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ON INDESTRUCTIBLE STRONGLY GUESSING MODELS
RAHMAN MOHAMMADPOUR AND BOBAN VELICKOVIC

Abstract. In [15] we defined and proved the consistency of the principle GM™ (w3, w;) which implies
that many consequences of strong forcing axioms hold simultaneously at w, and ws. In this paper we
formulate a strengthening of GM™ (ws3. w) that we call SGM™ (w3, w;). We also prove, modulo the
consistency of two supercompact cardinals, that SGM ™ (w3. ) is consistent with ZFC. In addition to
all the consequences of GM™ (w3, ;). the principle SGM™ (w3, w;). together with some mild cardinal
arithmetic assumptions that hold in our model, implies that any forcing that adds a new subset of w; either
adds a real or collapses some cardinal. This gives a partial answer to a question of Abraham [1] and extends
a previous result of Todorcevic¢ [16] in this direction.

§1. Introduction. One of the driving themes of research in set theory in recent
years has been the search for higher forcing axioms. Since most applications of strong
forcing axioms such as the proper forcing axiom (PFA) and Martin’s maximum
(MM) can be factored through some simple, but powerful combinatorial principles,
itis natural to look for higher cardinal versions of such principles. One such principle
is ISP(w,) which was formulated by Viale and WeiB [19]. They derived it from PFA
and showed that it has a number of structural consequences on the set-theoretic
universe. For instance, it implies the tree property at -, and the failure of (I(4), for
regular 4 > w,. Moreover, Krueger [10] showed that it implies the singular cardinal
hypothesis (SCH). A strengthening of ISP(w,) was studied by Cox and Krueger
[6]. They showed that this strengthening, which we refer to as SGM(w,, w1), is
consistent with 2% > X,. It is therefore a natural candidate for a generalization to
higher cardinals. In [15] we introduced one such generalization, GM ™ (w3, w;). and
showed that if there are two supercompact cardinals then there is a generic extension
V'[G] of the universe in which GM™ (w3, ;) holds. In addition to ISP(w»), the
principle GM™ (w3, ;) implies that the tree property also holds at w;. and that
the approachability ideal I[w;] restricted to ordinals of cofinality w; is the non
stationary ideal restricted to this set. The consistency of the latter was previously
shown by Mitchell [14] starting from a model with a greatly Mahlo cardinal. In
the current paper we further strengthen the principle GM ™ (ws. ;) in the spirit
of Cox and Krueger [6]. We call this new principle SGM ™ (w3. ;). We show its
consistency by a modification of the forcing notion from [15]. again starting from
two supercompact cardinals. As a new application we show that SGM™ (w3, ).

Received October 24, 2023.

2020 Mathematics Subject Classification. Primary 03E35, 03E55, 03E57, 03E65.

Key words and phrases. guessing model, indestructible guessing model, Magidor model, virtual model,
side conditions.

© The Author(s), 2025. Published by Cambridge University Press on behalf of The Association for Symbolic Logic.
0022-4812/26/9102-0018
DOI:10.1017/js1.2025.1

864
m

Check f¢
https://doi.org/10.1017/js1.2025.1 Published online by Cambridge University Press Updates.


www.doi.org/10.1017/jsl.2025.1
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jsl.2025.1&domain=pdf
https://doi.org/10.1017/jsl.2025.1

ON INDESTRUCTIBLE STRONGLY GUESSING MODELS 865

together with some mild cardinal arithmetic assumptions that hold in our model,
implies that any forcing that adds a new subset of w, either adds a real or collapses
some cardinal. This gives a partial answer to a question of Abraham [1] and extends
a previous result of Todorcevi¢ [16] in this direction.

The paper is organized as follows. In Section 2 we recall some preliminaries and
background facts. In Section 3 we state the main theorem and derive the application
of SGM™ (w3, w) to the problem of Abraham mentioned above. In Section 4 we
review the definitions on virtual models from [15]. In Section 5 we describe the main
forcing and prove the relevant facts about it. The pieces are then put together in
Section 6 to derive the main theorem of this paper. We warn the reader that the
current paper relies heavily on the concepts and results from [15], hence having
access to that paper is necessary for the full understanding of our results.

§2. Preliminaries.

2.1. Special trees. Let T = (T, <7) be a tree of height ;. Recall that T is called
special if there is a function f : T — w, such that for every s <7 ¢ in T, we have
f(s)# f(¢r). If T is a tree of height w;, the standard forcing S(T) to generically
specialize T consists of finite partial specializing functions, ordering by reverse
inclusion. If T has no cofinal branches then S(7°) has the countable chain condition,
see [2]. We say that T is weakly special if there is a function f : T — w such that
whenever s,f,u € T and f(s) = f(¢t) = f(u),if s <7 t and s <7 u then ¢ and u
are comparable. Baumgartner [3, Theorem 7.3] proved that for a tree T of height
w; which has no branches of length w;, T is special iff T is weakly special. He
also showed [3, Theorem 7.5] that if every tree of height and size w; that has no
branches of length w; is special, then every tree of height and size w; that has at
most w; branches is weakly special. We recall the following well-known fact, see
[6, Proposition 4.3] for a proof.

PrOPOSITION 2.1. If V' C W are models of set theory withw! = w{". T € V isa
tree of height w; which is weakly special in V, then every branch of T in W of length
wyisin V.

2.2. Guessing models. Throughout this paper by a model M, we mean a set or a
class such that (M, €) satisfies a sufficient fragment of ZFC. For a set or class M,
we say that a set x C M is bounded in M if there is y € M such that x C y. Let
us call a transitive model R powerful if it includes every set bounded in R. We say
that x is guessed in M if there is x* € M with x* N M = x N M. Suppose that y is
an M-regular cardinal. We say x is y-approximated in M if for every a € M with
la|M < y.wehave a N x € M. We say that M is y-guessing in a model N if for every
x € N bounded in M. if x is y-approximated in M, then x is guessed in M.

DEeFINITION 2.2 [18]. Let y be a regular cardinal. A set M is said to be y-guessing
if M is y-guessing in V.

Recall from [9] that a pair (M, N) of transitive models with y € M C N has the
y-approximation property, if M is y-guessing in N.

TueoreM 2.3 (Krueger [10]). Let My C My C M, be transitive models. If
(Mg, My) and (M, My) have the wy-approximation property, then so does (My. M>).
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THEOREM 2.4 (Cox—Krueger [5]). Suppose that R is a powerful model and M < R.
Let also y be a regular cardinal in M with'y C M. Then the following are equivalent.

(1) M is a y-guessing model.

(2) The pair (M, V) has the y-approximation property.

2.3. Indestructible and special guessing models. The notion of an indestructible
guessing model was introduced by Cox and Krueger [6].

DEFINITION 2.5.  An w;-guessing model M of size w is indestructible if M remains
w1-guessing in any outer universe with the same w;.

Let us first recall that a set X of size w, is internally unbounded if X NP, (X) is
cofinal in Py, (X). and is internally club if X NP, (X) contains a closed unbounded
subset of P, (X). It is easily seen that if M is an w;-sized elementary submodel
of a powerful model R, then M is internally unbounded (I.U.) if and only if there
is an L.U. sequence for M, i.e., a C-increasing and €-sequence (M, : a < w;) of
countable sets with union M, and that M is internally club (I.C.) if and only if there
is an I.C. sequence for M, i.e., a C-continuous I.U. sequence for M.

It was shown by Krueger [10] that if R is a powerful model and M < R with
w1 € M is an w;-guessing model of size w;, then M is internally unbounded.

Let us fix an I.U. sequence (M, : @ < w;) for an L.U. w;-guessing model M of
size w,. For every a < wy, let

To(M)={(zf)eM: f:zNM, —2}.

Let also

a<mi

We order T(M) by (z. ) < (/. f") ifand only if z = z" and f C f".

Notice that T(M) C M, and hence |T(M)| < w;. Clearly T(M) is a tree of
height w;. Assume that b is an uncountable branch through T'(M). Then there is
z € M such that for all (z’, /') € b, we have z/ = z. Let

F=|J{f:(s) eb}

Then F : zN M — 2 is a function which is w;-approximated in M. Since M is an
wi-guessing model, thereis F* € M with F | (zNM) = F* | (znNM). Given F*,
we can recover the branch b, so T (M ) has at most w; branches. By Proposition 2.1
we now have the following [6, Proposition 4.4].

ProPOSITION 2.6 (Cox—Krueger [6]). Suppose M is an I.U. w\-guessing model of
cardinality w,. Then there is a tree T of size and height w with w; cofinal branches
such that T being weakly special implies that M is an indestructible w,-guessing.

