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On Toda’s fibrations

By BRAYTON GRAY
Department of Mathematics, University of Illinots at Chicago

(Received 11 April 1984; revised 5 July 1984)

In 1956 Toda[5] introduced two fibrations localized at p > 2:
"
Szn—l - QS%;-I) _ QS2np—1’

] H
st2np+1 — (g_l) - Q‘gzn-i—l — s QS2np+1,

where 8%5_,, is a subcomplex of the James construction S%*. The construction of H’
was somewhat difficult and was discussed by Moore (see [3]). Moore’s definition how-
ever is not natural (in the sense of Theorem 1 (b) below). It is our purpose to give another
definition, closer to Toda’s original definition, which is natural, is an H map* and
behaves well with respect to the Dyer-Lashof map A: BX, > @(8°). We use this to
settle an unanswered question in [2].

THEOREM 1. Localize at a fixred prime p > 2. Then there is a map H': QS 1) >
Q8291 guch that

(a) the fibre of H' is homotopy equivalent to S2n1,
(b) For each map f: 8§21 —» S2m=1 there is a homotopy commutative diagram:

H Q S2np-1

2n
QS(p—l)

Qf(p-!) Q(SD—IF)
Qs ——— Qe

(¢) H'isan H map.
(d) Let B be the localization of BZ,. If ¢ = 2(p—1), A(BM~) < Q87 _,, (see [2],
Proposition 11), and we have a homotopy commutative diagram:t

’

Qs ——— Qgnp-1

A Q;

QS2n gra-1
where j 18 the projection onto the top cell.
* We wish to thank Fred Cohen for suggesting that this might be true.

t Here and throughout we use the same symbol for & map and for any of its adjoints or
restrictions, provided no ambiguity can arise.
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(e) The composite
agze-1 s gagmons 2, g T g

18 the loops on the degree p map.
We remark here that by [2], Proposition 11,

’

H
QSzn_ | ——w Qg2nP-

S2n—1pgng—1 J » S2ND-2

homotopy commutes for anybody’s choice of H’. This is not however as strong as (d).

As an application of 1(d), let us recall the elements X, , constructed in [2]. X, ,e
Mng—2+2r+1(87 1) where n = r+s and s > v (n). We showed there that H(X, ;) = 0 iff
rp—2 > v,(s) and H'(X, ,) = @, when rp—4 > v,(s). We failed to calculate H'(X, )
when rp—v,(s) = 2 or 3.

CorOLLARY 2. Ifrp—v,(s) = 3, H'(X, ;) = &,

In the case rp —v,(s) = 2, @, is not defined on 8§27~ but we conjectured then and
still do that H'(X, ,) = a,(v,(s)).

1. The construction of H' is based on twogeneral phenomena. First, given a fibration

F > E-’; B and a map f: E -~ X such that f|r ~ *, we may construct a ‘colifting’
l: QB - QX so that the diagram

!
QB—————» QX
(1) Qn Qf
QF

commutes up to homotopy. This is easily seen since QB ~ Q (E; F, *).

The second construction involves (X, 4)., the combinatorial model for the fibre of
the pinch map u: X U C4 - S4 [1]. We need three facts about this construction:

(i) There is a Hopf invariant H,: (X, 4), > (X A 4),, which is natural for maps of
pairs and agrees with the James-Hopfinvariant H, when X = 4 (see [1], theorem 7-2).
In particular there is a commutative diagram

A,— (X, 4),

() ”’ *

(A A A)y—2—> (X A 4),,

where ¢; and i, are the induced inclusion maps.
(ii) The map 3,: 4, - (X, 4), fits into a fibre sequence (see [1}], lemma 4-1):

> Ay s (X, A) —Z> XY CA ——> 8A.
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(iii) There is a map X x 4 p—> (X, 4), so that the diagram

P
Xx A2 (X, 4), — (X, 4),
(3) J H,
\J
XAA = (X, 4),/X > (X A 4),

i
commutes, where j is the obvious quotient map and ¢ is the inclusion (see [1], theorem
7-2).
Now consider the composition

H, i
(X, A)oo — (X/\ A)co E— ((X Y CA)A A)uo’
where 7 is the obvious inclusion. This map is inessential when restricted to 4, by the

commutative diagram (see (2)): '
(X, A)y— o (X A 4),—— (X U C4) A 4),

(2-5) i i (is A oo

o e (4 A A),
since i5: 4 -+ X U C4 is inessential. Consequently we may define a colifting
QX UCA) > QX uCA)nA),,

and we have a commutative diagram
QX U CA -+ QX U CA) A A)y,.

