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Abstract. A homeomorphism on a metric space(X, d) is completely scrambled if for each
x 6= y ∈ X, lim supn−→+∞ d(f n(x), f n(y)) > 0 and lim infn−→+∞ d(f n(x), f n(y))

= 0. We study the basic properties of completely scrambled homeomorphisms on
compacta and show that there are ‘many’ compacta admitting completely scrambled
homeomorphisms, which include some countable compacta (we give a characterization),
the Cantor set and continua of arbitrary dimension.

1. Introduction
All maps considered in the paper are continuous. By acompactum(respectively,
continuum) we mean an infinite compact metric space (respectively, connected
compactum) and bydimensionwe mean topological dimension.

The first mathematical treatment of chaotic behavior of a dynamical system appeared in
the work of Li and Yorke in 1975 [LY ]. Let (X, d) be a metric space andf : X −→ X be
a map. A subsetS of X with Card(S) ≥ 2 is ascrambled setif for each pair ofx 6= y ∈ S,

lim sup
n−→+∞

d(f n(x), f n(y)) > 0 (LY1)

and

lim inf
n−→+∞ d(f n(x), f n(y)) = 0. (LY2)

The mapf is chaotic in the sense of Li and Yorkeif S is uncountable, andf is completely
scrambledif S = X. Hence, ifX is uncountable andf is completely scrambled, thenf is
chaotic in the sense of Li and Yorke. Note that we sayf : X −→ X is proximal [V] if for
each pair ofx, y ∈ X, lim infn−→+∞ d(f n(x), f n(y)) = 0. Thus, a completely scrambled
map is proximal.

A natural question is: how ‘large’ can a scrambled set be? Li and Yorke proved that if
a map of[0, 1] has a periodic point of period three then it has an uncountable scrambled
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set. Misiurewicz [Mi ] showed that there is a map of[0, 1], which has a scrambled set
of Lebesgue measure one and Kato [K1] showed that the same conclusion holds if we
replace[0, 1] by [0, 1]n for eachn ≥ 2. In [M ] Mai showed that for eachn ≥ 2 there
is a completely scrambled homeomorphism on(0, 1)n and he conjectured that there is no
compactum admitting completely scrambled maps. Disproving the conjecture, we show
that there are ‘many’ compacta admitting completely scrambled homeomorphisms, which
include some countable compacta, the Cantor set and continua of arbitrary dimension. We
study the basic properties of completely scrambled homeomorphisms on compacta and as
a by-product we also show that there is a mapg of [0, 1] with a closed invariant scrambled
set which is the Cantor set and is contained in the set ofω-limit points ofg.

To end the section we make some remarks. Let(X, d) be a compactum. A
homeomorphism ofX is expansiveif there existsc > 0 such that for each pairx 6= y ∈ X

there isn = n(x, y) ∈ Z with d(f n(x), f n(y)) > c. A homeomorphismf of X is distal
(see [F1], [F2] and [B, p. 69]) if for eachx 6= y ∈ X, lim infn−→+∞ d(f n(x), f n(y)) > 0.
It is known that iff is expansive and dim(X) ≥ 1 thenf is chaotic in the sense of Li and
Yorke [K2]. By a result of Măné [Ma] if f is expansive then there arex 6= y ∈ X

with limn−→+∞ d(f n(x), f n(y)) = 0. Thus, completely scrambled homeomorphisms are
complementary to distal and expansive homeomorphisms. Moreover, iff is a completely
scrambled homeomorphism on some compactumX, then

X ×X \ ({(x, x) : x ∈ X}) =
∞⋃
i=1

{
(x, y) : lim sup

n−→+∞
d(f n(x), f n(y)) > 1/i

}
.

Hence in some sense a completely scrambled homeomorphism is ‘expansive’ for non-
uniformly expansive constants.

2. Basic properties of completely scrambled homeomorphisms
First let us introduce some necessary notation. LetX be a compactum andf be a map of
X. The set of periodic points, almost periodic points andω-limit points of x ∈ X will be
denoted byP(f ), AP(f ) andω(x, f ), respectively. A non-empty closed invariant subset
M of X is aminimal setof f if M contains no proper subset which is non-empty, closed
and invariant. It is known that ifx ∈ AP(f ), thenω(x, f ) is a minimal set off ; if M is a
minimal set off , thenM ⊂ AP(f ) [BC]. We say thatf is (topologically) transitiveif for
each pair of non-empty open subsetsU , V of X there isn ∈ N such thatf n(U) ∩ V 6= ∅.
It is known thatf is transitive if and only if there existsx ∈ X with ω(x, f ) = X. For
x ∈ X we set Orb(x, f ) = {x, f (x), . . . } and OrbZ(x, f ) = {. . . , f−1(x), x, f (x), . . . }
if f is a homeomorphism. The set of all strictly increasing sequences of natural numbers
will be denoted byA.

