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On Toda's fibrations

BY BRAYTON GRAY

Department of Mathematics, University of Illinois at Chicago

{Received 11 April 1984; revised 5 July 1984)

In 1956 Toda[5] introduced two fibrations localized &tp > 2:

where S^p_X) is a subcomplex of the James construction S2^. The construction of H'
was somewhat difficult and was discussed by Moore (see [3]). Moore's definition how-
ever is not natural (in the sense of Theorem 1 (b) below). It is our purpose to give another
definition, closer to Toda's original definition, which is natural, is an H map* and
behaves well with respect to the Dyer-Lashof map A: E2>p -*• Q(S°). We use this to
settle an unanswered question in [2].

THEOREM 1. Localize at a fixed prime p > 2. Then there is a map H':
p-i such that

(a) the fibre of H' is homotopy equivalent to $2n~x.
(6) For each mapf: S2n-1 -> S2"1"1, there is a homotopy commutative diagram:

(c) H' is an H map.
{d) Let B be the localization of BT,p. If q = 2{p-l), A^"*"1) c

Proposition 11), and we have a homotopy commutative diagram:^

H'

ff^ {see [2],

where j is the projection onto the top cell.

* We wish to thank Fred Cohen for suggesting that this might be true,
t Here and throughout we use the same symbol for a map and for any of its ad joints or

restrictions, provided no ambiguity can arise.
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(e) The composite

as2**-1

BRAYTON GRAY

ns w

is the loops on the degree p map.
We remark here that by [2], Proposition 11,

W

homotopy commutes for anybody's choice of H'. This is not however as strong as (d).
As an application of i{d), let us recall the elements Xr g constructed in [2]. Xr>86

7rng_2+2r+i('Sr2r+1) where n = r + s and s > vp(ra). We showed there that H(Xr B) = 0 iff
rp-2 5= vp(s) and H'(XrB) = as when r p - 4 Js ̂ (s). We failed to calculate H'(Xr8)
when rp — vp(s) = 2 or 3.

COROLLARY 2. Ifrp-vp(s) = 3, H'(Xrs) = a8.
In the case rp — vp(s) = 2, a8 is not defined on 82rp~1 but we conjectured then and

still do that H'(Xr8) = as{vp(s)).

1. The construction of H' is based on two general phenomena. First, given a fibration

and a map f:E -> X such that / |
so that the diagram

*, we may construct a 'colifting'F -*• E

I: ClB -

( i )

commutes up to homotopy. This is easily seen since QJB ~ Q. (E; F, *).
The second construction involves (X, A)x, the combinatorial model for the fibre of

the pinch map /i:X\j CA -*• SA [1]. We need three facts about this construction:
(i) There is a Hopf invariant H2: (X,A)X -> (X A A)^ which is natural for maps of

pairs and agrees with the James-Hopf invariant H2 when X = A (see [1], theorem 7-2).
In particular there is a commutative diagram

(X, A)o

(2)

(A A A)o (X A A)o

where i± and i2 are the induced inclusion maps.
(ii) The map »x: A^ -> (X, A)m fits into a fibre sequence (see [I], lemma 4-1):

... > ^4oo-̂ -> ( I , i L - ^ I u C 4 - " - + 8 A .
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(iii) There is a map X x A -> (X, A)K so that the diagram
V

^—- (X,A)2 , A)o

(3)

A A A i i ) 0

commutes, where j is the obvious quotient map and i is the inclusion (see [1], theorem
7-2).

Now consider the composition

where i is the obvious inclusion. This map is inessential when restricted to Ami by the
commutative diagram (see (2)):

(X, A)m ^ *• (X A A)^—-—*• ((X U CA) A

(2-5) (», A l)oo

since i3: A -*• X u C.4 is inessential. Consequently we may define a colifting

I: Q(X U CA) -> Q((Z U CA)A A)m

and we have a commutative diagram
Q(X U CA)-1—«.Q((X U CA)

(4) flpco

C1H,

Let us now consider the James construction Zx ~ Q.8Z in case Z = SY. In this
case we have

where y^t/S^^F*"1' -> (<SF)(i._2) is natural in Y. Let us apply diagram (4) with
X = (<Sfr)te_2> and A = 8k~2y<*-« to get the diagram:

*-!, A

(4-5)

QU,
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Now suppose that k > 2, so that Sk~2 y(*-u is a suspension. Then we may define an
evaluation map

>-^SYASk-e:

Now define
3 =

H is natural in the sense tha t for all f:Y -> Y' we have a commutative diagram:

(5)

We are interested in the case Y = S2™'1 and need to combine H with a suitably
natural retraction.