(4) Qpwo Qi

Q

QX, )2 — (X A 4),
Let us now consider the James construction Z, ~ Q8Z in case Z = SY. In this

case we have
(SY ) = (SY )y Uy, O(S*-2Y %),

where y,: S¥2Y%*-D  (8Y),._, is natural in Y. Let us apply diagram (4) with
X = (S8Y)y-p and 4 = Sk-2Y%-D to get the diagram:

l
QS Y)—1y—> QUSY)4yy A SET2YE=D) )
(¢5) o i

QH,
Q(SY) gy, SE2YED) )= Q8 )y A SE2TED),)
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Now suppose that £ > 2, so that §¥-2Y%-D is a suspension. Then we may define an
evaluation map

e: (8Y)g_pn SE2Y %D  (QS2Y)A §E-2Y k=D 5 §Y A Sk—2Y 6D = Sk-1Y®)

Now define
H = Q(e,,) 1: Q((SY)y_p) = QS*1Y®), ~ Q¥SY)®,

H is natural in the sense that for all f: ¥ - Y’ we have a commutative diagram:

Q((SY)e-) Q(SY)®,

(5) QSN QyspH®

H
QUSY ) gy = Q%S Y7y

We are interested in the case ¥ = S27-1 and need to combine H with a suitably
natural retraction.

Lemma 3. Localize away from 2. Then one may choose retractions ¢, : Q82n — S2n~1
which are natural in the sense that, if f: S¥~1 — §2m-1 the diagram

#n

Q§n—T" . g2n-1

Qsf f

QS2m Pm S2m-1
homotopy commutes.

Proof. There is a homotopy equivalence
e,: S¥-1x QSm-1 5 ()§2n

(localized away from 2), given by adding the inclusion §%*-! » Q8% and £, =
Q[e, ¢]: Q841 — QS? using the H space structure of Q8%2", Now each of these maps
is natural, i.e. the diagrams

QS2n XQS2n » QS27L QS4n—l ﬂ" ' QSZ?E SZn—l QS21’L

Q8f xQSf Qsf QSf A f Qsf ! Qss

Y

Q.82m % Q §2M——————-() 27 QS4m-1_.L_.>QSZM Sl () g2m

each commute. Thus e, is natural in the same sense. Since ¢, is an equivalence, its
inverse is natural. Define ¢, to be the first component of (e, ).

Let us introduce here some notation that will be used throughout. We write
F = (SF_g, 82*-0-1)  With this notation, the fibre sequence (ii) becomes

> QD B s §B s Gémik-D),
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In summary, we have:
ProrosiTioN 4. Localize away from 2. Then there is a Toda-Hopf invariant:
H: QS ~ Q81

satisfying*:
(@) (Naturality) If f: 821 — §2m-1_ e have a homotopy commutative diagram:
QS%I?—I) H't Qs2nk—1
Q(n(k—l) QSk—lft
QS%IT—l)—_ﬂ—b Qszmk-l

(b) There is a map g: F,_, - S2%-1 gych that the diagram.:

Q‘Si’il H;: Qs2nk—1

Qpoo Qg

QF,
homotopy commutes.

Proof. Define H;, = Q¢,,.- H with ¥ = S2n-1,
(a) follows from (5) and Lemma 3. For (b), take g to be the composite
F _f_'_, (S3_gy A Q2ntk=D-1) e (S2nk-1y &_, Sank-1
and apply (4-5) and the definition of H;.
2. Inthissection all spaces will be localized at a fixed prime p > 2. All groups will be
implicitly considered as modules over the p-local integers, and all spheres and cells

will be so localized. We will write F' for F,,_, and H’ for H,.
Using the Serre spectral sequence, one easily sees that

(6) H*QS_1) = Alegn-1) ® DP (g _5)

— the tensor product of an exterior and a divided power algebra. In particular, the
(2n(p + 1) — 4)-skeleton of a minimal cellular approximation to Q8% _;, is K = §2»-1y
e>"-2, Let 1: K - Q8% _,, be the inclusion.

