split up in the remainder of the
partitioning process.

We call a function p : C — [0,1] a weight of the set C of colours if ), . pi = 1. For

D = Cset p(D) := |pplli = D icp Di-

Lemma 3.1. Let C be a set of colours with ¢ = |C| and let {Cy,C,} be a partition of C.
Let p be a weight of C. Set q; = p(Cj), j € [2]. Let o : X — [2] be a 2-colouring of X. Set
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X; =151, j€ 2] Let xj : X; — C; be any colourings. Set y := y1 U y». For all E € &,
Jj € [2] and i € C; the discrepancy of E with respect to the colour i, the colouring y and the
weight p is

IE Ny () = pilEI] < 2|IE N X1 = g|EI] +[|E 0 X; 0y ()] = BIE 0 X1,
In particular,

< bi 4 1 Lpie) ).
wdeop) < max (Bwd2,(q142) + max wd(#0.IC)L 2pc))

Proof. Let je [2],i€ Cj, E € & Then
[E Ny~ (G) — pil B
=[ENnX; Ny () —pilEll
< ||EﬂXjﬁ}5;1(i)|—%|E NXl| +|g—;\EmX,-|—pi|E|;.

If the y;, j=0,1,2 are chosen such that ||ENX;|—qj|E|| < wd(#,2,(q1,92)) and
[[ENX;ny; ()] — BIE NX;|| < wd(A# x,. ICjl, qijp‘cj) for all E € &, j € [2], i € C}, then
the second claim follows from the first. U]

As this section is quite lengthy, here is a short overview of what is going to come.
We first analyse recursive colouring assuming that we have a uniform bound on the
weighted 2-colour discrepancies of the induced subhypergraphs. We derive a first result
for the weighted c-colour discrepancy and then improve it in the case of equi-weighted
discrepancy. Finally we replace the uniformity assumption with the assumption that
subhypergraphs on ng vertices have weighted discrepancy O(ng) for some « €]0, 1[. With
this stronger precondition we get a number of beautiful results, among them a near-tight
c-colour analogue of Spencer’s ‘six standard deviations’ theorem.

3.2. Weighted discrepancy

In the following two subsections we analyse the case when all induced subgraphs have a
common bound on all weighted discrepancies in two colours. This is an important case
for two reasons. Firstly, the proof of some results on 2-colour discrepancy provides some
information about the weighted discrepancy of the induced subgraphs (e.g., in the Beck—
Fiala setting). Secondly, the linear discrepancy and thus also the weighted discrepancies
of all subgraphs are bounded by the hereditary discrepancy.

Remark 2. From Proposition 2.1 we deduce that, for all induced subhypergraphs 5 of
A, we have wd(H#),2) < herdisc().

Hence a bound on the hereditary discrepancy is also sufficient to apply the main
theorems of these two subsections. Bounds on the hereditary discrepancy are often
encountered in situations where the partial colouring method is used in the 2-colour
case — for the simple reason that the uncoloured points induce a subhypergraph which
has to be coloured in the next iteration.
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It will be convenient to represent the iterated partitioning of the set of colours C by
a binary tree. We call a binary rooted tree T = (Vr,Er) a partition tree for C, if the
following conditions are satisfied: the root of T is C, all nodes are subsets of C, all leaves
are singletons of C and each pair of son nodes forms a partition of their common father
node. For every colour i € C there is a unique path C = C(()i) = C{i) o> C,i?i) = {i} in
the partition tree. We write h(T') for the height of T, that is, the length of a longest path
connecting a leaf and the root.

For a colour i € C set

k(i)
o(T.p.i) =Y —For and o(T,p) = maxe(T. p.i)

= p(C)

As the next theorem shows, these constants reflect the influence of the partition tree
chosen for the recursive colouring process. In Lemmas 3.3 and 3.5 we will give partition
trees for which these values (and hence the resulting discrepancy) is small.

Theorem 3.2. Let wd(#,2) < K for all induced subgraphs #, of #. Let C be a set of
colours with ¢ = |C| and let p be a weight of C. Let T = (Vr,Er) be a partition tree of C.
Then there is a colouring y : X — C such that, for all colours i € C and all E € &, we have

IE N %' ()] — pil El| < Ko(T, p, i).

In particular, wd(#,p,c) < Ko(T, p).

Proof. We use induction on the height h(T) of T. For h(T) = 0 we have just one colour,
and both sides of the inequality become zero. Let T be of height h(T) > 0 and assume
that the theorem is true for all partition trees of height strictly less than h(T). Let C; and
C; be the sons of C in T. Set q; := p(C;) = 3 ycc, Pk> j = 1,2. By assumption there is a
2-colouring yo : X — [2] such that

[IE N 25 ()| — ¢/ IEll < wd(,2,(q1,42)) < K (3.1)

holds for all j€[2] and E € &. Put X; = y5'(j), j=1,2. Let T; denote the subtree
having C; as its root. Then the hypergraph #x,, together with the set of colours Cj,
the weight qijp\cj and the partition tree T}, fulfils the assumption of this theorem. By
induction there are colourings y; : X; — C;, j € 1,2 such that

k(i) bi
IE 0 X; 05 () = il E N Xl < Ko(T) gopiegsi) SK ) % (32)
1=2 ¢, P\~

y1(x) if x € X,
otherwise.
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Let j € [2] and i € C;. Then C” = C; and q; = p(C\"). Let E € &. From (3.1), (3.2) and
Lemma 3.1, we get

IEny () = plEl] < ||E NX; N7 O = RIE N X[ + B[IE 0 X — gl E|
k(i Pi
>k e
1=2 q
)

’2

Hence y satisfies the claim. L]

@. 1) (32)

Kuo(T, p,i).

In the following corollary we give a first upper bound on the constant v(T,p,i). An
improvement in the case of equi-weighted discrepancy will be discussed in more detail in
Section 3.3.

Lemma 3.3. In the situation of Theorem 3.2, there is a partition tree T such that
o(T,p,i) <4

for all i € [c]. Thus wd(A#,p,c) < 4K.

Proof. Recursively, we construct a partition tree T for C with v(T,p) < 4. We start
with the tree consisting of the unique node C. For a leaf Cy of cardinality greater
than 1 let us define sons by the following rule. If there is a colour i € Cy with weight
pi = %p(Co), then the sons of Cy will be {i} and Cy\ {i}. Otherwise partition Cy in any
way (Cy,C) such that p(C;) € [%p(Co), %p(Co)]. Repeat this process until all leaves are
singletons. The resulting tree T is a partition tree for C. All father—son pairs (Cy, C;) in the
resulting tree fulfil %p(Co) > p(Cy) or |Cy| =1 and p(Cp) > p(Cy). In the notation of The-
orem 3.2 we have p(C{{))) = pi, p(C{(,_;) > pi and p(C{(,_,_,) > (3)'p; for all I € [k(i) — 1].
Now

k(i) P k(i)—2 | n(T) 1
v(T,p) < max "— < max p; (1_+ > <1+ (2) <4,
M 2 ey et 2y ) < & C

and Theorem 3.2 gives the bound wd(/,p,c) < 4K. ]

3.3. Equi-weighted discrepancy

In this subsection we consider the case of equi-weighted discrepancy in ¢ colours. Hence
our assumptions are identical to the ones from the preceding subsection, except that we
always have p = %15. In this case only the size of the colour sets is important, as all
colours are equivalent. Therefore the following simpler structure can be investigated.
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A partition tree for a positive integer n is a binary tree T = (Vr, Er) together with a
labelling [ : V1 — [n] such that the following conditions are satisfied.

e The root r is labelled I(r) = n.
e For every non-leaf v with sons s; and s;, we have [(v) = I(s1) + I(s2).
e The leaves are labelled 1.

