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Abstract

This paper proposes an energy-efficient walking generation method utilizing limit cycles generated by nonlinear
model predictive control (NMPC). Conventional limit cycle walking methods rely on strong feedback, such as
output zeroing control, to attract the robot’s state toward a predefined periodic trajectory. However, we hypothesize
that employing feedback control that better leverages the robot’s dynamics can improve energy efficiency during
walking. Our previous work confirmed that using limit cycles generated by NMPC can produce energy-efficient
walking patterns. This study builds upon this foundation and proposes a new method for generating walking in a
general five-link bipedal robot. Through extensive numerical simulations, we demonstrate that the proposed method
achieves highly energy-efficient walking while exhibiting excellent convergence to periodic trajectories.

1. Introduction

Research on bipedal robots has been conducted for decades, and recent advances in computing and
artificial intelligence have accelerated progress in this field. While quadrupedal robots have also been
widely studied, bipedal robots offer the distinct advantage of potentially serving as substitutes for humans
in various tasks and environments [1-8]. Their ability to navigate human-accessible spaces makes them
an exceptionally versatile form of mobility. However, bipedal robots are still under development, and
fully functional humanoid robots capable of seamlessly replacing humans in complex tasks have not yet
been realized. This makes the field a challenging yet rewarding area of research.

We primarily focused on developing gait generation methods that enable bipedal robots to achieve
high-speed locomotion with superior energy efficiency while maintaining balance and preventing falls.
Traditionally, zero-moment point (ZMP)-based walking has been the dominant approach for generating
stable gaits in bipedal robots [9—11]. Moreover, advances in computational power and learning algo-
rithms have led to a growing number of studies employing machine learning to achieve robotic walking.
As a result, many robots capable of walking or running have been developed [12—16]. However, a key
issue from the perspective of safety is the lack of mathematical justification for why such learned walk-
ing behaviors are stable and prevent the robot from falling. Limit cycle-based walking methods have
emerged as a promising alternative, offering the potential for more natural, human-like walking patterns
with enhanced energy efficiency. ZMP-based walking control has been widely adopted for its stability
guarantees. Classical ZMP-based methods using the linear inverted pendulum (LIP) model impose the
constraint that the ZMP must remain within the support polygon, which restricts the robot’s motion
during walking. Under the simplest LIP formulation with constant center of mass height, this constraint
prohibits heel-strike and toe-off movements characteristic of human walking, requiring the entire foot
to maintain contact with the ground as shown in Figure 1. Several extensions have been proposed to
overcome these limitations while maintaining the ZMP framework. The variable height linear inverted
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(a) ZMP walking (b) Limit cycle walking
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Figure 1. Variations in ground contact while walking.

Pendulum (VHLIP) model allows height variation of the center of mass, enabling more natural trajec-
tories while still utilizing ZMP constraints. The capture point (CP) concept [17, 18] and its extensions
provide systematic methods for stability analysis and recovery. Additionally, approaches incorporat-
ing nonlinear dynamics and considering CoP (ZMP) constraints have been developed to achieve more
natural motion [19].

Limit cycle-based walking does not impose the ZMP constraint and allows for more dynamic, under-
actuated behaviors such as heel-strike and toe-off, potentially leading to more efficient and natural gaits.
While ZMP-based walking guarantees robust stability by explicitly maintaining the ZMP within the
support polygon, limit cycle-based walking achieves stability by treating the walking motion as a stable
limit cycle [20, 21]. Feedback control is then employed to drive the robot’s state toward a predesigned
periodic orbit. Although limit cycle-based walking does not guarantee stability under all conditions, it
provides robustness against disturbances within the basin of attraction of the limit cycle. The ability to
handle point contact walking itself is not novel. For example, the method in [19] employs hierarchical
inverse dynamics to optimize joint accelerations and contact forces for momentum-based balance con-
trol, achieving stable and robust walking with planar feet. Since the formulation handles generalized
contact forces, it could potentially be applied to point contacts with appropriate constraints. However,
this method does not consider energy consumption and primarily aims to ensure stability and robust-
ness. In contrast, our method can optimize energy consumption during walking online within a practical
control cycle by minimizing control torques while ensuring stability as constraints.

Our proposed approach employs nonlinearmodel predictive control (NMPC) to determine joint
torques online by minimizing the tracking error to the desired trajectory and the norm of joint torques
during walking. The desired trajectory for energy-efficient walking can be designed offline in advance
through optimization of Bézier polynomial coefficients. Although we do not perform this offline opti-
mization in this paper, we demonstrate that such optimization is feasible using existing frameworks that
explicitly consider limit cycle stability, such as [22]. This separation enables the robot to track the offline-
designed energy-efficient trajectory while adapting to disturbances through predictive re-optimization,
achieving efficient online computation (0.32 ms per cycle). As demonstrated by the simulations pre-
sented in this paper, this approach achieves energy-efficient walking with disturbance recovery capability
without sacrificing computational efficiency.

Significant progress has been made in limit cycle-based walking methods, particularly those employ-
ing output zeroing control (OZC) through input—output linearization. Several research groups, including
Grizzle’s team, have utilized OZC to enhance convergence toward a predefined periodic orbit to achieve
energy-efficient active walking [22-26]. Other groups have similarly applied this approach to realize sta-
ble limit cycle-based walking and running [2, 27-34]. Furthermore, in addition to OZC, both MABEL
[24] and ATRIAS [30] improve energy efficiency of walking by incorporating large springs at the joints.
These robots utilize target trajectories optimized to exploit their mechanical springs for energy-efficient
walking, demonstrating effective utilization of the robots’ passive dynamics. In this paper, we use the
term “passive dynamics” to refer to the natural motion that emerges from the mechanical system without
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Figure 2. Limit cycle generation for biped walking.
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active control, which is determined by the system’s inertia, gravity, and mechanical constraints. While
the model used in this study does not incorporate springs for simplicity, the proposed approach is exten-
sible to robots with elastic elements. Our proposed framework can optimize trajectories that leverage
passive dynamics for improved energy efficiency, similar to these platforms. A key advantage of the
NMPC-based approach proposed in this paper is its ability to maintain optimality even when the robot
deviates from the desired trajectory. In typical OZC-based control, feedback linearization is employed
to track a precomputed desired trajectory, whereas NMPC continuously re-optimizes the control input
to guide the robot back to the desired trajectory while considering the full nonlinear dynamics.