2.4. Strong properness.

DerINITION 2.7 (Mitchell [13]). Let P be a forcing notion and 4 a set. We say
that p € Pis (A.P)-strongly generic if for every g < p there is a conditiong | A € A4
such that any r € A with r < ¢ | 4 is compatible with g.
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DeriNiTION 2.8, Let P be a forcing notion, and S be a collection of sets. We say
that P is strongly proper for S if for every A € S and p € A NP, there exists an
(A,P)-strongly generic condition g < p.

A forcing notion PP is called strongly proper, if for every sufficiently large regular
cardinal @ there is a club C in P, (Hy) such that P is strongly proper for C.

DEerFINITION 2.9. A forcing notion PP has the y-approximation property if for every
V-generic filter G C P, the pair (¥, V[G]) has the y-approximation property.

The following are standard.
Lemma 2.10.  Every strongly proper forcing has the wi-approximation property.

LeMMA 2.11. Suppose R is a powerful model, M < R is an w-guessing model, and
that P is a forcing with the wi-approximation property. Then M remains w|-guessing
in VE.

Proor. It follows easily from Theorems 2.3 and 2.4. -

2.5. Magidor models. The following definition is motivated by Magidor’s refor-
mulation of a supercompact cardinal, see [12].

DEFINITION 2.12 (Magidor model, [15]). We say that a model M is a x-Magidor
model if, letting M be the transitive collapse of M and z the collapsing map, M = Vs,
for some j < x with cof () > n(k). and V() € M. If & is clear from the context.
we omuit 1t.

PRrOPOSITION 2.13.  Suppose k is supercompact and u > & with cof (u) > k. Then
the set of k-Magidor models is stationary in P (V).

Proor. See [15, Proposition 3.21]. =

2.6. Some lemmata.

LeEMMmA 2.14 (Neeman [7]). Suppose that M is a 0-guessing model which is
sufficiently elementary in some transitive model A. Suppose that P € M is a forcing.
Then every (M, P)-generic condition is (M, IP)-strongly generic.

We need the following.

LEmMMA 2.15. Let P € Hy be a forcing with the wi-approximation property. Assume
that P(P) € Hy. Suppose M < Hy is countable and P € M. Let Z € M and let
f M NZ — 2 be a function that is not guessed in M. If p € P is (M, P)-generic,
then

plF f is not guessed in M[G).”

Proor. Pick a V-generic filter G C IP containing p. Assume toward a con-
tradiction that for some function g : Z — 2 in M[G], g | M N Z = f. Suppose
xe[Z]1”N"M.Thenx C M andhenceg [x =f [x € VasM[GINV =M. We
havethatg [ x € M. Now by the elementarity of M[G]in Hy[G]and the definability
of V'in V[G] (see [11, 20],) we have g is countably approximated in V. Since PP has
the w;-approximation property, it follows that g € ¥ and hence g € M. Therefore
f is guessed in M, which is a contradiction. -
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LEMMA 2.16. Let P be a forcing. Assume f Z — 2 is a P-name for a function and
M is a model with f Z e M. Let p € P be an (M. P)-generic condition that forces
f I M NZ =g, for some function g. If g is guessed in M, then p decides f

PROOE. Suppose that # € M is a function so that # | M N Z = g, we will show
that p I “f = h”. Fix ¢ < p. We claim that there is a condition below ¢ that forces
f = h. If not, the set

D={reP:3 EZsuchthatrH—}Vz(C) ;éf(C)}

that belongs to M is pre-dense below g. Since g is (M, IP)-generic, thereisr € D N M
compatible with ¢. So there exists { € M N Z such that r I+ “f({) # h(e) =)
This is a contradiction, since r is compatible with ¢ and ¢ forces f Q)=¢©). H

LemmA 2.17. Assume M < Hy is countable and Z € M . Suppose that z — f . isa
Sfunction on[Z]” in M so that f . is a function withz C dom(f.). Let f : M N Z — 2
be a function that is not guessed in M. Let B € M be a cofinal subset of [Z]”. Then
there is B* € M which is a cofinal subset of B such that for every z € B*, f. € f.

Proor. Forevery( € Z, let
A; ={z€B: f.({) =&}, wheree =0.1.
Note that the sequence
(45 : e Zee{0.1})

belongs to M. We are done if there is some { € Z such that both Ag and 4 é are cofinal

in B, as then one can find by elementarity such { € M N Z and let B* = Aé’f ©
Therefore, let us assume that for every { € Z, there is a unique ¢ € {0, 1} such that
A} is cofinal in B. Now define /2 on Z by letting h(¢) be ¢ if and only if A} is cofinal
in [Z]®. Obviously / belongs to M. But A | M N Z # f, since f is not guessed in
M. So there must exist { € M N Z such that #({) # (). which in turn implies that
Al 7 is a cofinal subset of B and belongs to M. Let B* be A 70, -

DEFINITION 2.18.  Let T be a tree of height w;. We say that p € S(T) if pis a partial
function, dom(p) is a finite subset of T, p : dom(p) — w, and if x, y € dom(p) are
distinct and p(x) = p(y), then x and y are incomparable in 7" The order on S(T)
is the reverse inclusion.

It is well-known that if T has no uncountable branches, then S(T) has the ccc.
We also need the following fact which was shown by Chodounsky—Zapletal [4]. We
provide a proof for completeness.

PROPOSITION 2.19 (Chodounsky—Zapletal [4]). Suppose T is a tree of height w;
without uncountable branches. Then S(T') has the wi-approximation property.

PrOOF. Suppose u is a cardinal and f is an S(T')-name for a function from u to
2 which is countably approximated in V. It suffices to show that some condition in
S(T') decides f . Fix a sufficiently large regular cardinal 6 and a countable M < Hy
containing all the relevant objects. Since f is forced to be countably approximated
in ¥ we can pick a condition p € S(T) and a function g : M N u — 2 such that p
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forces that f | (M N u) = . Since S(T) is cce, p is (M, S(T'))-generic. Therefore,
by Lemma 2.16 we may assume that g is not guessed in M. Let d = dom(p). letdy =
dNM,and po=p | dy. Let n = |d \ dp|. Let C be the collection of x € [T U u]®
such that dy C x and T N x is an initial segment of 7 under <7.If x € C N M, then
there is a condition p, < po. and a function g, : u N x — 2 such that p, [ x = py.
|px \ po| = n. and p, forces that f | (x Nu) equals g,. This is witnessed by the
condition p. By the elementarity of M such a pair (p,.g.) exists, for all x € C.
Moreover, we can pick the assignment x +— (p,.g.) in M. Let d, = dom(p,). By
Lemma 2.17 we can find C* € M. a cofinal subset of C under inclusion such
that g, ¢ g. for all x € C*. This implies that p, and p are incompatible, for all
x € C*N M. Let us fix an enumeration d \ dy = {¢(0), ..., #(n — 1)}, and, for each
x € C*, an enumeration d, \ dy = {¢,(0),...,t,(n — 1)}.

Cramm 2.20. Let B € M be a cofinal subset of C*, and i, j < n. Then there is
B* ¢ M, a cofinal subset of B. such that for every x € B*N\ M. t(i) and t,(j) are
incomparable.

Proor. For 7 € T, let pred,(¢) be the set of predecessors of ¢ in 7, and let 4,
be the characteristic function of pred, () as a subset of 7. Let h = hyy 1 (T O M).
For x € Blethy = h, ;) | (T N x). Suppose first that /2 is not guessed in M. Then
by Lemma 2.17 we can find B* € M, a cofinal subset of B, such that /4, Q h, for all
x € B*. This implies that if x € B* N M then (i) and ¢,(j) do not have the same
predecessors in 7' N x and hence are incomparable, as desired. Suppose now that
h is guessed in M and let k € M be a function such that k | (TN M) = h. Since
h71(1) is a chain and is closed downwards in 7. the same is true for £ '(1). T has
no uncountable chains, so k! (1) is countable and hence we must have k’l(l) Cc M.
Moreover, k~'(1) = pred;(¢(i)) " M. By the elementarity of M there is s € M
such that k7' (1) = pred;(s). Now, let B* be the set of x € B such that s € x. Then
B* € M isacofinal subset of B. If x € B* N M, thensince #,.(j) ¢ x. it follows that
tx(j) ¢ pred;(s). It follows that 7, (/) is not below #(i). Also. ¢, (j) cannot be above
t(i) in T, since then 7,(j) and all its predecessors in T are in M and ¢(i) is not in
M. 1t follows that B* is as required. -

Now, applying the above claim repeatedly for all pairs i, j < n we can find a cofinal
subset B of C* such that, forall x € B N M, every element of d, \ dj is incomparable
with every element of d \ dy. It follows thatif x € B N M then p, U p € S(T'), which
is a contradiction.

