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Abstract. A singular-hyperbolic attractor for vector fields is a partially hyperbolic
attractor with singularities (that are hyperbolic) and volume expanding central direction.
The geometric Lorenz attractor is the most representative example of a singular-hyperbolic
attractor. In this paper, we prove that if � is a singular-hyperbolic attractor of a three-
dimensional vector field X, then there is a neighborhood U of � in M such that every
attractor in U of a Cr vector field Cr close to X is singular, i.e. it contains a singularity.
With this result we prove the following corollaries. There are neighborhoods U of �

(in M) and U of X (in the space of Cr vector fields) such that if n denotes the number of
singularities of X in �, then #{A ⊂ U : A is an attractor of Y ∈ U} ≤ n. Every three-
dimensional vector field Cr close to one exhibiting a singular-hyperbolic attractor has a
singularity non-isolated in the non-wandering set. A singularity of a three-dimensional Cr

vector field Y is stably non-isolated in the non-wandering set if it is the unique singularity
of a singular-hyperbolic attractor of Y . These results generalize well-known properties of
the geometric Lorenz attractor.

1. Introduction
A singular-hyperbolic attractor for vector fields is a partially hyperbolic attractor with
singularities (which are hyperbolic) and volume expanding central direction [MPP1].
The geometric Lorenz attractor [GW] is the most representative example of a singular-
hyperbolic attractor. In [MPu] we observed that singular-hyperbolic attractors are not
robust in general. This motivates the study of the Cr perturbations of a singular-hyperbolic
attractor, r ≥ 1. In this paper, we prove that if � is a singular-hyperbolic attractor of a
three-dimensional vector field X, then there is a neighborhood U of � in M such that every
attractor in U of a Cr vector field Cr close to X is singular, i.e. it contains a singularity.
With this result we prove the following corollaries. There are neighborhoods U of �

(in M) and U of X (in the space of Cr vector fields) such that if n denotes the number of
singularities of X in �, then #{A ⊂ U : A is an attractor of Y ∈ U} ≤ n. Every three-
dimensional vector field Cr close to one exhibiting a singular-hyperbolic attractor has a
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singularity non-isolated in the non-wandering set. A singularity of a three-dimensional Cr

vector field X is stably non-isolated in the non-wandering set if it is the unique singularity
of a singular-hyperbolic attractor of X. These results generalize well-known properties of
the Lorenz attractor.

1.1. Statement of results. Let M be a compact 3-manifold and let X r (M) be the space
of Cr vector fields in M endowed with the Cr topology, r ≥ 1. Fix X ∈ X r (M) and
denote by Xt the flow of X, t ∈ R.

The non-wandering set of X is the set �(X) of points p ∈ M such that for every
neighborhood U of p and every T > 0 there is t > T such that Xt(U) ∩ U �= ∅.
The ω-limit set of p ∈ M is the set ωX(p) formed by those q ∈ M such that
q = limn→∞ Xtn(p) for some sequence tn → ∞. We have ωX(p) ⊂ �(X) for every
p ∈ M . We define the α-limit set αX(p) of p in a similar way (replacing ∞ by −∞).
We also have αX(p) ⊂ �(X) for every p. The positive limit set L+(X) of X is the closure
of

⋃
p∈M ωX(p). It is clear that L+(X) ⊂ �(X).

Let � be an invariant set of X, i.e. Xt(�) = � for all t ∈ R. We say that � is transitive
if � = ωX(p) for some p ∈ �. We say that � is singular if it contains a singularity
of X. We say that � is attracting if � = ⋂

t>0 Xt(U) for some compact neighborhood
U of �. This neighborhood is called an isolating block of �. It is well known that the
isolating block U can be chosen to be positively invariant, namely Xt(U) ⊂ U for all
t > 0. An attractor is a transitive attracting set. An attractor is non-trivial if it is not a
closed orbit.

Next we state the main definitions of this work. First we denote by m(L) the minimum
norm of a linear operator L.

Definition 1.1. A compact invariant set � of X is partially hyperbolic if there is a
continuous invariant splitting

T�M = Es ⊕ Ec

such that the following properties hold for some positive constants C, λ:
(1) Es is contracting, i.e.

‖DXt(x)|Es
x‖ ≤ Ce−λt ,

for all x ∈ � and t > 0;
(2) Es dominates Ec, i.e.

‖DXt(x)|Es
x‖

m(DXt(x)|Ec
x)

≤ Ce−λt ,

for all x ∈ � and t > 0.
We say that the central direction Ec of � is volume expanding if

|det DXt(x)|Ec
x | ≥ C−1eλt ,

for all x ∈ � and t > 0. Here det DXt(x)|Ec
x denotes the jacobian of DXt(x) along Ec

x .