Note that we can no longer assume [ to be injective. For a path P :r = v(()i),v(li), .. .,v,(c?i)

connecting the root r and a leaf vl({i()i) labelled i, we call

Ko
v(T,P)= .

=2 i)
the value of P and v(T) the maximum v(T, P) over all these paths P. Finally, v(n) is the
minimum v(7T') over all partition trees T of n.

There is a natural correspondence between partition trees for sets of colours and for
positive integers. Let T = (Vr, E7) denote a partition tree for the set of colours C. Define
a labelling I7 : Vi — [|C|];v— |v]. Then T together with [7 is a partition tree for |C].

Now let T together with [ denote a partition tree for a positive integer c¢. Let C be any
set of colours such that |C| = ¢. We construct a partition tree T for C such that Iz« = [.
Define f : V7 — 2[4 recursively: set f(r) = C for the root r of T. For every node v with
sons s; and s, such that f(v) is already defined, choose f(s1) to be any subset of f(v) of
size I(s1) and f(sy) = f(v) \ f(s1). Note that f is injective, and by replacing every v € Vp
by f(v) we get a partition tree T for C. Clearly, I7- = 1.

Furthermore, we have

k(i)

1 1

U(T*a%lc) =max% i =ma"2i’ =u(T).
da’l e )

Corollary 3.4. Let wd(#,2) < K for all induced subgraphs #y of #. Then disc(H,c) <
v(c)K.

Proof. Let T = (Vr,E7) together with | be a partition tree for ¢ such that v(T) = v(c).
We build T* as above and apply Theorem 3.2 on T* and p = (—171(‘:

disc(A#, ¢) = wd(H#, p,c) < Ko(T",p) = Kv(T) = Kv(c). O

The exact calculation of v(c) seems to be a difficult task. In particular, the optimal

partition trees are generally not of minimal height. Put ||, := 2l°2¢ and [¢], = 2Mlogc],

Let ny(c) denote the number of ones in the binary expansion of ¢ (e.g., n1(9) = 2). We give
a lower bound and an upper bound on v(c). If ¢ is a power of 2, both bounds coincide.

Lemma 3.5. For all c € N, ¢ > 2, we have

2 2 <o) <2+ () — 3 s
In particular, v(c) < 2.0005.
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Proof. Let T = (Vr,Er) together with [ be any partition tree for c. Then there is a path
vo, ..., of length k > log,[c], such that vy is a leaf and I(v;_y) < 2l(v;) for all i € [K].
Thus

k
1 ‘ 1 1
>N 2= >
Zl ) _ 2k—1 [c]z

For the upper bound we recursively construct a partition tree T for c¢. For a vertex
v labelled ;i a2k #1, a; € (0,1}, we add sons s;(v) and sy(v) labelled I(s1(v)) =
pmintielklla=1}and I(s,(v)) = I(v) — I(s1(v)), if I(v) is not a power of two, and labelled
I(s1(v)) = l(s2(v)) = %l(u) otherwise. Immediately we see that we only need to investigate
the path P :r,s5(r),s2(s2(r)), ... (if ¥ denotes the root of T'), because the labels of all other
paths occur also on this path. Thus v(P) is maximal. The labels of the first nj(c) vertices
of P are greater than or equal to |c|,, so their contribution to v(P) is not greater than
(ny(c) — l)ﬁ. The rest of the vertices are labelled by ﬁ, ﬁ,... up to 1. This sums up

to 2 — ﬁ and the inequality is proved.

The last assertion is clear for ¢ > ¢ =215 — 1, as
)L < logy(le]2) —2 < logy(lcol2) — 2'
lcla lc]a [col2

For the remaining small numbers, v(c) can be computed in O(c?)-time and attains its
maximum value for ¢ = 909, namely v(909) =~ 2.000450.

(ni(c) =3

Now Corollary 3.4 and Lemma 3.5 yield the following result.

Theorem 3.6. Let wd(#y,2) < K for all induced subgraphs #y of #. Then disc(H,c) <
2.0005K holds for any number c of colours. L]

We apply Theorem 3.6 in the Beck—Fiala setting, and get the following.

Theorem 3.7. For any hypergraph # we have
disc(H#, ¢) < v(c) A(H#) < 2.0005A(H#).

Proof. The Beck—Fiala theorem states that lindisc(#) < 2A(#°) holds for any hyper-
graph . In particular, we have wd(#),2) < %lindisc(;%) < A(Hy) < A(H) for all
induced subhypergraphs #, of . From Corollary 3.4 and Lemma 3.5 we conclude
disc(H#, c) < v(c)wd(H,2) < 2.0005A. 0]

A similar result is proved in Section 4. Note that Theorem 3.6 also yields the following
bounds.

e For any hypergraph # = (V,&) with n := |V | = |&| sufficiently large, we have
disc(A,c) < 12 /n.
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e Let # = (V,&) be a hypergraph on n points. Let d> 1. If m, = O(m?), then disc(#,
c)= O(n% - ﬁ). If n},= O(m?), then disc(#,c)= O(n% — logn). In both cases the
implicit constants are independent of c.

e The hypergraph .7, of arithmetic progressions in [n] fulfils

disc(:7,, ¢) < v(e)C{/n < 2.0005C ¢/n,

where C is the constant of Matousek and Spencer such that disc(.«,) < C{/n.

Using the fact that in these cases the discrepancies of smaller induced subhypergraphs
are decreasing, we improve these bounds in the next two subsections.

The following example shows that the recursive approach is nearly optimal in the
general case. Let n =kc for some k € N. Set # = ([”]’([Z])) = ([n],{E <= [n]| |[E| = k}).
Any c-colouring for # produces a monochromatic hyperedge which has discrepancy
k(1 — %). Hence disc(#,c) > k(1 — %). Now let (p,1 — p) be any 2-colour weight. Assume
without loss of generality that p < % Put y : [n] — [2];i+— 2. Now each hyperedge has
weighted discrepancy k(1 — p) with respect to y and (p,1 — p). Thus wd(+,c) < %k, and
of course this holds as well for any induced subhypergraph #, of . This shows

disc(A#,c) > 2(1—1) max wd(#, 2).
HosH

In particular, the recursive method yields optimal colourings in this case if ¢ is a power
of 2, and it is asymptotically optimal for ¢ — co.

3.4. Refined recursive colouring

In this subsection we extend the recursive approach to make use of the additional
assumption that subhypergraphs on fewer vertices have smaller discrepancy. This is a
natural assumption as many results are of this type (see Section 3.5, where we prove their
multicolour analogies).

Roughly speaking, we show that if the 2-colour discrepancy of the subhypergraphs on
no vertices is bounded by O(n§), then the c-colour discrepancy is bounded by O((%)”). It
seems a little surprising that this bound is achievable by a recursive approach, as the first
step in the recursion will find a 2-colouring for the whole hypergraph with discrepancy
guarantee O(n”*) only. We still get the O((%)*)-discrepancy for the final colouring because
imbalances inflicted in earlier rounds of the recursion are split up in a balanced manner
by later steps (¢f. Lemma 3.1). It turns out that this effect even exceeds the effect of
decreasing discrepancy of smaller subhypergraphs. The last step of the recursion, where
we search for colourings for hypergraphs on roughly % vertices, is therefore crucial.

There are two points, however, that need further attention. Firstly, as in the case where
we only assumed a uniform bound on the discrepancies of the induced subhypergraphs,
this simple approach only works if the number of colours is a power of 2. This is the
reason why we have to use weighted discrepancies again.