§3. The main theorems. We recall the guessing model principle introduced by
Viale and WeiB [19]. We let GM(k. y) be the statement that GM(k. y. Hy) holds, for
all sufficiently large regular 6, where GM (., y, Hy) states that

S, (Hy) ={M € P.,(Hy) : M < Hy and M is y-guessing}
is stationary in P, (Hy).

DerFINITION 3.1 (Cox—Krueger [6]). SGM (w,, w1) states that for every sufficiently
large regular cardinal 6 the following set is stationary in P, (Hp).

By, (Hy) = {M € Po,(Hy) : M < Hy and M is indestructibly w;-guessing}

https://doi.org/10.1017/jsl.2025.1 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.1

870 RAHMAN MOHAMMADPOUR AND BOBAN VELICKOVIC

Notice that it was proved in [6] that Suslin’s hypothesis follows from SGM (w;, w1 ).
but not from GM(w», w1).

Let us now recall the notion of a strongly y-guessing model introduced and studied
by the authors in [15].

DerINITION 3.2. Let y < k be regular uncountable cardinals. A model M of
cardinality k™ is called strongly y-guessing if it is the union of an €-increasing chain
(Me : £ < k) of y-guessing models of cardinality « such that M; = | J{M, 1y <
£}, for every ¢ of cofinality .

It was proved in Remark 2.14 of [15] that every strongly y-guessing model is
y-guessing.

DerINITION 3.3. GM ™ (k*+, ) is the statement that GM ™ (k**, y. Hy) holds, for
all sufficiently large regular 6, where GM™ (k. 5, Hy) states that

&', (Hy) ={M € P.+(Hy): M < Hp and M is strongly y-guessing}.
is stationary in P+ (Hp).

DerFINITION 3.4. A model M of cardinality w; is indestructibly strongly w;-
guessing if it is the union of an increasing chain (M; : & < w,) of indestructibly
wi-guessing models of cardinality w; such that M = (J{M, : n < &}, for every &
of cofinality w;.

DEFINITION 3.5, The principle SGM* (w3, w) ) states that &, (Hp) is station-
ary, for all large enough 8, where

&, ., (Hyp):={M € P,,(Hy) : M < Hy is indestructibly and strongly w;-guessing}.

w3.m]

DEFINITION 3.6. For a regular cardinal . we let MP(x™) denote the statement
that every forcing that adds a new subset of x* whose initial segments are in the
ground model collapses some cardinal < 2%,

Todorcevic [16] showed that if every tree of size and height w; with at most w,
cofinal branches is weakly special and 280 < R,,, then MP(w ) holds. The principle
was also studied by Golshani and Shelah in [8], where they showed that MP(x ™) is
consistent, for every regular cardinal .

ProposiTION 3.7 (Cox-—Krueger [6]). If SGM(ws. 1) and 280 <X, then
MP(w,) holds.

We shall prove that SGM ™ (w3. ;) implies MP(w,). and since SGM (w,. wy)
follows from SGM ™ (w3, ). we get the simultaneous consistency of MP(w;) and
MP(wz).

THEOREM 3.8. Suppose that V- C W are transitive models of ZFC. Assume that
SGM™ (ws. 1) and 2”1 < N,,, hold in V. Suppose that W has a subset of ) that
does not belong to V. Then either PV (w;) # PW (w1) or some V-cardinal < 2“1 is no
longer a cardinal in W.
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PrOOF. Letx € W\ V beasubset of w) . and suppose that P” (w;) = P" (wy).
We will show that some cardinal < 2“! is no longer a cardinal in W. By
PV (w1) = P" (wy), every initial segment of x belongs to V. Let

X={xnNy:y<w}.

Note that X is bounded in V. Assume toward a contradiction that every V-cardinal
< 2%1 remains a cardinal in W. Working in W, let u > w; be the least cardinal so
that there is a set M in V of cardinality x such that M N X is of size w;. Thus
1u S 20}1 .

Cramm 3.9. u = w;.

ProOF. Assume toward a contradiction that 4 > w; and M is a witness to it,
then one can work in ¥ and write M as the union of an increasing sequence (M :
& < cofV(u)) of subsets of M in ¥ whose size are less than u. Since u < 2”1 < N,
and every cardinal < 2“1 is a cardinal in W, we have cof W(,u) = cof V(,u) # w;.
Thus either u is of cofinality at most w;, and then by the pigeonhole principle,
there is ¢ < cof (1) such that |[M: N X| = w,, or u is regular, and then there is some
& < u = cof(u) such that M N X C M. In either case, we get a contradiction since
|Me| < p. -

By the above claim, u = w;. Let M be a witness for 4 = w,, andlet X' = M N X.
Notice that V' |= |M| = w,. Since M is in V and V satisfies SGM* (w3, 1), one
can cover M by an indestructibly strongly w;-guessing model N of size w;. Working
in W, x is countably approximated in N, since if y € N N w;. then there is y’ >y
in N such that x Ny’ € ¥’ C N, and hence x Ny € N. On the other hand, N is a
guessing model in W by SGM™ (w3, @) in ¥ and both ; and w, are cardinals in
W. Thus x is guessed in N, but then x must be in N since w, C N. Therefore, x is in
V., which is a contradiction!

The following corollaries are immediate.

COROLLARY 3.10. Suppose that V- C W are transitive models of ZFC. Assume that
SGM™ (w3, wy), 270 < Ry, and 2”1 < W, hold in V. Suppose that W has a new subset
ofsz. Then either W contains a real which is not in V or some cardinal < 2°! in V' is
collapsed in W.

COROLLARY 3.11. Assume 2% < R, and 281 <R, hold. Then SGM™ (w3, w,)
implies both MP(w;) and MP(w,).

Our main theorem reads as follows.

THEOREM 3.12 (Main theorem). Assume there are two supercompact cardinals.
There is a generic extension V[G] of V in which SGM™ (w3, 1) and 280 = 2% =
282 = N3 hold.

§4. An overview of virtual models. We review the theory of virtual models from
the authors’ paper [15].

4.1. The general setting. We consider the language £ obtained by adding a single
constant symbol c and a predicate U to the standard language of set theory. Let us say
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thatan L-structure A = (4, €, s, U) is suitableif Ais a transitivesetand A = “ZFC”
in the expanded language. where k = ¢ is an uncountable regular in A. For a
suitable structure .4 and an ordinal o € 4\ &, let A, = ANV .6, UNTV,).
Finally, we let

Ea={a € ORD?: A, < A}.

Note that £ is a closed subset of ORD. It is not definable in A, but E4 N« is
uniformly definable in A with parameter «, for each a € E 4. For a € E 4, we let
next 4 (o) be the least ordinal in E 4 above «, if such an ordinal exists. Otherwise, we
leave next 4 (o) undefined. We shall often abuse notation and refer to the structure

Aby A.

Lemma 4.1. Suppose M is an elementary submodel of a suitable structure A, and
that o € E4. If (M N ORD?) \ a0 # @. then min(M N ORD? \ o) € E.

Proor. See[17, Lemma 1.1] or [15, Lemma 3.1]. %

If M is a submodel of a suitable structure 4 and X is a subset of A, let the
operation Hull be defined by

Hull(M, X) = {f(X): f € M.x € X<, f is a function, and x € dom(f)}.

For o € E 4, we let A, denote the set of all transitive £-structures H € 4 which
are elementary extensions of A, and have the same cardinality as 4,. Note that if
H e A, and a € H, then Ey; Na = E4 Na. For H € A,. we will refer to 4, as the
standard part of H. Note that if  has nonstandard elements, then a € Ey,.

LemMA 4.2. Suppose M is an elementary submodel of a suitable structure A, and
that X C A. Let 6 = sup(M N ORD?), and suppose that X N A is nonempty. Then
Hull(M, X) is the least elementary submodel of A containing M and X N Ay as subsets.

PrOOF. See[17, Lemma 1.2] or [15, Lemma 3.3]. -

4.2. Virtual models in V). Assume that x < 4 are supercompact and inaccessible
cardinals, respectively. Consider the L£-structure

V), = (VA, €. K, U)
Let E = Ey, and next(a) = nexty, (o).

DerINITION 4.3. Suppose o € E. We let V, denote the collection of all
substructures M of V), of size less than x so that if we let 4 = Hull(M, V,,), then
A € A, and M is an elementary submodel of 4. The members of V, are called
a-models.

