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Abstract. The inverse problem of identifying the time-independent source term and

initial value simultaneously for a time-fractional diffusion equation is investigated. This

inverse problem is reformulated into an operator equation based on the Fourier method.

Under a certain smoothness assumption, conditional stability is established. A standard

Tikhonov regularisation method is proposed to solve the inverse problem. Furthermore,

the convergence rate is given for an a priori and a posteriori regularisation parameter

choice rule, respectively. Several numerical examples, including one-dimensional and

two-dimensional cases, show the efficiency of our proposed method.
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1. Introduction

Let Ω denote an open bounded domain in Rd (d = 1,2,3) with sufficiently smooth

boundary ∂Ω, and let us consider the following time-fractional diffusion equation with

homogeneous Dirichlet boundary condition:









∂ αu(x , t)

∂ tα
+ Lu(x , t) = f (x) , (x , t) ∈ Ω× (0, T ) ,

u(x , t) |∂Ω = 0 , (x , t) ∈ ∂Ω× (0, T ] ,

u(x , 0) = u0(x) , x ∈ Ω ,

(1.1)
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where α ∈ (0,1) and L is a symmetric strongly elliptic operator given by

L(u) = −
d
∑

i=1

∂

∂ x i

 

d
∑

j=1

θi, j

∂

∂ x j

u(x)

!

+ c(x)u(x) .

Assume that

θi, j ∈ C1(Ω), θi, j = θ j,i, c(x) ∈ C(Ω), c(x) ≥ 0,∀x ∈ Ω ,

and there exists a constant v > 0 such that v
∑d

i ξ
2
i
≤∑d

i, j=1 θi, j(x)ξiξ j ∀x ∈ Ω , ξ ∈ Rd .

The fractional derivative ∂ αu(x , t)/∂ tα is the Caputo fractional derivative defined by

∂ αu(x , t)

∂ tα
=

1

Γ (1−α)

∫ t

0

(t −η)−α ∂ u

∂ η
dη, 0< α < 1 , (1.2)

where Γ (1−α) is the Gamma function.

The time-fractional diffusion equation (1.1) has received much attention recently, due

to many applications in various areas of engineering. The mathematical theory and the

associated numerical method for the anomalous diffusion equation have often been dis-

cussed — e.g. see [1, 5, 9, 10, 13–15] and references therein. The inverse problem for the

time-fractional diffusion equation has also been studied extensively. For example, the back-

ward problem was explored by the quasi-reversibility method, the optimisation method,

the data regularisation method, and the spectral truncation method [11,17,18,22,28]. In

Refs. [26, 29], the eigenfunction expansion and integral equation methods were applied

to recover the space-dependent or time-dependent source term, respectively. The inverse

boundary problem, inverse potential problem, inverse coefficient problem and the order

identification problem have all been investigated [6,8,12,27].

Here we consider the reconstruction of the source term f (x) and initial condition

u(x , 0) = u0(x) from the noisy measurement gδ
i
≈ u(x , Ti), i = 1,2 with 0 < T1 < T2

and the noise level such that





u(x , T1)− gδ
1





 ≤ δ ,




u(x , T2)− gδ
2





≤ δ . (1.3)

When α = 1, this is the simultaneous identification problem for the diffusion equation,

which has been studied using various approaches [7,24,25,30].

Some work has been done on the convergence analysis for Tikhonov regularisation

of the backward problem or the source inverse problem. For example, in Ref. [20] the

Tikhonov regularisation method was provided to solve a backward problem for a time-

fractional diffusion equation, and the respective convergence rates were obtained for an

a priori or an a posteriori regularisation parameter choice rule. A space-dependent source

identification problem and corresponding convergence estimates for the Tikhonov regu-

larisation method have been considered [21]. However, to the best of our knowledge the

problem of simultaneously identifying the initial data and the source term for the time-

fractional diffusion equation has not been solved previously.

Some preliminary results are given in Section 2. In Section 3, the ill-posedness of the

inverse problem and a conditional stability result are provided. In Section 4, the Tikhonov
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regularisation method is applied and convergence rates under both a priori and a posterior

parameter choice rules are given. Numerical methods, and several numerical examples to

validate our approach, are presented In Section 5. Our brief conclusion is in Section 6,

and some Lemmas and Theorems are proven in the appendices. Throughout, C denotes

a generic constant, which may differ from place to place but is always independent of the

noise level δ.

2. Preliminaries

Given arbitrary constants a > 0 and b ∈ R, the Mittag-Leffler function is defined by

Ea,b(z) =

∞
∑

k=0

zk

Γ (ak + b)
, z ∈ C ,

and has properties as follows [14].

Lemma 2.1. (a) For 0< α < 1 and η > 0 ,

0≤ Eα,1(−η) < 1 ,
dα

dηα
Eα,1(−ληα) = −λEα,1(−ληα) .

Moreover, Eα,1(−η) is fully monotonic — i.e. (−1)ndnEα,1(−η)/dηn ≥ 0. When η → +∞,

Eα,1(−η) satisfies the following approximation relation:

Eα,1(−η) =
1

ηΓ (1−α) + O
�|η|−2

�

.

(b) For λ > 0, α > 0 and positive integer m ∈ N ,

dm

dtm
Eα,1(−λtα) = −λtα−1Eα,α−m+1(−λtα) , t > 0 .

(c) Assume that 0< α0 < α1 < 1. Then there are constants c, C > 0, which are only relative

to α0 and α1, such that

c

Γ (1−α)
1

1− t
≤ Eα,1(t) ≤

C

Γ (1−α)
1

1− t
∀t ≤ 0 ,

uniformly for all α ∈ [α0,α1].

By superposition, the solution u(x , t) satisfying the problem (1.1) can be decomposed

into the components u1(x , t) and u2(x , t) that satisfy two subproblems — i.e.









∂ αu1(x , t)

∂ tα
+ Lu1(x , t) = f (x) , (x , t) ∈ Ω× (0, T ) ,

u1(x , t) |∂Ω = 0 , (x , t) ∈ ∂Ω× (0, T ] ,

u1(x , t) |t=0 = 0 , x ∈ Ω ,

(2.1)
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







∂ αu2(x , t)

∂ tα
+ Lu2(x , t) = 0 , (x , t) ∈ Ω× (0, T ) ,

u2(x , t) |∂Ω = 0 , (x , t) ∈ ∂Ω× (0, T ] ,

u2(x , t) |t=0 = u0(x) , x ∈ Ω ,

(2.2)

such that

u(x , t) = u1(x , t) + u2(x , t) . (2.3)

Since L is a symmetric strongly elliptic operator, if λk ∈ R and ϕk(x) ∈ H2(Ω) ∩ H1
0(Ω)

denote its eigenvalues and corresponding orthonormal eigenfunctions we have

0< λ1 ≤ λ2 ≤ · · · ≤ λk ≤ · · · , lim
k→∞

λk = +∞ . (2.4)

Applying separation of variables and Lemma 2.1 then yields the formal solutions of (2.1)

and (2.2) — viz.

u1(x , t) =

+∞
∑

k=1

fk

1− Eα,1(−λk tα)

λk

ϕk(x) , (2.5)

u2(x , t) =

+∞
∑

k=1

Eα,1(−λk tα)u0
k
ϕk(x) , (2.6)

where fk = 〈 f (x),ϕk(x)〉, u0
k
= 〈u0,ϕk(x)〉, k = 1,2, · · · , and 〈·, ·〉 is the inner product in

L2(Ω). For any given source term f (x) and initial function u0(x), in solving problem (1.1)

we can formally define two linear operators:

K1 : ( f ,u0) 7→ u(x , T1) , (2.7)

K2 : ( f ,u0) 7→ u(x , T2) . (2.8)

Similarly, we can define four linear operators for the problems (2.1) and (2.2), respectively

— viz.