A second point is that, to use the assumption of decreasing discrepancies, we need
to make sure that the vertex sets considered actually become smaller. Unfortunately, in
general we do not know the size of the colour classes generated by a low-discrepancy
colouring. If the whole vertex set is a hyperedge, we know at least that the sizes of the
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colour classes deviate from the desired value by at most the discrepancy guarantee. This
is not too bad if the discrepancy is relatively small, but even then, keeping track of these
deviations during the recursion is tedious. Better bounds seem achievable by the cleaner
approach of only investigating fair colourings, that is, those which have discrepancy less
than one on the set of all vertices.

To ease notation let us define the following. Let p € [0,1]¢ be a c-colour weight and
H = (X, &) a hypergraph. We say that y is a fair p-colouring of A having discrepancy at
most d; in colour i € [c] to denote that
e y is a c-colouring of #;

e 7 is fair with respect to p, that is, for all i € [c] we have [|x~'(i)| — pi| X]|| < 1;
e the discrepancy of # with respect to y and p in colour i € [c] is at most d;.

The following remark eases work with the fractional parts. Let us call a weight p € [0, 1]¢
integral with respect to # (or s -integral for short) if all p;,i € [c] are multiples of |71\
From the definition it is clear that a fair colouring y with respect to an integral weight p
fulfils |3 ~'(i)| = p;|X| for all colours i € [c]. Suppose we know that, for a given hypergraph
and for all integral weights p, there is a fair p-colouring that has discrepancy at most
k. Then there are fair colourings having discrepancy at most k + 1 for any weight: For
an arbitrary weight p there is an integral weight p’ such that |p; — pj| < ﬁ holds for all
i € [c]. Therefore, a fair colouring with respect to p’ is also fair with respect to p, and its
discrepancy with respect to p is larger (if at all) than the one with respect to p’ by less
than one. For these reasons we may restrict ourselves to the more convenient case that
all weights are integral.

Using the following recolouring argument, we can transform arbitrary colourings into

fair colourings.

Lemma 3.8. Let # = (X, &) be a hypergraph such that X € &. Let p be a 2-colour weight.
Then any 2-colouring y of # can be modified in O(|X|) time into a fair p-colouring ¥ such
that

wd(A#, 7, p) < 2wd(H, 1, p).

Proof. Let y be a colouring such that wd(#, y, p) = wd(#, c, p). Set x := q|X| — [~ 1(1)|.
Since X is an edge in 7, |x| < wd(J,c,p). Let ¥ denote a colouring arising from y by
changing the colour of ||x|| points in such a way that |q|X| — [7~'(1)|| < 1. Now 7 is a
fair colouring with respect to the weight (¢, 1 — ¢q). For an edge E € &, we compute

[qlE|— 7 ()N EJ]
<IIEl ="M NEN+ I M NEl =77 (1) N Ell

<IqIE| =" ()N EJ + LIx]]
< 2wd(A, ¢, p). ]
Lemma 3.8 requires the whole vertex set to be a hyperedge. Fortunately, most
discrepancy results are relatively robust concerning the addition of a single hyperedge. In
these cases we may just replace the hypergraph under consideration by the one obtained
from adding X as additional edge.
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To analyse our recursive algorithm we need the following constants. Let o €]0, 1[. For
each p €]0, 1[ define v,(p) by

k i k
ua<p>=max{znq, e

i=1 j=I1 Jj=i+1

k
kEqua ,Qk1€[0,3 le 01H ;= }

Set

Then we have the following.

Lemma 3.9. Let « 6]0, 1[.
(i) Let 0<p<gq< Then q*va(E) + q* % < va(p).
(ii) For all p € [0, 1] 5= Ua(p) < C%P

Proof. Let k € N,qi,...,qx—1 € [0,2].qx € [0,1] such that Hl;zl qj =" and

=ili[qf ﬁ qj-

i=1 j=1  j=i+1
With gy := g we have
k i
RGN ICAI! %+%H%
i=1 j=I1 J=it+1

k i

k
SIT 4 TT 4 < vato),

i=0 j=0  j=i+1

since Hlj;o g =q Hl;-=1 q; = p. This is (i).
Let k € N,qy,...,qk—1 € [0,2],gx € [0,1] such that H’;:1 q; = p and

k i k
n=> [ II 4

i=1 j=1  j=it+l

For i € [k] set x; 5=H, 1‘1]HJ i+14;- Then x; = p* and x;—1 < x4 For i€ [k —2] we

have
Xi qi+1 1—o 2y 1—a
= = q+1 < 5 N
Xi+1 qit l (3>
i
and hence x;_1_; < (%)( . Thus
k k=2
2 2 2 2
55 10(P) = 35 Xi € 35 ( + Z 5 ) Xk < ¢up”. ]
= i=0

Here is the precise setting we investigate in this section.
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Assumption (Decreasing Discrepancies Assumption). Let # = (X, &) be a hypergraph.
Set n :=|X]|. Let pp,a €]0,1[ and D > 0. For all Xy < X such that |Xy| > po|X| and all
g € [0,1] such that (q,1 — q) is #|x,-integral, there is a fair (g, 1 — g)-colouring y of J#x,
having discrepancy at most D|X,|*.

In addition to what we already explained, there is one further detail involved in
our assumption. As we do recursive partitioning, we never need a discrepancy result
concerning induced subhypergraphs on fewer than roughly % vertices (in the equi-
weighted case). This observation will be useful in some applications, e.g., in the case
6] = |1XI.

Concerning computational complexity, there are two possible measures. We can count
how many 2-colourings have to be computed, or how often a 2-colouring for a vertex
has to be found. The latter is useful if the complexity of computing the 2-colourings is

proportional to the number of vertices of the induced subhypergraph as in Theorem 3.13.

Theorem 3.10. Suppose that the Decreasing Discrepancies Assumption holds. Then, for each
A -integral weight p € [0,1]¢, there is a fair p-colouring y of A such that the discrepancy
is at most 3=5— 1Dvo((p,)n < Dey(pin)* in all those colours i € [c] such that p; > po. Such
colourings can be obtained by computing at most (¢ — 1)[log,( po)] colourings, as in the
Decreasing Discrepancies Assumption. At most 3n 10g1'5(pi0) times a colour for a vertex has
to be computed.

For the proof we first show a stronger bound for the 2-colour discrepancy with respect
to a weight (g,1 — gq), if g is small.

Lemma 3.11. Suppose that the Decreasing Discrepancies Assumption holds. Then, for each
k € N such that p = (27%,1 —27%) is an A -integral weight and 2% > py, a fair p-colouring
¥ having discrepancy at most

k—1
%/(’ Zz k+1+i2705iDnoz
i=0

can be computed ﬁom k colourings, as in the Decreasing Discrepancies Assumption. This
requires Zf 01 27'n < 2n times computing a colour for a vertex.

Proof. We proceed by induction. For k = 1, there is nothing to show. Let k > 1. Let
%o : X — [2] be a fair (0.5,0.5)-colouring having discrepancy at most Dn*. Set X; :=
25 (1). Let 1 : X1 — [2] be a fair (27%*1, 1 — 27%*1)_colouring. Note that (271, 1 — 27#+1)
is integral for J|x,. By induction we may assume that y; has discrepancy at most
S 27kF2+i3=2ip(2)* Define a colouring  : X — [2] by x(x) = 1 if and only if yo(x) = 1
and y;(x) = 1. Then y is a fair (27,1 — 27%)-colouring. Using a similar argument as in
Lemma 3.1, we compute the discrepancy of an edge E € & with respect to(27%,1 —27)
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in colour 1:

IE Nyt (1) — 27X E]|
=[[Enyz'() Ny ') —274E]

<JIEEnz' (M) Ny ' =27 NE N W) + 27 E Nt (D)] =270 E||
<|IENX) Ny (D] =27 TNEn X || + 27 |E 0 oyg ' (1)) — 0.5]E|
k—2
< Z 2—k-‘r2-‘,—i2—o<iD(%1)9C + 2—k+1Dnoc
i=0
k—1
— 22—k+1+i2—aianx.
i=0

As 2-colourings have the same discrepancy in both colours, this proves Lemma 3.11. []

From our assumptions on 4 it is clear that the assertion of Lemma 3.11 also holds
for any induced subhypergraph # |y, of # as long as 2~ K1 Xo| > polX|. We use this fact
to extend Lemma 3.11 to arbitrary weights.