We write V., for (J{V, :y € ENa} and V for V.,. The collections V<, and
V>, are defined in the obvious way. For M € V. (M) denotes the unique ordinal
« such that M € 'V,. Note that if M € V,, then sup(M N ORD) > «. In general,
M is not elementary in V, in fact, this only happens if M C V. In this case, we will
say that M is a standard c.-model. We refer to the members of 'V as virtual models. We
also refer to members of V4. for some suitable structure 4 with 4 C V. as general
virtual models.
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Suppose M,N € V and a € E. We say that an isomorphism ¢ : M — N is
an a-isomorphism if it has an extension to an isomorphism & : Hull(M, V,) —
Hull(N. V,,). We say that M and N are a-isomorphic and write M =, N if there is
an a-isomorphism between them. Note that ¢ and &, if they exist, are unique.

It is clear that =, is an equivalence relation, for every o € E. If a < ff are in E,
then for every /-model M there is a canonical representative of the 22,-equivalence
class of M which is an a-model.

DEFINITION 4.4. Suppose o and f are members of £ and M is a f-model. Let
Hull(M, V,,) be the transitive collapse of Hull(M, V). and let 7 be the collapsing
map. We define M | « to be n[M], i.e., the image of M under the collapsing map of
Hull(M, V,,).

Note that if 4 € A, then V4 C V,,. Therefore, if 4, B € A,. M € V4, and N €
VB we can still write M =, N if M | @ = N | o. It is straightforward to check
thatif o < farein E,and M € V. Then (M [ ) oo = M | .. Foreach o € E,
the virtual version of the membership relation is defined as follows.

Suppose M, N € Vand a € E. We write M €, N if thereis M’ € N with M’ €
VN such that M’ =, M. If this is the case, we say that M is a-in N.

Lemma 4.5, Let o < f be in E. Suppose M,N € Vg and M €g N. Then M |
a €y N | a.

PrOOF. See [15, Proposition 3.15]. -

DEerINITION 4.6. For o € E., we let G, denote the collection of countable models
in V,, and we let U, be the collection of all M € 'V, that are k-Magidor models.

The collections Ccqn, C<qa. C>a. Ucq. U<q. and Us, are defined similarly. We
write C for C;, and U for U, C for the collection of standard models in €, and
U for the standard models in U. Note that both classes € and U are closed under
projections.

LEMMA 4.7. Gy contains a club in P, (V). and U is stationary in P, (V).
ProoOF. See [15, Propositions 3.19 and 3.24]. -

DEFINITION 4.8. Let M € V. We say that M is active at oo € E if (M) > o and
Hull(M, V,,,) N E N is unbounded in E N a. where k) = sup(M N k). We say
that M is strongly active at o if (M) > o and M N E N o is unbounded in £ N a.

One can easily see that a Magidor model is active at « if and only if it is strongly
active at a.

NOTATION 4.9. For a model M € 'V, let a(M) = {a € E : M is active at a} and
a(M) =max(a(M)).

Note that a(M) is a closed subset of E of size at most [Hull(M. V,;,,)|. We now
recall the definition of a meet from [15] which is the virtual version of intersection
defined only for two models of different types. Suppose N € U and M € €. Let N
be the transitive collapse of N, and let 7 be the collapsing map. Note thatif N € M,
then N N M is a countable elementary submodel of N. Then N N M € N since N
is closed under countable sequence. Note that 77 '(N N M) = 7 '[N N M]. and this
model is elementary in N.
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DEFINITION 4.10. Suppose N € Uand M € €. Leta = max(a(N) Na(M)). We
will define N A M if N €, M. Let N be the transitive collapse of N, and let 7 be
the collapsing map. Set

n = sup(sup(z '[N " M]NORD) N E N (a + 1)).
We define the meet of N and M tobe NAM = '[N N M]| 7.

REMARK 4.11. It was proved in [15] that N AM € G, is an y-model, and,
furthermore, if N A M is active at y, then (NAM) [y =N |y AM | y. More
intersection-like properties of A are found on [15, pp. 14-16].

NOTATION 4.12. Let a € E and let M be a set of virtual models. We let
Mla={Mla:MecM}and M* ={M [ a: M € Misactive at a}.

DEerINITION 4.13. Let o € E and let M be a subset of U U C. We say M is an a-
chain if for all distinct M, N € M, either M €, N or N €, M, or thereisa P €¢ M
such that either M €, P €, Nor N €, P €, M.

LemMA 4.14. Suppose o € E and M is a finite subset of U U C. Then M is an
a-chain if and only if there is an enumeration {M; : i < n} of M such that M, €,
i €Eq M.

Proor. See [15, Proposition 3.41]. o

§5. Virtual models as side conditions. We recall the definition of our pure side
conditions forcing with decorations introduced in [15]. We give its basic properties
and refer the reader to the above paper for the proofs. Recall that x < 4 are
supercompact and inaccessible, respectively.

DErINITION 5.1 (pure side conditions). Suppose a € E. We say that p = M,
belongs to M if:

(1) M, C C<q U U<, is finite and closed under meets, and
(2) M is a d-chain, forallé € E N (a +1).

We let M, < M, if for all M € M,, there is N € M, such that N | n(M) = M.
Finally. let M%¥ = [ J{M, : o € E} with the same order.

Suppose M, € M. Let
LM,)={M |a:MeM,anda € a(M)}.

We say that M € L(M ) is M ,-free if every N € M, with M €y(m) N 1s strongly
activeatn(M ). Let (M) denote the set of all M € L(M ,) that are M ,-free. Note
that a model M € £(M,,) that is not M ,-free is not M,-free. for any M, < M,,.

DEFINITION 5.2 (side conditions with decorations). Suppose o € E U {1}. We say
that a pair p = (M,.d,) belongs to P% if M, € M. d, is a finite partial function
from F(M,) to P, (V,) such that

(%) if M € dom(d)), N € My, and M €,(;s) N.thend,(M) € N.

We say that g < p if M, < M, in M£, and, for every M € dom(d,,). there exists
somey € EN(n(M)+ 1) with M | y € dom(d,) such thatd,(M) C d,(M | y).
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We call d,, the decoration of p. The order on P/ is transitive. We will say that ¢ is
stronger than p if g forces that p belongs to the generic filter, in other words, any r < ¢
is compatible with p. We write p ~ ¢ if each of p and ¢ is stronger than the other. We
identify equivalent conditions, often without saying so. Our forcing does not have
the greatest lower bound property, but if p and ¢ have a greatest lower bound, we
will denote it by p A ¢. To be precise, we should refer to p A g as the ~-equivalence
class of a greatest lower bound, but we ignore this point as it should not cause any
confusion. Note that if p € Pf and M € M, is a 6-model that is not active atJ, we
may replace M with M | a(M ) and get an equivalent condition. Thus, if o € E and
cof (a) > ., then IP; is forcing equivalent to (J{P§ : y € E Na}. Suppose a, f € E
and a < f. Forevery p € Pj. welet Myjo = M, [ aand dyjo = d, | FIM, [ @).
It is easy to see that p | & = (M 1a.dp1a) € PE. The following is straightforward.

LemMa 5.3. Suppose that o, p € E witha < . Let p € IP’Z and let g € P be such
that g < p | . Then there exists r € IP’; such thatr < p.q.

Proor. We let M, = M, UM,. Note that M, is closed under meets. We
define d, by letting d,(M) =d,(M) if M € dom(d,). and d,(M) =d,(M) if
M € dom(d,) with (M) > a. It is straightforward that r is as required. =

REMARK 5.4. The condition r from the previous lemma is the greatest lower
bound of p and ¢, so we will let r := p A gq.

DEFINITION 5.5. Assume p € IPf. and that M € C U U be such that p € M. Let
M, be the closure of M, U {M } under meets, and let d,» be defined on

dom(d,un) ={N [J: N € dom(d,) and d = sup(M Nx(N))}.
by letting d ,u (N [ 6) = d,(N).
LeMMA 5.6. pM is the weakest condition extending p with M € M oM -
ProoF. [15, Lemma 4.11]. -
NOTATION 5.7.  For virtual models N, M , we set a(N, M) = max(a(N) Na(M)).

We are now about to give the restriction of a condition to a given model. We start
with Magidor models.

DEFINITION 5.8. Let p € P%. Assume that M € £(M,,) is a Magidor model. For
N e M, weletN | M =N | a(N,M)ifky < ky.otherwise N | M is undefined.
Let p | M be defined by

Mpymu ={N I M:NeM,}andd,y =d, | (dom(d,) N M).

PROPOSITION 5.9. Suppose p € P§ and M € L(M,) is a Magidor model. Then
pIMecP;NMandp < p| M. Moreover. if ¢ € M NP extends p | M. Then q
is compatible with p and the meet p N q exists.

ProoF. See [15, Lemmata 4.13 and 4.14]. .