K1,i : f 7→ u1(x , Ti) , i = 1,2 , (2.9)

K2,i : u0 7→ u2(x , Ti) , i = 1,2 . (2.10)

From the solution expressions (2.5) and (2.6), we obtain the equations

�

K1,i( f )
�

(x) =

+∞
∑

k=1

fk

1− Eα,1(−λkTα
i
)

λk

ϕk(x) , i = 1,2 , (2.11)

�

K2,i(u
0)
�

(x) =

∞
∑

k=1

Eα,1(−λkTαi )u
0
k
ϕk(x) , i = 1,2 ; (2.12)

and to identify u0(x) and f (x) simultaneously we then have operator equations

�

K1( f ,u0)
�

(x) =
�

K1,1( f )
�

(x) +
�

K2,1(u
0)
�

(x) = g1(x) , (2.13)
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�

K2( f ,u0)
�

(x) =
�

K1,2( f )
�

(x) +
�

K2,2(u
0)
�

(x) = g2(x) , (2.14)

which can be written in the matrix form

B

�

f

u0

�

=

�

g1

g2

�

, where B =

�

K1,1 K2,1

K1,2 K2,2

�

. (2.15)

3. Ill-Posedness and Conditional Stability for the Simultaneous Problem

We define the Hilbert space

D
�

(L)θ
�

=

¨

χ ∈ L2(Ω) : (

∞
∑

k=1

λ2θ
k
|〈χ,ϕk〉|2)

1
2 <∞

«

, (3.1)

where

‖χ‖D((L)θ ) = (
∞
∑

k=1

λ2θ
k
|〈χ,ϕk〉|2)

1
2 . (3.2)

Theorem 3.1. Suppose f (x) and u0(x) ∈ (D(L)θ ) with nonnegative θ satisfy the a priori

condition

max
¦

‖ f (x)‖D((L)θ),‖u0(x)‖D((L)θ)
©

≤ E . (3.3)

Then u(·, t) ∈ D
�

(L)θ+1
�

, and ‖u(·, t)‖D((L)θ+1) ≤ (1+ C/tα)E for any t > 0.

Proof. From Eq. (2.3), the solution to the problem (1.1) can be expressed as

u(x , t) =

∞
∑

k=1

�

u0
k
Eα,1(−λk tα) + fk

1− Eα,1(−λk tα)

λk

�

ϕk(x) .

From Lemma 2.1,

‖u(·, t)‖D((L)θ+1) =

�∞
∑

k=1

λ2θ+2
k

�

u0
k
Eα,1(−λk tα) + fk

1− Eα,1(−λk tα)

λk

�2
� 1

2

≤
�∞
∑

k=1

λ2θ+2
k
(u0

k
Eα,1(−λk tα))2

� 1
2

+

�∞
∑

k=1

λ2θ+2
k
( fk

1− Eα,1(−λk tα)

λk

)2

� 1
2

≤
�∞
∑

k=1

λ2θ
k
(u0

k
)2λ2

k
(

C

λk tα
)2

� 1
2

+

�∞
∑

k=1

λ2θ
k
( fk)

2λ2
k

1

(λk)
2

� 1
2

≤ C

tα
‖u0‖D((L)θ ) + ‖ f ‖D((L)θ ) ,

which completes the proof.

From Theorem 3.1, we obtain u(x , T1), u(x , T2) ∈ D((L)1)(Ω) if f , u0 ∈ L2(Ω).

Since D((L)1) is compactly imbedded into L2(Ω), the operator B : (L2(Ω))2 → (L2(Ω))2 is
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compact. The problem of simultaneously determining the initial data and the source term

is therefore ill-posed.

Next, we consider a conditional stability for the simultaneous reconstruction problem.

Theorem 3.2. Denote by gi = u(·, Ti) for i = 1,2. If f , u0 ∈ D((L)θ ) satisfy the a priori

bound condition (3.3) for some positive θ , then

‖ f ‖ ≤ C E
1
θ+1

�

‖g1‖+
�T2

T1

�α‖g2‖
� θ
θ+1

, ‖u0‖ ≤ C E
1
θ+1

�

1

1− Eα,1(−λ1Tα
1
)
‖g1‖+ ‖g2‖

� θ
θ+1

.

A proof is given in Appendix A.

Remark 3.1. The conditional stability result in Theorem 3.2 partly implies the uniqueness

of the simultaneous identification problem if f , u0 ∈ D((L)θ ) for some positive θ .

A more complete uniqueness result under the weaker assumption f , u0 ∈ L2(Ω) can also be

obtained via (A.1) in Appendix A. Let gi(x) = 0 for i = 1,2, then gi,k = 〈gi(x),φk(x)〉= 0.

Since the denominator e1
1,k

e2
2,k
− e1

2,k
e2

1,k
6= 0 from (A.2), we conclude fk = u0,k = 0 and

obtain the uniqueness of the inverse problem.

4. Tikhonov Regularisation and Convergence Analysis

From Theorem 3.1, we know that the simultaneous identification problem is ill-posed

due to compactness of the operator B, so regularisation is necessary to recover the source

f (x) and initial value u0(x). We adopt the standard Tikhonov regularisation method to

solve the ill-posed problem, which minimises the functional J( f ,u0)— i.e.

min J( f ,u0) =
1

2












B

�

f

u0

�

−
�

gδ
1

gδ2

�











2

+
1

2













� p
µ 0

0
p
γ

��

f

u0

�











2

, (4.1)

where µ, γ > 0 are the regularisation parameters. From Theorem 2.12 in Ref. [2], there

are unique minimisers:
�

f δµ,γ

u0,δ
µ,γ

�

=

�

B∗B +
�

µI 0

0 γI

��−1

· B∗
�

gδ
1

gδ2

�

, (4.2)

where B∗ is the adjoint of the operator B. (We will omit the superscript δ if there is no

noise.) The two regularisation parameters µ and γ can be chosen independently, but to

simplify the analysis here we set µ = γ and write ( f δµ ,u0,δ
µ ) := ( f δµ,γ,u

0,δ
µ,γ) or ( fµ,u0

µ) for the

noise-free case.

4.1. Convergence rate for an a priori parameter choice rule

We write

e
j

1,k
=

1

λk

(1− Eα,1(−λkTαj )) and e
j

2,k
= Eα,1(−λkTαj ) , j = 1,2, k = 1, · · · ,∞ , (4.3)

to address the following technique lemma.
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Lemma 4.1. Let ω1(k) =
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

e1
1,k

e1
2,k
+e2

1,k
e2

2,k

, ω2(k) =
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

(e2
1,k
)2+(e2

2,k
)2

, ω3(k) =
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

(e1
1,k
)2+(e2

1,k
)2

.

Then

lim
k→+∞

λ2
k
ω1(k) =

(Tα1 − Tα2 )
2

Γ (1−α)Tα
1

Tα
2
(Tα

1
+ Tα

2
)

,

lim
k→+∞

λ2
k
ω2(k) =

T 2α
2

1+ Γ 2(1−α)T 2α
2

�

1

Tα
2

− 1

Tα
1

�2

,

lim
k→+∞

λ2
k
ω3(k) =

1

Γ 2(1−α)

�

1

Tα
2

− 1

Tα
1

�2

.

A proof is given Appendix B.

The convergence rate by an a priori parameter selection rule is then as follows.

Theorem 4.1. Suppose the smoothness assumption (3.3) holds.

(a) If 0< θ < 2 , one can choose γ= µ = (δ/E)
2
θ+1 such that








u0,δ
µ (x)− u0(x)








+








 f δµ (x)− f (x)








≤ C E
1

1+θ δ
θ

1+θ .

(b) If θ ≥ 2 , one can choose γ= µ = (δ/E)
2
3 such that








u0,δ
µ (x)− u0(x)








+








 f δµ (x)− f (x)








≤ C E
1
3δ

2
3 .

A proof is given Appendix C.

4.2. Convergence rate by an a posteriori parameter choice rule

We now provide the convergence rate for an a posterior regularisation parameter choice

strategy, based on the following Morozov discrepancy principle:

τ1δ ≤







(K1( f
δ
µ ,u0,δ

µ ))(x)− gδ1 (x)








+








(K2( f
δ
µ ,u0,δ

µ ))(x)− gδ2 (x)








≤ τ2δ , (4.4)

where τi, i = 1,2 are two given constants specified later. First, we consider the existence

of the parameter that satisfies inequality (4.4) if ‖gδ1 (x)‖+ ‖gδ2 (x)‖> τ2δ > 0 .