OZC approach enables accurate tracking of a predesigned optimal trajectory under ideal conditions,
resulting in energy-efficient walking. However, this method inherently relies on high-gain feedback to
forcefully eliminate tracking errors without fully leveraging the robot’s dynamics. In real-world envi-
ronments, various disturbances such as uneven terrain, surface friction variations, motor backlash, and
unexpected environmental contacts are inevitable. When such disturbances cause deviations from the
desired trajectory, OZC tends to aggressively reconverge using high-gain control, which can result in
excessive actuator torques, unwanted oscillations, and ultimately increased energy consumption and
reduced stability. These limitations highlight the need for more practical control strategies that actively
utilize the robot’s dynamics and can respond to disturbances in a more flexible and energy-efficient man-
ner. To address these challenges, we hypothesized that leveraging the robot’s passive dynamics, similar
to the concept of passive dynamic walking introduced by McGeer [35], could enable the generation
of limit cycles with higher energy efficiency. By incorporating the robot’s passive dynamics into the
control strategy design, we aim to minimize energy losses caused by external disturbances and achieve
more energy-efficient walking. Motivated by this idea, we previously proposed a gait generation method
using NMPC to generate limit cycles [36]. This method uses NMPC to drive the robot’s state toward
a predesigned desired trajectory. NMPC predicts the robot’s future states based on its current state and
computes optimal control inputs by solving the optimization problem in real time.

The previously discussed concept of passive dynamic walking realizes energy-efficient locomotion
by leveraging the nonlinear passive dynamics arising from the robot’s mechanical structure and the
gravitational field on a slope, thereby generating a stable limit cycle. In contrast, NMPC explicitly incor-
porates the nonlinear dynamics of the robot into a mathematical model, predicts its future behavior, and
optimizes the control inputs to achieve convergence to a desired trajectory while minimizing energy
consumption. In other words, whereas passive dynamic walking forms a limit cycle by utilizing exter-
nal gravitational forces, NMPC aims to achieve similar natural dynamic behavior by applying only the
minimal necessary actuation, thereby generating a limit cycle in a controlled manner. We have pre-
viously hypothesized that the NMPC-based approach can achieve energy-efficient walking similar to
passive locomotion, even on level ground. This optimization considers the robot’s dynamics and aims
to minimize energy consumption while guiding the robot’s state toward the desired trajectory, as illus-
trated in Figure 2. Although NMPC entails relatively high computational costs, recent advancements
in algorithms for solving NMPC more efficiently [37, 38], coupled with the increasing performance of
processors, suggest that its implementation on microcontroller-level systems will likely become feasible
in the near future.
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In our previous work, we applied this method to a rimless wheel-type walking robot, a simplified
model of bipedal locomotion, and demonstrated its effectiveness through numerical simulations. The
results showed improved the energy efficiency of walking under ideal conditions, with particularly
significant improvements observed when walking in disturbed environments [36]. However, since our
ultimate goal is to achieve energy-efficient locomotion in general humanoid robots, the proposed method
must be applicable to biped robots with a higher number of degrees of freedom (DoF). In typical multi-
DoF bipedal robots, there exist large and rapid swing leg motions such as thigh swinging and knee
bending that were not considered in the rimless wheel model. To enable future analytical optimization
of limit cycle trajectories using hybrid zero dynamics (HZD) [22], it is essential that all robot states,
including swing leg motions, converge strictly to the desired trajectories. Therefore, we aim to develop
a control law for biped robots that includes swing leg dynamics and verify whether this control law can
achieve both high energy efficiency and strict convergence to the desired walking trajectories.

In this study, we develop limit cycle walking control using NMPC that can be applied to a general and
complex bipedal robot model, specifically a five-link robot with sagittal constraints. Numerical simula-
tions were conducted to verify the effectiveness of the proposed method in generating energy-efficient
and stable walking with high convergence to the desired trajectory. Furthermore, we implemented the
proposed NMPC controller in C language (MEX on MATLAB) to evaluate its computational cost and
demonstrate the feasibility of achieving real-time control within the constraints of a typical robot control
cycle. The main contributions of this paper are as follows:

« Extended the NMPC-based walking control originally proposed for a simplified model [36] to a
five-link robot by introducing virtual time parameterization within the prediction horizon. This
novel extension enables the use of virtual constraints in the NMPC framework, demonstrating
that the trajectory optimization framework of conventional HZD can be effectively integrated
with NMPC.

« Demonstrated that the NMPC-based approach enables online re-optimization of control inputs
considering full nonlinear dynamics, allowing the robot to maintain energy efficiency even
when deviating from the desired trajectory due to disturbances or model uncertainties, unlike
conventional HZD-based methods that rely on offline-optimized trajectories.

 Confirmed through numerical simulations that the proposed method generates motions satisfying
virtual constraints, validating the integration of HZD and NMPC frameworks for the five-link
robot model.

o Measured the computation time of the proposed method (0.32 ms per cycle), confirming its fea-
sibility for real-time implementation within typical high-speed control cycles (1 ms), despite
being approximately 12 times slower than conventional OZC (0.026 ms per cycle) due to online
optimization.

The remainder of this paper is organized as follows: Section 2 introduces the dynamic model of
the five-link bipedal robot. Section 3 details the proposed NMPC-based controller. Section 4 presents
the results of our walking analysis and demonstrates the effectiveness of the proposed method through
numerical simulations. Finally, Section 5 provides concluding remarks and discusses potential directions
for future research.

