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In the paper we introduce and study the uniform regular enumerations for arbitrary
recursive ordinals. As an application of the technique, we obtain a uniform generalisation of
a theorem of Ash and a characterisation of a class of uniform operators on transfinite
sequences of sets of natural numbers.

1. Introduction

Let { be a recursive ordinal and {B,},<; be an arbitrary sequence of sets of natural
numbers. The regular with respect to the sequence {B,},<; enumerations were introduced
in Soskov and Baleva (2002) and used to characterise the sets 4 satisfying the following
condition:

(VX)[(Vo < {)(B, is r.e. in X uniformly in o) = 4 is r.e. in X®], (1)

where « is a recursive ordinal.
In the present paper we are concerned with the characterisation of all sequences {4y}«
of sets satisfying a uniform generalisation of (1):

(VX)[(Ve

< {)(B, is re. in X® uniformly in o)
= (Yo < {)(4, is re. in X® uniformly in a)]. (2)

It turns out that the technique developed in Soskov and Baleva (2002) cannot be applied
directly to obtain this characterisation, which led us to the uniform regular enumerations
presented here.

Using the technique of the uniform regular enumerations, we also obtain a character-
isation of a class of uniform operators mapping transfinite sequences of sets of natural
numbers to sequences of sets of natural numbers, which generalise the operators studied
in Soskov (2005), and show that two sequences {B, },<; and {4, },< satisfy (2) if and only
if there exists a uniform operator I" such that

F({B%}déC) = {Aa}agg.
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2. Preliminaries
2.1. Ordinal notations

In the following we shall consider only recursive ordinals o that are below a fixed recursive
ordinal #. We shall suppose that a notation e € O for 5 is fixed and the notations for the
ordinals o« < # are elements a of ¢ such that a <, e. For definitions of the set ¢ and the
relation ‘<,’, consult Rogers (1967) or Sacks (1990). We shall identify every ordinal with
its notation and denote the ordinals by the letters o, 5,y and . In particular, we shall
write o < f§ instead of « <, f. If o is a limit ordinal, we shall use {o(p)},en to denote the
unique strongly increasing sequence of ordinals with limit o, determined by the notation
of o, and write o = lim a(p).

2.2. The enumeration jump

Given two sets of natural numbers 4 and B, we say that A is enumeration reducible to
B (A <. B) if A = ®,(B) for some enumeration operator ®@,. In other words, using the
notation D, for the finite set having canonical code v and W,..., W,,... for the Godel
enumeration of the r.e. sets, we have

A< B — zVx(x € A — w({v,x) € W, & D, < B)).

The relation <, is reflexive and transitive and induces an equivalence relation =, on
all subsets of IN. The respective equivalence classes are called enumeration degrees — see
Cooper (1990) for an introduction to the enumeration degrees.

Given a set 4, we use A" to denote the set A ® (N '\ A4). The set A4 is called total if and
only if 4 =, A*. Clearly, A4 is recursively enumerable in B if and only if 4 <. B, and 4
is recursive in B if and only if A" <. B™.

Since B <. BT, if A <. B, then A is r.e. in B. It is easy to see that there exists a recursive
function t such that if 4 = N, then for every z,

D.(A) = Wi,

where, as usual, W denotes the domain of the z-th Turing machine using as oracle the
characteristic function of A4, in other words, the z-th r.e. in 4 set.

In the reverse direction, there exist recursive functions e; and e, such that for all total
functions f,

Wl = @,,:(Gy),
where Gy = {(x,y) : f(x) ~ y}, and for all 4 = N,

W = @, (A™).

Notice that the graph of every total function is a total set.

The enumeration jump operator is defined in Cooper (1984) and further studied in
McEvoy (1985). Here we shall use the following definition of the e-jump, which is m-
equivalent to the original one, see McEvoy (1985):
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Definition 2.1. Given a set 4, let K§ = {(x,z) : x € ®,(4)}. Define the e-jump A, of A to
be the set (K9)*.

The following properties of the enumeration jump are proved in McEvoy (1985). Let A
and B be sets of natural numbers. Set B’ = B and B"*! = (B{").. Then:

(J1) If A <. B, then 4, <. B..
(J2) Ais X0, relative to B iff 4 <. (BT)\".

Let o be a recursive ordinal. To define the a-th enumeration jump of a set A, we
are going to use a construction very similar to that used in the definition of the «-th
Turing jump. The idea is to modify the definition of the sets HZ (see Rogers (1967) or
Sacks (1990)) by taking the enumeration jump instead of the Turing jump.

Definition 2.2.
(i) Ef = A.
(i) Efy = (Ef)..
(ifi) If & = lima(p), then Ej' = {(p,x) : x € E }.

From now on, A will stand for EZ.

Of course, the definition of the set A” depends on the fixed notation of the ordinal
o. On the other hand, it is easy to see by a minor modification of the proof of the
corresponding theorem of Spector for the sets HZ (see Rogers (1967) or Sacks (1990))
that if oy and o, are two notations of the same recursive ordinal, then Ag"l) =, Ag“Z).

The following properties of the transfinite iteration of the enumeration jump follow
easily from the definition:

(E1) If B <« are recursive ordinals, then A% <. A uniformly in f and o.
(E2) If A <. B, then for every recursive ordinal o, we have 4% <. B®.
(E3) If o> 0, then A is a total set.

Finally, for total sets, the a-th enumeration jump and the o-th Turing jump are
equivalent. In other words, the following proposition is true.

Proposition 2.3. Let 4 be a total set of natural numbers. Then for every recursive ordinal
o, we have EZ =, (HZ)™ uniformly in o.

Since we are going to consider e-jumps only here, from now on we shall omit the
subscript e in the notation of the enumeration jump. So, for every recursive ordinal o, we
use A® to denote the a-th enumeration jump of A.

For every function f and every recursive ordinal o, we use f* to denote the o-th jump
of the graph G; of f. It is easy to see that there exists a recursive function e(z, o) such
that if f is a total function and « is a recursive ordinal, then

(o)
Wéf = (De(z,o:)(f(a))'

Hence, for jumps of total functions, the relations ‘r.e.’ in and ‘<.’ are uniformly equivalent.
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2.3. The jump set of a sequence of sets

Let { be a recursive ordinal and {B,},< be a sequence of sets of natural numbers. For
every recursive ordinal o we define the jump set 2, of the sequence {B,} as follows using
transfinite recursion on o.

Definition 2.4.
— 2y = By.
— Leta=p+1.
Then
P — Py @B, if a<(
“ Py otherwise.
— Let o = lima(p) and set -, = {(p,x) : X € Py}
Then
P - Py @By f 0 <
T 2., otherwise.

Note that if the sequence {B,} contains only one member, that is, { = 0, then for every
recursive o, we have 2, = B(()‘“).

The properties of the jump sets %, are similar to the properties of the enumeration
jumps. Again we have that if oy and o, are two notations of the same recursive ordinal,
then 2, =, #,,. We shall omit the proof since it is very close to the proof of the
corresponding result for the HZ sets mentioned above.

We shall use the following properties of the jump sets, which follow easily from the
definition:

(21) If B <o, then Zp <. 2, uniformly in f and «.

(22) If o <, then B, <. 2, uniformly in o.

(#3) Let (Vo < {)(B, <c A uniformly in ). Then 2; <, A©.
(24) 1If o is a limit ordinal, then the set Z_, is total.

(25) 1If { < a, then the set £, is total.