As a corollary. we have that the forcing P is strongly proper for U. We now define
an analogue of p | M for countable models M € £L(M,,). Now suppose p € P% and
M € M, is either a standard countable model or a countable model with oo € M.

https://doi.org/10.1017/jsl.2025.1 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.1

876 RAHMAN MOHAMMADPOUR AND BOBAN VELICKOVIC

Suppose N € M, and N €, M, where y = max(a(M)Na(N)). If y € M, then
N |y € M, but it may be that y ¢ M, but then, if we let y* = min(M N4\ y), we
have that y* € E N M by Lemma 4.1. Thus there is a y*-model N* € M which is
y-isomorphic to N | y. Moreover, such N* is unique'.

DEFINITION 5.10. Let p € P%. Assume that M € £(M,) is a countable model
that is either standard or contains a.. Suppose that N € M, and let y = a(M. N).
IfN €, M. welety* =min(M N7\ y). Wedefine N | M to be the unique y*-model
N* € M such that N* =, N. Otherwise, N [ M is undefined. Let

Mpiy ={N M :N € M,}and
dom(d,jy) ={N | M : N € dom(d,) and N €,(y) M}.
If N € dom(d,) and N €,(y) M. we thenletd, (N | M) =d,(N). Let also
p I M= Myy.dpu).

REMARK 5.11. Suppose N € dom(d,) and let n =n(N). If N €, M then M is
strongly active at # since N is M ,-free. If n € M then we put N in dom(d,) and
keep the same decoration at N. If # ¢ M we lift N to the least level n* of M above
1. we put the resulting model N* in dom(d,;) and copy the decoration of N to
N*.If P € M issuchthat P | # = N then (P | M) [ n* = N*. Moreover, we can
recover N from N* as N* | sup(n* N M). Thus, the function d,; is well-defined.
Note alsothat p | M € M.

PRrOPOSITION 5.12. Let p € P} andlet M € Csuchthatoo € M and M | a € M,,.
Then p | M € P, and for any q € P£ N M withq < p [ M, p and q are compatible,
and the meet p N q exists.

PrOOF. See [15, Lemma 4.26]. o

Note thatif p,q € P§ aresuch thatq < pand M € M, theng [ M < p | M. 1t
follows from Lemma 5.6 and Proposition 5.12 that P} is strongly proper for C. and
that P% is strongly proper for the collection of all models M € C witha € M.

For a filter F in P%, we set My = [J{M, : p € F}. and for a V'-generic filter G
n P7, we let G, = G NP%, for all & € E. The following is easy.

LEMMA 5.13. For every & € E with cof(5) < k. M, is a 5-chain.

PROPOSITION 5.14. Let 6 € E with ‘cof(é) < k. Suppose M € ./\/150 is a Magidor
model that is not the least model in M%. Then

MnVs=|J{onVs: Qe Mand Q € My},
ProoF. See [15, Proposition 4.32]. 4

ProrosITION 5.15.  The forcing P} collapses all uncountable cardinals below & to
w1 and those between k and /. to k.

ProOOF. See [15, Theorems 4.33 and 4.34]. o

ISee the paragraph above [15]
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Notice P% is A-c.c., see Proposition 5.32.

DerFINITION 5.16. Suppose that G C P} is V-generic, and that o € E' is of
cofinality less than k. We let Co(G) = {ky : M € ME}.

PROPOSITION 5.17. Let G be a V-generic filter over P§. Then Co(G) is a club in k.,
Jor all o € E of cofinality <k. Moreover, if a < f then Cg(G) \ Co(G) is bounded

inek.

PrOOF. See [15, Lemma 4.37]. -

5.1. The iteration. For a condition M, € M} and an ordinal y € E. we let
M,y(y) = {M € M2 .y € M}.

In other words, M ,(y) consists of those models in M, | next(y) that are strongly
active at next(y).

Let Ef = EU{a+1:a € E}. We will define by induction the poset Qf, for
a € EY U {i}. Let Fn(w. w) denote the poset of finite partial functions from w; to
o, ordered under reverse inclusion. Conditions in Q% will be triples of the form p =
(M,.d,, w,), where (M,.d,) € P, and w, is a finite function with dom(w,) C
E N e, such that w,(y) € Fn(w;. ®), for all y € dom(w,). If p is such a triple and
7 < aisin E, we let p | y denote the triple (M, [ y.d, | y.w, | 7). where (M, |
7.d, | ) is defined as in P5 and w), [ y is the restriction of w, to dom(w,) N y.

Let us recall that we are working with a suitable structure (V. €. &, U). To be
precise, U : A — V; is a (bookkeeping) function that we regard it as a binary
predicate. Thus let us assume that U is onto and for every x € V,, the set
{a < A:U(a) = x} is unbounded.

DEFINITION 5.18. Fora € E, welet Q% consist of triples p = (M. d,. w),). where

(1) M,.d,) € PE.

(2) w) isafinite function with dom(w,) C E N« such that, if y € dom(w,). then
U(y) is a Qf-term for a relation on w; such that 7, = (&y. U(y)) is forced
to be a tree of height w; without uncountable branches, w,(y) € Fn(w;. ).
and

Pl ylkg,(y) € S(T).

For conditions p, ¢ € QF, we say p is stronger than ¢ and write p < ¢, if and only
if,

(1) M,.d,) < (M,.d,) inP%,

(2) dom(w,) 2 dom(w,), and w,(y) C w,(y). for every y € dom(w,).
We let Q% , denote the set of triples p as above. but with dom(w,) C a + 1. Let
Q% = Uqep Qf with the same order.

Note that if @« = min(E) then Qf = P~. Also, for a € E, Q% 1s isomorphic
to QF * S(T,). if U(a) has the right form, otherwise Qf ., = Qf. For p € Qf and
a c E, welet

V4 {<a+l):(Mp fa,dp ra>wp f(a+1))-
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The order is transitive and whenever p € Qf and o € E*. then p [ a € Qf.
Moreover, if p < gthenp [a <gq | a.

PrOPOSITION 5.19. Suppose p € QZ, and that o < f are in E™. If q is a condition
in QF that extends p | . then p is compatible with q in Q;.

ProOF. Let (M,.d,) be (M,.d,) A (M,.d,) as defined in Lemma 5.3. Let also
w, be defined on dom(w,) U dom(w,) by

wy(y) ify<a,
w"(V):{ wi(i) if$2a.

It is evident that r is a condition which extends p and g¢. !

REMARK 5.20. The condition r from the previous lemma is the greatest lower
bound of p and ¢. so we will denote it by r ;== p A gq.

The following corollary is immediate.
COROLLARY 5.21. Forevery a < f§in ET U {A}. QF is a complete suborder of Q5.

ProrosiTioN 5.22. Let p € QF and let M € C U U be such that p € M. Then
there is a condition pM < p with M € M.

Proor. Let M,y and d,u be defined as in Definition 5.5. We let p™ =
(M oM d w)). It is clear that p is the required condition. o

We need the following lemma in several proofs.

LEMMA 5.23. Let o € E. Suppose M € C U U with (M) > a and oo € M. Let
p € QF be a condition with M | o € M. Let f = max(dom(w,) N M). Let Gy,
be a V-generic filter on QZH with p | p+1 € Gpy1. Assume that g € M N QY is a
condition such that:

d (qudq) < (Mp»dp) I M,

e M Ndom(w,) C dom(wy). and

eq | f+1€Gpy.

Then p and q are compatible in Q% .

Proor. First, by Proposition 5.12, we have that (M,.d,) and (M,.d,) are
compatible in P% and the meet (M,.d,) A (M. d,) exists. Let us denote this meet
by (M.d). Letus also fix r € Gy extending p | f+ 1and g | f + 1. Let (M. d,)
be the meet (M, d) A (M,,d,) as defined in Lemma 5.3. We now define w, on
dom(w,) Udom(w,) Udom(w,) by letting:

w,(y) ify € dom(w,)
Wy (7) = wq(y) lfV € dom(wq) \dom(w,),
w,(y) ify € dom(w,) \ (dom(w,) Udom(w,)).
It is easy to see that s = (M, dy, wy) is a condition in Q¥ extending p and ¢. =

PROPOSITION 5.24. Let o € E. Suppose M € C U U withn(M) > canda € M.
Let p be a condition with M | o € M. Then
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(1) if p € Q% then p is (M. QF)-generic,
(2) if p € Q. then p is (M. Q% ,)-generic.

PrOOF. First note that under our assumptions both Q; and Q% ,, belong to M.
Q¢ | is either equal to Q% or is isomorphic to Qf * S(T,). Since S(7,,) is forced
to be ccc, (2) follows from (1). If @ = min(E) then Q% is isomorphic to P%, and
by Proposition 5.12, it is then strongly proper for all models M € € U U with
n(M) > a.