ProrosiTioN 5. There is a lifting 0: K — QF in the diagram:
QF

LemMa 6. Suppose k and s are even and H, = QS*+1 — QS¢k+1 ig the James—Hopf
invariant. Then 0 = QH, e [Q28%+1, Q28ks+1],
* Other formulas seem likely, e.g. Hy, = H} - QH,, but we have no proof.
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Proof of Lemma 6. By naturality, we have for each map A: 8% - S§* a commutative
diagram

Qskh___H, QSks+1.

QSA QSA®

QSk+1_H'_>sts+1

Suppose now that deg A = d. We claim that for all X (QSA),:[X, QS*+1] - [X, Q8¥*+1]
is multiplication by d. This homomorphism is the same as (SA),:[SX, S¥+] >
[SX, 8%+1], For ue[SX, S¥+1], S((SA)y (w)) = (SA-u)A 1 = S(u) - (diA 1) = S(u) (1A dt)
= d(8(u)). Since kis even 8:[SX, S*¥1] —» [§2X, §%+2]is 1-1 by Serre[4] or Lemma 3.
Thus (SA), () = du. Now QH, is a homomorphism, so (d*—d)- QH, = 0. Choose A
with d = — 1. Since s is even, 2+ QH, = 0, hence QH, = 0.

Proof of Proposition 5. Localize the following diagram involving the James-Hopf
invariant H,_,:

t
en . e Q2n
S(D-l) Soo

J H,,

[3
Sen(Pp-1)— — » ng(p—l)’

and insert the loops on this diagram into the following:

t

t
K Q83— Q282+
Qj QH,_,
\ g .
S2np-2———> QS27L(1)—1)—-—> Q2szn(p—l)+l.
h

v
S2n

The left hand sequence is the cofibre sequence for K. g exists because (Qj)* t|gm-1 ~ *.
h exists because QH,_, ~ *.Since m,,(Q282®-D+1) = 0, h ~ *. Thus gen,,,_,(S2r-D)
and Sg ~ . However, 2np—~1 < 4n(p—1)—1), so this group is stable and g ~ «.
Thus (2j)-¢ ~ * and the lifting 6 exists.

Proof of Theorem 1(a). Apply the Serre cohomology spectral sequence to the fibra-
tion equivalent to H’. Using (6) it is clear that it suffices to prove that (H')* is an
isomorphism from H*(Q8%*?-1) onto DP(x,,, ,). This will be the case if it is true in
dimension 2np — 2, since (H’)* is a ring homomorphism. Thus it suffices to show that

(H')x: Hznp_z(QS(z,','_ 1) = Hypp_o(QS20P-1)
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is onto (for both groups are free of rank 1). Since (Q¢) and Q(e,) are retractions, it
suffices to show that

Le:Hoppp_o(Q8%_1)) = Hypp o(QUSTH_1)A S200-D-1) )
is onto. Using (4-5), this reduces to showing that
(QH3)x: Hypp_o(QF) > Hypp o(QSG_gA S2E-D1),)

is onto. To this end we consider the suspension diagram:

QH,
Hznp_2(QF) Q). Hznp_z(Q((S%g_z) A Sr(P-1-1) )
o o
(Hr)s > 2n 2n(p-1)-1
Hypp-(F) —> Hypp 1 (S22 A S )eo)

The suspension on the right is an isomorphism by the Hurewicz theorem. To show that
the same is true for the suspension on the left, we apply [5], theorem 5-1 to verify that

Z(p,, r = 2np— 1

HrF,‘Sa“_. ={
ESE-0) =10, < on(p+1)—1,r + 2np—1.

Thus we may choose a cellular model for F in which the 2n(p+1)—2 skeleton is
SZ2_g) U €271, Our task is then reduced to showing that

0t Hoppy o QUSEE oy U e2P-1)) > H, o (SE2_, ) e2nP-1)

is an isomorphism. This follows directly from the Serre spectral sequence for the loop
space fibration.

We have now reduced our problem to that of showing that (H,), is onto in dimension
2np — 1. Using (3) we have:

(Hy)
Hyppp o (F) "

%H2nl)—l((s?g_2) A Szn(ll—l)ﬂ)w)

Ps i,

Je

Hznp-l(S%;)‘—m X S2n(z’—1)—l) > Hznp~1(S%zf)‘—2) A Szn(p—1)—1).