2.4. The results

Let us fix a recursive ordinal { and a sequence {B,},<: of subsets of N. For every recursive
ordinal o we use 2, to denote the a-th jump set of the sequence {B,},<;-

The following version of Ash’s Theorem (Ash 1992) is proved in Soskov and
Baleva (2002).

Theorem 2.5. Let o be a recursive ordinal and 4 < N. Suppose that for all total sets X
such that (Vy < {)(B, <. X)) uniformly in y we have 4 <. X®. Then 4 <. 2,.

In particular, if we take { = o = 0, Theorem 2.5 gives Selman’s Theorem (Selman 1971),
which describes the enumeration reducibility in terms of the relation ‘r.e. in’.

Theorem 2.6 (Selman). Let 4 and B be sets of natural numbers. Then A <. B if and only
if (VX)Bisre. in X = Aisre. in X).
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Another direct consequence of Theorem 2.5 is the following theorem due to Case
(Case 1974).

Theorem 2.7 (Case). Let 4 and B be sets of natural numbers and n < w. Then 4 <,
B ® @™ if and only if (VX)(B is =X = A4 is =¥).

So, while the theorems of Selman and Case describe a kind of positive reducibility
between sets of natural numbers in terms of the classical relation ‘X0 in’, Theorem 2.5
gives a description of a positive reducibility of a transfinite sequence of sets to a set.
A natural further step is to generalise Theorem 2.5 in order to obtain a reducibility of
transfinite sequences of sets to transfinite sequences of sets.

Definition 2.8. Let { be a recursive ordinal, and .o/ = {A,}.<r and % = {B,}.<: be two
sequences of sets of natural numbers. Then .o/ is uniformly reducible to # (of <, %) if
there exists a recursive function g such that

(Vo < )4y = (Dg(oc)(goc(g)))a
where 2,(%4) denotes the o-th jump set of the sequence 4.
The following theorem is our first result.

Theorem 2.9. Let { be a recursive ordinal, and &/ = {4,},«; and 2 = {B,},< be two
sequences of sets of natural numbers. Then

o <y B <= (¥ total X)[(Vo < {)(B, <e X' uniformly in o)
= (Vo < )4y <e X uniformly in o)].

The uniform operators are introduced in Soskov (2005). We fix natural numbers ko, ..., k,
and k.

Definition 2.10. A mapping I' : Z(N)" — 2(N) is defined to be a uniform operator of
type (ko,...,k, — k) if there exists a function g on the natural numbers such that for all
X = N and for all by,...,b, € N,

X ko) XKy X k)
F(Wb() seeey Wbr ) - Wg(bo b )

,,,,,

jump set of the sequence {A4;};<, where

Al:{@, it 1 ¢ (koo .k}

B,, ifl=k,, 0<m<r.

Theorem 2.11 (Soskov 2005). A mapping I' : Z(N)" — 2(N) is a uniform operator of
type (ko,...,k, — k) if and only if there exists an enumeration operator ® such that for
all sets By,...,B,,

['(Bo,...,B,) = ®(Z}_; (Bo.....B,)).

------

Combining this result with the theorems of Selman and Case, we obtain the following
corollary.
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Corollary 2.12. Let n > 1 and 4 and B be sets of natural numbers. Then
(VX)(B is =¥ = 4 is =¥)
if and only if there exists a uniform operator I' of type (n — n) such that A = I'(B).

Here we are going to study uniform operators on transfinite sequences of sets. Let {
be a recursive ordinal. We use % to denote the set of all sequences {A4,},<; of sets of
natural numbers.

Definition 2.13. A mapping I' : &y — & is a uniform operator if there exists a function
g on the natural numbers such that if a is an index of a recursive function ¢, then g(a) is
an index of a recursive function y such that for all X < N,

(o) 1)
F({ W(ﬁfx) }“SC) = { Wli(((x) }O(SQ'

Our second result is the following generalisation of Theorem 2.11. Given a sequence
B € S, we use 2,(#) to denote the o-th jump set of £.

Theorem 2.14. A mapping I' : ¥ — % is a uniform operator if and only if there exists
a recursive function h such that for every sequence # € %,

[(B) = {Qno)(Z(B))
Combining Theorems 2.9 and 2.14, we obtain the following corollary.

Corollary 2.15. Let o/ = {4,} and # = {B,} be elements of #:. Then the following
assertions are equivalent:
(i) o <y 4.
(ii) For all total X, we have the following implication: if (Yo < {)(B, <. X® uniformly
in «), then (Vo < {)(A4, <. X uniformly in «).
(iii) There exists a uniform operator I' : ¥ — & such that .o/ = I'(£).

In the rest of the paper we shall introduce the technique of uniform regular enumera-
tions, which will be used in the proofs of Theorems 2.9 and 2.14.

3. Ordinal approximations

Definition 3.1. Given an ordinal o > 0, an ordinal approximation of o is a finite sequence
a=o <oy <...o, <o of ordinals, where n > 1 and oy =0. The only ordinal approximation
of 0 is 0.

For every ordinal approximation & = oy, 0y,...,0%,,a and every < «, we define the
p-predecessor [ of o by means of the following inductive definition.

Definition 3.2.
1. Let f < a,. Then:
1.1. If B = o for some i € [1,n], then f = ay,..., .
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1.2. Otherwise, if o; is the least element of the sequence «y, ..., o, such that f < a;, then
p is the f-predecessor of ay,...,o;.

2. Let o, < f < o. Then:
21. Ifa=6+1and f =6, then f = oy,..., 0, 0.
22. If =6+ 1 and B < 6, then f is the p-predecessor of ay, ..., 0, d.
2.3. If o = lim a(p), then p is the f-predecessor of

al""ﬁan!a(po)Qa(pO + l)iia(pl)S
where
po = pplow, < o(p)] and py; = pp[B < a(p)].

The following simple lemma can be proved by means of transfinite induction on a.

Lemma 3.3. For every ordinal approximation @ and every f < «, there exists exactly one
p-predecessor f of @.

From the definition it follows immediately that there exists a recursive function n such
that if & is an ordinal approximation and f < o, then n(a, ff) yields the f-predecessor
of a.

We use f§ < @ to denote the fact that 8 is the f-predecessor of @. As usual, f < @ will
stand for f <@ or f =

We now point out some useful properties of the predecessor relation, which follow
directly from the definition.

Lemma 34. Let ¥ = «y,...,0,,0 be an ordinal approximation of «. Then the following

assertions hold:

(D) Ifp<oy, 1<k<nthen f <% <= B <uay,...,u.

(2) If for some k € [1,n], oy < f < a and f3y,...,p; is the f-predecessor of «, then k < [
and o = ﬁi,i = 1,...,](.

(3) Letao=0+1,a,<dand f <6. Then f <&@ <= f <oy,...,0p0.

(4) Let o« = lima(p) be a limit ordinal and py = up[o, < a(p)]. Let f < o, p; = po and
a(p1) = B. Then

B <o <> B=<oy...,0n0p),xupo+ 1),...,0(p1).

Lemma 3.5. Let y < 8 < o be ordinals, 7 < f and f <&@ Then j < @&

Proof. We use transfinite induction on «. Suppose & = ay, ..., o, o
Let B < a,. Then B < ay,...,a, By the induction hypothesis, 7 < ay,...,%,. S0 7 < &
by Lemma 3.4.

Suppose now that o, < . Let o = 6 + 1. Set § = ay,...,0,, 5. Since B < &, we have
a, < 8. By Lemma 3.4, f < 6. By the induction hypothesis, 7 < 6. From here, and again
by Lemma 3.4, it follows that 7 < @.