Recall that a singularity of a vector field is hyperbolic if the eigenvalues of its linear
part have non-zero real part.
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Definition 1.2. A singular-hyperbolic set is a partially hyperbolic set with singularities
(which are hyperbolic) and volume expanding central direction. An attractor is singular-
hyperbolic if it is also a singular-hyperbolic set.

The most representative example of a singular-hyperbolic attractor is the geometric
Lorenz attractor [GW].

Our main result is the following.

THEOREM A. Let � be a singular-hyperbolic attractor of a three-dimensional Cr vector
fields X, r ≥ 1. Then, there is a neighborhood U of � such that every attractor in U of a
Cr vector field Cr close to X is singular.

Let us present some corollaries of Theorem A.

COROLLARY 1.3. Let � be a singular-hyperbolic attractor of a three-dimensional Cr

vector field X, r ≥ 1. Then, there are neighborhoods U of � (in M) andU of X (inX r (M))
such that if n denotes the number of singularities of X in �, then

#{A ⊂ U : A is an attractor of Y ∈ U} ≤ n.

A singularity σ of a vector field X is non-isolated in the non-wandering set if �(X)\{σ }
is not closed in M .

COROLLARY 1.4. Every three-dimensional Cr vector field close to one exhibiting a
singular-hyperbolic attractor has a singularity non-isolated in the non-wandering set,
r ≥ 1.

Recall that a subset of X r (M) is residual if it contains a countable intersection of
open-dense subsets of X r (M).

COROLLARY 1.5. There is a residual subset R of X 1(M) such that if X ∈ R exhibits a
non-trivial singular attractor, then every C1 vector field close to X exhibits a singularity
non-isolated in the non-wandering set.

It is well known that a hyperbolic singularity σ of a Cr vector field X has a continuation
σ(Y ) for every Cr vector field Y close to X [dMP]. This motivates the following definition.
A hyperbolic singularity σ of a C1 vector field X is Cr stably non-isolated in the non-
wandering set if �(Y ) \ {σ(Y )} is not closed for every Cr vector field Y close to X.
An example of a singularity stably non-isolated in the non-wandering set is that exhibited
by the geometric Lorenz attractor. The following result is a generalization of this example.
See [MPa2] for a sort of converse when r = 1.

COROLLARY 1.6. Let σ be a hyperbolic singularity of a three-dimensional Cr vector field
X, r ≥ 1. If σ is the unique singularity of a singular-hyperbolic attractor of X, then σ is
Cr stably non-isolated in the non-wandering set.

1.2. Outline of the proof. We prove Theorem A by contradiction. Let � be a singular-
hyperbolic attractor of a three-dimensional Cr vector field X, r ≥ 1. Suppose that there is
a sequence Xn of Cr vector fields, converging to X in the Cr topology, such that every Xn
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has a non-singular attractor An arbitrarily close to � (e.g. in an 1/n-neighborhood of �).
Of course, we can assume that An belongs to a fixed isolating block U of � for all n.

Definition 1.7. A compact invariant set H of X is hyperbolic if there are a continuous
tangent bundle invariant decomposition THM = Es ⊕ EX ⊕ Eu and positive constants
C, λ such that:
• EX is the vector field’s direction over H ;
• Es is contracting, i.e.

‖DXt (x)|Es
x‖ ≤ Ce−λt

for all x ∈ H and t > 0.
• Eu is expanding, i.e.

‖DX−t (x)|Eu
x‖ ≤ Ce−λt ,

for all x ∈ H and t > 0.
A closed orbit is hyperbolic if it is also a hyperbolic set. An attractor is hyperbolic if it

is also a hyperbolic set. A hyperbolic attractor is strange if Eu �= 0.

Observe that a hyperbolic attractor is strange if and only if it is non-trivial. It will follow
from Lemma 2.2 that An is a hyperbolic strange attractor of Xn for all n. On the other hand,
the following property is obvious since An is non-singular for all n:

An is not a singularity of Xn for all n. (P)

In Lemma 3.2 we prove that the compact set sequence {An : n ∈ N} accumulates
on the singularities of X (note that although the attractors An are arbitrarily close to �,
it is still possible that such attractors stay far from Sing(X) ∩ �, see also Remark 3.1).
Then we prove that there is n such that An contains a singularity of Xn. This is done
as follows. By Lemma 3.2 we can fix σ ∈ Sing(X) ∩ Cl

(⋃
n An

)
. By analyzing the

relative position of the stable and central direction of the unperturbed attractor close to σ

(which depends continuously on the flow), we prove that An intersects the stable manifold
of σ(Xn), the continuation of σ . This easily implies that σ(Xn) ∈ An proving that An

contains a singularity for n large. Finally, we arrive at a contradiction as follows: since An

is a hyperbolic attractor we conclude that An is a singularity of Xn. This together with
(P) yields the contradiction. We derive Corollaries 1.3, 1.4 and 1.5 from Theorem A in the
final section.

