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We construct a high-order conditional distance covariance, which generalizes the notation
of conditional distance covariance. The joint conditional distance covariance is defined as a
linear combination of conditional distance covariances, which can capture the joint relation
of many random vectors given one vector. Furthermore, we develop a new method of con-
ditional independence test based on the joint conditional distance covariance. Simulation
results indicate that the proposed method is very effective. We also apply our method to
analyze the relationships of PM2.5 in five Chinese cities: Beijing, Tianjin, Jinan, Tangshan
and Qinhuangdao by the Gaussian graphical model.
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1. INTRODUCTION

Let X = (X�
1 , . . . , X�

q )� be a random vector, where Xi ∈ Rpi , i = 1, . . . , q,
∑q

i=1 pi = p, Z
is an r -dimensional random vector. Our goal is to test the conditional independence given
a set of random variables, that is, to test the null hypothesis:

H0 : X1, . . . , Xq are conditionally independen given Z
versus

H1 : negation of H0
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If H0 is not rejected, then Z is the most important among X1, . . . , Xq, Z because Z
contains all the common part of Xi’s. Otherwise, after removing Z from all Xi’s, which is
the same as conditioning on Z, Xi’s should be dependent. In other words, we are going
to find the most important variables among a set. This has many real applications. In the
following, we list three real examples.

1. In the past decade, air pollution raises people’s concerns in China, especially in
Beijing. Many people study the index of PM2.5 which measures the main pollutant.
We collect PM2.5 data of five Chinese cities, Beijing (BJ), Tianjin (TJ), Jinan (JN),
Tangshan (TS) and Qinhuangdao (QHD), from January 1, 2017 to December 31,
2017. The data set contains 365 observations. Our aim is to analyze the regional
relationships of PM2.5 in these five Chinese cities, so that one can find the city
which influences the others to a large extent. We will analyze this data set later.

2. In the medical study, people are interested in genes which are related to a particular
disease. However, there are too many related genes. Hence, it is important to find the
most related several genes, so that one can control these genes and cure the disease.

3. In the stock market, one may ask if the set of stocks which contribute to the cal-
culation of the stock index is really the most important. This is just our hypothesis
test problem.

If the joint distribution of all variables is normal, then one can use the Gaussian graph-
ical model [5,8] to find the most important subset. In other words, if each variable is
represented by a vertex, then this subset is the minimal set which has the following property.
If one removes this set and all edges which are connected to this set, the remaining vertices
in the graphical model are all isolated. Practically, one does not have joint normality. So
what to do in order to find Z? A solution is offered as follows.

First of all, we assume that all variables are jointly normal. Under this extra assumption,
one can find Z using the Gaussian graphical model. Secondly, we need to test the above H0

to see if Z is really important.
As we know, testing conditional independence is an important problem in multivariate

analysis. There are many papers to tackle this problem in recent years. For example, Linton
and Gozalo [7] developed a nonparametric test of the hypothesis of conditional independence
based on a generalization of the empirical distribution function. Su and White [9] proposed
smoothed empirical likelihood ratio tests. Wang et al. [12] proposed the conditional distance
correlation (CDC) method. We also refer to [6]. However, q is not larger than 2 in all these
papers.

In this paper, we will introduce the concepts of a high-order conditional distance covari-
ance (HCDCov) and a joint high-order conditional distance covariance (JHCDCov) to test
conditional independence in the case of q > 2, which extends the conditional distance covari-
ance to multivariate random variables. Now, we briefly review the distance covariance and
its extensions in the literature. Distance covariance is a nonparametric method to test inde-
pendence between two random vectors via the distance between the joint characteristic
function and the product of marginal characteristic functions [10]. Wang et al. [12] devel-
oped the conditional version by considering conditional characteristic functions. Recently,
Chakraborty and Zhang [3] generalized the distance covariance to a high-order distance
covariance and a joint distance covariance to test independence for several random vectors.

Although HCDCov is a generalization of the idea used in [12], the technical details are
far more complicated. In fact, the case of q > 2 is totally different from q ≤ 2. Furthermore,
compared with [3], our method is conditional, which makes the problem more complicated.
Below we summarize our contributions. (1) JHCDCov not only captures the linear relations

https://doi.org/10.1017/S026996482000039X Published online by Cambridge University Press

https://doi.org/10.1017/S026996482000039X


128 P. Liu et al.

among variables given others but also describes the nonlinear relationships. (2) We develop
the conditional independence test in the case of q > 2 for the first time. Furthermore, the
dimension of Xi can be larger than one, that is, pi ≥ 1. (3) We construct plug-in estimator
methods, which are simple to use. No integration or optimization is involved.

The rest of this paper is organized as follows. In Section 2, we introduce the definition
of HCDCov and JHCDCov. Asymptotic properties of their estimators are also established
under some mild conditions. A new method of testing conditional independence by JHCD-
Cov is discussed in Section 4. Section 5 assesses the finite sample performance of the
proposed approach via some simulation studies. The proofs are gathered in the Appendix.

2. HCDC AND JHCDC

Let φXi|Z(ti) be the characteristic function of Xi given Z, that is, φXi|Z(ti) =
E[exp(ı〈ti,Xi〉)|Z], where ti ∈ Rpi . Here, ı is the imaginary unit. Define ωp(t) = (cp|t|p+1

p )−1

with cp = π(1+p)/2/Γ((1 + p)/2), where Γ(·) is the gamma function, | · |p is the Euclidean
norm of Rp. Let dω = (cp1 × · · · × cpd

× |t1|p1+1
p1

× · · · × |td|pq+1
pq )−1 dt1 × · · · × dtq. Denote

by Iq
k the collection of k-tuples of indices from {1, . . . , q} such that all indices are different.

