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Abstract A homeomorphism on a metric spaCe, d) is completely scrambled if for each

x #y e X, limsup,__, o d(f"(x), f"(y)) > 0and liminf,— 100 d(f"(x), f"(»))

= 0. We study the basic properties of completely scrambled homeomorphisms on
compacta and show that there are ‘many’ compacta admitting completely scrambled
homeomorphisms, which include some countable compacta (we give a characterization),
the Cantor set and continua of arbitrary dimension.

1. Introduction
All maps considered in the paper are continuous. Bygoanpactum(respectively,
continuunm) we mean an infinite compact metric space (respectively, connected
compactum) and bgtimensionwe mean topological dimension.

The first mathematical treatment of chaotic behavior of a dynamical system appeared in
the work of Li and Yorke in 1975l ]. Let (X, d) be a metric space anfl: X — X be
a map. A subsef of X with Card.S) > 2 is ascrambled sef for each pair ofx # y € S,

limsupd (f"(x). f*(y)) >0 (LY1)
n— 400

and
l@)lp; d(f"(x), f"(y) =0. (LY2)

The mapf is chaotic in the sense of Li and YorieS is uncountable, and is completely
scrambledf S = X. Hence, ifX is uncountable ang is completely scrambled, thefiis
chaotic in the sense of Li and Yorke. Note that we gayX — X is proximal[V] if for
each pair of, y € X, liminf,_, ;o d(f"(x), f"(y)) = 0. Thus, a completely scrambled
map is proximal.

A natural question is: how ‘large’ can a scrambled set be? Li and Yorke proved that if
a map of{0, 1] has a periodic point of period three then it has an uncountable scrambled
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set. Misiurewicz Mi] showed that there is a map @@, 1], which has a scrambled set

of Lebesgue measure one and Kakd ] showed that the same conclusion holds if we
replace[0, 1] by [0, 1]* for eachn > 2. In [M] Mai showed that for each > 2 there

is a completely scrambled homeomorphism(6nl)” and he conjectured that there is no
compactum admitting completely scrambled maps. Disproving the conjecture, we show
that there are ‘many’ compacta admitting completely scrambled homeomorphisms, which
include some countable compacta, the Cantor set and continua of arbitrary dimension. We
study the basic properties of completely scrambled homeomorphisms on compacta and as
a by-product we also show that there is a ngayf [0, 1] with a closed invariant scrambled

set which is the Cantor set and is contained in the setlhit points of g.

To end the section we make some remarks. (¥fd) be a compactum. A
homeomorphism oX is expansivéf there exists: > 0 such that for each pair#£ y € X
thereisn = n(x, y) € Zwithd(f"(x), f"(y)) > ¢. A homeomorphisny of X is distal
(see F1], [F2] and B, p. 69]) if for eachx # y € X, liminf,,_ 1o d(f"(x), f"(y)) > O.

Itis known that if f is expansive and ditX) > 1 thenf is chaotic in the sense of Li and
Yorke [K2]. By a result of MEné [Ma] if f is expansive then there are# y € X
with lim,— 1o d(f"(x), f"(y)) = 0. Thus, completely scrambled homeomorphisms are
complementary to distal and expansive homeomorphisms. Moreoyeisih completely
scrambled homeomorphism on some compackyrhen

e¢]

Xx X\ (o :xexp=Jfe im supd (f" ()., ")) > il
i—1 n—>+00
Hence in some sense a completely scrambled homeomorphism is ‘expansive’ for non-
uniformly expansive constants.

2. Basic properties of completely scrambled homeomorphisms

First let us introduce some necessary notation.X.&e a compactum angd be a map of

X. The set of periodic points, almost periodic points anlimit points of x € X will be
denoted byP(f), AP(f) andw(x, f), respectively. A non-empty closed invariant subset
M of X is aminimal setof f if M contains no proper subset which is non-empty, closed
and invariant. Itis known that if € AP(f), thenw(x, f) is a minimal set off; if M isa
minimal set off, thenM c AP(f)[BC]. We say thatf is (topologically) transitiveif for
each pair of non-empty open subsétsV of X there isn € N such thatf”(U) NV £ @.