2. Preliminary facts

In this section we establish some definitions and preliminary results. Hereafter, M denotes
a compact 3-manifold and X denotes a Cr vector field in M , r ≥ 1. We denote by Sing(X)

the set of singularities of Y . Given A ⊂ M we denote by Cl(A) the closure of A. If δ > 0
we denote

Bδ(A) = {x ∈ M : d(x,A) < δ},
where d(·, ·) is the metric in M .
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Given p ∈ M and ε > 0 we define

Wss
X (p) = {x : d(Xt(x),Xt(p)) → 0, t → ∞},

Wuu
X (p) = {x : d(Xt(x),Xt(p)) → 0, t → −∞},

Wss
X (p, ε) = {x : d(Xt(x),Xt(p)) ≤ ε,∀t ≥ 0}

and
Wuu

X (p, ε) = {x : d(Xt(x),Xt(p)) ≤ ε,∀t ≤ 0}.
These sets are called the stable, unstable, local stable and local unstable set of p,
respectively. We also define

Ws
X(p) =

⋃
t∈R

Wss
X (Xt(p))

and
Wu

X(p) =
⋃
t∈R

Wuu
X (Xt(p)).

If H is a hyperbolic set of X and p ∈ H , then Wss
X (p) and Ws

X(p) are Cr -immersed
submanifolds of M . This is the Stable Manifold Theorem [HPS]. Similarly Wuu

X (p),
Wu

X(p), Wss
X (p, ε) and Wuu

X (p, ε) are Cr submanifolds. In this case Wss
X (p) and Wuu

X (p)

are called the strong stable and the strong unstable manifold of p, respectively. Note that
dim(Wss

X (p)) = dim(Es) and dim(Wuu
X (p)) = dim(Eu). If O is a closed orbit of X then

we denote by O(Y ) the continuation of O for Y , Cr close to X [dMP].

Remark 2.1.
(1) A singular-hyperbolic attractor cannot be a hyperbolic set.
(2) Let T be a transitive, non-trivial, singular-hyperbolic set of X ∈ X r (M). Denote by

Es ⊕ Ec the singular-hyperbolic splitting of T . Then dim(Es) = 1, dim(Ec) = 2
and EX (the subspace generated by X in TM) is contained in Ec.

An useful property of singular-hyperbolic sets is given below.

LEMMA 2.2. [MPP2] Let � be a singular-hyperbolic set of a Cr vector field X in M ,
r ≥ 1. Then there is a neighborhood U of � such that if Y is Cr close to X, then every
non-empty, compact, non-singular, invariant set H of Y in U is hyperbolic saddle-type
(i.e. Es �= 0 and Eu �= 0).

LEMMA 2.3. Let � be a singular-hyperbolic attractor of a Cr vector field X in M , r ≥ 1.
If O ⊂ � is a periodic orbit of X, then O is a hyperbolic saddle-type periodic orbit.
Henceforth, Wuu

X (p) is a one-dimensional submanifold. In addition, if p ∈ O then the set

{q ∈ Wuu
X (p) : � = ωX(q)}

is dense in Wuu
X (p).

Proof. First observe that the contracting direction Es of � is integrable [HPS]. Denote by
Wss

X (p) the leave of the resulting foliation containing p ∈ �. Note that the forward orbit
of every x ∈ Wss

X (p) is asymptotic to the forward orbit of p. If follows from Lemma 2.2
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that O is hyperbolic and saddle-type. In particular, dim(Wuu
X (p)) = 1 for all p ∈ O . Let I

be an open interval in Wuu
X (p). It follows that

B =
⋃

0≤t≤1

Xt(I)

is a two-dimensional manifold of M . So,

B ′ =
⋃
x∈B

Wss
X (x)

contains an open set V with B ∩ V �= ∅. Clearly B ∩ V ⊂ � since � is an attractor,
B ⊂ Wu

X(p) and p ∈ O . Let q ∈ � such that � = ωX(q). Then the forward orbit
of q intersects V and so it intersects B ′ too. It follows from the definition of B ′ that
the positive orbit of q is asymptotic to the forward orbit of some q ′ ∈ B. In particular,
� = ωX(q) = ωX(q ′). This proves that {q ∈ Wuu

X (p) : � = ωX(q)} is dense in � as
desired. �

2.1. Lorenz-like singularities. A singularity σ of a three-dimensional vector field X is
Lorenz-like if its eigenvalues λ1, λ2, λ3 are real and satisfy

λ2 < λ3 < 0 < −λ3 < λ1.

