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Abstract

This paper derives explicit expressions for drawdown-based two-sided exit identities
involving the overshoots and undershoots at the exit times under Poisson observation
times for spectrally negative Lévy risk processes by using fluctuation theory. All result-
ing Laplace transforms of the risk quantities of interest are expressed in terms of the
scale functions of the spectrally negative Lévy processes.
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1. Introduction

Actuarial mathematics plays an important role in quantifying and managing financial risk,
advancing the use of stochastic processes to model market dynamics more accurately. Among
these processes, Lévy processes, which are characterized by continuous paths and jump com-
ponents, can effectively capture the abrupt and unpredictable changes inherent in financial
assets and liabilities. A special subclass, the spectrally negative Lévy process (SNLP) with no
positive jumps, has attracted many scholars’ attention since the 2000s. In actuarial applications,
SNLPs model surplus processes that combine Brownian motion (representing investment-
related fluctuations) with downward jumps (representing claim losses). These processes align
well with empirical data and are supported by extensive results in fluctuation theory. SNLPs
encompass a wide range of insurance and financial models, including the perturbed and non-
perturbed Cramér—Lundberg process, the Gamma process, and the inverse Gaussian process
(see [8, 13, 22, 24, 29]).
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A key analytical tool in the study of SNLPs is the scale function, which serves as a central
component in describing fluctuation identities and exit problems. Although only semi-explicit,
potential measures and exit formulas can be elegantly expressed through these functions, mak-
ing them a fundamental element in SNLP theory. A comprehensive review by [12] provides
detailed analysis and explicit forms of known scale functions. Landriault and Willmot [14]
adopted a nonstandard analytic approach to derive new explicit expressions for the Cramér—
Lundberg risk process and its perturbed version, whereas [11] presented a novel matrix-based
formulation for processes with negative phase-type jumps. For further developments, the
review [7] offers an extensive overview of recent advances in this field.

Beyond fluctuation theory, drawdown analysis has emerged as another valuable framework
for understanding the risk dynamics of insurance surplus processes driven by Lévy models. The
drawdown, defined as the decline from a historical peak, is particularly relevant in insurance
mathematics, where assessing risk exposure is crucial for maintaining solvency. For Lévy-
driven surplus models, drawdown analysis offers refined insights into potential vulnerabilities
and recovery patterns, reflecting the combined effects of jumps and continuous paths. Key
drawdown-related quantities studied in the literature include the drawdown time, the running
maximum and minimum before drawdown, and the undershoot and overshoot at the drawdown
moment. Relevant studies include [15, 25, 26], among others. Alongside drawdown, Parisian
ruin has been studied extensively as a complementary, more realistic alternative to classical
ruin, typically by requiring the process to stay below zero for a fixed duration before ruin is
triggered (e.g. [16, 17, 20, 21]). Recently, researchers have integrated these two concepts by
introducing the ‘drawdown Parisian ruin’ problem, where ruin occurs only when the surplus
process remains continuously below its dynamic drawdown level for a fixed amount of time
(e.g. [18, 27]).

Another active research direction involves Poisson observation models, initially was intro-
duced in [1, 2] and later generalized in [3, 6] to more flexible schemes with surplus-dependent
observation rates. The Poisson observation framework can model the monitoring frequency
of an insurer’s surplus by an external regulatory authority and serves as a conceptual
bridge between continuous-time and discrete-time observation, enabling explicit and elegant
formulations.

Building on the growing interest in Poisson observation models, in [5] several elegant iden-
tities for exit problems of Lévy processes under Poisson observation were derived, which have
proven to be valuable analytical tools. Motivated by this work, we establish new formulas for
fluctuation problems involving exit times under Poisson or hybrid (continuous—Poisson) obser-
vation, along with the corresponding overshoots and undershoots at exit (see Theorems 3.1
and 3.2).

This paper makes four major contributions. First, in contrast to the classical-ruin-based fluc-
tuation identities presented in [5], our drawdown-based counterparts provide deeper insights
into the historical dynamics of the underlying process. Second, incorporating drawdown con-
cepts into SNLPs presents methodological challenges. To address these, an excursion approach
that is relatively uncommon in the actuarial science is extensively adopted (see, for example,
(38)—(40), and (54)). Third, since the drawdown time is a stopping time that depends on the run-
ning maximum, it is essential to continuously track this dynamically changing quantity during
calculations and proofs (see, for example, (34), (42), (51), (58), and (64)). In more detail, a key
insight underlying the proofs is as follows: standing at the earlier of the drawdown time (under
continuous observation) and the first Poisson observation time, one must check whether the
surplus process is able to recover to its running maximum in a timely manner. If the surplus
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process does succeed in climbing back to its running maximum in time, there will exist a
time interval during which the running maximum remains constant. Consequently, the up- and
down-crossing times of the drawdown level are reduced to those of a fixed level. As a result,
the drawdown-related Poisson-continuous two-sided exit problem within this interval simpli-
fies to a classical Poisson-continuous two-sided exit problem with fixed crossing levels, for
which established solutions are available. From the moment the surplus returns to its running
maximum onward, the problem regains its drawdown character, thereby allowing the strong
Markov property to come into effect. Conversely, if the surplus process fails to recover to its
running maximum in time, the original drawdown involved Poisson-continuous two-sided exit
problem directly reduces to a classical exit problem with fixed crossing levels.

In this way, a crucial step in deriving the fluctuation identities is to decompose the target
exit problem into a sequence of local subexit problems with fixed (rather than dynamically
changing) and drawdown crossing levels. This decomposition calls for careful analysis to
ensure a mathematically rigorous transition between the original problem and these sequen-
tial local subproblems. Fourth, owing to the intricate nature of the solution expressions for
the target drawdown-based Poisson-continuous two-sided exit problems, Section 4 is dedi-
cated exclusively to obtaining simplified solutions for the case of a linear drawdown function
(see Theorems 4.1-4.3). Specifically, when the drawdown function vanishes (i.e. reduces to 0),
our findings are in exact agreement with those of [5] (see Remarks 4.1-4.2). In addition,
Theorem 3.3 shows that a fluctuation identity of Poisson observation converges to that of
continuous observation as A — co.

The remainder of this paper is organized as follows. In Section 2, some preliminaries and
notation of SNLPs are presented. The main results are provided in Section 3. Simplified solu-
tions for the target exit problems with linear drawdown function are presented in Section 4. All
proofs are postponed to Section 5.

2. Preliminaries and notation

On a probability space with probability laws {P,;x € (—o00, 00)} and natural filtration
{Fi;t >0}, let X={X(r); >0} be a SNLP which is not a purely increasing linear drift or
the negative of a subordinator. The Laplace exponent of X is given by

¥ (0) == log (Ex(e?¥D79)) =0 + %(1202 - f«) ) (1 — ™ — 6x1(p,1)(x)) T1(dx),
, 00

where IT is the Lévy measure satisfying f(o, 00) (1 /\xz) [1(dx) < co. The function ¥ (0) is
finite, strictly convex, and infinitely differentiable in 6 € [0, c0). As in [9], the scale func-
tion {W,; A > 0} of X is defined as follows. For each A > 0, W, : [0, co) — [0, c0) is the unique
strictly increasing and continuous function with Laplace transform

o0
1
—0x
e W ()dx= ——, 6> Dy,
/0 * Y(O) — A g

where @, is the largest solution of the equation v/ (6) = A (there are at most two). Throughout
this paper, the scale function is assumed to be continuously differentiable on (0, co), where
discussions on the differentiability of the scale function W), can be found in [12]. For example,
W, € C%(0, 0o) when o > 0, i.e. the Lévy process has a nontrivial Brownian component. For
convenience, we extend the domain of W), to the whole real line by setting W) (x) = 0 for all
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x < 0. Let W(x) = W, —o(x). For later use, we define
Zu) = 142 /0 Wiz, 520, x20,
and
Zi(x, 0) := e9x<1 + (=¥ (9)) /Ox eeZWx(z)dZ>, 2,020, x>0,
with Z, (x) = 1 and Z; (x, 8) = e?* for x < 0. Further define
W@mm:ﬂnm+@—mﬁﬁnu—wnww,pqzaxe@wmm, M
and
ZP9(x, 0) :=Z,(x, 6) + (¢ — p) /ax Wy(x — ) Zy(y, 6)dy
=Zy(x,0)+ @ —q) /Oa Wo(x = y)Zp(y, O)dy, p,q=0, 0<a=x, (2
with ZP?(x, ) = Z,(x, 6) for x < a. By [22], we have
Wq(x) — Wp(x) = (g — p) /Ox Wpx = »Wy(ndy, p.g=0, x€(—00, 00). 3)
Using the Laplace transform method, we can easily show that
Zp(x,0) = Z4(x, 0)=(p —q) /Ox Wox —y)Zp(y, 0)dy, p,g=0, x=0.

In addition, we define

V(p)Z(x, q) — Y (q)Z(x, p)
P—q ’

Z(x,p, q) = p,q>0, p#q. 4)

Note that for p =g, Z(x, P, @) in (4) simplifies to
Z(x, p, p) =¥'(0)Z(x, p) = ¥ (P)Z'(x, p),

where the differentiation of Z is with respect to the second argument.
The first up-crossing and down-crossing time of the process X are defined by

r; = inf{r > 0; X(#) > b} and 7, := inf{r > 0; X(1) < c},
for b, c € (—00, 00). The general drawdown time of the process X is defined as
e == inf{r > 0; X(t) < E(X(1))},

where X(t) := SUP,e(0,, X(s) is the running maximum process of X and & is a drawdown
function with &£ (x) < x for all x € R. By (3.1) in Proposition 3.1 of [15], we have

“W; (@) d

E, _)”T“Jrl + = {— —
e )=~ | W&o

{ta" <}

z}, O<x<a<oo, A>0, 5)
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where &(z) := z — £(z) > 0. In addition, according to Proposition 3.2 of [15], we have the fol-
lowing joint probability density function of the state of X and the running maximum of X
at an independent exponential random time e, on the event that e, precedes the drawdown

time:
B _ oy WEm
P.(X(ey) edy, X(ey) €dz, e), < ) =AW(0)e ™ MaG0D) 14 1y dyéy(dz)
[ UAEE)
tae x WG " (Wi(z —y)— mm(z - y)> 1), (dz dy, (6)

for x Vy <z, A>0, where §,(dz) is the Dirac measure which assigns unit mass to the point x
and e, is an exponentially distributed random variable (independent of X) with mean 1/X. In
particular, we have
P, (X(ex) €dy, X(ey) € dz) = AW(0)e™ ®* 01, -y 8,(dz)dy
+ae” PE(— 0, Wiz — ) + Wiz — ) 1izsyy dzdy, xVvy<z, A>0. (7)

Furthermore, let 7; be the ith arrival time of an independent Poisson process with rate A > 0,
and define the following stopping times

T := min{T;; X(T})) > b}, T, := min{T; X(T}) < c},

c

and
T == min{T; X(T}) < §(X(T))}.