Definition 2.1: The qth order conditional distance covariance among random vectors
X1, . . . , Xq given Z is defined as the positive square root of

HCDCov2(X1, . . . , Xq | Z) =
∫

Rp

∣∣∣∣∣E
{[

q∏
i=1

(φXi|Z(ti) − exp(ı〈ti,Xi〉))
]∣∣∣∣∣Z

}∣∣∣∣∣
2

dω (2.1)

HCDCov measures the difference between the joint characteristic function and its
marginal, which can describe the linear and nonlinear relationships among the variables
given Z. When q = 2, HCDCov reduces to CDCov in [12]. This follows from a direct
calculation.

For the sake of presentation, given x, x′ ∈ Rpi , we define the conditional bivariate
function

Ui(x, x′, Z = z) = E(|x − X ′
i|pi

| Z ′ = z) + E(|Xi − x′|pi
| Z = z)

− |x − x′|pi
− E(|Xi − X ′

i|pi
| Z = z, Z ′ = z), (2.2)

where (X ′
i, Z

′) is an independent copy of (Xi, Z).

Proposition 2.1: For 1 ≤ i ≤ q,

Ui(x, x′, Z = z) =
∫

Rpi

{
[φXi|Z=z(t) − exp(ı〈t, x〉)][φX′

i|Z′=z(t) − exp(ı〈t, x′〉)]
}

ωpi
(t) dt
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From Proposition 2.1, HCDCov can be re-expressed as

HCDCov2(X1, . . . ,Xq | Z = z)

=
∫

Rp

E

[
q∏

i=1

(
φXi|Z(ti) − exp(ı〈ti,Xi〉)

) ∣∣∣∣∣Z = z

]

× E

[
q∏

i=1

(
φXi|Z(ti) − exp(ı〈ti,Xi〉)

) ∣∣∣∣∣Z = z

]
dω

=
∫

Rp

E

[
q∏

i=1

(
φXi|Z(ti) − exp(ı〈ti,Xi〉)

) ∣∣∣∣∣Z = z

]

× E

[
q∏

i=1

(
φX′

i|Z′(ti) − exp(ı〈ti,X ′
i〉)
) ∣∣∣∣∣Z ′ = z

]
dω

= E

[
q∏

i=1

Ui(Xi,X
′
i, Z = z)

∣∣∣∣∣Z = z, Z ′ = z

]
(2.3)

HCDCov has a shortcoming that zero HCDCov does not imply X1,X2, . . . Xq are inde-
pendent given Z. We take q = 3 as an example. If X1⊥(X2,X3) | Z or X2⊥(X1,X3)|Z
or X3⊥(X1,X2) | Z, then 1/3HCDCov2(X1,X2,X3 | Z) = 0. On the other hand, zero
HCDCov implies

φX1,X2,X3|Z(t1, t2, t3) − φX1|Z(t1)φX2|Z(t2)φX3|Z(t3)

= φX1|Z(t1)φX2,X3|Z(t2, t3) + φX2|Z(t2)φX1,X3|Z(t1, t3)

+ φX3|Z(t3)φX1,X2|Z(t1, t2) − 3φX1|Z(t1)φX2|Z(t2)φX3|Z(t3)

Hence, the higher-order effect can be represented by low-order and pairwise effects.
In other words, φX1,X2,X3|Z(t1, t2, t3) − φX1|Z(t1)φX2|Z(t2)φX3|Z(t3) can be expressed by
φXi|Z(ti) and φXj ,Xk|Z(tj , tk) for 1 ≤ i �= j �= k ≤ 3. If low-order effects are zero, then
higher-order effect is also zero, which motives us to study JHCDCov.

Definition 2.2: The qth order conditional distance covariance among random vectors
X1, . . . , Xq given Z is defined as the positive square root of

JHCDCov2(X1, . . . , Xq | Z) = C2

∑
i1,i2∈Iq

2

HCDCov2(Xi1 ,Xi2 | Z)

+ C3

∑
i1,i2,i3∈Iq

3

HCDCov2(Xi1 ,Xi2 ,Xi3 | Z)

+ · · · + Cq HCDCov2(X1, . . . , Xq | Z), (2.4)

for some specific constants Ci > 0 with 2 ≤ i ≤ q.

JHCDCov is a linear combination of all HCDCov in X1, . . . , Xq given Z with positive
linear coefficients; hence, it can measure the conditional independence among X1, . . . , Xq

given Z.
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Proposition 2.2: JHCDCov2(X1, . . . , Xq | Z) = 0 if and only if {X1, . . . , Xq} are condi-
tionally independent given Z.

Now, we discuss the selection of Ci. The rule is to make JHCDCov2(X1, . . . , Xq | Z) as
simple as possible. It turns out that Ci = cq−i in (2.4) with c > 0 is an appropriate choice
because we can get the following result.

