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On even K-groups over p-adic Lie
extensions of global function fields

Meng Fai Lim

Abstract. Let p be a fixed prime number, and let F be a global function field with characteristic not
equal to p. In this article, we shall study the variation properties of the Sylow p-subgroups of the even
K-groups in a p-adic Lie extension of F. When the p-adic Lie extension is assumed to contain the
cyclotomic Z,-extension of F, we obtain growth estimate of these groups. We also establish a duality
between the direct limit and inverse limit of the even K-groups.

1 Introduction

Throughout this article, we fix a prime p and an integer i > 2. Let F be a global function
field whose characteristic is not equal to our prime p. Once and for all, we fix a
separable closure F*% of F. Let S denote a nonempty finite set of primes of F, and
write Fg for the maximal extension of F contained in F*¢P that is unramified outside
the set S. For every finite extension L of F contained in Fs, we write S(L) for the set
of primes of L above F, and for brevity, we write O s for the ring of S(L)-integers of
the field L. We also write Gs(L) = Gal(Fs/L). The goal of this article is to study the
even K-groups Kz;—2(0Op,s)[p™] as L varies in a given p-adic Lie extension Fe, of F.

Our approach is via cohomology. Indeed, thanks to the deep work of Rost-
Voevodsky [37], the group K;—»(Op s)[p*°] can be identified with the continuous
cohomology group H*(Gs(L),Z,(i)). Following standard Iwasawa theoretical pro-
cedure, we consider the inverse limit of these cohomology groups, and the resulting
object is usually called the Iwasawa cohomology group. More precisely, the kth
Iwasawa cohomology group of Z, (i) over Fo, /F is defined by

His(Foo/ Fs 2y (1)) 1= lim HY (Gs (1), Z (1)),

where L runs through all finite extensions of F contained in Fo, and the transition
maps are given by corestriction on cohomology. These Iwasawa cohomology groups
come naturally equipped with a Z,[G]-module structure, where G = Gal(Fo/F).
Furthermore, it can be shown that they are finitely generated over Z,[G] (for
instance, see [25, Proposition 4.1.3]) and that HIkw,S (Foo/F,Zy(i)) = 0for k #1,2. For
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the first and second Iwasawa cohomology groups, we can even say more and this is
the content of the following theorem.

Theorem 1.1 (Theorem 4.1)  Retain the setting as above. In particulatr, we let i > 2.
Then the following statements are valid.

(a) The module H},, ¢(Foo/F,Z,(i)) is torsion over Z,[|G]. In the event that Fo,
contains the cyclotomic Z,-extension Fey. of F, the module Hy,, ¢(Foo[F,Zy(i))
is finitely generated over Z,[ H], where H = Gal(Foo [ Feyc).

(b) Hy, (Foo/F,Zy(i)) is a torsion Z,[G]-module. Furthermore, in the event that
G has dimension > 2, one has

Hh s(F/E,Z, (7)) = 0.

We recall that the cyclotomic Z,-extension Fy of F is the unique Z,-extension of
F contained in the extension of F obtained by adjoining all p-power roots of unity.

The proof of the preceding theorem, which will be given in Section 4, utilizes the
fact that the p-cohomological dimension of Gal(Gs(F)/Fy.) is equal to one (see [28,
Theorem 10.1.2(c)]; also see Lemma 4.3 of this article). In [4], an analogous result for
the Iwasawa cohomology of the Tate module of an abelian variety is proven by the
author and his collaborators. The proof of Theorem 4.1 will follow that in [4] with
some slight modification.

The remainder of the article is concerned with applying the above theorem to the
study of even K-groups. As a start, the vanishing of the first Iwasawa cohomology
group is crucial in the following evaluation of the G-Euler characteristics of the second
Iwasawa cohomology group.

Theorem 1.2 (Theorem 4.5)  Notation as before. Suppose further that G = Gal(F /F)
has dimension > 2 and has no p-torsion. Then one has

_ #K3i2(Or,s) [p™]
#Kzi-1(Op,s)[p=]

x(G, Hiy(Foo /F, Zy(1)))

Note that it is a consequence of a theorem of Harder (see [11, Korollar 3.2.3] or
[39, Chapter VI, Corollary 6.2]) that the group K,,(OF,s) is finite for n > 2, and so the
above expression on the right makes sense.