We shall briefly recall the concepts in excursion theory for the reflected process {X() —
X(1); t > 0}, and we refer to [9] for more details. For x € R, the process {L(¢) := X(@) —x;t>0)
serves as a local time accumulated by the reflected process {X(¢) — X(f); t > 0} under P,. Let
the corresponding inverse local time be

L_l(t) =:inf{s > 0; L(s) > t} = sup{s > 0; L(s) < t}.
Furthermore, let L~ (—) = limg4, L~1(s). The Poisson point process of excursions indexed by
this local time is denoted by {(z, ¢;); t > 0} (see Section 5 of [15]), where
&)= XL~ =) = XL ¢ +9), se[0,L7' 0 -L7' (1)),

whenever L=1(f) — L~1(—) > 0. For the case of L~1(1) — L~1(t+—) =0, define &, = Y with Y
being an additional isolated point. Accordingly, we denote a generic excursion as &(-) (or &
for short) which belongs to the space £ of canonical excursions. The intensity measure of the
process {(t, &/); t > 0} is given by df x dn where n is a measure on the space of excursions.
The lifetime of a canonical excursion ¢ is denoted by ¢, and its excursion height is denoted by
€ =sup;¢(o,¢] £()- The first passage time of a canonical excursion ¢ is defined as

x; = inf{r € [0, ¢1; (t) > b}

with the convention inf @ = ¢. From (31) of [23], we have the following joint Laplace trans-
form (under the excursion measure n) of the first up-crossing time and the overshoot at the
level s:

W/
n(e M6 HOE=E0 7 5 ) = Wi 7,5, 6)— 6235, 0) — O — p@Wi(s),  (8)
W,.(s)
forA>0,0>0,and s > 0.
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3. Main results

This section aims at presenting several drawdown-based Poisson observation-type two-
sided exit identities involving the overshoots and undershoots at the exit times of the spectrally
negative Lévy process. The main results are stated in Theorems 3.1 and 3.2. To begin with,
define

fi@x:0, a):= By(fXTO—EXT) . 1 < ) xe]0, al,
filx; 0, 00) := Ex(ee(X(Té)_é(Y(Tf))); T <o), x€]0,00),

H(x:0,a):= Ex(e_e(X(T:r)_“); T <t), x€[0,00),

0, a):= By(fX@=EX@N), ¢ - TH)  x €0, 00).

The functions fj—f3 are Laplace transforms of the undershoot at the Poisson drawdown time
T or the overshoot at the Poisson exceeding time 7, under hybrid (continuous and Poisson)
observation. The following Theorem 3.1 provides closed-form expressions for the functions
J1—f3 in terms of the scale functions of the spectrally negative Lévy process X. Their detailed
proofs are postponed to Section 5.

Theorem 3.1. Recall £(z) := z — £(2). Suppose that lim &(z) = 0o, then, for a, 6 > 0, we have
77— 00

fi(x;6, 00) = e Jo @4z / T e @e i g e 0 o0, ©9)
.
£1( 60, a) = e Jo @k /agl(z) e~ Jommdw g, x €10, al, (10)
x
fw 0, =e 5 W0 Y00, xel0.al (n
Fr(x;0, @) = —e Ja @ [ b () e Ja I 4z e (a, 00), (12)
o

_ ra WEQR) a _ oz WEwW)
f3(x, 9, a) —e ¥ WE@) dzf3(a; 6’ a) + / eef(Z)e fx W(E(w))
X

WED\, - _
-0+ —1\Z , 0 0OW dz, 0, a], 13
x (( v W@(Z))) E@), 0)+ ¥ () <s<z)>) . xel0,al (13)
f5(x: 0, a) = —e Ja 2@ / T g @e i g e (a0 (14)

where

AWEX)  Z/(EW), 02)
ZEW, D) ZE®), D)
A (Z’(E(z), ®;)

A=Y O)\ ZE(2), 1)

h(x)= &) —

g1(x) = Z(¢(2),0) - Z'(¢ (), 9)>,
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W](E)) — 2[5 W)W E ) — »dy
W E)

ha(x) =

W, ()
Wi(E(x)

_ E()—a W /(&
+)Le*9(§(")*“) / eayW)L(y)d <( (Og(x)) (E(x)) WA(E(X))>1{Q>E(X)}7
0 Wo e @) Wi.(§(x))

X
g0 = —AW(0)e 09 3 / e 00~ (Wﬂx -y - Wi (x — y)) dy
avé(x)

W! (& _ _
300 = —((—e + M)A(E(}C), 6)— (h— ww»ws(x)))

Wi (E))
“ / TN AGEN
-2 2y = £00, OW, (¢ =3y + Z:E (), ) 2= scoza)
£(x)na Wi(€(x))
Zy" et & 0) [t na WO = E@IW = 0dy  Zg70 E0). OIW] E ()
+A wOb 0,0 1z (v<a)-
a— g(x)(g(x)) Wa E(x)(g(x))

When &(x) =£&(a) for all x € [a, 00), the following corollary is a simplified version of
Theorem 3.1 as follows. Its proof is given in Section 5.

Corollary 3.1. If we assume that &(x) = &(a) for all x € [a, 00), we have

« WEQ) 4, AW(E(a))
[0,a)=e 7 WE) = ’ 0, ),
e N R

WO (x — £(a)

0. a)= — —B(x—a) /x_a 0y d &(a) . , , 1
fo(x; 0, a) re A e W, (y)dy + 6+ OZE@). D) x € [a, 00) (15)

A0 ay=e ke« (Z(g(a), 6y + V(@) (A Z6@.0) w(9)>>

0 — @ \" ZE(a), D;)
I e ((_ W’(?(z))>z— _ )
n / o O+ ey JZEO O+ VOWER )z xel0.a),
WOPx— @) /4
700, _ £ (¢@,0)
fx;0,a)=7Z; o) x—&(a),0)+ P <AZ(§(a), o) 1//(9)), x € [a, 00).

(16)
Next, we present the second main result of our paper stated in Theorem 3.2. Define

f2x:0, a):= By (! XTSI 1 - 7). xe[0, 00),
f55;0, a):= By(e PXTD-9. T+ < T),  xe[0, 00).

The functions f4 and f5 are Laplace transforms of the undershoot at the drawdown time T
or the overshoot at the exceeding time 7", under purely Poisson observation. The following
Theorem 3.2 provides closed-form expressions for the functions f4 through f5 in terms of the
scale functions of the spectrally negative Lévy process X. Their detailed proofs are deferred to
Section 5.
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Theorem 3.2. Recall £(z):= z — £(z). Assume that lim &(z) = oo, then, for a,0 >0, we
7—> 0

have

fax; 0, 0)= (1 —f1(x; 0, @) fa(a; 0, a) + f1(x; 0, a), x€]0,al,

X 0 Z
f1(6; 0, @) = —eJa a2 / ga(@) e Ja I g2 v e (a, 00),

X

(0, 0)= (1 -fi(x;0,a) f5(a;6,a), x€[0,adl,

¢ ) o0 4
fS(_x; 9’ a) — efa hy(z)dz (e fa hA(Z)dZI{ezo} _ / gS(Z) e fa ha(w)dw dZ) , xe (a, OO), (20)
X

where

ha(x) = ®;, —)\/

a

E(x)Na

E(x)Na
ga(x)=—1 / 05 (—d;, Wi (x — y) + W) (x — y)) dy

—0o0

) / 3 (20— £, 0) = Z(y — £, ) AEL0) )
O A= y(0)
X (=@ Wax =) + W; (x =) dy + AvE(0): 0, a — 5 ()

x /g Py —E@); &, a—EX), EX) (—PrWilx — y) + Wi (x — y)) dy,

(xX)Aa

g5(x) = — AW(0)e 00 — 3, f e 00 (W] (x — y) — D, Walx — y)) dy

avé(x)
B / M Zh—EW), @)
gora On+0 Z(a—Ex), @;, Dy)

(W)’L(x —y)— P, W, (x— )’)) dy

Jr)\/é p(y —E@); A, a—E(X), E@)D(EX); 0, a — E(x))

x)Aa

X (Wi(x —y) — &, Wi(x — ) dy,

and the functions ¥, v, and p are given in Lemmas 5.3-5.5 (see Section 5).

Py —E@; A, a—E(X), E)) (W (x —y) — @, Wi (x — y))dy,

A7)

(18)
19)

In particular, when & (x) = &(a) for all x € [a, 00), we derive the following corollary, which
is a simplified form of Theorem 3.2. The proof is provided in Section 5.

Corollary 3.2. Suppose that &(x) = &(a) on [a, 00). Then, we have

Jax;0,a) =1 - fi(x;0,a)) fa(a; 0, a) + f1(x; 60, a), x€]0, a),

fa(x;0,a)=

Z(&(a), @3, 0)

A
A —U(0) Z(E(a), @5, P1)

f(60,a)=(1—fi(x;0, a)) 9(E(); 0, E(a)), x€]0,a),
f5(x:0, a) =9 (x —£(a); 0, (), x€la,o0),

where the function ¥ is given in Lemma 5.3 (see Section 5).
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Theorems 3.1 and 3.2 derive closed-form solutions for several drawdown-based Poisson-
continuous two-sided exit problems involving the overshoots and undershoots at exit times
for spectrally negative Lévy risk processes. These solutions are formulated in terms of scale
functions. By focusing on a special case (i.e. £(x) = &(a) for all x > a), Corollaries 3.1 and 3.2
yield more concise forms of these solutions. In Section 4, another special case where £(x) =
kx — d is considered, leading to further simplified forms of these solutions. Moreover, when
the drawdown effect vanishes (£ (x) = 0), our solutions reduce to the benchmark results of [5],
demonstrating the consistency and generality of our framework.

We note that, although our main results (that is, the results of Theorems 3.1 and 3.2) appear
somewhat more elaborate than those of [5], they offer unique merits of their own. In contrast
to classical ruin-based fluctuation identities [5], our drawdown-based formulations provide
deeper insights into the historical path dynamics of the underlying process and present potential
advantages for risk management in finance and insurance. The incorporation of drawdown con-
cepts into our target problems introduces notable methodological challenges, which we address
through an excursion-based approach, an analytical technique that is relatively uncommon in
the actuarial literature. In addition, since drawdown times depend on the dynamically evolv-
ing running maximum, a key aspect of our analysis involves carefully tracking this running
maximum and decomposing the drawdown-modulated two-sided exit problem into a sequence
of localized, classical subproblems with fixed (rather than time-varying) crossing levels or
drawdown levels.

The following Theorem 3.3 shows that when A — oo, our fluctuation identity (10) under
Poisson observation converges to its existing counterpart under continuous observation; see
(9) of [28] or (3.2) of [15] in the case where £ is a linear function. Although such convergence
seems like a very natural conclusion, it is not straightforward to observe this behavior in the
other fluctuation identities of Theorems 3.1 and 3.2. The proof of Theorem 3.3 is given in
Section 5.

Theorem 3.3. For a, 6 > 0, we have

= WEW 4, [ W (E _ _
LMQN[KE@&mam—Z@@ﬁﬂ& 1)

li 10, a)= - =
e a)./e WEQ)

X

4. Results for the special case of £(x) =kx —d withk <1andd >0

To gain more intuitive insight and derive potentially concise closed-form solutions, we now
focus on two special cases that are both economically and mathematically meaningful. We
first analyze the case of £(x) = kx — d with k < 1 and d > 0, for which only the expression for
f1(x; 0, a) is presented, the expressions for f> through f5 are not included due to their excessive
complexity. We then provide the full set of expressions for the case where &(x) = —d with
d>0.

Theorem 4.1. Let £E(x) =kx —d withk < 1 and d > 0. For a, 0 > 0, we have

fi(x:0, a)= aa—Ma+¢¢U>lu}

|:Z((1 —kx+d,0)—Z((1 - kja+d, 9)(2((1_k)x+d o)

_
k=)

1
Ak “ Z(1 —kz+d, dy)\ TF
_x—ww>l 2 “”*iewé«r—mx+¢¢m>
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Theorem 4.2. Let £(x) = —d with d > 0. For a, 0 > 0, we have

. o 3 Y (O) (D) — P)
fl(x, 6, 00)= _)\, _ w(@)z(x“‘d, 0)—Z(x+d, (D)L)()\ — Y (O))O — (D)’
(_9 )_L Z( d@) Z( dg)M
fix:6,a —x—vf(e)[ SR 7 P dm]’
o Watad [ N a0 /Z_a 0y (M >
Hx;0,a)= Watd ). {)\WA(Z a)— e A e Wi(y)dy Wi+ d) 0
e fGtd—a) f o P Wy.(v)dy (Wi(iﬁ)ﬂz +d) _ Wiz+d)
0 wohe+d)  Wa+d
Wb (a4 d
# z, x€][0,al,
W/ (z+d)

N e ) — et [T oy
fz(x,e,a)_/x {)LWA(Z a)— e /0 e Wx(y)d)’<wk(z+d)

_ (0,1)
etk /””’ ooy [ ekt GED Wizt d)
0 WO 1a)  Wiz+d)

! d
W (z+ )+ )

a+d
W%%(xL D dz, xe(a,o0),
W, 5 (z+d)
fx;0,a) = % (Z(a +d,0)—W(a+ d)(el/f_(izA I fcb;» Zz(ga++d£,l’dfj)))
_e—td vag :’; Z;Z(a +d,0)+e%Z(x+d, 6), x€l0,al,

v (9) L Za+d,0)
G—CD)L e—q))\Z(d'Fd,(D)L)

A0, a)=2000c+d, 0) = WD e+ d)(

), x € (a, ).