Suppose now that « is not the least element of E and (2) holds for all # < «. Let
D € M be a dense subset of QF. We may assume without loss of generality that
p € D. Let f = max(dom(w,) N M). Pick a V-generic filter Gg.; on Qj,, such
that p | f + 1 € Gpy. By elementarity of M[Gp. ] in Hull(M. Vo)) [Gp1]. there
is a condition ¢ € D N M[Gg.1] satistying the following.

(1) My.dy) < (M,.d,) | M,

(2) M Nndom(w,) C dom(w,), and

B)grp+1 € Gpy1.

By the inductive assumption, p | f + 1is (M. Q; .1)-generic, and hence M[Gp.1]N
V = M. Therefore, we can find such ¢ in M. By Lemma 5.23, p and g are compatible.
_|

PROPOSITION 5.25. Suppose that A* > 1 is a sufficiently large regular cardinal. Let
p € QF. Suppose that M* < Hj» with k, A € M* is such that M == M* NV, € M.
Then p is (M*, QY )-generic.

ProOF. Observe that # = sup(M* N 4) is in E, and that M is an #-model. The
rest is as in the proof of Proposition 5.24. -

COROLLARY 5.26. For every o € ET U {1}, Q% is proper.
COROLLARY 5.27. For every a € E* U {1}, Q% is strongly proper for U.
Proor. This follows from Proposition 5.24 and Lemma 2.14. -

DEerFINITION 5.28. Let o € E and let G, be V-generic over Q%. In the model
V[G,]. let Cy[G,] denote the set of all M € Cy such that #(M) > a. o € M and
M aeMg.

Asin [15, Lemma 5.2] we have the following.
PROPOSITION 5.29. Cy[G,] is a stationary subset of P, (V) in the model V[G,].

Leta € E*. Assume that G, isa V-generic filter on Q. One can form the quotient
forcing QF /G, Suppose thatalso M € Cso. M [ a € M, . and p € M NQ}/G,.
It is then easily seen that p™ belongs to Q%/G,. By an argument, as in Proposition
5.24, we have the following.

PropPoSITION 5.30. Let A* > A be a sufficiently large regular cardinal. Suppose
that o € E. and G, C Qf is a V-generic filter. Let p € Qf/G,. Suppose M* <
H)~ contains all the relevant objects, and M = M* NV, belongs to M. Then p is
(M*[Ga]. Q% /Gy )-generic.
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Suppose @ € E* and let G, be V-generic over Q5. In V[G,] fix a large regular
cardinal 1* and let 4§ be the collection of all countable models of the form M[G,].
where M < H i‘i contains the relevant objects, and M NV, € Cy[G,]. Now, by
Propositions 5.29 and 5.30 we have the following.

COROLLARY 5.31. 4 is stationary in Py, ([H)<[Ga]) and Qf /G, is 8-proper in
V1G]

ProrosiTioN 5.32. QF satisfies the A-c.c.

PROOF. Assume that 4 C Qf is of size 4. Forevery p € P¥.leta(p) = {a(M) :
M € M,}, which is a closed subset of E of size <x. By a standard A-system
argument, we can find a subset B of A of size 4 so that there are @ and d subsets of £
such that a(p) Na(¢) = a and dom(w,) Ndom(w,) = d. for all distinct p.q € B.
Note that a is closed, and if we let y = max(a), then y € E. Since B has size 4, by a
simple counting argument, we can assume there is M € M such that M, [ y = M
and that w, [ d = w, [ d. for all p € B. Now, pick distinct p,q € B, and define
M, =M, UM,.d =d,Ud,. and also w, = w, Uw,. Letr = (M,.d,. w,). Itis
straightforward to check that r € Qf and r < p. q. =

Putting everything together, we have the following.

COROLLARY 5.33. Qf preserves w1, k and 4. and forces that k = sz 1 and 2 =
w3V[GA].
ProoF. The preservation of w; and « is guaranteed by Corollaries 5.26 and
5.27, respectively. It is easily seen that P7 is a complete suborder of Q. and hence
Propositions 5.15 and 5.32 imply that in generic extensions by Qf. k = w> and
A= ws3. -

PROPOSITION 5.34. For every o € EYU{A}, QF has the wi-approximation
property.

PrOOF. We proceed by induction. Suppose o € E and we have established that
Qf has the w-approximation property. Recall that Q7 iseither Qf, orisisomorphic
to QF x S(7,). for some T, which is a name for a tree of size and height ; without
uncountable branches. Then by Proposition 2.19 S(77,) is forced to have the w-
approximation property over V[G,], where G, is a generic over Q% . By Theorem 2.3
we conclude that Q7 | has the w;-approximation property. Recall also that ng( E)
is strongly proper for €, by Proposition 5.12, and hence has the w,-approximation
property by Lemma 2.10.

Suppose now that « is not the least element of £ and that the conclusion holds for
every ordinalin £+ N a. Let f be a Q% -name for a function 4 — 2 which is forced by
a condition p to be countably approximated in V. We may assume that y is a cardinal
in V. Suppose A* > u, A is a sufficiently large regular cardinal. Pick a countable
M* < H;~ containing the relevant objects. Thus M = M ™ N V; is a standard virtual
model. Letg < p™ be acondition which decides / | M* N u and forcesit to be equal
to some function g : M* N u — 2 which is in V. By Proposition 5.25 g is (M*, Q% )-
generic. By Lemma 2.16, it suffices to show that g is guessed in M *. Assume toward
a contradiction that g is not guessed in M*. Let y = max(dom(w,) N M), and
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pick some V-generic filter G,1 on Qf,, such that (¢ [ 7.wy(7)) € G,+1. Working in
V[G,+1]. we show thatin M *[G, ] thereis an assignment x — (gy.g.)on[u]® NV
with the following properties.

()quQaa

(2) My,.d,,) < (My.dy) I M
(3) g« Iy +1€ Gy,

4) g, : xﬁ2 gXEV

(5) ¢x

If x eul” ﬂM* then x ~ (g, g | x) satisfies all the above properties. By
elementarity of M*[G,i] in H;«[G,41]. such an assignment exists for all x €
[1]? N V. Moreover, by elementarity again there is such an assignment in M *[G,1].
Now, by the inductive assumption and Lemma 2.15, g is not guessed in M *[G,11].
Since QF is proper, [u]” NV is a cofinal in [¢]”. By Lemma 2.17 there is
B € M*[G,41]. acofinal subset of [u]” N V', such that for every x € BN M*[G,41].
g« ¢ g. and hence ¢, is incompatible with ¢. On the other hand. conditions (1)—(3)
above enable us to use Lemma 5.23 to make sure that ¢, and ¢ are compatible.
Thus, for every such x € BN M*[G,.1]. g« and ¢ are compatible, and hence we get
a contradiction. -

One can use Proposition 5.30 and the proof of Proposition 5.34 to prove the
following.

PROPOSITION 5.35. Suppose o, f € EY U {1} and o < f8. Suppose that G, is a V-
generic filter over Q. Then Q’/}/Ga has the wy-approximation property over V[G].

The following corollary is immediate.

COROLLARY 5.36. Suppose a.f € ET U{A} and o < f§. Let Gy be a V-generic
filter over Q. and let Go, = Gy N Qf. Then the pairs (V. V[G,]) and (V[G,]. V[Gs)
have the wy-approximation property.

5.2. Quotients by Magidor models. The first lemma of this subsection states that
Q7 is strongly proper for U in a canonical way.
DEFINITION 5.37. Let p € Q%. Assume N € £(M,) is a Magidor model. We let
pIN=WMpn.dpyy.wy, | N).

LEMMA 5.38. Let p € Qf. andlet N € L(M,) be a Magidor model. Assume that
a<n(N)isinE.Thenp [a | N=(p|N)|a.

PrOOF. It is enough to show that if M € M. then (M [ N) [a=M [ a | N.
This is of course clear from the definition of M | N. =

LemMA 5.39. Let p € QF. and assume that N € L(M ) is a Magidor model. Then

(1) pI N QNN
(2) Every condition g € N extending p | N is compatible with p.

ProoF. We prove both items simultaneously by induction on «. Note that both
are true for the minimum of E. Thus let us assume that o > min(E). Note that
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p | N belongs to N. So all we have to show is that p [ N is a condition in Q% that
satisfies the second item.

One needs first to show that for every y € dom(p) NN, (p | N) | y, which is a
condition by the inductive hypothesis and Lemma 5.38, forces in Q} that “w,(y) €

S(T ,)”. Assume towards a contradiction that this is not the case, so there is ¢ € Q5
with ¢ < (p | N) | y which forces w,(y) is not in $(7},)”. Since both p | N [y
and w,(y) belong to N, we can find such ¢ in N by elementarity. Therefore, ¢
is not compatible with p | y. This contradicts the second item above applied to
p 7. N |7, and ¢q. Hence the first item follows.
To see the second item, we will define a common extension of p, ¢, say r by letting
(M,.d,) = (M,.d,) N (M,.d,). dom(w,) = dom(w,) Udom(w,), and that
wy(y) ify €N,
wy(y) ify ¢ N.