2. Modeling of the five-link bipedal robot
2.1. Equation of motion

We use a model of a five-link biped robot (Figure 3). Although we aim to apply our method to robots
with flat feet, such as the illustrated in Figure 1, in future work, this paper focuses on a simplified case.
Specifically, we consider a robot with point-contact feet that remain underactuated at all times. Figure 4
illustrates the details of the torques exerted by each motor between the links. The red arrows represent the
torques generated by the motors, while the purple arrows indicate the reaction torques corresponding
to those motor outputs. This robot also has four actuators for active control and its torso is equipped
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Figure 3. Five-link biped model.

with a 9-axis sensor, which allows measurement of its orientation and angular velocity in the absolute
coordinate frame. Each joint is equipped with an encoder that measures the relative joint angle between
connected links. Angular velocities can then be obtained by differentiating these angle measurements.
Therefore, we assume that the full state of the robot is observable. In this study, we derive the equations
of motion using the Euler—Lagrange method, which is widely used in general applications. Equation of
motion of the robot is given by

M(q)q + H(q.q) = Su, 6]

where ¢ = [0, 05, 05, 0,, 0s]" is the generalized coordinate vector, M(q) € R> is the inertia matrix,
H(q, ¢) € R’ is the vector that consists of Coriolis, centrifugal forces, as well as the gravitational vector,
u=[uy, u,, us, uy]" is the input torque vector, and S € R>** is the driving matrix, which is expressed

as:
-1 0 0 O
1 0o 0 -1
S=| 0 I -1 O
0 o 1 0
0 -1 0 1

The details of the equation of motion are provided in the Appendix.
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Figure 4. Details of the torques acting on the robot (the red arrows indicate the torques generated by
the motors, while the purple arrows represent the reaction torques against the motor torques. ).

2.2. Impact equation

The walking motion of a bipedal robot involves collision phenomena between the swing leg and the
ground during locomotion, requiring the modeling of this behavior. To address this, a collision equation
is introduced to compute the generalized velocities immediately after the collision, based on the robot’s
state immediately prior to impact. It is assumed that the collision between the swing leg and the ground
is perfectly inelastic and instantaneous. At the moment of collision, velocity constraints arise in both
the horizontal and vertical directions at the end of swing leg. These relationships can be expressed as
follows:

1, cos 6,6, + 1, cos 6,8, — I, cos 9393 +1, cos 0,0, + %, =0,
—1,5in 6,6, — I, sin 6,6, + 1, sin 6565 + [, sin 6,6, + 2, =0,

where X, and z, represent the velocities of the support leg’s end in the horizontal and vertical directions,
respectively. From the these equations, the instantaneous constraint Jacobian matrix at the moment of
collision, J;(g,) € R*7, is derived as follows:

Jl(qa)z[llc' LC, —LCy —1L,C, 0 1 o}’

—0LS; =LS, LS LSy 0 0 1

where C; is the cos 6; and S; is the sin §,. At this moment, the impulse vector A, € R? generated during
the collision and the generalized velocity of the robot immediately after the collision, g* € R, can be
obtained as follows:

A =-Xi(q.)"71(q.)4, @
X/(q,)=7:(9)M.(q.)"'Tq,)"s 3
4, = —M,q,)"'J1(q.)"X:(q.)”" T (g, , “
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Figure 5. Control flow of the proposed NMPC: the yellow blocks represent the elements that were newly
added in this paper to prevent divergence of the NMPC.

where g, = [0, 05, 65, 6,, 05, x;, z;]" is the generalized coordinate vector in the augmented equation of
motion and M ,(g,) € R”*" represents the inertia matrix derived from the augmented equation of motion
for the free-falling robot, incorporating the generalized coordinates and the coordinate components x;
and z; of the support leg’s end. Additionally, q'; € R’ denotes the velocity vector immediately before the
collision. Finally, the angular velocity obtained from Eq. (4) is used to update the robot’s state vector to
reflect its post-collision condition. The detailed derivation of the impact equations can be found in the
literature by Grizzle et al. [23].

3. NMPC design for limit cycle walking
3.1. Overview of NMPC for biped robots

In this paper, we construct NMPC for realizing walking motion of a five-link robot by incorporating
several improvements based on the NMPC previously implemented on rimless wheels [36]. Figure 5
shows a schematic diagram of the control flow using the proposed method in this paper. The parts that
significantly differ from prior research are indicated by yellow blocks. The main improvements over
existing methods are the following three points. At the control steps immediately after gait initiation and
stance leg exchange, the robot state changes discontinuously, and thus the control input by C/GMRES-
based NMPC cannot be derived. Therefore, a separate input to mitigate the impact effect is employed at
these steps. Second, we set the prediction horizon as a function dependent on virtual time. This is because
the tracking performance to the desired trajectory of the swing leg motion, which changes rapidly during
walking, was insufficient. Therefore, we resolve this issue by varying the prediction horizon according
to virtual time. Finally, although not shown in this figure, we set the desired trajectory as a function
dependent on virtual time and also modify the desired trajectory within the prediction by considering
this virtual time. These details are presented below.
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3.2. Discrete-time NMPC

This section describes the discrete-time NMPC applied to a biped walking robot. The discrete-time
nonlinear system is defined as follows:

Xip1 (1) = X,(1) +f (x:(0), wi(D) A, &)
xo(t) = x(1), (6)

where i =0,...,N — 1, N is the number of prediction steps, At =T /N is the discrete interval of the
prediction horizon, T is the prediction horizon, and x;(f) € R" and u,(f) € R" are the state and input
vectors at i-th step of the prediction horizon at time ¢, respectively. The objective function is defined as:

J = @ey() + 5 L), ui())At, @)
where
1
plxy() = E(xzv(f) - xd,N(t))TSf(xN(f) —X4n(D)), (®)
1
L= E(xi(t) —x4,(0)"Q(x,(t) — x4,(1)) + u; (NRu,(t), 9

x,,; is the desired state vector at i-th step of the prediction horizon, S is the weight for the terminal cost,
0 is the weight for the stage cost of the state, and R is the weight for the stage cost of the input. Then,
the Hamiltonian and necessary conditions for optimality are given obtained as:

He (0, 10), Ay (0) 1= L+ AT (0 f@ei(0), (1)), (10)
a T
M) = 8i(xN<r>), (1)
X
oH"
M) = s 0+ (0,00 Ay (D) AT, (12)
oH
0,0 X131 () =0, (13)
u

where A,(f) € R” represents the adjoint (co-state) variable vector at i-th step. The optimal control input
at the first step is used as the actual input for the system, followed by a receding of the finite horizon and
repeating this sequence. To efficiently solve the NMPC, the C/GMRES method proposed by Ohtsuka
[37] is employed. In this method, U(¢) and F(U(¢), x(¢), t) are defined as:

U(t):= [ug(0), ..., u_, 0], (14)
H, (x(1), 1o (), M (1)),
FU(),x(1),t) := : , 15)
H, (xy 1 (), uy_1 (1), My(D)),

where H, = % Subsequently, Eq. (10)—(13) are used to compute the state and adjoint variable vectors.
By solving F = 0 with the C/GMRES algorithm, U(r) is obtained.

3.3. Extension of NMPC considering robustness

To enhance robustness against modeling errors in NMPC and improve the stability of inputs when
discrete state and input jumps occur, an augmented system is constructed by incorporating the input
derivative & as a new state. This approach, as proposed by Onodera et al. and Murayama et al. [39, 40],
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treats the input as part of the state. Two types of discrete jumps must be considered: (a) jumps induced
by minor collisions during walking (excluding swing leg collisions that trigger stance leg switching) and
(b) jumps resulting from the control strategy in our approach, where the control input immediately after
stance leg switching is designed to cancel the impact in the first step, followed by a transition to NMPC
in subsequent steps. In both scenarios, the state—input relationship undergoes rapid changes, which can
cause instability and potential divergence in NMPC. The incorporation of an integrator into the aug-
mented system improves the numerical stability of NMPC even under these discrete jumps, thereby
preventing optimization divergence and facilitating smoother walking motion.

The augmented system, which includes the input as a state for the five-link walking robot considered
in this study, is expressed as:

Cy+1D ] [ @+ ys()AT ]
w(i+1) Y@@ +y,(HAT
yi(i+1) yi(0) +ys(DAT
ya(i+1) Y4 + yo(DAT
ys(i+1) ¥5(D) + y(DAT
Yoli + 1) yo(i) + 6, (D AT

, yii+1) yi(i) 4+ 62() AT 007 . .
D= ey | T o+ doar +[ D }"(’)’

yoli +1) yo(i) + Gu(i) At
yioi+1) yio(i) + Bs(D) AT
w(i+1) uy (i)
ur(i+1) (i)
us(i+ 1) us (i)

LwG+1D ] [ o) J

=f(x(0)) + gu(i), (16)

where y, (i), ¥.(7), . . . , ys(i) are the output angles of the robot’s links, ys(i), y;(i), . . . , y10(i) are the output
angular velocities of the robot’s links, and (i) = [it, (i), t1,(i), it3(i), it4(i)]" is the vector of the time
derivative of the robot’s inputs at i-th step of the prediction horizon. D is defined as:

At 0 0 0
0 At O 0
D=4 0o ar o | a7

0 0 0 At

é(i) =16,3), 6,(i), 65(i), 6,(i), H5(i)]" is the vector of the robot’s angular acceleration at i-th step of the
prediction horizon given by:

(i) =M (q(D)(Su(i) — H(q(i), §(i))). (18)
In this case, the objective function is defined as:
J = @x(N),y,(N)) + X' Lx(i), a(i)) AT, (19)
where
1
PE(N),y,(N)) = 50’(1\’) =Y/ (N)'S;(N) — y,(N)), (20)
1
L(x(), (i), y (i) = E(v(i) —y,())'Q() — y, (D)
|
+ Eu(l) Ru(i), 21

https://doi.org/10.1017/50263574725103020 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574725103020

10 Yuta Hanazawa et al.

y,(i) is the vector of the desired output values. The Hamiltonian is defined as:
H(x(@), (i), A + 1)) ;= L+ A" + D(f(x(D)) + gaa(i)). (22)

From Eq. (23), the necessary conditions for optimality are obtained as follows:

oH .. . T
5:u @OR+A(+ g, (23)

=0. (24)

Therefore, the optimal control input @ can be obtained using C/GMRES, and the input vector u to be
used in the real system can be obtained by integrating .

Up to this point, the proposed method was an extension of our previous control law for a rimless
wheel robot to a five-link biped [36]. However, this extension alone resulted in stability issues in the
NMPC, particularly around the time of the swing leg impact. To address this issue, we further introduced
improvements to the control input immediately after the impact (or at the beginning of the walking phase)
and to the prediction horizon in the NMPC, as detailed below.

3.4. Nonlinear cancellation input

For the first step at the start of walking and that immediately following a support leg transition, the input
is not derived from model predictive control but rather calculated as follows:

ut = —(Lgth)"(th —yh), (25)
where vt =[0, 0, 0, 0]". Leveraging the robot’s dynamics, L,Lsh and Ljfh are determined as follows:
L,.L:;h=CM™'(q)S, (26)
Lih=—-CM ' (@H(q. ) 27
and C is given by the following matrix:
-1 1 0O 0 O
O -1 1 0 0
C —
0 0O -1 10
0 0 0 0 1

This input is designed solely to cancel out gravitational, centrifugal, Coriolis, and inertial forces
and does not contribute to correcting the robot’s state toward the target trajectory. While this is not
the optimal input, the control performance should not degrade significantly as long as the robot’s state
immediately after the support leg transition remains close to the target trajectory.

