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Rene Thorn (5) has shown that if the state of a system is determined by the local
minimization of a potential-that is, if the system is so highly dissipative that tran-
sients can safely be ignored-then, though a smooth change in the potential function
may give rise to a discontinuous change of state, the ways in which this can happen are
quite limited. In fact, if we have at most a four-parameter family of potentials, discon-
tinuities of this kind can occur in only seven ways up to local diffeotype, if they
are to be structurally stable. (This latter condition is the requirement that it be im-
possible to alter the discontinuity type by an arbitrarily small perturbation of the
family of potentials: roughly it requires that the behaviour of the system, considered
as a function of possible families of potentials, be 'continuous' at the family concerned.
It bears the same relationship as does continuity to computability: a computer given
approximately correct data for which to compute the value of a function or the
behaviour of a system will give an approximately correct answer if the function is
continuous, the system structurally stable. If not, only analytic methods will serve,
and the physical significance of the result will be dubious. Fortunately, in the dimen-
sions with which we are concerned, structural stability is an open dense property
in the space of possible families of potentials; thus unstable systems can be ignored for
almost all purposes, just as we ignore the ' possibility' of balancing a pin on its point.)

Hence, if, for any system (physical/chemical/biological, etc.), we have grounds for
assuming that it is governed through potentials by at most a four-dimensional control,
we may deduce that locally any discontinuous behaviour has the form of one of Thorn's
seven elementary catastrophes.

In particular, with a two-dimensional control only two types of singularity are
possible; the fold and the cusp. The cusp catastrophe has so far been the most fruitful
of detailed applications (see in patricular Zeeman'(7), (9) and Fowler(2)) and to illu-
strate it Zeeman(8) devised a-machine rusing elastic energy for potentials. (Several
other machines, with radically different potentials such as soap-film and gravi-
tational energy, now exist to attest the universality of the theory). The machine is
worthy of some detailed analysis, since it not only illustrates the cusp catastrophe in
both its aspects but exemplifies the way in which a precise qualitative description can
be both more exact and more illuminating than a precise quantitative one.

The machine consists of a wheel of radius r free to turn about the origin O, and two
pieces of elastic BA, BX of unstretched length p attached to its edge. A is the fixed
point (0, —a), X a variable point (x,y). We consider only the open set G of those X
for which the elastic is actually stretched.
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Fig. 1

Detailed suggestions for construction are given in (8).
For each X the system has energy Vx(6) proportional to (1 — p)2 + (m—p)2, varying

with the angle 0 of the wheel. Experimentally (the reader is emphatically recommended
to make and play with a machine) for some values of X the system has two stable
equilibria, corresponding to local minima of Vx, and for other values only one. The
curve separating these types of values of X is known as the bifurcation set of the
system, and it is only by moving X across it that the wheel can be caused to jump
rather than move smoothly with the control.

By Thorn's Theorem the set

M =

of equilibria (stable or otherwise) of the system is a smoothly embedded surface in the
three-dimensional space C x S1, and for a suitable neighbourhood N of any singular
point P of the map „ n _.

X'. JxL —> V, (JL ,0) ~ ^ .A

and N of x(P) there must be diffeomorphisms (f>, i/r making

N-£-+N' s M' s R3 (a, b, x)

4- , 4- 4- -v
N-Z-tN1 s R2 (a,b)

commute, where either

M' = (a, b, x) x2 + a = 0 from F(a> b)(z) = $x* + au

or M' = (a, b, x) x3 + ax + b = 0 from P(a b)(x) = Ja;4 + \ax* + bx,

respectively the equilibrium set and potential for the no. 1 catastrophe (the fold)
multiplied by a trivial dimension, and the equilibrium set and potential for the no. 2
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catastrophe (the cusp or Riemann-Hugoniot), in their standard forms. Pictorially, the
situation must hence be as in Fig. 2.

Thus the form of the bifurcation set is locally a smoothly immersed curve or a cusp
(no corners are possible, for example). With this information, a little experiment,
and subsidiary arguments, such as appeal to symmetry, it is easily established that
the global description is as shown in Fig. 3, with the ?/-axis an axis of symmetry of the
bifurcation set.