Lemma 4.2. If ρ(µ) = ‖K1( f
δ
µ ,u0,δ

µ )(x)− gδ1 (x)‖+‖K2( f
δ
µ ,u0,δ

µ )(x)− gδ2 (x)‖, then ρ(µ) is

a continuous function such that limµ→0ρ(µ) = 0, limµ→+∞ρ(µ) = ‖gδ1 (x)‖+ ‖gδ2 (x)‖ .
Proof. By computation and the expressions (C.2), we can reformulate ρ(µ) as

ρ(µ) =

 ∞
∑

k=1

�

(−µ(e2
2,k
)2 +µ(e2

1,k
)2 +µ2)gδ

1,k
+ (µe2

1,k
e1

1,k
+ µe1

2,k
e2

2,k
)gδ

2,k

(e1
1,k

e2
2,k
− e2

1,k
e1

2,k
)2 +µ((e1

2,k
)2 + (e2

2,k
)2) +µ((e1

1,k
)2 + (e2

1,k
)2) +µ2

�2!
1
2
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+

 ∞
∑

i=1

�

µ(e1
1,i

e2
1,i
+ e1

2,i
e2

2,i
)gδ

1,i
−µ((e1

1,i
)2 + (e1

2,i
)2 +µ)gδ

2,i

(e1
1,i

e2
2,i
− e2

1,i
e1

2,i
)2 +µ((e1

2,i
)2 + (e2

2,i
)2 + (e1

1,i
)2 + (e2

1,i
)2) +µ2

�2!
1
2

,

(4.5)

whence the desired result.

We next provide some technique Lemmas.

Lemma 4.3. If F(t) =
Eα,1(−Tα1 t)

Eα,1(−Tα2 t)
, t > 0, then F(t) is a nondecreasing function for any t > 0.

Proof. Taking the derivative of F(t), we obrain

F ′(t) =
Tα2 E′α,1(−Tα2 t)Eα,1(−Tα1 t)− Tα1 E′α,1(−Tα1 t)Eα,1(−Tα2 t)

E2
α,1
(−Tα

2
t)

.

From Lemma 2.1, E′α,1(−Tα2 t) > E′α,1(−Tα1 t), which implies F ′(t) ≥ 0 .

We introduce a pair of auxiliary variables ( f δ,u0,δ), corresponding to the regularisation

parameters µ = γ= 0 — viz.









f δ =
∞
∑

k=1

f δ
k
ϕk(x) ,

u0,δ =
∞
∑

k=1

u
0,δ
k
ϕk(x) ,

(4.6)

where

f δ
k
=

gδ
1,k

e2
2,k
− gδ

2,k
e1

2,k

e1
1,k

e2
2,k
− e2

1,k
e1

2,k

, k = 1, · · · ,∞ ,

uδ0,k =
gδ

2,k
e1

1,k
− gδ

1,k
e2

1,k

e1
1,k

e2
2,k
− e2

1,k
e1

2,k

, k = 1, · · · ,∞ ,

and e1
1,k

, e2
1,k

, e1
2,k

, e2
2,k

are defined by expression (4.3). It is notable that the terms ( f δ,u0,δ)

are not in L2 space, and the summation of (4.6) is to be understood in the distribution sense.

Moreover,

K1, j f δ =

∞
∑

k=1

f δ
k

K1, jϕk(x) , K2, ju
0,δ =

∞
∑

k=1

u
0,δ

k
K2, jϕk(x) ,

which are both in L2(Ω) (as proven in Appendix D). For convenience, we introduce the

notation ∆ f = f δ − f , ∆u0 = u0,δ − u0 , ∆g1 = gδ1 − g1 , ∆g2 = gδ2 − g2 in the following

result.

Lemma 4.4. If ‖gδ1 − g1‖ ≤ δ, ‖gδ2 − g2‖ ≤ δ, we have the inequality








(K1, j∆ f )(x)










L2(Ω)
≤ Cδ,








(K2, j∆u0)(x)










L2(Ω)
≤ Cδ , j = 1,2 .
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If the inequalities (4.4) are satisfied, then








K1, j( f
δ
µ − f δ)








 ≤ Cδ ,








K2, j(u
0,δ
µ − u0,δ)








 ≤ Cδ , j = 1,2 .

A proof is given in Appendix D.

Lemma 4.5. Suppose inequality (3.3) holds for some positive θ , and µ satisfies the Morozov

discrepancy principle (4.4). Then

(a) ‖K1, j( fµ − f )‖ ≤ Cδ,‖K2, j(u
0
µ − u0)‖ ≤ Cδ , j = 1,2 ;

(b) u0
µ − u0, fµ − f ∈ D((L)θ ) , ‖ fµ − f ‖D((L)θ ) ≤ C E, ‖u0

µ − u0‖D((L)θ ) ≤ C E,








 fµ − f










L2(Ω)
≤ Cδ

θ
θ+1 ,








u0
µ − u0










L2(Ω)
≤ Cδ

θ
θ+1 . (4.7)

A proof is given in Appendix E.

We now consider the convergence rate for our a posteriori parameter selection rule.

Theorem 4.2. Suppose inequality (3.3) holds for some positive θ , and µ satisfies the Morozov

discrepancy principle (4.4) for some τi > 3, i = 1,2 and ‖gδ1 (x)‖+ ‖gδ2 (x)‖> τ2δ > 0.

(a) If 0< θ < 1, then








u0,δ
µ (x)− u0(x)








+








 f δµ (x)− f (x)








≤ Cδ
θ

1+θ .

(b) If θ ≥ 1, then







u0,δ
µ (x)− u0(x)








+








 f δµ (x)− f (x)








≤ C
p

δ .

A proof is given in Appendix F.

5. Numerical Calculations

5.1. Discretisation method

We use a standard finite element discretisation for the spatial variable and a finite dif-

ference discretisation for the time-fractional derivative. Thus let the time interval [0, T2]

be partitioned into N2 equal subintervals with nodes 0 = t0 < t1 < · · · < tN2−1 < tN2
= T2 ,

where tk = kτ, tN1
= T1, τ = T2/N2. Then the time-fractional derivative ∂ αu(x , t)/∂ tα at

tk is approximated by

∂ αu(x , t)

∂ tα

�

�

t=tk
=

1

Γ (1−α)

∫ tk

0

(tk −η)−α
∂ u(x ,η)

∂ η
dη

=
1

Γ (1−α)
k
∑

l=1

∫ tl

tl−1

(tk −η)−α
∂ u(x ,η)

∂ η
dη
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≈ τ−α

Γ (2−α)
k
∑

l=1

(u(x , t l)− u(x , t l−1))
�

(k + 1− l)1−α − (k − l)1−α
�

=
τ−α

Γ (2−α)
k
∑

l=1

ωl (u(x , tk+1−l)− u(x , tk−l)) ,

where ωl = l1−α − (l − 1)1−α , l = 1,2, · · · , k and k = 1,2, · · · , N2 , so the discrete time-

fractional difference form is

Du
α,k

h,t
=

τ−α

Γ (2−α)
k
∑

l=1

ωl

�

uk+1−l
h
− uk−l

h

�

.

The spatial discretisation chosen is a continuous piecewise linear finite element space Vh

over a quasi-uniform triangulation Th — viz.