The next application of Theorem 4.1 is concerned with the study of growth formula
of even K-groups as done in [23]. However, note that a global function field F
with char(F) # p has only one Z,-extension, namely, the cyclotomic one (see [28,
Proposition 10.3.20]). Therefore, a p-adic Lie extension of dimension > 2 is necessarily
noncommutative. Due to a lack of a precise structural theorem for modules over a
noncommutative Iwasawa algebra, this causes an extra complication when dealing
with p-adic Lie extension with dimension > 2. Thankfully, in the event that the module
is finitely generated over Z,[H], the author has obtained growth estimates for such
modules (see [22, 23]) which in turn are variants of previous results of Perbet [30]
and Lei [20] (also see Propositions 5.3 and 5.4, and the references given). When F,,
contains Feyc, the extra finite generation property of Hy, ¢(Feo/F,Z,(i)) as seen
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in Theorem 4.1 allows to apply the results mentioned to obtain growth estimate. As
illustration, we present here the case when Gal(Fw /F) = Z}, 1 Zj.

Theorem 1.3 (Theorem 5.5)  Let i > 2 be given. Suppose that Fo, is a p-adic Lie exten-
sion of F containing FY with G := Gal(Foeo [Feyc) Zg‘l. Let F,, be the intermediate
subfield of Fo |F with Gal(Fo [F,,) = G,,. Then we have

ordy(Kai-2(0r, 5)[p™]) = ranks, (s (H3, s (Foo /F, Zy (1)) )pt D" + O(p4-0").

Here G, denotes the lower p-series of G in the sense of [5] (see Section 5 for the
precise definition). For more detailed discussion on growth formula, we refer readers
to Section 5.

Finally, we come to study the direct limit and inverse limit

h_r)n K3i-2(Or,s)[p™] and l(iLnKZi—z(OL,s)[Pw],
L L
where the transition maps in the direct limit are induced by the inclusion Oy ¢ —
Opss for L € L', and the transition maps in the inverse limit are the norm maps (also
called the transfer maps). Our result is as follow.

Theorem 1.4 (Theorem 6.1)  Let i > 2 and let Fo, be a p-adic Lie extension of F which
is contained in Fs. Suppose that G = Gal(Fs/F) has no p-torsion. Then there is an
isomorphism

L

(h_n} Kziz(OL,S)[Pm]) 2 Exty (6] (l(in Kzi2(OLs)[P™], Zp[[Gﬂ)
L
of Z,[ G]-modules.

The above result can be thought as an analog of a classical theorem of Iwasawa
(14] which compares the direct limit and inverse of class groups over a Z,-extension
of number fields. This result of Iwasawa has been generalized to the context of a Zg-
extension (see the works of Nekovar [27], Vauclair [35] and, more recently, that of Lai
and Tan [18]). Motivated by these development, the author proved an analogous result
for even K-groups over a Zg -extension of a number field (see [24]). A crucial input in
the author’s proof is the utilization of an exact sequence of Jannsen’s (cf. [15, Theorem
2.1] or [28, Theorem 5.4.13]) which yields the following short exact sequence

A\
0— (li_n}Kzi—Z(OL,S)[POO]) — Exty 6] (l(in K2i—2(OL,s)[Pw]>ZpHGﬂ)
L L

— (lim H (U Hi (P 2(0) 9@y 2,) 0
U

(see Section 6 for details). Therefore, in view of the above exact sequence, it
remains to show that the rightmost term vanishes. For the latter, it suffices to
show that Hl(U, Hi, (Foo /F,Zp(i))) is finite. Had U been a commutative group,
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the finiteness of H. 1(U, H;, (Foo/F, Zy( i))) then follows from the finiteness
of HO(U, Hi, (Fo/F, Zp(i))) 2 K5i-2(0r,s)[p™] and a standard commutative
algebra result (see [33, pp. 56-57]; also see [24, Proof of Theorem 2.3]). However, in
the function field context, every p-adic Lie extension of dimension > 2 is necessarily
noncommutative, and so our proof will take a different route. We shall refer readers
to Theorem 6.1 for details but we mention here that an important ingredient toward
our proof is the finiteness of higher odd K-groups. Note that this latter finiteness is
not true in general in the number field context.