3.5. Design of prediction horizon function

In NMPC, it is necessary to set a prediction horizon. In our NMPC, the prediction horizon is defined by
the following function:

(Towax — Tin)(1 — cos (27r5))

> )
where T,,;, and T, are the minimum and maximum values of the prediction horizon, respectively. Then,
s is obtained as:

T(S) = Tmin + (28)

0, —0F

0,):= s
s(6,) PR

(29)
where 0, = (6, + 6,)/2 is the angle of the virtual support leg, and 6 and 6. are the angles immediately

before and after the swing leg collision (after the support leg exchange), respectively. Here, s is referred
to as the virtual time, and it is a variable determined by the robot’s state, independent of real time [41].
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The virtual time, s, is 0 immediately after the support leg transition, and it increases monotonically,
reaching 1 just before the next support leg transition. Using this function, the prediction horizon changes
as shown in Figure 6. Immediately after the support leg transition, the robot’s dynamics change abruptly
owing to leg collision; therefore, the prediction horizon should be kept short. However, during the middle
of the stance phase, where the dynamics change more gradually, a longer prediction horizon is preferable.
In the latter half of the stance phase, where swing leg collisions occur, the prediction horizon should be
kept as short as possible. To meet these requirements, a prediction horizon function that depends on this
virtual time was designed.

3.6. Design of desired trajectories

Generating a stable limit cycle requires a periodic trajectory for the NMPC to track. This paper intro-
duces a virtual constraint, represented as a Bézier curve, depending on a virtual time, as proposed by
Westervelt et al. [22, 41]. The introduction of this virtual constraint ensures that the robot’s motion is
realized independently of real time. This approach simplifies the design of optimal trajectories for sta-
ble periodic walking. Furthermore, trajectory optimization can be performed within the framework of
HZD [22]. For simplicity, we did not optimize the virtual constraint trajectory; instead, we determined
it through a trial-and-error approach. Controlling the torso angle (6;), relative angle of the support leg’s
knee joint (y), relative angle between the support leg and the swing leg’s hip joints (¢), and angle of the
swing leg’s knee joint (17). The desired relative angle between the support and swing legs, ¢,(s) and that
of the swing leg’s knee joint, 1,(s), are designed using Bézier curves with the virtual time parameter, s,

as follows:
M
M!
Puls) = Z o w9 (30)
M M!
n4(s) == Z a;’msl(l ) (31

=0

where o« and «]'(s) are the control points that determine ¢,(s) and 1,(s), respectively. The designed
Bézier curves are shown in Figures 7 and 8. Moreover, the torso angle was set to 05, = 0.05 rad and
the knee angle of the support leg to y, = 0.2 rad. For simplicity, these two angles were assigned fixed
values based on the assumption that they do not vary significantly during walking. However, it is also
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Figure 7. Desired trajectory of the thigh of swing leg at af =m/7, af =0, of = —n/7, af = —7/7,

ol =—n/T, al =—n/7, &l = —7/7, and of = —7/7.

possible to define their continuous trajectories using Bézier curves. The details of y (i) are then obtained

as follows:
_ 0 _
Vi@ — Va
Y2(i) + ¢u(s)
Y3(@) + na(s)
Osq
. 0
y ()= . (32)
Ys(D)
~ . 0y(s) ds 00,
YO+ =0
. 0ng(s) 0s 30,
N R
— O -

4. Walking analysis

To demonstrate the effectiveness of the proposed method, its walking performance is compared with
that of a conventional OZC approach through numerical simulations.

4.1. Details of analysis

4.1.1. 0ZC

First, we briefly explain the OZC method employed in this study. The inputs and outputs are linearized,
and the input obtained via proportional-derivative control is used as the new input. The input required
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Figure 8. Desired trajectory of the knee of swing leg at ag =0.2, a] =7/1.5, a) = —7/3, & =0.2,
;=02 al=02 o/ =02, and a] =0.2.
for output zeroing is given by:

u=—(LLh)"(Lih —v), (33)

where v = [v,, v,, v3, v4]" is the new input vector. The elements of v are then obtained as follows:

vi=—Kp (0, =0, +y.) — KDl(éZ - él), (34)
K0 — 02+ a(s)) — Kon (s — p + 2248) 05 06, (35)
V= — — s)) — - —_ ],
2 (63 — 0, d p|0:—0, 3s 90, o1
. . ony(s) as 00,
V3 = —Kp3(64 — 03 — 14(s5)) — Kp3 (94 —0; — n{;]s 390, o1 ) s (36)
Vs = —Kpy(05 — 0s4) — KD4éS- (37

The gains were set as Kpy = 6000, Kp =600, Kp, =8000, Kp, =800, Kp; =8000, Kp; =800,
Kpy =9000, and Kpy = 900. These relatively high gains were set to enhance convergence to the desired
trajectory.

4.1.2. NMPC

The design parameters used in the NMPC are presented in Table I. The weights of NMPC are then set
as follows. The terminal weights are set as S; = diag[0, 6x10°, 20x 10°, 15x10°, 10x10°%, 0, 11x 10,
85x10, 5x10?, 8x10%, 0, 0, 0, 0]. The state weights in the stage cost are set as Q = diag[0, 45x10°,
18x10°, 13x10° 96x10°, 0, 105x 10, 82x10, 45x10, 75x10, 0, 0, 0, 0]. The input weights in the
stage cost are set as R = diag[6x 1072, 15x1073, 8x1072, 2x 1072]. These NMPC parameter settings
need to be determined through a trial-and-error process; however, tuning some of the parameters may
potentially benefit from the methods described in reference [42].
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Table I. Control parameters for NMPC.