This leaves the case o, < f and o« = lima(p). Let

po = uple, < a(p)] and pg = up[f < a(p)].
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Set a(pg) = o1,..., 0, %po),a(po + 1),...,%(pg). Now we have that p < o(pg). By
induction, 7 < a(pg), so by Lemma 34,7 < @. |

From the last lemma it follows that if we fix an ordinal approximation & and consider
the set of all ordinal approximations B < #, this set is well ordered by the relation < and
its order type is a.

4. Regular finite parts

We fix a sequence {B,},<;, of subsets of N. For every o < { set B, = N @ B,.

In the following we shall use the term finite part for finite mappings of IN into IN
defined on finite segments [0,q — 1] of IN. Finite parts will be denoted by the letters <, p.
If dom(t) = [0,q — 1], let 1h(7) = q.

We shall suppose that an effective coding of all finite sequences, and hence of all finite
parts, is fixed. Given two finite parts t and p, we shall say that 7 is less than or equal to
p if the code of 7 is less than or equal to the code of p. We shall use T < p to denote the
fact that the partial mapping p extends 7, and say that p is an extension of 7. For any 1,
we shall use 7[n to denote the restriction of ¢ on [0,n — 1].

Below, we define for every o < { and every ordinal approximation & of « the @-regular
finite parts. The definition is by transfinite recursion on .

Let o < {. Suppose that for all < o we have defined the -regular finite parts, and for
every f-regular T we have defined the f-rank Itlg of 7. Suppose also that for all finite parts
p and for all e,x € N we have defined the forcing relations p Il—ﬁ F,(x) and p H—ﬁ —F,(x).

Definition 4.1. Given a f-regular finite part 7, we say that p 2 7 is a normal f-regular
extension of 7 if \p|3 = Irlg—i- L.

We fix an ordinal approximation & of o.
(1) a=0.
Then @ = 0. The O-regular finite parts are finite parts t such that dom(r) = [0,2q + 1]
and for all odd z € dom(z), 7(z) € By.
If dom(r) = [0,2q + 1], the O-rank |z|y of 7 is equal to the number g + 1 of the odd
elements of dom(t).
Given a finite part p, let:

p ko Fo(x) <= Jo((v,x) € W, & (Yu € D,)(p((u)o) ~ (u)1))
p ko 7F.(x) <= V(0-regular 7)(p = v = 7 Iy Fe(x)).

2) a=p+1
Let Fit)e the f-predecessor of a.
Set X)) = {p : p is f-regular & p I-5 F@O((p)l)}.
Given a finite part v and a set X of f-regular finite parts, let uﬁ(r,X ) be the least
extension of t belonging to X if any, and tg(t, X) be the least B-regular extension of ©
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otherwise. We shall assume that ,u/f;(r,X ) is undefined if there is no ff-regular extension
of 7.

Let 7 be a finite part defined on [0,q — 1] and r > 0. Then 7 is a-regular of &-rank
r + 1 if there exist natural numbers

O<ng<lo<my<by<n <ly<m<by...<n </, <m, <b, <ny1=gq

such that tng is a f-regular finite part of rank 1 and for all j, 0 < j < r, the following
conditions are satisfied:

(s-a) t[/;is a normal B-regularﬁextension of 7ln;.

Mg+ 1. X, ), if 7(nj) =~ (0, B,e) + 1
(s-b) whmj =9 puz(e(¢; + 1), X)), if 7(nj) ~ (1, ,p) + 1

a normal f-regular extension of 7]/ j» otherwise.
(s_¢) tlb; is a normal f-regular extension of t[m; and t(b;) € B;.
(s-d) tInj4; is a normal B-regular extension of 7 1b;.

To conclude the definition of the @-regular finite parts in this case, for every p,e and
x let

p kg Fo(x) <= E|U(<U, X> eW, & (VueD,)((u= <eua Xus 0> &p ”_/? Feu(xu))
\/(u = <eu» Xus 1> & P ”_ﬁ _‘Feu(xu))))
p lFz = F.(x) < V(a-regular 7)(p S 1 = 1 7 Fo(x)).

(3) o =lima(p) is a limit ordinal.
Let @ = ay,...,0, o Set pg = up[o(p) > o,]. For every p we use a(p) to denote the
a(p)-predecessor of . Note that for every p = po

ap) = a1, .5 otny &(po), o(po + 1), ..., o(p).

A finite part 7 defined on [0,q — 1] is &-regular with @-rank r + 1 if there exist natural
numbers

O<my<by<my<n <b<m..<n <b <m <ny1 =4q,
such that tlng is an ay,...,a,-regular finite part of rank 1 and for all j,0 < j <r, the
following conditions are satisfied:

(I,a) t!bj is an a(po + 3j)-regular finite part of rank 1 and (b;) € Bj,.
(I.b) t!m; is an a(po + 3j + 1)-regular finite part of rank 1.
(I.c) tlnjqq is an a(po + 3j + 2)-regular finite part of rank 1.

For every finite part p and every e, x € N set:
plbz Fo(x) <= Fo((v,x) e W, &

(Vu € Dy)(u = <pua €y, xu) & p H_m Fel,(xu)))
p lFz =F.(x) <= V(a-regular 7)(p S v = 7 Iz Fe(x)).
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The following lemma shows that the @-rank is well defined.

Lemma 4.2. Let o < { and t be an a-regular finite part. Then the following assertions
hold:

(1) Suppose that o« = f + 1. Let n{),/{),mg,b{),...,n;,,{;,,m;,n;,ﬂ and ng, /o, mo, bo, . ..,
ny, Ly, by,n,y be two sequences of natural numbers satisfying s_a—s_d from the
definition above. Then r = p,n,1 = ”;)+1’ and for all j < r we have n; = n},/j =
f},m]‘ = m; and bj = a,;.

(2) Suppose that o = lima(p) is a limit ordinal and let ng, by, my...,n, by, my,n,
and ng,bg,mg...,n.,b,,m,,n..; be two sequences of natural numbers satisfying the
conditions l_.a-l_c. Then r = p,n,4 = n;H, and for all j < r we have n; =nj, b;- =b;
and mj; = m;.

(3) If p is @-regular, T < p and |t|z = |p|z, then T = p.

Proof. The proof follows easily from the definition of the @-regular finite parts by
transfinite induction on a. ]

Corollary 4.3. Let « =  + 1, @ be an ordinal approximation of «, and  be the f-
predecessor of @. Then every @-regular finite part t is f-regular and Iy > Il

We shall state several properties of the regular finite parts omitting the proofs which
can be found in Soskov and Baleva (2002).

Lemma 44. Let 1 <a<{ and & = ay,...,0,,0, 1 < k < n. Then every @-regular finite
part 7 is oy,...,o-regular and the «,...,o-rank of 7 is strictly greater than |t|5.

Lemma 4.5. Let o = lim o(p) be a limit ordinal. Let @ = oy, ..., 0, o and po = uplo(p) > a,].
Suppose that p; = po and t is an «y,..., 0, a(pg),...,%(p)-regular finite part of rank 1.
Then for every < @ if 7 is f-regular, then f < a(py).

Definition 4.6. For every finite part 7 and every ordinal approximation & let
Reg(t,%) = {f : B <& and 7 is f-regular}.
Lemma 4.7. Let o < {, and let & = «y,...,%,,o be an ordinal approximation of « and

be an @-regular finite part. Then the following assertions are true:

(1) If « =6 + 1 and § is the §-predecessor of @, then
p € Reg(t,d) < p=0a V B €Reg(t,0).