It is known thatf is transitive if and only if there exists € X with w(x, f) = X. For

x € X wesetOrlx, /) = {x, f(x),...}and Orly(x, f) = {..., f71(x), x, f(x),...}

if f is a homeomorphism. The set of all strictly increasing sequences of natural numbers
will be denoted byA.

PROPOSITION2.1. Let X be a compactum such that admits a completely scrambled
map f. Then there is an infinite closed invariant subgbf X such thatZ admits a
completely scrambled homeomorphism.

Proof. It is clear thatf is injective (by (LY1)). LetZ = N2, f"(X). ThenZ is a
closed invariant subset &f. Moreover, f|z : Z —> Z is surjective. Hence |z is a
homeomorphism.
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If Z = {p}, then for eachx € X, lim f"(x) = p, a contradiction of (LY1). Thug
contains at least two points. At the same tirid@s not finite from (LY2). HenceZ admits
a completely scrambled homeomorphigi . |

By Proposition 2.1 we only need to study completely scrambled homeomorphisms.

PROPOSITION2.2. Let f be a completely scrambled homeomorphism of a compaktum
Then, f has a unique fixed point and P(f) = {p}.

Proof. Letx € X. Aslimd(f"(x), f"(f(x))) = 0, there exist$n;} € A such that
lim £ (x) — p = f(p) =lim f"+1(x).
Hencef has a fixed point. Itis clear thd&(f) = {p}. |

LEMMA 2.3. Let f be a map of acompactum Ifthereisx € X such thatw(x, f) = {z}
for somez € X, thenz is a fixed point off and /" (x) — z.

Proof. This is obvious. O

PROPOSITION2.4. Let f be a completely scrambled homeomorphism of a compaktum
and p be the unique fixed point gf. Then for eachr # p € X we have thap € w(x, f)
andw(x, f) is infinite. Consequenti P(f) = {p}.

Proof. Letx # pandZ = w(x, f). If Z = {p}, then f"(x) — p (Lemma 2.3), a
contradiction. At the same timg is infinite from (LY2). Hencef|; : Z — Zis a
completely scrambled homeomorphism. By Proposition 2.2, there is a fixedggahtf
in Z. As f has a unique fixed pointy = p. Thatisp € w(x, f) foreachx # p € X.
Note that for eaclk € AP(f), x € w(x, f) andw(x, f) is a minimal set. As
p € w(x, f), we havew(x, f) = {p}. Thisimplies thatd P(f) = {p}. |

PROPOSITION2.5. Let f be a completely scrambled homeomorphism of a compaktum
Then for eachx # y € X, there is{n;} € A such thatf"i (x) — p and f" (y) — p,
wherep is the unique fixed point of.

Proof. By (LY2), there exis{m;} € A andz € X such that
FMx) —> 7« ().

By Proposition 2.4, there existg} € A with f%(z) — p. Thus, Proposition 2.5 follows
from the facts stated above. O

To show the next proposition we need one result fré&rh(see alsoKS]).

LEMMA 2.6. Let X be a compactum and : X — X be a map. Therjx € X :
Orb(x, f) # X} is a dense subset af if f is not minimal.

Denote bywg the first limit ordinal number. We have the following.

PROPOSITION2.7. Let f be a completely scrambled homeomorphism of a compaktum

Then there are a countable limit ordinal numheandxg € X with 1 < 8 < « such that:

(i) xo = pandxg # p for eachf < «; moreoverxg € w(xg_1, f) if B is not a limit
ordinal number andig € Nj.gw(x;, f) if B is alimit ordinal number;
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(i) X 2001, f) 2 2 0@ [) 2 0QXegt1, [) 2 - 2 0(xa, f) = {p} and
Ni<aw(xi, ) = {p}.

