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Abstract. Upon a set of backward orthogonal polynomials, we propose a novel
multi-step numerical scheme for solving the decoupled forward-backward stochastic
differential equations (FBSDEs). Under Lipschtiz conditions on the coefficients of
the FBSDEs, we first get a general error estimate result which implies zero-stability
of the proposed scheme, and then we further prove that the convergence rate of the
scheme can be of high order for Markovian FBSDEs. Some numerical experiments
are presented to demonstrate the accuracy of the proposed multi-step scheme and
to numerically verify the theoretical results.
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1. Introduction

Let (Q2, F,F, P) be a complete, filtered probability space with filtration F = (F;)o<i<7
(T > 0 a finite time) satisfying the usual conditions and F; containing all the P-
null sets of 7. On the probability space, a standard d-dimensional Brownian motion
W is defined. Let L? = L2%(0,T) be the set of all F;-adapted and mean-square-
integrable vector/matrix processes. We consider the system of decoupled forward-
backward stochastic differential equations (FBSDEs)

t t
Xt:X0+/ b(s,XS)ds—i—/ (s, Xs)dWs, te€[0,T], (1.1)
0 0
T T
Yt=5+/ f(s,Xs,Ys,Zs)ds—/ Z,dW,, te 0T, (1.2)
t t
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where (1.1) is a forward stochastic differential equation (SDE) and (1.2) is a backward
stochastic differential equation (BSDE). Assume that the coefficients b: Q2 x [0, 7] xR? —
R? and o: Q x [0, T] x R — R?*9, the generator f: Q x [0,T] x R x R™ x R™*4 — R™
and the terminal condition ¢ is mean-square integrable and Fp-measurable. We note
that the integrals with respect to W in (1.1) and (1.2) are the It0o-type integrals. A
process (X;,Y;, Z;) : [0,T] x Q@ — R? x R™ x R™*? is called an L? solution of the
decoupled FBSDEs (1.1) and (1.2) if, in the probability space (2, F,F, P), it is {F;}-
adapted, square integrable and satisfies the Egs. (1.1) and (1.2) [25]. In this paper,
we assume that the system of decoupled FBSDEs (1.1) and (1.2) has a unique solution
(X1, Y1, Zy).

Under some standard conditions on the coefficients b and ¢ of the SDE (1.1) and
the generator f of the BSDE (1.2), such as Lipschtiz conditions on b, ¢ and f, Pardoux
and Peng first proved the existence and uniqueness of the solution of nonlinear BSDEs
in [25] in 1990. Since then the theory of BSDEs and FBSDEs has been extensively
studied, and important applications of them have been found in many fields, such as
finance, risk measure, stochastic control, and so on [11,13,26-29]. Consequently it
has become very important to solve the FBSDEs analytically or numerically for practical
purposes. On the other hand it is often difficult to obtain analytic solutions of FBSDEs
in explicitly closed form, or it is too complicated to compute the values of the solutions
even we have the closed form of the solutions. Thus numerical methods for solving
FBSDEs are highly desired, especially the methods with high efficiency and accuracy.
There exist quite a few numerical methods for solving BSDEs and FBSDEs. Some of
them are derived from the relationship between the FBSDEs and the corresponding
parabolic PDEs, such as in [9,17,18,21-23,34], and others are obtained directly from
discretizing BSDEs or FBSDEs, such as in [1-3,5-8,10,12,16,19,24,29,32,33,35-40].
Most of these algorithms are Euler-type methods with half order convergence rate [3,4,
8-10,17,18,21,34]. In [12], a method with weak first order convergence was studied.
In [16,32,35-40], some methods with convergence rates up to two were proposed and
studied.

A multi-step scheme was first proposed for solving the BSDEs only (not combined
together with forward SDEs). The high order of the scheme was numerically demon-
strated and was theoretically proved for BSDEs with the generator f independent of
Zs. In [5, 6], the authors introduced high-order multi-step schemes for FBSDEs with
general generators. They got the high-order error estimates for their schemes, in which
the forward SDEs were not discretized.

In this paper, we propose a novel multi-step scheme for solving the decoupled FB-
SDEs (1.1) and (1.2). We first introduce a new set of orthogonal polynomials, which
we call backward orthogonal polynomials and study some of their simple properties.
Based on the theory of numerical integrals and polynomial approximation, we develop
the new multi-step scheme by using the backward orthogonal polynomials and a spe-
cial Gaussian process. Under not strong conditions, such as Lipschitz conditions on the
coefficients b and o of SDE (1.1) and the generator f of BSDE (1.2), we obtain error
estimate of the proposed multi-step scheme in a very general form, which also implies
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the stability of the scheme; and on this error estimate results, for the decoupled FBSDEs
(1.2) of Markovian type with the terminal condition £ = ¢(X7), we rigorously prove
that the convergence rate of the scheme can be of high order when the coefficients b,
o, [ and ¢ are smooth enough. The high-order error estimate result clearly shows the
influence of the accuracy of numerical schemes for solving the forward SDEs on our
scheme for solving FBSDEs. Our numerical results are consistent with the theoretical
results.
For simple representations, let us first introduce the following notations:

e | - |: the standard Euclidean norm in the Euclidean space R?, R™ and R™*¢,

° Fﬁ’w(t < s < T): the o-field generated by the diffusion process {X, : t < r <
s, X; = x} starting from the time-space point (¢,z). When s = T, we use F"* to
denote ]—'%m.

e E[X]: the mathematical expectation of the random variable X.

e ES"[X]: the conditional expectation of the random variable X under the o-field
FOO(t<s<T),ie, B [X] = E[X|Fo"]. Let EF[X] = E[X|F,""].

e PP;[a,b]: the set of polynomials of degree i defined on [a, b].

e CF: the set of continuously differential functions ¢ : + € RY — R with uniformly
bounded partial derivatives 9% ¢ for k; < k.

. Cé’k: the set of functions ¢ : (¢,x) € [0,7] x R? — R with uniformly bounded
partial derivatives aﬁldglgb forl; <land k; < k.

. Cé’k’k: the set of continuously differential functions ¢ : (¢, z,y) € [0,T]x RIx R —
R with uniformly bounded partial derivatives d;'¢ and 9%19}2¢ for l; < | and
ki + ko <E.

. Clljz the set of k times continuously differentiable functions ¢ : x € R? — R
for which ¢ and all of its partial derivatives of order up to and including & have
polynomial growth.

The rest of the paper is organized as follows. In Section 2, we introduce the back-
ward orthogonal polynomials and discuss their properties. In Section 3, based on
the backward orthogonal polynomials, we propose a novel multi-step scheme for solv-
ing the decoupled forward-backward differential stochastic Eqs. (1.1) and (1.2). We
present a new Gronwall-type inequality, and then derive error estimate of the multi-step
scheme in a general form in Section 4. In Section 5, in the case of the Markovian decou-
pled FBSDEs, under some reasonable regularity conditions on b, o, f and £ = ¢(X7),
we further prove high-order convergence of the scheme. Numerical examples and some
conclusions are given in Section 6 and Section 7.
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2. Backward orthogonal polynomials

We first give the following definition.