Proposition 2.3: For any constant c > 0, if Ci = cq−i, we have

JHCDCov2(X1, . . . , Xq | Z = z) = E

[
q∏

i=1

(Ui(Xi,X
′
i, Z) + c) | Z = z, Z ′ = z

]
− cq (2.5)

Now, we consider the sample versions of HCDCov and JHCDCov. Suppose Wn =
{Xk, Zk}n

k=1 are independent and identically distributed observations of {X,Z}, Xk
i is

the kth observation of Xi, and Zk is the kth observation of Z. Let gk(Z) = KH(Z − Zk)
and g(Z) =

∑n
k=1 gk(Z), where KH(·) = 1/det(H)K(H−1·) with the Gaussian kernel func-

tion K(·). Here, H is the bandwidth matrix, whose determinant and inverse are det(H)
and H−1, respectively. The kernel estimator of the density function of Z is g(Z)/n. The
estimator of φXi|Z(ti) is defined by

φn
Xi|Z(ti) =

1
g(Z)

n∑
k=1

exp(ı〈ti,Xk
i 〉)gk(Z)

For 1 ≤ k, l ≤ n, let

Ûi(k, l, Z) =
1

g(Z)

n∑
v=1

|Xk
i − Xv

i |pi
gv(Z) +

1
g(Z)

n∑
u=1

|Xu
i − X l

i |pi
gu(Z)

− |Xk
i − X l

i |pi
− 1

g2(Z)

n∑
u,v=1

|Xu
i − Xv

i |pi
gv(Z)gu(Z) (2.6)

Definition 2.3: An empirical estimator of HCDCov2(X1, . . . , Xq | Z) is defined as

HCDCov2
n(Wn|Z) = HCDCov2

n(X1, . . . , Xq | Z)

=
∫

Rp

∣∣∣∣∣ 1
g(Z)

n∑
k=1

{
q∏

i=1

[
φn

Xk
i |Z(ti) − exp(ı〈ti,Xk

i 〉)
]}

gk(Z)

∣∣∣∣∣
2

dω (2.7)

Furthermore, we have

JHCDCov2
n(X1, . . . , Xq | Z) = cq−2

∑
i1,i2∈Iq

2

HCDCov2
n(Xi1 ,Xi2 | Z)

+ cq−3
∑

i1,i2,i3∈Iq
2

HCDCov2
n(Xi1 ,Xi2 ,Xi3 | Z)

+ · · · + HCDCov2
n(X1, . . . , Xq | Z) (2.8)

When q = 2, HCDCov2
n(Wn|Z) is CDCov2

n(Wn|Z) of [12].
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According to (2.7) and (2.8), it is very difficult to compute empirical estimators because
multiple integrals are involved. However, the following Proposition 2.4 provides us simple
plug-in estimators.

Proposition 2.4:

HCDCov2
n(Wn|Z) =

1
g2(Z)

n∑
k,l=1

q∏
i=1

Ûi(k, l, Z)gk(Z)gl(Z) (2.9)

Furthermore, we have

JHCDCov2
n(Wn|Z) =

1
g2(Z)

n∑
k,l=1

q∏
i=1

(Ûi(k, l, Z) + c)gk(Z)gl(Z) − cq (2.10)

Remark 2.1: When q = 2, HCDCov2
n(Wn|Z) = D1 + D2 − 2D3, where

D1 =
1

g2(Z)

n∑
k,l=1

2∏
i=1

|Xk
i − X l

i |pi
gk(Z)gl(Z),

D2 =
1

g4(Z)

2∏
i=1

n∑
k,l=1

|Xk
i − X l

i |pi
gk(Z)gl(Z),

D3 =
1

g3(Z)

n∑
k,l,m=1

|Xk
1 − X l

1|p1 |Xk
2 − Xm

2 |p2gk(Z)gl(Z)gm(Z)

Remark 2.2: Common methods to select bandwidth are the plug-in and cross-validation
[1,2,4,11 ]. We use the plug-in method which is simple. On the other hand, we find that
our estimators are insensitive to c from the simulations. In application, we suggest to use
c = 0.5.

Now, we establish the asymptotic properties of HCDCov2
n(Wn|Z) and JHCDCov2

n(Wn|Z).

Theorem 2.1: Suppose E(|Xi|pi
|Z) > ∞ for any i ∈ {1, 2, . . . , q}, and Z has a density

function. Then,

HCDCov2
n(Wn|Z) a.s.−→ HCDCov2(X1, . . . , Xq | Z),

JHCDCov2
n(Wn|Z) a.s.−→ JHCDCov2(X1, . . . , Xq | Z),

as n → ∞, where a.s.−→ denotes the almost sure convergence.
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3. CONDITIONAL MUTUAL INDEPENDENT TESTING

In the section, we study conditional independence hypothesis testing. From the above,
JHCDC can measure the conditional independence. Hence, we use the following parameter

T (X,Z) = E[JHCDCov2(X1, . . . , Xq | Z)] (3.1)

and its plug-in estimator

Tn(Wn) =
1
n

n∑
m=1

JHCDCov2
n(Wn|Z = Zm) (3.2)

to measure the conditional independence.
Tn(Wn) is a symmetric statistic. It is possible to derive the asymptotic distribution. But

in this paper, we use the local bootstrap method [12] to compute the empirical p-value. Here,
it is given in detail. Let W ∗

n = {(Xk
1 , . . . , Xk

i−1,X
∗k
i ,Xk

i+1, . . . , X
k
q , Zk)}n

k=1 be a bootstrap
sample. Here, X∗k

i is generated from the empirical conditional distribution:

F̂Xi|Z=Zk(x) =

∑n
j=1 gj(Zk)I(−∞,Xj

i ](x)∑n
j=1 gj(Zk)