- Symbol Value Unit
Max value of the prediction horizon T nax 3.0 x 1072 S
Min value of the prediction horizon T in 1.5 x 1072 S
Number of divisions in the prediction horizon N 4 -
Sampling period (= control cycle) At 1.0 x 1073 S
Parameter for the continuous deformation method ¢ 1/At -

Max number of iterations Kinax 4 -
Time difference for forward differential approximation ot 1.0 x 1078 s
Allowable limit of error er 1.0 x 1072 -

Table I1. Physical parameters for the
five-link biped robot.

Symbol Unit Value
m kg 0.4
m, kg 0.4
m; kg 1.8
my kg 0.1

I8 m 04

l, m 0.4

I; m 0.6
a m L,/2
a, m L)2
as m /2
b, m 1,/2
b, m 5,/2
bs m /2
I, kg-m? mB/12
L kg-m? myl2/12
L kg-m? myl2/12
g m/s? 9.81

4.1.3. Simulation setup

The physical parameters of the robot used in the numerical simulations are listed in Table II. The sim-
ulation comprises of MATLAB 2024a, Ryzen 9 9950X processor, 64 GB RAM, and Windows 11.
The walking pattern established using these parameters is considered steady walking from the 15th
step onward. The robot’s walking speed and SR value, an index for evaluating energy efficiency, were
calculated using walking data from the 15th to the 25th steps. The SR is defined as:

14
Mgv,’
where p [J/s] is the average input power, M [kg] is the total weight of the robot, and v, [m/s] is the average

walking speed of the robot. For the five-link bipedal robot used in this study, p can be calculated using
the following equation:

SR := (38)

1 T . . . . . . . .
P=7z / (|1 (62 — 0| + |u2(05 — O5)| + [u3(64 — 03)] + |ua(05s — 62)])dt,
t JOo

where T, [s] is the total walking time.
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Figure 9. Variations in the torso angle during OZC-based walking with respect to time.
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Figure 10. Variations in u, during OZC-based walking with respect to time.
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Figure 11. Variations in ¢ during OZC-based walking with respect to time.

4.2. Walking under ideal environments

4.2.1. OZC-based walking

First, the walking pattern using the conventional OZC method is presented. Figures 9—16 show the
time-dependent changes in 6s, uy, ¢, u,, 1, us, y, and u, obtained during steady-state walking using
the OZC-based approach in ideal environments, respectively. Evidently, the OZC method ensures that
the robot strictly adheres to the desired trajectory. However, spike-like torques are observed at each input,
occurring immediately after the support leg is switched. Figures 17 and 18 show the errors between
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Figure 12. Variations in u, during OZC-based walking with respect to time.
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Figure 13. Variations in n during OZC-based walking with respect to time.
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Figure 14. Variations in us; during OZC-based walking with respect to time.

the desired values, ¢,, 14, and the actual values during steady-state walking using OZC, respectively.
Immediately after the collision, the system deviates from the target trajectory but quickly converges
back to it. Figures 19 and 20 show the phase diagrams of ¢-¢ and -7, respectively, during steady-state
OZC walking. These figures confirm the formation of a limit cycle. The average walking speed with this
OZC-based approach was 0.829 m/s, and the SR value was 1.442.
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Figure 15. Variations in y during OZC-based walking with respect to time.
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Figure 16. Variations in u, during OZC-based walking with respect to time.
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Figure 17. Variations in the error between the target value (¢,) and the actual value during OZC-based
walking with respect to time.

4.2.2. NMPC-based walking

Subsequently, the walking performance using the proposed NMPC method was analyzed under the
same conditions. Figures 21-28 show the time-dependent changes in 6s, u4, ¢, u,, n, us, y, and u; dur-
ing NMPC-based steady-state walking under ideal environments, respectively. Evidently, NMPC-based
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8.5 9 9.5 10 10.5 11
Time [s]

Figure 18. Variations in the error between the target value (1,) and the actual value during OZC-based
walking with respect to time.
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Figure 19. Phase diagram of ¢ and ¢ during steady-state OZC-based walking.
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Figure 20. Phase diagram of n and 1 during steady-state OZC-based walking.

walking also converges to the desired trajectory, similar to OZC. However, unlike the walking achieved
with OZC, no spike-like torques are generated, and the torque transitions smoothly.

Figures 29 and 30 show the errors between the target values, ¢,, 1,, and the actual values during
NMPC-based steady-state walking, respectively. As shown in these figures, the proposed NMPC-based
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Figure 21. Variations in the torso angle during NMPC-based walking with respect to time.
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Figure 22. Variations in u, during NMPC-based walking with respect to time.
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Figure 23. Variations in ¢ during NMPC-based walking with respect to time.

walking demonstrates trajectory-tracking performance comparable to that with high-gain OZC, suggest-
ing the potential feasibility of HZD-based trajectory optimization. Figures 31 and 32 show the phase
diagrams of ¢-¢ and n-7), during NMPC-based steady-state walking, respectively. These figures indi-
cate that a limit cycle is also formed during NMPC-based walking. The average walking speed with the
NMPC-based method was 0.832 m/s, and the SR value was 1.177. Thus, the proposed walking method
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Figure 24. Variations in u, during NMPC-based walking with respect to time.
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Figure 25. Variations in n during NMPC-based walking with respect to time.
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Figure 26. Variations in us; during NMPC-based walking with respect to time.

achieves a similar speed and convergence to the desired trajectory to OZC-based walking approach,
while significantly improving energy efficiency.

