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Abstract. The inverse problem of identifying the time-independent source term and
initial value simultaneously for a time-fractional diffusion equation is investigated. This
inverse problem is reformulated into an operator equation based on the Fourier method.
Under a certain smoothness assumption, conditional stability is established. A standard
Tikhonov regularisation method is proposed to solve the inverse problem. Furthermore,
the convergence rate is given for an a priori and a posteriori regularisation parameter
choice rule, respectively. Several numerical examples, including one-dimensional and
two-dimensional cases, show the efficiency of our proposed method.
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1. Introduction

Let Q denote an open bounded domain in R? (d = 1,2,3) with sufficiently smooth
boundary 99, and let us consider the following time-fractional diffusion equation with
homogeneous Dirichlet boundary condition:

U | =),  (10eRx(0,T),

adte
uCx, )50 =0, (x,t) €892 x(0,T], (1.1
u(x,0)=u(x), x €N,
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where a € (0,1) and L is a symmetric strongly elliptic operator given by

d

d
Lw=-y. aixi (le eiJaixju(x)) +c()ulx) .
p

i=1

Assume that .
ei,]’ S Cl(Q), Qi,j = 9

jiis

c(x)eC(), c(x)=0,Yxeq,

and there exists a constant v > 0 such that VZ? &2 < ?,jzl 0;;(x)E;&; Vx € Q, £ eRr?.
The fractional derivative d%u(x,t)/dt* is the Caputo fractional derivative defined by
0%u(x,t) 1 ‘ _q0Uu
= t— —dn, 0<ax<1, 1.2
ga F(l—a)Jo( n) o n a (1.2)

where I'(1 — a) is the Gamma function.

The time-fractional diffusion equation (1.1) has received much attention recently, due
to many applications in various areas of engineering. The mathematical theory and the
associated numerical method for the anomalous diffusion equation have often been dis-
cussed — e.g. see [1,5,9,10,13-15] and references therein. The inverse problem for the
time-fractional diffusion equation has also been studied extensively. For example, the back-
ward problem was explored by the quasi-reversibility method, the optimisation method,
the data regularisation method, and the spectral truncation method [11,17,18,22,28]. In
Refs. [26, 29], the eigenfunction expansion and integral equation methods were applied
to recover the space-dependent or time-dependent source term, respectively. The inverse
boundary problem, inverse potential problem, inverse coefficient problem and the order
identification problem have all been investigated [6,8,12,27].

Here we consider the reconstruction of the source term f(x) and initial condition
u(x,0) = u®(x) from the noisy measurement gf ~u(x,T;), i=1,2with0 < T, <T,
and the noise level such that

[uCe, T)—gl|| <6,  |ulx,T)—g5| <5. (1.3)

When a = 1, this is the simultaneous identification problem for the diffusion equation,
which has been studied using various approaches [7,24,25,30].

Some work has been done on the convergence analysis for Tikhonov regularisation
of the backward problem or the source inverse problem. For example, in Ref. [20] the
Tikhonov regularisation method was provided to solve a backward problem for a time-
fractional diffusion equation, and the respective convergence rates were obtained for an
a priori or an a posteriori regularisation parameter choice rule. A space-dependent source
identification problem and corresponding convergence estimates for the Tikhonov regu-
larisation method have been considered [21]. However, to the best of our knowledge the
problem of simultaneously identifying the initial data and the source term for the time-
fractional diffusion equation has not been solved previously.

Some preliminary results are given in Section 2. In Section 3, the ill-posedness of the
inverse problem and a conditional stability result are provided. In Section 4, the Tikhonov
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regularisation method is applied and convergence rates under both a priori and a posterior
parameter choice rules are given. Numerical methods, and several numerical examples to
validate our approach, are presented In Section 5. Our brief conclusion is in Section 6,
and some Lemmas and Theorems are proven in the appendices. Throughout, C denotes
a generic constant, which may differ from place to place but is always independent of the
noise level 6.

2. Preliminaries

Given arbitrary constants a > 0 and b € R, the Mittag-Leffler function is defined by

oo k
b4
E = _ (C
a,b(z) k§:0 F(ak + b) > z € 5

and has properties as follows [14].

Lemma 2.1. (a) ForO<a <1landn >0,

a

0< Ea,l(_n) <1 ) Ea,l(_lna) = _AEa,l(_Ana) .

dn®
Moreover, E, 1(—n) is fully monotonic — i.e. (—1)"d"E,;(—m)/dn" = 0. When  — +00,
E, 1(—n) satisfies the following approximation relation:

Eg1(—n) = +o(Inl™3).

L
nr'(1—a)
(b) For A > 0, a > 0 and positive integer m € N,

m

dt_mEa,l(_Ma) =—A"Ey 4 mi(—AtY), t>0.
(c) Assume that 0 < ay < a; < 1. Then there are constants ¢, C > 0, which are only relative
to ay and a4, such that

c 1 Cc 1

Tl—a)l—t SBan(0) < Tl—a)l—t

Vt<o,
uniformly for all a € [ay, a1 ].

By superposition, the solution u(x, t) satisfying the problem (1.1) can be decomposed
into the components u;(x, t) and u,(x, t) that satisfy two subproblems — i.e.

aa

Sl (0 =£0),  (r0€ax©O1),

up(x,6) |50 =0, (x,t) €30 x(0,T], 2.1
up(x,t) =0 =0, xeN,
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aa

et | p ) =0,  (x,0)eax(0,T),

up(x, ) |50 =0, (x,0) €292 x(0,T], (2.2)
uZ(x’t)ltZO :uo(x)’ XEQ’

such that
u(x,t) =uq(x, t) +uy(x,t). (2.3)

Since L is a symmetric strongly elliptic operator, if A, € R and ¢i(x) € H2(Q) N Hé(ﬂ)
denote its eigenvalues and corresponding orthonormal eigenfunctions we have

0<Ay <A< Sh<-o,  lim A =+oo. 2.4)
— 00

Applying separation of variables and Lemma 2.1 then yields the formal solutions of (2.1)
and (2.2) — viz.