Proof. As X is infinite there isx; € X \ {p} such thatw(x1, f) # X (Lemma 2.6). By
Proposition 2.40(x1, f) is infinite. Assume that we have definedor alli < 8 and some
countable ordinal numbet with xg # p. If g is not a limit then by Lemma 2.6 we take
xg € w(xg_1, f)\ {p} such thatw(xg_1, f) # w(xg, f) (by Proposition 2.4v(xg_1, f)

is infinite). If g is a limit then we have two cases. Namety.gw(x;, f) = {p} or
Ni<pw(xi, ) # {p}. Inthe first case letg = p, o = B and we stop. In the second case
we takexg € Ni<gw(x;, f) \ {p}. Leta be the least countable ordinal number such that
w(xy, f) = {p} (such ane must exist by the Baire—Hausdorff theorem). It is clear that
xo = p andu is a limit. Moreoverp andx;, i < «, satisfy (i) and (ii). |

In the following sections we will construct completely scrambled homeomorphisms
suggested by Proposition 2.7.

3. The construction of a completely scrambled homeomorphism
In this section we will construct a completely scrambled homeomorphism of a countable
compactum. We need the following definitions.

The notation of the derived set &f of ordera can be found in Kuratowski's book],
p. 261]. A pointp of X is anaccumulation poinbf the setX, if p € X \ p. The setx?
of accumulation points oX is called thederived sebf X. The derived set ok of order
o is defined by the conditionsy® = x4, x@+D — (XY andXx® = Ny_; X @ if
A is a limit ordinal number. IfX©® # ¢ andX©@*tD = ¢, then we pud(X) = «. The
ordinald(X) is called thederived degreef X. It is well known that a compactut¥ is a
countable set if and only d(X) exists and it is a countable ordinal number. In this case,
if d(X) = a, thenX®@ s finite.

Let wp be the first infinite ordinal number. We will construct a countable compactum
X c R? such that the derived degree ¥fis wg and X (0 is a one point set, and then we
define a homeomorphism dghand show that it is completely scrambled. We start with the
construction ofX c R2. Let

Xo={(ng,....nx) :k>1n e {OUN,1<i <k},
X1={(ng,....nk,00) :k>1n € {OJUN,1<i <k},

J

SetX = U2 ,X; U{(co)} and let
(00) = (00, 00) = (00,00,00) = --- .

Let p € R? andl;, i € N, be a line segment from such that the length df tends to
zero and; NI = {p}if i # j. Assume the other end point fis P;, i € N. We put an
orientation orl; such thatP; > p foreachi € N. Now we seeX C U2, /; in the following
way (Figure 1).
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FIGURE 1.

() p=(c0)=(00,00)=""".
(i) Foreachi € {0} UNU {o0}, (i) € 11 with (0) > (1) > (2) > --- and lim(i) = p.
(i) For eachn > 2, letl;, C I, (i € {0} UN) be pairwise disjoint non-degenerate
subintervals of,, with:
(1) infly, > suply,, if i1 < i2;
(2) lim;lengthZ; ,) = 0;
(3) lim;d(p, I;n) = 0, whered is the Euclid metric.

For eachn > 1 andi € {0} UN, leth, ; be an orientation-preserving homeomorphism
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froml, onto/; ,4+1. Then

LpyinX=1{h,,;y)=0Gy):yel,NX}L

Note that(oco, ..., 00) € [,.
| ——’
n

In such a wayX is a compactum with the properties that:

(@) the derived degree of is wp andX @0 = {p};
(b) Xois the set of isolated points &f andX /) = (U2 X ;) U {oc} for eachj > 1.

We will defineg : X — X. First we defing : Xo —> X as follows (see Figure 2).
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Note thatn; € {0} UNfor1l <i <k andk € N.