Definition 2.1. We call a set of polynomials {Q;(s)}~, defined on the interval [0,1]
the backward orthogonal polynomials, if for each i = 0,1, ..., L, it holds that Q;(s) €
P;]0, 1] and

1 1
/ Qi(s)ds =1, / Qi(s)s’ds =0, 1<j<i. (2.1)
0 0

Remark 2.1. The classic orthogonal polynomials {V;(s)}L, defined on the interval
[0, 1] with V;(s) € P;[0,1] and a weight function w(s) is defined by

1
/ U}(S)‘/Z(S)‘/J(S)ds = 5@]) 0 < Za.] < L)
0
which is almost equivalent to
1 1
/ w(s)Vi(s)s'ds #0, 0<i<L, / w(s)Vi(s)s’ds =0, 0<j<i<L.
0 0

This is the main reason we call the polynomial set {Q;(s)}~, the backward orthogonal
polynomials on [0, 1].

Note that the backward orthogonal polynomials with respect to a given weight
function also could be defined similarly.

By Definition 2.1, we easily have the following lemma.

Lemma 2.1. There is a unique set of polynomials {Q;(s)}!—, on [0, 1] satisfying the condi-
tions stated in (2.1). Furthermore, let Q;(s) = Z;:O a; js’, then for each i = 0,1,...,L,
the a; ; is determined by

i i

g — -0, 1<m<i. 2.2
]Zojﬂ jzoj—i-m—i—l =t (2.2)

We list the first seven of them in the following.

QO(S) - 1)

Q1(s) = —6s+4,

Q2(s) =302 —36s5+9,

Q3(s) = —140 8% + 240 5% — 120 s + 16,

Qa4(s) = 630s* — 1400 s> + 1050 s2 — 300 s + 25,

Qs(s) = —27725° + 7560 s* — 7560 s> + 3360 52 — 630 s + 36,

Qe(s) = 12012 5% — 38808 s° + 48510 s* — 29400 53 + 882052 — 1176 s + 49.

Define the new polynomial set {P;(s)}~, on [a,b], where Pi(s) = Qz<ﬁ) The
polynomials {P;(s)}L, are then called the backward orthogonal polynomials on [a, b].
It is easy to verify that the polynomials {P;(s)}L , have the following properties: for

eachi=0,1,...,L,
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L. Pi(a) = Qi(0),
2. f Pi(s)ds =b—a,
3. f Pi(s)(s —a)lds =0, for 1 < j <1,
4. f P;(s)q(s)ds = q(a)(b — a) for any polynomial ¢(s) € P;[a, b].
About the polynomlals {Pi(s)}L£,, we have the following two lemmas.

Lemma 2.2. Let {Pi(s)}L, be the backward orthogonal polynomials on [a,b]. Then we
have
Py(a) =1 and Pi(a)>1if 1<i<L.

Proof. First obviously Py(a) = 1. According to the properties of the polynomials
{Pi(s)}E£,, it holds that

b b
/B(s)ds:b—a and /BQ(s)dS:PZ-(a)(b—a).

Then for any 7 with 1 < i < L, we have

0< / '(Py(s) — 1)%ds = / '(P2(s) - 2P,(s) + 1)ds

Pi(a)(b—a) — 2(b—a) + (b— )
— (P(a) - 1)(b - ),

which leads to the conclusion of the lemma. O

Lemma 2.3. Let {P;(s)}L, be the backward orthogonal polynomials on [a,b]. Assume
that the function g(s) is differentiable with the (i + 1)th-order derivarives g"t1) bounded
for 0 < i < L. Then we have

b
/ Pi(s)g(s)ds = g(a)(b — a) + O((b — a)'*2).

Proof. Under the condition of the lemma, we obtain by the Taylor expansion,
g i
Z _ 7+ 0((s — a)'t).

Then by using the definition of P;(s), we have

b g (a) [P ‘ b A
/Pi(s)g(s)dszzgjﬂ( )/ 3(5)(s—a)ﬂds+/ O((s — a)*1)ds

5=0
=g(a)(b—a) + O((b — a)™?).

The proof is complete. O
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3. A multi-step scheme for the decoupled FBSDEs

For the time interval [0, 7], we introduce the following partition:
O=to<ti <...<ty=T. (3.1
Let At, = tp11 —th,mn=0,1,...,N —1and At = max At,. We also assume that
0<n<N-1
the time partition have the following regularity:
R, B
RN <, (3.2)
min At,
0<n<N-1
where ¢y > 1 is a constant.
Let (Xﬁ’x,Yst’x, Zﬁ’x) be the solution of (1.1) and (1.2) starting from time ¢ with
X, = x, that is, (XJ", Y2, Zﬁ’m) satisfies

S S
X =t [ b X+ [ ot X, s € 1.7
o ' . (3.3)
YT = o(X5T) + / £, X% Yo Zb%)dy — / ZHaw,, s e[t T.
S S
Let Y;Z“X" = o(XI X"y and (XX v X" Zm X" be the solution of (3.3) start-
ing from ¢, with x = X" for ¢ € [t,,, T]. Denote f(s,Xﬁ"’Xn,Kf"’Xn, Zﬁ"’Xn) by fﬁ"’Xn.

3.1. Reference equation for Y;

By (3.3), we have

tn+1

tn, X £ X7 tnt1 n tnt1 n
v e [ e [z ar. @
tn tn

Taking the conditional expectation E;X"[-] on both sides of (3.4), we get

tnt1

n n n tnt1 n n
VX B [T R s (35
tn

Note that the integrand Efin[ ﬁ”’X"] is a deterministic smooth function of time s

under F;,. To approximate the integral, any numerical methods for computing inte-
grals with deterministic integrands can be used. When the values of (X;,Y;, Z;) on
the time levels t,,,1, t,12, ..., tn1 K, are available, where K, is a positive integer with
1 < K, < N —n, it is often a natural idea to construct an approximation of the in-

tegrand E{X | X n] based on these values. For better stability and accuracy implicit

methods are often used [37-40] to solve (Yttn"’X n, ZfZ’X n), in which the values on the
time level ¢ = t,, are also utilized for the approximation.
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As done in [40] we here choose the Lagrange interpolating polynomial pt"’ n(s)
based on the support points (¢,1;, E;\ | f:j("]), =0,1,..., K,, to approximate the
deterministic integrand EX" [fi**"]. Thus we have

Jo BX e ds = t"“ptKn’ (s)ds + Ry
n (3.6)
nptn, X
= At, Zob?mngL fo 1+ Ry,
1=
where
K.
1 tnt1 ¥ R A
b= 2t ) gs.
Kyt Atn ~/tn ]1—[0 <tn+l - tn—l—] ° (37)
J#i
It is easy to verify that
K,! a;)"
. L)
v 1 /’f’“rl Y <n§jgzi}§<y—1 J q cé(y K,! 3.8)
. S = . .
Kyl = At, Ky il(Ky — 1)

WK —i!( min At-)
(Ky —1) ne hin AL
Ky
c,” K
We set By, = oé?%i%y WKy —i)]

can be explicitly presented as

! . . .. .
o>, For the uniform time partition, that is At, = At, b} .
Y

(3.9

Inserting (3.6) into (3.5) gives us the following reference equation for solving Y;’ij’x !