Remark 4.1. By further setting d =0, one can easily verify that all results in Theorem 4.2
coincide with the corresponding results of Theorem 3.1 in [5]. Indeed, by letting d =0, we

have
. A B Y(0)( D) — D)
f1(x; 8, 00) = T 0@ 1//(Q)Z(x, 0) — Z(x, d)k)()L — )6 — D)’ x € [0, 00),
and
;0 a)—L[Z(x 0)—Z(a G)M} x €10, a]
0] a0y | e

which coincide with (14) and (15), respectively, of [5]. In addition, we have
> d z—a :
f(x; 0, a) = / % (e9<”) / W, (y)dy e hz(w)dw) dz
X Z 0

WM
(0 + Pu)Z(a, ;)

X—a
re V0@ / Wi(e? dy, xe(a, o),
0
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and
AW (x)
; 97 b 9 9 ‘x E O’ a b
fo(x;0,a)= W( )fz(a =01 Pz ;) [0, a]
which coincide with (17) of [5]. Finally, we have
V() A Za,0)
0—d), 6—d;, Za, D)

£ 0, a)=7Z0P(x, 0) — Wflo’”(x)< ) x € (a, 00),

and

.0, a)=Z(x, ) — W) | L& A Za9) 0
f3(x’ 7a)_ (xa )_ (X)<¢9—<I>)L - 9—CDA Z(a, q))h))a XE[ 7a]’

which coincide with (18) of [5].
Theorem 4.3. Let £(x) = —d withd > 0. For a, 0 >0, we have

£0.1)
Zx+d, ® ®,—0 [ a+d, @
Zxtd, O (—,\(eed—l)—A / Z(z 4 d, 9)—“+d( »)

Za+d, ;) Y(O) — r Z00 @ +d, @)

A 0.) 0.) Z(a+d, ©;.0)
Z d,0)—Z7Z d, o)=—————
v w<e)< ard @H O Lo Ot b O, o)

fa(x;0,a)=

+ Ze+d.0)— Zla+d.6) 254 (b“}

A
x—w(e)[ " Za+d, @) ]

Z70.0)
Q-0 [ x+d, ®

a0, a) = =1 ~ l)k—f Z(z+d, 9)%
Ve =2 s Z,jz+d, @)

€ [0, al,

A £0.%) _ 00 Z(a, @5, 6)
+)~—W(9)< atqg X+d, ) —Z, 7 (x+d, P, )Z~—(a CDA,CDA)> X € (a, 00),

A Z d,
£5(x6;0, a) = JAatd @) 0,4,
0 +q>k Z(a—i—d @A, CIDA)
o Z0Na+d, @)

0+ &, Z(a+d, o;, D)

X—a
S0, a) = —hef-0 / W, ()dy.  x € (a, 00).
0
Remark 4.2. By further setting d =0, one can easily verify that all results in Theorem 4.3
coincide with the corresponding results of Theorem 3.2 in [5]. Then, letting d = 0, we have

A Z(a, ®;,0)
10, a) = ————— | Z9M(x, 6) — 2OV (x, &)
fa(x;0, a) ( a (X, 0)— (x, )Z(a ®,. By

v @) ) x € (a, 00),

and

fa(x; 0, a)= Z(x,0)—Z(x, ® )M) x [0, a],

A
PE0) ( Z(a. ®;. ®;)
which coincide with (19) of [5]. In addition, we have

(0,1) x—a
A Z @
f:0,a)= Zo 500 et / Wy ()dy,  x € (a, 00),
0 + @y Z(a, Py, ) 0
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and

A Z(x, ®
f5(x;0,a)= = (. ©2) . x€[0,d],
0 + @y Z(a, O,, ®,)

which coincide with (20) of [5].

5. Proofs of the results of Section 3

This section is specifically dedicated to presenting comprehensive and detailed proofs for
the principal results outlined in Theorems 3.1 and 3.2 and Corollaries 3.1 and 3.2. To lay a
solid foundation for these proofs, we first require several auxiliary technical lemmas, namely
Lemmas 5.1-5.5.

5.1. Technical lemmas and their proofs
In this subsection, we introduce five auxiliary technical lemmas. These lemmas yield five
new fluctuation identities, which will play a crucial role in the proofs of Theorems 3.1 and 3.2
and Corollaries 3.1 and 3.2. To start, for 6 >0, A > 0, and 0 < a < b, we define the following
five functions:
P(x; 0, a):= Ex(e
9(x;0, a):= Ei(e
9(x; 0, a):= E (e ?XTD-0, 7+ - 75) xeR,

v(x; 6, a):= Ey eex(TO);T0 < T;), xeR,

0X(rg). ¢ = <Tj), xeR,

—0(X(T+) —a). T+ < T(;) xeR,

.[+
o b) = Ex<e‘“b+“ I 1[o,a](x<z))dt)’ v<b,

Recall that an expression for ¢, ¢, ¥, and v for x < a has been established in Theorems 3.1 and
3.2 of [5]. The upcoming Lemmas 5.1-5.4 give an expression for these four functions when
x > a, respectively. However, to the best of the authors’ knowledge, there is no existing
expression for p in the literature. An expression for p will be presented in the upcoming
Lemma 5.5.

The following Lemma 5.1 provides an expression for ¢, the Laplace transform of the under-
shoot at the classical ruin time, given that classical ruin occurs prior to the first time that X
exceeds the level a under the Poisson observation scheme.

Lemma 5.1. For 6 > 0, we have

(0 A)
60, a) = ZON(x, 0) + () (A Z(a, 6)

el Gt ¢(9)>, x> a. (22)

In particular, we have

“l“¢(x;9,a):z(a, 0) + W(a) (A Z(a, 0)

o, \"Za oy I/f(G)), (23)

which aligns with (18) of [5] at the barrier a.

https://doi.org/10.1017/apr.2026.10053 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2026.10053

General drawdown-based exit identities 13

Proof. Using the unnumbered equations right above (8), (10), and (18) of [5], we have

that
P (X(ex) €dy, e <75 ) = A(e” PP Wy (x) — Wa(x —y))dy, ¥ e (0, 00), (24)
BNy < 1) = 20,00~ - (40 a2 ). yelo.al
E, (¢ X)) = 7, (x, ) — CDAI/I(O)W ),

where W(x) = Wy —o(x) and Z(x, 6) = Zy—o(x, €). By conditioning on the first Poisson obser-
vation time, we have

Ex(eex(fa); T, < T;)
:Ex(eex(fa); T, <ex =< T;) —I—Ex(egx(’t;); <t < T;)

a
= Ex(e_k’5+gx(r(;)) —i—/o Ey(eex(r(;); 1, <T[)P: (X(e) edy, e <75)

=Z(x, 0) — q;‘/’( et ACORAT

“ (y) 2@ \\ (e,
= y(O)

=Z(x,0) — o, 0 — Wi )+)»Wx(x)/ e PZ(y, 0) dy - A/o Z(y, 0)W.(x — y)dy

__ _, a0 ~y _ f _ )
- %(w(e) e qm) (Wm [ e e wonr— [Mwome- o

A—Y(0
=Z:(x.6) %Wm + W) (A

e ®Z(a,0)— 1 N Y(©) (1 — e ®Z(a, d,))
60— &, 60— @,

—A /0 Z(y, )Wy (x — y)dy

A e~ Praz(q 0)— 1
=7Z,(x,0) — cpkw(e)WA(x)-i-)»WA( )9—(—a<1>k)

_ ! <w(9) — AM> (Wk(x) (1 — e ®Z(a, ®,)) + WOP (x) - Wk(x)>

—A /0 Z(y, O)W(x — y)dy

1 Z(a, 0
To—a, <w(0) B Az(gj %))) (W0 = W)

A Z(a,0)
6 — QJ)L Z(a, d))\)

Wi () (1 — e ®*Z(a, ®;))
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_ _A=Y() 1 ., Za,0) O
=235, 0) = " W0~ o (we) TN (Dk)) (WP - wi)

Za,0) 1)

Wi <Z<a, ;)

a
A
—A | Z@y, OWi(x—y)d
fo O, Wi (x y)y+9_cbA

WM o) ( Z(a, 0)

=7Z0M(x, 0
a0t e M o

- W(9)>,

which is (22). By (1)~(3), Z>"(a, 6) = Z(a, 6) and W""(a) = W(a). Hence, letting x | a in
(22) yields (23). This completes the proof. O
The following Lemma 5.2 presents an expression for ¢, which is the Laplace transform

of the overshoot at the first time that the process X exceeds the level a (under a Poisson
observation scheme), conditional on this exceedance occurring before the classical ruin time.

Lemma 5.2. For 6 > 0, we have

x=a AWM ()
(x;0,a)=—re 70— / Wy (y)dy + . x>a. (25)
Y 0 KON G ) Za, o)
Proof. From (17) of [5], it follows that
A w
9(x; 0, a) = E, (e VKT, 7+  77) *) x<a. (26)

T O+ D, Za b))

By conditioning on the first Poisson observation time and using (24) and (26), we have
o a
o(x; 0, a) :/ e 00-ap, (X(e)L) edy, e < t(;) + / o(y; 0, a)Py (X(e;L) edy, e, < T(;)
a 0

o0
=\ / e 00~ (e_q)*yWA(x) — Wilx —y)) dy
a

2 W) g
+0 + q>)» /0 Z(a’ (DA) (e * W)»(x) - Wx(x—y)) dy

o o0
=Wy (x) / e O+Py gy — ) / e 0" DW, (x — y)dy
a a
a ® )»2 1 a
W(ye ®d ———/ W)Wy (x —y), d
/0 ) V= 0%, Za, ) A OMWi(x —y), dy

A2 W;.(x)
0+ ®, Z(a, ®,)

e PAW, (x x—a
= re WL re 00— / Wi (y)dy
0

6+ O,
A Wi (1 —e *9Z(a, @;)) o WP - Wi
6 + @, Z(a, ®;) 0+,  Za, @)

—dya x—a
_re Wl eg Ji qv:?(x) ) /0 e Wy (y)dy
N A WONG) — e W, (x)Z(a, @)
0+ @, Z(a, ®,)
A WM
T 0+, Z(a, Dr)

X—da
re 0 / eeyWA(y)dy, x>a,
0
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where we observe that the integral representation on the right-hand side of the first equality
arises from conditioning on the first Poisson arrival time, and (24) employed in the derivation
may be regarded as a special case of (6). This completes the proof. U

The following Lemma 5.3 derives an expression for %, the Laplace transform of the over-
shoot at the first time that the process X exceeds the level a (under a Poisson observation
scheme), conditional on the exceedance occurring in finite time.