Lemma 3.12. Suppose that the Decreasing Discrepancies Assumption holds. For each J -
integral weight (q,1 —q), po < q < % there is a fair (q,1 — q)-colouring y having discrep-
ancy at most

2
wd(A, 1, p) < ﬁ]—) (qn)™.

A colouring of this kind can be computed by [logz(é)] times computing a colouring as in the
Decreasing Discrepancies Assumption. This requires at most 3n times computing a colour for
a vertex.

Proof. Let k € Ny be maximal subject to the condition that ¢’ = 2%¢ < 1. Since (g, 1 — q)
is A -integral, so is (¢/,1 — ¢’). According to the Decreasing Discrepancies Assumption
there is a fair (¢', 1 — ¢')-colouring yo : X — [2] having discrepancy at most Dn*. From
o ') = ¢'|X| we have & |y_1(1)| = ¢q|X| € Ny. Hence (q 1— ;) is (A);;1(1))-integral.
By Lemma 3.11 we may compute a fair (q,,l — i) colourmg x Ko (1) - [2] that has
discrepancy at most Y k) 2-k+1+i2-#p (g’ n)"‘ Define a colouring y : X — [2] by y(x) =1
if and only if yo(x) =1 and y;(x) = 1. Then y is a fair (¢, 1 — g)-colouring. For an edge

E € & we compute its discrepancy in colour 1:
[E Ny~ (1) — q|E]|
=[IEny ' ()N (D] —qlE]]
<|Enz' M0z (- LEN 7' (D] — qlE||

= [[Enz M)z (I =275E 0 'Ol +27IE N g ' (D] — ¢'E]|
k—1

< szk+1+i27m‘D(q/n)a + kaDnot
i=0
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k—1
< Z 27k+1+i27xiD(q/n)o< + 27k20(D(q/n)o:

i=0

2ok 2
P L

Note that if ¢’ = 1, then we may compute y directly using Lemma 3.11. Therefore
the computation of y requires [logz(é)] times computing a colouring assured by the
Decreasing Discrepancies Assumption. Computing yo means computing a colour for n
vertices. By Lemma 3.11, y; can be computed by at most 2¢’n times computing a colour
for a vertex. To get y we therefore computed at most 3n times a colour for a vertex. This
proves Lemma 3.12. O

<2q" D(qn)”.

Proof of Theorem 3.10. To make the recursion work properly we need to fix a set C of
colours at the beginning. A weight then is a vector p = (p;)icc indexed by the colours, or,
more formally, a function p : C — [0,1], such that |p| =) ;.- pi = 1. To avoid trivial
cases we shall always assume that no colour i € C has the weight p; = 0.
We analyse the following recursive algorithm.
Input: A hypergraph # = (X, &) fulfilling the Decreasing Discrepancies Assumption, a
set C of at least 2 colours and an s -integral weight function p : C — [0, 1].
Output: A colouring y : X — C as in Theorem 3.10.

(1) Choose a partition {Cy, C>} of the set of colours C such that ||pc, |1, [Ipic, Il1 < % or C;

contains a single colour with weight at least % Set (q1,92) := (lpic, 11, 1p1c, 11)-

(2) Following Lemma 3.12, compute a fair (qi, g2)-colouring yo : X — [2] that has dis-

crepancy at most 21,—3_]D(q,<n)°‘ in colour i = 1,2 if g; > po. Set X; = y~ (i) fori = 1,2.
(3) Fori=1,2 do

if: |G| > 1,

then: by recursion compute a fair % pc,-colouring y; : X; — C; for #x, having
discrepancy at most ﬁDva(%)(qin)" in each colour j € C; such that p; > po

else: if C; = {j} for some j € C, choose y; : X; — {j} as the constant mapping.
(4) Return y : X — C defined by y(x) := y1(x), if x € X1, and y(x) := ya2(x), if x € X>, for
all x € X.
We prove that our algorithm produces a colouring as claimed in Theorem 3.10 and also
fulfils the complexity statements. Suppose by induction that this holds for sets of less
than ¢ colours. We analyse the algorithm starting from an input as described above with
IC| =c.

We first show correctness. For step (1) note that both C; and C, are non-empty and
that ¢» < % holds. Therefore, by Lemma 3.12 and induction the colourings y;, i =0, 1,2
can be computed as desired in steps (2) and (3). Let E € &, i € [2] and j € C; such that
Dj = Do- If ‘C,| > 1, then

IE Ny~ ' ()l — pj|E|
=lE N () 0 () — pilEl
<JE Nz )0z D= 2IE N1 DI + [21E 0 g ' () — pyIE|
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<ENX) Nz D = ZIE N Xil| + 2[1E 0 g ' ()] — gl E||
213 leoc(p’)(QI ) + Z_zlj,lD(Qin)a

ﬁDva(Pj)n

//\

N

by Lemma 3.9(i). On the other hand, if C; contains a single colour j, then p; = g; and

E 0 =" )l = pj El] = [IE N %o ()] — ailE] |
< zl—le(qi )
g 2i—a 1DUOt(p])

This is the correctness statement.

Concerning the complexity, note that the computation of y, takes at most [logz(pio)]
and (by induction) that of the y; takes at most (|C;| — 1)[log2(l‘f—;)] colourings, as in the
Decreasing Discrepancies Assumption. These comprise no more than (¢ — 1)[log2(pi0)]
colourings altogether.

By Lemma 3.12 we compute a colour at most 3n times for a vertex in step (2). If
|Ci] > 1 for both i = 1,2, then ¢; < %, and computing y; involves at most 3¢;n log,; 5( ) <
3gin 10g15( £ ) times computing a colour for a vertex. Altogether this makes at most
3n+ 3qin log; 5(”‘ ) + 3q2n log; 5(‘12) < 3n(1 + 10g15(3 )) =3n 10g1_5(po) times computing
a colour for a Vertex If |Gl =1 then there is nothlng to do to get y;, and the respective
term just vanishes in the calculation above. U

3.5. Applications of the refined recursive colouring approach
We are now ready to prove c-colour versions of a series of discrepancy results.

3.5.1. General hypergraphs. Let # = (X, &) denote an arbitrary hypergraph. Set n := | X|
and m := |&| for convenience. The approach of Proposition 2.5 shows that a random
colouring generated by colouring each vertex independently with each colour with
probability (l has discrepancy at most

In In(4mo),

with probability at least % This yields a randomized algorithm computing such a colouring,
by repeatedly generating and testing such a random colouring until its discrepancy is at
most

%n In(4mc).

In this subsection we show that, via the recursive approach of Theorem 3.10, a better
bound can be achieved. In particular, the discrepancy tends to decrease for larger numbers
of colours.