Y'ttnn,X _ EX" [Ytn

tni1

] + Aty Zb B+ Ry

tnt1 n n
with the residual RZ:/t EX"[fiX") ds — Aty Zb Efi tnﬂ .

3.2. Reference equation for 7,

(3.10)

Let K, be a positive integer with 0 < K, < N, and {Pl-(s)}fizo be the set of backward
orthogonal polynomials on [t ;1] with order up to K, defined in Section 2. For

s € [tn, T], we define the Gaussian process AW, s by

AW, s = / Py (r)dW,,
tn
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where Px, (r) = QKZ< T —tn >

tnt1—tn
If Pg.(r) = 1, AW, s = AW, s, where AW, o = Wy — W (t, < s < ty),
which is a standard Brownain motion with mean zero and variance s — t,. If s =
tnyi, we use AW, ; to denote W; , — W, . Similarly, if s = t,,,;, we use AWM to
denote AW;, 4., By the definition (3.11), AW,, s = (AW} ,,AW? -+ AW )"
is a Gaussian process with the following special properties:

1. B} [AW,1] =0,

3. EX” [AWZJAWT{,J = f;:“ Py, (s)ds = Aty

Now multiply the transpose of AW, ; to both sides of (3.4), and subsequently take
the conditional mathematical expectation E;\ ' [] to both sides of the derived equation,
we obtain by the It6 isometry formula

tn XM tn+1 n n ~ tn+1 n n
0=EX"[V/" " AW}, ]+ / EX " [fim X" AW ] ds — / EX" [P, (s)Z*"] ds.
tn tn

tni1
(3.12)
Let 1 < K; < N — n. We approximate t”“ EX"[fo X" AW ) dsin (3.12) by

K

tn41 n f
/ BN [fr XN AW Jds = Aty b BN 1f T AWE )+ R, (3.13)

tn =1

n+1i

K
tnt1 n N B f
where iy = [ "B WG ) = 3k B U A s
ln

About the second integral term on the rlght hand side of (3.12), we have the iden-
tity

tn+1 " n tn41 N
[T E Pz ds = - [ P 2 s v v G14)
tn tn

tn+l
where R”, = —/ (Efin [Pi.(s) 2" = P (s)Eq " [ 2 ]) ds.
tn

Now, combining (3.12), (3.13) and (3.14), and using the facts fttn"“ Pk (s) ds =
Aty, Pr_(s)EX" [Zf:’X "= PKZ(s)Zf:’X " we get the following reference equation for
solving ZfZ’X "

Atn 2N = EX YN AW ] + At Zbe EX AW ]+ RE, (3.15)

tn41

where R} = R}, + R),
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3.3. The semi-discrete multi-step scheme

Let (X™, Y™, Z™) denote an approximation to the analytic solution (X;,Y;, Z;) of
(1.1) and (1.2) at the time ¢t = ¢,,, n = N, N —1,...,0, where the values of Y and Z"
are the approximate values of Y; and Z, at the time space point (¢,, X™). For simple
presentation we denote f(¢,, X", Y", Z") by f". Now based on (3.10) and (3.15), we
propose the multi-step semi-discrete scheme for solving the decoupled FBSDEs (1.1)
and (1.2) as follow:

Scheme 1. Let K = max{K,, K, K;}. Assume random variables X°, YN~ and ZN~,
i=0,1,...,K—1, are known. Let {X "}ﬁzo be the numerical solution of the forward SDE
in the decoupled FBSDEs by a numerical method for solving the SDE. Forn = N—-K, ... ,0,

1. Solve the random variable Z™ by

n __ Xn n+1 * X1 pn+i
Z _HE Y AW +ZbelE AW, (3.16)
2. Solve Y™ by
Ki’/
Yr=EX Y+ Ar, Y bR BN, (3.17)
=0

Remark 3.1. The accuracy of the multi-step Scheme 1 depends not only on the ac-
curacy of the discretizations of Y; and Z; in solving the BSDE (1.2) but also on the
accuracy of the discretization of X; in solving the SDE (1.1). And it is worth to note
that the scheme is implicit for solving Y (see (3.17)), but it is always explicit for
solving Z™ (see (3.16)).

4. General error estimate

In this section, we will give a general error estimate of the multi-step scheme (3.16)
and (3.17). Before presenting the main theorem, we first introduce some backward
discrete Gronwall inequalities in the following lemmas.

Lemma 4.1. (Discrete Gronwall lemma) Suppose that N and K are two nonnegative inte-
gers with N > K and At any positive number. Let {n,}, n=N — K,N - K —1,...,0,

satisfy
N
mnl < B+alt Y |nl,
j=n+1
where o and [ are two positive constants. Let M, = max _ |n;| and T = NAt.
N-K+1<j<N

Then forn=N—-K,N - K —1,...,0,

Imn| < €T (8 + aK AtM,). (4.1)

https://doi.org/10.4208/nmtma.2016.m1421 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2016.m1421

Scheme for Decoupled Forward-Backward Stochastic Differential Equations 271

Lemma 4.2. Suppose that N and K are two nonnegative integers with N > K and At
is any positive number. Assume {a,}, {b,}, and {R"}, n = 0,1,..., N, are nonnegative,
and satisfy the inequality

K
an + C1A by < (1+ CoAt)an 41 + C3AEY (angi + bngi) + R (4.2)
=1

for 0 < n < N — K, where Cy, Cy and C3 are positive constants. Let

M, = max a;, My, = max b, T = NAt.
N-K+1<i<N N—K+1<i<N
If C1 — C3K > C,4 for some constant Cy > 0, then forn =N — K,N — K —1,...,0, it
holds that
N-K N-K
an + At Z bi < Clan—_g11 + ALK (M, + M) + Z R, (4.3)
i=n =0

where C'is a constant depending on C1, Co, C3, K and T.