(n1) —> (n1+ 1), (Po)
(n1,n2) — (m1+1,n2—1), np>1, (P1)
(0,0) — (0), (P2)
(n1,n2,n3) — (n1+1Ln2—1,n3), n2>2, (Ps)
(n1,1,n3) — (n1+1,0,n3+ 1), (Pa)
(0,0, n3) — (0, n3), (Ps)
(n1+1,0) — (n1,0,0), (Pe)
(n1,n2,n3,...,ng) — (m1+1,np—1,n3,...,ng), n2>2k=>4, (P7)
(n1,L,n3,na,...,n) — m1+1,0,n3+ 1L na,...,ng), k=>4, (Ps)
(0,0,n3,n4,...,nr) — (O,n3,n4,...,nr), n3z>1 k=>4, (Ps)
(0,0,0,n4,...,nr) — (0,0,n4+1,...,n1), k=>4, (P10)
(n1+1,0,n4,...,0) — (n1,0,0,n4,...,n1), k=>4 (P11)
J
For eachj > 1 and(n1, ..., ng, 50, ..., 00) € X we set
J J
g(nl,...,nk,m) = (ml,...,ml,m)
if g(ni,...,nx) = (m1, ..., my). Furthermore, we puf(co) = (c0).

Thus we have definegd: X — X. It turns out tha has the following nice property
(the proof can be found in Appendix A).

THEOREM3.1. Letxg = (0). ThenXgp = Orby(xo, ).
Moreover, we have the following.
THEOREM3.2. g : X —> X is a homeomorphism.

Proof. As Xg is infinite andXo = Orby(xo, g), ¢ : Xo —> Xp is a bijection. Hence for
eachj > 1,g : X; — X; is a bijection. Thug : X — X is a bijection. AsX is a
compact metric space it remains to show thad continuous. To do this, we assume that
x; (i € N),x € X with lim x; = x and we want to show that lig(x;) = g(x).

There are two possibilities.

J

(A) x = (00). Foreachy = (m1,...,mg,00,...,00) € X seta(y) =m1+k+j
(a((00)) = 00). Notice that:
(i) if x; € X,i € N, thenlimx; = (co) ifand only if lim«(x;) = oo;
(i) agy) =aly) —2.

As limx; = (o0), we have linx(x;) = oo, which yields lima(g(x;)) = oco. Thus
lim g(x;) = (00).
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J
(B) x = (n1,n2,...,ng,00,...,00), k, j € N. Without loss of generality we assume

that
J—li

o i i P —
X = (nl,nz,...,nk,nk+l,...,nk+li,oo,...,oo)
with n} ,, > 2. Itis not difficult to check that liny; = x if and only if lim ), = co. We

should distinguish three cases.
(i) kK = 1. In this case

J J—li
x = (n1,00,...,00) and x; = (nl,ng,...,nilﬂi,oo,...,oo).
Asn), > 2, we have
J—li
g(x;))=(m1+1lny—1nz...,n3,;,00,...,00)
by the definition ofg). Since limn}, — 1) = oo, it follows that
2
J
. P S—
limg(x;) = (n1+1,00,...,00) = g(x).
(i) k = 2. In this case
J =i
x = (ny1,n2,00,...,00) and x; = (nl,nz,n’?,,...,n’ZHi,oo,...,oo).
Letg((n1, n2)) = (m1,...,my),u € N. Then
J—li
glxi) = (mla-~-’mu’”13’”it’~-~’”12+1,’°O’-~-’°°)
with _
r:; _ nl.3+l, if np =1,
s nj, otherwise
(by the definition ofg). ~
As limn} = oo, we have limn§ = co. Hence
J
H ———
limg(x;) = (ma,...,my,00,...,00) = g(x).