S 1—Eg (—AtY)

u(x,t) = ) fi————(x), (2:5)
k=1 k
+00

y(x, ) = D Eq 1 (—At gy (x), (2.6)
k=1

where fi = (f (x), pr(x)), ug = (u®, oi(x)), k=1,2,---, and (-, ) is the inner product in
L2(2). For any given source term f (x) and initial function u°(x), in solving problem (1.1)
we can formally define two linear operators:

Kl : (f’uo)'_)u(x, Tl); (27)
Ky: (f,u®) = u(x,T,) . (2.8)

Similarly, we can define four linear operators for the problems (2.1) and (2.2), respectively
— viz.

Kl,i :f e ul(x’ Tl) s = 1’2 ) (29)
Ky uy(x,Ty), i=1,2. (2.10)

From the solution expressions (2.5) and (2.6), we obtain the equations

2N 1-E (A, TH

(K@) =D i 1( M G, i=12, 2.11)
k=1 k

(Ko (1)) () = D L Eg i (M Tudi(x), i=1,2; (2.12)

k=1

and to identify u®(x) and f(x) simultaneously we then have operator equations

(K1 (f,u®)) () = (K1 (F)) () + (K1 (1)) (x) = g1(x), (2.13)
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(Ko (f,u®)) () = (Kq2(F)) () + (Kp2(u®)) (x) = ga(x), (2.14)
which can be written in the matrix form
fFY\_( & [ Ki1 Ka;
B( .0 )—( 2 ), where B—( Kis K ) . (2.15)

3. Ill-Posedness and Conditional Stability for the Simultaneous Problem

We define the Hilbert space

p((L)?) = {x e 12(9): O 22(x, v < oo} , 3.1
k=1
where -~
xlbeeyy = O A2 (. @) )2 . (3.2)
k=1

Theorem 3.1. Suppose f(x) and u®(x) € (D(L)?) with nonnegative 0 satisfy the a priori
condition

max {ILf CMlp(zyes 110G llp(ay } < E- (3.3)
Then u(-,t) €D ((L)9+1), and [|u(-, t)l|pryo+1y < (1 + C/t*)E for any t > 0.

Proof. From Eq. (2.3), the solution to the problem (1.1) can be expressed as

— 1—Eg1(—At*
u(x, t):Z(ugEaJ(—Akta)‘i'fk ’;( < ))%’k(x)-
k=1 k

From Lemma 2.1,

oo

1
1—E, (—2t9))?*)?
||u(~,t)||D((L)M):(ZA§9+2(ugEal(_kkm+ £ 1 Faalh )))
, »

k=1
1 1
— 2 — 1_Ea1(_kkta) 2
s(in“Z(ugEa,l(—xkta))Z) +(in9+2(fk 5 )?
k=1 k=1 k
1 1
S Cc 2\ 520000202 1\
<[ D ABWHAE(——=) | +| D A¥(F)*A
kZ; kATkS TR e ; k Vk k(A2
€0
<2zl llogayey + 1 lloaye »
which completes the proof. O

From Theorem 3.1, we obtain u(x,T;), u(x,T,) € D(L))(Q) if f, u® € L3(Q).
Since D((L)') is compactly imbedded into L2(£2), the operator B : (L?(92))? — (L2(Q2))? is
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compact. The problem of simultaneously determining the initial data and the source term
is therefore ill-posed.
Next, we consider a conditional stability for the simultaneous reconstruction problem.

Theorem 3.2. Denote by g; = u(-,T;) for i = 1,2. If f, u® € D((L)?) satisfy the a priori
bound condition (3.3) for some positive 0, then

1
1—=Eq (=21 T7)

6
1 +1
Ifll < cETn (||g1||+( 2)" ||g2||) ||u°||<c:Ee+1( ||g1||+||gz||) .

A proof is given in Appendix A.

Remark 3.1. The conditional stability result in Theorem 3.2 partly implies the uniqueness
of the simultaneous identification problem if f, u® € D((L)?) for some positive 6.

A more complete uniqueness result under the weaker assumption f, u® € L2(£2) can also be
obtained via (A.1) in Appendix A. Let gl(x) 0fori=1,2, then g; ; = (g;(x), px(x)) =
Since the denominator e, ke% K 2 X 1 . 7 0 from (A.2), we conclude f; = ug =0 and
obtain the uniqueness of the inverse problem

4. Tikhonov Regularisation and Convergence Analysis

From Theorem 3.1, we know that the simultaneous identification problem is ill-posed
due to compactness of the operator B, so regularisation is necessary to recover the source
f(x) and initial value u°(x). We adopt the standard Tikhonov regularisation method to
solve the ill-posed problem, which minimises the functional J(f,u®) —i.e.

(5 )-(E0 0T 5)(%)

where u, v > 0 are the regularisation parameters. From Theorem 2.12 in Ref. [2], there
are unique minimisers:

f5 I -1 g5
( wro = (B*B+( ’ OI D 3 (R 4.2)
Uy ’ &

where B* is the adjoint of the operator B. (We will omit the superscript & if there is no
noise.) The two regularisation parameters y and y can be chosen independently, but to
simplify the analysis here we set u =y and write (f?, ug"s) = fj, ” ug’,?,) or (fy, ug) for the
noise-free case.

2

minJ(f,u®) = 1 , 4.1)

2 ’

4.1. Convergence rate for an a priori parameter choice rule

We write
ei = _(1 Ea 1(_A‘kTJa)) and eé’k = Ea,l(_z’ija)’ J =1,2, k= 1,---,00, 4.3)

to address the following technique lemma.
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1,2 _,2 132 12 2 132 12 .2 132
(el,kez,k el,kez,k) (el,kez,k el,kez,k) (el,kez,k el,kez,k)

Lemma 4.1. Let col(k) = eike;’k"'eikeik B Q)z(k) = W, (1)3(1() = W
Then
(Ta_Ta)Z
lim A2, (k) = 2 ,
(A () I(1—a)TITH(TE + TS
TZa 1 1 2
lim 220,00 = ———2— (_a__a) ,
k—>+00 14+ T2(1— )T\ T§  T¢
2
1 1 1
lim Vws(k)=—— [ =——=] .
(I Ao (k) r2(1—a)(T2“ Tf‘)

A proof is given Appendix B.