Vh =
�

v : v ∈ C0(Ω), v
�

�

∆h
∈ P1(∆h), ∀∆h ∈ Th

	

,

with a standard basis {ψi}N0

0
. On defining a bilinear form

a(u,χ) =

∫

Ω

 

d
∑

i, j=1

ai, j

∂ u(x)

∂ x i

·χx j
+ c(x)u ·χ

!

dx ,

the full discrete scheme is thus

〈Du
α,k

h,t
,ψ〉+ a(uk

h,ψ) = 〈 fh,ψ〉, u0
h
= u0(x) (5.1)

for any ψ ∈ Vh. Eq. (5.1) defines the discrete linear operators Ki,h : ( f ,u0) 7→ uNi , i = 1,2 ;

and for the system of equations (5.1) we have the discrete optimisation problem

min
fh,u0

h
∈Vh

J( fh,u0
h
)

=
1

2

∫

Ω

�
N0∑

i=0

( fiu
N1

1,h,i
+ u0

i
u

N1

2,h,i
)− g1,h

�2

dx +
1

2

∫

Ω

�
N0∑

i=0

( fiu
N2

1,h,i
+ u0

i
u

N2

2,h,i
)− g2,h

�2

dx

+
µ

2

∫

Ω

� N0∑

i=0

fiψi(x)

�2

dx +
γ

2

∫

Ω

� N0∑

i=0

u0
iψi(x)

�2

dx , (5.2)

where uk
1,h,i

, k = 1,2, · · · , N2 is the solution of

〈Du
α,k

1,h,t
,ψ j〉+ a(uk

1,h,i
,ψ j) = 〈ψi ,ψ j〉 ∀ j , u0

1,h,i
= 0 ,

and uk
2,h,i

, k = 1,2, · · · , N2 the solution of

〈Du
α,k

2,h,t
,ψ j〉+ a(uk

2,h,i
,ψ j) = 0 ∀ j , u0

2,h,i
=ψi .
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The solution of discrete optimisation problem Φ = [ f0, · · · , fN0
,u0

0
, · · · ,u0

N0
]T thus satisfies

the linear algebraic system

AΦ= F , (5.3)

with A= [A11 A12; A21, A22] and F = [F1; F2] where

A11 =

�∫

Ω

�

u
N1

1,h,i
(x)u

N1

1,h, j
(x) + u

N2

1,h,i
(x)u

N2

1,h, j
(x) +µψiψ j

�

d x

�

(N0+1)×(N0+1)

,

A12 =

�∫

Ω

�

u
N1

1,h,i
(x)u

N1

2,h, j
(x) + u

N2

1,h,i
(x)u

N2

2,h, j
(x)
�

d x

�

(N0+1)×(N0+1)

,

A21 =

�∫

Ω

�

u
N1

2,h,i
(x)u

N1

1,h, j
(x) + u

N2

2,h,i
(x)u

N2

1,h, j
(x)
�

d x

�

(N0+1)×(N0+1)

,

A22 =

�∫

Ω

�

u
N1

2,h,i
(x)u

N1

2,h, j
(x) + u

N2

2,h,i
(x)u

N2

2,h, j
(x) + γψiψ j

�

d x

�

(N0+1)×(N0+1)

,

F1 =

�∫

Ω

g1,h(x)u
N1

1,h,i
(x) + g2,h(x)u

N2

1,h,i
(x)dx

�

(N0+1)×1

,

F2 =

�∫

Ω

g1,h(x)u
N1

2,h,i
(x) + g2,h(x)u

N2

2,h,i
(x)dx

�

(N0+1)×1

.

From the solution Φ∗ = [ f ∗0 , f ∗1 , · · · , f ∗N0
,u

0,∗
0

, u
0,∗
1

, · · · ,u0,∗
N0
]T of Eq. (5.3), we then obtain

the approximate solutions

fh =

N0∑

i=0

f ∗i ψi(x) and u0
h
=

N0∑

i=0

u
0,∗
i
ψi(x) . (5.4)

5.2. Numerical examples

We present five numerical examples to illustrate the efficiency of the proposed method.

The first two are for one-dimensional problem. Let Ω = [0,1] be divided into 100 equal

subintervals, such that τ = 1/100 and Lu(x , t) = −d/dx(a(x)du/dx) + c(x)u. The last

three examples are two-dimensional problems, where Ω = [0,1] × [0,1] is partitioned

into 1024 triangular elements, τ is 1/80 and Lu(x , t) = −∇(a(x , y)∇u) + c(x , y)u. The

observation times are chosen to be T1 = 1/2 and T2 = 1. The noisy data are defined

by gδ
i
(x j) = u

Ni

h
(x j) ∗ (1 + δξ), i = 1,2 , where δ is the noise level and ξ is a uniform

distributed random variable on [−1,1]. In order to obtain good regularisation solutions,

some proper regularisation parameters are necessary [23]. In our computation, we first

fix the ratio of the two regularisation parameters µ and γ, and the discrepancy principle

is then applied via a decreasing geometric sequence, in order to choose the regularisation

parameters [3,4,19].
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Figure 1: Numeri
al solution for Example 5.1.
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(b) inversion of f (x)

Figure 2: Numeri
al solution for Example 5.2.

Example 5.1. Consider α = 0.9, a(x) = 1 and c(x) = 0. Let the exact source term and

initial value for the problem (1.1) be 16x(1 − x) and sin(πx), respectively. Numerical

results for the relative noise levels 1%,2%,5% are shown in Fig. 1.

Example 5.2. For problem (1.1), consider the respective exact source term and initial value

f † =

�

x , x ∈ [0, 1
2)

(1− x), x ∈ [1
2 , 1],

u0,† = 2x(1− x).

For a(x) = 1, c(x) = 0 and α= 0.9, the results for the relative noise levels 1%, 2% and 5%

are shown in Fig. 2.

Example 5.3. Consider the exact source term and initial data e2−x−y sin(πx) sin(πy) and

x y(1− x)(1− y)e4−x−y , respectively. For α= 0.8, a(x , y) = 1 and c(x , y) = 0, the results

are shown in Figs. 3 and 4 for the relative noise levels 1%, 2% and 5%.

Example 5.4. Consider the exact source term and initial value 16x y(1 − x)(1 − y) and

sin(πx) sin(πy), respectively. For α = 0.8, a(x , y) = 0.01(x + y) and c(x , y) = 0.001, the

results are shown in Figs. 5 and 6 for the relative noise levels 1%, 2% and 5%.
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Figure 3: Numeri
al results for the sour
e term in Example 5.3.
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Figure 4: Numeri
al results for the initial data in Example 5.3.
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Figure 5: Numeri
al results for the sour
e term in Example 5.4.
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Figure 6: Numeri
al results for the initial data in Example 5.4.
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Figure 7: Numeri
al results for the sour
e term in Example 5.5.

Example 5.5. Consider the exact source term and initial value for the problem (1.1):

f † =

�

10
�

1
4 − (x − 1

2 )
2 − (y − 1

2 )
2
�

,
�

x − 1
2)

2 + (y − 1
2

�2 ≤ 1
4 ,

0, else,

u0,† =

�

10 sin
�

1
4 − (x − 1

2)
2 − (y − 1

2)
2
�

,
�

x − 1
2 )

2 + (y − 1
2

�2 ≤ 1
4 ,

0, else.

For α = 0.6, a(x , y) = 1 and c(x , y) = 0, the results are shown in Figs. 7 and 8 for the

relative noise levels 1%, 2% and 5%.

6. Conclusions

The inverse problem investigated in this paper involves simultaneously identifying the

time-independent source function and initial data for a time-fractional diffusion equation.

By Tikhonov regularisation, this inverse problem is transformed into an optimisation prob-

lem. The conditional stability is provided. A priori and a posterior parameter selection rules

and corresponding convergence rates are found, and several numerical examples demon-

strate the efficiency of the proposed algorithm.
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Figure 8: Numeri
al results for the initial data in Example 5.5.
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A. Proof of Theorem 3.2

We have gi,k = (gi(x),ϕk), i = 1,2, k = 1,2, · · · , and t = T1, T2. From the expression

(2.3),

gi(x) =

∞
∑

k=1

Eα,1(−λkTαi )u0,kϕk(x) +

∞
∑

k=1

1

λk

�

1− Eα,1(−λkTαi )
�

fkϕk(x) , i = 1,2 .