Proof. Let n be an integer with 0 < n < N — K. Replacing n by n + s with

0 <s <N - K —nin (4.2) and multiplying both sides of the pruned inequality by
(1 + C2At)%, we obtain
(1 + CgAt)san+5 + (1 + CQAt)SClAtbn+S
K
< (1 + CgAt)s+1an+5+1 + (1 + CQAt)803AtZ Ap+ 541
K i=1
+(1+ CoA) C3ALY “bpyari + (14 CoAL) R, (4.4)

i=1

By adding up the above inequality over s = 0,1,..., N — K — n, we deduce

N-K A
an + C1AL Y (1+ CoAL) " b,
=n N-K
< (1 + CzAt)NinnJrlaN,KJrl + C3At Z (1 + CQAt Z Qj+i
N—-K g=n N—-K
+C3AL > (14 CoAt)~ ”Zbﬁz + ) (1+CoAl) "R (4.5)
j=n i=1 i=n

Notice that

N-K
S (1+ CoAty ™ nzaﬁzg K(1 4+ CoAfN-K-n Z a.
" i= 1 i=n+1
ik

(1+ CrAy—" me < K5 (14+ Coaty—mh,.
j=n i=1 i=n
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Inserting the above two inequalities into (4.5) leads to

N—-K .
an + C1AL Y (1+ CoAt) ",
i=n N
< (1 + CQAt)N_K_n-HCLN,KJrl + CgAtK(l + CQAt)N_K_n Z a;
N A N-K . A =
+COALK Y (14 CoAt) b+ Y (14 CoAt) "R’
< eO2NB N reiq + CaePPNATK AL Z a;
i=n+1
N A N—-K . A
+CO3KALY (14 CoAt) b+ Y (14 CoAt) "R, (4.6)
which implies
N-K A
an + (C1 — CsK)AL >~ (14 CoAt)™™ by
) an N
<eTan_ g+ C3e?T KAt Z a;
i=n-+1
N . N—-K o
+C3KAL > (1+CoAt) b+ > (1+ CoAt)' R 4.7)
i=N—K+1 =0
Since C7; — C3K > C4 > 0, the inequality (4.7) gives us
N
an < B +alt Yy a (4.8)
i=n+1
where
a= CgeCQTK,
) N A N-K o
8= SCQTCLN,KJA + C3 KAt Z (1 + CQAt)Z b; + Z (1 + CQAt)Z R
i=N—K+1 i=0
Then, by Lemma 4.1, we have
an §e°‘T(ﬁ + aKAtM,)
N . N-K .y (4.9)
<Cj AN—-K+1 + At Z (1 + CQAt)ZbZ‘ + Z (1 + CgAt)ZRZ + AtM, |,
i=N—K+1 i=0

where C5 = eoT max{eCQT, Cs3K, 1, aK}.
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Let Cs = ¢“2T max{1, C3K}. Now inserting (4.9) into the right hand side of (4.7)
gives us
N-K
an + C4At Y b,

i=n
N-K

< an + CiAL > (14 CoAL) "D,

i=n
N N

< Cs |:aN_K+1 + C5 At Z (aN_K+1 + At Z (1 + CgAt)jbj

i=n+1 j=N—K+1
N-K

+ 3 (L + CALY R + AtMa)}

J=0
N N-K

+C3KAL ST (1+ oAb+ Y (1+ CAl)R
i=N—K+1 i=0

N-K
< Cy |:aN_K+1 + At(Ma + KeCQTMb) + 602T Z RZ]

< Oy [aN ka1 + At(M, + M) + Z ] (4.10)

i=0
where C; = CsC5T + max{Cgs, C3K, 1} and Cs = C7KeC2T. The proof is then
completed by using (4.10) and setting C = % in (4.3). O

Without loss of generality, in the following we only consider the case of one-dimensional
decoupled FBSDEs (i.e., ¢ = m = d = 1). However we would like to remark that all
error estimates obtained in the sequel also hold for d-dimensional decoupled FBSDEs
where d > 1.

We first need the regularity of the solution (Y;, Z;) of the decoupled FBSDEs (1.1)
and (1.2) when the terminal condition { = ¢(X7) in (1.2).

Lemma 4.3. (see ( [10,12,23,27])) Suppose the functions b, o, f and y are determin-
istic and are uniformly Lipschitz continuous w.r.t. (X,Y,Z) and Hélder continuous of
parameter + w.r.t. t. In addition, assume ¢ is of class C’E*a for some o € (0,1) and the
matrix-valued function a = oo* = (a;j) is uniformly elliptic. Then the solution (Y, Z;)
of (1.1) can be represented as (u(t, X;), Vyu(t, X¢)o(t, X)), where u(t, x) is the smooth
solution of the following PDEs:

(O + L p)u(t,z) + f(t, x,u(t,z), Vyul(t,x)o(t,z)) =0

with the terminal condition uw(T,z) = ¢(x), where L is the second order differential
operator defined by

,Cm:%Z[ it 2)02 , +thw -
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Furthermore for k = 0,1,2,..., and ¢ €

CH2+e for some a € (0,1), then u € CpTH2,

. 1+k,242k 1+k,2+42k,2+4-2k,24-2k
’:beer+7+ ,ferJr’Jr ,2+2k,2+

In order to give a useful theorem, we need the following notations.
~tn:Xn ~tn:Xn 1 tnaXn tn,
Let us denote by Y; ™" and Z,"" the approximate values of Y, "'\ and Z,"|
at the time-space point (t,,1, X" 1), respectively, where X"*! is the approximate so-

. n . . ~ n+1
lution of X, t"’X calculated from (3.4). It is easy to verify Y/»X 1, X" gand
tn+l tn+l

~ n n+1 o . o n od n .

Ztt"jf — Zt"“’X . Similarly, we denote by Yt’;’lx and Zf:;x the approximate val-
ues of Y;:;ZX and Zf:j at the time-space point (¢,,4, X" %), respectively, where X"+
is the approximate solution of XZ’;X " calculated from (3.4). It is easy to verify

tn, X" Ytn+i7Xn+i Ztn,X" _ Ztn+i7Xn+i
tn+i - tn+i ) tn+i - tn+i ’

For simple presentation, in the sequel, we let
R = (e, XV 20,
and similarly,
FiX = f (b, X704 Y X" 20X,
We denote Y;tn" —Y" byey, Zt"’ —Z"bye?,and f(t,, X", Yt"’Xn,Zf:’Xn)—f"
by e%. Then it can be verified that

entl — Ytn,X _yntl o gntl Ztn,X" _ gntl
&z

Ftn,X o+l . n+l
y tn+l tn+1 f f - ef °

? tn+1

Similarly,

Yy tn«HL ’ z tn+i ’ tn«HL

. ~ 4 xn . ) ~4 xn . 4 xn . )
et — Ytn, _ynti gt — Ztn, _ gt ftn, _ fnJrz — 6?—“.

By Lemma 4.3, solutions (Y3, Z;) of (1.1)-(1.2) and (Y, tn, X n, Zf"’Xn) of (3.3) can be
represented as: (u(t, X;), Vou(t, X¢)o(t, Xy)), (u(t, Xm"), Vau(t, XI5 o (¢, X)),
respectively, for ¢ € [t,,, T], where v is the solution of the PDE in Lemma 4.3.

From the definition of our scheme, Y™ and Z" are functions of X", ie Y" =
Y™ (X™), Z" = Z"(X™). Then

— Ktin,X" _y" = u(thn) o Yn(Xn)’
= 2" = 2 = Vo, X")o (b, X™) = Z7(X").

n
ey

n
€z

According to the previous definition of e} and e?}, we have

+1 _ oy, X7 +1 _ +1 +1( yn+1
entl =y — Y = (s, XY — YR (),

Yy n+1
n+1 __ Ztn+1,Xn+1 Zn+1 -V ¢ Xn+1 t Xn+1 Zn+1 Xn+1
€2 = Lt - - Iu( n+1, )U( n+1, ) - ( )
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So the definitions about eé and ¢! are consistent for different i, 0 <i < N.