(2) Let o = lima(p). Set po = upl[a(p) > @], and for every p = po, let a(p) be the a(p)-

predecessor of @. Suppose that p; = py and 7 is an o(py)-regular finite part of rank 1.
Then

p € Reg(t,d) < f=a V B € Reg(r,a(p))).

Lemma 4.8. Let o < { and & be an approximation of «. Suppose that f < & Then there

exists a natural number k(a, §) such that every a-regular finite part of rank greater than
or equal to k(z, ) is f-regular.
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Proof. We use transfinite induction on «. The assertion is obviously true for « = 0.

Suppose that o = § + 1 and 6 is the d-predecessor of @ Let f < @ Then f < §. By
induction, every d-regular finite part of rank at least k(, ) is f-regular. Set k(&,f) =
k(5,B) = k. Consider an a-regular finite part © of rank at least k. Then 1 is -regular of
rank greater than k, so 7 is ff-regular.

Let o = lima(p), @ = oy,...,0,, and f < & Set po = up[oa(p) > a,]. By definition, an
g-regular finite part 7 is of rank r + 1 if and only if 7 is a(py + 3r + 2)-regular of rank 1.
Let pr = uplp > po A a(p) > B L

By Lemma 3.4, f < a(p;). Hence, by induction, every a(p;)-regular finite part of rank
at least k = k(a(p), B) is p-regular.

Now let r be the least natural number such that py + 3r + 2 > p; + k. Consider an
g-regular finite part t of rank greater than or equal to r + 1. Then, by Lemma 4.4, 7 is
a(p, + k)-regular of rank at least 2, and hence, again by Lemma 4.4, T is a(p;)-regular of
rank greater than k. So 7 is B-regular. U]

Remark 4.9. The proof above means that we can assume that the function k is recursive.

Corollary 4.10. Let « < {, @ be an ordinal approximation of «, and f < @ Suppose that t
is an @-regular finite part of rank greater than k(@, f) + s. Then g > s.

Let o < { and @ be an ordinal approximation of «. We use %z to denote the set of all
a-regular finite parts. For every p € N, let

Ypa ={1:1€R & EFp21)(p € % & plFz Fp,((Ph))}s
Zg = {‘E T E Rz& 13 ﬁF(p)O((p)ﬂ}.

Let ﬂg(f, p) = lui(fa Xg)
Proposition 4.11. There exist recursive functions hy,...,hs such that for every sequence
% € & and for every ordinal approximation @, o < {, the following assertions are true:

(1) Rz = Ony@)(ZB)).

2) For every p € N, X} = @,z (Z.(5)).

3) Forevery p € N, Y, = @, (2(A)).

4) For every p € N, the characteristic function of {Zg} is equal to {hs(®)}” W),
5) g = {hs(@)} 7.

(
(
(
(
5. Regular enumerations

For every a-regular finite part t of rank r 4 1, we define the subsets NI and B of dom(r)
as follows.

Definition 5.1.
(a) If « =0, let

Ni = {n:n e dom(r) & n is even}
By = {b :b e dom(r) & b is odd}.
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(b) Let o = f+1 and ny, o, mo, bo, ..., 0, ¢, my, b, n.11 satisfy the conditions s_a—s_d from
the definition of the regular finite parts. Set NI = {no,...,n,} and BL = {by,...,b,}.

(¢) Let o = lima(p) and ng, by, my ..., n,, b, m,, n, 1 satisfy the conditions l_a-l_c from the
definition of the regular finite parts. Set NZ = {ny,...,n,} and BL = {bo,...,b.}.

Definition 5.2. Let { be an ordinal approximation of {. A total mapping f of N in N is
called a regular enumeration (with respect to () if the following conditions hold:

(i) For every finite part p < f, there exists a {-regular extension 7 of p such that t < f.
(i) If & < { and z € B}, then there exists an g-regular t < f such that z € t(BZ).
(iii) If e +1 < { and p € N, then there exists an « + I-regular © < f such that (1, p)+1 €
(V)

Clearly, if f is a regular enumeration and @ < {, then for every p < f, there exists
an g-regular T < f such that p < 7. Moreover, there exist #-regular finite parts of f of
arbitrary large rank.

Given a regular f and @ < (, let Bg = {b : (It < f)(z is @-regular & b € BL)}. Evidently,
f(B)=B

Proposition 5.3. Suppose that f is a regular enumeration. Then:

(1) BO <e f

(2) If =B+ 1<, then B, < f ® Zj uniformly in o.

(3) If « < ( is a limit ordinal, then B, <. f & #_, uniformly in o.
4) 2, <. f uniformly in o.

(5) B, <. f® uniformly in o.

Proof. Note that since B, = N @ B,, we have for every « that
B,={x:2x+1¢€ B,}.

Since f is regular, By = f (B({). Clearly, Bé is equal to the set of all odd natural numbers.

We now turn to the proof of (2) and (3). We shall describe an effective procedure
satisfying the requirements of (2) and (3) by means of effective transfinite recursion on o.

Let o = ff + 1. Suppose that # is the a-predecessor of { and f is the S-predecessor of a.

Since f is regular, for every finite part p of f there exists an @-regular T < f such that
p < 7. Hence there exist natural numbers

O<ny<lo<my<by<m<li<m<b<..<n<{<m<b <...,

such that for every r > 0, the finite part t, = f [n.41 is @-regular, and ng, 7y, mo, by, ...,
n., ¢, My, by, n.11 are the numbers satisfying the conditions s_a—s_d from the definition of
the @-regular finite part z,. Clearly, Bé = {bo, by ...}. We shall show that there exists a
recursive in f @ 9% way to list ng, Zo,mo, by, ... in an increasing order.

Clearly, flng is B-regular and |f fmolz = 1. By Proposition 4.11, Ry is uniformly
recursive in 9’;3. Using f, we can generate consecutively the finite parts f [q for g = 1,2....
By Lemma 4.2, fng is the first element of this sequence that belongs to R Clearly,

no = Ih(f fno).
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Suppose that r = —1 and ny, %o, mo, bo, ..., 0, ¢, m, b, .11 have already been listed.
Since f /.41 is a normal f-regular extension of f|n,., it is the first element of the
sequence f [q, ¢ > n,4+1, belonging to Ay In this way we get /,+1. To determine m,, |, we
have to consider the value y of f(n,41):

(a) y= <0’ ﬁa e> + 1. Then my41 = lh(:u%((f r(/rJrl + 1)9 <€, /r+1>))'

(b) y = (L.B.p) + 1. Then myyy = Th(ug (£ 1(Z,11 + 1).p)).
(c) Otherwise, m, is equal to the least ¢ > /,,; such that f[q € R

Since f |b,11 is a normal B-regular extension of f [m,,; and f [n,4, is a normal f-regular
extension of f b,;1, we can find b,;; and n,;; in the same way as above.

So Bé is recursive in f @ e@;} Hence, B, <. f @ !7}3 since B = f(B)).

Suppose now that « = lima(p) is a limit ordinal. Clearly, for every p the set 2y, is
recursive in 2., uniformly in p. Let @ be the a-predecessor of {, and for every p let a(p)
be the a(p)-predecessor of . We may think of f as an infinite union of @-regular finite

parts. So there exists an infinite sequence of natural numbers
ng <by<mp<m<b <m<..<n<b <m<nyi...

such that for every r the finite part f [n,.; is @-regular of rank r 4+ 1 and ng, by, my...,
n.,b,,m, are the elements of dom(f [n,y;) satisfying the conditions l.a—-l_¢ from the
definition of the @-regular finite part. As in the previous case, there exists a recursive in
f ® -, way to list the numbers ng, by, mg ... in an increasing order. To show this, all we
need to know is that for every p the set Ry is uniformly recursive ‘@;(p)’ and hence it is
uniformly recursive in Z_,.