PROPOSITION2.1. Let X be a compactum such thatX admits a completely scrambled
mapf . Then there is an infinite closed invariant subsetZ of X such thatZ admits a
completely scrambled homeomorphism.

Proof. It is clear thatf is injective (by (LY1)). LetZ = ∩∞n=1f
n(X). ThenZ is a

closed invariant subset ofX. Moreover,f |Z : Z −→ Z is surjective. Hencef |Z is a
homeomorphism.
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If Z = {p}, then for eachx ∈ X, lim f n(x) = p, a contradiction of (LY1). ThusZ
contains at least two points. At the same time,Z is not finite from (LY2). HenceZ admits
a completely scrambled homeomorphismf |Z. 2

By Proposition 2.1 we only need to study completely scrambled homeomorphisms.

PROPOSITION2.2. Letf be a completely scrambled homeomorphism of a compactumX.
Then,f has a unique fixed pointp andP(f ) = {p}.
Proof. Let x ∈ X. As limd(f n(x), f n(f (x))) = 0, there exists{ni} ∈ A such that

lim f ni (x) −→ p = f (p) = lim f ni+1(x).

Hencef has a fixed point. It is clear thatP(f ) = {p}. 2

LEMMA 2.3. Letf be a map of a compactumX. If there isx ∈ X such thatω(x, f ) = {z}
for somez ∈ X, thenz is a fixed point off andf n(x) −→ z.

Proof. This is obvious. 2

PROPOSITION2.4. Letf be a completely scrambled homeomorphism of a compactumX

andp be the unique fixed point off . Then for eachx 6= p ∈ X we have thatp ∈ ω(x, f )

andω(x, f ) is infinite. Consequently,AP(f ) = {p}.
Proof. Let x 6= p andZ = ω(x, f ). If Z = {p}, thenf n(x) −→ p (Lemma 2.3), a
contradiction. At the same timeZ is infinite from (LY2). Hencef |Z : Z −→ Z is a
completely scrambled homeomorphism. By Proposition 2.2, there is a fixed pointp′ of f

in Z. As f has a unique fixed point,p′ = p. That isp ∈ ω(x, f ) for eachx 6= p ∈ X.
Note that for eachx ∈ AP(f ), x ∈ ω(x, f ) and ω(x, f ) is a minimal set. As

p ∈ ω(x, f ), we haveω(x, f ) = {p}. This implies thatAP(f ) = {p}. 2

PROPOSITION2.5. Letf be a completely scrambled homeomorphism of a compactumX.
Then for eachx 6= y ∈ X, there is{ni} ∈ A such thatf ni (x) −→ p andf ni (y) −→ p,
wherep is the unique fixed point off .

Proof. By (LY2), there exist{mi} ∈ A andz ∈ X such that

f mi (x) −→ z←− f mi (y).

By Proposition 2.4, there exists{ti} ∈ A with f ti (z) −→ p. Thus, Proposition 2.5 follows
from the facts stated above. 2

To show the next proposition we need one result from [K ] (see also [KS]).

LEMMA 2.6. Let X be a compactum andf : X −→ X be a map. Then{x ∈ X :
Orb(x, f ) 6= X} is a dense subset ofX if f is not minimal.

Denote byω0 the first limit ordinal number. We have the following.

PROPOSITION2.7. Letf be a completely scrambled homeomorphism of a compactumX.
Then there are a countable limit ordinal numberα andxβ ∈ X with 1 ≤ β ≤ α such that:
(i) xα = p andxβ 6= p for eachβ < α; moreover,xβ ∈ ω(xβ−1, f ) if β is not a limit

ordinal number andxβ ∈ ∩j<βω(xj , f ) if β is a limit ordinal number;

https://doi.org/10.1017/S0143385701001079 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001079


80 W. Huang and X. Ye

(ii) X % ω(x1, f ) % · · · % ω(xω0, f ) % ω(xω0+1, f ) % · · · % ω(xα, f ) = {p} and
∩i<αω(xi, f ) = {p}.

Proof. As X is infinite there isx1 ∈ X \ {p} such thatω(x1, f ) 6= X (Lemma 2.6). By
Proposition 2.4ω(x1, f ) is infinite. Assume that we have definedxi for all i < β and some
countable ordinal numberβ with xβ 6= p. If β is not a limit then by Lemma 2.6 we take
xβ ∈ ω(xβ−1, f ) \ {p} such thatω(xβ−1, f ) 6= ω(xβ, f ) (by Proposition 2.4ω(xβ−1, f )

is infinite). If β is a limit then we have two cases. Namely,∩i<βω(xi , f ) = {p} or
∩i<βω(xi, f ) 6= {p}. In the first case letxβ = p, α = β and we stop. In the second case
we takexβ ∈ ∩i<βω(xi, f ) \ {p}. Let α be the least countable ordinal number such that
ω(xα, f ) = {p} (such anα must exist by the Baire–Hausdorff theorem). It is clear that
xα = p andα is a limit. Moreover,α andxi, i ≤ α, satisfy (i) and (ii). 2

In the following sections we will construct completely scrambled homeomorphisms
suggested by Proposition 2.7.