Before we state our main result on the general error estimate of the multi-step
scheme for solving the system of decoupled FBSDEs (3.16) and (3.17) in the following
theorem.

Theorem 4.1. Let (X;,Y;,Z,), t € [0,T] and (X", Y™, Z"), n = 0,1,...,N be the
exact solutions of the decoupled FBSDEs (1.1) and (1.2) and the approximate solution
obtained by the multi-step semi-discrete Scheme 1, respectively. Assume that the func-
tion f(t, Xy, Ys, Z;) is Lipschitz continuous with respect to X, Y; and Z; and the Lips-
chitz constant is L. Let cy be the time partition regularity parameter defined in (3.2).

Let K = max{K,, K., K}, B = max{Bg,, Bx,} and Px, = | Jnax QK. (s). Let
: SSS K e
M., = R T Elle}|?] and M., = R T E[|eL|?]. Then if the time step At is
sufficiently small, it holds that forn =N — K, N — K —1,...,0,
N-K

Eley[’] + At Y Eflel)’]

i=n

N-K
< C[EHeJyV’K“F] + AU (Mey + Me2) + > {é(EHRQyF] (4.11)
=0
K K
AP S BRIP4 BB + - (BIR, P+ (A0 S EIRSG P + BRI .
Jj=0 j=1

where C'is a constant depending on ¢y, T, L, B, K, Q. (0) and Px,, R}, and R. are
defined in (3.10) and (3.15), respectively, and

i Xy t, X0 £, X i+j _ Xt
Rzey :Eti [y, i1 _YZH J; R;f] _Eti [ftzﬂ ftlﬂ ], (4.12)
j iyt X Z,X ‘ ’
RL, =EX (X v XYWy, R =EX (Y — Ay,

Proof. There are mainly three parts in the proof of the theorem: (i) the estimate of
eys (ii) the estimate of e7; (iii) the general error estimate in the theorem.

(1) The estimate of ey- Letn be an integer with 0 < n < N — K. Subtracting (3.17)
from (3.10), we get

K?/
e =B mi"f =Y A Y b, B U - SRy
1= O
tn,X tn, X tn,X
ST AN At A ey
. , (4.13)
+ At Z b EtXn tn-H ftt:-;z ftn-H B fn+l] + RZ
K?/ ) Y )
= BX" (et + Aty Y bk BN [T 4+ R, + Aty bk BRI+ Ry
=0 =
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Recall that B = max{Bk,, BKf}, we have

K?/ Ky
lepl < B ey ™+ Aty > b, BN (€] + |RE, | + Aty > [0k, JIIRL + | Ry
=0 =0
K
< [EX"[e2tY)| + LBAt, ZIEX lept| + 2] + |RZ,| + BAL, Y[R +|Ryl.
=0 =0
4.14)
Let v > 0 be a real number. By the inequalities
1 m 2 m
2 2 2 2
(a+b)” < (1+~At)a —i—(l—i—W)b <;an> Sm;an,
and taking square on both sides of (4.14), we obtain
2 Xn 1712 1 K axn ; ;
ley | <(1+vANE; [ey ™ + (1 + 557) (LBAtn ;)Etn [ley ™|+ [e2+]
K 2
FIRL| - BAG S IR )
=0
<(L+yAL[ES [ept]? (4.15)
K . n .
+8L2BX (K +1)(1 + 257)(Aty)? ;)(Ei [leg v 0% + B [lez11%)
+4(1+ 557 )(|R |2+ (K +1)B?(At,)? Z |R”+Z 2+ |Rg|2).
(ii) The estimate of €. Subtracting (3.16) from (3.15) results
Atnel =Ep" [(Yf’;’l — Y HAW, ]
(4.16)

+ Aty Zbe EX = AW ] + R

Notice that

EX" (v X"

(2}

— Y HAW ]
n n,X n,X Tk n .
= Eig (VX" — Vi X" et AW ] = R, + B [en T AW, ]

S = AW ]

=B (o = fir AW ] = RyF BN [T AW ]
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we easily get from (4.16) that

n

€2 < |EX " [en T AW ]| + 2 |0, B e AW ]

4.17)
+ & | Ry + Z |be an+Z| + an | R

Then taking square on both sides of (4.17) and using the Holder inequality, we get
K . ~
2 < bl e AW IR + 2 X o, Bl A )

2
iR+ z b, IR + Atn|R”|>
(4.18)

arye B ey T AW P + 8K B2 ZEX"[ TR AW )

< & e

* 8<m'%'2 KBS IR+ mIR?F).
From the definition of Ath,s and the properties of Px_(s) on [t,, t,+1], we have

n - tn+1
EX AW, 7] = / P2 (s)ds = Qi (0)At,

Thus we deduce
EL ey AW P = B [(ey ™ — B ey AW )P
< EX”HAWm\ JEZ, [(ey™ EtXn"[ 2
= Q. (0) Aty (B [ley ™ 2] — B [e 1)
From the Lipschitz condition of f, we have the estimate

Ep, [lef 7] < i [IL(ley ™|+ 1e2 )] < 2L%E3 " [ley ™17 + [e2 7).

In addition, we have

n - tn«HL _
EX" ([ AW,/ :/t P} (s)ds <i AtPy..
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Now, inserting the above inequalities into (4.18), we obtain

2 0 n n
jer? < 22O Ag, (BX" [|lent1 2] — [BX" [ent1]2)

S Tat,)?
K . .
+8K B> 2L i At P BEX"[lep ™ + er )]
=1
+8< |R \ +KB22\R”+Z\ + me |Rn\>
=1
(4.19)
2 0 n n
< 2l )(Eii llentt 2] — X [ent1]?)
+16L° B> K2 AtPr. Y BX " [lep™[? + |er ]
=1
+8( bl + KB R+ bl

Dividing both sides of (4.19) by 2QK2( ) and using the inequality (3.2), it is easy to get

oot < co (B ey ™7 — [E7 ey 11%)

8L2B2K?P K o on4i n+i
T Gy (A0 DB e o+ e P (4.20)

i=1

+ QiﬁfO)( Atn)Q‘Rny| +KBQZ |Rn+z| + o )2‘Rn| >

(iii) The estimate of (4.11).
Now multiplying (4.15) by ¢y and adding the derived inequality to (4.20), we obtain

2 2
CO|€Z| * 20k 0 |62|
n 1
< co(1+yAD[ES ey P + 8co L*B* (K + 1)(1 + At)(At)
K . .
SUEX lep U+ 1en ) 4 o (B [l 2] - B e 1))
=0

% At) ZEX"[‘en+z‘2+’en+z’ ]

+4co(1+ 2x7) <|R ? + (K + 1) BX(At)? Z:|R”+’| +|R”|>

\)