It follows from the Invariant Manifold Theory [HPS] that the eigenspace associated with
λ2 is tangent to a one-dimensional invariant manifold of X denoted by Wss

X (σ). As usual
we denote by Ws

loc(σ ) a small ball in Ws
X(σ) centered at σ . Similarly we define Wu

loc(σ ).
All these invariant manifolds persist and vary continuously under small Cr perturbations
Y of X.

The classical Hartman–Grobman’s theorem [dMP] gives a description of the flow
around a Lorenz-like singularity σ . This description is shown in Figure 1.

Indeed, σ has a two-dimensional stable manifold Ws
X(σ), a strong stable manifold

Wss
X (σ) and an unstable manifold Wu

X(σ), both one-dimensional. It follows that Wss
X (σ)

separates Ws
loc(σ ) into two connected components: the top and the bottom.

Definition 2.4. A singular cross section of a Lorenz-like singularity σ will be a pair of
cross sections St, Sb as indicated at Figure 1. Note that every singular cross section is
endowed with a pair of curves lt, lb in the intersection of the local stable manifold of σ

with St, Sb, respectively (these curves are also indicated in the figure). If ∗ = t, b then
S∗ is a rectangle, i.e. diffeomorphic to [−1, 1] × [−1, 1]. Hence the boundary of S∗ is
formed by four curves, two of them being transverse to l∗ and two of them parallel to l∗.
We denote by ∂hS∗ the union of the boundary curves which are transverse to l∗ (h stands
for ‘horizontal’). We denote by ∂vS∗ the union of the boundary curves which are parallel
to l∗ (v stands for ‘vertical’). The interior of S∗ as a submanifold of M is denoted by
int(S∗).

Remark 2.5. Clearly St, Sb can be chosen to be close to σ . The positive flow lines of X

starting at St ∪Sb \ (lt ∪ lb) exit a small neighborhood of σ passing through the cusp region
as indicated in Figure 1. The positive orbits starting at lt ∪ lb go directly to σ .
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FIGURE 1. The flow around σ .

Lorenz-like singularities are considered below.

THEOREM 2.6. [MPP2] Let � be a singular-hyperbolic attractor of a three-dimensional
Cr vector field X, r ≥ 1. Then, every σ ∈ Sing(X) ∩ � is Lorenz-like and satisfies

� ∩ Wss
X (σ) = {σ }.

This theorem implies the following two useful properties.

PROPOSITION 2.7. Let � be a singular-hyperbolic attractor of a three-dimensional Cr

vector field X, r ≥ 1. Let σ be a singularity of X in � (so σ is Lorenz-like by Theorem 2.6).
Then, for every isolating block U of �, there is a singular cross section St, Sb of σ in U

such that ( ⋂
t>0

Yt (U)

)
∩ (∂hSt ∪ ∂hSb) = ∅,

for every Cr vector field Y close to X.

Proof. Fix an isolating block U of �. The equality in Theorem 2.6 implies that the negative
orbit of every point in Wss

X (σ)\{σ } leaves U . Hence we can arrange a singular cross section
St, Sb nearby σ such that

� ∩ (∂hSt ∪ ∂hSb) = ∅.

Since U is an isolating block of � and the boundary of St, Sb is compact we can find T > 0
such that

XT (U) ∩ (∂hSt ∪ ∂hSb) = ∅.

Hence,
YT (U) ∩ (∂hSt ∪ ∂hSb) = ∅

for all Cr vector field close to X. The result follows since
⋂

t>0 Yt (U) ⊂ YT (U). �
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Let St, Sb be a singular-cross section of a Lorenz-like singularity σ of a three-
dimensional Cr vector field X, r ≥ 1. We refine St, Sb in the following way: Fix ∗ = t, b
and fix a coordinate system (x∗, y∗) in S∗ such that

S∗ = [−1, 1] × [−1, 1], li = {0} × [−1, 1]
with respect to (x∗, y∗). Given 
 > 0 small we define

S∗,
 = [−
,
] × [−1, 1].
Note that St,
, Sb,
 is a singular-cross section of σ for all 0 < 
 ≤ 1 and that S∗ = S∗,1.
This notation will be used in the proof of Theorem A in the next section. The following
lemma is a direct consequence of Theorem 2.6 and the Hartman–Grobman theorem [dMP].