LEMMA 3. Localize away from 2. Then one may choose retractions <j>n: QS2n -> S2n~l

which are natural in the sense that, iff: S271"1 -> /S2"1"1, <Ae diagram

.S2n-l

nsf

QS2m-
homotopy commutes.

Proof. There is a homotopy equivalence

(localized away from 2), given by adding the inclusion S2*1*1 -»- QS2n and fin =
Q[t, t ] : fi^4""1 ->• Q*S2n using the H space structure of Q.S2n. Now each of these maps
is natural , i.e. the diagrams

AnQS2n

QS/xOSf ns/ as/ A / ns/

A™

n-s/

each commute. Thus en is natural in the same sense. Since en is an equivalence, its
inverse is natural. Define <j>n to be the first component of (en)~

x.
Let us introduce here some notation that will be used throughout. We write

F = (S$-2),S'i*Uc-v>-1)ao. With this notation, the fibre sequence (ii) becomes
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In summary, we have:

PEOPOSITION 4. Localize away from 2. Then there is a Toda-Hopf invariant:

Hi:
satisfying*:

(a) (Naturality) Iff: S211'1 -> JS2"1"1, we have a homotopy commutative diagram:

«(/)<*-!> OS*"1/*

(fc-1)

(6) There is a map g: 2^_2 -> S2"*-1 such that the diagram

"°fc-l

npoo

homotopy commutes.

Proof. Define H'k = O<f>nk-3 with F = S2"-1.
(a) follows from (5) and Lemma 3. For (b), take g to be the composite

and apply (4-5) and the definition of H'k.

2. In this section all spaces will be localized at a fixed prime p > 2. All groups will be
implicitly considered as modules over the p-local integers, and all spheres and cells
will be so localized. We will write F for Fp^ and H' for H'p.

Using the Serre spectral sequence, one easily sees that

(6) #* W - u ) - Me2n-i) ® DP(xinP-2)
- the tensor product of an exterior and a divided power algebra. In particular, the
(2n(p + 1) — 4)-skeleton of a minimal cellular approximation to Q S ^ , ^ is K = S2""1 U
e2nP-2 Let i: JT -* 08$.» be the inclusion.

PROPOSITION 5. There is a lifting 6: K ->• OF in the diagram:

OF

LEMMA 6. Suppose k and s are even and H8 = QJSk+1 -> O8stc+1 is the James-Hopf
invariant. Then 0 = OH8e [Q2/Sfc+1, Q.2Sks+1].

* Other formulas seem likely, e.g. H'kl = H'k • QH,, but we have no proof.
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Proof of Lemma 6. By naturality, we have for each map A: 8k ->• Sk a commutative
diagram

—^—*. asks+i.

+1-

Suppose now that deg A = d. We claim that for all X (CISA)*: [X, QS^1] -+ [X, QSk+1]
is multiplication by d. This homomorphism is the same as (#A)*: [SX, Sk+1] ->
[ S X , ^ 1 ] . Far«e[SX,<S*+1], 8((8\),(u)) = (-SA-M)A 1 = 8(u)-(diA 1) = £(i*)(lA<Zt)
= d(S(u)). Since ifc is even 8: [SX, S^1] -> [S2X, 8k+z] is 1-1 by Serre[4] or Lemma 3.
Thus (SA)* (u) = du. Now Q,H8 is a homomorphism, so (da-d) • QH8 = 0. Choose A
with d = — 1. Since s is even, 2 • £lffs = 0, hence £IHS = 0.

Proof of Proposition 5. Localize the following diagram involving the James-Hopf
invariant Hp_1:

g2n(p-i)

and insert the loops on this diagram into the following:

K

The left hand sequence is the cofibre sequence for K. g exists because (Cij) • i^n-i ~ *.
A exists because QHp^ ~ *. Since ^ ( Q ^ 2 ^ - 1 ^ 1 ) = 0, h ~ *. Thus gen^p^S2^-^)
and 8g ~ *. However, 2np— 1 < £n(p— 1)— 1), so this group is stable and g ~ *.
Thus (Dj) • i ~ * and the lifting 0 exists.