2 Iwasawa algebras and modules

Throughout the article, p will always denote a fixed prime. Let G be a compact p-adic
Lie group. The Iwasawa algebra of G over Z,, is defined by

2,[G] = limZ,[G/U),

where U runs over the open normal subgroups of G and the inverse limit is taken with
respect to the canonical projection maps.

For now, let us assume that the group G is pro-p and has no p-torsion. It is then well-
known that Z,[G] is a Noetherian Auslander regular ring (cf. [36, Theorem 3.26])
with no zero divisors (cf. [29]). As a consequence, it admits a skew field Q(G) which is
flat over Z, [ G] (see [10, Chapters 6 and 10] or [19, Chapter 4, Sections 9 and 10]). This
in turn enables us to define the Z,[ G ]-rank of a finitely generated Z, [ G]-module M,
which is given by

rankZPHG](M) = dlmQ(G)(Q(G) ®ZP|IGH M)

The Z,[G]-module M is said to be a torsion Z,[G]-module if rankz, jc)(M) =
0. We also recall a useful equivalent formulation of a torsion Z,[G]-module:
HomZP[[G]](M, Z,[G]) =0 (cf. [36, Remark 3.7]). In the event that the torsion
Z,[G]-module M satisfies Extlzp[[G]] (M,Z,[G]) = 0, we say that M is a pseudo-
null Z,[G]-module. For a finitely generated Z,[G]-module M, denote by M[p>]
the Z,[G]-submodule of M consisting of elements of M which are annihilated by
some power of p. Howson [13, Proposition 1.11], and independently Venjakob [36,
Theorem 3.40], showed that there is a Z,[ G ]-homomorphism

9 M[p~™] — @Zpﬂcﬂ/p“f,

whose kernel and cokernel are pseudo-null Z, [ G]-modules, and where the integers s
and «; are uniquely determined. The y-invariant of M is then defined to be pg (M) =

S
Z &j.
i=1
We now extend the notion of torsion modules and pseudo-null modules to the
case when G is a general compact p-adic Lie group. A well-known theorem of Lazard
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asserts that G contains an open normal subgroup G, which is pro-p with no p-torsion
(cf. [5, Theorem 8.32]). By [28, Proposition 5.4.17], we have

Ext%PHGH(M, Zy[G]) = Ext%P[GOJ(M, Zp[Go])

for every finitely generated Z,[ G ]-module M. In view of this, we shall say that M is a
torsion Z [ G[-module (resp., psuedo-null Z, [ G[-module) if Homy, 161 (M, Z, [ G])
= 0 (resp., EthZp[[G]] (M, Z,[G]) = 0for i = 0,1). Equivalently, this is saying that M is a
torsion Z,[G]-module (resp., pseudo-null Z, [ G ]-module), whenever M is a torsion
Z,[Go]-module (resp., pseudo-null Z, [ G |-module) as in the preceding paragraph.
(Also, compare with [36, Discussion after Definition 2.6]).

3 K-groups and Galois cohomology

We now describe a relation between the algebraic K-groups and Galois cohomology.
To begin with, F will always denote a global function field of characteristic £. We shall,
once and for all, fix a finite nonempty set S of primes of F. Let Fs be the maximal
algebraic and separable extension of F unramified outside S. For every extension L of
F contained in Fs, write Gg (L) for the Galois group Gal(Fs/L). Finally, we denote by
S(L) the set of primes of L above S, and for brevity, we shall write O g for the ring of
S(L)-integers of L.