LEMMA 2.8. Let � be a singular-hyperbolic attractor of a three-dimensional Cr vector
field X. Let σ be a singularity of X in �. Let Yn be a sequence of vector fields converging
to X in the Cr topology. Let On be a periodic orbit of Yn such that the sequence
{On : n ∈ N} accumulates on σ . If 0 < 
 ≤ 1 and St, Sb is a singular-cross section
of σ , then there is n such that either

On ∩ int(St,
) �= ∅ or On ∩ int(Sb,
) �= ∅.

Proof. Fix an isolating block U of �. Since On accumulates on σ ∈ � and U is an
isolating block we have that On ⊂ U for all n large (recall Yn → X as n → ∞). Fix a
fundamental domain D of the vector field’s flow Xt restricted to the local stable manifold
Ws

loc(σ ) [dMP]. Since Ws
loc(σ ) is two-dimensional, we have that D is a circle which

intersects Wss
X (σ) in two points a, b. Note that the orbits of a, b together with σ yield

Wss
X (σ). In particular, a, b /∈ � by Theorem 2.6. Since D is a circle we can put an angular

coordinate system θ such that a = 0 and b = π (say). Let Dext be a cross section of X such
that Ws

loc(σ ) ∩ Dext = D. It follows that Dext is a cylinder and so we can put cylindrical
coordinates (θ, s) with θ ∈ D and s ∈ [−1, 1] say. Under such a coordinate system we
have D = {(θ, 0) : s ∈ [−1, 1]} and also a = (0, 0), b = (π, 0). With this coordinate
system we can construct a family of singular-cross sections St

δ, S
b
δ (for all δ ∈ [−1, 1]) by

setting
St

δ = {(θ, s) ∈ Dext : s ∈ [−1, 1], θ ∈ [δ, π − δ]}
and

Sb
δ = {(θ, s) ∈ Dext : s ∈ [−1, 1], θ ∈ [π + δ, 2π − δ]}.

Due to the smooth variation of Wss
Y (σ (Y )) with respect to Y close to X we can assume

that σ(Y ) = σ and that Wss
loc,Y (σ (Y )) = Wss

loc(σ ) for every Y close to X. By choosing D

so close to σ we can further assume that Dext is a cross section of Y , for all Y close to X.
In particular, the singular cross sections St

δ, S
b
δ are in U . We claim that there is δ > 0 such

that the conclusion of the lemma holds for St = St
δ and Sb = Sb

δ . Indeed, we first note
that under the cylindrical coordinate system (θ, s) we have S∗,
 = S∗


 for all 0 < 
 ≤ δ

(where ∗ = t, b). If the conclusion of the claim fails, then the phase portrait of Yn given
by the Hartman–Grobman theorem [dMP] implies that On intersects Dext \ (St


 ∪ Sb

) for

all 
 > 0 small. In other words, there would exist pn ∈ On (for all n large) such that

https://doi.org/10.1017/S014338570300052X Published online by Cambridge University Press

https://doi.org/10.1017/S014338570300052X


The explosion of singular-hyperbolic attractors 585

pn = (θn, sn) with θn ∈ [π − 
,π + 
] ∪ [−
,
] and sn → 0 as n → ∞. Since 


is arbitrary and sn → 0, we conclude that pn converges either to a = (0, 0) or b = (π, 0)

by passing to a subsequence if necessary. The latter would imply either a ∈ � or b ∈ �

since On ⊂ U and Yn → X (recall that U is an isolating block of �). This contradicts
Theorem 2.6 and the proof follows. �

3. Proof of Theorem A
We prove the theorem by contradiction. Let � be a singular-hyperbolic attractor of a three-

dimensional Cr vector field X, r ≥ 1. Suppose that there is a sequence Xn Cr→ X such that
every Xn exhibits a non-singular attractor An arbitrarily close to �. Note that although
such attractors are arbitrarily close to � it is still possible that such attractors stay far from
Sing(X)∩� (see Remark 3.1). Fix the neighborhood U of � as in Lemma 2.2. Obviously
we can assume that U is an isolating block of �. Since An is arbitrarily close to � we can
assume that An belongs to U for all n. Then the Lemmas 2.2 and 2.3 imply

An is a hyperbolic strange attractor of Xn for all n. (*)

On the other hand, the following property is obvious since An is non-singular for all n:

An is not a singularity of Xn for all n. (P)

Remark 3.1. Note that An ⊂ U and An �= ⋂
t>0 Xn

t (U) for every n ∈ N. In addition,
every limit point of every sequence xn ∈ An belong to �. However, it is possible that none
of such limit points belong to Sing(X) ∩ �.