(4.21)

4At 2 n+z
+QKZ(0)<( SR y\ + KB Z|R

https://doi.org/10.4208/nmtma.2016.m1421 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2016.m1421

Scheme for Decoupled Forward-Backward Stochastic Differential Equations 279

or in the equivalent form

co(1— DiAB)en [ + copl)myegP

(mtw -

8L2B2K2Py. N
< co(1+yAL)ES [len™ ] + <60D1 + QK—@At)AtZEfi [lent[?]
z i=1

K .
+(coDr + BTG At At Ay (4.22)

+aco (14 557) <|R * + (K +1)B%(At)? Z |R”+’| + |RY| )

+Qi€€0)<(Atn R, y| +KB2Z |Rn+z‘ + (Atn)2|Rn‘ )

where D; = 85U 4812 B2(K 4 1) AL,
If At is sufficiently small, by letting v be a big enough number, we can have 1 —
DAt > 0. Furthermore, we can choose the constants C7, Cy, C3 such that

1 1 1+ At
C: < - D ——— <1+ ChAt,
L= 1 —DlAt<260QKZ( ) 1)7 1—- DAt — +02
1 8L?B?K? Pk
T —ZAt <cC Ci—C3K >Cy > 0.
1—D1At< ! CQQK( ) >_ 3 ! st 2 Cu >

Then take the expectation on both sides of the inequality (4.22), we deduce
Elley|”] + CLAtE[e ]

K
< (1+ CoADE[ep ) + CyAL S (Eue;“m + E[ye’;“y?]) +R, (4.23)

i=1

where

R" — 1 4(1 1 E[|R™ |2 K 1BzAt2K Rn+z BB 2
—m{”m)< 1Rz 2]+ (K + 1B )ZZE 1B + ElRy))

By (4.23) and Lemma 4.2, we finally obtain (4.11) with some suitable constant C' which
completes the proof. O

Remark 4.1. Theorem 4.1 implies that Scheme 1 is stable, and its solution continuously
depends on terminal conditions, that is, for any given positive number ¢, there exists a
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positive integer §, for different terminal conditions (Y, Z') and (Y, Z%), i = N — K —
1....N,if

max  E[Y - Y]] <, max  E[|Z' — 7} < g,
N—K+1<i<N N—K+1<i<N

then for 0 <n < N — K, we have

N-K
EY" -Y"Pl+ At > E(|Z' - Z'P] <e.
=n
Remark 4.2. The terms Ry and R? defined in (3.10) and (3.15) are truncated error
terms for solving Y; and Z; in the BSDE in (1.2) by the discretizations (3.17) and (3.16)
in Scheme 1, respectively. The four terms Ry, R}, I}, and R} . are determined by
the numerical scheme used for solving the SDE (1.1), which reflect the weak errors of
the scheme for solving the SDE. Under certain regularity conditions on the coefficients
b, o, f and ¢, as long as the estimates of Ry, R%, R Zf, Ry, and R jare obtained,

ey’
then it is easy to get error estimates by Theorem 4.1 for Scheme 1.

5. Error estimate for Markovian decoupled FBSDEs with ¢ = ¢(X7)

Under some regular conditions on the coefficient functions b, o, f and ¢, we will
first estimate the truncation error terms Ry, R, Rg,, Zf, Ry, and R P and then
present a sharp estimation of Y;, — Y™ and Z;, — Z" with explicitly given convergence

rate of the multi-step Scheme 1. For simplicity, we make the following assumption.

Hypothesis 1. The functions b(t, Xy), o(t, X), f(t, X, Y, Zi) and o(X7) are bounded
and smooth enough with bounded derivatives.

Note that under Hypothesis 1, by Lemma 4.3, we have
(}/ta Zt) - (u(ta Xt)7 vmu(tv Xt)a(t7 Xt))7

where u(t,z) and its derivatives are bounded. This means that (Y;, Z;) is bounded and
has bounded derivatives with respect to ¢ and X;.

To estimate the errors of Scheme 1, we make the following hypothesis on the nu-
merical solution X" of the forward SDE in FBSDEs.

Hypothesis 2. Let {X"}_ be the approximate solutions of the forward SDE. We as-

sume that the approximation solutions { X" }N_ have the following properties: there exist

positive numbers r, r1, ro, 3, v and a constant C' > 0, such that for any g € Cgﬁﬂ,

Jmax E[X"['] < C(L+E[X0]'). (5.1)
EX [g(X[m ") — g(X"HY]] < O+ | X771 (AL, (5.2)
EX (g0 = (X)) AWl < OO+ X P2)(A8H, (5.3)
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n=20,1,...,N — 1where C > 0 is a constant which does not depend on At. The number
B + 1 will be called the local weak order of the approximation.

Remark 5.1. In fact, many numerical schemes for solving forward stochastic differen-
tial equations, such as the Euler scheme, the Milstein scheme, and the It6-Taylor type
weak or strong schemes (see [14]) have the approximation properties (5.1) -(5.3) with
B = =, which can be proved by using Lemma 5.7.2, Lemma 5.7.5 and Lemma 5.11.4
in [14].

By using the standard It6-Taylor expansion formula [14], it is easy to prove the
following Lemma (similar proof to that of Lemma 3.1 in [36]).

Lemma 5.1. Suppose that the functions g = g(s,x) and v = v(s,z) are bounded and
smooth with bounded derivatives. Define G(s) = Ef[g(s, v(s, X))] and G = Ef[g(s, v(s, X))
(Xs — X¢)], t < s. Then G(s) and G(s) have bounded derivatives.

And about the terms Ry and R} defined in (3.10) and (3.15), we have the following
lemma.

Lemma 5.2. Let R;; and R be the local truncation errors defined in the reference Egs.
(3.10) and (3.15). Then under Hypothesis 1, we have the following local estimates:

Ry < C(A)S#2, [RY < O((ANFAH27K 4 (apKe+?), (5.4)

where C' > 0 is a generic constant depending only on T, the upper bounds of derivatives of
b, o, pand f.