For a ring R with identity, write K, (R) for the algebraic K-groups of R in the
sense of Quillen [31] (also see [17, 39]). In this article, we are interested in the group
K, (OF,s). A theorem of Harder [11, Korollar 3.2.3] asserts that the group K,,(OF s) is
finite for every n > 2. On the other hand, the group K,,(F) is p-divisible by a result of
Geisser-Levine [9, Theorem 8.1]. By appealing to this and the localization sequence,
one can then show that the group K, (O, s) has order coprime to ¢ (we refer readers
to [39, Chapter VI, Theorem 6.1 and Corollary 6.2] for details). Note that when n = 2,
this was earlier established by Bass-Tate [1, Chapter II, Theorem 2.1]).

For the remainder of the article, p will always denote a prime # £. Denoting by y,»
the cyclic group generated by a primitive p"-root of unity, we write y - for the direct
limit of the groups p,». The natural action of Gs(F) on pp~ induces the cyclotomic
character

X Gs(F) — Aut(pp=) = Z5.

For a discrete or compact Ggs(F)-module X, we denote by X(i) the i-fold Tate twist
of X. More precisely, X(i) is the Gs(F)-module which is X as a Z,-module but with
a Gs(F)-action given by

o-x=yx(0)ox,

where the action on the right is the original action of Gg(F) on X. Plainly, we have
X(0) = X and pp~ = Qp/Zy(1). In [34], Soulé connected the higher K-groups with
(continuous) Galois cohomology groups via the p-adic Chern class maps

Chl(,l;t) H KZi—k(OF,S) ®Zp — Hk(GS(F)’ZP(l))
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for i > 2and k =1, 2. (For the precise definition of these maps, we refer readers to loc.
cit.) Soulé also proved that these maps are surjective (see [34, Théoreme 6(iii)]; also
see the work of Dwyer-Friedlander [6]). It is folklore (see, for instance, [17, Theorem
2.7]) that the bijectivity of the p-adic Chern class maps follows as a consequence of
the norm residue isomorphism theorem (previously also known as the Bloch-Kato
(-Milnor) conjecture; see [2, 26]), and the latter was proven by Rost and Voevodsky
[37] with the aid of a patch from Weibel [38]. As a consequence of these developments,
we have the following identification between the Sylow p-subgroup of K-groups and
Galois cohomology.

Proposition 3.1  For i > 2, one has the following isomorphisms of finite abelian groups:

K>i-1(Ops)[p™] Hl(GS(F)>Zp(i))>
Ksi-2(Oks)[p™] 2 H*(Gs(F), Z,(i)).

4 Iwasawa cohomology groups

We now introduce the Iwasawa cohomology groups which will be an important
object for our study of K-groups. As before, F will denote a global function field of
characteristic # p, and we let i > 2. For every extension £ of F contained in Fs, the
Iwasawa cohomology groups are defined by

Hy, s (L/F, Zy(i)) = l}LnHk(GS(L)Zp(i))’

where L runs through all finite extensions of F contained in £ and the transition maps
are given by the corestriction maps. In the event that £/F is a finite extension, we
plainly have H{‘W’S(L/F, Zy(i)) = H*(Gs(£),Zy(i)).

Now suppose that Fo, is a p-adic Lie extension of F contained in Fg. In other words,
Fo, is a Galois extension of F, whose Galois group G = Gal(Fs/F) isa compact p-adic
Lie group. We can now state and prove the first theorem of the article.

Theorem 4.1 Let i >2. Suppose that Fo, is a p-adic Lie extension of F which is

contained in Fs. Then the following statements are valid.

(a) The module HY, ¢(Foo/F,Z,(i)) is torsion over Z,[G]. In the event that Fo,
contains Feye, we have H},, (Foo[F, Z,(i)) being finitely generated over Z,[H],
where H = Gal(Foo [ Feyc).

(b) Hy, (Feo/F,Zy(i)) is a torsion Z,[G]-module. Furthermore, in the event that
the group G has dimension > 2, one has

Hiy,5(Foo[F, 2 (i) = 0.

The remainder of the section is devoted to the proof of this theorem. As a start,
we record the following version of Tate’s descent spectral sequence for Iwasawa
cohomology.
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Proposition 4.2  Suppose that i >2. Let U be a closed normal subgroup of G =
Gal(Fo[F) and write £ for the fixed field of U. Then we have a homological spectral
sequence

H,(U, Hy §(Foo/F, Zp(i))) = Hi s (Loo/F, Zy (i)
and an isomorphism

lew,s(Foo/F’ Zp(i))U = HIZW,S(L/F’ Zp(i))~

Furthermore, if U is an open subgroup of G, then £ is a finite extension of F and we have

Hi, 5(Foo/F, 2y (i), 2 H(Gs (L), Zy(i)).