Theorem 3.13. Let p denote an H# -integral c-colour weight. Set py = min{p;|i € [c]}. Then
a c-colouring y having discrepancy at most 45, /pin In(4m) in colour i € [c] can be computed
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in expected time O(nm log(pio)). In particular, a c-colouring y such that

disc(A, 1,¢) < 45(/% In(4m) + 1

can be computed in expected time O(nm logc).

Proof. There is little to do for m = 1, so let us assume that m > 2. We show that the
colourings required by the Decreasing Discrepancies Assumption can be computed in
expected time O(|Xo|m). Let # denote the hypergraph obtained from # by adding the
whole vertex set as an additional hyperedge. Let Xy < X and (gq,1 —¢q) be a 2-colour
weight. Let y : Xo — [2] be a random colouring independently colouring the vertices
with probabilities P(y(x) =1) =¢q and P(y(x) =2)=1—¢q for all x € Xy. A standard
application of the Chernoff inequality (cf. [1]) shows that

(*) wd( A x,, 2 (g, 1 — q)) < 1/ 31 X0| In(4m)

holds with probability at least % Hence, by repeatedly generating and testing these
random colourings until (*) holds, we obtain a randomized algorithm computing such
a colouring with expected running time O(nm). By Lemma 3.8 we get a fair (¢,1 — q)-
colouring for #x, having discrepancy at most \/2|Xy| In(4m). Hence, for o = %, D=
V2 In(4m) and arbitrary po, the colourings required in the Decreasing Discrepancies
Assumption can be computed in expected time O(|Xo|m).

Therefore we may apply Theorem 3.10 with py = min{p;|i € [c]}. The discrepancy
bounds follow from ¢, < 31.15. Computing such a colouring involves O(log(pio)n) times
computing a colour for a vertex. As this can be done in expected time O(m), we have the
claimed bound of O(nm log(pio)). L]

The following remarks concern the theorem and its proof above. For the complexity
guarantee we assumed that the complexity contribution of computing the 2-colourings
dominates the remaining operations of the recursive algorithm given in the proof of
Theorem 3.10. This is justified by the fact that we may assume ¢ < n, since integrality
ensures p; > ﬁ for all colours i € C.

A second point is that the constant of 45 could be improved by a more careful way of
generating the random 2-colourings. In particular, by taking a random fair colouring we
could avoid the extra factor of 2 inflicted by Lemma 3.8. This, though, requires an analysis
of the hypergeometric distribution, which is considerably more difficult than ours.

Finally let us remark that the construction of the 2-colourings can be derandomized
with standard derandomization techniques like an algorithmic version of the Chernoff-
Hoeffding inequality (cf- [32] or [31]). Thus the colourings in Theorem 3.13 can be
computed by a deterministic algorithm as well.

3.5.2. Six standard deviations. The celebrated ‘six standard deviations’ result due to
Spencer [29] states that there is a constant K such that, for all hypergraphs &# = (X, &)
having n vertices and m > n edges, we have

disc(#) < Ky/n In(22).

n
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The interesting case is of course the one where m = O(n) and thus disc(#) = f n).
For m significantly larger than n this result is outnumbered (due to the implicit constants)
by a simple random colouring. The title ‘Six standard deviations suffice’ of this paper
comes from the fact that, for sufficiently large n = m, disc(#’) < 6\/?1 holds.

Using the relation between discrepancies respecting a particular weight and hereditary
discrepancy (Remark 2) and the recolouring argument (Lemma 3.8), we derive the
following lemma from Spencer’s result.

Lemma 3.14. For any Xo = X and #\x -integral weight p = (q,1 — q), there is a fair p-
colouring y of H |x, that has

Wd(%\XOD Xap) |X0| ln(Z‘n;(#»‘Z)

Proof. Let Xo = X. Then any induced subgraph of /|y, has discrepancy at most

‘XO‘ 11'1( [Xol )
simply because Spencer’s bound is monotone in the number of vertices. From Remark 2,
we have
wd(# 1x,,2, (¢, 1 — q)) < herdise(#x,) < K /| Xo| In(22).

It remains to show the existence of a fair colouring. Let .# denote the hypergraph
arising from s by adding the set X as an additional edge (unless of course X € & already
holds). Then # x, has at most m + 1 edges, and from the previous paragraph we know

Wd(y\X()’z: (q: 1— q)) < K |X0| ln(2(§t|2>

Lemma 3.8 now proves the claim. ]
Lemma 3.14 and Theorem 3.10 yield the following.

Theorem 3.15. Let # = (X, &) denote a hypergraph having n vertices and m > n edges and
p € [0,1]¢ an integral weight. Set py := min;c| p;. Then there is a fair p-colouring having

discrepancy at most
/ 2m+2
63K, /pin ln(’;’T)
in colour i.
In particular, when |X| = |&| = n we have

disc(#,¢) < O(1/% Inc).

Proof. By Lemma 3.14 we may apply Theorem 3.10 with o = %,

D = 2K /In(22£2)

pon
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and py. This yields a fair p-colouring with discrepancy at most D¢, /p;n in colour i € [c].
The claim follows from ¢, < 31.15.

This is quite close to the optimum. Theorem 5.2 shows a class of hypergraphs such that
|X| =|&| =n and disc(#, c) = Q(\/g). Again we should remark that we did not try to
optimize the constant.

From combining Lemma 3.12 and Lemma 3.14, we derive the following.

Corollary 3.16. Let # = (X, &) denote a hypergraph such that |X| = |&| =:n and (q,1 —
q) is an integral 2-colour weight. Assume ¢ < % Then the weighted discrepancy

wd(,2,(q,1 — q)) is at most
10K | /qn In(2).

3.5.3. Arithmetic progressions. A third classical example is the hypergraph of arithmetic
progressions on the first n numbers. This is probably the most famous of the few nontrivial
examples where discrepancy is well understood. For a,d,l € N, let Aqq == {a+id]|0 < i <
| — 1} denote the arithmetic progression with starting point a, difference d and length [. Let
&, denote the set of all arithmetic progressions in [n], that is, &, = {A.u N [n]|a,d, | € [n]}.
Set of, = ([n]ygn)-

Roth [27] proved the celebrated lower bound disc(.«7,,) = Q(n'/4). Roth himself believed
that this bound was too small and that the discrepancy actually should be close to n'/2.
This was disproved by Sarkdzy [28], who showed an upper bound of O(n!/3*%). Inventing
the partial colouring method, Beck [5] showed a nearly tight bound of O(n'/*(logn)?).
Finally MatouSek and Spencer [25] solved the discrepancy problem for .o7, by proving
the asymptotically tight upper bound O(n'/4).

This bound holds for any fixed number of colours. Moreover, we prove that the
discrepancy decreases for larger numbers of colours.

Theorem 3.17. For an absolute constant C' the following holds. Let p € [0,1]¢ be a weight.
Then there is a fair colouring of </, with respect to p, having discrepancy at most C'p16n023

in each colour i such that p; > n®®. In particular,
disc(.,, ¢) = O(c 16502

holds for ¢ < n°?* colours.

Proof. From [25, Lemma 5.3] we have that an induced subgraph #, = (/) x, of «/,, on
|Xo| = pn > n®? vertices has discrepancy at most C;p®'®n®%> for some absolute constant
C;. We first show that herdisc(#,) < 2C; p*1on%.

Let #) = (X1,&1) be an induced subhypergraph of #,. If |X;| > n®>, we are done,
by Matousek and Spencer’s lemma. Let us therefore assume |X;| < n®?°. We show that
(A1)2) and (A1) (27 have discrepancy at most C1p®'%n%%, and conclude disc(#1) <
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2C1p%1n%25 Consider the hypergraph

0.25 0'16110'25.