The convergence rate by an a priori parameter selection rule is then as follows.

Theorem 4.1. Suppose the smoothness assumption (3.3) holds.
(@A) If0< O <2, one can choose y = u = (6/E)9L+1 such that

ug,é(x)—uo(x)H + Hfj(x)—f(x)H < CET5™ .
(b) If 6 > 2, one can choose y = u = (5/E)7 such that

02— + |0 - £ 0| < cEF5E.
A proof is given Appendix C.

4.2. Convergence rate by an a posteriori parameter choice rule

We now provide the convergence rate for an a posterior regularisation parameter choice
strategy, based on the following Morozov discrepancy principle:

718 | U0 w00 - gl ()| + |2 PN g0 < w8, @)

where 7;, i = 1,2 are two given constants specified later. First, we consider the existence
of the parameter that satisfies inequality (4.4) if ||gf(x)|| + ||gg(x)|| > 1,0 >0.

Lemma 4.2. If p(u) = K4 (£%,u%%)(0) — g2 ()| + IKo(£2, u%%)(x) — g3 (), then p(u) is
a continuous function such that lim,,_,, p(u) =0, lim,,_, ;o p(u) = ||gf(x)|| + ||gg(x)||.
Proof. By computation and the expressions (C.2), we can reformulate p(u) as

1

2
p(w) = i ( (—p(e5, ) + el )* + “Z)gik +(ued peq  + Aueé,ke%,k)gg,k ) ’
e%,keg,k - eikeik)z + “((e;,k)z + (eé,k)z) + “((e%,k)z + (eik)z) + 2

k=1
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2
+ i( pled et + €3,¢5.080 — el ) + (e}, )* + g3, )
(e].l 2, 11 21)2+‘u((621)2+(621)2+(611)2+(e )2)+‘LL2

whence the desired result. O

1

(4.5)

We next provide some technique Lemmas.
Lemma 4.3. If F(t) = %, t > 0, then F(t) is a nondecreasing function for any t > O.
Proof. Taking the derivative of F(t), we obrain
TJE! w1 TS OEq 1 (—Tt) — TE! w1 (CTHOE, 1 (— T“t)
a,1(_T2a t)

From Lemma 2.1, E, ,(=T5't) > E, (—T{*t), which implies F'(¢) > 0. O

F'(t) =

We introduce a pair of auxiliary variables (f°,u%?), corresponding to the regularisation
parameters y =y = 0 — viz.

k=1

o) (4.6)
= kz u®pp(x),
=1

where

and e! Lk ef o ; o %k are defined by expression (4.3). It is notable that the terms (f o u°’5)

are notin L2 space, and the summation of (4.6) is to be understood in the distribution sense.
Moreover,

o o0
0,5
Ky ;f° = kaﬁKl,jSOk(x) , Ky u®® = Z”k Ky jpi(x),
=1 =1

which are both in L2(Q) (as proven in Appendix D) For convenience, we introduce the
notation Af = f% —f, Au®=u% —u, Ag; = g1 g1, Agy = gg — g5 in the following
result.

Lemma 4.4. If IIgiS —g11 <6, IIgéS — g,|| < &, we have the inequality

H(Kl,j <cs, H(Kz’jAu

<cs, j=1,2.
2(@)
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If the inequalities (4.4) are satisfied, then
HKL]-(fH‘S —f5)H <cs, HKZJ(ug"S —u°:5)H <cs,  j=1.2.

A proof is given in Appendix D.

Lemma 4.5. Suppose inequality (3.3) holds for some positive 6, and u satisfies the Morozov
discrepancy principle (4.4). Then

(@) [IKyj(f, = FI < C8, |IKy j(up —u < C5, j=1,2;

®) ul —u° f,—f € DALY, lIfy = flipeeyey < CE, llu), —llp(ryy < CE,

<CE7 . 4.7)
L2(@)

-

0
< CoH+1 Huo —u°
L2(Q2)

A proof is given in Appendix E.

We now consider the convergence rate for our a posteriori parameter selection rule.

Theorem 4.2. Suppose inequality (3.3) holds for some positive 0, and u satisfies the Morozov
discrepancy principle (4.4) for some 7; >3, i=1,2 and ||g1 () + ||gg(x)|| > 17,6 > 0.
(@) If0<H <1, then

et -+ |£2e0 - feo| < cs

(b) If 6 > 1, then

w80 =) + £ — £ )| < V5.

A proof is given in Appendix F.

5. Numerical Calculations

5.1. Discretisation method

We use a standard finite element discretisation for the spatial variable and a finite dif-
ference discretisation for the time-fractional derivative. Thus let the time interval [0, T, ]
be partitioned into N, equal subintervals with nodes 0 =t; < t; <+ < ty, 1 <ty, =T,
where t; = k7, ty, = Ty, T = T5/N,. Then the time-fractional derivative *u(x, t)/dt* at
t, is approximated by

8%u(x, t) 1 k o 0u(x,n)
TL_“‘ = —J (tx—m) a—n dn
«9u(x,n)
—a 2854
F(l—a) J on "
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—a k
R ﬁ ; (uCx, t)) —ulx, t;—1)) ((k +1— l)l—a —(k— l)l_a)

—a k
= ﬁ Z wp (ulx, tyr—) —ulx, ) ,
1=1

where w; = 1" *—(1—-1)"%, 1 =1,2,---,k and k = 1,2,---,N,, so the discrete time-
fractional difference form is

_ k
a,k T ¢

K __ v k+1-1 _ k l
ht — F(Z—a);wl (uh uy )

The spatial discretisation chosen is a continuous piecewise linear finite element space V},
over a quasi-uniform triangulation T;, — viz.