Proof =~ When the group G is commutative, the spectral sequence is a result of
Nekovar [27, Proposition 4.2.3]. For a noncommutative G, this follows from [8,
Proposition 1.6.5] or [25, Theorem 3.1.8]. The isomorphisms of the proposition follows
from reading off the initial (0, —2)-term of the spectral sequence. ]

We record another observation pertaining to the p-cohomological dimension
of the group Gg(Fcy.) which will be an important component to our subsequent
discussion.

Lemma 4.3  The p-cohomological dimension of the group Gs(Fy.) is equal to 1.

Proof Let k be the constant field of F, and write k for the algebraic closure of k.
Since the set S is nonempty and char(F) # p, it follows from [28, Theorem 10.1.2(i)(c)]
that the group Gs(kF) is of p-cohomological dimension 1. Since Gs(kF) is a closed
subgroup of Gg(Feyc) with quotient Gal(kF/F.y.) whose profinite order is coprime
to p, the two groups Gs (Fey) and Gs (kF) have the same p-cohomological dimension
(see [28, Proposition 3.3.5(i)]). The conclusion of the lemma now follows. [ |

We are in position to prove Theorem 4.1.

Proof (Proof of Theorem 4.1) We first prove statement (a). The torsionness can be
proved via a similar argument to that in [23, Proposition 4.1.1]. We will focus on the
finite generation assertion. By base changing F, we may assume that G is pro-p with
no p-torsion. Since

Hiys (Foo/Fs 2 (1)), = Hiy, s (Feye/ F> Z (1))

by Proposition 4.2, a Nakayama’s lemma argument reduces us to showing that
H3, s(Feye/F, Zy(i)) is finitely generated over Z,. But since we also have

Hiy s (Feye/Fa Zyp(i))/p 2 Hiy s (Feye/E. 2/ p(i)),

this in turn reduces us to showing that HY, ¢ (Fc),C [F.Z]p(i) ) is finite, or equivalently,
H}, s(Feye/F.Z[p(i)) is torsion over F, [T'], where I" = Gal(F¢yc/F). By considering
the initial term of the spectral sequence

ExthP[[r] (Hi;fs(Fcyc/F,Z/p(i)),Fp[F]) - H3_Y_S(GS(FCYC)>Z/P(1'))V

https://doi.org/10.4153/50008439525000049 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439525000049

736 M. F. Lim

(see [8, Subsection 1.6.12], [25, Theorem 4.5.1] or [27, Theorem 5.4.5]), we obtain an
isomorphism

Ext}, i1 (Hhw,s (Feye /B 2/p(0)) B, [T]) = H(Gs (Feye), Z/p())”

where we note that the latter vanishes by virtue of Lemma 4.3. Hence it follows that
H2, (Feye/F,Zy(i)) is torsion over F,[T'] as required. The proof of statement (a) is
therefore complete.

We now turn to the verification of statement (b). As before, we may assume that G
is pro-p with no p-torsion. Since the first assertion of statement (a) is telling us that

rankz, (6] (Hi s (Feo/F 24 (i) ) =0,
we therefore have
~ranks, (6] (Hiy,s (Feo /. Zy (1)) ) = ;0(-1)5 rankz, 6] (Hiy.s (Foo /> Zy(1)))-
By a formula of Howson [12, Theorem 1.1_], the latter sum can be expressed as
;0(-1)“ rankz, (H,(G, Hy,,s(Foo /F. Zy (1)) )-
Taking the spectral sequence of Proposition 4.2 into account, this sum is equal to
Z>0(—1)’" ranks, (H'”(GS(F),ZP(i))) =0,

where the final zero is a consequence of the cohomology groups appearing in the sum
being finite. We have therefore established the first assertion of statement (b).