(i) & > 3. In this case

—_——
x=(n1,...,ng,00,...,00),
J=li
Xi =(nl,...,nk,nk+l,...,nk+li,oo,...,oo).
Letg((ny,...,nx)) = (m1,...,my),u € N. Then
J—li

—_~

g(xi)=(ml,...,mu,n}<+l,n§(+2,...,n}(_i_ll_,oo,...,oo)
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with '
n;{+1+1, if (n1,...,nx) =(0,0,0)

i
n =
k1 otherwise

Myt
(by the definition ofg). .
As limn_ , = oo, we have lim}_, = co. Hence

J

. — |
limg(x;) = (ma,...,my,00,...,00) = g(x). a
THEOREM3.3. Let f = g1 Thenf : X — X is a completely scrambled

homeomorphism. Moreover, we have that (set (c0)).

HY1. For eachx € X \ {p} and each{m;} € A with f™i(x) — z # p, we have that
f™Mi(y) — w # z foreachy € X \ {p, x}.

HY2. There exist$n;} € A such that for each € X, f" (x) — p,andlim f ™" (x) = p
for eachx € X.

Proof. We show thatf satisfies HY1 and HY2, which clearly implies thAts completely
scrambled.

Let{n;} € A such thatf" ((0)) — p. Itis clear thatf" (x) — p for eachx € Xp.
J

Now letx = (n1,...,nx.50,...,00) € X, With k, j > 1. AS f"i ((n1. ....nz)) —> p,
we havef"i(x) —> p. Itis clear that limf~"(x) = lim g"(x) = p for eachx € X.
Hence HY2 holds.

By Theorem 3.1, we have that for eagh> 0 and eachx € X;, w(x, f) = XU+D.
Assume thatt € X \ {p} and{m;} € A with f™ (x) — z # p. Assume further that

y#peX.
There are several cases.

Case 1.There isj > 0 such thatr, y € X;. In this case there exisis € Z such that
y = f"(x) (Theorem 3.1). Therf™i (y) — f"(z). Asz # p, f"(2) # z.

Case 2.There arej; # j> suchthatr € X; andy € X,. In this case assume that

J1 J2
o e o e
x=(k1,...,ky,00,...,00) and y=(p1,..., Pr, 00, ..., 00).
Let
J2 J3
o e, e
v =(kt,....ky,00,...,00) and z=(q1,.-., G, 00, ...,00).
Thenjs > j; and
J2tjz—j1
. —_—
M) — w =1, Gz, 00, ..., ).

Itis clear thatw’ # p and f"i(y) — w = f*(w') € Xj,4j;—j, for somes € Z. Thus,
w # p andw # z. Hence HY1 holds. |

Remark.In the rest of the paper the notatian f and{n;} will be used.
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4. Compacta admitting completely scrambled homeomorphisms
In this section we shall show that X is a countable compactum, thef admits a
completely scrambled homeomorphism if and onlyifatisfies the following condition.

Condition L. d(X) is a limit ordinal andx “X)) is a set consisting of one point.

Moreover, we will show that many compacta admit completely scrambled
homeomorphisms, which include the Cantor set and continua of arbitrary dimension. As a
by-product we show that there is a continuous a0, 1] such that there is an invariant
scrambled set fog which is the Cantor set and it is contained in the sebdiimit points
of g. We need the following lemma (sel€3] for a proof).

LEMMA 4.1. LetY and Z be countable compacta. Théhis homeomorphic t& if and
onlyifd(Y) = d(Z) andY @) ijs homeomorphic t@ @),

In [K3] the authors proved that a countable compactinadmits an expansive
homeomorphism if and only i@ (Y) is not a limit ordinal. Contrary to this situation we
have the following theorem.

THEOREMA4.2. LetY be a countable compactum. ThErmdmits a completely scrambled
homeomorphism if and only ¥f satisfies Condition L. Moreover, ¥f admits a completely
scrambled homeomorphism then there is a completely scrambled homeomorphism of
satisfying HY2 fofn; }.

Proof. Assume first that admits a completely scrambled homeomorphjsnSuppose
thata = d(Y) is not a limit ordinal. TherZz = Y@~ is an invariant subset af and z¢

is finite. Then,Z¢ = {p} andp is a fixed point ofg, asZ¢ is invariant ang; is completely
scrambled. Hence for eache Z, p = lim g"(x). Clearly, this implies that there are
x # y e Zwithlim, d(g"(x), g"(y)) = 0, a contradiction. Thus is a limit ordinal. Itis
easy to see that” is a set consisting of one point. To sum Wpsatisfies Condition L.