Du

Vi={v:veCo(Q), v|a, €P1(A), YV Ay € Ty },

with a standard basis {wi}g‘). On defining a bilinear form
d du(x)
a(u,x)zJ (Z ai,j—a 'Xxj+C(X)U'X dx
Q\ij=1 Xi
l’]
the full discrete scheme is thus
(DU, ) + a(uf, ) = (fr, ), u) = u(x) (5.1)

for any 1 € V. Eq. (5.1) defines the discrete linear operators K; j, : (f, u)—uMii=1,2;
and for the system of equations (5.1) we have the discrete optimisation problem

min J(fh,uh)

fh,uhEVh
2 2
J (Z(fl 1hl+ulu2hl) glh) dx + > f (Z(fl 1h1+ulu2h1) gZh) dx
U ° ’ v [ [ :
+3 Jﬂ (Zfﬂl’i(ﬂ) dx + EJ (ZU?UJ[’(XQ dx, (5.2)
i=0 2 \i=0
where u’f b k=1,2,--- N, is the solution of
(Dulht,¢]>+a(u1hlﬂ/)])_(UJMPJ) V]: u(l)’h,izO,

and uzh »k=1,2,--+,N, the solution of

(Duzhpw])_'_a(uzhl:w])_o V], u2h1 1P1~
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The solution of discrete optimisation problem & = [fo,- -, fy,, ug, - ,ug,o]T thus satisfies
the linear algebraic system

AP =F, (5.3)

with A= [A11A12;A21,A22] and F = [Fl;FZ] where

[
Ap = (“1hl(x)“1h](x)+“1hl(x)u1h](x)+‘“l’U’ )dx] ’
LJo (No+1)x(Ng+1)
[
Ay = (ullv (x)u (x) + u1 h, l(x)u (x)) dx s
LJa (No+1)x(No+1)
[
Ay = | | (s GO 00+ 0 000, 00 dx :
LJa (Np+1)x(Ny+1)
[
A= | (5 Gy () + a2 (b () + 7 wj)dx] ,
LJO (Np+1)x(Ny+1)
F,= U gralouy’ () + gz,h(x)uﬁ,i(x)dx] ;
Q (No+1)x1

Fy= U gL n (U, (0) + gz,h(x)u’;;,i(x)dx]
Q

(No+1)x1

From the solution ®* = [f, f]', " fN0 u0 , u(l) . uN “1' of Eq. (5.3), we then obtain
the approximate solutions

Ny Ny
Fo=D ffi(x) and ud=>"uX*y(x). (5.4)
i=0 i=0

5.2. Numerical examples

We present five numerical examples to illustrate the efficiency of the proposed method.
The first two are for one-dimensional problem. Let Q = [0,1] be divided into 100 equal
subintervals, such that 7 = 1/100 and Lu(x,t) = —d/dx(a(x)du/dx) + c(x)u. The last
three examples are two-dimensional problems, where 2 = [0,1] x [0,1] is partitioned
into 1024 triangular elements, 7 is 1/80 and Lu(x,t) = —V(a(x,y)Vu) + c(x, y)u. The
observation times are chosen to be T; = 1/2 and T, = 1. The noisy data are defined
by gf(xj) = ug"(xj) x(14+6€&),i = 1,2, where § is the noise level and & is a uniform
distributed random variable on [—1,1]. In order to obtain good regularisation solutions,
some proper regularisation parameters are necessary [23]. In our computation, we first
fix the ratio of the two regularisation parameters u and y, and the discrepancy principle
is then applied via a decreasing geometric sequence, in order to choose the regularisation
parameters [3,4,19].
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(a) inversion of u®(x) (b) inversion of f(x)
Figure 1: Numerical solution for Example 5.1.

(a) inversion of u®(x) (b) inversion of f(x)
Figure 2: Numerical solution for Example 5.2.

Example 5.1. Consider a = 0.9, a(x) = 1 and c(x) = 0. Let the exact source term and
initial value for the problem (1.1) be 16x(1 — x) and sin(mx), respectively. Numerical
results for the relative noise levels 1%, 2%, 5% are shown in Fig. 1.

Example 5.2. For problem (1.1), consider the respective exact source term and initial value
X, x€[0,%) 0
f':{ 2 u”' =2x(1—x).
(1-x), xel31],

For a(x) =1, c(x) =0 and a = 0.9, the results for the relative noise levels 1%, 2% and 5%
are shown in Fig. 2.

Example 5.3. Consider the exact source term and initial data e>~*"Y sin(7tx)sin(7y) and
xy(1—x)(1—y)e*Y respectively. For a = 0.8, a(x,y) =1 and c(x, y) = 0, the results
are shown in Figs. 3 and 4 for the relative noise levels 1%, 2% and 5%.

Example 5.4. Consider the exact source term and initial value 16xy(1 — x)(1 — y) and
sin(7tx)sin(7y), respectively. For a = 0.8, a(x, y) = 0.01(x + y) and c(x, y) = 0.001, the
results are shown in Figs. 5 and 6 for the relative noise levels 1%, 2% and 5%.
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error surface for f(x,y) with 8=1%

exact solution f(xy)

(a) exact source term

error surface for f(x.y) with 5=2% error surface for f(x.y) with 8=5%

(c) error to the source term with 6 =2% (d) error to the source term with § = 5%
Figure 3: Numerical results for the source term in Example 5.3.

14

exact solution w(x,y) error surface for u’(x,y) with 5=1%

(a) exact initial data

error surface for u’(x.y) with 5=2% 005

(c) error to the initial data with § =2%  (d) error to the initial data with § = 5%
Figure 4: Numerical results for the initial data in Example 5.3.
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error surface for f(xy) with 5=1%
exact solution f(x.y) o0 ul (x;y) wi

(a) exact solution (b) error with 6 = 1%
error surface for f(x,y) with 5=2% error surface for f(x,y) with 8=5% : :S
(c) error with 6 =2% (d) error with 6 = 5%
Figure 5: Numerical results for the source term in Example 5.4.
! error surface for W(x.y) with 5=1%
exact solution u%(x,y) 09 o

(a) exact solution (b) error with 6 = 1%

error surface for u(xy) with 5=2% X error surface for () with 5=5%

(c) error with § = 2% (d) error with 6 = 5%
Figure 6: Numerical results for the initial data in Example 5.4.
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exact solution f(x) error surface for f(x) with 5=1%

(a) exact solution (b) error with 6 = 1%

error surface for f(x) with 5=2% error surface for f(x) with 5=5%

Wy
A

W)

(c) error with § = 2% (d) error with 6 = 5%
Figure 7: Numerical results for the source term in Example 5.5.