To continue, we shall work under the assumption that G has dimension > 2. We
now call upon another spectral sequence of Nekovar

r s NV r .
Ext, 17 (H*(Gs (F ). Qp/Z(1)) ", 2, [ G]) = HiJSs(Feo/Fo 2, (i)
(cf. [8, Subsection 1.6.12], [25, Theorem 4.5.1] or [27, Theorem 5.4.5]), whose low
degree terms fit into the following exact sequence
Y .
0— Ethz,,[[G}] (HO(GS(Foo)’Qp/Zp(I)) ’ZPHG]) - H%W,S(F‘X’/F’ZP(I))
W\
— Bxt), 16 (H'(Gs (Fue), Qp/Z, (1)), 2, [G] ).
As the group G is of dimension > 2, it follows from a classical observation of Jannsen
(cf. [15, Corollary 2.6(b)(@)]) that Extl, ;¢1 (M, Z,[G]) = 0 whenever M is finitely

generated over Z,. Since this is the case for the module H(Gs(F), QP/Zp(i))V,
we see that the leftmost term of the above exact sequence is zero. Consequently,
the module H}, (Foo/F,Zy(i)), which is torsion over Z,[G] as seen in the pre-

vious paragraph, injects into Ext%P[[G]] (H1 (Gs(Foo ), Qp/Zy( i))v, Zy [[G]) which
is a reflexive Z,[G]-module (cf. [36, Proposition 3.11(i)]). Thus, we must have
Hi, (Foo JF,Zy( 1)) = 0. This therefore completes the proof of the theorem. [ ]
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Remark 4.4 Some part of the assertions in Theorem 4.1 should be generalized to
more general Galois representations. Indeed, the theorem is inspired by a work of the
author, where, together with his coauthors, the Z, [ H]-finite generation of the second
Iwasawa cohomology group and vanishing of the first Iwasawa cohomology group
for the Tate module of an abelian variety are established (see [4]). For a high-brow
approach on the second assertion of Theorem 4.1(a), we refer readers to the work of
Witte [40].

We end with a byproduct of the discussion in this section. For the remainder of
the section, we assume that G is a compact p-adic Lie group with no p-torsion. The
G-Euler characteristics of a Z,[ G ]-module M is said to be well-defined if H;(G, M)
is finite for every j > 0. In the event of such, the G-Euler characteristics of M is then
defined to be

x(G.M) =TT (#H(G. 2)) ™"

20
Note that since the group G is assumed to have no p-torsion, it has finite p-
cohomological dimension (see [32, Corollaire 1]), and therefore, the alternating
product is a finite product. We now evaluate the G-Euler characteristics of the second
Iwasawa cohomology group for p-adic Lie extension with dimension at least 2.

Theorem 4.5  Notation as before. Suppose further that G has dimension > 2 and has
no p-torsion. Then one has

_ #K5i2(0r,s)[p7]
#K3i1(0ps)[p]

X(G)lew(Foo/F’ Zp(i)))

Proof Indeed, from Theorem 4.1(b), we have H},(Foo/F,Z,(i)) = 0. Taking this
latter observation into account, the spectral sequence

H,(G, Hyy(Foo[F, Z(i))) = H"*(Gs(F), Z(i))
degenerates yielding

Ho(G, Hiy(Foo /F, Zp(i))) 2 Kzi—2(Op,s) [p™],

H\(G, Hiy(Foo /F, Zp(i))) 2 K2i-1(Op,5) [p™]
and H;(G, H},(Foo/F,Zy(i))) = 0 for j > 2. The conclusion is now immediate. ~ m
Remark 4.6  Note that Proposition 4.5 does not require F,, to contain Fey..

5 Growth of even K-groups

In this section, we present growth formulas for even K-groups over certain p-adic Lie
extensions of global function fields. For a positive integer m, we write ord,, (m) for the
highest power of p dividing m, i.e., m = p®4 ("™ m’ for some p + m'. If N is a finite
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group, we then write ord, (N) for ord, (|N|). In particular, if N is a finite p-group, one
has |[N| = p°rdr(N),
We begin with the cyclotomic Z,-extension.