Only one of the two layers of surface meeting any fold line can consist of stable
equilibria. Over cusp Co or Cn the singularity involves a layer of maxima between two
of minima; there is also a layer of maxima not locally singular. Over C+ or C_ this is
reversed.

Taylor series expansion of the elastic energy in terms of 6 for points on the y-axis
determines the position of the vertical cusps and verifies the existence locally of 0
and ijr (essentially, <j) is defined by 'leaving off higher-order terms in 6' and ijr is an
affine change of coordinates). Until recently, the analysis rested at that point. To pro-
ceed further, it is convenient to start with a simplifying assumption, which can be
physically realized in the Mk II Catastrophe Machine.

We shall suppose that the tension in the upper piece of elastic is proportional directly
to its length m, not to (m — p). (To validate this physically, enclose the elastic in a tube
of lengthy as shown in Fig. 4, and use X = (x, y) rather than X as control; varying now
in C rather than C, with the obvious definition.) Now consider the contours, i.e. lines of
constant 8, in the surface M. Suppose we know that (z,y,0)GM. That is, the wheel
is in equilibrium (stable or otherwise) at 6 for X = (x, y). That is, the tangential com-
ponents at the point B of the tensions in the two elastics are equal (the components
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Fig. 5

X'

Fig. 6

radial to the wheel being killed off by the constraints). Hence, (JL',d)eM also if
and only if the tangential components of the tension in the upper elastic when stretched
from B to X and to X' are equal. Now the tension T% in BJ£, for any X, is a vector in the
direction BX and proportional to its length. Thus, with appropriate choice of scale,
the force vector T% and the geometric vector BX are essentially identical. Hence
(X', 6) eM if and only if BX' has the same tangential component as BX; that is, if
and only if X' is on the line through X parallel to the radius of the wheel. Hence
irrespective of the laws determining the' downward' force on the wheel, the 6- contours
of M are straight lines with slope — cot d. The force law fixes only the intercept with
the y-axis.

The equilibrium surface M < U3 of the Mk II machine is thus a ruled surface. If
the projections of sufficiently many ^-contours are drawn in the (x, ?/)-plane (Kg. la)
the bifurcation set becomes visible as their envelope - this being precisely the pro-
jection of the fold lines of M by X-

We now return to the Mk I machine. A similar analysis applies, but now the tension
is proportional not to length but to extension. Thus corresponding to a given Mk II
equilibrium we have a Mk I equilibrium with the same tension T% say, hence an ex-
tension equal to the Mk II length, hence a control X in the same direction as X from B
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Fig. 7

but p farther away. Thus a contour will be the locus of X as X traverses a Mk II con-
tour. Each contour is thus a conchoid of Nichomedes (a curve invented about 150 B.C.
for the purpose of trisecting angles; cf. (3), (4)). Exactly as for the Mk II machine, the
envelope of these contours is the bifurcation set (Fig. 76). The contours drawn in Fig.
7 (6) are the conchoids corresponding to the straight lines of Fig. 7 (a), and the values of
a, p and r are the same for same for the two figures.

This method of drawing the bifurcation set indirectly by means of the contours
is not only simpler but more illuminating than drawing it directly, since it displays
the way in which M is projected. It is universally appropriate; both in detailed applica-
tions, as here, and in drawing the standard forms of the catastrophes (6).
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The positions of the cusps in the two machines are not simply related. Since every
Mk I machine contains a Mk II machine (by the purely labelling device of the tube)
and vice versa, we may think of the surface M of equilibrium states as embedded in two
ways in U2 x S1; a state S can be represented either as (x,y, 6) or as (x,y, 6), and we
have a commutative diagram

Ks r\ O f KJ i= K

i

f

CxS1-

where/is the level-preserving diffeomorphism

/ p(x — rsind) p(y + r cos 6) _
x- (x2 + y2 + rz_2rxsin6 + 2ryGOsd)i ' V (x2 + y2 + r*2rxswd + 2rycos6)i'

and we have x = *"'» X — #*•

No map C -> G will make the diagram commute: the surface is 'rolled round' Dy
/ between the two projections, so that the fold lines and pucker points occur at different
places on it. This emphasizes that the singularities are in the projection, not in
the catastrophe surface itself, which is, in general, smooth and in the standard case
analytic.