By simple calculation,












fk =
g1,ke2

2,k
− g2,ke1

2,k

e1
1,k

e2
2,k
− e2

1,k
e1

2,k

,

u0,k =
g2,ke1

1,k
− g1,ke2

1,k

e1
1,k

e2
2,k
− e2

1,k
e1

2,k

,

(A.1)

where e1
1,k

, e2
1,k

, e1
2,k

, e2
2,k

are defined from expression (4.3). Using the Hölder inequality,

we have

‖ f ‖2 =
∞
∑

k=1

�

g1,ke2
2,k
− g2,ke1

2,k

e1
1,k

e2
2,k
− e2

1,k
e1

2,k

�2

=

∞
∑

k=1

(g1,k − g2,ke1
2,k
/e2

2,k
)

2
θ+1

(e1
1,k
− e2

1,k
e1

2,k
/e2

2,k
)2

�

g1,k − g2,ke1
2,k
/e2

2,k

� 2θ
θ+1
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≤
�∞
∑

k=1

(g1,k − g2,ke1
2,k
/e2

2,k
)2

(e1
1,k
− e2

1,k
e1

2,k
/e2

2,k
)2(θ+1)

�
1
θ+1
�∞
∑

k=1

(g1,k − g2,ke1
2,k
/e2

2,k
)2

� θ
θ+1

=

�∞
∑

k=1

1

(e1
1,k
− e2

1,k
e1

2,k
/e2

2,k
)2θ
( fk)

2

� 1
θ+1
�∞
∑

k=1

(g1,k − g2,ke1
2,k
/e2

2,k)
2

� θ
θ+1

≤
�∞
∑

k=1

1

(e1
1,k
− e2

1,k
e1

2,k
/e2

2,k
)2θ
( fk)

2

� 1
θ+1
�

�
∞
∑

k=1

(g1,k)
2
� 1

2
+
�
∞
∑

k=1

(g2,ke1
2,k
/e2

2,k

�2
)

1
2

� 2θ
θ+1

;

and we also have
�

�

�e1
1,k
− e2

1,k
e1

2,k
/e2

2,k

�

�

� =
1

λk

�

Eα,1(−λkTα1 )

Eα,1(−λkTα
2
)
− 1

�

.

It is not difficult to verify that
Eα,1(−Tα1 t)

Eα,1(−Tα
2

t)
is a nondecreasing function greater than 1 for any

t > 0, hence

�

�

�e1
1,k
− e2

1,k
e1

2,k
/e2

2,k

�

�

� =
1

λk

�

Eα,1(−λkTα1 )

Eα,1(−λkTα
2
)
− 1

�

≥ 1

λk

�

Eα,1(−λ1Tα1 )

Eα,1(−λ1Tα
2
)
− 1

�

. (A.2)

Moreover, e1
2,k
/e2

2,k
=

Eα,1(−Tα1 λk)

Eα,1(−Tα2 λk)
≤ lim

t→∞
Eα,1(−Tα1 t)

Eα,1(−Tα2 t)
= (

T2

T1
)α implies that

‖ f ‖2 ≤
�

‖g1‖+ (
T2

T1

)α‖g2‖
� 2θ
θ+1 1

�
Eα,1(−λ1Tα

1
)

Eα,1(−λ1Tα
2
)
− 1

�
2θ
θ+1

�‖ f ‖(D(L)θ )
� 2
θ+1 .

By the same argument,

‖u0‖2 =
∞
∑

k=1

(
g2,ke1

1,k
− g1,ke2

1,k

e1
1,k

e2
2,k
− e2

1,k
e1

2,k

)2 =

∞
∑

k=1

(g2,k − g1,ke2
1,k
/e1

1,k
)

2
θ+1

(e2
2,k
− e1

2,k
e2

1,k
/e1

1,k
)2
(g2,k − g1,ke2

1,k/e
1
1,k
)

2θ
θ+1

≤
�∞
∑

k=1

(g2,k − g1,ke2
1,k
/e1

1,k
)2

(e2
2,k
− e1

2,k
e2

1,k
/e1

1,k
)2(θ+1)

�
1
θ+1
�∞
∑

k=1

(g2,k − g1,ke2
1,k
/e1

1,k
)2

� θ
θ+1

≤
�∞
∑

k=1

1

(e2
2,k
− e1

2,k
e2

1,k
/e1

1,k
)2θ

� g2,k − g1,ke2
1,k
/e1

1,k

e2
2,k
− e1

2,k
e2

1,k
/e1

1,k

�2

�
1
θ+1

×
�

�
∞
∑

k=1

(g2,k)
2
� 1

2
+
�
∞
∑

k=1

(e2
1,k/e

1
1,k
)2(g1,k)

2
� 1

2

� 2θ
θ+1

≤





�

1
Eα,1(−λ1Tα

1
)

Eα,1(−λ1Tα2 )
− 1

Γ (1−α)Tα
2

c

�θ

‖u0‖(D(L)θ )





2
θ+1
�

‖g2‖+
�

1

1− Eα,1(−λ1Tα
1
)

�

‖g1‖
� 2θ
θ+1

.

This completes the proof.
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B. Proof of Lemma 4.1

e1
1,k

e2
2,k
− e2

1,k
e1

2,k
=

1− Eα,1(−λkTα1 )

λk

Eα,1(−λkTα2 )−
1− Eα,1(−λkTα2 )

λk

Eα,1(−λkTα1 )

=
Eα,1(−λkTα2 )− Eα,1(−λkTα1 )

λk

,

e1
1,k

e1
2,k
+ e2

1,k
e2

2,k
=

1− Eα,1(−λkTα1 )

λk

Eα,1(−λkTα1 ) +
1− Eα,1(−λkTα2 )

λk

Eα,1(−λkTα2 )

=
Eα,1(−λkTα

2
) + Eα,1(−λkTα

1
)− E2

α,1
(−λkTα

2
)− E2

α,1
(−λkTα

1
)

λk

,

(e2
1,k)

2 + (e2
2,k)

2 =

�

1− Eα,1(−λkTα2 )

λk

�2

+
�

Eα,1(−λkTα2 )
�2

,

(e1
1,k
)2 + (e2

1,k
)2 =

�

1− Eα,1(−λkTα1 )

λk

�2

+

�

1− Eα,1(−λkTα
2
)

λk

�2

.

Then we can verify that

lim
k→+∞

λ2
k
ω1(k) = lim

k→+∞
λk(Eα,1(−λkTα2 )− Eα,1(−λkTα1 ))

2

(Eα,1(−λkTα
2
) + Eα,1(−λkTα

1
)− E2

α,1
(−λkTα

2
)− E2

α,1
(−λkTα

1
))

=
(Tα

1
− Tα

2
)2

Γ (1−α)Tα
1

Tα
2
(Tα

1
+ Tα

2
)
,

lim
k→+∞

λ2
kω2(k) = lim

k→+∞
(Eα,1(−λkTα2 )− Eα,1(−λkTα1 ))

2

�
1−Eα,1(−λk Tα2 )

λk

�2

+
�

Eα,1(−λkTα
2
)
�2
=

T 2α
2

1+ Γ 2(1−α)T 2α
2

�

1

Tα
2

− 1

Tα
1

�2

,

and

lim
k→+∞

λ2
k
ω3(k) = lim

k→+∞
(Eα,1(−λkTα2 )− Eα,1(−λkTα1 ))

2

�
1−Eα,1(−λk Tα

1
)

λk

�2

+
�

1−Eα,1(−λk Tα2 )

λk

�2
=

1

Γ 2(1−α)

�

1

Tα
2

− 1

Tα
1

�2

,

which completes the proof.