Theorem 5.1  Let i > 2 be given. Denote by F,, the intermediate subfields of Fy.[F with
|F, : F| = p". Then we have

ordy(Kai-2(0r,,5)[p™]) = ranks, (HE, s (Feo /. Zy (1)) )1 + O(1).

Proof Write ', = Gal(Fo /F,). By a combination of Propositions 3.1 and 4.2, we
have

Hyy s (Foo/F, Zp(i))rn 2 H*(Gs(Fn), 2y (i) 2 Kai-2(OF,.5)[p™]-

The conclusion of the theorem now follows from an application of [28, Proposition
5.3.17] and taking Theorem 4.1(a) into account. [ |

Remark 5.2 In the number field context, the above was first proved by Coates
[3, Theorem 9] for K,. Subsequently, Ji-Qin [16, Theorem 3.3(2)] extends Coates’s
result to the higher even K-groups. In these works, they have shown that the growth
has the form of up" + An + O(1). It is generally conjectured the leading term up”
vanishes for the cyclotomic Z,-extension of a number field (see [14]; also see [23,
Section 5]), although this vanishing is only known in the case when the base field is
abelian over Q (see [7]). In the function field context, this vanishing is guaranteed by
virtue of Theorem 4.1.

Recall that Lazard’s theorem (cf. [5, Corollary 8.34]) tells us that every compact
p-adic Lie group contains an open normal subgroup which is a uniform pro-p group
in the sense of [5, Definition 4.1]. Therefore, one can always reduce consideration for
a general compact p-adic Lie group to the case of a uniform pro-p group which we
will do for the remainder of this section. For a uniform pro-p group, we shall write
G, for the lower p-series P,,;(G) which is defined recursively by P,(G) = G, and

P,1(G) = P,(G)?[P,(G),G], forn > 1.

For every n, we have |G : G,| = |G : P,;1(G)| = p?" (see [5, Sections 3 and 4]), where
d is the dimension of the uniform pro-p group G. We now record two results which
we require.

Proposition 5.3  Let G be a uniform pro-p group which contains a closed subgroup
Hz Zg‘l such that G/H = Z,. Suppose that M is a Z,[G]-module which is finitely
generated over Z,[ H| and that Mg, is finite for every n. Then we have

OrdP(MGn [Poo]) = rankZPHH]] (M)np(dﬁl)” + O(p(dfl)n)‘

Proof This proposition is implicit in the discussion in [20, 21], and a formal
presentation of which is given in [23, Proposition 2.4.1]. [ ]
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Proposition 5.4  Let G be a uniform pro-p group which contains a closed subgroup
H such that G/H = Z,. Suppose that M is a Z,[ G |-module which is finitely generated
over Z,[H|. Then we have

ord, (Mg, /p") < rankg, 11 (M)npl™D" + ugy (M) p4=D" + O(npl@=").

Proof  This result can be thought as a variant of the results of Perbet in [30], and
its idea of proof follows closely to that in Perbet (see [22, Proposition 2.4] for the
details). -

Building on our Theorem 4.1, we can prove the following asymptotic formula for
the growth of even K-groups for a special class of p-adic Lie extensions.

Theorem 5.5 Let i >2 be given. Suppose that Fo, is a p-adic Lie extension of F
containing Feye with Gal(Foo [Feyc) Zg_l. Let F,, be the intermediate subfield of Foo | F
with Gal(Fo [F,) = G,. Then we have

Ofdp(KZi—z(OFn,s)[Pm])
= rankzp[[H]] (lew,s(Foo/F) Zp(i)))l’lp(d_l)n + O(p(d—l)n)‘
Proof By Theorem 4.1, the module H, ¢(Foo/F,Zy(i)) is finitely generated over

Zp[Gal(Foo [Feyc)]. Therefore, we may combine Propositions 4.2 and 5.3 to obtain
the asymptotic formula. ]

For a general p-adic Lie extension which contains Fy, we at least have an upper
bound.