Proof. Under Hypothesis 1, we know that the solution u(s, X;) and its derivatives
are bounded [15], and Lemma 4.3 tells us that the solution of (1.1) and (1.2) can be
represented by Y, = u(s, X;) and Z;, = V,u(s, Xs)o(s, Xs) for s € [0,T]. Then by
Lemma 5.1 the derivatives of EX"[f; L X | with respect to time s up to order K, + 1 is
bounded and so is E;* " [Zt"’X ] with respect to time s up to order K, + 1. From (3.10),
we have

tn+1 xn
RZ:/t EX"[fX"] ds — At, Zb EX X
tn41 xn xn o xn
_ / (B (10X ds — plg X" ()] ds, (5.5)
tn

where pt"’ n(s) is the K,-th order Lagrange interpolation polynomial through the

points (tn4;, Ei\ | f,f:jrz 1),i=0,1,..., K,. Thus by the theory of numerical integrals,
we easily obtain the estimate

|Rp| < C(AL)F 2, (5.6)
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And by Lemma 2.3 and the properties of the polynomial Pk _(s), we obtain

tn+l

R = \ [ R P )20 Vs = 2
tn

tn+1 n n n .
— / P, (s)EX" (20X ds — 2, At 5.7
tn
<C(At,)K=+2,
By the definition of R, using the interpolation theory [31], we get
t"“ X7 ptn, X" A TR Xnpt X
R = ‘/ Etn [fe AW, (] = Zbe EX(fr AW ])dS
tn (5.8)

n+1
< - At Kf+1/ F(Kf+1) gs dS,
@t [ )

where F(s) = EX"[fim*" AW} ], and & € (t,, ). By Itd’s formula we have

. 3 § 3 §
S ) R A L
where L° and L' be two differential operators defined by
L' = 50, =0y + b0, + 0202

Thus about the integrand F(5s+1)(&,) in inequality (5.8), we have

, " wo N\ (K p)
PEED () = (B [0 AW (),

s

n Ss n & . £
= <E§j’[( i +/ LOflmX dr+/ L' flmX dWT)/ PKz(r)dWT])

tn tn tn

& § (K p+1)
= ([T e )

tn &

(Ky+1)

&s

= ("B <r>1dr>és)(Kf) = (= 0 P )

s

Then under the conditions of the lemma and by the identity Pi(j ) (r) = (b_la) 5 Qz(j )(gjg),
we easily obtain the estimate
bt 0 (Af)EstT «
< FH2-Ks 5.
RY _/tn B (R e < 0 (5.9
Now by (5.6), (5.7) and (5.9), and R? = R?, + R, we complete the proof. O

Now, in the following theorem we present the error estimates of ¥; — Y™ and
Zy,, — Z™ with explicit convergence orders.

https://doi.org/10.4208/nmtma.2016.m1421 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2016.m1421

Scheme for Decoupled Forward-Backward Stochastic Differential Equations 283

Theorem 5.1. Assume Hypothesis 1 and Hypothesis 2 hold, and suppose the initial val-
ues satisfy M., = O((At)%v*1) and M., = O((At)Krt1=K: 4 (Ap)K=H1). Let K =

max(K,, K., Kf), B =max{Bg,, Bk, } and Px, = [ Jmax Qx. (s). If the order-j3 weak

Taylor Scheme is used to solve the SDE (1.1) with § = v = K + 1 in Scheme 1, then for
0 <n < N — K, we have the following error estimate:

N-K

Elley[’] + At Y E[lel/’]

i=n

< C((At)2f(+2 +(AF)2EH2  (Af)2E 22K (At)2KZ+2)7 (5.10)

where C is a constant depending on cy, T, L, K, B, Q. (0), Pk., the initial value of X;
in (1.1), and the upper bounds of the derivatives of b, o, f and .

Proof. From the definitions of Rey, Ré P Ry and Rfﬂ 7 in Theorem 4.1, under the

conditions of the theorem, we have the estimates
E[X|] < 0(1 + E[|X0|2]) (5.11)
E[|RL, %) < 0(1 FE[X])( ) £)26+2 < 0(1 R[] Xo|'] ) (AH)?+2) (5.12)
E[|R!,? < 0(1 FE[|IXA])( ) £)26+2 < 0(1 + E[| Xo[1] ) (A2 (5.13)
E[|R:, [ < 0(1 +E |XZ|4’"2> 1)27+2 < 0(1 +E[|X0|4’"2>(At)27+2 (5.14)
E[|R./[%] < 0(1 —|—E[[X’\4T2]) (AH)D+2 < 0(1 n E[\XO\‘”?])(At)Q”’”, (5.15)

fori =0,1,...,N — 1. We note that in this proof C is a generic constant which could
change its value from place to place.
According to Lemma 5.2, we know that for 0 <i < N — K,

|Rzy| < C(At)Kerz, |RZZ| < C((At)KerQsz + (At)KerQ) ]

By the above two inequalities and (5.11), we deduce

Z_: Alt( [|RL,|*] + (At) ZE[R’” +E[\R;\2]>

=0
gC((At)Q +(At)2Ky+2), (5.16)
N—-K 1
Z t( S+ (At ZE|R’+J ]+E[|RZ|]>
1= 7j=1
< C((At)% + (At 2m2ie (At)%“). (5.17)

Then we immediately obtain the estimate result (5.10) by (5.16), (5.17) and Theorem
4.1. O
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6. Numerical experiments

In this section, some numerical tests will be performed by using the proposed multi-
step scheme — Scheme 1 to solve the system of decoupled FBSDEs (1.1) and (1.2). Here
we consider one-dimensional problems only since our purpose is just to demonstrate
effectiveness and accuracy of the multi-step scheme and verify the above theoretical
results.

For our numerical experiments, space partition and approximation of Efi "[] at dis-
crete space grid point x; are needed. With the spatial step size h, the discrete grid points
are set to be x; = ih, 7 = 0,4+1,£2,.... In the calculations of the conditional mathe-
matical expectation E;\ " [], the Gauss-Hermite quadrature rule is used, and the values
of the integrands of the conditional mathematical expectations at non-grid points are
approximated by local cubic interpolations. Since our goal is to test the accuracy of
the scheme with respect to the time step size, we set the number of the Gauss-Hermite
quadrature points to be big enough so that the errors contributed by spacial approxima-
tion are very small and almost have no effect on the spatial convergence of the method.
For simplicity, we also take a uniform partition with a time step size At¢. Then the time
partition number N is given by N = % where T is the terminal time. The time step
sizes used in our experiments are N = ; (¢ = 4,...,7). In the following numerical
examples we choose T' = 1.

Let |Y;, — Y| and | Z;, — Z°| represent the errors between the exact solution (Y3, Z;)
at time ¢( and the approximate solution (Y, Z") of Scheme 1 at n = 0. The conver-
gence rate (CR) with respect to time step At is obtained by using linear least square
fitting to the errors.

Example 6.1. The aim of this example is to numerically verify the high convergence
rates of the proposed multi-step scheme (Scheme 1) with different step numbers K,
K, and K, for solving the pure BSDE (the Eq. (1.1) becomes X; = W;). Without loss
of generality, we choose the BSDE (1.2) as

—dY, = (ZY, — 3Z)dt — Z,dW, (6.1)

exp(XT + %)
1+ exp(X7 + %)

with the terminal condition Y7 = . The analytic solution of (6.1) is

exp(X; + ﬁ) exp(Xy + ﬁ)

T ltep(X + L) T At exp(X; + 52

We let X;, = 0. Then the exact solution (Y;, Z;) at the time ¢y = 0 is (Yy,, Zt,) =
(1/2,1/4). We report the errors |Y;, — Y| and |Z;, — Z°| and their convergence rates
for different step numbers K¢, K, and K in Table 1.