3. The construction of a completely scrambled homeomorphism
In this section we will construct a completely scrambled homeomorphism of a countable
compactum. We need the following definitions.

The notation of the derived set ofX of orderα can be found in Kuratowski’s book [K ,
p. 261]. A pointp of X is anaccumulation pointof the setX, if p ∈ X \ p. The setXd

of accumulation points ofX is called thederived setof X. The derived set ofX of order

α is defined by the conditions;X(1) = Xd , X(α+1) = (X(α))
d

andX(λ) = ∩α<λX
(α) if

λ is a limit ordinal number. IfX(α) 6= ∅ andX(α+1) = ∅, then we putd(X) = α. The
ordinald(X) is called thederived degreeof X. It is well known that a compactumX is a
countable set if and only ifd(X) exists and it is a countable ordinal number. In this case,
if d(X) = α, thenX(α) is finite.

Let ω0 be the first infinite ordinal number. We will construct a countable compactum
X ⊂ R2 such that the derived degree ofX is ω0 andX(ω0) is a one point set, and then we
define a homeomorphism onX and show that it is completely scrambled. We start with the
construction ofX ⊂ R2. Let

X0 = {(n1, . . . , nk) : k ≥ 1, ni ∈ {0} ∪ N, 1 ≤ i ≤ k},
X1 = {(n1, . . . , nk,∞) : k ≥ 1, ni ∈ {0} ∪ N, 1 ≤ i ≤ k},

. . . . . . . . .

Xj = {(n1, . . . , nk,

j︷ ︸︸ ︷∞, . . . ,∞) : k ≥ 1, ni ∈ {0} ∪ N, 1 ≤ i ≤ k},
. . . . . . . . . .

SetX = ∪∞j=0Xj ∪ {(∞)} and let

(∞) = (∞,∞) = (∞,∞,∞) = · · · .
Let p ∈ R2 andli , i ∈ N, be a line segment fromp such that the length ofli tends to

zero andli ∩ lj = {p} if i 6= j . Assume the other end point ofli is Pi , i ∈ N. We put an
orientation onli such thatPi > p for eachi ∈ N. Now we seeX ⊂ ∪∞i=1li in the following
way (Figure 1).
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FIGURE 1.

(i) p = (∞) = (∞,∞) = · · · .
(ii) For eachi ∈ {0} ∪ N ∪ {∞}, (i) ∈ l1 with (0) > (1) > (2) > · · · and lim(i) = p.
(iii) For eachn ≥ 2, let Ii,n ⊂ ln (i ∈ {0} ∪ N) be pairwise disjoint non-degenerate

subintervals ofln with:
(1) inf Ii1,n > supIi2,n if i1 < i2;
(2) limi length(Ii,n) = 0;
(3) limi d(p, Ii,n) = 0, whered is the Euclid metric.

For eachn ≥ 1 andi ∈ {0} ∪ N, let hn,i be an orientation-preserving homeomorphism
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FIGURE 2.

from ln ontoIi,n+1. Then

Ii,n+1 ∩X = {hn,i (y) = (i, y) : y ∈ ln ∩X}.

Note that(∞, . . . ,∞︸ ︷︷ ︸
n

) ∈ ln.

In such a wayX is a compactum with the properties that:

(a) the derived degree ofX is ω0 andX(ω0) = {p};
(b) X0 is the set of isolated points ofX andX(j) = (∪∞l=jXj ) ∪ {∞} for eachj ≥ 1.

We will defineg : X −→ X. First we defineg : X0 −→ X0 as follows (see Figure 2).
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Note thatni ∈ {0} ∪N for 1≤ i ≤ k andk ∈ N.