, (3.3)

where x ∈ Rpi ,

IA(x) =
{

1 amp; if x ∈ A,
0 amp; if x /∈ A,

and Xi is called a local bootstrap variable. In W ∗
n , we only resample X∗k

i . All others are the
same as the original observation. We will discuss how to choose Xi at the end this section.
Based on W ∗

n , we can obtain Tn(W ∗
n). In the same way, we can get {T 1

n(W ∗
n) . . . TB

n (W ∗
n)},

where B is the replication time. Therefore, the empirical p-value is

p̂ = B−1
B∑

b=1

I[Tn(Wn),+∞)(T b
n(W ∗

n))

The selection of the local bootstrap variable is very important. One criterion is to
minimize the empirical p-value. We can also use the following rules. (1) We select one
dimensional Xi. (2) Among these one dimensional Xi’s, we choose the one which has the
lowest correlation with Z. (3) If the dimensions of all random vectors are bigger than one,
we select the one among p components of X which has the lowest correlation with Z.

4. SIMULATION

In this section, we investigate the finite sample performance of the proposed method via
the size and power (rejection probabilities). We choose small and moderate sample sizes
n = {50, 100, 150, 200} and c = {0.5, 2}. The number of samples is 1,000. The nominal level
is 0.05. The number of bootstrap replications is set to be B = 200. Examples 4.1–4.3 are
designed for empirical size, and others for empirical power. Examples 4.7 and 4.8 are used
to evaluate the criterion of selecting the local bootstrap variable.
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Example 4.1: (X1,X2,X3, Z)� comes from the multivariate normal distribution with zero
mean vector and the covariance matrix⎡⎢⎢⎣

1 0.36 0.36 0.6
0.36 1 0.36 0.6
0.36 0.36 1 0.6
0.6 0.6 0.6 1

⎤⎥⎥⎦
and X = (X1,X2,X3)�. X1 is the local bootstrap variable.

Example 4.2: V1, V2, V3 and Z are independent and identically distributed random vari-
ables from the binomial distribution Bin(10, 0.5). Let Xi = Vi + Z, i = 1, 2, 3 and X =
(X1,X2,X3)�. X1 is the local bootstrap variable.

Example 4.3: (X1,X2,X3, Z1, Z2)� comes from the multivariate normal distribution with
zero mean vector and the covariance matrix⎡⎢⎢⎢⎢⎣

1 0.32 0.32 0.4 0.4
0.32 1 0.32 0.4 0.4
0.32 0.32 1 0.4 0.4
0.4 0.4 0.4 1 0
0.4 0.4 0.4 0 1

⎤⎥⎥⎥⎥⎦ ,

X = (X1,X2,X3)� and Z = (Z1, Z2)�. X1 is the local bootstrap variable.

Example 4.4: (X1,X2,X3, Z)� comes from the multivariate normal distribution with zero
mean vector and the covariance matrix⎡⎢⎢⎣

1 0.7 0.7 0.6
0.7 1 0.7 0.6
0.7 0.7 1 0.6
0.6 0.6 0.6 1

⎤⎥⎥⎦
and X = (X1,X2,X3)�. Furthermore, we get the conditional covariance matrix of X given
Z following ⎡⎣0.64 0.34 0.34

0.34 0.64 0.34
0.34 0.34 0.64

⎤⎦ .

X1 is the local bootstrap variable.

Example 4.5: V and Z are independent and identically distributed random variables
from the binomial distribution Bin(10, 0.5). Let X1 = V + Z,X2 = (V − 5)4 + Z, X3 =
(V − 10)4 + Z and X = (X1,X2,X3)�. X1 is the local bootstrap variable.
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Table 1. Empirical size or power of simulation studies

n c = 0.5 c = 2 c = 0.5 c = 2 c = 0.5 c = 2

Example 4.1 Example 4.2 Example 4.3
50 0.063 0.053 0.049 0.060 0.073 0.067
100 0.054 0.051 0.035 0.052 0.056 0.066
150 0.042 0.036 0.039 0.049 0.055 0.044
200 0.044 0.056 0.047 0.052 0.052 0.055

Example 4.4 Example 4.5 Example 4.6
50 0.845 0.841 0.818 0.852 0.643 0.648
100 0.959 0.962 0.975 0.963 0.805 0.795
150 0.974 0.988 0.993 0.995 0.839 0.845
200 0.993 0.993 0.998 0.996 0.875 0.881

Example 4.7-1 Example 4.7-2 Example 4.7-3
50 0.680 0.712 0.638 0.623 0.952 0.954
100 0.905 0.893 0.923 0.925 0.996 0.995
150 0.964 0.975 0.976 0.978 0.999 0.998
200 0.991 0.988 0.990 0.988 0.999 1.000

Example 4.8-1 Example 4.8-2 Example 4.8-3
50 0.686 0.686 0.743 0.750 0.994 0.995
100 0.892 0.894 0.916 0.902 0.998 1.000
150 0.953 0.958 0.962 0.967 1.000 0.999
200 0.978 0.978 0.982 0.979 1.000 1.000

Example 4.6: (X1,X2,X3, Z1, Z2)� comes from the multivariate normal distribution with
zero mean vector and the covariance matrix⎡⎢⎢⎢⎢⎣