By techniques of an older generation (no longer taught in most places-particularly
not in those which go in for courses in topics like catastrophe theory, for which they are
a necessity: in this particular case retrieved from (l)) we find that the explicit equation
for the envelope bifurcation set of the Mk II machine, parametrized by the angle 6
of the wheel, is

•h
a2pr sin3 6 ap(a2 + r2 4- Sar cos 0 — ar cos3 6)

Cb — _

Notice that if we fix a, the possible figures are all similar: for p = a — r (i.e. for the
lower elastic just taut when 6 = 0, so this is the greatest value of p we can use unless
we substitute a spring), the lower cusp is at the centre of the wheel, and shortening
the elastic contracts the whole figure -both contours and bifurcation set-towards
the point (0, a) exactly opposite the fixed point of the lower elastic, proportionately to
p. Fig. 8 illustrates this for a = 4, r = 1, p = 3, 2|, ...,£. By geometrical arguments
extending those that showed the contours to be straight, altering the relaxed length
of the upper elastic on its own simply dilates or contracts the figure from or towards
(0,0). Thus the similarity type of the figure is fixed by the ratio rja; altering the other
quantities such as the lengths of the elastic merely changes its size and position.

https://doi.org/10.1017/S0305004100048003 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004100048003


Zeeman's Catastrophe Machine 223

https://doi.org/10.1017/S0305004100048003 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004100048003


224 T. POSTON AND A. E. R. WOODCOCK

By further differentiation we find that the vertical cusps are at the points,

a(a±r-p)
' (a±r) '

and the side cusps at
pr p(a2 + r2)

The side cusps point upwards at an angle of cos"1 (r/a) to the vertical, and hence cor-
respond to states where the lower elastic is tangential to the wheel, on the other side
of the ^/-axis. The referee has pointed out that this may also be shown geometrically,
as follows:

Fig. 9

Each secant of the wheel from A corresponds to two values of 6. On each such secant
mark Q such that AQ = p, and P, R such that BP = BQ, CR = CQ. Then the wheel
is in equilibrium at B with the control at P, at C with the control at R, since the forces
in the upper and lower elastics are then equal and opposite. Hence the contours for
these positions of the wheel are the lines PT, RT parallel to BO, CO, intersecting at T.

Now, for any such secant, T is the reflexion in 0 of Q, by a simple argument using
similar triangles. Therefore as Q varies over the arc or centred on A, T varies over the
arc erf centred on A = (0, a), the reflexion of A in 0. Moreover, if we consider a nearby
secant A'B'C, we have the intersections of PT with P'T', RT with R'T' inside the
segments PT, RT; hence so are the characteristic points, where PT, RT touch the
envelope. These must coincide at f for Q = T, at & for Q = a, and must approach cr and
f tangentially to the outward directions of or; the side cusps thus lie at a and f.

This also accounts geometrically for the behaviour illustrated in Fig. 8; as p is
decreased, the arc or is contracted towards A and hence the arc of towards A,
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carrying the side cusps along with it. The similarity of the figures follows from the
observation that the directions of the contours through any point Ton of depend only
on the angle LOAT, not on the lengthy.

The Mk I machine is a little more complicated. The bifurcation set, again para-
metrized by 0, is given implicitly by the (x, y) solutions of the equations

op sin 0

_ . . . . I(a2 + r2) cos 6 - ar(3 cos2 0 - l ) \

( x3 sin 6—y3 cos d — xy(xcosd — y sin 6 — 3r sin 6 cos 6) — rx2(sin2 6 + 1)
2 ( 2 ? l ) ! ( i 9

From these equations, the vertical cusps are found to lie at

{a ± r)2±pr + J[pr(8ar ± 6a?+pr ± 2r2) + (a2

2(a±r)

with ' —' chosen from ' + ' for the lower cusp, ' + ' for the upper cusp. For r = \, p = 1
and a = 2, the values for which Fig. 7 was drawn, this gives cusps at

. 7 + V97 27 + V489
0, - ^ - and 0, — ^ —

in agreement with the picture as drawn, the result of the power series approach
referred to above, and experiment.

The reader may care to amuse himself by finding a precise formula for the positions
of the side cusps in this case. Mathematically, they are the points satisfying the pair
of equations above and also

(It is clear from the picture that dxjdd = 0; sin# #= 0 will suffice to determine the
positions completely.)
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