C. Proof of Theorem 4.1

Taking γ = µ, by singular value decomposition for the compact operator as in [16] we

obtain












fµ,i =
(µe1

1,i
+ (e1

1,i
e2

2,i
− e2

1,i
e1

2,i
)e2

2,i
)g1,i + (µe2

1,i
+ (e2

1,i
e1

2,i
− e1

1,i
e2

2,i
)e1

2,i
)g2,i

(e1
1,i

e2
2,i
− e2

1,i
e1

2,i
)2 + µ((e1

2,i
)2 + (e2

2,i
)2) +µ((e1

1,i
)2 + (e2

1,i
)2) +µ2

,

u0
µ,i =

(µe1
2,i
+ (e2

1,i
e1

2,i
− e2

2,i
e1

1,i
)e2

1,i
)g1,i + (µe2

2,i
+ (e1

1,i
e2

2,i
− e1

2,i
e2

1,i
)e1

1,i
)g2,i

(e1
1,i

e2
2,i
− e2

1,i
e1

2,i
)2 +µ((e1

2,i
)2 + (e2

2,i
)2) +µ((e1

1,i
)2 + (e2

1,i
)2) +µ2

,

(C.1)
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where gl ,i = (gl(x),ϕi(x)), l = 1,2, i = 1, · · · ,+∞. If the observation data has noise, we

have













f δµ,i =
(µe1

1,i
+ (e1

1,i
e2

2,i
− e2

1,i
e1

2,i
)e2

2,i
)gδ

1,i
+ (µe2

1,i
+ (e2

1,i
e1

2,i
− e1

1,i
e2

2,i
)e1

2,i
)gδ

2,i

(e1
1,i

e2
2,i
− e2

1,i
e1

2,i
)2 +µ((e1

2,i
)2 + (e2

2,i
)2) +µ((e1

1,i
)2 + (e2

1,i
)2) +µ2

,

u
0,δ
µ,i
=
(µe1

2,i
+ (e2

1,i
e1

2,i
− e2

2,i
e1

1,i
)e2

1,i
)gδ

1,i
+ (µe2

2,i
+ (e1

1,i
e2

2,i
− e1

2,i
e2

1,i
)e1

1,i
)gδ

2,i

(e1
1,i

e2
2,i
− e2

1,i
e1

2,i
)2 +µ((e1

2,i
)2 + (e2

2,i
)2) +µ((e1

1,i
)2 + (e2

1,i
)2) +µ2

,

(C.2)

where gδ
l ,i
= (gδ

l
(x),ϕi(x)), l = 1,2, i = 1, · · · ,+∞. From the triangle inequality,








 f δµ (x)− f (x)








≤







 f δµ (x)− fµ(x)








+




 fµ(x)− f (x)




 (C.3)

and







u0,δ
µ (x)− u0(x)








≤







u0,δ
µ (x)− u0

µ(x)








+








u0
µ(x)− u0(x)








 . (C.4)

Using Eqs. (C.1) and (C.2), we can estimate the first term of the two inequalities as follows:








 f δµ (x)− fµ(x)








=
















+∞
∑

k=1

( f δµ,k
− fµ,k)ϕk(x)
















≤ δp
µ

, (C.5)








u0,δ
µ (x)− u0

µ(x)








 =
















+∞
∑

k=1

(u
0,δ

µ,k
− u0

µ,k
)ϕk(x)
















≤ δp
µ

.

Next, we estimate the second term of the inequality (C.3). Subtracting (C.1), from (A.1)

we obtain





 fµ(x)− f (x)






=
















+∞
∑

k=1

µ2 fk +µ((e
1
2,k
)2 + (e2

2,k
)2) fk −µ(e1

1,k
e1

2,k
+ e2

1,k
e2

2,k
)u0

k

µ2 +µ((e1
1,k
)2 + (e2

1,k
)2) +µ((e1

2,k
)2 + (e2

2,k
)2) + (e1

1,k
e2

2,k
− e2

1,k
e1

2,k
)2
ϕk(x)
















≤






















+∞
∑

k=1

µ fk

µ+
µ((e1

1,k
)2+(e2

1,k
)2)+(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

µ+(e1
2,k
)2+(e2

2,k
)2






















+






















+∞
∑

k=1

µu0
k

2µ+
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

e1
1,k

e1
2,k
+e2

1,k
e2

2,k

ϕk(x)






















≤






















+∞
∑

k=1

µ fk

µ+
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

(e1
2,k
)2+(e2

2,k
)2






















+

+∞
∑

k=1






















µu0
k

µ+
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

e1
1,k

e1
2,k
+e2

1,k
e2

2,k

ϕk(x)






















.
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From Lemma 4.1, there exist some positive constants C1, C2 satisfying
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

(e1
2,k
)2+(e2

2,k
)2
≥ C1

λ2
k

and
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

e1
1,k

e1
2,k
+e2

1,k
e2

2,k

≥ C2

λ2
k

. Therefore





 fµ(x)− f (x)




≤


















+∞
∑

k=1

µ fk

µ+
C1

λ2
k

ϕk(x)



















+



















+∞
∑

k=1

µu0
k

µ+
C2

λ2
k

ϕk(x)



















≤ sup
k∈N+

(A(k))
















+∞
∑

k=1

fkλ
θ
kϕk(x)
















+ sup
k∈N+

(B(k))
















+∞
∑

k=1

λθk u0
k
ϕk(x)
















,

where

A(k) =
µλ2−θ

k

µλ2
k
+ C1

, B(k) =
µλ2−θ

k

µλ2
k
+ C2

.

Similarly,








u0
µ(x)− u0(x)










=
















+∞
∑

k=1

µ2u0
k
+µ((e1

1,k
)2 + (e2

1,k
)2)u0

k
−µ(e1

1,k
e1

2,k
+ e2

1,k
e2

2,k
) fk

µ2 +µ((e1
1,k
)2 + (e2

1,k
)2) +µ((e1

2,k
)2 + (e2

2,k
)2) + (e1

1,k
e2

2,k
− e2

1,k
e1

2,k
)2
ϕk(x)
















≤






















+∞
∑

k=1

µu0
k

µ+
µ((e1

2,k
)2+(e2

2,k
)2)+(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

µ+(e1
1,k
)2+(e2

1,k
)2

ϕk(x)






















+






















+∞
∑
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µ fk

µ+
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

e1
1,k

e1
2,k
+e2

1,k
e2

2,k

ϕk(x)






















≤






















+∞
∑

k=1

µu0
k

µ+
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

(e1
1,k
)2+(e2

1,k
)2

ϕk(x)






















+






















+∞
∑

k=1

µ fk

µ+
(e1

1,k
e2

2,k
−e2

1,k
e1

2,k
)2

e1
1,k

e1
2,k
+e2

1,k
e2

2,k

ϕk(x)






















≤


















+∞
∑

k=1

µ fk

µ+
C2

λ2
k

ϕk(x)



















+



















+∞
∑

k=1

µu0
k

µ+
C3

λ2
k

ϕk(x)



















≤ sup
k∈N+

(B(k))
















+∞
∑

k=1

fkλ
θ
k
ϕk(x)
















+ sup
k∈N+

(C(k))
















+∞
∑

k=1

λθ
k
u0

k
ϕk(x)
















,

where

C(k) =
µλ2−θ

k

µλ2
k
+ C3

.

For constant p > 0, µ > 0, β > 0 and s ≥ λ1 > 0, we claim that

F(s) =
µs2−p

β +µs2
≤
�

Cµ
p
2 , 0< p < 2 ,

Cµ , p ≥ 2 ,
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whence





 fµ(x)− f (x)




=

�

C4Eµ
θ
2 , 0< θ < 2 ,

C5Eµ , θ ≥ 2 ,








u0
µ(x)− u0(x)








=

�

C6Eµ
θ
2 , 0< θ < 2 ,

C7Eµ , θ ≥ 2 .

From inequalities (C.3) and (C.4),








 f δµ (x)− f (x)








≤ δp
µ
+

�

C4Eµ
θ
2 , 0< θ < 2 ,

C5Eµ, θ ≥ 2 ,








u0,δ
µ (x)− u0(x)








≤ δp
µ
+

�

C6Eµ
θ
2 , 0< θ < 2 ,

C7Eµ, θ ≥ 2 ,

where {Ci , i = 4,5,6,7} is relative to {θ ,λ1, T1, T2,α}. If we choose

µ=











�

δ

E

� 2
θ+1

, 0< θ < 2 ,

�

δ

E

� 2
3

, θ ≥ 2 ,

then Theorem 4.1 holds.