Now assume that satisfies Condition L. 1#(Y) = wo, thenY admits a completely
scrambled homeomorphisgnas Y is homeomorphic to the spacé (Lemma 4.1). By
Theorem 3.3g satisfies HY2 fofn;}.

Suppose thair > wp is a limit ordinal number and, for each limit ordinal number
B < «a, if Y satisfies Condition L thelf admits a completely scrambled homeomorphism
g satisfying HY2 for{n;}. There are two cases.

Case 1.There are limit ordinaB; < « such that limg; = «. In this case assume thi,
satisfies Condition Lj € N. Let gg; be a completely scrambled homeomorphisni’gn
and pg, be the unique fixed point af,. Assume further thals, c R? with p = pg,,
Yp, N Yp, = {p} (i # j)anddiantYp,) — 0. LetZ = UZ,Yg. ThenZ satisfies
Condition L withd(Z) = «. Now we defineg : Z — Z as foIIows:g|yﬂi = gp, for each
i > 1. Theng is a homeomorphism anglis completely scrambled. Moreover satisfies
HY2 for {n;} and (LY1). AsZ is homeomorphic t&, we finish the proof in Case 1.

Case 2.There is a limit ordinal numbe8 < « andn € N such thatr = 8 + nwg. In
this case letr; be a compactum with Condition ld(Y1) = ) and letg; : Y1 — Y1
be a completely scrambled homeomorphism¥ansatisfying HY2 for{n;}. Let X be
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n

the compactum defined in Theorem 3.3. et Y1 x X x --- x X. ThenZ satisfies
Condition L withd(Z) = «. Defineg : Z — Z suchthatg = g1 x f x--- x f, i.e.
gy, x1,...,x0) = (g1(»), f(x1), ..., f(x,)) for each(y, x1,...,x,) € Z. Thenitis
easy to check that is a completely scrambled homeomorphism, grehtisfies HY2 for
{n;}. As Z is homeomorphic td&’, we finish the proof in Case 2 and hence the proof of the
theorem. m|

LetY andZ be compacta, and lep € Y andzg € Z. Collapsing{yo} x ZinY x Z we
get a compactum denoted By 1. Collapsing({yo} x Z) U (Y x {zo}) we get a compactum
denoted byY Z,. Note that ifZ is a continuum thefy Z; is also a continuum (seédl]).

THEOREM4.3. If Y admits a completely scrambled homeomorphism satisfying HY2, then
for each compacturi, bothY Z; andY Z, admit completely scrambled homeomorphims
satisfying HY2. Consequently, the Cantor set and continua of arbitrary dimension admit
completely scrambled homeomorphisms. Moreover, if compBctadmit completely
scrambled homeomorphisms satisfying HY2 for sqmg € A for each; > 1,

then H?‘;l Y; (with product topology) admits completely scrambled homeomorphisms
satisfying HY2 for{m;}. We remark that the proof of Theorem 4.2 in Case 1 provides
another method to construct completely scrambled homeomorphisms.

Proof. Assume that admits a completely scrambled homeomorphissatisfying HY2,
andyp € Y is the unique fixed point of. Defineg : Y x Z — Y x Z such that
g =r xldz. Asg({yo} x Z) = {yo} x Z, g induces a homeomorphisga onY Z;. Itis
easy to check that; is a completely scrambled homeomorphism satisfying HY2.

Sinceg(Y x {zo}) is invariant,g induces a homeomorphisga on Y Z,. Itis easy to
check thatg, is also a completely scrambled homeomorphism satisfying HY2. Note that
if Z is a continuum thel Z» is a continuum, too.

LettingY = X andZ be a Cantor set or a continuum with a given dimension, we get
thatY Z; is a Cantor set or a continuum of the same dimension.