Example 5.5. Consider the exact source term and initial value for the problem (1.1):

2
f_ (100G -0-17),  (-P+Oo-3P<t
0, else,
. 2
of = 1osin(G—(x—3P?=(r—37), (x=3+0-3) <3
0, else.

For a = 0.6, a(x,y) = 1 and c¢(x,y) = 0, the results are shown in Figs. 7 and 8 for the
relative noise levels 1%, 2% and 5%.

6. Conclusions

The inverse problem investigated in this paper involves simultaneously identifying the
time-independent source function and initial data for a time-fractional diffusion equation.
By Tikhonov regularisation, this inverse problem is transformed into an optimisation prob-
lem. The conditional stability is provided. A priori and a posterior parameter selection rules
and corresponding convergence rates are found, and several numerical examples demon-
strate the efficiency of the proposed algorithm.

Acknowledgments

The authors would like to thank the anonymous referees for useful comments. The
work of J. Z. Yang is partly supported by the National Science Foundation of China grants

https://doi.org/10.4208/eajam.310315.030715a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.310315.030715a

288 Z. Ruan, J. Z. Yang and X. Lu

exact solution 1°(x) error surface for u(x) with 3=1%

(a) exact solution (b) error with 6 = 1%

erfor surface for U(x) with 5=2% error surface for u(x) with 3=5%

(c) error with § = 2% (d) error with 6 = 5%

Figure 8: Numerical results for the initial data in Example 5.5.
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A. Proof of Theorem 3.2

We have g;; = (gi(x), k), i = 1,2,k =1,2,---, and t = Ty, T,. From the expression
(2.3),

oo oo
1 .
gi(x) = ZEaJ(—AkTia)uo,kSOk(x) + Z A (1= Eqi(—2TM) frpr(x),  i=1,2.
k=1 k=1

By simple calculation,
2 1
gl,kez,k - g2,kez,k

fie= 1 2 2 1 2
€1k €1 k8o (A1)
2 .
g2,kel,k - gl,kel,k
Ugr = )
) T 2 .2 1
€1kl €18k

1 2 1 2 . . . . . .
where € > €1 o €5 are defined from expression (4.3). Using the Holder inequality,

we have
o0 2, —gorel \° 2 (gr—gorel, Je2 o 26
”fllz_z 81,k€2k — 82,kC k _Z 81k — 82,k 1/ € k (g go el 2 )Q—H
- 1 ,2 _ .2 .1 - 1 _ 2 ,1 2 \2 Lk ™ 62,k%2 K/ “2k
k=1 \ €1,kC2k ~ €12k o (e —eriesi/eny)
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1

> (glk_nge;k/egk)Z A==
. ) J 1 2 32
< (Z T 2 ol /g2 y26+D) E_l:(gl,k —82k€ /€54

k=1 (61,k 1,k 2,k/ez,k

k
3 1 & &
> 2
= _ . .
(;(e%k—efke%k/egk)ze(fk) ) ( £ (81,k — 82k 2k/ 2k) )
26

S(Z 1 2 11 2 (fk)2> kZ(gl k) %-i-(Z(gz,ke%’k/eik)z)%) ’ ;

_ 20
k=1 (el,k el,kez,k/ez,k)

_0_
0+1

k=1

and we also have

e]_ —62 e]' /62 ‘ ( al( AkT ) 1)
1Lk~ ©1,kC2k/ G2k A Eq1(—AcTS) :
It is not difficult to verify that % is a nondecreasing function greater than 1 for any
a, 2
t > 0, hence
el —el e k/ezk‘ _1 (—Ea’l(_klea) — 1) > L (—Ea’l(_llTla) — 1) . (A.2)
L TLEmaktm2, Ak \ Eq1(—AT5) A \Eq1 (=M1 T3)
a1 (=17 Ax) a1 (=T7'1) T.
Moreover, e2 k/62 .= ai(—T,%’j) < tLoo ﬁ (72)* implies that
T g1 1 2
- 2
117 < (Real+ G2 lal = (I loq) ™

(Ea,1(—7l1 T7) 1 o+1
Ea,l(_ll Tza)

By the same argument,

2 1 Vo2
— g2ke1 . — 81,k 2 (gz,k—g1k€1k/€1k)9“ B 2 1\
llu”||* = ( 71 5 5 (82x — &1 k€1 i/ 1)
k=1 1k62k €1 k2k k=1 ‘63— 2k 1k/ k)
2 112 N\oA o
<(i (82,k — 81ke7 /€1 ) )9”(‘”( 2 1l y2 O+
- 2 2(6+1 Z 82,k — 81k k/ 1k
k=1 (ez,k ezk 1k/61 A0 k=1
1

(i (gzk_gl,keik/eik 2

0+1
26 2 /1 ))
k 1(6 20k 2k 1k/€ k) €k 2,kel,k/el,k

x ((kZ(gz,k)z)% + (Z(eik/e},k)z(gl,k)z)%)QH
=1 k=1

0+1 20

< ( L F(l_a)T;)en o) Il ( L )ll N
< = u + .
EaChT | ¢ (@) BT\ 1R, a1 )8

Ea,l (_ll Tza)

This completes the proof. O
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B. Proof of Lemma 4.1

1—E 71(—AkTa) 1—E 71(—AkTa)
el el — el = B (AT — —— g (A T)
k k

Ea,l(_kkTga) - Ea,l(_klea)
Ak ’
1 1 2 9 1-— Ea,l(_kk T]fx)

=B (—NTH )

€1 ko Te1xex = P Eg1(—AT) + . " 22 Eq1 (=2 T2)
_ Ban(CATE) 4 Egn (A4 TY) — E2 (A T5) — E2 (=4 TY)
- o ,

1—E,1(—AT3) 2 2
(eik)z + (eik)z = ( . Ak 2 +(Eg (2 TH)",

1—E, (A THDY?  (1—E (AT
(46,7 = (T D) (e

Ak Ak
Then we can verify that
N e (k Aie(Eq 1 (=24 T3) = Eq 1 (=24 T{))
lm (,()1( ) k— —A.T% —A.TY 2 R 2 —A.T%
+°°(E ACATY) + Eg 1 (CATT) — EG i (=2 T) — B 1 (=2 1))
(e — 135"

TT(—a)TITH(TE + T2)’

lim2e,(K) = lim (EanCARTS) = Ean AT’
L) =

TZa (1 1)2
k— 1—Ey 1 (—A T9)\2 2(1 — 2a \TO T®)’
+OO( ,I;k k 2)) +(Ea,1(_AkT2a)) 1+F (1 a)T 1
and
Ey1(—A(TH) — Eg 1(—A, TH))?
hm Ang(k)_ ( a,l( k 2) a,l( k 1)) 1

B 1 1Y
ko 1-Eq 1 (-4 TN\2 | (1-E (M TH\2  T2(1—a)\T¢ T2) °
(=) + () > 0
which completes the proof.