Lemma 5.3. For 0 > 0 and x > a, we have

r 728, @)
0 + ®; Z(a, D5, D)

X—a
¥ (x: 0, a) = re 06— / Wi (y)dy.
0

In particular, we have

X—a ¢ _ ¢
E, (e PXTD=0, TF < 00) = —pe 0@ / W, (dy + ——— 7y (x —a, D). (27)
0 0 + D,
Proof. It can be found in Theorem 3.2 of [5] that
By (e X007+ <75 = 20®)
sta — Y-

T 0+ D, Za, Dy, D)
For x > a, we have
E, (e 0¥ TD-0, 7+ < 757)
:Ex(e_e(X(T;)_“); T, < T;’ < TO_) + Ex(e_e(X(T;)_“); T;‘ < ro_)
B By (ST < Ty Yoy < 1) + Ble I T <)
A 1
T 0+, Z(a, 0y, )

O, 1 < TH) 4 By (e 0XTD-0, T+ < 1),

By Lemmas 5.1 and 5.2 we have

0,2)
oy, — . Wa " (x) Z(a, 0)
Bu(e™H0 7y < T) = ZPPr @i + lim o= ( Za oy VO
(0,4)
W, ®,)Z(a, 0) — v (0)Z(a, D
— 700y, @) + 8 (x) im Y(D,)Z(a, 0) — y(0)Z(a, ;)
Z(a, ®,) 6>, 60— o,
(0,4)
Wo " (%) ~
=Z0P(x, @) — ————Z(a, ., D).
o X, @y) Z(a. ;) (a, Dy, ©y)
and
x—a )»W(O’)L)
Ex(efe(X(T,T)*a);T; <15)=-A 679(x7a)-/ YW, (y)dy + (9+q)a) Z((;C)CI> 3
0 s , D),

Therefore, for x > a we have

(0,2)
Ex(ewa(Tj)fu); TH<T7)= A Za (X D)

X—a
= = re 00—a) / YW (y)dy.
0+ @, Z(a, oy, ;) o 20y
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It remains to prove (27). By (1) and (3) we have
WM (x 4+ 1)

a-+tu
:WA(X+M)_)\/ Wi(x+u —y)W(y)dy
0
x—a x+u
=Wix+u) + A <f WA(Y)W(X+M_Y)dy_f Wx(y)W(x+u—y)dy>
0 0
ZWA(X+M)—(WA(X+M)—W(X+M))+A/ . W(x +u— y)W;.(y)dy
0

=W(x+u)+ A / Wt 1 — )W, (5)dy. (28)
0

It can be found in (6) of [5] and (3) of [10] that

. Z(a,0) YO . Wty e
Iim ——=——, lim ———=e
a—co W(a) 60— x=o0 W(x)

)

which imply
i W(x + u) _ o, — Cbe¢,(x7a) i Wx+u—y) _ D, — (Detb(xfafy)
u—oo Z(a+ u, ®,) A T oo Z(a+u, &) A ’

then it follows from (28) that
Weiwow ( Watw [ Wt u—y)

lim _
Z(a+ u, ®,) 0 Z(a+u, d,)

u—oo Z(a+u, ®;) T u—>oo

@) — R
=L TeP0ma f —Ax e®@TIIW; (y)dy,
0

Wi, (Y)dY)

A
which together with Lemma 5.2 further leads to
Ex(efe(X(T;)f“); T;r < oo) = lim p(x+u;0,a+u)
u— 00

D, -
0+ &,

X—a
= —pe P9 / Wy (y)dy + Z(x —a, D).
0

This completes the proof. (]

The following Lemma 5.4 gives an expression for v, the Laplace transform of the under-
shoot at the first time that X down-crosses O (under the Poisson observation scheme),
conditional on this down-crossing occurring before the first time that X exceeds the level a
under the same Poisson observation scheme.

Lemma 5.4. For 6 > ®, and x > a, we have

A Z(a, @, 0
v(x; 6, a) = ———— (Zflo’”(x, 0) — N(a—x)sz”“(x, dn)).
A=) Z(a, ®;, ®,)
Proof. From Theorem 3.2 in [5] it follows that
- Z(a, ;.0
E (e Ty < T )= —— <Z(x, 0) — Z(x, @A)N(“—*)) x<a.
A—=(0) Z(a, ®;, @)
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By conditioning on the first Poisson observation time and using (6), for x > a, we have

Ex( QX(T ). T < T+)
Ex( efX(Ty). Ty —eA<T+)—|—E(GX(TJ);eA<TO_<Ta+)
0

/ Py (X(ey) € dy) + / E, (e"*T0); Ty < TP, (X(en) € dy)
0

<I>;\(x y)
ﬂfme <w< )_W*(x_y))dy

()
Z(a, ©;.0) \ (e )
Z(y, 0 Z(y, ®))= — W — d
iz ww)/ <(y )~ Z0 “Z(a,%,%))(w/(dm M=)

_ ePr¥ Z(x, 6)
- wm)e—cm YO -
N A2 e®rx = ®Praz(g 0) — 1 X e®* Y(0) (1 — e **Z(a, @)
A —=90) ¥'(Dy) 6 — @, A=90) ¥'(Dy) 6 —

A Za, 5,0
(Cl A ) (Zé(),x)(x’ CD;L)—e%x)

A
(0,1) _ _
AP (20700~ 2. 0)) %~ (0) Z(a, @y, Dy)
O, x

0 Z(a, ®;,0) e
A=Y (0) Z(a, @5, ;) Y/ (D)

- v (27 0 2020y g o)
A=) Z(a, ®;, )

This completes the proof.

Using a Poisson technique, the following Lemma 5.5 establishes an expression for p, the
joint Laplace transform of the first time that X exceeds b and the accumulated time spent by X
in the interval [0, a] before exceeding, all under continuous observation.

(—e~®MZ(a, @, @)+ ¥'(®;))

O

Lemma 5.5. For O <a <band A > 0, we have

0,A
70 (x, @;)

px; A, a,b)y= ———,
Z0M b, @;)

Proof. For x <0, we have

‘L'+
(x; 1, a, b)=E, (e_)‘fbhr)‘ o’ 1[0’“](X(’))d’> =E, (e_)‘rJ)p(O; A, a, b)=e®*¥p(0; 1, a, b).

For x € [0, a),

o+
px: i, a,b) = E <e“b* s 1[0,a1<X<f>>df>

Ae i [ 10 (K At [ 10 (K
ZEX e T =+ fo [O,a]( () t; T;" < T()_ +Ex e~ T + fO [O,a]( ()] l;-[o_ < t[j_

%
:Px(t;' < T()_)Ea (e At 4 ! LoaX@)dr, Tb <17 >
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o o+
1E, ( At 4 f3? LX), o T;) +E, ( a5 [y Lo K@), T <1y <7, )
+ Tb+
=P, (v <1;) Ea (e_“b +2 fo” Ap.aXe)dr, T, < f()_>
N
+ b
E. (0(X(zg s hva, b)ity <)) +Px (v <75 ) Ea (e_“h +h o Lo X1 7 = t;)

.
b
=P (7 <75 ) Ea (e“h+ +x 1[o.a]<X<t>)dz)

+E, (ecD*X(TO) T, <T, )p(O A, a, b)

LG b)+(Z( @) — 28 2R gy, ))p(ox b)

=——p(a; A, a, X, - sA,a, b).

W(a) YT W

Recalling that Z(x, ®,) = e®* and W(x) =0 for x < 0, we have for x € [a, b] that

_ Wi (x —
Pl by =By (7% pX(x; )b, by <7 ) o)

Wi(b —a)
_(plah.ab)  Za, ) . I
_< o PO b)> ( WX(1))): T, <rb)
0:h. a. b)Ey (e Z(X(x-), @y): 1 < o) 4 WAE =)
+p(0; 2, a, b) x<e X(7, ), A)’Ta<fb>+m'
The scale function Z(x, ®,) can be rewritten as
Z(x, ®,):= E, (eW‘(f& hiry < oo) n S WG,
@A —

with E, (eq)"AX(TO_ ), Ty < oo) being the same form as (14) in [22], and W(x) satisfying (13) in
[22]. By Lemma 2.1 in [22], we know that

X
o (7 200, ). @i ey <) =200 @) 44 [ Wil )20, @iy
a

Wilx—a)

b
_—Wk(b — a) (Z(b, @A) + A /a W)L(b — y)Z(y, q’x)dy)

Wi(x —a)
=ZO0M(x, @;) — ————7O0Np, @;).
0 (x, @) With—a) 2 (b, ©y)
In addition, it follows from [19] that
W, (x —a)
- 0,1 A 0,1
Ex( WXL )T < ) WM (x) — A )Wg )(b).

Therefore, for x € [a, b], we have

ol o 2, B) = (p(a;x, a.b) Z@®) .. b)) (Wéo,x)(x) Wi (x — )W{go,x)(b)>

W(a) W(a) Wi(b —a)
: 0.2) Wilx—a) .5 ) Wi(x —a)
+p0; X, a, b) (Z (x, ®y) — —W 7 )Z (b, D) —W)L(b—a)-
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It remains to solve p(0; A, a, b) and p(a; A, a, b). For this purpose, we write 0 < ¢, (1) <
ex(2)< --- and 0 < ey (1) <ep(2) < --- for all the arrival times of two independent Poisson
processes with the same rate A. We also assume that both Poisson processes are independent
of process X. Then for two independent exponential random variables e, and e, with same
rate A, we have

1:+
p(0; 2, a,b)=E <e—“b+ h” lwﬁaKX(f))df)

T

o +
—E (e—xfo” 1L(—o0,0)X()d1—21 fy? 1(,,,,,](X(t))dt)

=P (fex ()} N{s:s <1, X(s) € (—o0, 0)} = {er (D} N{s:5s <7, , X(s) € (a, b)} =)

b

:P( ;<ex /\E,\)—}—/ P(e,\<rl;L /\E,\,X(ek)edy) oy A, a, b)
0

a
[P < e X@)ed) s ab)

—0o0

b poo
—e Pub + A / f e 2Mp (t < ‘L’b+, X(t) e dy) o(y; A, a, b)dt
0 JO
a o0
+A / / e 2Mp (t < tl;r, X e dy) o(y; A, a, b)dt
—o00 JO
Dy, b 1 b
—e Pub 3 /(; P (6’2/\ < r;, X(epy) € dy) p(y; A, a, b)
1 a
45 [ P(en =g X@w ed) poirad)
—0oQ
b
=e P2b 4 jePub / W (b — x)p(x; X, a, b)dx
a

a
+2ne~ b / Wi (b — x)p(x: &, a, bdx
0

0

vy / (a“bnbwn(b —x)— sz(—x)) p(x: &, a, bydx

—00

— e Pub Wou(b —a)
Wi(b—a)

b War(h)  Wa P (b) War(b — )
+e 2 p((l, )\., a, b) ( W(a) W(a) W)L(b — a)

W (b —
+eP2Pp(0; 1, a, b) <e‘1’nb 700, @y X2t =@ "))

Wb —a)

(29)

War(b) WM (b) Was (b —
b 01 1. a. b) Z(a. qm< () W) Wnb—a)

W(a) W(a) Wy(b—a)
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and
p(a; A, a, b)
b
o Ob 4 e Pud / Wi (b — 0)p(x; 4, a, b)dx
u a
+2A / (e_q)z'\bwz;t(b —x)— Wa(a— x)) p(x; A, a, b)dx
0
0
A f (e—q’%bwm(b —X)— Waya —x)) p(x; %, a, b)dx
—0o0
— o Onb Was(b — a)
W;.(b — a)
(0,1)
et s a by [ V2O WEDO Wi =) 0y Wi @ | g
W(a) W(a) Wi(b—a) W(a)
_ W (b —a) Wai(a)
®20 505 1, a, b) | —ZOP (b, 0;)——— +e**P Z(a, @
+e= 20 (0; ,a,)< PP, @) e 2 @)
War(d) WM () Way (b —
e p(0; 1, 0, b) Zla, by) | L) Ha D InOZa)) (30)
W(a) W(a) Wib—a)
Solving (29) and (30), we get
pla; A, a, by= Z(a, ®,)p0; 1, a, b),
1
p(O;A,a,b)= —,
Zy"P (b, @;)
Z(a, ®;)
pla; X, a,b)= (OA)—A
Za ’ (ba qD)»)
Therefore, for x € (—o0, a), we have
W(x) Z(a, ;) , Z(x, ©;)
px; A, a, b)——,o(a A, a, b))+ [ Z(x, D)) — ———W(x)) p(0; A, a, b):w,
W(a) W(a) Zy (b, D))

and, for x € [a, b], we have

] _(Plar a by Za &) 0.%) Wi(x = @) o0, >
p(x; A, a,b)= < W) W p0; A, a, b)) <Wa (x) — Wb — )Wa (b)

Wi(x — a) Wi(x —a)
. (0,1) _ " (0 A) A 7
+p0; X, a, b) (Za (x, D) Walh — ) b, ® )) Wab—a)

79, 1)
2§ b, @)
This completes the proof.