The above remark is the reason why we prove the following lemma.

LEMMA 3.2. The attractors An accumulate on Sing(X), i.e.

Sing(X) ∩ Cl

( ⋃
n∈N

An

)
�= ∅.

Proof. Suppose by contradiction that the conclusion fails. Then, there is δ > 0 such that

Bδ(Sing(X)) ∩
( ⋃

n∈N
An

)
= ∅. (1)

Define
H =

⋂
t∈R

Xt(U \ Bδ/2(Sing(X))).

Obviously Sing(X) ∩ H = ∅. Let us prove that H �= ∅. For all n we choose xn ∈ An.
By passing to a subsequence if necessary we can assume that xn converges to some x ∈ M .
Clearly x ∈ H , otherwise the Xn-orbit of xn would intersect Bδ(Sing(X)) by [dMP,
Tubular Flow-Box Theorem]. This is impossible by (1), proving H �= ∅ as desired.

Note that H is compact since U is. It follows that H is a non-empty compact set
which is clearly invariant for X. It follows that H is hyperbolic by Lemma 2.2 since
Sing(X) ∩ H = ∅. Denote by Es ⊕ EX ⊕ Eu the corresponding hyperbolic splitting
(see Definition 1.7).

By the stability of hyperbolic sets we can fix a neighborhood W of H and ε > 0 such
that if Y is a vector field Cr close to X and HY is a compact invariant set of Y in W then:
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(H1) HY is hyperbolic and its hyperbolic splitting Es,Y ⊕ EY ⊕ Eu,Y satisfies

dim(Eu) = dim(Eu,Y ), dim(Es) = dim(Es,Y );
(H2) the manifolds Wuu

Y (x, ε), x ∈ HY , are one-dimensional and have uniform size ε.
As Xn → X we have that⋂

t∈R
Xn

t (U \ Bδ/2(Sing(X))) ⊂ W

for all n large. However,
An ⊂ U \ Bδ/2(Sing(X))

for all n by (1). As An is Xn-invariant we conclude that

An ⊂ W

for all n large.
Now, by (H2) we have that Wuu

Xn(x
n, ε) is one dimensional and has uniform size ε, for

all xn ∈ An and for all n.
Choose xn ∈ An so that xn converges to some x ∈ M . As observed above, we have

that x ∈ H . Note that the tangent vectors of the curve Wuu
Xn(x

n, ε) at c ∈ Wuu
Xn(x

n, ε) is in

E
u,Xn

c (Eu,Xn
is defined by (H1) as Xn → X).

As Xn → X we have that the angle between the directions Eu,Xn
and Eu goes to zero as

n → ∞. Hence the manifolds Wuu
X (x, ε) and Wuu

Xn(x
n, ε) are almost parallel as n → ∞.

As xn → x, we conclude that

Wuu
Xn(x

n, ε) → Wuu
X (x, ε)

in the sense of C1 submanifolds [PT].
Fix an open interval I ⊂ Wuu

X (x, ε) containing x. By Lemma 2.3, as �∩ Sing(X) �= ∅,
we have that there are q ∈ I and T > 0 such that

XT (q) ∈ Bδ/5(Sing(X)).

By [dMP, Tubular Flow Box Theorem] there is an open set Vq containing q such that

XT (Vq) ⊂ Bδ/5(Sing(X)).

As Xn → X we have
Xn

T (Vq) ⊂ Bδ/4(Sing(X)) (2)

for all n large.
However, Wuu

Xn(x
n, ε) → Wuu

X (x, ε), q ∈ I ⊂ Wuu
X (p, ε), q ∈ Vq and Vq is open. So,

Wuu
Xn(x

n, ε) ∩ Vq �= ∅
for all n large. Applying (2) to Xn for n large, we have

Xn
T (Wuu

Xn(x
n, ε)) ∩ Bδ/4(Sing(X)) �= ∅.

As Wuu
Xn(x

n, ε) ⊂ Wu
Xn(x

n) the invariance of Wu
Xn(x

n) implies that

Wu
Xn(x

n) ∩ Bδ/2(Sing(X)) �= ∅.

Observe that Wu
X(xn) ⊂ An since xn ∈ An and An is an attractor. We conclude that

An ∩ Bδ(Sing(X)) �= ∅.

This contradicts (1) and the proof follows. �
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Proof of Theorem A. By the previous lemma

∃σ ∈ Sing(X) ∩ Cl

( ⋃
n∈N

An

)
.

Clearly σ ∈ �. By Theorem 2.6 we have that σ is Lorenz-like and satisfies

� ∩ Wss
X (σ) = {σ }.