It follows from Proposition 5.9 that r is a common extension of p and q. =

REmARK 5.40. As before, we let the above r be the meet of p and ¢, which we
denote by p A q.

Suppose that N € U and a € E. We set
Q) IN={pecQy:NJaecM,} and Qy:=Q;NN.

By Lemma 5.39, the condition 1y := ({N | a}, @.2)is (N, Q% )-strongly generic,
and therefore the mapping

an — Qq [N
p’_>pN[a

is a complete embedding. Moreover, if pis a conditionin Qf [ N.thenp [ N € Qf
is such that if ¢ € Qf ,, extends p [ N, then p and ¢ are compatible. and indeed the
meet p A g exists.

For a V-generic filter G, x C Q% N N we can form the following quotient forcing

RY .= QF | N/Gan.

DEerFINITION 5.41. Let G, n be a V-generic filter over QF N N. Let Cy[Gan]
denote the set of all models M € G such that o, N € M and (NAM) [« €
Ma, -

Note that Cy[G, ] is stationary in P, (¥;) in the model V'[G,, y]. but we do not
need this and therefore avoid a proof.

LEMMA 5.42 (Factorization lemma). Suppose N € U, and that o < § < n(N) are
in E. Let Go.x C QF N N be a V-generic filter. The mapping

piQf I NGy — RY x (Q5NN)/Gan
p—(pla.plN)

is a projection in V[Gyn]-
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ProOF. It is easy to observe that p is a well-defined, order-preserving mapping
that respects the maximal conditions. Assume that the arbitrary elements

p € QI N/Goy and (r.5) € Qi | N/Gan x (Q5NN)/Gon with

(r.s)<(pla.pIN)

are given. Our goal is to find a condition ¢ € Q; I N/Gqny with ¢ < p such that

plg) < (r.s).
Sincer [ N.s [ a € G4, we can fix acommon extension § € G, y of them. Now
by applying Lemma 5.39 to ¢, N, r, we have

gAr<g<s|a,
and by applying Proposition 5.19 to ¢, s, &, we have
gNhs<qg<r[N.

By reverse applications of Lemma 5.39 and Proposition 5.19 to the above
inequalities, the meets (7 A7) A s and (4 A s) A r exist. A simple calculation shows
that these conditions are equal, so let us call them ¢*. The canonicity of our
projections guarantees that

¢ la=(@Ar)<r and ¢*|N=(GAs)<s.
Moreover,
" lalN=(¢"IN)[a=gG€ Gay.
Consequently,
q" € Q3/Gay and (¢" [a.q" [ N) < (rs).

It suffices to show that p and ¢* are compatible, since the mappings e — e | o and
e — o [ N are order-preserving. We define a common extension of them, say ¢. Let
My =M, UM,y Foreveryé € E,

M‘;* ifo <a,  (since ./\/l‘f7 C Mo C M(;*)
M =
MS,if6>a. (since M), C M) C M)

In either case. M9 is an 6-chain. Thus M, is a condition in M. We now define d,
on dom(d,) U dom(d,~) by letting

d,(P) ify(P)>aand P ¢ N,

d,(P) =
o(P) dg«(P) otherwise.

The function is well-defined as p(g*) < p(p). A proof similar to [15, Lemma 4.14]
would show that every model in dom(d,) is M, -free. We sketch the proof. Thus we
assume that P € L(M,). Q € M,. and that P €, p) Q. We have to show that Q is
strongly active at (P).
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e Case 1. 7(N) >« and P ¢ N: Then P does not belong to £L(M,«). hence
O ¢ M+, in which case, since p is a condition, Q must be strongly active at

n(P).

e Case2.7(N) > aand P € N: Then Pisin £L(M,+). We may assume that Q ¢
M. In particular, Q € M. Now both N and Q are active at (P). Therefore,
we must have P € N €,p) 0. We can also assume that Q is countable, as
otherwise, it is strongly active at #(P). Now, we have P €,(pP) (NAQ)|N.
where the latter model belongs to M, «. Thus (N A Q) | N is strongly active at
n(P), and hence Q.

e Case 3. (P) < a: In this case P is in L(M = o). then O | @ € My=q. Now
O | ., and consequently Q is strongly active at #(P).

Using the above argument, it is easy to show that the decorative function d,, fulfils

(%) in Definition 5.2.
It remains to define w, on dom(w),) U dom(w,-). For each y € dom(w,). we let

| wy(y) ify>aandy ¢ N,
wq(V) - { Wy (y) otherwise.

We observe that w, is well-defined thanks to the definition of ¢*. Thus ¢ is a
condition in (@7), I N, which is easily shown to be a common extension of p and ¢.
By an easy calculation, we have

gla|N=gc¢€Gun.
and therefore ¢ € (@Z I N/G,.n. as required! o

LEMMA 5.43. Suppose N € U and that o < § <n(N) are in E. Let Gpy be a
V-generic filter over (@’/}_’ v+ Then in V[Gpn]. RY is a complete suborder ofR;;’ .

PrOOF. It is clear that RY C R;}’ , and furthermore, if p € Rg .then p | a € RY.
Now fix p € Rg and suppose that ¢ € RY extends p | a. Letr = p A ¢ as obtained
in Q;. Therefore, we have r € (@; [ N. An easy calculation shows that

rIN=p[NANg|NEeEGgn.

where we observethat p | N < (¢ | N) | a,andhencethemeetp | N A g | N exists
by Proposition 5.19. .

LEMMA 5.44. Assume N is a Magidor model, M € Cy[G4.n]. and that p € RY N
M. Then pM1% is an (M [G, ). RY)-generic condition.

PrROOF. Let us first show that p1® is an RY -condition. Note that by the proof
of [15, Lemma 5.7]. we have

(Mp’dp)Mm [N = ((Mp’dp) [N)
On the other hand. N A M | a is in Mg_ .. which in turn implies that

((MmN=deN)NAMraa @) € Gon.

NAM |

It follows that
era | N = ((MPTN,dp[N)NAMra,wp [N) € G,yn.
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This shows that p1* is a condition in RY , and that p™1* is (M, Q% | N)-generic.
Therefore, erCM I N is (M, Q% N N)-generic, and that

M T N IF“pis (M[Gan]. RY)-generic”.

Since pM!® | N belongs to G, . we have, in V[Gan], pis (M[G4n]. RY )-generic.
_|

We now state our key lemma.

LEMMA 5.45. Suppose N € U and that y € a(N). Let G,y be a V-generic filter
over Q3 N N. Then in V[G, y]. R;V has the wi-approximation property.

Proor. We will prove by induction on f < y that R]ﬁv has the w;-approximation
property over V'[G, y]. where in the definition of R;),V .weuse G,y N QZ as the generic
filter on Q; N N. Thus we fix f and assume that the lemma holds for every ordinal
nENPg.

Suppose that f is an R;}’ -term forced by a condition p to be a function on an
ordinal u that is countably approximated in V'[G, x]. We look for an extension of p

that decides f . We first choose a countable model M elementary in V5 withé > 4
such that E. §,y. N, p, u and f belong to M, and that

(N A(MN V/z)) [y € MG./‘,,N'
Let also
M, =MnV,)y and Mz=M,|p.

Using Lemma 5.44, we can extend p to a condition p*# in }Rg so that My ¢ MpMﬁ .
Since p forces that f is wi-approximated in V'[G, y]. thereis a condition g € R;}Y with
g < p™# which decides the values of f [ M N u. Therefore, there exists a function
g : M N u — 2such that
ql-“g=f1TMnp .
Lemmas 5.43 and 5.44 ensures that p™# is a(My[Gy,N],R;}’)-generic condition,
and thus (M[G, y]. Rg’ )-generic. On the other hand, by Lemma 2.16, we are done

if g is guessed in M[G, y]. Therefore, we may assume toward a contradiction that g
is not guessed in M[G, y]. and we let

a = max(dom(w,) N M).

Assume that G is a V[G, y]-generic filter on RY containing ¢ | o, where again we
use

Gon =G,nNQYL

to form the quotient forcing RY . Notice that Lemmas 5.42 and 5.44 imply that ¢ | «
is (M[G, y].RY)-generic, and on the other hand by the inductive hypothesis, RY
has the w-approximation property over V[G, y]. Consequently, the function g is
not guessed in M[G, y][GY] by Lemma 2.17. Since G is a V[G, y]-generic filter
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on RY, the factorization lemma (Lemma 5.42) over V[G,.y] yields the following
equality:

VIGanG NG ] = VIGanIGS NG).N]-

Note that G is a V-generic filter on Q% | N and G,y is a V-generic filter on
Q;NN, and hence we have

VIG,WIIGYT = VIGIIG,N].
CLAM 5.46. The pair (VIGY1. VIGY1[G, n]) has the wy-approximation property.