C. Proof of Theorem 4.1
Taking y = u, by singular value decomposition for the compact operator as in [16] we
obtain
foo= (u 11+(61i62i_61i62i)e§i)g1i+(‘ue%i+(e%i 217 €1:€2,)€,1)82,i
wi —

(e1 .05, —ei €5, )2 +ul(ey )2 +(e3 )2 +ulle] )2 +(e3 D) +p2 1)
O = (e 2,1+(611 21_621611)611)g11+(‘u621+(611621_621611)611)g21
i

(eg,€5,— 11 21)2+M((621)2+(621)2)+H((e11)2+(611)2)+“ ,

1,i72,i
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where g;; = (g;(x), i(x)), 1 =1,2,i=1,---,+00. If the observation data has noise, we
have
1 1,2 2,1 \,2 V40 2 2,1 1,2 V,1 1,6
5 (wey;+(eq en;—ey ey )ey )gy; + (uey; + (e 65, —ey e5,)e; )85

W (eg e, —ed ey 2+ ulley )2+ (e3 )2 + pl(eg )2 + (e )2) + 2

i 217 2 11,2 7,6 2 152 1 529,01 140 (C.2)
05 _ (uey; + (€7 85 —e5 01 )e1 )87 + (wey; + (e €5 —e; €7 ,)e1 )85,
w2 =2 el (el P+ (D) + (el 2t (€ )) 42
where gfi = (gf(x), pi(x)),1=1,2,i=1,---,4+00. From the triangle inequality,
[ < [[£2e—fuco)| + lfu-r 0 €3
and
uﬁ"s(x) — uo(x)H < ug"s(x) — HZ(X)H + ug(x) — uo(x)H . (C.9)

Using Egs. (C.1) and (C.2), we can estimate the first term of the two inequalities as follows:

+00 s
HORAGI B ;Uﬁk—fu,km(»«) <, €5)
+00 05 6
ug,é(x)—ug(x)” = ;(“M’,k_“g,k)‘f’k(x) < N

Next, we estimate the second term of the inequality (C.3). Subtracting (C.1), from (A.1)

we obtain
1£,C— £ ()|
2 1 32 2 \2 1 1 2 2 0
. -io u fk + ,U/((Cz’k) + (eZ,k) )fk - nu'(el’kez’k + el,kez,k)uk (x)
B u2+u((eg )2+ (€2 )2 +u(eg )2+ (e2 )2) + (el €2, —e? el )2 7k
k=1 1,k 1,k 2,k 2,k 1,k 2,k 1,k"2,k
+00 +00 0
|5 15 S o
| P ule] 2 +(eF )2)+(ey e —ed e ()2 — €] e =€t ey ) k
k=1 + T o7 )2 k=120+ ———3—5—
“+(ez,k) +(ez,k) €1 k6 k€1 K2k
+00 +00 0
WS pty
< Z (el e2,—e? el )2 +Z (el e2,—e? el )2 (Pk(x)
=1+ 126 1 k%2 =1 ||+ 126 k82
(eé,k)2+(e§,k)2 e%,ke;,k+e%,ke§,k
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From Lemma 4.1, there exist some positive constants C;, C, satisfying
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2
11< 2k elk 2k)

T PH(eZ, )
(elk 2,k lk 21<) > &
d m = l2 Therefore
+00 400 0
uf pu
£, = F G| < [ D0 =0kl + || D] — ()
k=1Mt k=1 Bt
< sup (4(K)) kax,éapk(x) + sup (B()) eru ()
eNt k=1
where - ”o
_ 22—
A =2k =2k
uAy +Cy uAs +Cy
Similarly,
‘ ug(x)—uo(x)H
_ f prup + p(eg )% + (e )uy —uley ey + €7 o3 e ()
= k
pecl U ‘u((el,k)z + (61,k)2) + "’L((ez,k)2 + (ez,k)z) + (61,k 2k e1,k %,k)z
+00 0 too
pu WS
< +
o D AT TG M Dt R
H “+(eik)2+(eik)2 H lk 2k+elk 2,k
+00 0 +00
p Yf
< Z (el 2, —¢2 el Y2 (pk(x) + Z el o2 —e? el )2 (pk(x)
k=1‘u 152k “1k%2k = 1‘u+ 11< 2.k 1k2
(e%,k)2+(e%,k)2 1k 2k+elk 2,k
u°
(0% S Uy
< Z o PG| + Z e pr(x)
AZ k=1 _2
< sup (BN | > firlon)| + sup (C(K) S Ay
keN* k=1 k=1
where -
pA
ck)=—"*—.
‘U'Ak + C3

For constant p >0, u >0, 3 > 0 and s > A; > 0, we claim that

us>P <{Cu% 0<p<2,

F =
) B+us2— | Cu, p=2,
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whence

CEu?, 0<0<2,

-l ={ G 028

6
0(,y_,,0 _ ] GeEn?, 0<f6<2,
t () —u (X)H {C7Eu, 0>2.