1 0.9 0.9 0.4 0.4
0.9 1 0.9 0.4 0.4
0.9 0.9 1 0.4 0.4
0.4 0.4 0.4 1 0
0.4 0.4 0.4 0 1

⎤⎥⎥⎥⎥⎦ ,

X = (X1,X2,X3)� and Z = (Z1, Z2)�. X1 is the local bootstrap variable. Furthermore, we
get the conditional covariance matrix of X given Z following⎡⎣0.68 0.58 0.58

0.58 0.68 0.58
0.58 0.58 0.68

⎤⎦
Example 4.7: V1, . . . , V7 are independent and identically distributed random variables from
the Student’s t distribution with degree 15. We define X1 = (V1, V2, V3, U)�, U = V4 + V5,
X2 = V1 + · · · + V6 and X3 = V1 + · · · + V5 + V7. Further, X = (X1,X2,X3)� and Z = V5.
Let V1, U and X3 be the respective local bootstrap variables. The corresponding results are
presented in Table 1 with respective titles “Examples 4.7-1–4.7-3”.

Example 4.8: (X1,X2,X3, Z)� comes from the multivariate normal distribution with zero
mean vector and the covariance matrix⎡⎢⎢⎣

1 0.7 0.7 0.8
0.7 1 0.7 0.6
0.7 0.7 1 0.3
0.8 0.6 0.3 1

⎤⎥⎥⎦
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Table 2. Distances for five cities (km)

BJ TJ JN TS QHD

BJ 0 113 365 156 273
TJ 113 0 273 156 224
JN 365 273 0 344 427
TS 156 156 344 0 125
QHD 273 224 427 125 0

Figure 1. Gaussian graphical model for PM2.5 data.

and X = (X1,X2,X3)�. Furthermore, we get the conditional covariance matrix of X given
Z following ⎡⎣0.36 0.22 0.46

0.22 0.64 0.52
0.46 0.52 0.91

⎤⎦
Let X1, X2 and X3 be the respective local bootstrap variables whose results correspond

to Examples 4.8-1–4.8-3 in Table 1.

Table 1 reports the results, which can be summarized as follows.

1. Empirical size of the proposed test is very close to 0.05, which supports the proposed
method.

2. Empirical power of the proposed test increases as the sample size increases and
tends to 1 quickly. The speed to 1 of power for one dimensional Z is faster than high
dimensions because multivariate kernel density estimator needs more observations
to achieve the same precision.

3. In Example 4.7, V1 and U are components of X1, X3 is one dimensional. So it is
expected that “Example 4.7-3” contains the best result. In Example 4.8, X1, X2, X3

are one dimensional. But X3 has the lowest correlation with Z. So “Examples 4.8-3”
contains the best result. Actually the results of Examples 4.7 and 4.8 are consistent
with the criteria for selecting the local bootstrap variable. Especially in small sample
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size, Examples 4.7-3 and 4.8-3 are better than other cases, respectively. When the
sample size is big, their powers are very high and are close to 1.

5. A REAL DATA

Now, we apply our proposed method to analyze the relationships of PM2.5 in five Chinese
cities by the Gaussian graphical model. The undirected graph G = (V,E) where the nodes
V = {Vk}5

k=1 = {BJ,TJ, JN,TS,QHD} represent the set of variables and E is a set of undi-
rected edges. We use the notation XN to denote the random variable corresponding node N .
There is an edge between nodes Vi and Vj if and only if the random variables XVi

and XVj

are conditionally dependent, given all remaining variables for 1 ≤ i �= j ≤ 5. From Table 2
and Figure 1, distance is an important factor for PM2.5 since closer cities are connected
by edges. This is very reasonable because PM2.5 has a strong regional performance. Since
BJ, TS and JN are isolated after removing TJ and QHD in the figure, we test conditional
independence of XBJ,XTS and XJN given XTJ and XQHD to justify the Gaussian graphical
model. We get that the p-value of the proposed method is 0.255. If the nominal level is 0.05,
XBJ,XTS and XJN are conditionally independent given XTJ and XQHD. This implies that
TJ and QHD influence PM2.5 of the other three cities to a large extent.
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APPENDIX

Lemma 1: For complex number y1, . . . , yn with n ≥ 2, then for any r > 1

∣∣∣∣∣
n∑

i=1

yi

∣∣∣∣∣
r

≤ nr−1
n∑

i=1

|yi|r

The lemma can be found in [3].

Proof of Proposition 2.1.:

∫
Rpi

{φXi|Z=z(t)φXi|Z=z(t) − φXi|Z=z(t) exp(−ı〈t, x′〉)

− exp(ı〈t, x〉)φXi|Z=z(t) + exp(ı〈t, x〉) exp(−ı〈t, x′〉)}dωpi

=

∫
Rpi

{E[exp(ı〈t, Xi − X ′
i〉) | Z = z, Z′ = z] − E[exp(ı〈t, Xi − x′〉) | Z = z]

− E[exp(ı〈t, x − X ′
i〉) | Z′ = z] + exp(ı〈t, x − x′〉)} dωpi

=

∫
Rpi

E{[exp(ı〈t, Xi − X ′
i〉) | Z = z, Z′ = z] − 1 + 1 − [exp(ı〈t, Xi − x′〉) | Z = z]

+ 1 − [exp(ı〈t, x − X ′
i〉) | Z′ = z] − (1 − exp(ı〈t, x − x′〉))}dωpi

= −E(|Xi − X ′
i|pi | Z = z, Z′ = z) + E(|X ′

i − x|pi | Z = z)