Assertions (4) and (5) follow easily from (1), (2) and (3). U]

Remark 5.4. An inspection of the above proof shows there exists a recursive function ¢

such that, for every sequence {B,},<: of sets of natural numbers and every regular with
respect to this sequence enumeration f, we have

— i

By =Wy,

Let f be a total mapping on IN. We now define for every recursive ordinal «, e, x € N the
relations f =, F.(x) and f = —F,.(x) by means of transfinite recursion on o.

Definition 5.5.
(1) Let « = 0. Then

[ Eo Fe(x) <= F0((v,x) € W, & (Yu € D,)(f((u)o) = (u)1)).
(i1)) Let o = + 1. Then

fEaF(x) <= Fu({v,x) € W, & (Yu € D,)((u = (e, x4, 0) &f F=p Fe,(x.))
V(u= <eua Xus 1> &f ':/f _‘Feu(xu))))~
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(iii) Let o = lima(p) be a limit ordinal. Then
[ By Fe(x) <= 3”(<”! X> €W, & (Yue Dy)(u= <pus €y, xu) &
f 'za(pl,) Feu(xu)))-
(iv) f By ~Fe(x) <= [ F Fo(x).

Following the definition of the enumeration jump and the above definition, we can
define a recursive function h such that for every recursive ordinal « and every enumeration
operator @, the following equivalence is true:

X € (Dz(f(a)) Aand f '20( Fh(az,z)(x)'

Therefore we have the following lemma.

Lemma 5.6. Let f be a total mapping on N and o be a recursive ordinal. Then 4 <, f®
if and only if there exists an e such that for all x, we have x € A <> f =, F.(x).

Our next goal is to prove the Truth Lemma. Note that for all @ < { the relation I is
monotone, that is, if 1 < p are @-regular and 7 Iz (—)F,(x), then p IFgz (—)Fe(x).
Suppose that f is a regular enumeration.

Lemma 5.7. Let o < { and let @ be the a-predecessor of {. Assume also that
f By Fe(x) <= (37 < f)(r is a-regular & 7 IFz F.(x)).

Then
f o “F(x) < (At < f)(7 is @-regular & 7 Iz =F,(x)).

Proof. Assume that f =, —F.(x) and for all a-regular T = f, we have t Wz —F.(x). Then
for all a-regular finite parts t of f there exists an o-regular p = t such that p Iz F,(x).

Since f is regular, there exists an o + 1-regular finite part © = f such that (1,a, (e, x)) +
le r(N;?). Let [tozg| = r + 1, and let

O<ny</lo<my<by<...<n <t <m <b, <nuy

be the natural numbers satisfying the conditions s_a—s_d of the definition of the o + 1-
regular finite parts. Then NI = {no,...,m}. Let 1(nj) ~ (1,0, (e,x)) + 1. Hence tlb; =
e 1+ 1), X, )

Clearly, there exists an @-regular extension 7; of 7 such that 7y = f. Therefore, there
exists an o-regular extension p of T[(£; + 1) in XZ)’X). Then t1b; € XZM. Clearly, t[b; is
an o-regular finite part of f, and hence f |, F.(x), which gives a contradiction.

Assume now that t < f is -regular, 7 Iz =F,(x) and f =, F.(x). Then there exists an
g-regular p < f such that p |5 F.(x). Using the monotonicity of Iz, we can assume that

7 < p and again get a contradiction. ]

Lemma 5.8. Let f be a regular enumeration. Then:

(1) Forall @ < {, f =, Fo(x) <= (3t < f)(7 is @-regular & 7 |Fz F(x)).
(2) Forall @ < {, f =y —F.(x) < (3t < f)(t is -regular & 1 IFz =F,(x)).
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Proof. We use transfinite induction on «. Condition (1) is obviously true for o = 0, and
hence according to the above lemma, (2) is also true in this case.

Let o = f + 1. The truth of (1) for o follows easily from the induction hypothesis. The
truth of (2) follows from the above lemma.

Suppose that < { and o = lima(p) is limit ordinal. It is sufficient to show that (1)
is true for o. Assume that f =, F.(x). Then there exists a pair (v,x) € W, such that if
u € Dy, then u = (py, ey, xy) and f |=yp,) Fe,(xy). By induction, for every u € D, there

exists an o(p,)-regular finite part 7, < f such that 7, ”_M F, (x,). Clearly, there exists an

g-regular finite part t of f such that for all u € D,, we have 7, < 7 and 1 is a(p,)-regular.
Then t k5 F,(x).

To prove (1) in the reverse direction, assume that T < f and 7 I3z F,(x). Again there
exists an element (v,x) of W, such that for all u € D,, we have u = (p,,e,, x,) and

T I35 Fe(xu). Without loss of generality, we may assume that t is «(p,)-regular for every

u

u € D,. By induction, f =) Fe,(xy) for all u € D,. So f =, Fe(x). ]

6. Regular extensions

Given a finite mapping 7 defined on [0,q — 1], we use 7 * z to denote the extension p of t
defined on [0, ¢] and such that p(q) ~ z.

Proposition 6.1. Let o < { and let @ be an approximation of o. Then:

(1) For every @-regular finite part v and every y € IN there exists a normal &-regular
extension p of 7 such that p(lh(t)) ~ y.

(2) For every 6 < @, every d-regular t of rank 1 and every y € N there exists a J, a-regular
extension p of 7 of rank 1 and such that p(lh(7)) ~ y.

Proof. We shall prove (1) and (2) together by means of transfinite induction on «. Note
that since B, = N @ B,, we have 0 € B}.
(a) o =0.
In this case (2) is trivial. To prove (1) suppose that 7 is O-regular and y € IN. Define
p as follows:

7(x) if x < lh(7)

R if x = lh(7)
Py =4 if x = Ih(z) + 1
undefined, if x > lh(z) + 1.

(b) Let o = + 1 and f3 be the f-predecessor of 7.

To prove (1), suppose that we are given an o-regular T and y € IN. Let dom(zr) =
[0, — 1] and |t]z = r + 1. Set n.,; = g. By induction, there exists a S-normal
extension po of 7 * y. Set /,4; = lh(pg). Clearly, there exists a normal f-regular
extension pu of py * 0, and hence for every p € N the function ,u%( (po * 0,p) is defined.
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Now, let
pg(po * 0. (e./ri1)) if y = (0, B.€) + 1
pr=19 #5(po*0,p) if y=(Lg.p)+1
I otherwise.

Set m,+; = lh(p;). Let p> be a normal B-regular extension of p; and p be a normal
p-regular extension of p, * 0. Clearly, p is a normal &-regular extension of v and

p(lh(z)) =~ y.

To prove (2), let 5 < @ and t be a d-regular finite part of rank 1 and y € N.
Suppose that § = . Then = 5. Note that the ff-predecessor of J,u is f5.

Let ny = lh(z). Clearly, we can find a normal f-regular extension py of 7 * y. We
then obtain the f-regular extensions pi,p, and p as above. Then p is a f8,a-regular
extension of t of rank 1.