Let St, Sb be the singular-cross sections given by Proposition 2.7 for σ and U .
In particular, St ∪ Sb ⊂ U and

� ∩ (∂hSt ∪ ∂hSb) = ∅.

As Xn → X we have that St, Sb are also singular cross sections of Xn. By using the
Implicit Function Theorem we can assume that σ(Xn) = σ and

lt ∪ lb ⊂ Ws
Xn(σ ) (3)

for all n.
We denote by TB = T (B) the tangent space at B. The one-dimensional subbundle Es

of � extends to a contracting invariant subbundle on the whole U . Take a continuous
(not necessarily invariant) extension of Ec to U . We denote by Es ⊕ Ec the above-
mentioned extension.

By the Invariant Manifold Theory [HPS], it follows that the splitting Es⊕Ec persists by
small perturbations of X. More precisely, for all n large the vector field Xn has a splitting
Es,n ⊕ Ec,n over U such that Es,n is invariant contracting, Es,n → Es and Ec,n → Ec as
n → ∞. In particular, Es,n ⊕ Ec,n is defined in St ∪ Sb for all n large. In the following
we denote by EY the subbundle in TM generated by a vector field Y in M .

The dominance condition at Definition 1.1(2) together with [D, Proposition 2.2] imply
that for i = t, b, we have

TxS
i ∩ (Es

x ⊕ EX
x ) = Txli,

for all x ∈ li .
Denote by � (E, F ) the angle between two linear subspaces. The last equality implies

that there is ρ > 0 such that

� (TxS
i ∩ Ec

x, Txl
i ) > ρ,

for all x ∈ li (i = t, b). However, Ec,n → Ec as n → ∞. So for all n large we have

� (TxSi ∩ Ec,n
x , Txli ) >

ρ

2
, (4)

for all x ∈ li (i = t, b).
Fix ∗ = t, b. As in the previous section we fix a coordinate system (x, y) = (x∗, y∗) in

S∗ such that
S∗ = [−1, 1] × [−1, 1], l∗ = {0} × [−1, 1]

with respect to (x, y).
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Denote by �∗ : S∗ → [−1, 1] the projection

�∗(x, y) = x.

As before given 
 > 0 we define

S∗,
 = [−
,
] × [−1, 1].
Define the line field Fn in S∗,
0 by

Fn
x = TxS∗ ∩ Ec,n

x , x ∈ S∗,
0 .

Remark 3.3. The continuity of Ec,n and (4) imply that there exists 
0 > 0 such that for
all n large the line Fn is transverse to �∗. By this we mean that Fn(z) is not tangent to
the curves (�∗)−1(c), for all c ∈ [−1, 1].

Now recall that An is a hyperbolic strange attractor of Xn for all n (see (*)). It follows
that the periodic orbits of Xn in An are dense in An [PT]. Then, as σ ∈ Cl

(⋃
n∈NAn

)
,

there is a periodic orbit sequence On ∈ An accumulating on σ . It follows from Lemma 2.8
applied to Yn = Xn that there is n0 ∈ N such that either

On0 ∩ int(St,
0) �= ∅ or On0 ∩ int(Sb,
0) �= ∅.

Because On0 ⊂ An0 we conclude that either

An0 ∩ int(St,
0) �= ∅ or An0 ∩ int(Sb,
0) �= ∅.

We denote Z = Xn0 , A = An0 , F = Fn0 for simplicity. Again recall that An is a
hyperbolic strange attractor of Xn (see (*) at the beginning of this section). Thus we have
the following property:

A is a hyperbolic strange attractor of Z. (**)

Hence the following property also holds.

A is not a singularity of Z. (PP)

We assume that A ∩ int(St,
0) �= ∅ (the proof for ∗ = b is similar). Note that
∂hSt,
0 ⊂ ∂hSt by definition. Then, by Lemma 2.7 we have

A ∩ ∂hSt,
0 = ∅.

We denote S = St,
0 , (x, y) = (x t, y t) and � = �t for simplicity. Note that A ∩ S is a
compact non-empty subset of S. Hence there is p ∈ S ∩ A such that

dist(�(St ∩ A), 0) = dist(�(p), 0),

where dist denotes the distance in [−
0,
0].
Now, p ∈ A and so Wu

Z(p) is a well-defined two-dimensional submanifold.
The dominance in Definition 1.1(2) implies that

Tz(W
u
Z(p)) = Ec

z
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FIGURE 2. The curve C.

for every z ∈ Wu
Z(p). Hence

Tz(W
u
Z(p)) ∩ TzS = Ec

z ∩ TzS = Fz

for every z ∈ Wu
Z(p) ∩ S.