+ E(|x − X ′
i|pi | Z′ = z) − |x − x′|pi ,

= Ui(x, x′, Z)

The third identity is from the Lemma 1 of [10]. �

Proof of Proposition 2.2.: According to the definition of JHCDCov, if JHCDCov2(X1, . . . , Xq |
Z) = 0, HCDCov2(Xi1 , . . . Xik

| Z) = 0, k = 2, . . . , q.. Hence, we can get X1, . . . Xq are indepen-
dent. The other direction is trivial. �

Proof of Proposition 2.3.: Note that

q∏
i=1

(Ui(Xi, X
′
i, Z) + c)

= cq + cq−1
q∑

i=1

Ui(Xi, X
′
i, Z) + cq−2

∑
i1,i2∈Iq

2

Ui1(Xi1 , X ′
i1 , Z)Ui2(Xi2 , X ′

i2 , Z)

+ · · · +
q∏

i=1

Ui(Xi, X
′
i, Z)
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Hence,

E

[
q∏

i=1

(Ui(Xi, X
′
i, Z) + c)|Z = z, Z′ = z

]
− cq

= cq−1
q∑

i=1

E
[
Ui(Xi, X

′
i, Z)|Z = z, Z′ = z

]
+ cq−2

∑
i1,i2∈Iq

2

E
[
Ui1(Xi1 , X ′

i1 , Z)Ui2(Xi2 , X ′
i2 , Z)|Z = z, Z′ = z

]

+ · · · + E

[
q∏

i=1

Ui(Xi, X
′
i, Z)|Z = z, Z′ = z

]

= cq−2
∑

i1,i2∈Iq
2

HCDCov2(Xi1 , Xi2 |Z = z) + · · · + HCDCov2(X1, . . . , Xq|Z = z)

= JHCDCov2(X1, . . . , Xq|Z = z)

�

Proof of Proposition 2.4.: It suffices to prove (2.9) since (2.10) follows via the definition of
JHCDCov. From the definition of HCDCov, we need to show that

∫
Rp

∣∣∣∣∣ 1

g(Z)

n∑
k=1

{
q∏

i=1

[
φn

Xk
i |Z(ti) − exp(ı〈ti, Xk

i 〉)
]}

gk(Z)

∣∣∣∣∣
2

dω =
1

g2(Z)

n∑
k,l=1

q∏
i=1

Ûi(k, l, Z)gk(Z)gl(Z)

(A.1)
Note that∫

Rp

∣∣∣∣∣ 1

g(Z)

n∑
k=1

{
q∏

i=1

[
φn

Xk
i |Z(ti) − exp(ı〈ti, Xk

i 〉)
]}

gk(Z)

∣∣∣∣∣
2

dω

=

∫
Rp

1

g2(Z)

n∑
k,l=1

{
q∏

i=1

[
φn

Xk
i |Z(ti) − exp(ı〈ti, Xk

i 〉)
] [

φn
Xk

i |Z(ti) − exp(−ı〈ti, Xl
i〉)

]}
gk(Z)gl(Z) dω

=
1

g2(Z)

n∑
k,l=1

{
q∏

i=1

∫
Rpi

[
φn

Xk
i |Z(ti) − exp(ı〈ti, Xk

i 〉)
] [

φn
Xk

i |Z(ti) − exp(−ı〈ti, Xl
i〉)

]
dωi

}
gk(Z)gl(Z)

and[
φn

Xi|Z(ti) − exp(ı〈ti, Xk
i 〉)

] [
φn

Xi|Z(ti) − exp(−ı〈ti, Xl
i〉)

]
=

1

g(Z)2

n∑
u,v=1

exp(ı〈ti, Xu
i − Xv

i 〉)gu(Z)gv(Z) − 1

g(Z)

n∑
u=1

exp(ı〈ti, Xu
i − Xl

i〉)gu(Z)

− 1

g(Z)

n∑
v=1

exp(ı〈ti, Xk
i − Xv

i 〉)gv(Z) + exp(ı〈ti, Xk
i − Xl

i〉)

= − 1

g(Z)2

n∑
u,v=1

[1 − exp(ı〈ti, Xu
i − Xv

i 〉)]gu(Z)gv(Z) +
1

g(Z)

n∑
u=1

[1 − exp(ı〈ti, Xu
i − Xl

i〉)]gu(Z)

+
1

g(Z)

n∑
v=1

[1 − exp(ı〈ti, Xk
i − Xv

i 〉)]gk(Z) − [1 − exp(ı〈ti, Xk
i − Xl

i〉)]
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From Proposition 2.1, we can obtain∫
Ri

− 1

g(Z)2

n∑
u,v=1

[1 − exp(ı〈ti, Xu
i − Xv

i 〉)]gu(Z)gv(Z) +
1

g(Z)

n∑
u=1

[1 − exp(ı〈ti, Xu
i − Xl

i〉)]gu(Z)

+
1

g(Z)

n∑
v=1

[1 − exp(ı〈ti, Xk
i − Xv

i 〉)]gv(Z) − [1 − exp(ı〈ti, Xk
i − Xl

i〉)] dωi

= − 1

g(Z)2

n∑
u,v=1

{∫
Ri

[1 − exp(ı〈ti, Xu
i − Xv

i 〉)]dωi

}
gu(Z)gv(Z)