Suppose that § < B. Then the p-predecessor of 6,a is 6, and 6 < B. Using the
induction hypothesis, we extend 7+ y to a d, f-regular finite part p; of rank 1. We then
extend p; to a §,a-regular finite part p of rank 1 in the same way as in the previous

case.
(c) Let o = lima(p) be a limit ordinal.
Let @ = ay,...,0p, o and pg = ppl[o, < a(p)]. For every p we use a(p) to denote the

a(p)-predecessor of a.

To prove (1), suppose that 7 is an a-regular finite part of rank r +1 and y € N.
Then t is an a(po + 3r + 2)-regular finite part of rank 1. By induction, there exists
an a(po + 3r + 2),a(po + 3r + 3)-regular extension py of v of rank 1 and such that
po(lh(t)) >~ y. Set b,1 = lh(pg). Applying the induction hypothesis again, we obtain
an a(po + 3r + 2), a(po + 3r + 3), a(po + 3r + 4)-regular extension p; of pg * 0 of rank 1.
Set m,+1 = lh(p1) and then extend p; to an a(py + 3r + 2), a(po + 3r + 3), a(po + 3r +
4), a(po + 3r + 5)-regular finite part of rank 1. Clearly, p is an @-regular finite part of
rank r 4 2.

To prove (2), let 6 < & and t be a d-regular finite part of rank 1 and y € IN. Let
ps = up[6 < a(p)]. By induction, there exists a J,a(ps)-regular extension p; of T of
rank 1 and such that py(lh(r)) ~ y. Set by = lh(p1). Applying the induction hypothesis
twice, we get a d,a(ps), a(ps + 1),a(ps + 2)-regular extension p of p; * 0 of rank 1.
Clearly, p is a 6, a-regular extension of t of rank 1. ]

We fix a pair of total functions ¢ and v on IN such that for every o < {, o(x) € B,.

Definition 6.2. Let o < { and @ be an ordinal approximation of a. A finite part 7 is o
complete (with respect to o,v) if

B € Reg(1,%) = a(p) € r(B%)

and
p € Reg(1,3) = v(B) € r(N[l;).
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Proposition 6.3. Let o < { and @ be an ordinal approximation of a.

(1) For every z-regular finite part t there exist a normal &-regular extension p of T which
is @ complete.

(2) For every 6 < @ and every d-regular t of rank 1 there exists a §, a-regular extension p
of t which is of rank 1 and &, o complete.

Proof. We use transfinite induction on o.

(a) «=0.
Given a O-regular 7, define p as follows:

7(x), if x < 1h(7)

- ) v, if x = 1h(z)
PXI=9 o), if x = Ih(z) + 1
undefined, if x > lh(t) + 1

(b) a=p+1.
To prove (1), suppose we are given an o-regular 7. Let dom(t) = [0,g — 1] and
lt|y = r + 1. Set n.y; = q. By the previous proposition, there exists a f-normal
extension pg of 7 * v(«). Set /.1 = lh(pg). Let u be a normal f-regular extension of

po. Now, let
1 (po * 0, (e, /1)) i (@) = (0,8, ) + 1
pr=1 15 (po*0.p) if v(o) = (1, B,p) + 1
In otherwise.

Set m,+1 = lh(p;). By induction, there exists a normal fS-regular extension p, of p;
that is § complete. Set b.; = lh(p,) and let p be a normal f-regular extension of
p2 * a(a). Clearly, p is a normal @-regular extension of t and p is @ complete.

To prove (2), let 6 < @ and t be a d-regular finite part of rank 1.
Suppose that § = . Then f = 6 and f is the S-predecessor of &, o.
Let no = Ih(z). Clearly, we can find a normal f-regular extension py of 7 * v(x). We
then obtain consecutively the S-regular extensions pi,p, and p as above. So p is a
B, a-regular extension of t of rank 1 that is @ complete.
Suppose that 6 < B. Then the B-predecessor of d,u is 6, and & < fB. Using the
induction hypothesis, we extend t to a J, f-regular finite part 7; of rank 1. We then
extend 7; to a J,a-regular finite part p that is of rank 1 and 6, « complete in the same
way as in the previous case.

(c) Let o =limo(p) be a limit ordinal.
Let @ = ay,...,0,, 0 and py = up[o, < a(p)]. For every p we use a(p) to denote the
o(p)-predecessor of .

To prove (1), suppose that 7t is an o-regular finite part of rank r + 1. Then <
is an a(po + 3r + 2)-regular finite part of rank 1. Set n,.; = lh(r). By the previous
proposition, there exists an a(po + 3r + 2), o(po + 3r + 3)-regular extension py of 7 v(o)
of rank 1. Set b,;; = lh(py). There exists an a(py + 3r + 2), a(po + 3r + 3), a(po + 3r +4)-
regular extension p; of po * a(«) of rank 1. Let m,,; = lh(p;). Finally, by induction,
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there exists an a(py + 3r + 2), a(po+3r+3), o(po+3r—+4), a(po+3r+5)-regular extension
p of py that is of rank 1 and a(pg + 3r + 2), a(po + 3r + 3), a(po + 3r +4), a(po + 3r +5)
complete. So we have constructed an a(py + 3r + 5) extension p of 7 of rank 1 that
is a(po + 3r + 5) complete and such that p(n,41) >~ v(x) and p(b,41) =~ a(x). Clearly,
p is @-regular of rank r + 2. To see that p is & complete, consider an element 8 of
Reg(p,a). Then, by Lemma 4.7,

B =uaVp € Reg(p,a(py + 3r + 5)).

In both cases it follows from the construction of p that it satisfies the completeness
conditions with respect to f.

To prove (2), let 5 < & and 7 be a 6-regular finite part of rank 1. Let p; = up[6 < a(p)].
There exists a §,a(ps)-regular extension p; of 7 that is of rank 1 and such that
p1(lh(t)) ~ v(a). Set by = lh(p;). We then get an J,a(p;), x(ps + 1)-regular extension
p> of py * a() that is of rank 1. Finally, we extend p, to a &,a(ps), a(ps + 1), (ps + 2)-
regular finite part of rank 1 that is complete. Clearly, p is a 6, a-regular extension of

7 of rank 1 that is & complete. L]

Proposition 6.4. Let o < { and let @ be an ordinal approximation of o.

(1) Suppose that t is an @-regular finite part, 7 € Reg(t,®) and p is a normal y-regular
extension of 7. Then there exists a normal z-regular extension p of t such that u < p.
(2) Let é < & and t be §-regular of rank 1. Let 7 € Reg(t, ). Then every normal J-regular
extension u of T can be extended to a J,a-regular extension p of t such that lpls, =1

Proof. We use transfinite induction on ¢. (1) and (2) are trivial for o = 0.
Suppose that o = # + 1. Let @ be an approximation of « and 8 be the f-predecessor of
a.
We start with the proof of (1). Consider an @-regular finite part 7, let 7 € Reg(r,%) and
1 be a normal y-regular extension of 7. If y = ¢, then yu is an @-regular extension of 7. Set
p = w. Otherwise, 7 € Reg(, f). By induction, u can be extended to a normal fS-regular
extension p; of 7 that can be extended to a normal @-regular extension p of t by means
of Proposition 6.1.
The proof of (2) is similar. Let 6 < & and 7 be a é-regular finite part of rank 1. Let
7 € Reg(t,0) and u be a normal y-regular extension of 7. Now, we have to consider two
cases.
(a) 0 = 8. o B B
In this case 6 = f and f is the f predecessor of J,a. By induction, we can extend u
to a normal B-regular extension p; of 7, and by Proposition 6.1, we can extend p; to
a 0,a-regular finite part of rank 1.
(b) 0 < p.
Then 6 < B and the B predecessor of J,u is J, . By induction, there exists a &, -
regular extension p; of T such that u = p;. Then we can extend p; to a §,a-regular
finite part of rank 1 by Proposition 6.1.