Table 1 shows that Scheme 1 is a highly accurate and effective numerical method
for solving BSDE; its accuracy depends on the step numbers K, K, and K. Increasing

https://doi.org/10.4208/nmtma.2016.m1421 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2016.m1421

285

Scheme for Decoupled Forward-Backward Stochastic Differential Equations

Table 1: Errors and convergence rates of the multi-step scheme in Example 6.1.

D/to — Y0|
Step Number N =16 N =32 N =64 N =128 CR
K,=0,K;=0,K,=1| 5451E-04 | 2.753E-04 | 1.382E-04 | 6.926E-05 | 0.992
K,=0,K;=1,K, =0 | 4445E-04 | 2.227E-04 | 1.114E-04 | 5.575E-05 | 0.998
K,=0K;=1K,=1| 2.697E-04 | 1.368E-04 | 6.890E-05 | 3.457E-05 | 0.988
K,=2,Ky=2K,=2| 1.362E-03 | 6.920E-04 | 3.471E-04 | 1.736E-04 | 0.991
K,=1K;=2K,=1| 3.036E-06 | 7.717E-07 | 1.958E-07 | 4.945E-08 | 1.979
K.,=1Ky=2K,=3| 1.031E-05 | 2.610E-06 | 6.572E-07 | 1.649E-07 | 1.988
K,=2,K;=4K,=2| 5543E-06 | 7.541E-07 | 9.937E-08 | 1.282E-08 | 2.918
K,=2,Ky=4K,=4 | 5.897E-06 | 8.065E-07 | 1.059E-07 | 1.366E-08 | 2.919
|Zt0 - ZO|
Step Number N =16 N =32 N =64 N =128 CR
K,=0,Ky=0,K,=1| 3.754E-03 | 1.891E-03 | 9.492E-04 | 4.754E-04 | 0.993
K,=0,K;=1K,=0| 1.083E-03 | 5.224E-04 | 2.563E-04 | 1.269E-04 | 1.030
K.,=0,Ky=1K,=1| 1.907E-03 | 9.531E-04 | 4.764E-04 | 2.381E-04 | 1.000
K,=2Ky=2K,=2| 8995E-03 | 4.636E-03 | 2.350E-03 | 1.183E-03 | 0.975
K.,=1Ky=2K,=1| 1.227E-04 | 3.208E-05 | 8.228E-06 | 2.083E-06 | 1.960
K,=1K;=2K,=3| 1.331E-04 | 3.486E-05 | 8.950E-06 | 2.267E-06 | 1.958
K,=2Ky=4,K,=2 | 1.866E-04 | 2.117E-05 | 3.185E-06 | 4.285E-07 | 2.903
K,=2Ky=4K, =4 | 1.838E-04 | 2.134E-05 | 3.197E-06 | 4.301E-07 | 2.895

K, does not improve the convergence rate of Scheme 1 when we fix K and set K =
2K,. It is easy to verify that all the convergence rates presented in Table 1 match
the theoretical result in Theorem 5.1 very well, i.e., the convergence rate is min (X, +
1,K.+1,K;+1—K.). Thus, in order to obtain the best accuracy and efficiency at the
same time, we should choose K, = Ky = 2K in Scheme 1.

Example 6.2. In this example, we solve a system of decoupled FBSDEs to demonstrate
the convergence rates of Scheme 1 with optimal setting of the step numbers Ky, K,
and K, (K, = Ky = 2K, as demonstrated by Example 6.1) and different numerical
methods for SDEs (Euler, Milstein and Order-2.0 Weak Taylor). We choose the decouple
FBSDE as

dX; = sin(t + X;)dt + 35 cos(t + X;)dWs,

(6.2)

With the terminal condition Yy = sin(7" + X7 ), the analytic solution of (6.2) is given

by

Y; = sin(t + X;), Zy = 35 cos® (t + X).

In this example, we still let X;, = 0, then the exact solution (Y3, Z;) at the time

to = 01is (Yyy, Zt,) = (0, 35). The errors |Y;, — Y°| and |Z;, — Z°| and their convergence

rates are shown in Table 2.

The errors and convergence rates listed in Table 2 demonstrate that Scheme 1 is
a stable, effective and accurate numerical method for solving decoupled FBSDEs. The
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Table 2: Errors and convergence rates of the multi-step scheme in Example 6.2.

Step Number K,=0, Ky=1, K,=0

SDE Scheme Euler Milstein Order-2.0 Weak Taylor
K K=0 K=0 K=1
N tho 7Y0| |Zt0 7Z0| tho 7Y0| |Zt0 7Z0| tho 7Y0| |Zt0 7Z0|
16 3.077E-02 | 3.349E-02 | 3.076E-02 | 3.348E-02 | 1.512E-02 | 2.873E-02
32 1.617E-02 | 1.738E-02 | 1.616E-02 | 1.737E-02 | 7.836E-03 | 1.467E-02
64 8.287E-03 | 8.844E-03 | 8.281E-03 | 8.841E-03 | 3.990E-03 | 7.408E-03
128 4.195E-03 | 4.461E-03 | 4.191E-03 | 4.459E-03 | 2.013E-03 | 3.722E-03
CR 0.959 0.969 0.959 0.970 0.970 0.983

Step Number K,=1 Ky=2 K,=1

SDE Scheme Euler Milstein Order-2.0 Weak Taylor
K K=0 K=0 K=1
N Yoo =Y [ 120, = 2°1 | Y2 —Y°1 | 124, = 2°] | [V = YOI | |Z4, — 27
16 1.673E-02 | 1.425E-02 | 1.670E-02 | 1.424E-02 | 8.417E-04 | 1.218E-03
32 8.704E-03 | 7.579E-03 | 8.690E-03 | 7.573E-03 | 2.129E-04 | 2.537E-04
64 4.438E-03 | 3.898E-03 | 4.431E-03 | 3.895E-03 | 5.338E-05 | 5.708E-05
128 2.240E-03 | 1.976E-03 | 2.237E-03 | 1.974E-03 | 1.336E-05 | 1.348E-05
CR 0.967 0.951 0.967 0.950 1.992 2.164

accuracy of the scheme depends on not only the step numbers K, K, and K but also
the numerical methods used for solving the forward SDE (K + 1 represent the SDE
solver accuracy). The numerical convergence rates are again very consistent with the
result of Theorem 5.1, i.e., the convergence rate is min(K + 1, Ky+1, K, +1,K;+1—
K,).

7. Conclusions

In this paper, by introducing a kind of novel backward orthogonal polynomials and
a Gaussian process, we propose a multi-step numerical scheme for solving the decou-
pled forward-backward stochastic differential equations. Under Lipschtiz conditions on
the coefficients of decoupled FBSDEs, we obtain a general error estimate result which
implies the stability of the proposed multistep-scheme. For the decoupled FBSDEs of
Markovian type, we further prove that the convergence rate of the scheme could be of
high order when the coefficients b, o, f and ¢ are smooth enough. Numerical experi-
ment results are consistent with our theoretical results. All these results show that the
multistep scheme is stable, effective and highly accurate, and has the capacity of using
it to solve decoupled FBSDEs and other related problems.
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