(n1) −→ (n1+ 1), (P0)

(n1, n2) −→ (n1+ 1, n2 − 1), n2 ≥ 1, (P1)

(0, 0) −→ (0), (P2)

(n1, n2, n3) −→ (n1 + 1, n2− 1, n3), n2 ≥ 2, (P3)

(n1, 1, n3) −→ (n1+ 1, 0, n3+ 1), (P4)

(0, 0, n3) −→ (0, n3), (P5)

(n1 + 1, 0) −→ (n1, 0, 0), (P6)

(n1, n2, n3, . . . , nk) −→ (n1+ 1, n2− 1, n3, . . . , nk), n2 ≥ 2, k ≥ 4, (P7)

(n1, 1, n3, n4, . . . , nk) −→ (n1+ 1, 0, n3+ 1, n4, . . . , nk), k ≥ 4, (P8)

(0, 0, n3, n4, . . . , nk) −→ (0, n3, n4, . . . , nk), n3 ≥ 1, k ≥ 4, (P9)

(0, 0, 0, n4, . . . , nk) −→ (0, 0, n4+ 1, . . . , nk), k ≥ 4, (P10)

(n1 + 1, 0, n4, . . . , nk) −→ (n1, 0, 0, n4, . . . , nk), k ≥ 4. (P11)

For eachj ≥ 1 and(n1, . . . , nk,

j︷ ︸︸ ︷∞, . . . ,∞) ∈ Xj we set

g(n1, . . . , nk,

j︷ ︸︸ ︷∞, . . . ,∞) = (m1, . . . ,ml,

j︷ ︸︸ ︷∞, . . . ,∞)

if g(n1, . . . , nk) = (m1, . . . ,ml). Furthermore, we putg(∞) = (∞).

Thus we have definedg : X −→ X. It turns out thatg has the following nice property
(the proof can be found in Appendix A).

THEOREM 3.1. Letx0 = (0). ThenX0 = OrbZ(x0, g).

Moreover, we have the following.

THEOREM 3.2. g : X −→ X is a homeomorphism.

Proof. As X0 is infinite andX0 = OrbZ(x0, g), g : X0 −→ X0 is a bijection. Hence for
eachj ≥ 1, g : Xj −→ Xj is a bijection. Thusg : X −→ X is a bijection. AsX is a
compact metric space it remains to show thatg is continuous. To do this, we assume that
xi (i ∈ N), x ∈ X with lim xi = x and we want to show that limg(xi) = g(x).

There are two possibilities.

(A) x = (∞). For eachy = (m1, . . . ,mk,

j︷ ︸︸ ︷∞, . . . ,∞) ∈ X setα(y) = m1 + k + j

(α((∞)) = ∞). Notice that:

(i) if xi ∈ X, i ∈ N, then limxi = (∞) if and only if lim α(xi) = ∞;
(ii) α(g(y)) ≥ α(y)− 2.

As lim xi = (∞), we have limα(xi) = ∞, which yields limα(g(xi)) = ∞. Thus
lim g(xi) = (∞).
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(B) x = (n1, n2, . . . , nk,

j︷ ︸︸ ︷∞, . . . ,∞), k, j ∈ N. Without loss of generality we assume
that

xi = (n1, n2, . . . , nk, n
i
k+1, . . . , n

i
k+li

,

j−li︷ ︸︸ ︷∞, . . . ,∞)

with ni
k+1 ≥ 2. It is not difficult to check that limxi = x if and only if lim ni

k+1 = ∞. We
should distinguish three cases.

(i) k = 1. In this case

x = (n1,

j︷ ︸︸ ︷∞, . . . ,∞) and xi = (n1, n
i
2, . . . , n

i
1+li

,

j−li︷ ︸︸ ︷∞, . . . ,∞).

As ni
2 ≥ 2, we have

g(xi) = (n1 + 1, ni
2− 1, ni

3, . . . , n
i
1+li

,

j−li︷ ︸︸ ︷∞, . . . ,∞)

(by the definition ofg). Since lim(ni
2− 1) = ∞, it follows that

lim g(xi) = (n1 + 1,

j︷ ︸︸ ︷∞, . . . ,∞) = g(x).

(ii) k = 2. In this case

x = (n1, n2,

j︷ ︸︸ ︷∞, . . . ,∞) and xi = (n1, n2, n
i
3, . . . , n

i
2+li

,

j−li︷ ︸︸ ︷∞, . . . ,∞).

Let g((n1, n2)) = (m1, . . . ,mu), u ∈ N. Then

g(xi) = (m1, . . . ,mu, ñ
i
3, n

i
4, . . . , n

i
2+li

,

j−li︷ ︸︸ ︷∞, . . . ,∞)

with

ñi
3 =

{
ni

3 + 1, if n2 = 1,

ni
3, otherwise

(by the definition ofg).

As lim ni
3 = ∞, we have limñi

3 = ∞. Hence

lim g(xi) = (m1, . . . ,mu,

j︷ ︸︸ ︷∞, . . . ,∞) = g(x).

(iii) k ≥ 3. In this case

x = (n1, . . . , nk,

j︷ ︸︸ ︷∞, . . . ,∞),

xi = (n1, . . . , nk, n
i
k+1, . . . , n

i
k+li

,

j−li︷ ︸︸ ︷∞, . . . ,∞).