4.3. Walking in an environment with disturbances

4.3.1. OZC-based walking in disturbances

The previous analysis examined walking under ideal conditions without disturbances. This section eval-
uates walking performance in an environment with disturbances, which were modeled as random torques
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Figure 27. Variations in y during NMPC-based walking with respect to time.
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Figure 28. Variations in u, during NMPC-based walking with respect to time.
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Figure 29. Variations in the error between the desired value (¢,) and the actual value during
NMPC-based walking with respect to time.

following a normal distribution (with the disturbance torque defined as 24 times the result of MATLAB’s
randn function), applied to each joint for 1 ms every 50 ms. Figures 33—40 show the time-dependent
changes in 0s, uy, ¢, uy, n, uz, v, and u; during OZC-based steady-state walking in an environment
with disturbances, respectively. Figures 41 and 42 show the errors between the target values, ¢,, n,, and
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Figure 30. Variations in the error between the target value (n,) and the actual value during
NMPC-based walking with respect to time.
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Figure 31. Phase diagram of ¢ and ¢ during NMPC-based steady-state walking.
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Figure 32. Phase diagram of n and 1 during NMPC-based steady-state walking.
the actual values during OZC-based steady-state walking in an environment with disturbances. Even
in the presence of disturbances, high-gain OZC ensures strong tracking performance with the desired

trajectory. However, the torque waveforms exhibit significant spikes, which are expected to considerably
impact energy efficiency. Additionally, generating such large torques in practice is challenging, raising
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Figure 33. Variations in the torso angle during OZC-based walking in disturbance environment with
respect to time.
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Figure 34. Variations in u, during OZC-based walking in disturbance environment with respect to time.
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Figure 35. Variations in ¢ during OZC-based walking in disturbance environment with respect to time.

concerns about the feasibility of this approach. Figures 43 and 44 show the phase diagrams of ¢-¢ and
n-1, during OZC-based steady-state walking under disturbances, respectively. Although the disturbances
cause the robot’s state to deviate from the limit cycle, it quickly converges back to the original trajectory.
The average walking speed for the OZC-based approach under disturbances was 0.829 m/s and the SR
value was 1.979. While the walking speed is almost the same as when there are no disturbances, energy
consumption increased substantially, leading to a significant reduction in energy efficiency.
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Figure 36. Variations in u, during OZC-based walking in disturbance environment with respect to time.
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Figure 37. Variations in n during OZC-based walking in disturbance environment with respect to time.
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Figure 38. Variations in u; during OZC-based walking in disturbance environment with respect to time.

4.3.2. NMPC-based walking in disturbances

Figures 45-52 show the time-dependent changes in 6s, uy, ¢, u,, n, us, y, and u; during NMPC-based
steady-state walking in the disturbance environment, respectively. Figures 53 and 54 show the errors
between the desired values, ¢,, 1,4, and the actual values during NMPC-based steady-state walking in
the disturbance environment respectively. The proposed NMPC-based control achieves a level of con-
vergence to the desired trajectory comparable to high-gain OZC. Additionally, no sharp torque spikes
are observed, and the maximum torque values remain within realistic limits. Figures 55 and 56 show the

https://doi.org/10.1017/50263574725103020 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574725103020

Robotica 25

0.22

actual

= = =desired

7y [rad]

0191

0.18 - - : -
8.5 9 95 10 105 11

Time [s]

Figure 39. Variations in 'y during OZC-based walking in disturbance environment with respect to time.
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Figure 40. Variations in u, during OZC-based walking in disturbance environment with respect to time.
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Figure 41. Variations in the error between the desired value (¢,) and the actual value during
OZC-based walking in disturbance environment with respect to time.

phase diagrams for ¢-¢ and n-7 during NMPC-based steady-state walking under disturbances, respec-
tively. Although the disturbances cause the robot’s state to deviate from the trajectory, the state gradually
converges back to the original trajectory, unlike in the case of OZC-based walking. The average walk-
ing speed using the NMPC-based control was 0.834 m/s and the SR value was 1.287. In conventional
OZC-based walking, energy efficiency significantly deteriorates in disturbed environments. However,
the proposed NMPC-based walking substantially mitigates this issue.
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Figure 42. Variations in the error between the target value (1,) and the actual value during OZC-based
walking in disturbance environment with respect to time.
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Figure 43. Phase diagram of ¢ and ¢ for OZC-based steady-state walking in disturbance environment.

30

20 1

10 1

# [rad/s]

or

02 04 06 08 1 12
n [rad]

Figure 44. Phase diagram of ) and 11 for OZC-based steady-state walking in disturbance environment.

4.4. Overall comparison

To measure the computation time of NMPC and OZC, the original MATLAB programs were converted
to C using MEX files, and the computation time per input was evaluated. The average computa-
tion times were approximately 0.32 ms for NMPC and 0.026 ms for OZC. Although the computation
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Table I11. Walking performance.

Walk type Speed (m/s) SR Calc. time (ms)
ozC 0.829 1.442 0.026
OZC with disturbance 0.829 1.979 0.026
NMPC 0.832 1.177 0.32
NMPC with disturbance 0.834 1.287 0.32
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Time [s]

Figure 45. Variations in the torso angle during NMPC-based walking in disturbance environment
with respect to time.

20 1
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8.5 9 95 10 105 11
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Figure 46. Variations in u, during NMPC-based walking in disturbance environment with respect
to time.

time for NMPC is longer than that of OZC, it remains practical even for fast robot control cycles
(approximately 1 ms). The results are summarized in Table III. Therefore, the proposed NMPC-based
method achieved a walking speed and convergence to the desired trajectory nearly identical to that of the
OZC-based approach, with a significant improvement in energy efficiency, particularly in the disturbed
environment.