+
1

g(Z)

n∑
u=1

{∫
Ri

[1 − exp(ı〈ti, Xu
i − Xl

i〉)] dωi

}
gu(Z)

+
1

g(Z)

n∑
v=1

{∫
Ri

[1 − exp(ı〈ti, Xk
i − Xv

i 〉)] dωi

}
gv(Z)

−
∫

Ri

[1 − exp(ı〈ti, Xk
i − Xl

i〉)] dωi

= − 1

g(Z)2

n∑
u,v=1

|Xu
i − Xv

i |pigu(Z)gv(Z) +
1

g(Z)

n∑
u=1

|Xu
i − Xl

i |pigu(Z)

+
1

g(Z)

n∑
v=1

|Xk
i − Xv

i |pigv(Z) − |Xk
i − Xl

i |pi

= Ûi(k, l, Z)

Hence, (A.2) can be proved. �

Proof of Theorem 2.1.: Define

ξn(t1, . . . , tq) =
1

g(Z)

n∑
k=1

{
q∏

i=1

[
φn

Xi|Z(ti) − exp(ı〈ti, Xk
i 〉)

]}
gk(Z)

So

HCDCov2
n(Wn|Z) =

∫
Rp

|ξn(t1, . . . , tq)|2 dω

Let ui
k = exp(ı〈ti, Xk

i 〉) − φXi|Z(ti). Then,

ξn(t1, . . . , tq) =
1

g(Z)

n∑
k=1

q∏
i=1

⎛⎝ 1

g(Z)

n∑
j=1

ui
jgj(Z) − ui

k

⎞⎠ gk(Z)

Since |ui
k| ≤ 2,

|ξn(t1, . . . , tq)| ≤ 2q

For given δ > 0 define the region

D(δ) = {(t1, . . . , tq) : δ ≤ |ti|pi ≤ 1/δ, i = 1, . . . , 1}

and random variable

HCDCov2
n,δ =

∫
D(δ)

|ξn(t1, . . . , tq)|2 dω ≤
∫

D(δ)
4q dω > ∞
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According to the Lebesgue dominated convergence theorem, for each δ, it follows that almost
surely

lim
n→∞HCDCov2

n,δ = HCDCov2
δ =

∫
D(δ)

∣∣∣∣∣E
[

q∏
i=1

(
φXi|Z(ti) − exp(ı〈ti, Xi〉)

)]
Z

∣∣∣∣∣
2

dω

Clearly, HCDCov2
δ converges to HCDCov2 as δ tends to zero. Now, it remains to prove that

almost surely

lim sup
δ→0

lim sup
n→∞

|HCDCov2
n,δ − HCDCov2

n| = 0 (A.2)

Now, we write Dc(δ) =
⋃q

i=1(A
1
i ∪ A2

i ), where A1
i = {|ti|pi < δ} and A2

i = {|ti|pi > 1/δ} for
i = 1, . . . , q.

Hence, we have

|HCDCov2
n,δ − HCDCov2

n| =

∫
Dc(δ)

|ξn(t1, . . . , tq)|2 dω ≤
∑

i=1,...,q
m=1,2

∫
Am

i

|ξn(t1, . . . , tq)|2 dω

Note that

ξn(t) =
∑

B⊂{1,2,...,q}

1

g(z)

n∑
k=1

⎡⎣ ∏
i∈Bc

1

g(z)

n∑
j=1

ui
jgj(z) ·

∏
i∈B

(−ui
k)

⎤⎦ gk(z)

=
∑

B⊂{1,2,...,q}

∏
i∈Bc

1

g(z)

n∑
j=1

ui
jgj(z) ·

⎛⎝ 1

g(z)

n∑
k=1

∏
i∈B

(−ui
k)gk(z)

⎞⎠ ,

where Bc = {1, 2, . . . , q}/B. Hence,

|ξn(t)|2 ≤ 2q
∑

B⊂{1,2,...,q}

⎛⎝ ∏
i∈Bc

1

g(z)

n∑
j=1

ui
jgj(z)

⎞⎠2

·
⎛⎝ 1

g(z)

n∑
k=1

∏
i∈B

(−ui
k)gk(z)

⎞⎠2

=: 2q
∑

B⊂{1,2,...,q}
ΔB

Now, suppose B = {γ1, . . . , γd} and Bc = {γd+1, . . . , γq}.

ΔB =

(
1

g(Z)

n∑
k=1

uγ1
k · · ·uγd

k gk(Z)

)2 ∏
i∈Bc

(
1

g(Z)

n∑
k=1

ui
kgk(Z)

)2

≤
∑n

k=1 |uγ1
k |2 · · · |uγd

k |2gk(Z)

g(Z)

∏
i∈Bc

∑n
k=1 |ui

k|2gk(Z)

g(Z)
(A.3)

ui
k has the following properties which will be used.∫

Rpi

|ui
k|2

cpi |ti|pi+1
pi

dti ≤ 2(|Xk
i |pi + E(|Xi|pi | Z)), (A.4)

∫
|ti|pi

>δ

|ui
k|2

cpi |ti|pi+1
pi

dti ≤ 2EXi
(|Xk

i − Xi|piG(|Xk
i − Xi|piδ) | |Z), (A.5)
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∫
|ti|pi

<1/δ

|ui
k|2

cpi |ti|pi+1
pi

dti ≤ 4δ, (A.6)

where EXi
means the expectation with respect to Xi, and for z = (z1, . . . , zd) ∈ Rd

G(y) =

∫
|z|d>y

1 − cos z1

|z|1+d
d

dz,

which is bounded by cd and limy→0 G(y) = 0. The derivations follows the proof of Theorem 1 of
[12].