Let g((n1, . . . , nk)) = (m1, . . . ,mu), u ∈ N. Then

g(xi) = (m1, . . . ,mu, ñ
i
k+1, n

i
k+2, . . . , n

i
k+li

,

j−li︷ ︸︸ ︷∞, . . . ,∞)

https://doi.org/10.1017/S0143385701001079 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001079


Homeomorphisms with the whole compacta being scrambled sets 85

with

ñi
k+1 =

{
ni

k+1 + 1, if (n1, . . . , nk) = (0, 0, 0)

ni
k+1, otherwise

(by the definition ofg).

As lim ni
k+1 = ∞, we have limñi

k+1 = ∞. Hence

lim g(xi) = (m1, . . . ,mu,

j︷ ︸︸ ︷∞, . . . ,∞) = g(x). 2

THEOREM 3.3. Let f = g−1. Then f : X −→ X is a completely scrambled
homeomorphism. Moreover, we have that (setp = (∞)).
HY1. For eachx ∈ X \ {p} and each{mi} ∈ A with f mi (x) −→ z 6= p, we have that

f mi (y) −→ w 6= z for eachy ∈ X \ {p, x}.
HY2. There exists{ni} ∈ A such that for eachx ∈ X, f ni (x) −→ p, andlim f−n(x) = p

for eachx ∈ X.

Proof. We show thatf satisfies HY1 and HY2, which clearly implies thatf is completely
scrambled.

Let {ni} ∈ A such thatf ni ((0)) −→ p. It is clear thatf ni (x) −→ p for eachx ∈ X0.

Now letx = (n1, . . . , nk,

j︷ ︸︸ ︷∞, . . . ,∞) ∈ Xj with k, j ≥ 1. Asf ni ((n1, . . . , nk)) −→ p,
we havef ni (x) −→ p. It is clear that limf−n(x) = lim gn(x) = p for eachx ∈ X.
Hence HY2 holds.

By Theorem 3.1, we have that for eachj ≥ 0 and eachx ∈ Xj , ω(x, f ) = X(j+1).
Assume thatx ∈ X \ {p} and{mi} ∈ A with f mi (x) −→ z 6= p. Assume further that
y 6= p ∈ X.

There are several cases.

Case 1.There isj ≥ 0 such thatx, y ∈ Xj . In this case there existsn ∈ Z such that
y = f n(x) (Theorem 3.1). Thenf mi (y) −→ f n(z). As z 6= p, f n(z) 6= z.

Case 2.There arej1 6= j2 such thatx ∈ Xj1 andy ∈ Xj2. In this case assume that

x = (k1, . . . , kt1,

j1︷ ︸︸ ︷∞, . . . ,∞) and y = (p1, . . . , pt2,

j2︷ ︸︸ ︷∞, . . . ,∞).

Let

y ′ = (k1, . . . , kt1,

j2︷ ︸︸ ︷∞, . . . ,∞) and z = (q1, . . . , qt3,

j3︷ ︸︸ ︷∞, . . . ,∞).

Thenj3 > j1 and

f mi (y ′) −→ w′ = (q1, . . . , qt3,

j2+j3−j1︷ ︸︸ ︷∞, . . . ,∞).

It is clear thatw′ 6= p andf mi (y) −→ w = f s(w′) ∈ Xj2+j3−j1 for somes ∈ Z. Thus,
w 6= p andw 6= z. Hence HY1 holds. 2

Remark.In the rest of the paper the notationX, f and{ni} will be used.
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4. Compacta admitting completely scrambled homeomorphisms
In this section we shall show that ifX is a countable compactum, thenX admits a
completely scrambled homeomorphism if and only ifX satisfies the following condition.

Condition L. d(X) is a limit ordinal andX(d(X)) is a set consisting of one point.

Moreover, we will show that many compacta admit completely scrambled
homeomorphisms, which include the Cantor set and continua of arbitrary dimension. As a
by-product we show that there is a continuous mapg of [0, 1] such that there is an invariant
scrambled set forg which is the Cantor set and it is contained in the set ofω-limit points
of g. We need the following lemma (see [K3] for a proof).

LEMMA 4.1. Let Y andZ be countable compacta. ThenY is homeomorphic toZ if and
only if d(Y ) = d(Z) andY (d(Y )) is homeomorphic toZ(d(Z)).

In [K3] the authors proved that a countable compactumY admits an expansive
homeomorphism if and only ifd(Y ) is not a limit ordinal. Contrary to this situation we
have the following theorem.