D. Proof of Lemma 4.4

By definition,

∞
∑

k=1

1− Eα,1(−λkTαi )

λk

fkϕk(x) +

∞
∑

k=1

Eα,1(−λkTαi )u
0
k
ϕk(x) =

∞
∑

k=1

gi,kϕk(x) , i = 1,2 . (D.1)

Denoting ∆ fk = f δ
k
− fk, ∆u0

k
= u

0,δ
k
− u0

k
, ∆g1,k = gδ

1,k
− g1,k, ∆g2,k = gδ

2,k
− g2,k for

k = 1, · · · ,∞, we obtain

∞
∑

k=1

1− Eα,1(−λkTα
1
)

λk

∆ fkϕk(x) +

∞
∑

k=1

Eα,1(−λkTα1 )∆u0
k
ϕk(x) =

∞
∑

k=1

∆g1,kϕk(x) ,

∞
∑

k=1

1− Eα,1(−λkTα2 )

λk

∆ fkϕk(x) +

∞
∑

k=1

Eα,1(−λkTα2 )∆u0
k
ϕk(x) =

∞
∑

k=1

∆g2,kϕk(x) .

From simple computation,

∆ fk =
λk

�

∆g1,kEα,1(−λkTα2 )−∆g2,kEα,1(−λkTα1 )
�

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

,
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∆u0
k
=
∆g1,kEα,1(−λkTα2 )−∆g2,kEα,1(−λkTα1 ) +∆g2,k −∆g1,k

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

.

Writing

∆ f (x) =

∞
∑

k=1

∆ fkϕk(x) =

∞
∑

k=1

λk

�

∆g1,kEα,1(−λkTα2 )−∆g2,kEα,1(−λkTα1 )
�

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

ϕk(x) ,

∆u0(x) =

∞
∑

k=1

∆u0
k
ϕk(x) =

∞
∑

k=1

∆g1,kEα,1(−λkTα2 )−∆g2,kEα,1(−λkTα1 ) +∆g2,k −∆g1,k

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

ϕk(x) ,

we obtain

�

K1,1∆ f
�

(x) =

∞
∑

k=1

∆ fkK1,1ϕk(x)

=

∞
∑

k=1

λk

�

∆g1,kEα,1(−λkTα2 )−∆g2,kEα,1(−λkTα1 )
�

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

e1
1,k
ϕk(x) ,





(K1,1∆ f )(x)






L2(Ω)

=
















∞
∑

k=1

(1− Eα,1(−λkTα1 ))(∆g1,kEα,1(−λkTα2 )−∆g2,kEα,1(−λkTα1 ))

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

ϕk(x)
















L2(Ω)

≤















∞
∑

k=1

(1− Eα,1(−λkTα1 ))∆g1,kEα,1(−λkTα2 )

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

ϕk(x)
















L2(Ω)

+
















∞
∑

k=1

(1− Eα,1(−λkTα1 ))∆g2,kEα,1(−λkTα1 )

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

ϕk(x)
















L2(Ω)

.

From Lemmas 2.1 and 4.3,

�

�

�

�

(1− Eα,1(−λkTα1 ))Eα,1(−λkTα2 )

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

�

�

�

�
≤ Eα,1(−λ1Tα2 )

Eα,1(−λ1Tα
1
)− Eα,1(−λ1Tα

2
)

,

hence




(K1,1∆ f )(x)






L2(Ω)
≤ Eα,1(−λ1Tα

2
) + Eα,1(−λ1Tα

1
)

Eα,1(−λ1Tα
1
)− Eα,1(−λ1Tα

2
)
δ .

Now

�

K1,2∆ f
�

(x) =

∞
∑

k=1

∆ fkK1,2ϕk(x)

=

∞
∑

k=1

λk(∆g1,kEα,1(−λkTα2 )−∆g2,kEα,1(−λkTα1 ))

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

e2
1,k
ϕk(x),
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(K1,2∆ f )(x)






L2(Ω)

=
















∞
∑

k=1

(1− Eα,1(−λkTα
2
))(∆g1,kEα,1(−λkTα

2
)−∆g2,kEα,1(−λkTα

1
))

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

ϕk(x)
















L2(Ω)

≤















∞
∑

k=1

(1− Eα,1(−λkTα
2
))∆g1,kEα,1(−λkTα

2
)

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

ϕk(x)
















L2(Ω)

+
















∞
∑

k=1

(1− Eα,1(−λkTα2 ))∆g2,kEα,1(−λkTα1 )

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

ϕk(x)
















L2(Ω)

,

so from Lemmas 2.1 and 4.3 we have
�

�

�

�

(1− Eα,1(−λkTα
2
))Eα,1(−λkTα

2
)

Eα,1(−λkTα
2
)− Eα,1(−λkTα

1
)

�

�

�

�
≤ Eα,1(−λ1Tα

2
)

Eα,1(−λ1Tα
1
)− Eα,1(−λ1Tα

2
)

,

and hence




(K1,2∆ f )(x)






L2(Ω)
≤ Eα,1(−λ1Tα2 ) + Eα,1(−λ1Tα1 )

Eα,1(−λ1Tα
1
)− Eα,1(−λ1Tα

2
)
δ .

By a similar argument, we can prove that





K2,1(∆u0)




 ≤ 3Eα,1(−λ1Tα
1
) + Eα,1(−λ1Tα

2
)

Eα,1(−λ1Tα
1
)− Eα,1(−λ1Tα

2
)
δ ,





K2,2(∆u0)




 ≤ 4Eα,1(−λ1Tα1 )

Eα,1(−λ1Tα
1
)− Eα,1(−λ1Tα

2
)
δ ,








K1, j( f
δ
µ − f δ)








 ≤ Cδ,








K2, j(u
0,δ
µ − u0 ,δ)








 ≤ Cδ, j = 1,2 ,

which complete the proof.

E. Proof of Lemma 4.5

Subtracting Eqs. (C.1) from Eqs. (A.1),

fµ,i − fi =
−µ( ((e1

2,i
)2+(e2

2,i
)2+(e2

1,i
)2+µ)e2

2,i
+e1

1,i
e2

1,i
e1

2,i
)g1,i+µ(((e

1
2,i
)2+(e2

2,i
)2+(e1

1,i
)2+µ)e1

2,i
+e1

1,i
e2

1,i
e2

2,i
)g2,i

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

,

f δµ,i
− f δ

i
=
−µ( ((e1

2,i
)2+(e2

2,i)
2+(e2

1,i)
2+µ)e2

2,i+e1
1,i

e2
1,i e

1
2,i
)gδ1,i+µ(((e

1
2,i
)2+(e2

2,i)
2+(e1

1,i
)2+µ)e1

2,i
+e1

1,i
e2

1,i e
2
2,i)g

δ
2,i

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

,

hence

( f δµ,i
− f δ

i
)− ( fµ,i − fi) =

−µ (((e1
2,i
)2+(e2

2,i)
2+(e2

1,i)
2+µ)e2

2,i+e1
1,i

e2
1,i e

1
2,i
)(gδ1,i−g1,i)

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

+
µ(((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+µ)e1

2,i
+e1

1,i
e2

1,i
e2

2,i
)(gδ

2,i
−g2,i)

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

,
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so








K1,1(( f
δ
µ − f δ)− ( fµ − f ))










=













∞
∑

i=1

� −µ( ((e1
2,i
)2+(e2

2,i
)2+(e2

1,i
)2+µ)e2

2,i
+e1

1,i
e2

1,i
e1

2,i
)(gδ

1,i
−g1,i)

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

�

e1
1,i
ϕi(x)

+

�

µ(((e1
2,i
)2+(e2

2,i
)2+(e1

1,i
)2+µ)e1

2,i
+e1

1,i
e2

1,i
e2

2,i
)(gδ

2,i
−g2,i)

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

�

e1
1,i
ϕi(x)













≤












∞
∑

i=1

e2
2,i

e1
1,i
(gδ

1,i
−g1,i)

e1
1,i

e2
2,i
−e2

1,i
e1

2,i












+













∞
∑

i=1

e2
1,i

e1
2,i
(gδ

1,i
−g1,i)

e1
1,i

e2
2,i
−e2

1,i
e1

2,i












+













∞
∑

i=1

e1
2,i

e1
1,i
(gδ

2,i
−g2,i)

e1
1,i

e2
2,i
−e2

1,i
e1

2,i












+













∞
∑

i=1

e2
1,i

e2
2,i
(gδ

2,i
−g2,i)

e1
1,i

e2
2,i
−e2

1,i
e1

2,i












.