Now we assume that; admits a completely scrambled homeomorphignsatisfying
HY2 for some(m;} € Aand eacly > 1. Letg : [[72; ¥; — []2; ¥; such that

g(x1, x2,...) = (81(x1), g2(x2), . ..),
for each(xy, x2,...) € ]’[?‘;1 Y;. Theng is the completely scrambled homeomorphism
we need. |

By a Cantor setwe mean a compactum which is homeomorphic to the Cantor middle-
third set. As a by-product we have the following.

COROLLARY 4.4. There is a continuous map of [0, 1] such that there is an invariant
scrambled setS C Uxepone(x,g) for g which is a Cantor set ancl|s is a
homeomorphism.

Proof. Let C be a Cantor set contained [A,1] andg : C — C be the completely
scrambled homeomorphism defined in Theorem 4.3. Extenglittga continuous map
g :[0,1] — [0, 1] and lettingS = U,ccw(x, g), we get thatS is also a Cantor set and
is the continuous map we need. m|

https://doi.org/10.1017/50143385701001079 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001079

88 W. Huang and X. Ye

Remark.Note that all the completely scrambled homeomorphisms we construct in this
paper have the property that each of them has only one recurrent point. We do not know if
there is a transitive, completely scrambled homeomorphismf.

By [XY] or [I], a topologically weakly mixing map is chaotic in the sense of Li and
Yorke and it is unknown if such a map can be completely scrambled. As the completely
scrambled homeomorphisms we constructed have zero topological entropy, it is also
unknown to us if there are completely scrambled homeomorphisms with positive entropy#.
Nevertheless, we conjecture that completely scrambled examples with mixing properties
should exist, i.e. mixing properties do not imply the existence of proper asymptotic pairs.

Acknowledgements.We wish to thank L. Snoha for providing] and [KS] which led to
the formulation of Proposition 2.7. We also thank the referee for the careful reading and
useful suggestions. This project was supported by NSFC 19625103.

A. Appendix
Here we give the proof of Theorem 3.1.

Proof of Theorem 3.1We divide the proof into the following steps.

Step A.Foreach € N, m, k € {0y UN andns, ..., n; € {0} UN, there exista € N such
that
g"0,l,m,n1,...,n) =0, 4+m+1,ny,...,np).

Proof of Step Alf [ = 1 then
(0717m1nl7"‘7nk)H(]'!O?m—"_l!nl!"'?nk)
P4.Pg

—>(0,0,0,m +1,n1,...,ng)
P11

—>(0701m+27n17"'1nk)
P1o

—O0,m+2,n1,...,nL).
Py

Now assume that Step A holds fordll < u. Forl =u + 1> 2,

-1
©.L,m,ny,....m) S —1,L,m, na, ... 0
Ps,P7
—([,0,m+1,ny1,...,n1)
Py4,Pg
142
gl — e
P—)(O,...,O,m+1,n1,...,nk)
11

+1
—_—
—>(0,0,1,0,...,00m+1,n1,...,n)
P1o
T After submitting the paper, we found that one can show that a certain transitive syst€W jng completely
scrambled.
T Blanchardet al [BHR] have just proved that a system with positive entropy contains proper asymptotic pairs.
Thus, this question has a negative answer.
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[

—_—
?(O,1,0,...,0,m+1,n1,...,nk)
9
—> (Osl_lvm+17nlv"'snk)
induction
—> O, l+m+1nq,...,n05).
induction

Step B.For eachn € {0} UN, there isn € N such that” (m, 0) = (0).

Proof of Step BIf m = 0, theng(0, 0) = (0) (Py); if m = 1, then
(1,0)— (0,0, 0) — (0, 0) —(0).
Ps Ps P

Assume now that Step B holds for2m < u. Form = u + 1,
m+2 m+1

g" —— | ————
(m,0 — (0,0,...,00—(0,0,1,0,...,0
Ps,P11 P1o

—(0,1,0,...,00 —>@O,m—-1)
Py Step A

m—1 H :
s -1,0"250).
1

Step C.For eachk > 2, n1,n2,...,n;x € {0} UN, there existsn € N such that
g"(ny,...,nx) = (0).