]
5.2. Proof of Theorem 3.1
Proof. We first prove that, under the condition lim,_, o, £(z) = 00, we have
lim fi(x;60,a)=0, (31)
X—> 00
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lim f>(x; 6, a) = 1=}, (32)
X—> 00
lim f3(x;0, a)=0. (33)
X—> 00

In fact, stopping times 7z and T, can be rewritten as
e =inf{r> 0; Y(1) — Y(1) > E(x + Y(1)} = inf {1 > 0; Y(1) < (Y ()},
Te =inf {T;; Y(T}) — Y(T}) > E(x + Y(T7)} = inf {T;; Y(T}) < &(Y(T)},
T} =inf {T;; Y(T) > a — x},
with Y(¢):= X(t) —x, Y(t):= supy<, Y(s), and &(y):= &(x+y) —x. It is not hard to see

that y— ¢¢(y) is a drawdown function with lim,_, o &(¥) = limy—s o (y - E(x + y)) =—00
uniformly for all y e R4, and

Po (/‘lim 7, =00, lim Ty, =00, lim T,_ =Ty, lim 7~ 0)
— 00 X—> 00 X— 00

X—> 00

Hence,

lim B, (ee(st)—s&(n»); T: < f;) < lim Py (T, <7,°,) =0,

X—> 00
: 0 (X(ze)—E (X . :
xlin;o E, (e (X(re)—&( (rs))), T < T;) < hm Py (T;“x < Tafx) =0,
lim E (e_e(x(T;)_“)' T+ <t ) = lim e %0~ “)E()( —OX(T,_), TH . <7 )
x—=00 ¥ ’ § =00 Cx
1, 6 =0,
~ | lim e 00T 9E, (e7?XT)) =0, 6>0,
X—> 00

these prove (31), (32), and (33). Now, define /c[;|r to be the first up-crossing time of level b after
the drawdown time ¢ as follows:

= inf{t > 7¢; X(1) > b}.
Then we have

fix; 0, a)
—F, (ee(X(Té)*E(Y(Tg))); Te < TJ)

— E ( Q(X(TE) %—(X(Té))) '[i_- < Tg < K. X( )< T;)
+E, ( 0 (X(T5)—E(X(Tx)). 3 Te </{+ <T: < T;)

X(e)
_E, ( ( OXTD—EXTN), T, < ]:rg) T < T;)

+
Ko

< ( O (X(T)—EX(Te). s Te <t | For > ;K;(fs) < Tg’ ff§> 3Te < rj)

( X(t%-)
b)) .
= E, ([ X(ze) ( ()5 )) s Tey < ‘L'lj_)j|

(Te < ‘cj)
b=X(tz)

+E; ( ( 0 (X(Te)—§(X(Ty))). 3 Te <1, ) ;( 9 < T‘f‘]:fs) JTe < rj)
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_E [EX(‘L’E) (ee(x(rg(,,))—s(b)) T < r,j“)] im<r)
b=X(ze)

(f (X():6. @) [P (5 <Tab>)]‘b:f<fs>"s < ) Gd

As X(tz) — £(X(1¢)) <0, then by (3) and (15) in [5], we get

b=X(t¢)
0X(Ty). p—
= Ex(o-s0) (e T 15 < Tz:s(w)‘ b=X(ze)
_ [ 0s ) _ i)y ZEX (). 0) (35)
A=) ZE X (1)), @)

and

Px(z) (T; < Tg_(b))‘ =1 = Px()-£w) (To_ < tlj—g(b))‘

b=X(z¢) b=X(ze)
. _* | e®iX(re) g~ X(re)) %@Y(TS )
A—v(0) Z(E(X(e)), ®5)
_ X=X ZEX(@)) (36)

ZEX (), ©1)

Combining (34), (35), and (36), we have

)\' —
fitw6. 0= - Es (ee(X“f)—S(X“é»); T < f;)
__ kg [ers ey ZEX@N.O)
A—p(6) ZEX (1)), 1) ¢

- — (X Z(EX(1))
E, [ e®X® 8 X(1:): 6, X ()~ : +) (37
(e SiX(r):0. e Z(§(X(t¢)), D) wT ) o7

By the compensation formula in excursion theory (see Corollary 4.11 of [9], Theorem 4.4 of
[13], or Proposition 3.1 of [15]), (5), and (8), we have

E, (ee(X(fg)—g(Y(fé))); Te < ‘L’;_)

OEC+n—er (xS )
=E[ > [lls<tesne T L E )

re[0,a—x] s <r

a—x =, +
—1 O (e+r—elxz ., )
= /0 PuL," <te)n <e sen 1{5 > S(x+r)}) dr

a—x x+r WEQR)
-/ d 9($(x+r) e(xt §
:/0 e WER) Ewtn) 18>§(x+r)} dr
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a _ s WE ot
:/ e ke Weey &z (ee(s(s) U, g>g(s))
X

[ R (WEG),
— v E(s), ) — 0Z(E(s), ) + YOWE) | ds,  (38)
/x WEs) - 5.0 FYOWER) | ds

E, [ e (X()-5(X() ZEX(r)), 0) .
ZEX(te)), D3) ¢

_ / - [} S 2E().6)
x Z(E(s), P1)
WES),, - - -
—Z , ) — 9,2 , @ w ds, 39
x (W(s (o) 260, @) = ©ZE(), 1) + 2 (S(S))> s (39)

and

— _ X Z(E(X(TE )
D5 X(7¢) . D, 5X(te)) . +
E, (e fi(X(t¢); 6, a)e (5(_(15)), x)’ e < T, >

f1(s; 6, a)

_ / S de ) _ZEG)
\ ZE), ®)

O (W’@(s»

2 7(E(s), D;) — D, Z(E(s), D AW(E . 4
WEG) &), @) 2Z(E(s), ) + W(é(s))) ds (40)

Plugging (38)—(40) into (37) and then differentiating both sides of the yielding equation with
respect to x, we have

f(x; 0, a)
=f(x;0, a)

WE®)  ZEW) (WEW)
WE®)  ZER), D)\ WEW)
! W(Ex)

A—v©O) \ WEW)
Ao ZEW), 0) (W’@(x))

Z(EM), D2) — PLZE), ) + AW(?(X))))

Z(E (), 0) — 0Z(E ), 0) + WG)W(E(x)))

k=Y (0) ZE@), @) \ WEW)
AWED) ) a
ZEW. @) A=V

A ZEW),0)
A —Y(0) Z(E(x), Dy)

Z(E(x), @;) — PLZ(E(x), Dy) + AW(E(x)))

= f1(x; 0, a) (% - (—0Z(E @), 0) + Y (OW(E X))

(—PAZEW), @)+ AW(EW))). (41)

Solving (41) with boundary condition (31) yields (10).

Identity (9) for 6 > & follows immediately from (10) by letting a tend to co; by analytic
continuation it is also true for any 6 > 0.
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For x < a, by the Markov property of X and (5), we have
Hx; 0, a):=E, (6—9(X(Tj)—a); T Ts)
= E, (Ex (e—e(xmf)—a); T+ < Tg‘ x +) o fs)
= Pi (1, <) f2(a:6. a)

e WEG) g,
¥ WEQ) fz(a; 0, a),

=e
which is (11). By conditioning on the first Poisson observation time, for x > a, we have
L0, a)
o0 o0 _
=/ / e 00-ap, (X(ex) € dy, X(ep) €dz, € < Tz)
xvy

/ f rz <TH At (Z))fz(z, 0, )P, (X(e) € dy, X(ex) € dz, e), < 7c)

_ +y_ _ -
e 0X(T)~a), T; < TE(z)) P, (X(ek) edy, X(ey) €dz, e < rg)

—00 JXx
a o0

_/ / E} 79<X<T N <T§(z)>
—00 JX

xPy (X(e5) € dy, X(ex) € dz, ey, < T¢). (42)
By (17) in [5] and (10) in [19], it can be verified that

+ S + -
P, (rz <T;/ A Tg(z)) =Py_¢» (TE(z) < Ta £ N T )

oF
£(2)
e NamgEn XM, 4 -

v—§(2) £(2) 0

_ WOo—£@)

— 3)
W EQ)

—0(X(T:H—a). - —0(X(T, -
E, (e XTH-a), 7+ o fg(z)> =Ey—$(z)< X(Ty_g))~(@=5 @), ;s TH £ <70 )

O Wo—£Q)
D, 40 Za—E(z), D)’

(44)

fory € (§(2), @), z€ (x vV y, 00), and
—0(X(T}H)—a).
E, (e ( r < T < TE(z))

_ —9(X(Ta)—tl). + -
=P, (" <Tf nrg, ) Eee T <)

§@)

.Y TE(Z (Ko, -
e | e D™ e £ S()<TO

(0T a5, ot _
xEg, (e ( € Tas <To )

Wi —
= # 9E@:0.a—£@), ye(E@.a), €V, 00). (45)

Wl E@)
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By (6), (42)-(45), we have
frlx; 0, a)

_p W€
= AW(0) / * W e =00-a) gy

RGO ‘ W (E(z
42 / L W @ g / e—00-a) (Wi(z—y)— ) WA(Z—)’)) dy
X avé(z)

Wi(§(2))

. WOo—EQR) (W/ @—y) - LEDy, —y))

SR W, E@)
+A/ * Wagw) fz(Z;O, a)dz/ o dy
x ang(z) w, 5(1)(5( z))
52 _ppMEw Wy —§(@) (Wi(z -y - &gg; Wiz — y))
+ / T WEm) T dz f dy
®; +0 anE() Z(a—£(2), Dy)
W B
— kf 7f* W), E(w) M 0(E(2): 6, a — £(2))dz
* Wit E@)
¢ W, ()
x Wiz —y)— 2= W(—))d. (46)
/m@ ( T wEe) )
Taking derivative on both sides of (46) with respect to x, we get
f(x; 6, a)
/ W, E @) B
Wi E () « WO—EW) (W O =)~ 3 Ew, W y))
—— — A/ ox dy | 2(x; 6, @)
Wi(E(x) ank(x) w, é(x) (S ()

Wi E(x)
. Wh—E®) (W;(x —y)— Bl y))
dy

_)LW(O)e*Q(X*H) -\ /x 6*9(}’*“) (W;\(x — ) W (s( )) W)L()C — y)) dy
avé(x)

A2 / Wi EW)
Dy +0 Janew Z(a—§(x), Py)

Wy —£(x) a / W (E ()
A 0,a— W (x—y)— 2Dy ) a
W E@) #E0:0.a =8t mm( WD Fay Y )) g

_(ME@)  WEw) WOH L E@) — WaE ()
MG ME) WO Ew) Y

Py a—£(9) ~
) - / W)W, (§(x) — )’)d)’> H(x;0,a)
wOD Ew)

Ol * Py W, (€(x))
_)\.W O) 9()( a) _ )\’/ 9(}’ a) W/( _ _ A 2 W _ ) d
O e Wy Ey T
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22e—0EW—a) rEW-—a oy
m / e’ Wi.(y)dy
)

a—§&(x
“ , W/(S( )
W(y — W, (x —y) — d
XfaAax) o gm)( A y)) '
W/ = —A a—&(x) w W/ & d
_WE®) fo(ox) MW, (EX) —y) yf( 6. a)
w

a—E(%) (E (€9))

e e LAGE)
—AW(O O(x—a) _ )»/ 6(y—a) W/ _ ANV
O e (*(x AT ”)