Suppose now that o = lim «(p) is a limit ordinal. Let & = ay,..., o, o and py = up[a(p) >
O]
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To prove (1), let © be an @-regular finite part of rank r + 1, let 7 € Reg(r,@) and let u
be a normal J-regular extension of t.
Clearly, t is an a(pg + 3r + 2)-regular finite part of rank 1. By Lemma 4.7,

y=uV7y e Reg(r,u(po + 3r + 2)).

The case y = o is trivial. Let 7 € Reg(t,a(po + 3r + 2)). By induction, we can extend u
to an a(po + 3r + 2),a(po + 3r + 3)-regular extension p; of 7 that is of rank 1. We can then
extend p; to a normal @-regular extension p of 7 using Proposition 6.1.

To prove (2) in this case, let 6 < @ and t be d-regular finite part of rank 1. Let
7 € Reg(t,6) and u be a normal J-regular extension of 7. Set p; = up[a(p) > J].

By induction, we can extend u to a J,a(ps)-regular p; of rank 1, and then, using
Proposition 6.1, we can extend p; to a 6, a-regular p of rank 1. |

Definition 6.5. Let 7 be an @-regular finite part. An extension p of t is canonical if
(Vx € dom(p))(x > lh(1) = p(x) =~ 0).

Definition 6.6. Given an a-regular finite part, define the %-characteristic D} to be the set
{(E: |T|ﬁ> : E € Reg(T9 &)}
Note that by Lemma 4.7 the set Reg(z, %) is finite, so the set D} is also finite.

Definition 6.7. Let o < {. A natural number y is a-nice if y = 0 or y — 1 is not of the
form (0, 8, e) or (1,8,p) for any f < a.

Clearly, if y is a-nice, it is f-nice for every f§ < o.
Proposition 6.8. There exist recursive functions ext, ext, chs and chs, such that for every

approximation @ of an ordinal o < { the following assertions hold:

(1) For every a-regular finite part v and every a-nice y, we have ext(e, t, D, y) is a canonical
a-regular extension of 7 * y with a-characteristic chs(, 7, DL, y) and @-rank equal to
|To| + 1.

(2) For every & < @, every o-regular finite part t of rank 1 and every a-nice y,

ext/((9, %), 7, D, y)
is a d,a-regular and canonical extension of 7 * y of rank 1 with characteristic
ChS/((g, O‘)a T, D;Ta )/)

Proof. We shall construct the functions ext, chs, ext, and chs, simultaneously by means
of effective transfinite recursion on o.

Let « = 0. Then @ = 0. Let t be a 0-regular finite part. Using Dj, we can determine the
O-rank r + 1 of 7. Let

(%), if x < Ih(x)
R if x = lh(7)
Py =10, if x = Ih(z) + 1

undefined, otherwise.
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Set ext(z t,DL,y) = p and chs(@,1,DL,y) = {(0,r +2)}. Let « = f + 1. Given an
approximation @ of «, first find the § predecessor  of @. Let 7 be an &-regular finite part
and y be a-nice. Using the a-characteristic D of 7, we can find the B-characteristic D% of
7 and the @-rank r + 1 of 7. Now let

po = ext(B, T, D%, y), p1 = ext(p, p,D%“,O), ..., p3 = ext(B, p, Dzz,O)

Set ext(a, 7, DL, y) = p3 and chs(a, 7, DL, y) = D/ﬁ;3 U {@r+2)}.
Suppose now that 6 < @ and let 7 be a d-regular finite part of rank 1 and let y be

o-nice.
@35=F )

Set po = ext(B, T, D%, y), ...,p3 = ext(B, ,()Z,D”2 0)

Let ext/((d, ), 7, D3, y) = p3 and chs/((6,a),7,D%, y) = Dp’ U {{(5,2), 1)}
(b) 3 < B.

Set 7' = ext/((3, f), 7, D3, y),
po = ext((5, B), 7, oﬁ,O),...,p3 = ext((4, p), pz,Dgf/j,O).

Let ext/((, a), T ,DX) = p3 and chs,((5,a), T DY) = Dg”ﬁ {(0,0),1)}.

Let o = lima(p) be a limit ordinal. Cons1der an approximation @ = oy,..., 0, o of o.
Let po = up[op) > a,]. For every p = po let a(p) be the a(p)-predecessor of a.

Let 7 be an a-regular finite part with characteristic D7 and y be a-nice. Let |t|z = r+-1.

Then t is an a(py + 3r + 2)-regular finite part of rank 1. By Lemma 4.7,

D =Dl = {(B.k) : B < alpo +3r +2) & (B.k) € D3}.
Set

po = ext/((apo + 3r + 2),a(po + 3r + 3)),7,D, y),..

P2 = eXt/((O‘(pO + 3r + 4) 0 (PO + 3r + 5)) Pl, m 0)
Let ext(a, 1, DL, y) = ps and chs(@, 7, DL, y) = D2 ____ U {(@,r+2)}.

- _ (pot+3r+5)
Now suppose that 6 < @ and let t be a d-regular finite part of rank 1. Set | =

pplo(p) > o). Let
Po eXt/((i OC(l)) ’D:)Tay)
p1 = ext/((8,l), ol + 1)), po, D5, . 0)

p2 = ext((0,a(D),all + 1)l +2)). p1. DF, | O).

Let ext,/((5, ), T, D%, y) = ps and
chs/((0,@),7,D5,y) = D | ey Y {00, 1)) O

Corollary 6.9. There exists an effective way to construct for every ordinal approximation
o and every r > 0 an @-regular finite part 7z of rank r 4+ 1 and such that (Vx €
dom(tz))(tz(x) ~ 0).
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7. The proofs
In this section we present the proofs of Theorems 2.9 and 2.14.

Proof of Theorem 2.9. Let two sequences &/ = {Ay}u<; and # = {B,},< of sets of
natural numbers be given. Suppose that .7 &£, 4, that is, there is no recursive function g
such that

(Vo)(Ay = Dy (Z4(A)))-
To prove the theorem it is sufficient to construct a total set X such that:
(1) for some recursive h, (Yo < {)(By = @y)(X*); and
(2) there is no recursive function g such that (Vo)(4, = @y (X ©)y),

If for some o < { we have A, %. ?,(#), we can get the desired X by means of
Theorem 2.5.

Assume that (Vo)(A4, < Z.(%)).

We shall construct X as a graph of a regular enumeration f. In this way, by Theorem 5.3,
we will automatically ensure that X satisfies (1).

Let { be an ordinal approximation of {. For every o < {, set B; = N @ B, and let 2,
denote the set Z,(%). Fix two total functions ¢(a, s) and v(a, s) such that:

(i) (Vo < {)(4s.0(a, s) enumerates the set Bj).
(i) (Vo < )(4s.v(a, s) enumerates the set IN).

For every s € N, set gy = Ao.a(a, (s)o) and vy = dov(a, (S)o)-

The construction of f will be carried out in steps. At each step s we shall construct a
{-regular finite part 7, so that 7, < 1., and |7slz < ITs41]7. We shall ensure that for every
s the finite part 7,4 is complete with respect to oy, 7,. We shall then define f = Jt5. The
f obtained in this way is a regular enumeration. Indeed, since f contains finite parts of
arbitrary large rank, for every p < f there exists a {-regular finite part 7, of f such that
p <= Ts.