As Wu
Z(p)∩S is transversal, we have that Wu

Z(p)∩S contains a curve C whose interior
contains p as in Figure 2. The last equality implies that C is tangent to F .

As F is transverse to �, we have that C is transverse to � (i.e. C is transverse to the
curves �−1(c), for every c ∈ [−1, 1]). We conclude that �(C) contains an open interval
I ⊂ [−
0,
0] with �(p) ∈ int(I). So, there is z0 ∈ C such that

dist(�(z0), 0) < dist(�(p), 0).

Note that C ⊂ S ∩ A since A is an attractor of Z (see property (**)). Moreover, p ∈ A

and C ⊂ Wu
Z(p). As A ∩ ∂hS = ∅ we conclude that

dist(�(S ∩ A), 0) = 0.

As A is closed, this last equality implies

A ∩ lt �= ∅.

Since lt ⊂ Ws
Z(σ) and A is closed invariant for Z we conclude that σ ∈ A. We have

proved that A contains a singularity of Z. However, A is a hyperbolic attractor of Z by
(**). Henceforth, A = {σ }. This contradicts the property (PP) and the proof follows. �
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4. Proofs of the corollaries

Proof of Corollary 1.3. Fix the neighborhood U as in Theorem A. Let n be the number of
singularities of X in �. By Theorem A there is a neighborhood W of X in X r (M) such
that every attractor in U of every Y ∈ W is singular. Shrinking W if necessary we can
assume that the number of singularities of Y in U is also n. As the family of attractors of
Y in U is pairwise disjoint, we conclude that every Y ∈ W has at most n attractors in U .
This proves the result. �

Proof of Corollary 1.4. Let X be a vector field in X r (M) exhibiting a singular-hyperbolic
attractor �, r ≥ 1. Fix the neighborhood U as in Theorem A. Then every attractor in U of
every vector field Cr close to X is singular. Suppose by contradiction that the conclusion
of the theorem fails. Then there is a sequence Xn → X such that every singularity of Xn

is isolated in the non-wandering set. Choosing n large we have that Xn is Cr close to X.
It follows that the sequence Xn satisfies the following property:

every attractor in U of Xn is singular. (***)

On the other hand, define

Cn = (�(Xn) ∩ U) \ Sing(Xn).

Then, Cn is an invariant set of Xn which is compact since each singularity is isolated in the
non-wandering set. Moreover, Cn is hyperbolic by Lemma 2.2 since it has no singularities.
Now,

�(Xn) ∩ U = Cn ∪ (Sing(Xn) ∩ U)

and Sing(Xn)∩U is also a hyperbolic set of Xn. It follows that �(Xn)∩U is a hyperbolic
set of Xn. In particular, the positive limit set L+ = L+(Xn) ∩ U is hyperbolic since it is
contained in �(Xn) ∩ U (recall the definition of L+(X) in the introduction). It follows
from the Shadowing Lemma that L+ is the closure of its closed orbits. Hence, there is a
spectral decomposition L+ = L1 ∪ · · · ∪Lk , where each Li is a hyperbolic basic set of Xn

(see [PT]). Note that

U ⊂ Ws
Xn(L

+ ∩ U) =
k⋃

i=1

Ws
Xn(Li).

Because U is open, we conclude that there is i0 such that Ws
Xn(Li0) has non-empty interior.

This implies that A = Li0 is a hyperbolic attractor of Xn. By (***) we have that A contains
a singularity of Xn. Since A is a hyperbolic attractor we conclude that A is a singularity
of Xn. However this is impossible (for n large) since the singularities of Xn are precisely
the continuation of those of X (which are saddle-type). This contradiction proves the
result. �

Proof of Corollary 1.5. First observe that a non-trivial attractor of a flow cannot be
accumulated by attracting or repelling closed orbits of the flow. Then, by applying the
arguments in [MPa1], we can prove that there is R ⊂ X 1(M) residual such that every
non-trivial singular attractor of every vector field X in R is singular-hyperbolic. Then the
conclusion follows by applying Corollary 1.4 to r = 1. �

https://doi.org/10.1017/S014338570300052X Published online by Cambridge University Press

https://doi.org/10.1017/S014338570300052X


The explosion of singular-hyperbolic attractors 591

We finish with an observation. By using Corollary 1.6 it is possible to construct
examples of Cr vector fields without Cr robust singular attractors exhibiting singularities
Cr stably non-isolated in the non-wandering set. The non-robust singular-hyperbolic
attractor described in [MPu, Appendix] is one such example.
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