Now, we consider integration of ΔB in Dc(δ). Given i, we discuss this integration in two cases.
Case 1: j ∈ B. Without loss of generality, we suppose γ1 = j. Firstly, now we consider A1

j .
With (A.4)–(A.6), we have

∫
A1

j

ΔB dω

≤
∫

A1
γ1

∑n
k=1 |uγ1

k |2 . . . |uγd

k |2gk(Z)

g(Z)

∏
i∈Bc

∑n
k=1 |ui

k|2gk(Z)

g(Z)
dω

=
1

g(Z)

n∑
k=1

[∫
A1

γ1

|uγ1
k |2 dωγ1

∫
Rpγ2

|uγ2
k |2 dωγ2 . . .

∫
Rpγd

|uγd

k |2 dωγd

]
gk(Z)

×
∏

i∈Bc

∑n
k=1

∫
Rpi |ui

k|2dωigk(Z)

g(Z)

≤ 1

g(Z)

n∑
k=1

[2EXγ1
(|Xk

γ1 − Xγ1 |pγ1
G(|Xk

γ1 − Xγ1 |pγ1
δ) | Z) × 2(|Xk

γ2 |pγ2
+ E(|Xγ2 |pγ2

| Z))

× · · · × 2(|Xk
γd
|pγd

+ E(|Xγd |pγd
| Z))]gk(Z) ×

∏
i∈Bc

∑n
k=1 2(|Xk

γi
|pγi

+ E(|Xγi |pγi
| Z))gk(Z)

g(Z)

(A.7)

Since g(Z)/n is a consistent density function estimator of Z,

lim sup
n→∞

∫
A1

j

ΔB dω ≤ 22q−1EXγ1
(|Xγ1 − X ′

γ1 |pγ1
G(|Xγ1 − X ′

γ1 |pγ1
δ) | Z)

∏
i	=1

E(|Xγi |pγi
| Z))

Hence, it most surely,

lim sup
δ→0

lim sup
n→∞

∫
A1

j

ΔB dω = 0 (A.8)
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Now, we consider A2
j∫

A1
j

ΔB dω

≤
∫

A2
γ1

∑n
k=1 |uγ1

k |2 . . . |uγd

k |2gk(Z)

g(Z)

∏
i∈Bc

∑n
k=1 |ui

k|2gk(Z)

g(Z)
dω

=
1

g(Z)

n∑
k=1

[∫
A2

γ1

|uγ1
k |2 dωγ1

∫
Rpγ2

|uγ2
k |2 dωγ2 . . .

∫
R

pγd

|uγd

k |2 dωγd

]
gk(Z)

×
∏

i∈Bc

∑n
k=1

∫
Rpi |ui

k|2 dωigk(Z)

g(Z)

=
1

g(Z)

[
4δ × 2(|Xk

γ2 |pγ2
+ E(|Xγ2 |pγ2

| Z)) × · · · × 2(|Xk
γd
|pγd

+ E(|Xγd |pγd
| Z))

]
gk(Z)

×
∏

i∈Bc

∑n
k=1 2(|Xk

γi
|pγi

+ E(|Xγi |pγi
| Z))gk(Z)

g(Z)

Similarly,

lim sup
δ→0

lim sup
n→∞

∫
A2

j

ΔB dω = 0 (A.9)

Case 2: j /∈ B. Following the similar steps as case 1, we can prove

lim sup
δ→0

lim sup
n→∞

∫
A2

j

ΔB dω = 0, (A.10)

lim sup
δ→0

lim sup
n→∞

∫
A1

j

ΔB dω = 0. (A.11)

Note that for B = ∅ or B = {1, 2, . . . , q},

lim sup
δ→0

lim sup
n→∞

∫
A2

j

q∏
i=1

⎛⎝ 1

g(Z)

n∑
j=1

ui
jgj(Z)

⎞⎠2

dω = 0, (A.12)

lim sup
δ→0

lim sup
n→∞

∫
A1

j

q∏
i=1

⎛⎝ 1

g(Z)

n∑
j=1

ui
jgj(Z)

⎞⎠2

dω = 0, (A.13)

lim sup
δ→0

lim sup
n→∞

∫
A2

j

(
1

g(Z)

n∑
k=1

u1
ku2

k . . . uq
kgk(Z)

)2

dω = 0, (A.14)

lim sup
δ→0

lim sup
n→∞

∫
A1

j

(
1

g(Z)

n∑
k=1

u1
ku2

k . . . uq
kgk(Z)

)2

dω = 0. (A.15)

From (A.9)–(A.15), we can prove (A.2). So,

HCDCov2
n(Wn|Z)

a.s.−→ HCDCov2(X1, . . . , Xq | Z)
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With the definition of JHCDCov2
n(Wn|Z), we can get

JHCDCov2
n(Wn|Z)

a.s.−→ JHCDCov2(X1, . . . , Xq | Z).

�

https://doi.org/10.1017/S026996482000039X Published online by Cambridge University Press

https://doi.org/10.1017/S026996482000039X

	1. INTRODUCTION
	2. HCDC AND JHCDC
	3. CONDITIONAL MUTUAL INDEPENDENT TESTING
	4. SIMULATION
	5. A REAL DATA
	APPENDIX