_ Eo—a WD )& /(&
+k670($(x)fa)/ YW, (y)dy <( a(OE(x)) ) B Wk(é(x))) lon ey, (47)
0 W, g(x)(‘f(x)) Wi(§(x)

Solving (47) with boundary condition (32) yields

o0 Z
fol:6, a) = ela 2O (e‘ R / g2(2)e Ju 200 dz>, (48)
X
where hy(x) is given by

WL E) = [ W)W E) — iy

W E@)

hy(x) =

To proceed with the simplification of f>, we next examine the behavior of /;(x) as x approaches
infinity. We divide our discussion into two distinct cases: (i) £(x) > a and (ii) £(x) < a. Recall
that limy—, o £(x) = 00. In the case &(x) > a, we have

W, E ()
ho(x) = 222 49
=5 @)

which, combined with the facts that W; (x)/Wj(x) is decreasing and lim,_, oo W, (x)/W;.(x) =
®,,, yields that Az(x) > ®, > O for all large x € {x; £(x) > a}. In the case £(x) < a, we have

W E) = [ W)W, E ) — y)dy

1200 = wOB E )
—£(x)

_ WLEW) — & fo T W)W E) — y)dy
WiE)) — A [ W)WiE ) — y)dy
W,E®) . ra—£@) W EW®—y) WiE@—y)

_ W.(E(x)) )Lf 0 W) WA(?(X) —y) Wi(E()

W;
TN &
WiEW)  Wix—a), ra—&(x) Wi E@—y)

_ Waw Weard WO RS

- —£(x) Wir(E(x)—y)

L= fy 50 W) e dy
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Ve owem  weew (kT wo iR e)
1= [ WO & L= f3 5 W) M) gy
_WEW)  Wa-a) Wa-a
T W,Ex) Wak—a) | Wik—a)
_ WEW)
T WiEW)
— &, >0, (50)

where we have used the facts that W, (x)/W,,(x) is decreasing in x, limy_, oo W} (x)/W;.(x) = ®;,
and lim,_, oo W;.(x 4 y)/W;.(x) = e®* for any y € R. Combining (49) and (50) yields

e~ Lo a()dz _ 0,

which, together with (48), gives (12).
For x < a, by the Markov property of X, (5), and (38), we have

f3(x:0, a):=E, (ee(x(tf)_ﬂ(’é”); e <T; )
—E, ( 0 (X ()6 X)) 7, < 7 )+E ( O (X6 X)) o+ < 7 < T:)

=E, (9(X(r5) (X)), (T < T, )+P (t <) f3(a; 0, a)

— - Vvvw(g((x))))d -0 @ Z(£(2), 0 O)W(E d
/x ) ) FEQ O+ VOWER) | &

_ e WE@ g,
+e 7* WER) ‘]%(a;g,a)’

this gives (13).
Let ¢; denote the first Poisson observation time. For x > a we have

£(x;60, a):=E; (ee(x(fg)_g(y(ff))); T < T;)
=E, (ee(x(rf)fg(y(rf))); e <T)l, 1 < e,\>
+E, (ea(x(rf)_ay(’g))); e <T < TI)

—E, (ef)»rngG(X(rg)fS(Y(rg))))

a o
+f / Py (o <7 Ay ) A6, )
—0Q0 JX

(X(ek) edy, X(ey) €dz, e, < 1'5)

/ / ( (X6, tren < T+>
’ 2

X(e)») € dy, X(e;) €dz, ey < ‘L’g)

L b
v4

P, (X(ex) € dy, X(ep) € dz, e < 1z). (51
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By (18) in [5] and (10) in [19], it can be verified that, for y € (§(z), @) and z € (x V y, 00),

X(t,)—§@)
(0 )

=Ey—¢() (egx("; ity < T;—sm)

Wy —£@@) ( Z(a—£(2), 0) )
—Z 6) - ————~ R 52
0800~ === (VO —h (52)
and
Ey( 6(X(r,)-6). 4 <t < T )
=P, (" <Tf A75,) Ee (ee(x(fé_@)"g@) T < T )
o
=E,_¢() (ekfo Lm0, 5o X @Ot IEJZ) < 10—)
xEg., ( 0X()); ¢ < TH g@)
W _
- (f)y—é("’))ws(z); 0.a— ). (53)
WO E@)

and, using a similar compensation formula-based argument as that of (38), we have

B, (e_)LTE—FG(X(Tg)—g(Y(TE))))

_ —fXEiE”iid —0 WE@) , & 0) — (. — Y (O)YWL(ER)) | dz. (54
/x ; TG | 2EO- O~y @OMER) | & 54

From (6), (51)-(54), we have

0oz W;@(w» dw W/ (g(z)) . _
10, a)= * WaEow) —0 + 2= 6) —(h — (O d
S0, a) /X e (( + W) Z,(£(2),0) — (A — ¥ (0)Wir(5(2) | dz

< WEm “ —
+)\\/‘ f,( WA(E(”)) f?(Z 9 a)dZ/ w
! s@na W, E@)

W! (&
X (Wi(z -y - A(E(Z)) Wiz — y)) dy

Wi.(6(2)
0o _rz MEW
_i_)\’/‘ e x W)L(E(W)) dz
¢ Wiy —§@) Z(a—§(),0)
Z(y — ,0) — ——7— 0) —A———""—
X/s@m( 0—£@2),.0) 0o, (1//( ) Za— ))

£(z), D)
b W, (£(2)) B
X (Wk(z y) W, E@) Wiz y)) dy
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) - WL EW)
—A/ e F waom dZWZ(()y—f(Z))
' WO E@)

« W E @)
0, a— W (z—vy)— —222W,(z—v) | dy. 55
x /E(zqus(z) a S(z))( R y)) v (59)

Differentiating both sides of (55) with respect to x gives

f3(x;6, a)

Y AGCINN / WO —§@) (o W W)
W€ ewna WD Eeoy \ W E ()

AGE) g ~
—(-0+2==)z )= O — G ONW.
(( WA(S(x))) A(E), 0) = (=¥ (9)) x(é(x)))

a w — ,0
‘Afg (Z(y f.6) (y su»(w()_ Z(a — () )))

Wi (x — y)) dy) £ 6, a)

WAa - Z(a—&(x), @,)
W/ (E(x))
W(x—y)— 22" W, (x—y) | d
X( Lx—y) W, Ew) 3 (x y)) y
W(y — £(x)) - , W, (E(x))
_ 10, a— W,(x—y)— — Wi(x — d
WO G Jeo PEX)6,a s<x>>( L=y = QR y)) y
_WE@) — 2 fg- 5 W)W, (E(x) — y)dy 0. a
W E)

WE) , - )
B —0+ Z ,0)— (A — Y (0)W,
(( Wx(é(x))) MEW, 0) = (A =y () k@(x»)

LAGE)
—— W, (x — d
WGy T )) '

_H/“ Wy —£&W) <¢(9)_/\ Z(a—§£(x),0) >
3

—X /S Z(y — £(x), 0) (W&(x—y) -

(xX)Aa

Wwra 0 — Dy Z(a—&(x), @,)
) W, (E(x))
—-y) — — W, (x — d
X (Wx(x y) W, Ew) a(x y)) y

WO—E@) [ ox ) W, E)
WD E o) oy (Wi —yy = 228Dy )
W ety E@) Jewna fasien & ( B A M y)> y

A Z(a—§(x), 0)
A — Y0
e, < Z(a— &), ;) v )>

‘ W, E)
W(y — Wix—y)— —22"ZW,(x—y) | d
x /S G s<x>>< G y)) ¥
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AR 5 W)W E @) — y)dy 6. a
W E@)

WEWY , - )
W\t a | A€ 0 = =y EW,
(( W/\(S(X))) HE0),0) = 0=y (O) x(é(X)))

a W/ E
—X /é Z(y — £(x), 0) (WQ(x -y - A(é(x)) Wix — y)) dy

(NAa Wi (§(x))
Z%0 (€, 0) W (E
S [T g (W - 22w )y
w, S(x)(.f;(x)) E(0)Aa W;.(E (X))
_ WG = I WOWEW iy
W(O a—£(x) (E ()
Wi (§(x)) — —
-0+ 2= Z L0 — (L — Y O))OW
(( W)\(S(X))) 2A(E(X), 0) — (A — ¥ (0)) ,\(S(X)))
“ — W, (E(x ))
-\ Z(y — E@), OW. (x — y)dy + Z ,0)—2 <a
/g(x)/\a = &), HW, (x — y)dy + Z (& (x) )W(S( S 1ew<a)
7 E ). 0)
W 1w - sw -
W S(x)(é(x)) §()Na
AN e N)
—§(x) /
W E)) g w=a)- (56)
woh Ewy
We then obtain (14) by solving (56) with boundary condition (33). O

5.3. Proof of Corollary 3.1

Proof. We provide the proof for f>(x; 6, a) and f3(x; 6, a) where x € (a, 00); the proof for
x € [0, a] is analogous. From Theorem 3.1, we have

o0 z
E, (e_e(X(TaJr)_”); T < ‘L'g) =— / g2)e” S haOwydw dz, x€(a, 00).
X

By the assumption £(z) = £(a) for all z € [a, 00), we get

< 4 (€ S(“) /

(0 Mg
x Ws( Ew)

— f “ 4w Mw — E(a))dw

dw &(a)
(0,2)
W=z —&(a)
—In §(a)

o~ T
WO —&@)
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For x > a, by definition of ¢ in Section 5, we have

_ I -
0 (x = §(@: 0, E@) =By (7T 7 < o)
o0 o _
:/ / e ?0-ap, (X(e,\) edy, X(ey) edz, e) < 'L’E_(a)>
xVy

a o B T B _ B
+/ / E, e 0T, 7+ rg(a)) P, (X(e;L) cdy, X(ey) €dz, €3 < rs(a))

_ Wilx — é(a)) 70()/ a)
AW(O)/ Wo—t@)° @

© W, (x — &(a)) f —00—-a) [ vy W (E(2)
e Wie—E@) Javew ( O L

+A

/ W, ¢ @)
. WO-£Q@) (Wk(z—w W —y))
Z(a—£@). ®2)

dy.

22 ® Wilx — &(a)) dZ/

+
D, +0 J, Wiz—E&(@) AE®R)

Differentiate both sides of the above equation and then rearranging terms yields

d (¢ (z—E&)0, &)
W,\(Z—S(a))d_z ( Wiz — &(a)) )
WG y)) dy

= —AW(0 —"(Z—W—A/Z 0= (Wi (7 —y) — 22
O wED ( DTy Eo
/ Wi (E( ))
s / Wi —£@) (Wk(z—y) TN RIS —y))d
®5 16 Jursco Z(a—£@). D) >

Hence, g> can be rewritten as

— £(a); 0, &
2@ =W —E@) 5 (co (wa(i(a—) E(;)(a)))

Wy —£@@) -~ a , W, (E(2))
A— ;0,a— Wi(z—y) — ——W,(z — d
9(€(2);0, a—£(2) ( (EERY) T o ( y)) y

Wi, E@) ané()
(z—s<a>;9,§<a>)) L9 —Ea); 0. E@)

=W — ra
M@ 5(“)%11( Wiz — £@) Wee (e — & (@)

&(a) W! (7 —
x W(y) <Wi(z—é(a)—y)— %Wﬂz—é(u)—y)) dy

0
o a4 (£ E@36.5(@)
- g(a))dz( Wiz — &@) )

9z — &(a); 0, E(a) (W;(z—&(a) WO _ 0.0 )
WON@ — £(a) (Wx(z—é(a)) Wew = 8@) = Weq, (e =5@)
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_WA(Z—S(Q))d_Z ( Wi(z — &(a)) )

(0,1
Wiz—t@)  Weq G—8@)

Foe = @30, 5@) | o - Wy (e = (@)

(0,2

40 (= £@:0.5@)) — 0 (- £(@):0. E@) Ve @75
=— —&(a);0,&()) — —£&(a);0, &) = —.
a: ¥ o WO (e~ (@)

Therefore, we have

E, (e_e(X(T:r)_“); T; < rg)

o0 -
=- / g2@) e i 2 4z = — WD (x — £ (@)
X

) /oo 4 (g (c—E@;0.E@)) ¢ (2= E@:0,5@) Wor (= &@)

Z _ dZ
(0,4) 5
WO — &) (WOP &)
— WO ey | ¢ (z— )0, &)
E@ WO @) |

=¢ (x— &) 0, &),

which, together with (25), implies (15).
We then prove the expression for E; (ee(X(rs )—EX(w)) e <Tf ) By Theorem 3.1, we
have

— o0 -
E, (eG(X(Tf)_s(X(Tg))); Te < T;) =— / g3 e LMz v e (a, 00).