Furthermore, Figures 57 and 58 show the walking speeds of OZC and NMPC-based walking under
conditions without and with disturbances when the desired torso angle is varied. Figures 59 and 60
present the SR of OZC and NMPC-based walking with respect to the desired torso angle in these con-
ditions. Additionally, Figures 61 and 62 show the SR of OZC and NMPC-based walking with respect
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Figure 47. Variations in ¢ during NMPC-based walking in disturbance environment with respect to
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Figure 48. Variations in u, during NMPC-based walking in disturbance environment with respect to
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Figure 49. Variations in n during NMPC-based walking in disturbance environment with respect to

time.

to the walking speed in these conditions. It can be observed that the walking speeds of OZC and NMPC
remain similar at the same desired torso angle, regardless of the presence of disturbances. However,
the SR values of NMPC are consistently lower than those of OZC for all desired torso angles (or the
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Figure 50. Variations in u; during NMPC-based walking in disturbance environment with respect
fo time.
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Figure 51. Variations in y during NMPC-based walking in disturbance environment with respect
to time.
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Figure 52. Variations in u, during NMPC-based walking in disturbance environment with respect
fo time.

walking speed according to the torso angles), with this trend becoming more pronounced in the presence

of disturbances. Therefore, the proposed method achieves energy-efficient walking not only locally but
also in terms of global walking speed.
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Figure 53. Variations in the error between the desired value (¢,) and the actual value during
NMPC-based walking in disturbance environment with respect to time.
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Figure 54. Variations in the error between the target value (n,) and the actual value during
NMPC-based walking in disturbance environment with respect to time.
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Figure 55. Phase diagram of ¢ and ¢ for NMPC-based steady-state walking in disturbance
environment.

5. Conclusion and future works

This paper presented an NMPC-based method for generating limit cycles suitable for bipedal walking,
and the mechanism for generating limit cycles was explained in detail. Specifically, it uses the pro-
posed NMPC to attract the robot’s state to a virtual constraint trajectory based on the support leg angle.
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Figure 56. Phase diagram of n and 1 for NMPC-based steady-state walking in disturbance environ-
ment.
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Figure 57. Walking speeds for OZC and NMPC steady-state walking with respect to 0s,.
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Figure 58. Walking speeds for OZC and NMPC steady-state walking in disturbance environment with
respect to 0s,.

To demonstrate the effectiveness of the proposed method, numerical simulations were conducted to
compare it with the conventional OZC method. The results showed that the proposed method not only
exhibits convergence to the desired trajectory similar to the conventional method but also offers sig-
nificant advantages in terms of energy efficiency. In particular, our approach demonstrated substantial
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Figure 61. SR values for OZC and NMPC steady-state walking with respect to walking speed.

improvements in environments with disturbances, successfully mitigating their impact on energy effi-
ciency. Additionally, the computation time required by the proposed method was analyzed, and it was
confirmed that the calculations can be performed within a practical control cycle. Although this study
did not explore trajectory optimization, the convergence to the target trajectory was comparable to that of
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Figure 62. SR values for OZC and NMPC steady-state walking in disturbance environment with respect
to walking speed.

high-gain OZC, suggesting that HZD-based optimization is feasible. Therefore, future work will focus
on trajectory optimization using HZD and extension of the method to three-dimensional walking by
incorporating coronal plane motions.

Supplementary material. The supplementary material for this article can be found at https://doi.org/10.1017/
50263574725103020.
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Appendix
Details of the model
The components of matrices M(q), C(q, q), and G(q) are as follows, where H(q, q) = C(q, ¢) + G(q),
M,; denotes the (i, j)-th component of M(q), C,; denotes the i-th row component of C(q, ¢), and G;
denotes the i-th row component of G(q).
M., =1 +am, + Emy +26my + Bms + Bmy,
M., =1, cos (0, — 0,)(aymy + Lmy + bmy + Lms + Lmy,)
M3 = —1, cos (6, — 03)(bym, + Lmy)
M.y = —bilym, cos (6, — 04)
M. s = aslyms cos (6, — 65)
My =1, cos (0, — 0,)(aymy + Lmy + bmy + Lms + Lmy,)
Moy =15+ am, + Lmy + Emy + Lms + Bmy,
M3 = —1, cos (6, — 03)(bym, + Lmy)
M 24 = —bilym, cos (6, — 6,)
M 25 = azlyms cos (6, — 65)
Mz = —1; cos (6, — 6;)(bym, + Lm,)
M 3 = —1, cos (6, — 6;)(bym, + Lmy)
Mo =1+ bgmz + liml
M4 = bil,m, cos (05 — 6,)
Mgs=0
M.y = —b,lym, cos (6, — 0,)
M. 4, = —b,l,m, cos (6, — 6,)
M. 43 = b,lym, cos (65 — 6,)
My =1+ b%ml
Mus=0
M. s, = azl,mj; cos (6, — 65)
M5, = asl,m;z cos (6, — 0s)
Mr53 = 0
Msy=0
M;ss =1+ a§m3
C.i = 1,(a,02m, sin (0; — 6,) + az02my sin (0, — 65) — b,62m, sin (6, — 6,) — b,62m, sin (6, — 6;)
+ 02Lm, sin (6, — 6,) + 62L,m, sin (8, — 6,) + 02L,my sin (6, — 6,)
— 62L,m, sin (6, — 65) 4 621,my, sin (6, — 6,))
C.y = a302yms sin (0, — 65) — a,021,m, sin (6, — 6,) — 62Lm, sin (0, — 63) — b,021,m, sin (6, — 6,)
— b,02Lym, sin (6, — 65) — 21, Lm, sin (6, — 6,) — 621, L,m, sin (6, — 6,)
— 021, L,my sin (8) — 6,) — 621, Lmy, sin (6, — 6,)
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Cos = 62Bm, sin (6, — 6;) + by02L,my sin (6, — 65) + b,02Lm, sin (6, — 63)
+ b 62Lym, sin (85 — 6,) + 621, Lm, sin (6, — 65)

C.y = bym (21, sin (8; — 6,) + 621, sin (6, — 6,) — 621, sin (65 — 6,))

Ces = —asms (671, sin (6, — 65) + 61, sin (6, — 65))

G, =—gsinb(aym; + lim, + 2lymy + lyms + [ ymy,)

G, = —gsinO,(aymy + Lymy + Lmy + Lms + l,my,)

G.; = g sin 05(bym, + Lymy)

G =bym, sinb,g

GcS = —dasmy sin 95g
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