This hypergraph has exactly n"=> < pn vertices and thus discrepancy at most C;p
As every edge of (#1)z is also an edge of #3, we conclude disc((#1);121) < C1p%'n"%.
A similar argument shows

diSC((eyfl)Hn]\\[g]) < C1p0'16n0'25.

Thus herdisc(#p) < 2C;p%'%n%%. The relation between the linear and hereditary dis-
crepancy yields that all weighted discrepancies of #, are bounded by 2C;p®'n%%° As
[n] is an arithmetic progression, we may apply Lemma 3.8 and conclude that twice this
discrepancy may be achieved by a fair colouring respecting the underlying weight.

Thus we may apply Theorem 3.10 with D = 4Cn°%, o« = 0.16 and py = n®>, which
proves our claim. ]

Theorem 3.17 has a nice corollary in two colours extending Matousek and Spencer’s
bound to a more general counterpart of Roth’s theorem. Though often only the (ordinary)
discrepancy result is cited, Roth’s famous paper actually shows a lower bound for the
weighted discrepancy in two colours. For all p € [0, 1],

disc(Z,, (p, 1 — p),2) = Q(p'/2n'/4).

Theorem 3.17 applied to ¢ = 2 shows an upper bound of
disc(/, (p, 1 = p),2) = O (p*'n'/*).

3.5.4. Bounded shatter functions. The recursive approach also generalizes results of
Matousek, Wernisch and Welzl [26] and MatouSek [22] connecting discrepancy with
the primal shatter function 7, and dual shatter function 7’, of a hypergraph. Note that
this also yields a discrepancy bound in terms of the V' C-dimension dim(s#) of #. Vapnik
and Chervonenkis [33] showed 7, € O(ndim)),

Theorem 3.18. Let # = (X, &) be a hypergraph on n points. Let d > 1. If n, = O(m?),
then disc(#,c) = O((2):~%). If ©’, = O(m?), then disc(#,c) = O((%)>~% logn). In both
cases the implicit constants are independent of c.

Proof. Clearly the assumptions on the shatter functions are hereditary, in the sense that
a shatter function of an induced subhypergraph is less than or equal to that of the whole
hypergraph. They are also very robust: adding the whole vertex set as an additional edge
changes the primal shatter function by at most 1, and does not change the dual shatter
function. Without loss of generality we may therefore assume X € &. The remainder of the
proof is standard: bound the weighted discrepancies of the induced subhypergraphs using
Remark 2, buy fairness at the price of a factor of 2 (Lemma 3.8) and apply Theorem 3.10.

U
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3.6. Summary: recursive colouring

We have seen that a recursive approach is very effective in situations where we can bound
the weighted discrepancies of induced subhypergraphs. We always get a uniform bound
from the hereditary discrepancy of # (Remark 2) and often find a bound decreasing for
smaller induced subhypergraphs.

There are many situations where the recursive approach is the only result we have. We
do not have a direct proof for a result like Theorem 3.15 or Theorem 3.17. We feel that
the original proof relies heavily on the fact that only two colours are considered.

Surprisingly, the recursive approach and direct methods are sometimes nearly equally
effective. An example is the (equi-weighted) multicolour discrepancy in the case of
bounded degree (as in Beck and Fiala’s theorem). The direct approach of Section 4
yields disc(#, c) < 2A(H); the recursive one gives disc(#,c) < v(c)A(H) for constants
v(c) € [2(1 — %), 2.0005]. Both ways are constructive. For ¢ tending to infinity both methods
give the same bound.

On the other hand the recursive approach is limited. We can get results on weighted
discrepancies, but we do not get a nice bound on the linear discrepancy, e.g., in the
Beck—Fiala setting.

A second point to keep in mind is that, to apply recursion, we need a 2-colour result
on the hereditary discrepancy, even when ¢ is a power of 2. See the example in Section 2.

Recently, the first author proved a converse result [15]: if the hereditary discrepancy
in ¢ colours is bounded, we may construct ¢, colourings (and in particular 2-colourings)
with low discrepancy. Together with Remark 2 and Corollary 3.4, this shows that the
hereditary discrepancy in two numbers of colours deviates by at most a constant factor
(depending on the numbers of colours, but not on the hypergraph).

4. Vector colouring

In this section we extend the Beck—Fiala theorem and the Barany—Grinberg theorem to
any number of colours. In the 2-colour case both are proved using ‘floating colours’,
i.e., colours initially floating in [—1,1] are successively changed to colours in {—1,1}.
Linear algebra is the key tool there. For the c-colour case we need vector colours and
tensor products as well. In the Beck—Fiala situation we will derive a bound independent
of the number of colours (and twice the bound of the original result), whereas in the
Barany-Grinberg case our bound is (¢ — 1) times the original bound (and thus coincides
with the original result in the case ¢ = 2).

4.1. Beck-Fiala theorem
Let A(#’) := maxyex |{E € &|x € E}| denote the maximum degree of the hypergraph #
. This is one of the few parameters of a hypergraph which give a good bound on the
discrepancy. The Beck—Fiala theorem states that disc(#) < 2A(s#) for any hypergraph
A (cf. [7]).

It is quite easy to see from the proof that this bound can be improved to 2A(s#) — 2.
With more effort Martin Helm [20] further improved the bound to 2A(5#) — 3. The much
stronger conjecture of Beck and Fiala is as follows.
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Conjecture. disc(#) € O(JA(SF)).

This conjecture remains far from being proved. Good results in this direction are
Srinivasan [30] and Banaszczyk [3], though neither succeeds in avoiding a logarithmic
dependence of the number of vertices.

Beck and Fiala actually proved a more general result. For any matrix 4 = (a;;) € R™",
let [|All1 == maXjep D ey laij| denote the operator norm induced by the 1-norm.

Theorem 4.1. ([71) For any matrix A € R™",
lindise(4) < 2|[A];.

For ¢ colours we prove the following.

Theorem 4.2. For any matrix A € R™",

lindisc(4, ¢) < 2| Al|;.

Note that the linear discrepancy versions of the Beck—Fiala theorem do not allow the
improvements cited above. They rely on the fact that the incidence matrix of a hypergraph
is a 0—1-matrix. A multicolour version of the Beck—Fiala theorem for hypergraphs exploit-
ing this fact was recently given by Bied], Cenek, Chan, Demaine, Demaine, Fleischer and
Wang [10].

The following very elementary remark plays a crucial role in the proofs of both the
generalized Beck—Fiala theorem and the Barany—Grinberg theorem.

Lemma 4.3. Let x € M. Assume that there is a j € [c] such that x; & {—1,<1}. Then
there is at least a second index j" (different from j') such that xj ¢ {—%, ‘7—1}
Proof. By assumption we have cx; ¢ Z. As ¢ ;. x; =0 € Z by definition of M., there
exists a j” € [c], j/ # j’, such that ¢x;» ¢ Z. In particular, xj ¢ —%, "j—l . L]
Proof of Theorem 4.2. Set A := ||A|; and A = (a;;) := A ® I.. Note that A = |A|;. Let
p : [n] = M.,. Set y = p. We will successively change y to a mapping [n] — M.. Again we
regard p and y as cn-dimensional vectors.

Put J = {j € [en]|y; ¢ —%, ‘;—1}}, and call the columns from J floating (the others
fixed). Set I :={i € [em]|>_;c;la;| > 2A}, and call the rows from I active (the others
ignored). We will ensure that during the rounding process the following conditions are

fulfilled (this is clear for the start, because y = p):

(i) (A(p — O =0, i.e., all active rows have discrepancy zero, and
(i) all colours are in M. — in particular we have Z,‘;}) Xej—k = 0 for all j € [n].