From inequalities (C.3) and (C.4),

C.EpnZ, 0<0<2,

Hfj(x)_f(x)H S%Jr{ CsEp, 6>2,

CeEu?, 0<0<2,

o
0,6(y)_ ;0 <2 4
fireo-weol« Zef Spn 933,

where {C;,i =4,5,6,7} is relative to {0, A, T;, T,, a}. If we choose

2
S\ 7+
(E) 1, 0<f6<2,
‘u,=

then Theorem 4.1 holds. O

D. Proof of Lemma 4.4
By definition,

i 1—Equ1(=AT?)
Ak

oo oo
Feor() + D B (AT er(x) = > gippr(x), i=1,2. (D.1)
k=1 k=1 k=1

; _ 6 0o _ ,00 0 _ .0 _ 0
Denotmg Afk - fk _fk: Auk - uk — U, Agl,k - gl,k — &1,k AgZ,k - gz,k — 82,k for
k=1,---,00, we obtain

o 1 —Eq 1 (=2 T}) = an O 2
2T M)+ D EaaCATIAR () = 3 Ag1kpilx)
k=1 k=1 k=1

o 1 —Eq 1 (=2 T5) & . r o >0
> " Afiepr() + D Eq 1 (AT A0 (x) = > Agypi(x).
k=1 k=1 k=1

From simple computation,

af = (Ag1xEa1(~MT5) — Agy kEo 1 (A T{))
‘ Eq 1 (—AT5) — Eq 1 (— A4 TF)

)
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A — Agy xEq 1 (A TY) — AgoEa1(—AL T )+Ag2k_Ag1k
- Eq1(—2T5) = Eq 1 (=2 T

Writing
Af(X) _i Af @ (X) _ i Ak (Agl,kEa,l(_Asza) - Ag27kEa71(—kkT1“))
£ k¥k Ea,l(_a’k Tza) - Ea,l(_kk Tla)

k=1

or(x),

- o AZ1 kEq 1 (A T5) — Ago kEq 1 (AR T) + Agox — A1k
Auo(x)=ZAu2cpk(x)=Z S 2 i ! - -

2 = or(x),
Ey1 (=2 T%) — Eg 1 (24T k

k=1

we obtain

(KpiAf)(x) = Z AfiKy,1x(x)

Ak AglkEal( M Ty) — Ago kEg 1 (— ATy ))
—Z el i),

a,l( Asz) Ea,l( Aleot)

||(K1,1Af)(x)||L2(Q)

i (1—Ey1(—ATY)(AG kEq 1 (A TS) — Ago kEq 1 (AL TTY))
Ea,l(_lk Tza) - Ea,l(_klea)

or(x)

k=1 L2()
< o (1_Ea,l(_Alea))Agl,kEa,l(_AkTza)(p )
< k
= Eq1(—AkT) —Eq 1 (A TT) .
[ @]
(1—Ey (A T{))Agy kEq 1(— AL T{)
2 B (AT Ty o)
k=1 a,l(_ k 2)_ a,l(_ k 1) L2(9)

From Lemmas 2.1 and 4.3,

(1= Eq 1 (A TY)Eq 1 (=2 TS)
Ea,l(_ksza) - Ea,l(_llea)

Eq1(=MT5)
B Ea,l(_lela)_Ea,l(_ll Tza) ’

hence u o
Ea,l(_lez ) + Ea,l(_lel )

Ea,l(_ll Tla) - Ea,l(_ll Tza)

||(K1,1Af)(x)||L2(Q) <

Now

(Kl,ZAf) (x)= ZAka1,2<Pk(X)

Zlk(AglkEal( AT a) AngEal( AkT ))

Ey 1 (2 T3 — Ba (A T 100
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||(K1,2Af)(x)||L2(Q)

_ i (1 —=Eq1(—AkT3))(Ag1 kEq1(—AkTS) —Agz,kEaJ(—)Llea))(p )
= k
k=1 Ea,l(_Asza) _Ea,l(_klea) L2(9)
o0
(1 =Eu1 (A T5))AG kEq 1 (—AkTS)
<12 Ea (2 Ti)—E (—a/l T%) o)
=1 a,1 klo a,l ki1 12(Q)
(e @]
(1—Ey (A T5))Agy kEq 1(— Ak T{)
k=1 a,l(_ sz )_Ea,l(_ le) 12(9)

so from Lemmas 2.1 and 4.3 we have

(1= Egq1(—AkT3))Eq 1 (—Ak TS)
Eg1(—AkTS) —Eq1(—AkTY)

Eq1(=MT5)
B Ea,l(_lela)_Ea,l(_lsza) ’

and hence
Ey1(=AT3)+Ey1(=AT))

Ea,l(_llTla)_Ea,l(_lsza) .

||(K1,2Af)(x)||L2(Q) <
By a similar argument, we can prove that
3Ea,1(_llT1a) + Ea,l(_leza)
Ea,l(_kl T{I)_Ea,l(_kl Tza) ’
4Eq 1 (=M T7)
Ea,l(_ll Tla) - Ea,l(_ll Tza) ’

||K2,1(Au0)|| <

||K2,2(Au0)|| <
[z -so| = cs. o - < cs, =12,
which complete the proof. O

E. Proof of Lemma 4.5

Subtracting Egs. (C.1) from Egs. (A.1),

fo—f= —u( ((eg,)*+(e3 P +(e3 J+u)ed +ey ef ey Vg1 i+ul((eg,)*+(e3 VP +(eq ) +udey +ef ef ef )ga,
i ' (e €5 —eF e )2 +iulley )2 +(e5 )2 +(eg )P +(eg )2 +m))leg 3 —ei e,) ’

_ ((e;,i)2+(e§,i)2+(eii)2+“)e§,i+e%,ieiie;,i)gis,i+“(((e;,i)2+(e§,i)2+(e%,i)2+“)e;,i+e%,ieiie§,i)g§,i

5 _ ¢6
fwi =i (el 2 e e P hl(eh (e o+ el P+ P el 2 el e, ’

hence

—p (((e3 )7 +(e3 > +(e} > +u)e] +ey ef e )&l —g1.)