Proor. Let G}V be a V[GY][G, y]-generic filter on RY. Notice that both G2

and G)fv are also V-generic filters on Q] and Q7. respectively. Now. Corollary 5.36
implies that the pair

(V[GY1.VIGN])
has the w;-approximation property, and so does the pair (V[G)]. V[GY 1[G, n]).
Note that if « € N, then S(Ta) is already interpr_eted by G, n.and hence by G, v

and moreover there is a generic filter on Vale_N (S(7,)) in V[G,n]. Thus in this

case. the conditions in $(7,,) cannot prevent us from amalgamating conditions in
R;}V (i.e., if p’ and ¢’ are conditions in R;}’ with a € dom(w,/) N dom(w,/). we do

know that pr,"N () and wgy‘N (o) are compatible.)

For the sake of simplicity, we make the following convention.

CONVENTION 5.47. We let Q be the interpretation of S(T,) under GY if o is
not in N, and let it be the trivial forcing otherwise. We also let, for every p’ € Rg,

GY . . . . .
Zy =w,” (a) if a ¢ N, and let it be a canonical RY -name in N for the maximal
condition of the trivial forcing otherwise.

CLAM 5.48. The forcing Q has the w\-approximation property over V[G, y][GY].
and z, is (M[G, N][GY]. Q)-generic.

PrOOF. We may assume that @ ¢ N and that Q is nontrivial; thus Q is the
specializing forcing of a tree T € V[G)] of size and height w; without any cofinal
branches. By Claim 5.46, the tree T is still of height w; and has no cofinal
branches in V[GY][G, y]. On the other hand. V[GX][G, y] = V[G, y][GY]. Thus
in V[G,y][GY]. Qisac.c.c. forcing with the w;-approximation property. Therefore,
zq is (M[G, n][G]]. Q)-generic. =

Returning to the main body of the proof, let H be a V[G, y][GY]-generic filter
on Q containing z,. We now work in the model V[G, y][GY][H] for the rest of the
proof. By Claim 5.48 and Lemma 2.15 and the fact that we have assumed earlier
that g is not guessed in M[G, y][GZ]. we have that g is not guessed in

M* = M[G, NGy H].

Note that for every x € M* N [u]®. x — (q. g) witnesses the conditions below,
and so a mapping x — (g..gy) on [u]® exists in M* such that:
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(1) qdx € QZ I NV,

(2) (My,.dy,) < (M,.d,) | M in P},
(3) M ndom(w,) C dom(w,,)

(4) g [ € Gé\/

(5) zyo € H

(6) gx | N € Gpy.and

2

(7) g is a function with x C dom(g,) such that g, IF “g, [ x = f | x”.
Since g is not guessed in M*, by Lemma 2.17, there is a set B € M* cofinal in
[#]” such that for every x € BN M*, g, ¢ g. Therefore, the conditions ¢, and ¢

are incompatible in R'ﬁ,, forevery x € BN M*.
We now draw a contradiction using the following claim.

CLAM 5.49. For every x € BN M*, q. and q are compatible.

Proor. Fix x € BN M*. Thus g, € M*, and hence g, € M by Lemmas 5.42
and 5.44 and Claim 5.48. The conditions (1)-(5) above allow us to use Lemma 5.23
to find a common extension of ¢, and ¢ in Q; [ N, say go. However, we need to
show that ¢, and ¢ are compatible in R;;V . Let r € GY be a common extension of
gx [ aand g | o, andletalsos € Gpy beacommon extensionofg, [ Nandg [ N.
Set

d ={¢ edom(wy) :a <&¢ N},
and let
g1 = (M. dgy. wg, 1 d).
Notice that g, € Q’/'} [ N, and that

(r.s) < (@i lo.qi | N).

We now apply Lemma 5.42 to (r,s) and g to find a condition ¢ € Q} I N/Gan
with ¢ <r,s,q; such that § [ N € Gpn. Note that § < ¢, ¢ in (@Z, [ N but g is in
R/ﬂv , and hence g and ¢, are compatible in R, as required. -

§6. The proof of theorem 3.12. Suppose x < A are supercompact cardinals.
Consider the structure V; = (V;, €.k, U), where U is a suitable bookkeeping
function enumerating all Qf-terms in V; which are forced to be trees of size and
height w; without cofinal branches. Let G, C QF be a V-generic filter. Since Qf
is A-c.c, every tree of size and height w; that has no cofinal branches is special in
V'[G,]. Recall that by Baumgartner’s [3, Theorem 7.5], if every tree of height and
size w; that has no branches of length w is special, then every tree of height and size
w; that has at most w; cofinal branches is weakly special. Thus, by Proposition 2.6,
to show that SGM ™ (w3, ;) holds in V'[G,]. it suffices to show that GM™ (w3, ;)
holds in V'[G;]. Indeed, we show that the w;-guessing models of size w; witnessing
GM ™" (w3. w)) are internally club.

LeMMA 6.1. Let o € E. Suppose that N € Mg, is a Magidor model with o € N.
Then N[G,] is an w,-guessing model in V[G,].
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PrOOF. Note that the projection N — N [ ais anisomorphism and is the identity
on Q° N N. Thus, N[G,] and (N | @)[G,] are also isomorphic. Therefore, by
replacing N with N | a we may assume that it is an a-model. Let N be the transitive
collapse of N, and let 7 be the collapse map. For convenience, let us write & for
#y. Then N = V;, for some j with cof(j) > & and n(k) = k. Let @ = n(a). Since
a € N and N is an a-model we have

Qv =QNN=Q;NN.
Let Q% = 7[Q% N N]. and let p € G, be such that N € M. By Corollary 5.27 p is

(N, Q%)-strongly generic. Consequently, G, v = G, N N is V-generic over Q% N N.
It follows that

G = n[Ga.N]
is V-generic over Q%. Note that

NTOe I V{Ga,
N[Gan] = V;1GE] = vy 17,

which belongs to V[G,.n]. It is clear that the pair (N[Gon]. V[Ga.n]) has the w;-
approximation property. On the other hand, by Lemma 5.45, the quotient forcing
RY has the w;-approximation property, and thus, by Proposition 5.35, the pair
(V[Ga.n]. V[G,]) has the w-approximation property. By Theorem 2.3, the pair

(N[Gan]. VIG])

has the w;-approximation property. Now Theorem 2.4 implies that N[G, n] is an
w1-guessing model in V[G,]. .

One can show with a similar proof that if 4 > 2 and N < V,, is a k-Magidor
model containing all the relevant parameters. Then N[G,] is an w;-guessing model
in V[G;]. We now prove that for all u > A the set of strongly w;-guessing models is
stationary in P, (V,[G,]).

LemmA 6.2, Suppose that u > A and N <V, is a A-Magidor model containing all
the relevant parameters. Then N[G;] is a strongly w-guessing model.

ProoF. Since N is a A-Magidor model, its transitive collapse N equals V5, for
some 7 < A. Let 2 = N N/, which is in E. Note that cof(1) > k. and hence the
transitive collapse N[G;] of N[G;] equals V;[G;]. On the other hand, the pair
(V'[G;]. V[G,]) has the w;-approximation property by Corollary 5.36. Therefore,
V’;[G;] and hence also N[G;] remains an w;-guessing model in V'[G,]. To see that
V;5(G;] is a strongly w;-guessing model, fix some d € E withd > 7 and cof(6) < &.
Note thatif M € ./\/l‘z;i is a Magidor model with A € M, then by Lemma 6.1 M[G;]
is an w;-guessing model. Moreover, if M € M%A is a limit of such Magidor models
then by Proposition 5.14, ’

MnVs=J{onVs: Q€ Mand Q € My }.

Hence if we let G be the collection of the models (M N V5)[G;]. for Magidor models
M e M‘SG_ with 4 € M, then G is an €-increasing chain of length w, which is
continuous at ;-limits and whose union is V51G;]. Note that every model of size
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w; in this chain is a continuous union of an I.C. sequence. Therefore N[G,] is a
strongly w;-guessing model in V' [G,], as required. -

The following corollary is immediate and concludes the proof of Theorem 3.12.
COROLLARY 6.3. The principle SGM™ (w3, wy) holds in V[G,].

REMARK 6.4. The decoration component in the forcing conditions plays no role
in our main theorem. However, without additional effort, one can easily show that
the w-guessing models of size w; witnessing the truth of SGM™ (3. 1) in the final
model are internally club.
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