Proof of Theorem 1 (a). Apply the Serre cohomology spectral sequence to the fibra-
tion equivalent to H'. Using (6) it is clear that it suffices to prove that (H')* is an
isomorphism from H*(QSinp~1) onto DP(x2np_2). This will be the case if it is true in
dimension 2np — 2, since (H')* is a ring homomorphism. Thus it suffices to show that
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is onto (for both groups are free of rank 1). Since (£20) and
suffices to show that

295

are retractions, it

is onto. Using (4-5), this reduces to showing that

(Off,)*: Hinp_2(ClF) -> ^ 2 n p

is onto. To this end we consider the suspension diagram:

g-,) A

The suspension on the right is an isomorphism by the Hurewicz theorem. To show that
the same is true for the suspension on the left, we apply [5], theorem 5-1 to verify that

lp), r = 2np-l

r < 2n(p +1) — l , r 4= 2np— 1.

Thus we may choose a cellular model for F in which the 2n(p+\)-2 skeleton is
Sfp-2) U e2np-1. Our task is then reduced to showing that

is an isomorphism. This follows directly from the Serre spectral sequence for the loop
space fibration.

We have now reduced our problem to that of showing that (#2)* *8 on*° m dimension
2np— 1. Using (3) we have:

IJ ((g ^ o o )

)-n — *• H lSin A S2nl'p~l'>~1)

In this diagram, i+ andj* are clearly isomorphisms; hence (#2)* & onto and we are
done.

PROPOSITION 7. There is a homotopy equivalence

Proof. Following Moore (see [3]), we construct from 8:K-> QF and the H-space
structure on QF, maps 8m: Km -> OF (Cartesian product!). Define

d: V Km

711 = 1

= 6m. Thus the composition Qp^ • 5: Vm=i -^m ->• ^ ^ - i ) is onto in homology
since 1: K-+Q8%2_ 1} is onto the indecomposables in homology. Consider now /S(Vm=i-̂ "1)-
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Since the suspension of a product breaks up as a wedge and KA K is a wedge of
spheres (see [3]), we may choose a subcomplex L c 8(\/£=lK

m) such that

is an isomorphism. In other words, SClSfp.-y is a retract of 8(\/%=1K
m), and in parti-

cular there is a map h:SQSfS^ -+ S(V™=iKm) such that 8{Q.pm-d)-h= 1. From the
diagram

we see that the adjoint of £ is a right inverse to Q-p^. Thus the fibration splits as a
product, and we are done.

I t is possible that a similar result holds for Fp*_v The analogue of Proposition 5
may be carried through where K is an appropriate skeleton.

COROLLARY 8. Let X be any space and f: X -*•
- i . Then the diagram

-i) any map. Let k = H'f: X

nsx
homotopy commutes*, where £lf and Qg are the loops on the adjoints off and g.

Proof. Combine the lifting £ of Proposition 7 with the diagram of Proposition 4 (6):

USX - • ««?»_„ = QS™*-1,

where r = £ •/. Thus the diagram of the corollary commutes for some map k' :SX •
J Ok'

#2np-i However k' is the adjoint to the composition X > Q.SX > Q#2n*>-\ and
since H' • D.f-1 = H'' •/ = k, we are done.

Proof of Theorem 1 (6). This is a special case of 4a with k = p.

• Thus H' acts as if it was a loop map.
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Proof of Theorem 1 (c). Using Proposition 4 (6) and 7, we have a diagram

Qpooxflpco H'xH'

QF x CIF

297

H'

in which the outside and left rectangles commute up to homotopy and the right
rectangle is in question. Since Qpm x Q.p^ has a right inverse (£ x £), we are done.

Proof of Theorem 1 {d). Apply Corollary 8 with X = Szn-igng-i and / = A.

Proo/ o/ Theorem 1 (e). Apply Corollary 8 with X = S2^-2 and / the composite
t as

Proo/ of Corollary 2. Referring to [2], let us suppose that rp — vp(s) = 3. Then the
composite

^S i?« = a«- i a i ^y [2]> theorem 8(6), which is inessential by [2], theorem 12 (e); conse-
quently we map construct a coextension c in the diagram

g2rBrq-l

gng+2r-3

as in the proof of [2], theorem 12 (gr). The bottom composite is the adjoint of Xr>8

and H'(Xr a) is thus the adjoint of the composite

c HA H'
Sml+2r-4 ^ n ^ 2 ^ ' - 1 > QiSg.!, > Q/Sf2'*-1.

Now apply Theorem 1 (d). Since H' • £iA = Qj, H'(Xrs) is homotopic to the composite

Now insert this into the diagram

where 7rr is the suspension of the projection B^ ->• Br^/Bf-r~v>q = F'8. Since 7rr •
= j 8 by [2], theorem 8 (d) and <xs is denned solely by the criterion iois = j a , we have
H'(Xrs) = a8 as required.
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