In this diagram, ¢, and j, are clearly isomorphisms; hence (H,), is onto and we are
done.

PROPOSITION 7. There i3 a homotopy equivalence
QF ~ Q83 _,, x Q282ne-0,

Proof. Following Moore (see [3]), we construct from §: K - QF and the H-space
structure on QF, maps §,,: K™ - QF (Cartesian product!). Define

g: ;; Km 5 QF

m=1
by 0|gm = 6,,. Thus the composition Qp,,- 8: Vm_, K™ - Q8_,, is onto in homology
since ¢: K—>Q&8%_y,is onto the indecomposables in homology. Consider now 8(Vm_1K™).
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Since the suspension of a product breaks up as a wedge and KA K is a wedge of
spheres (see [3]), we may choose a subcomplex L < S(V5_, K™) such that

H, (L)~ H*(S’QS(Z{,'_I))

is an isomorphism. In other words, SQSZ;_,, is a retract of S(Vm_, K™), and in parti-
cular there is a map h: SQS%y_,) - S(Vn~, K™) such that S(Qp,- 6)-h = 1. From the
diagram

1

h © 8
sQsz_ *S<,,,‘i.K") Y esor— 5% eQem

P oo

2n
F — Sip-1)

we see that the adjoint of £ is a right inverse to Qp,. Thus the fibration splits as a
product, and we are done.

It is possible that a similar result holds for F,*_,. The analogue of Proposition 5
may be carried through where K is an appropriate skeleton.

CoROLLARY 8. Let X be any space and f: X — QS _y) any map. Letk = H'f: X -
QS82nr-1, Then the diagram

QSiz_ — > Qe

N

homotopy commutes*, where Qf and Qg are the loops on the adjoints of f and g.

Proof. Combine the lifting £ of Proposition 7 with the diagram of Proposition 4 (b):

&y Q8zn cl = QQ2nP-1

(p-1)

QSX

Qr Qpo Qg

QF

where r = £ f. Thus the diagram of the corollary commutes for some map *': SX —

ar’
S2mp-1, However k' is the adjoint to the composition X QSX Q82»p-1 and
gince H'- Qf ¢ = H'-f = k, we are done.

Proof of Theorem 1(b). This is a special case of 4a with k = p.

* Thus H’ acts es if it was a loop map.
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Proof of Theorem 1(c). Using Proposition 4 (b) and 7, we have a diagram

Qpo x Qo H xH
QF xQF QS| x QSIR_ | —> Q8P x QP

pr
QF————— Q8 ———= QP!

in which the outside and left rectangles commute up to homotopy and the right
rectangle is in question. Since Qp,, x Qp,, has a right inverse (£ x £), we are done.
Proof of Theorem 1(d). Apply Corollary 8 with X = §2»-1B7a~1and f = A.
Proof of Theorem 1(e). Apply Corollary 8 with X = §277—2 and f the composite
Sznp—z _> stznpﬂ - Qs%p_l)

Proof of Corollary 2. Referring to [2], let us suppose that rp— v, (s} = 3. Then the

composite
s™m-3p,

X i
an+2r—3 —_— SZr—lqu - s Ser—l

is jj, = @, @, by [2], theorem 8(b), which is inessential by [2], theorem 12(e); conse-
quently we map construct a coextension ¢ in the diagram

A
2rPrg—l e o Q2r
S Bre Sto-1)

r—t
Sna+er—3 __.ih_, S2r Br4a———————» () Q27 +1

as in the proof of [2], theorem 12(g). The bottom composite is the adjoint of X, ,
and H'(X, ) is thus the adjoint of the composite

c 0A H’
Snattr—t 5 QS¥Bra-1__5 QSF > Q-1

Now apply Theorem 1(d). Since H'- QA = Qj, H'(X, ,) is homotopic to the composite

Sne+2r-3 _c_> S2rpBra-1 ,_j_> S2rp-1,
Now insert this into the diagram

an-&-zr—'i ¢ » S27 Bra—1— _i__> S2rp-1

S2rgra Yyere,

where 7, is the suspension of the projection B? — Bre/Br-D2 = Y. Since 7,- (8*-2F] )
= j, by [2], theorem 8(d) and &, is defined solely by the criterion i&, = j,, we have
H'(X, ,) = @, as required.
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