1 o —
Ui =) = Ui =) = G = e el e el P& P el =2 L)

pl((ez ) +(e3 )P +(e V2 +mdey +ei €2 3 )(g2 —82,)
((e%,ieg,i_e%,ieé,i)2+I"L((eé,i)2+(e§,i)2+(e%,i)2+(eii)2+“))(e%,ieg,i_e%,ieé,i) ’

+
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SO
K (F2 =)= (fu— )
1,1 u u
_ °Z°: —u( ((eé1)2+(e§l)2+(ef1)2+u)e§l+e}lefl ;l)(gfl—gu) el o (x)
= T 2 71 :Pi
i-1 ((el,ieZ,i_el i€, 1)2"'“((62 1)2"'(62 1)2"'(61 1)2+(61 1)2"'“))(61 xez €1 e,) Lirt
+ pl((ez *+(e3 )P +(el J+udey +el €2 €2 )(gd —2a:) ()
((el 1321_61 1321)2"'“((32 )2+(321)2+(61 1)2+(61 1)2"'“))(61 1621_81 1321) 1 it
< < €50 (g11 811) < et ey (88 —g1) < eye1,(85,—82,) < €2 e2 (85 —ga)
- Zele —e? el Zele2 —e? el Zele e2 el Z 126261
i=1 1,072, 1,i 72,0 i=1 1,i 2,0 1,072, i=1 1,i%2,i 1,i 2,0 i=1 1,i72,0 1,i 2,0
2 1 2 1 11 2 2
. .. es. ey . es.e e>.e;. es .e> . .
It is easy to prove the limits of — 221_;21 -, 621‘ 2‘ -, = 622‘ ;2‘ +, = 2 exist, SO
1121 1,i 72,0 1,i 72,0 1,i72,i 1,i72,i 1121

€1,i%,i 71,2,
there exists some nonnegative constant Cg such that ||K1’1((fpfS —f9 )—(fu— I < Cgb. As

1K1 Fu= I < Ky 1 (2 = FOMHIK 1 () =)= Fu=F DI, we get Ky 1 (f,—f)Il < Cob

Similarly we can prove that

HK2,1(U2—UO)H <Cob, |[Kio(fu—f)|| <Cuid,

’Kz,z(uz —UO)H <C2d,

oo 152 2 )2 2 32 2 1,2 1
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1
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1
2\ 7
Z 129 M(((621)2+(621)2+(611)2+‘u)e2l+ellell 21)g21 2
((61 i°2, i 1 i 2 1)2+'u((32 1)2+(62 1)2+(61 1)2+(el 1)2+,u))(61 12,0 eiie;,i)
1 1
oo 2 2
20 32 &1,i 2 20 62 &1, 2
<| EW ) o ()
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1 1
o 2 2
20 62 82,i 2 20 32 g21 2
+ ZA’ (eele )) + ZA ((el : )) 5
i=1 1,i72,i 1121 i=1 1,i21 121
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Z 129( ‘u(((e% l)2+(e% l)2+(e; 1)2+H)6% l+e% 165 leg l)g2 i
((el 162 1_61 i2, 1)2+‘u((62 1)2+(62 1)2+(el 1)2+(el 1)2+‘u))(el 162 l_e

1 1
(Z M ta Sty )2) (Z el G ciaty 2))2)

1
9 2
121)) )

i=1 i 2,i 71, i=1 1,i72,i
1 1
260 €182, 2 : 26 et gz 2\’
1,i04,1 1 i i
+ Z A’i ((el 62 _eZ el ) + Z A’ ( e e e )) .
i=1 1,i 72,0 1,072, i=1 1,072, 1,i 2 i
We can now easily obtain the limiting relationships
an etk
T 2 2 1 T 2 2
lim €Lk, Tk 2k | I(1—a)(T;T5)" lim €Lk ek | Ir'(1—a)(T,T5)*
k—+00 Ak Ty —TP k—+00 Ak TS—T¢ 7
e;,k e%,k
1 .2 1 a 1 2 1 a
lim €182k 1k 2k Tz lim €1k K 2k T1
 pa__a’ T a_pa’
k—+00 A‘k T2 Tl k—+00 A’k TZ Tl

and there are some nonnegative constants C;3 andCy4 such that

Vo= Flleoe <

0
u, —u

(||g1||(D(L))9+1 +lIg2llipyen) < CisE,

oLy < 7 2 (gxllw@ypen + lg2llipyp) < C1aE -

From Theorem 3.2, there exists some nonnegative constant C such that ||f, — f|| < Cé eiﬂ,
||u2 -0 < C69i+1, so Lemma 4.5 holds. O
E Proof of Theorem 4.2

Firstly, one can find
0159 + K 3% = g1+ 1K a2) + Ko pu2) — 2|

B i —u((ef )2 + (e, ) + 1)gy  + (el eq | +e5 5,085,
= ((eg 3 —ef ces 2 +ulleg )2+ (ef )2 + plleg ) + (€3 )2 + )

or(x)

i 'u(e%ie%i+eéie§i)gfi_!1((e%i)2+(eéi)2+'u)g26i ()
Prlx
k= 1(61121 1121)2+‘u((621)2+(621)2+(611)2+(e )2)+ 2

< i _P‘((eLk)Z + (ez,k)2 + ‘u)(gl,k — &) i(x)
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i “(Eikeik + e;,keg,k)(gg,k —824)
= (g i3 — el xes  )? +ulleg )2+ (eF )2 + ul(ey )2 + (€52 + 1))

or(x)
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> _‘U’((eik)z + (eik)z + .u')gl,k + ‘u’(eikei,k + e;’keik)gZ,k
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k=1 \\€1 1 €a T € ko) T M k k pite,; « 2k T
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where D(k) = TGy E(k) = TGy’ F(k) = 3240 . For constantp >0, u >0, >0
ands > A; >0, we claun
- Lep
F(s) = us P Cu—=z, 0<p<1,
B+us ™ | cu, p>1,
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hence invoking the Morozov discrepancy principle (4.4) we have

>{6185%, 0<6<1,
U

C196 , 6=>1.

From (C.5) and (4.7), we get

7o < [£2e) = futo| + | fu0r -5 0
1

5T +C6T, 0<BO<1,
com<{ Vs

VAST

5
<=+ \
vz Vs +CsT, 0>1.

By a similar argument, we have

ug"s(x) — uo(x)H <

ug"s(x) - ug(x)H +

ul ()~ ()|

1
5T +C5T,  0<O<1,
<0 2 Cig
<—+Co 1 < 1 o
7z Vs+csm,  o>1,
v Ci
completing the proof. O
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