It is easy to prove the limits of
e2

2,i e
1
1,i

e1
1,i

e2
2,i
−e2

1,i
e1

2,i

,
e2

1,i e
1
2,i

e1
1,i

e2
2,i
−e2

1,i
e1

2,i

,
e1

2,i e
1
1,i

e1
1,i

e2
2,i
−e2

1,i
e1

2,i

,
e2

1,i e
2
2,i

e1
1,i

e2
2,i
−e2

1,i
e1

2,i

exist, so

there exists some nonnegative constant C8 such that ‖K1,1(( f
δ
µ − f δ)− ( fµ− f ))‖ ≤ C8δ. As

‖K1,1( fµ− f )‖ ≤ ‖K1,1( f
δ
µ − f δ)‖+‖K1,1(( f

δ
µ − f δ)−( fµ− f ))‖, we get ‖K1,1( fµ− f )‖ ≤ C9δ.

Similarly we can prove that








K2,1(u
0
µ − u0)








 ≤ C10δ ,




K1,2( fµ − f )




 ≤ C11δ ,








K2,2(u
0
µ − u0)








 ≤ C12δ ,





 fµ − f






(D(L)θ )
=

�∞
∑

i=1

λ2θ
i

� −µ( ((e1
2,i
)2+(e2

2,i)
2+(e2

1,i)
2+µ)e2

2,i+e1
1,i

e2
1,i e

1
2,i
)g1,i

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

+
µ(((e1

2,i)
2+(e2

2,i)
2+(e1

1,i)
2+µ)e1

2,i+e1
1,ie

2
1,i e

2
2,i)g2,i

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

�2
� 1

2

≤
�∞
∑

i=1

λ2θ
i

� −µ( ((e1
2,i
)2+(e2

2,i
)2+(e2

1,i
)2+µ)e2

2,i
+e1

1,i
e2

1,i
e1

2,i
)g1,i

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

�2
� 1

2

+

�∞
∑

i=1

λ2θ
i

�

µ(((e1
2,i
)2+(e2

2,i
)2+(e1

1,i
)2+µ)e1

2,i
+e1

1,i
e2

1,i
e2

2,i
)g2,i

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

�2
� 1

2

≤
�∞
∑

i=1

λ2θ
i (

e2
2,i g1,i

(e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)
)2
� 1

2

+

�∞
∑

i=1

λ2θ
i (

e1
2,i g1,i

(e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)
)2
� 1

2

+

�∞
∑

i=1

λ2θ
i
(

e1
2,i

g2,i

(e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)
)2
� 1

2

+

�∞
∑

i=1

λ2θ
i
(

e2
2,i

g2,i

(e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)
)2
� 1

2

,








u0
µ − u0










(D(L))θ
=

�∞
∑

i=1

λ2θ
i

�

µ( ((e1
1,i
)2+(e2

1,i)
2+(e2

2,i)
2+µ)e2

1,i+e1
1,i

e1
2,i

e2
2,i)g1,i

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

+
−µ(((e1

1,i)
2+(e2

1,i)
2+(e1

2,i)
2+µ)e1

1,i+e2
1,i e

1
2,i e

2
2,i)g2,i

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)

�2
� 1

2

≤
�∞
∑

i=1

λ2θ
i (

µ( ((e1
1,i)

2+(e2
1,i)

2+(e2
2,i)

2+µ)e2
1,i+e1

1,ie
1
2,i e

2
2,i)g1,i

((e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)2+µ((e1

2,i
)2+(e2

2,i
)2+(e1

1,i
)2+(e2

1,i
)2+µ))(e1

1,i
e2

2,i
−e2

1,i
e1

2,i
)
)2
� 1

2
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+

�∞
∑

i=1

λ2θ
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2+(e2
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2+(e1
2,i)
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1
2,i e

2
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((e1
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e2
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e1

2,i
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2,i
)2+(e2

2,i
)2+(e1
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)2+(e2
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)2+µ))(e1

1,i
e2

2,i
−e2
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e1

2,i
)
)2
� 1

2

≤
�∞
∑

i=1

λ2θ
i
(

e2
1,i

g1,i

(e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)
)2
� 1

2

+

�∞
∑

i=1

λ2θ
i
(

e1
1,i

g1,i

(e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)
)2
� 1

2

+

�∞
∑

i=1

λ2θ
i
(

e1
1,i

g2,i

(e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)
)2
� 1

2

+

�∞
∑

i=1

λ2θ
i
(

e2
1,i g2,i

(e1
1,i

e2
2,i
−e2

1,i
e1

2,i
)
)2
� 1

2

.

We can now easily obtain the limiting relationships

lim
k→+∞

�

�

�

�

�

�

�

e1
1,k

e1
1,k

e2
2,k
−e2

1,k
e1

2,k

λk

�

�

�

�

�

�

�

=
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α
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2
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1

, lim
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�

�

�

�

�

�

�

e2
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e1
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e2
2,k
−e2

1,k
e1

2,k

λk

�

�

�

�

�

�

�

=
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α
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2
− Tα

1

,

lim
k→+∞

�

�

�

�

�

�

�

e1
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e1
1,k

e2
2,k
−e2

1,k
e1
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λk

�

�

�

�

�

�

�

=
Tα

2

Tα
2
− Tα

1

, lim
k→+∞

�

�

�

�

�

�

�

e2
2,k

e1
1,k

e2
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−e2

1,k
e1

2,k

λk

�

�

�

�

�

�

�

=
Tα1

Tα
2
− Tα

1

,

and there are some nonnegative constants C13 andC14 such that





 fµ − f






(D(L))θ
≤ C13

2

�‖g1‖(D(L))θ+1 + ‖g2‖(D(L))θ+1

� ≤ C13E ,








u0
µ − u0










(D(L))θ
≤ C14

2

�‖g1‖(D(L))θ+1 + ‖g2‖(D(L))θ+1

�≤ C14E .

From Theorem 3.2, there exists some nonnegative constant C such that ‖ fµ − f ‖ ≤ Cδ
θ
θ+1 ,

‖u0
µ − u0‖ ≤ Cδ

θ
θ+1 , so Lemma 4.5 holds.

F. Proof of Theorem 4.2

Firstly, one can find







K1,1( f
δ
µ ) + K2,1(u

0,δ
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δ
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�

,

where D(k) =
µλ1−θ

k

µλ2
k
+C15

, E(k) =
µλ1−θ

k

µλ2
k
+C16

, F(k) =
µλ1−θ

k

µλ2
k
+C17

. For constant p > 0, µ > 0, β > 0

and s ≥ λ1 > 0, we claim

F(s) =
µs1−p

β +µs2
≤
(

Cµ
1+p

2 , 0< p < 1 ,

Cµ , p ≥ 1 ,
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hence invoking the Morozov discrepancy principle (4.4) we have

µ ≥
¨

C18δ
2

1+θ , 0< θ < 1 ,

C19δ , θ ≥ 1 .

From (C.5) and (4.7), we get








 f δµ (x)− f (x)








 ≤







 f δµ (x)− fµ(x)








+








 fµ(x)− f (x)










≤ δp
µ
+ Cδ

θ
θ+1 ≤









1
p

C18

δ
θ

1+θ + Cδ
θ

1+θ , 0< θ < 1 ,

1
p

C19

p

δ+ Cδ
θ

1+θ , θ ≥ 1 .

By a similar argument, we have








u0,δ
µ (x)− u0(x)








≤







u0,δ
µ (x)− u0

µ(x)








+








u0
µ(x)− u0(x)










≤ δp
µ
+ Cδ

θ
θ+1 ≤









1
p

C18

δ
θ

1+θ + Cδ
θ

1+θ , 0< θ < 1 ,

1
p

C19

p

δ+ Cδ
θ

1+θ , θ ≥ 1 ,

completing the proof.
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