Proof of Step ClIf k = 2, then Step C follows from Step B and.FHence we assume that
k > 3. Assume now that Step C holds for2k < u. Fork = u + 1 by Py and B we may
assume thaty = 0. Thus

n1+2
g
(n1,0,n3,...,n) — (0,...,0,n3, ..., np).
P11,Ps
There are several cases.
Case 1.n1 = 0. In this case
(0, n3), if k=3, (Ps),
(0507’/13"’”]{)_) (0107n4+11"'7nk)7 If n3=07k241 (P101 Pg)!
O, nz, ..., ne), if n3 > 1,k >4, (Po).

Case 2.n1 = 1. In this case

P
(0,0,0,n3, ..., m) 30,0, n3+1,....m) 2510, n3+1.....mp).
Case 3.n2 > 2. In this case
n1+2 ni

P g2 e e
©,...,0,n3,...,n,) — (0,1,0,...,0,n3,...,nr)
P10,Po

Step A
—p>(0,n1—1,n3,-.-,nk)

Step A
—> (0,n1 +n3, n4, ..., ng).
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In all cases we may use induction. Hence, Step C holds.
Step D.g : Xo —> Xp is an injection.
Proof. Let Ay = {(n1,n2,...,n;) :n; € {OJUN,1<i <k}, keN.

A11={(m1+1) :n1€{0}UN},
A12 = {0},
Az1={(n1+1,n2—-1) :n2> 1)}
A2 ={(0,n3) : n3 € {0} U N}.

If kK > 3 we set

Ayt ={(n1+1,np—1 n3,...,ng) :n2 > 2},
Ak2 ={(n1+1,0,n3+ 1 na,...,np)},

Akz ={(0,na, ..., ng, ng41) 1 n3z > 1},
Ara ={(0,0,n4+1, ..., nx41)},

Aps ={(n1,0,0,n4, ...,nx)}.

Notice that:
(1) Ai1=A11UA1, A11N A2 =¢;
(2) A2=A21U A2, A21N Ao = ¢;
() Ak=U>_ A k= 3;
(4) AkiﬂAkj=@,1§i<j§5,k23.
To proveg is injective, we only need to show that for eagh= (n1,n2,...,ng) €
A, k € N,

Cardg t(xp) =1 (*)

If k =1, 2, (x) is obvious.
Fork > 3, lety; = (m1,mp,...,m;), j € Nwith g(y;) = x;. Itis clear that
j € {k—1 k, k+ 1}. There are three cases.

Casel.j = k. If np > 1, we havemy > 2 andxy = (m1+ 1, mp — 1, m3,...,mj)
(by Ps, P7). Namely,x; € Ag1. If np = 0, we haveny = 1 andx;y = (m1 + 1,0, m3 +
1, ma,...,mj) (by P4, Pg). Namely,x; € Aio.

Case2.j = k+1. Ifnp > 1, we havem; = mp = 0 andxy = (0,m3,...,m;)
(by Po). Namely, xy € Ags. If np = 0, we havem; = mp = m3z = 0 and
xk =(0,0,ma+ 1, ms,...,mj) (by Po). Namely,x; € Aga.

Case3.j = k — 1. We havemy = 0 andxy = (m1,0,0,ms,...,m;) (by Ps, P11).
Namely,x; € Ags.

Since A = U>_ Ay, A N Ay = ¢,1<i < j <5k > 3, by what we have
proved above, we get thaf is uniquely determined by;. That is, Cardg 1(xp) = 1
and Step D holds.
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Note that for eachn; > 0, ¢"1(0) = (n1). By Steps C and D, we have that
Xo = Orby(x0, g). This ends the proof of Theorem 3.1. O
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