Note that (ii) is the crucial difference to the 2-colour case, where we only need a
condition of type (i). This increases the number of equations investigated below and is
the reason why the multicolour bound is twice the 2-colour bound.
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Let us assume that the rounding process is at a stage where J and I are as above
and (i) and (ii) hold. If there is no floating colour, i.e., J =, then all y;, j € [cn], are in
{—=1,<1} and y has the desired form.

Hence assume that there are still floating colours. We consider the system of equations

ZX“F" =0, j € [n] such that ¢(j — 1) + k € J for some k € [c]. 4.1)

By Lemma 4.3, in every equation of (4.1) there are at least two floating variables y;, x,
ie, j,j" €J. Thus (4.1) is a system of at most %\J | equations.
We have

TIAZD S ayl =Y fayl > 11124,

jeJ el iel jeJ
hence |J| > 2|I|. We conclude that the system

Ajixs 15 =0,
(4.2)

Zxc_,-_k =0, j € [n] such that ¢(j — 1)+ k € J for some k € [c]

consists of at most |I]| + %|J | < |J| equations and hence is under-determined (taking just
the y;,j € J as variables). Thus there is a nontrivial solution x € RV for (4.2). We extend
X to xg € R by

N I lf] eJ,
(xe); = {O otherwise.

By (ii) and the definition of J, all variables y;,j € J are in | — %, - L. Thus there is
a A > 0 such that at least one component of y + Axg becomes fixed and all colours are
still in M., i.e, x4+ /xp € M,. Note that y + Axp also fulfils (i) since (Axg); = 0. Set
¥ =y + Axg. Since (i), (ii) are fulfilled for this new y, we can continue this rounding
process until all y;, j € [cn] are in {—— 71 .

We show [|A(p — y)|l < 2A. Leti € [cm]. Let ¥ and J© denote the values of y and J
when the row i first became ignored. We have XSO) =y for all j ¢ J© and | XE-O) — <1

for all j € J©. Note that 37« [a;] < 24, since i is ignored. Thus

(Ap—0), = 1(A@P—1"),+ AG" = 2) 1 =0+ @ (2 — 1)) < 2A.
jeJO
For the c-colour discrepancy we have the following,

Corollary 4.4. disc(,c) < 2A().

Note that this result is very similar to Theorem 3.7.
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4.2. Barany—Grinberg theorem
For the remainder of this section let | - || denote any norm on R%. The Barany—Grinberg
theorem states the following result.

Theorem 4.5. ([4]) Let | - || be any norm on R" and, for any k, let vy,v,...,vc be a finite
sequence of vectors in R" for which |jv;| <1 for all i=1,...,k. Then there are signs g; €
{=1,41},i =1,...,k such that, for all | € [k], we have

I
E Eibj
i=1

This seems to be similar to the Beck—Fiala theorem, but has a slightly different flavour.
Here partial sums are considered, and we may choose any norm for the input and the
discrepancy. The Beck—Fiala theorem formulated in terms of a vector sequence states
that, for any vectors vy,...,vx of || - |;-norm at most one, there are signs ¢; € {—1,+1},i =
1,...,k such that HZL sivin < 2. Thus neither theorem is a special case of the other.

The signs —1 and +1 are a convenient way to represent a partition. From this point
of view the Barany—Grinberg theorem states that, under the given assumptions, there is a
2-partition (Iy,1,) of the set X = {vy,...,v;} such that, for any subset Xy = {v1,...,v},

OREED I

l/‘GIjﬂXg veXy

< 2n.

<n

holds for both j = 1,2. This motivates the following definition.

Definition. (Discrepancy of sets and vector sequences) Let X be a finite set of vectors in
R" and # = {I},...,1.} a c-partition of X. Let || - | be any norm on R". We define the
discrepancy of the set X w.r.t. 2 and | - || by

S o137

disc(2, | - ||) := max
Jjeld
vel; veX

Given a subset Xo = X, set 2|y, = {I; N Xo,...,1. N Xo}. Let v,va,...,v¢ be a finite
sequence of vectors and 2 = {I,...,I.} be a c-partition of {vy,v,...,0}. We define the
discrepancy of the sequence vy,vy,...,v, W.r.t. 2 and || - || by

disc((v)ieps 25 1 - ) = max disc(2vy,nts |- 1)-
In this notation the Barany—Grinberg theorem states that there is a 2-partition 2 =
y g p
{I1,1,} such that disc((v))icp, 2, || - ||) < n. We define a norm || - || on R*" by
[wlle = max [Wi(.j+enjrn—ye} I

)T

.....

Lemma 4.6. Let X = R" be a finite set of vectors and ? = {I,,...,1.} be any c-partition
of X. Let y : X — [c] be the corresponding colouring (i.e., for all v € X,l € [c] we have
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() =1 if and only if v € I)). Then the discrepancy of X w.rt. ? and | - | is

S v @mi)

veX

disc(Z, || - 1) =

C

Proof. Remember that by definition

1 e, — 7
m;z(v))z{l_? if x(v) = J.

—% otherwise.
Thus
(2(v) — ()
(vem )|{jsj+c,..,j+(n71)(r} =mj v (4.3)
and
x), 1 1
DULEDIEDIED WD BT 3t 4
veX veX veX ex veX
1()=j 1(0)#j x(v)=j
So

= max <Z v ® m(%@)))

¢ veX {JjtCsnjt(n—1)c}

43 oo
) max Zm&"(”)v

jele] veX
4.4
| 015
jele] vel; veX
= dise(Z, | - |)- O

We are now ready to prove the following multicolour version.

Theorem 4.7. Let | - || be any norm on R" and vy,v,,...,v; be a finite sequence of vectors
in R" such that |v;| <1 for all i =1,...,k. Then there is a c-partition 2 = {I,,...,1.} of
{v1,02,..., 0} such that

disc((vi)iewy, 2, | - 1) < (¢ — Dn.

Proof. We may assume k > n. By Lemma 4.6 it suffices to show the existence of a
colouring y : [k] — M., such that | Eie[l] 0; ® ¥V, < (c—1)n for all [ € [k].

As in the proof of the Barany—Grinberg theorem, we give an algorithmic construction
of x. At the beginning define 4 := [n] and ,{(’) =0 for all i € [k], j € [c]. Let us call
those xg-i) where i € A and XS.i) ¢ {"z 1} varzables and the corresponding colour vector
% active. Hence at the beginning we have cn variables and n active colour vectors.
Furthermore all colour vectors ', i € [k] are in M, and we have Z,e (Ui ® ) = 0

We repeat the following rounding process. Set Ay := {i € [k]|3j € [ (') ¢ (<1, -1,
the set of indices of active colour vectors. We try to find a nontr1v1al solutlon to the
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system of equations

Zvi ® X(i) =0,

icA
© 0 _ (4.5)
ij =0 forallie Ao

Jjeld

Let 0’ be the number of variables and m' the rank of the system (4.5). By Lemma 4.3,
each active vector contains at least two variables, so n’ > 2|4g|. On the other hand,
m < (¢ — 1)n+ |Ag|, since Zje[c] X;i) =0 for all i € [k] holds at any stage of the rounding
process.

If there is no nontrivial solution to (4.5), then there are at most m’ variables. From
24| < <m < (¢ — D)n+ |Ay|, we conclude |4y| < (¢ — 1)n.

If there are still vectors that have not been active, i.e., A # [k], we increase the number
of active vectors by setting 4 := AU {max(4)+ 1} and continue the rounding process,
considering the updated system (4.5). If 4 = [k] we terminate the rounding process by
changing the remaining variables to "(—1 or —l in any way such that all ¥ are in M..