X

By the assumption that £(z) = £(a) for all z € [a, 00), we get
WO (2 — &(a))

‘ @
/ ha(w)dw = In (O“A) .
x W =€)

For x > a, from the same arguments as used in (51) we have

= o(X(z, \)— _ —Ate O X (T, )—
¢ (x— £(a); 0, E(a)) =E, (e (X 5(“));T§(a) < Tj) —E, (e e+ (X(rgg, 5“”))

S e 0(X(r ) —6@) + - -
+ [w /x E, (e ( @ )2 Te <Tq ) Px (X(ex) €dy, X(e)) €dz, en < Tg(a))’

https://doi.org/10.1017/apr.2026.10053 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2026.10053

General drawdown-based exit identities 33

which is equivalent to

¢ (x—&(a)0, &)

o rE@ W) Z(E(a), 6)

= Z(y, 0)— f) — A——m——

fx /0 ( >0, (1//( : Z((a), 1)
Wi — @) . (.., W (z — £(a))
A S W (= —y)— % Y
Wiz — &) ( A AT

© Wilx —&(a) W (z— s(a))> )
O+ ey )@ E@, 0) — (A=Y O)Walz — dz.
. Wie—E@) (( T WG —t@) ) AC @O~ G — YO —E@))dz

Differentiate both sides of the above equation and then rearranging terms yields

Wiz —&(a) — y)) dzdy

Wiz — §(a)

@ W(y) Z(E(a), 0)
= — Z(y, 0) — 0) — h——m——
/o ( 005, (w ) & @ o)

W, (z — £(a))

Wiz —§(a)

Wiz —§(@)
-+ 2= >V Y7 0)— (h— O Wi (2 — |
(< * WA(Z—S(Q))) (2= 8(a), 0) = (h =Y (O))Wilz é(a)))

Hence, g3 can be rewritten as

d - 10, &
Wx(z—é(a))& (¢ (z—&@ E(a))>

X A (Wi(z—é(a)—y)— Wx(z—é(a)—y)> dy

d — ;Q,_ _ ;9’—
g3(Z)=Wx(Z—£j(a))d—Z <¢(Z §(@) 5(“))) ¢z —&(a); 0, §(a))

Wiz — &(a) W%)(z — £(a))
t@ , W, (z — £(a))
XA A W) <WA(Z—§(a)—y)— mWA(Z—S(a)—y)> dy
w4 (¢ (- E@:0.E)
= Wi(e—&(@) ( e )

P(z—£(a); 0, E(a)) (WQ(Z —&(a) WO
&(a)

WOPGC—t@) \Walz—E(@) &@

@ —E(@) — WOz - sw»)
&(a)

oy (2 E@:6.5)
e é(a))dz< Wiz — £(@)) )

Wie—t@) Wi @ §@)
Wiz—£@) WO g(a)

+(z— £(a); 0, E(a)) (

£(a)
9 (6 (c— 510, 5@)) — & (z — E(@; 0. E@) Wy 5@
=— —&(a); 0, &(a))) — —&(a) 0, &(a) =
a P ) WOz — (@)
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Therefore, we have

E, (eQ(X(‘Eg)—E(Y(TE)))- Te < T+>
’ a

oo Z
=- / g3y e 00 dz = — WD (x — £(a)
X

) /oo 4 (g (- @r0.E@) ¢ (e~ E@:0E@) W e~ &) .
©,2)
' Wew @ =8@) (WP~ ean)’
@0, 5@)|
— _WOP e E(a)) ¢ (z—&@
£(a) 0,2)
Weo @ =E@) | _
=¢ (x—&(@)0.5).
which, together with (22), implies (16). O

5.4. Proof of Theorem 3.2

Proof. Using similar arguments as those adopted in the proof of (31)—(33), one can deduce
that

lim f4(x,0,a)=0, lim fs5(x, 0, a) = 1=}, (57)
X—> 00 X—> 00

where the assumption of lim,_, , £(z) = 00 is applied.
For x < a we have

E, (ee(X(To—s(Y(Ts))); T: < T;)
—E, (ee(st)fs(?(n))); o <Ty < T;) +E, (ee(X(Ts)*S(Y(Ts))); Te < ,j)
=P, ()} <T:)E ( 0(X(Te)—£(X(T%))). LTy < T+) +E, ( 0(X(Ty)—E(X(Ty)). T: < ,;)
= (1 —fi(:0, @) By ("CTO—ETN; 7y < ) 4 £1(5:0, ),

this leads to (17).
For x > a, let e, denote the first Poisson observation time, we have

fa(x;0, a) := Ex (eg(’“Ts XTI < TF )
—E, (GG(X(TS)*E(Y(Ts))); e <Ts < T;)
0o ré()Na _
= / / ?OE@IP, (X(ey) € dy, X(ex) € dz)
OOi a _
+ f [ Py (e < T ATg, ) fa(z: 6, P, (X(es) € dy, Xex) € d2)
S(Z)Aa
E(@Na

> 0(X(T)-£@) %
+ / E, (e "so s Te) < Tj) P, (X(ex) € dy, X(e;) € dz)

= 6(X(Te-£) %
/g( N E, <e Teo ' ;'c;' < TE_(Z) < T;‘) P, (X(e)\) edy, X(ey) € dz), (58)
Z)Na
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where, in the second equality, we have used the fact that

E; _ee(X(Tf)fé(X(Tf))); e <Te <TF ned ]

L X(ex)
_p_ [«8x@)-£X ). + .t
=E, _e sen<Te <T] A KY(“)]
[ [ o(xag,, ) -6®e) -
_ £(X(ey)) . + +
=E, _Ex [e A sen < Tg(?(ek)) <T; A EX(eA)‘ ]:é’x:|:|

6(X(T)~6@) .
=E, <1{a>y>s<z>} E, [e (o )?Ts@ < TI“;D

y=X(ep), Z—X(EA):|

6(X(T7,)~6() . e
=E, (1{a>y>s<z)} Ey [e( @ SZ);Ts<z><TID ~ }
L y=X(ey), z=X(e;)

0(X(T;,.)— »
—E, |: <l{a >y>£(z)} Ey |:e ( ( " E(Z)); T; = Té(Z) = T;rj|> X :|
y=X(en), z=X(e;)

with E[J; = inf{t > e, ; X(t) > b}. By (19) in [5] and (10) in [19], it can be verified that, for
ve(E(@),a)and z € (x Vy, 00),

E, <e9 (X)), To, < T;)

OX(Ty). T—
=By (e Xo); I, < Tzis(z))

’

Z(y—£(2),0)—Z(y—§@), Pz

__ ( (59)
() Z(a—£@), ©1, D3

7m—s@x¢he)>

and
Py (e < T ATZ,)
Py
=E, ¢ e—xf(f@ Lt 2 E@10(— 00,0 X )
+

P
_ @ e—)utgzz)-‘r)\ foé(z) 1j0,a—g(z (X ())dt
=E) ¢

=p(y —£(2); h, a — £(2), £(2)), (60)

and
V4

— (X (T )6 X(Ty,) —
=P, (Tz+ <TF A Tg@) E, (e (X7, £ ); T < Tj)

o(x(r;)- _
E, (e (xre g(Z)); T <Tp, < T;)

+

o
£@2) _
=Ey ¢ e Jo™ Va0 E 00,0/ X (D)1

_ 0X(Ty). 7— +
xEg, (e 0 Ty <Ta_s(z))

=p(y —E@); h a—E@), E@IVER) 0, a—E(2)). (61)

https://doi.org/10.1017/apr.2026.10053 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2026.10053

36 J. LI ET AL

It follows from (7) and (58)—(61) that

o) E()Na
fa(x;0,a)=A / e~ Pz=Y) dZ/ ef0—£@) (_®AWA(Z -+ W)/L(Z _ y)) dy

X —00

+A / fa(z: 6, a)e” *E0dz f POy — E(@); A, a — E(2), E(2))
x 3

(2)na

X (=@ Wiz —y) + Wiz =) dy

- —Z(y— Za—£(2).9,.0)
. /oo . / 1 (20 - £, 0) ~ 20— £(2), &) fef) )
x £(na A—=Y(9)
XA (= P2 Wiz —y) + Wiz —y)) dy

i / e~ P EILE(): 0, a — £(2)

X/g p(y —E@); h, a— &), E(2)

(2)na
X (=@ Wiz =) + Wiz —y) dy. (62)
Taking derivatives with respect to x on both sides of (62) we get

a

fa(x; 0, a) = <‘1>,\ —?»[S PO —E@); A, a =), §(x))

(x)Aa

X (=@ Wilx — ) + Wi (x —y)) dy>f4(X; 0,a)

Ex)na
L / I OED) (., Wy (x — y) + W (x —y)) dy

—0o0

o 3 (20- £, 6) - 20— £, &) feERL0)
N /;(X)ALZ A= 30(9)
X (=@ Walx —y) + W (x—y)) dy

+rU(EX); 0, a— £(x)) " Py —EX); A, a—E(x), E(x))
X (=@ Wilx —y) + Wi (x —)) dy. (63)

Solving (63) with boundary condition (57) gives (18).
For x € [0, a],

fo(x36, @) i= By (77X, T < 7 )
(5 (00 <77 < 7))
=E; (Ea (e—(?(X(TJ)—a); T < Tg) Tl < Tg)
= (1= fi(x:0, @) B (e "X TD=0 7 < 77 ),

this gives (19).
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For x € (a, 00), by conditioning on the first Poisson observation time, we have

f5(x; 0, a)
oo o _
— / / e 70D 252 Px (X(en) € dy, X(e3) € dz)
a xVy

o0 a
+ / / P, (r; < T; A TS_(Z))fs(Z; 0, a)P, (X(e;L) edy, X(ey) € dz)
X E()Na

oo a
+ / / E, (e—9<X<TcT = TE < Tg@) P, (X(ez) € dy, X(ey) € dz)
x E()na o

37

o a
— / / E, (e_e(X(T;)_”); ‘L’Z+ < T;r < Tg(z)) P, (X(e)\) edy, X(ey) € dz). 64)
x E(z)na

Hence, by (7), one gets

f5(x; 0, a)
0
—AW(O0) / e—00-a=®,0-) gy
X

o0 z
+A / e~ P10 dz/ e 009 (Wi (z—y) — @ Wiz —y)) dy
x avé(z)

a

+ / e P& (70, a)dz/ POy — @) A, a—£(2), £()
x &

(2)Aa

x (Wi(z—y)— @ Wiz —y)) dy

" / e B /E PSR P W) dy

na Pr+0 Z(a—E(2), Dy, D;)
- f e~ P& /g " oy —E@); A, a—E@2), E@)PE@R); 0, a—E(2)
X 2)N\a
x (Wi(z—y)— @1 Wiz —y)) dy,

where we have also used the following result (see Equation (20) of [5])

B (e 0XTH-a. p+ _ o~ N _* 20— ER). Pi) .
’ T REQ) T 0, 46 Za—EGR), By, @) T T

and

E

<

(et < <)
— + Tt AT —0X(TH~a). 7+ _ 7=
=P, <Tz <T/ A TE(Z)) E, (e )—a), T, < TE(z))

=p(y— @)L, a—£(2), £(2))
«E, (e—9<X<T;>—a); T < Tg_@)

=p(y —E(@2); A, a—£(2), E(2)
x(E(2);0,a—&(), y>a.
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Taking derivatives with respect to x on both sides of (65) we get

fi(x;0, a)
= <<Dx —A /s Py —E@); &, a—EX), EX) (—PrWalx —y) + Wi (x — ) dy)

(xX)Aa
X
x[5(6;0, @) = AW(0)e "D — 5 / 007D (W] (x — y) — &, Wi(x —y)) dy
avE(x)
/“ A2 Zy—Ex), D)
swna P+ 0 Z(a — E(x), Dy, D)

(W (x—y) — &, Wi(x—y)) dy

+2 /g PO —EW);h, a—E(), ECNIEN); 0, a — E(x)

(x)Aa
x (W) (x = y) — © Wa(x — y)) dy, (66)
Solving (66) with boundary condition (57) gives (20). O

5.5. Proof of Corollary 3.2

Proof. We only prove the expression for f5 when 6 > 0. By Theorem 3.2, one has
+ > z
By (e ™D 7 < 1) = - f g5@ e S 4z e (q, o0,
X
By the assumption that £(z) = &(a) for all z € [a, 00), we get

[ o= (dn “r [ o s@ra- ). Ew)

§(@)
x (W (@ —y) — @y Wi(w —y)) dy) dw
z=§(a) ()
=@Z—x)P; — / o5 dw,
&) Zg (@ —§(a), Pr)

where
&(a)
I(w)=A /0 Z(y —&(a), ;) (Wi (@ — y) — Py Walw —y)) dy.