Proposition 5.6  Let i > 2 be given. Suppose that Fo, is a p-adic Lie extension of F
containing Feyc with G being a uniform pro-p group of dimension d. Let F, be the
intermediate subfield of Fo, |F with Gal(Fs /Fy,) = G,. Then we have

OrdP(Kzi—Z(an)[p"]) < rankg, (x4 (HIZW,S(FOO/F, Zp(l')))np(dfl)n

+ pn(Hiy s (Feo /. 2 (1)) ) p 70" + O(mpt2m).

Proof In this context, we make use of Proposition 5.4 and note that #K5;_»(OF, )/
p" = #K3i-2(OF,)[p"] in view of the finiteness of K»;_»(OF, ). |

6 Comparing limits

We come to the final section of the article, whose goal is to prove a relation between
the direct limit and the inverse limit of even K-groups. For two finite subextensions
Lc L' of F contained in Fe, the inclusion Op g — Oy+ 5 induces a map Jur:
Kyi-2(01.5)[p=] — Kai-2(0O1r 5)[p*] by functoriality. (Note that the induced map
may not be injective in general.) In the other direction, there is the norm map (also
called the transfer map) Try/p, : Kyi—2(Or,s)[p™] — K2i-2(01,5)[p>]. Consider
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the following direct limit and inverse limit

lim Ki—2(01,s)[p™] and 1lim Ky;5(O01,5)[p™]
L L

whose transition maps are given by the maps j; ;- and Tr;//;, respectively. The main
result of this section is as follows.

Theorem 6.1 Let i > 2 and let Fo, be a p-adic Lie extension of F which is contained in
Fg. Then there is an isomorphism

Vv
(h_n)l KZi—Z(OL,S)[pm]) 2 Exty, (6] (l(ﬁl Kai2(01,s)[p™]. Zy HG]])
L

L
of Z,[ G]-modules.

The following is an immediate corollary of the theorem.

Corollary 6.2 Retain settings as in Theorem 6.1. Then we have lim K3; O)[p] =
L

0 if and only if lim K3i—2(01)[p™] is pseudo-null over Z,[ G].
L

We now give the proof of Theorem 6.1.

Proof of Theorem 6.1 ~ Now, if the dimension of G is 1, then by base-changing,
we may assume that Fo,/F is a Z,-extension, which is a commutative p-adic Lie
extension. In this situation, the theorem follows from a direct similar argument to
that in [24, Theorem 3.1]. Therefore, we may assume that G has dimension > 2. From
the discussion in [34, Chapter III], there is a commutative diagram

K3i2(0r,5)[p*] C*h) H? (GS(L)’ Zp(i))
JVTrL/F Lcor
Kai-a(015)[p™] — H (Gs(F), Zy (i)

which in turn yields

Hiy, (Foo/F, Z (i) 2 1im Ky 2(Or,s) [p*°].
L

For brevity, write M = H, (Foo/F, Z(i)). By Jannsen's result (cf. [15, Theorem 2.1]
or [28, Theorem 5.4.13]), there is a short exact sequence

0 — (lm(Mu[p>])) — Exth, 6 (M. Z,[G])

(6.1) — (li_n}Hl(U,M)@QP/Zp)V —0.
U
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where the transition map in the limit is given by norm map given as follow: For two
open normal subgroups V ¢ U of G, the norm map Ny,y on My factors through
My = (My)yy to yield a map My — My, which by abuse of notation is also
denoted by Ny,v.

By a similar argument to that in [24, Lemma 3.6], we obtain the following
commutative diagram

H (Fool F. 2y (1)) = H(Go(1), (1)) €= Karoa(01,5)[p)

Nyyv res Jour
LI

ch;
B}, (Fuu B Zp(0)), —— HE(Gs(L), (1)) = Kai2(O105) (]

which yields an identification of the leftmost term in the short exact sequence (6.1)
with

lim K»;2(O1,s)[p™]-
L

It therefore remains to show the rightmost term in the short exact sequence (6.1)
vanishes. For this, it suffices to show that H; (U, M) is finite for every open subgroup
U of G. But as already seen in the proof of Theorem 4.5, if we denote by L the fixed
field of U, then one has

Hi(U, B}, (Foo /F, Z (1)) ) 2 Kai 1 (O1,9) [P,

where the latter K-group is finite by Harder’s theorem. The proof of our theorem is
now complete. u
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