THEOREM 4.2. LetY be a countable compactum. ThenY admits a completely scrambled
homeomorphism if and only ifY satisfies Condition L. Moreover, ifY admits a completely
scrambled homeomorphism then there is a completely scrambled homeomorphism ofY

satisfying HY2 for{ni}.
Proof. Assume first thatY admits a completely scrambled homeomorphismg. Suppose
thatα = d(Y ) is not a limit ordinal. ThenZ = Y (α−1) is an invariant subset ofg andZd

is finite. Then,Zd = {p} andp is a fixed point ofg, asZd is invariant andg is completely
scrambled. Hence for eachx ∈ Z, p = lim gn(x). Clearly, this implies that there are
x 6= y ∈ Z with limn d(gn(x), gn(y)) = 0, a contradiction. Thus,α is a limit ordinal. It is
easy to see thatYα is a set consisting of one point. To sum up,Y satisfies Condition L.

Now assume thatY satisfies Condition L. Ifd(Y ) = ω0, thenY admits a completely
scrambled homeomorphismg asY is homeomorphic to the spaceX (Lemma 4.1). By
Theorem 3.3,g satisfies HY2 for{ni}.

Suppose thatα > ω0 is a limit ordinal number and, for each limit ordinal number
β < α, if Y satisfies Condition L thenY admits a completely scrambled homeomorphism
g satisfying HY2 for{ni}. There are two cases.

Case 1.There are limit ordinalβi < α such that limi βi = α. In this case assume thatYβi

satisfies Condition L,i ∈ N. Let gβi be a completely scrambled homeomorphism onYβi

andpβi be the unique fixed point ofgβi . Assume further thatYβi ⊂ R2 with p = pβi ,
Yβi ∩ Yβj = {p} (i 6= j ) and diam(Yβi ) −→ 0. Let Z = ∪∞i=1Yβi . ThenZ satisfies
Condition L withd(Z) = α. Now we defineg : Z −→ Z as follows:g|Yβi

= gβi for each
i ≥ 1. Theng is a homeomorphism andg is completely scrambled. Moreover,g satisfies
HY2 for {ni} and (LY1). AsZ is homeomorphic toY , we finish the proof in Case 1.

Case 2.There is a limit ordinal numberβ < α andn ∈ N such thatα = β + nω0. In
this case letY1 be a compactum with Condition L (d(Y1) = β) and letg1 : Y1 −→ Y1

be a completely scrambled homeomorphism onY1 satisfying HY2 for{ni}. Let X be
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the compactum defined in Theorem 3.3. SetZ = Y1 ×
n︷ ︸︸ ︷

X × · · · ×X. ThenZ satisfies
Condition L withd(Z) = α. Defineg : Z −→ Z such thatg = g1 × f × · · · × f , i.e.
g(y, x1, . . . , xn) = (g1(y), f (x1), . . . , f (xn)) for each(y, x1, . . . , xn) ∈ Z. Then it is
easy to check thatg is a completely scrambled homeomorphism, andg satisfies HY2 for
{ni}. As Z is homeomorphic toY , we finish the proof in Case 2 and hence the proof of the
theorem. 2

Let Y andZ be compacta, and lety0 ∈ Y andz0 ∈ Z. Collapsing{y0}×Z in Y ×Z we
get a compactum denoted byYZ1. Collapsing({y0}×Z)∪(Y ×{z0}) we get a compactum
denoted byYZ2. Note that ifZ is a continuum thenYZ2 is also a continuum (see [N]).

THEOREM 4.3. If Y admits a completely scrambled homeomorphism satisfying HY2, then
for each compactumZ, bothYZ1 andYZ2 admit completely scrambled homeomorphims
satisfying HY2. Consequently, the Cantor set and continua of arbitrary dimension admit
completely scrambled homeomorphisms. Moreover, if compactaYj admit completely
scrambled homeomorphisms satisfying HY2 for some{mi} ∈ A for each j ≥ 1,
then

∏∞
j=1 Yj (with product topology) admits completely scrambled homeomorphisms

satisfying HY2 for{mi}. We remark that the proof of Theorem 4.2 in Case 1 provides
another method to construct completely scrambled homeomorphisms.

Proof. Assume thatY admits a completely scrambled homeomorphismr satisfying HY2,
andy0 ∈ Y is the unique fixed point ofr. Defineg : Y × Z −→ Y × Z such that
g = r × IdZ . As g({y0} × Z) = {y0} × Z, g induces a homeomorphismg1 on YZ1. It is
easy to check thatg1 is a completely scrambled homeomorphism satisfying HY2.

Sinceg(Y × {z0}) is invariant,g induces a homeomorphismg2 on YZ2. It is easy to
check thatg2 is also a completely scrambled homeomorphism satisfying HY2. Note that
if Z is a continuum thenYZ2 is a continuum, too.

Letting Y = X andZ be a Cantor set or a continuum with a given dimension, we get
thatYZ2 is a Cantor set or a continuum of the same dimension.