If there is a nontrivial solutlon to (4.5), then we can change y in the way that some
variables become ‘(—1 or —; and all variables stay in [—%, %] in the same fashion as
in the proof of Beck and Fiala. Note that the conditions ¥ € M, for all i € [k] and
Doieali ® %) = 0 are still satisfied. Hence we can continue the rounding process.

For the analysis let | € [k]. Let 7V,..., %% denote the value of the colour vectors at
that stage of the rounding process when A = [I] and no nontrivial solution to (4.5) can be
found. Let ANO denote the value of Ay at this stage. Let / mo., ,(fk denote the final values
of the colour vectors. From above we know |A0| (c— 1)n Since ¥ € M., we have
7% — x;f)Hoo <1 for all i € [I]. Furthermore 3 = /f holds if i ¢ Ao, since an inactive
vector never becomes active again. By (4.5) we also have the equation Zie[,] v ® 7" =0.

Now

N

Zw@x')

c IE[[

2 u® (" =7")

iel[l]

iell]

C

—_——
=0 by (4.5)

= Z”' 7 =79

IEA()

¢

c

- 1122[1(7]( Z (U ® (X(i) XU))‘ JoJACosjH(n—1)c}
i€Ag
= | 2l =10,
i€Ao
<> vl
l’Ez‘I()
< (c—1)n O
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5. Lower bounds

In this section we give a general lower bound and analyse two prominent examples:
Hypergraphs arising from Hadamard matrices and arithmetic progressions. We start with
the c-colour version of a result attributed to Lovasz and Sos in [8].

Theorem 5.1. Let A € R"™". Then disc(A,¢) > /™S inin(AT A).

Proof. Let y : [n] > M, be an optimal colouring with respect to c-colour discrepancy.
Then

disc(4,¢) = (4 ® 1)yl

> (A ® Ie)yll2

m

> 17202V 2min(A ® 1) T (A ® 1,.))

&‘

cm

Lemma 24i) 1 n(c - 1) \/—
= —— — /lmin ATA Ic
Jon . (AT4)® 1)

emma 2.4(v n C i 1
L =24{) ( > ) /)vmin(ATA)~ D
V. mc
5.1. Hadamard matrices

Hypergraphs corresponding to Hadamard matrices show that Spencer’s ‘six standard
deviations’ result is best possible apart from constant factors. The following theorem
extends this result to ¢ colours.

Theorem 5.2. There is a universal constant K >0 such that, for an infinite sequence
of n €N, there is a hypergraph with n vertices and n edges and discrepancy at least

KT

Proof. Let n € N be such that there exists a Hadamard matrix H of dimension n, i.e.,
H e {+1,—1}"" and all rows of H are pairwise orthogonal. By multiplying some rows
by —1 we may assume that all entries of the first column v; are 1. Let vy,...,v, denote
the remaining columns. Set 4 = %(H + J), where J is the n X n matrix consisting of ones
only. A is the incidence matrix of a hypergraph # of n edges on n vertices. We show that
A has the desired discrepancy.

Let y : [n] = M, be any colouring. Let i € [¢] be such that

T m)\ {1 = (5.1)

For all j € [c] set y; : [n] — (-1 ‘f—l}, k— y(k);. Let aj,...,a, be the row vectors of

c?
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A, and for x,y € R" let x - y be the usual inner product in R". Then
disc, (A, ¢) = (A ® 1)yl

= H(al .Xls"'sal 'Xc»---aan .Xls"'san X()THUJ
> (a1 i tn 1) e

= 4%l
> ﬁHAXz'Hz-
y (5.1) we have
[k € [\ (L lxalk) = <1y = ot (52)
By definition of A4 there is a 2 € R such that Ay; =), _, %Xi(k)vk + Avy. Since the vq,...,v,

are pairwise orthogonal, we have

Izl = | > 2k Sou[; + 2200113
k=2

WV

> wk?||Suel;
k=2

>/ () (- ) Gy 652)

1 (n—1)(c—1)
- Eﬁ\/ 2
Hence disc(#, c) > %\/W. O

5.2. Arithmetic progressions
In this section we give a lower bound for the c-colour discrepancy of the arithmetic
progressions. We refer to Section 3.5.3 for an introduction to this problem.

Theorem 5.3. The hypergraph of arithmetic progressions fulfils

disc(#,, c) > 0. 047 Jn.

Proof. For the lower bound we will follow the approach of [8]. Set k = | énJ. Let &
be the set of arithmetic progressions of length k and difference less than 6k computed
modulo n (hence our arithmetic progressions may be over-wrapped from n to 1 at most
once). Every arithmetic progression of & is a union of at most two arithmetic progressions
from &, so the discrepancy of J#, is at least half the discrepancy of &.

Recall that a matrix is called a circulant if the ith row can be obtained from the first
by shifting it i — 1 times to the right. Let us enumerate the arithmetic progressions in & in
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a way that, if i is not divisible by n, then E;;; = E; + 1 (always computed modulo n), i.e.,
Eiiy is E; shifted right by one. Thus the incidence matrix 4 = (a;;) € {0, 1}5"" defined
by a;; =1 if and only if j € E; consists of 6k circulant sub-matrices. As the sum and
product of two circulant matrices is also circulant, AT A is circulant. The eigenvectors of
circulant matrices are known to be of the form (1,¢,¢%,...,¢"!)T, where ¢ is an nth root
of unity. Thus we find that the minimum eigenvalue Amin(ATA) of ATA is greater than
e

Using Theorem 5.1 we have disc(([n], &,), ¢)*> > ”6(;;;) 1 = ("2;(1,2)/‘. Hence

disc(#,, ¢) = 0.5 disc(([n], 6), ¢)

c—1 ,

96\@2*/%
c—1

> 0.06524/ 3 Jn

> 004\/1“

> 0. Cﬁ. 0

We may remark that the lower bound can also be proved using harmonic analysis, as
in [34, 17].

>

6. Open problems

From this paper several open problems arise, some of which we would like to emphasize
here. For the hypergraph of arithmetic progressions and the ‘six standard deviations’
situation, we gave upper and lower bounds for the c-colour discrepancy. For fixed number
¢ of colours, these bounds are optimal apart from constant factors. Concerning the
influence of the number of colours, we showed that these discrepancies decrease with
larger numbers of colours. Still, our bounds display a multiplicative gap of O(c***) and
0(\/@), respectively. Reducing these gaps seems to be a nice problem. For the arithmetic
progressions this should also yield more information about the weighted discrepancy in
two colours, reducing the gap between Roth’s bound and ours.

Another interesting question is whether there is a direct proof for Spencer’s ‘six standard
deviations’ result for the multicolour discrepancy problem or, more generally, a suitable
generalization of the partial colouring method. A negative answer would suggest that
discrepancy in 2 colours is a rather special situation compared to discrepancy in arbitrary
numbers of colours.

A problem field only touched upon in this paper is that of linear discrepancies. The
following observation suggests that they might behave differently in more than 2 colours.
Consider a totally unimodular m x n matrix A. Various proofs show that lindisc(4,2) < 1
holds. The sharp bound of 1 — ﬁ was recently proved in [14]. For more than 2 colours,
it is not difficult to find a totally unimodular matrix such that even lindisc(A4, c) > 1 holds
(e.g., in [13] an example was given that fulfils lindisc(4,3) > 1 + %).

Recently, Hebbinghaus, Schoen and Srivastav [19] introduced the notion of positive c-
colour discrepancy, and proved for two colours a tight discrepancy bound for hyperplanes
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in the r-dimensional vector space F5. Whether a tight bound also exists for the multicolour
discrepancy, is an open problem.
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