Let x < { and z € B;. Let s be so large that @ € Reg(ty41,,) and such that a(a, (s)o) =~ z.
Therefore, oy(a) >~ z, S0, since 7411 is complete with respect to oy, vs, we have z € rs+1(B;‘“).

Let p € N. Consider an s; > s such that v(o, (s1)o) =~ p. So vy, («) ~ p, and hence, by the
completeness of 7,41 with respect to ay,, vs,, we have p € rsl+1(N;““).

Fix an enumeration go, g1,...,gs,... of all total recursive functions.

Let 79 be a {-regular finite part of rank 1. Suppose that 7, is defined and let D = DES
be the characteristic of <.

Fix an @ < { and let o+ 1 be the o + 1-predecessor of {. Construct an -regular
extension §, of 1y as follows. First let k = k({,o 4+ 1) be the number such that every
{-regular finite part of rank greater than k is also o + I-regular. Using the functions ext
and chs from Proposition 6.8, find a canonical {-regular extension J, of 7, that is of {-rank
equal to max(|ts|¢, k). Clearly, &y is « + 1-regular, so it is also @-regular. Let gy(x) = e,.
Using Proposition 6.8 again, we define recursively a canonical @-regular extension d; of
do * ({0, 0, e,) + 1) such that |d1|z = |dolz + 1. Set d, = d;. Let £, = 1h(d,) and set

Cy = {x : (3p 2 0,)(p is a-regular, p(/y) ~ x and p Iz F,,(£,))}.
Set C; = (.
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From the construction of ¢, and Proposition 4.11, it follows that there exist a recursive
function h such that (Vo < {)(Cy = ®py)(Z.)). Hence there exists an o such that A, # C,.
Actually, there exist infinitely many such o, otherwise, since (Vo < {)(4, <. Z,), we could
redefine the function h and get o/ <, 4. So we may assume that there exists an o < {
such that A, # C,. Let o, be the least o < { such that 4, # C,.

Now let x; be the least natural number such that

(xs € Ay, & x5 & Cy) V(x5 & Ay, & X5 € Cy).

Set 07 = ug(0y, * x5, X <“€Sys, /,.))- Then let 93 be a normal &;-regular extension of 0, and 04 be
a normal &;-regular extension of 3 * 0. Clearly, 64 is a normal o + 1-regular extension of
do. By Proposition 6.4, there exists a normal {-regular extension 7 of d such that d; < .
Let 7,,; be a normal {-regular extension of t that is complete with respect to a;, v.

To show a contradiction, assume that there exists a recursive function g such that
(Vo < {)(Ay = Dyg(y(f™)). Then there exists a recursive function h such that (Vo <

O(f~H(Ay) = Opey(f™)), so there exists a recursive function g; such that
(Yo SO (Aa) = {n 2 f o Fy(m)})-
Consider the step s of the construction. Clearly, f(Z,,) >~ x; and gs(os) = e,,. Hence
Xy € Ay, = [ FEF, ({s)

Now, assume that x; € A,,. Then f = F,, (/,,). Clearly, J,, = f. Hence, by Lemma 5.8,
there exists an #;-regular p = J,_ such that

p(ly,) ~ x5 & p bz Fo, (£4).

Therefore x; € C,,, which gives a contradiction.

So, x5 ¢ A,,. Thus x; € C,, and hence there exists an @-regular extension p of J,,
such that p(/,,) ~ x; and p IF5 F,, (Z,). From here, by the construction, it follows that
03 IFg, Fe, (Z4,), and hence f = F,, (Z,,), which gives a contradiction.

So we have proved that there is no recursive function g such that (Vo < {)(4, =
Dy()(f*)), which concludes the proof Theorem 2.9. UJ

Proof of Theorem 2.14. Let { be a recursive ordinal and I' : ¥y — & be a uniform
operator. Suppose that g is a function on the natural numbers such that given a recursive
function ¢ with index a, g(a) is an index of a recursive function i such that for all X = IN,

() (a)
F({Wg;oc)}ocgi) = {Wlﬁa)}aél'
Given # € %, and o < {, we shall use I'(%),, to denote the a-th member of the sequence
().

Our goal is to show that there exists a recursive function h such that for every # € &,
and every o < (,

r(g)o: = q)h(z)(ga(g))

Fix an ordinal approximation { + 1 of { + 1. For every a < { let & be the a-predecessor
of {+1.
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From now on, given a sequence # € %, we shall call f a regular enumeration with
respect to 4 if it is regular with respect to { + 1 and the sequence # extended to a
sequence of length { 4+ 1 by setting Bry1 = .

As remarked after the proof of Proposition 5.3, there exists a recursive function ¢ such
that for every sequence 4 = {B,},<; and every regular with respect to % enumeration f,
we have

(o)
(Vo < O)(By = W),

Let a be an index of ¢ and g(a) be the index of the recursive function y. Then for
every sequence # € ¥, every o < { and every regular with respect to 4 enumeration f,
we have

(o)
D(#)x = Wi

Then there exists a recursive function y such that for every regular sequence % and
every regular with respect to 4 enumeration f, we have

(Ve <O IAB)) = {n: [ Fymm)})-

Given an & < {, define the a-regular finite part J, as follows. Set k = k({ + 1, + 1). Let
do be a { + 1-regular finite part of rank k such that (Vx € dom(dg))(do(x) =~ 0). Clearly,
d¢ is a + I-regular and hence it is also a-regular. Let y(o) = e,. Note that (0,a,¢,) + 1
is a-nice. Let §; be a canonical g-regular extension of dg * ({0, a,e,) + 1) of &-rank equal
to |0gl, + 1. Set 0, = 01. By Proposition 6.8, there exists a recursive function yielding for
every o < { (the code of) d,.

Let Z, = 1h(d,). We shall show that for every sequence 4 € ¥,

I'(#)y = {x : (Ap 2 3,)(p is a-regular with respect to %,
p({y) ~x and p I3 Fe,(/a))}'

Indeed, fix a sequence # € & and let « < {. We use C, to denote the set
{x :(3p 2 d,)(p is G-regular with respect to %, p(¢,) ~ x and p k5 F, (/4))}.

Consider a x € I'(#),. Clearly, there exists an « + 1-regular extension & of &, * x that
can be extended to a { + I-regular finite part ¢ by Proposition 6.4. We can then extend ©
to a regular with respect to 4 enumeration f as in the previous proof. Since f(/,) >~ x, we
have f =, Fy (), that is, f =, F,,(/,). By Lemma 5.8, there exists an @-regular p < f
such that p I3 F, (/,). We may assume that J, < p and p(/,) ~ x. Thus x € C,.

Assume that x € C,. Let 6, = uz(d, * x,X‘{;%m). Clearly, o, Iz F, (/,). Let 05 be a
normal @-regular extension of d,, and d4 be a normal @-regular extension of J, *0. Clearly,
d4 is an o + l-regular extension of &y. Then there exists a { + l-regular extension t of
0o such that d4 < 7. Finally, let f be a regular with respect to 4 enumeration such that
1< f. By Lemma 5.8, f =, F,(/4), and hence x = f(/,) € I'(B)s,.

From (1), by Proposition 4.11, it follows that there exists a recursive function h such
that for all # € &,

[(#)y = Qs (Po(B)).
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It is just a routine computation to show the uniformity of every operator I' : &y — &
for which there exists a recursive function h such that for every sequence 4 € 7,
L(B) = {Opo) (P B)) }ast- O
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