Now we assume thatYj admits a completely scrambled homeomorphismgj satisfying
HY2 for some{mi} ∈ A and eachj ≥ 1. Letg :∏∞j=1 Yj −→∏∞

j=1 Yj such that

g(x1, x2, . . . ) = (g1(x1), g2(x2), . . . ),

for each(x1, x2, . . . ) ∈ ∏∞
j=1 Yj . Theng is the completely scrambled homeomorphism

we need. 2

By a Cantor setwe mean a compactum which is homeomorphic to the Cantor middle-
third set. As a by-product we have the following.

COROLLARY 4.4. There is a continuous mapg of [0, 1] such that there is an invariant
scrambled setS ⊂ ∪x∈[0,1]ω(x, g) for g which is a Cantor set andg|S is a
homeomorphism.

Proof. Let C be a Cantor set contained in[0, 1] andg : C −→ C be the completely
scrambled homeomorphism defined in Theorem 4.3. Extendingg to a continuous map
g : [0, 1] −→ [0, 1] and lettingS = ∪x∈Cω(x, g), we get thatS is also a Cantor set andg
is the continuous map we need. 2
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Remark.Note that all the completely scrambled homeomorphisms we construct in this
paper have the property that each of them has only one recurrent point. We do not know if
there is a transitive, completely scrambled homeomorphism†.

By [XY ] or [I ], a topologically weakly mixing map is chaotic in the sense of Li and
Yorke and it is unknown if such a map can be completely scrambled. As the completely
scrambled homeomorphisms we constructed have zero topological entropy, it is also
unknown to us if there are completely scrambled homeomorphisms with positive entropy‡.
Nevertheless, we conjecture that completely scrambled examples with mixing properties
should exist, i.e. mixing properties do not imply the existence of proper asymptotic pairs.

Acknowledgements.We wish to thank L. Snoha for providing [K ] and [KS] which led to
the formulation of Proposition 2.7. We also thank the referee for the careful reading and
useful suggestions. This project was supported by NSFC 19625103.

A. Appendix
Here we give the proof of Theorem 3.1.

Proof of Theorem 3.1.We divide the proof into the following steps.

Step A.For eachl ∈ N, m, k ∈ {0} ∪N andn1, . . . , nk ∈ {0} ∪N, there existsn ∈ N such
that

gn(0, l,m, n1, . . . , nk) = (0, l +m+ 1, n1, . . . , nk).

Proof of Step A.If l = 1 then

(0, 1,m, n1, . . . , nk)−→
P4,P8

(1, 0,m+ 1, n1, . . . , nk)

−→
P11

(0, 0, 0,m+ 1, n1, . . . , nk)

−→
P10

(0, 0,m+ 2, n1, . . . , nk)

−→
P9

(0,m+ 2, n1, . . . , nk).

Now assume that Step A holds for 1≤ l ≤ u. For l = u+ 1≥ 2,

(0, l,m, n1, . . . , nk)
gl−1

−→
P3,P7

(l − 1, 1,m, n1, . . . , nk)

−→
P4,P8

(l, 0,m+ 1, n1, . . . , nk)

gl

−→
P11

(

l+2︷ ︸︸ ︷
0, . . . , 0,m+ 1, n1, . . . , nk)

−→
P10

(

l+1︷ ︸︸ ︷
0, 0, 1, 0, . . . , 0,m+ 1, n1, . . . , nk)

† After submitting the paper, we found that one can show that a certain transitive system in [KW ] is completely
scrambled.
‡ Blanchardet al [BHR] have just proved that a system with positive entropy contains proper asymptotic pairs.
Thus, this question has a negative answer.

https://doi.org/10.1017/S0143385701001079 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001079


Homeomorphisms with the whole compacta being scrambled sets 89

−→
P9

(

l︷ ︸︸ ︷
0, 1, 0, . . . , 0,m+ 1, n1, . . . , nk)

−→
induction

(0, l − 1,m+ 1, n1, . . . , nk)

−→
induction

(0, l +m+ 1, n1, . . . , nk).

Step B.For eachm ∈ {0} ∪ N, there isn ∈ N such thatgn(m, 0) = (0).

Proof of Step B.If m = 0, theng(0, 0) = (0) (P2); if m = 1, then

(1, 0)−→
P6

(0, 0, 0)−→
P5

(0, 0)−→
P2

(0).

Assume now that Step B holds for 2≤ m ≤ u. Form = u+ 1,

(m, 0)
gm

−→
P6,P11

(

m+2︷ ︸︸ ︷
0, 0, . . . , 0)−→

P10
(

m+1︷ ︸︸ ︷
0, 0, 1, 0, . . . , 0)

−→
P9

(

m︷ ︸︸ ︷
0, 1, 0, . . . , 0)

gk

−→
Step A

(0,m− 1)

gm−1

−→
P1

(m− 1, 0)
induction−→ (0).

Step C.For eachk ≥ 2, n1, n2, . . . , nk ∈ {0} ∪ N, there existsm ∈ N such that
gm(n1, . . . , nk) = (0).

Proof of Step C.If k = 2, then Step C follows from Step B and P1. Hence we assume that
k ≥ 3. Assume now that Step C holds for 2≤ k ≤ u. Fork = u+ 1 by P7 and P8 we may
assume thatn2 = 0. Thus

(n1, 0, n3, . . . , nk)
gn1−→

P11,P6
(

n1+2︷ ︸︸ ︷
0, . . . , 0, n3, . . . , nk).

There are several cases.

Case 1.n1 = 0. In this case

(0, 0, n3, . . . , nk) −→


(0, n3), if k = 3, (P5),

(0, 0, n4+ 1, . . . , nk), if n3 = 0, k ≥ 4, (P10, P9),

(0, n3, . . . , nk), if n3 ≥ 1, k ≥ 4, (P9).

Case 2.n1 = 1. In this case

(0, 0, 0, n3, . . . , nk)
P10−→(0, 0, n3+ 1, . . . , nk)

Case 1−→ (0, n3+ 1, . . . , nk).

Case 3.n2 ≥ 2. In this case

(

n1+2︷ ︸︸ ︷
0, . . . , 0, n3, . . . , nk)

g2

−→
P10,P9

(

n1︷ ︸︸ ︷
0, 1, 0, . . . , 0, n3, . . . , nk)

Step A−→ (0, n1− 1, n3, . . . , nk)

Step A−→ (0, n1+ n3, n4, . . . , nk).
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In all cases we may use induction. Hence, Step C holds.

Step D.g : X0 −→ X0 is an injection.

Proof. Let Ak = {(n1, n2, . . . , nk) : ni ∈ {0} ∪ N, 1 ≤ i ≤ k}, k ∈ N.

A11= {(n1+ 1) : n1 ∈ {0} ∪N},
A12= {(0)},
A21= {(n1+ 1, n2− 1) : n2 ≥ 1)},
A22= {(0, n3) : n3 ∈ {0} ∪N}.

If k ≥ 3 we set

Ak1 = {(n1+ 1, n2− 1, n3, . . . , nk) : n2 ≥ 2},
Ak2 = {(n1+ 1, 0, n3+ 1, n4, . . . , nk)},
Ak3 = {(0, n3, . . . , nk, nk+1) : n3 ≥ 1},
Ak4 = {(0, 0, n4+ 1, . . . , nk+1)},
Ak5 = {(n1, 0, 0, n4, . . . , nk)}.

Notice that:
(1) A1 = A11∪ A12, A11∩ A12= φ;
(2) A2 = A21∪ A22, A21∩ A22= φ;
(3) Ak = ∪5

i=1Aki , k ≥ 3;
(4) Aki ∩ Akj = ∅, 1≤ i < j ≤ 5, k ≥ 3.

To proveg is injective, we only need to show that for eachxk = (n1, n2, . . . , nk) ∈
Ak, k ∈ N,

Card(g−1(xk)) = 1. (∗)
If k = 1, 2, (∗) is obvious.
For k ≥ 3, let yj = (m1,m2, . . . ,mj ), j ∈ N with g(yj ) = xk. It is clear that

j ∈ {k − 1, k, k + 1}. There are three cases.

Case 1.j = k. If n2 ≥ 1, we havem2 ≥ 2 andxk = (m1 + 1,m2 − 1,m3, . . . ,mj )

(by P3, P7). Namely,xk ∈ Ak1. If n2 = 0, we havem2 = 1 andxk = (m1 + 1, 0,m3 +
1,m4, . . . ,mj ) (by P4, P8). Namely,xk ∈ Ak2.

Case 2.j = k + 1. If n2 ≥ 1, we havem1 = m2 = 0 andxk = (0,m3, . . . ,mj )

(by P9). Namely, xk ∈ Ak3. If n2 = 0, we havem1 = m2 = m3 = 0 and
xk = (0, 0,m4+ 1,m5, . . . ,mj ) (by P10). Namely,xk ∈ Ak4.

Case 3.j = k − 1. We havem2 = 0 andxk = (m1, 0, 0,m3, . . . ,mj ) (by P6, P11).
Namely,xk ∈ Ak5.

SinceAk = ∪5
l=1Akl, Aki ∩ Akj = φ, 1 ≤ i < j ≤ 5, k ≥ 3, by what we have

proved above, we get thatyj is uniquely determined byxk. That is, Card(g−1(xk)) = 1
and Step D holds.
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Note that for eachn1 ≥ 0, gn1(0) = (n1). By Steps C and D, we have that
X0 = OrbZ(x0, g). This ends the proof of Theorem 3.1. 2
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