Assuming that £(a) > 0 (since &(a) 5_0 is trivial), then we separate the interval [0, ?(a)] into
two subintervals, [0, £(a)] and (£(a), £(a)]. Directly from calculations, we obtain

O @ A0
Z0M (= £(@), 1) = 9257 (@ — £(a), 2)

&(a) &(a)

=1D; - Wilw —nZ(y — &(a), ©)dy — A » Wi (0 = 0Z(y = §(a), P)dy,

then

I@) == (297 (@ = £@, 9) = 0,207 (@ — £(@), 1)) + A(),
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where

£@) o2 0=5@) (W (0 — v) — D, Wy (0 —
A(w):/ (W(w—y)— @, Wi(w — )

O, —
Zg ) (@ —§@), @)

dy,

by noticing that Z(y — £(a), ®;) = e®*0~5@) for y < £(a). Next we have

9 (x — £(a); 0, £(a))
—E, (e—e(’“Ta+ T < Tg(a))

0o oo
= / / e_g(y_a)l{yzg(z)}Px (X(e)\) edy, X(ey) € dZ)
a Jxvy

o a
0T )—a). - _ e -
+ /x /g . E, (e T <T$(u)> P, (X(e;) € dy, X(e;) € d2)

= AW(0) / ¥ e 00-0-0,0-9) dy
X

o0 Z
+A / e PHE dz/ e 07D (W] (z —y) — @, Wiz — ) dy
X avé(a)

© s [T A Zy—E(), @)
A ‘W”)f - W (z—vy) — &, Wy(z—y)) dy,
* / © e B 40 Fa— 2, by, by (AE TV Bl =) dy

differentiating both sides of the above equation and then rearranging terms yields

Ao (z — £(a); 0, E(a))
dz
=0, 9(z — £(a); 0, E(a)) — AW(0)e "9
) f e (Wi — ) — Wz — ) dy
avé(a)

“ o Zo—E@ )
—A = —y)— D, W, (z — dy.
fs(am 116 a0, @y, &y AETN T B =) dy

Hence, g5(z) can be rewritten as

do(z — 10, & _
g5(0)= 2C S(jj 5@ _ o, 9 — £a): 6, E@)

a / o= i) /E Py — £(@): 1, E@), 2 — £(a))

(a)Aa
x9(€(2); 0, £(a) (Wy(z—y) — ©Walz — ) dy
e ‘g(jz);e’ 5@ _ 4,90 — (a0, E(a))
" /f@ Z(y — £(a), D;)
0

0, _
23 Mz —£(@). 1)

x (Wi(z—y—£&@@) — &, Wiz —y —£(a))) dy.

9(z— £(a); 0, §(a)
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Similarly, separating the interval [0, £(a)] into two sub-intervals, [0, &(a)] and (£(a), £(a)], we
obtain

85(2)
=9'(z~ £():60, (@) — 9,9z~ £(a); 6, §(a))
5@ (Wiz =y —£(@) — Wiz —y = £(@) P05

+0((2); 6, E(@)r / o dy
0 Z (o = §(@), @)
@Y e @, ) = 9,207~ £a), @)
—0(§(2);0,§(a) D
Zyy = (@), @)
_ _ Y -k, 2 _
=0z — &) 0, §(@) — Pz —&@): 0, §(@)—g; + (2 —§(a); 0, £(a)B(2),
Z oy = §(@), @)
where
&) oP.0—5@) (W (7 — v — — —y—
B = / e (W@ =k §@) = ®Wie—y —E@) o
0 Z oy @ §@), @3)
Therefore, we have
Ex (eig(x(r‘;)fa); T, < TS) - /Oo gs(x) e 1o g
_ _70m > 9(E(2); 6, E(@)AR)
-yt 00 | (zg§><z — (@), oy AW
V-b@i0.Fa@)  PEE@:0 E@ZG ]~ 6@, @) 0
0.2) — [F A(w)dw 2 z
Lty @ (@), Pr)e s Atena (zg(’;g’(z —&(a), @A)) o JE A@)dw
0N, * 9 (z—£(a); 0, £(a)
= G q”)/x (zg}?(z — (@), D) ffA(w)dw) «
00, 9z~ §); 6, §(@)
= E(a) (-x s(d), ¢)\,) (Zgz;)\)r)(z _ é(a), (D)L)effsz(w)dW - )
=0(x —§(a) 8, £(a)).
This completes the proof. O

5.6. Proof of Theorem 3.3

Proof. We recall from Theorem 3.1 that

2 Z/E(w),P;)
f = dw
¥ Z€&me) ' dz. (67)

L (2GR e, - . -
10, a)= = Z ,0)—Z , 0
fiwo=—— (Z@(Z)’ SI2E.0) - ZE >)e
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Note that for large A > 0, we have
Z/(€(x), ;) _ ,Z(E(x), D) — AW(E())
Z(E M), 1) Z(E @), ) '
AWEX)
e (1 a5 e*‘DkZW(z)dz)
o W(E(x)
=) — ——
ePréx) fgo(j) e~ P12W(z), dz
P, W(E ()
Jo© ®@re= P UW(E(x) + u)du
o P WEW)
JoS et WEX) + 3;)dz
E(WEW + 50— WEW))
E(WE™+ &)

_E (W/(g(x) + 9%)61)

:(b)\ —_

:(b)\

= (0 €(0, 1)
E(WEW+4D)
WED+HIGD) - = o
(mw(f(x) + 9@)61)

E(WEW+4h)

W'(x)

41

(e ~exp (1) is a random variable)

(68)

Utilizing (68) and recalling the facts that x — W is decreasing and x — W(x) is increasing

on (0, c0), we have

W’(E(x)+%) _ e ~ e
(w(é(x)+;r) W(é(x))m) B Z/(E(x), D;) B E (%W(E(x) + ﬁ)el)
E(WEw+g)) 2G0T E(WEw+g)

which, together with the monotone convergence theorem, yields
— WEW) wE
wEw _E (e WEae)
W(E @) W(E @)
WED+E)
( o W(E (x))e1>

WED+50)

T g (WEw+4b)

i ZE@). @)
< lim ———
r=oe ZEM), B)

. E(VeDwEm+§e)  E(WERWEDE)  wiEw)

W(E(x) _ W(?(X))_ _ S _
imoo R (w@(x) + g ) W(E () W(E(x))
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What follows is the standard application of the dominated convergence theorem to (67) in
order to derive (21). We mention that identifying the dominating function is not difficult,
since the integrand of (67) is continuous on the closed interval [x, a], and the function
Z'(E(x), ®;)/Z((x), ®;) converges to 0 as x — 00, i.e.

Zi(x, @) e [FePOW (ydy i Wix)

im = lim = =0, Xe(0,00).
x—=00 Z(x, ;) 5200 K@it [ e ®W(ydy =00 W(x) ( )
The proof is complete. O

6. Proofs of the results of Section 4

6.1. Proof of Theorem 4.1

Proof. From Theorem 3.1 it follows that
W({(1 - kx+d)
Z(1 —kx+d, ®y)

Z((—kx+d, 1 d
_ZUzbxtd @) 1 4y o okt d, dy),
Z(1—kx+d, &) 1—kdx

and, hence, we have

hi(x)=®; —A

»‘

o i@ _ ol iy mz—berd epde _ (LA —Rxtd SN (o
Z(d, ®,)

In addition, we also have

A — _
=) (=0ZE ), 0) + Y (OW(ERX))

A ZE@.0)
A= v(0) ZE ), 9)

g1(x) =

(—DZE W), D) +AW(EW)))

oo Z'EW), @)
-t 7Ew.0 =
9@ CO Dt T 6 260, )

A (Z/((l—k)x+d, ;)
=90 \ Z(1 —k)x+d, ;)

Z(Ex), 0)

Z((1—kx+d, 0)—Z' (1 —k)x~+d, 9))

= —v® _?/,(9) (2 = kyx +d, ) (1) = Z'(1 = k)x +d, 0)),

which together with (10) and (69) yields
fi(x; 0, a)

redo M@dz  pa

RO WA
reo M@dz  ra

CaAa=v® Ji
ke Jo M@dz  ra
v )

(Z((1 =z +d, )1 () — Z/(1 —K)z +d, 0)) e~ fo 0w g
(Z((1 = Kz +d, O (@) — (1 —KZ' (1 — k)z+d, 6)) e~ Jo 0w g

Z'(1—kz+d,0)e” J§ mowdw g,
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re f(')xhl(z)dz a g .
= | — 1 —k)z+d, 0)e Jommdw| 4
pserrrrll e RO | 2

rk a )
S Z' (1 —k)z+d, 60)e” [ mondw g
A=) /x

_ A
CA—v©)
Ak

=y ),

_ A
A= v@®)

—’\—k/az’((l—k) +d 9)(
=) ), e

[Z((l —kx4d, 0)—Z(1 —ka+d, e~ hl(z)dz]

a

|:Z((1 —kx+d, 0)—Z(1 —ka+d, ) <

The proof is complete.

6.2. Proof of Theorem 4.2

Z (1 —=k)z+d, 6)e” JEmowdw g

Z(1 —k)a

Z((1 — k)x

Proof. From Theorem 3.1, we have

hi(x) = @y —

AWEX)

ZERX), @)

and, hence, we have

o i m@dz _ o f; $ nZGra dpar _ 20+ d )

In addition, we also have

g1(x) =

_
=)
A

W(x +d)

Z((1 —k)z+d, dn))‘llk
Z((1 —k)x+d, ;)

Z(+d, dy) d

Zx+d, ®)) Zx+d, &)

Zd, ;)

(—0ZEW), 0) + Y (OWEW)))

ZEW), 0)

A —¥(0) ZE®X), Dy)

A

T =y

_ A
IO

Z/(x+d, ;)
Z(x+d, ;)

(Z(x+d, O)hi (x) — Z' (x + d, 0)),

which together with (10) and (69) yields

filx;0,a)=

re Jo m(2dz

A—=1(0)

a

X

re fg h1(z)dz

T a—v® [ dz
[Z(x +d,0)—Za+d, 6 )k hl(Z)dZ]

_ A
VRO

_ A [
10

Z(x+d,0)—Z(a+d,0)

+¢¢n)13
+d, ;)

dz.

e InZ(x+d, ®,),

(—P2ZEX), D)+ AWEW))

Z(x+d,0)—Z'(x+d, 9))

(Z(Z +d, () —Z(z+d, 9)) o= Jo mwydw dz

a
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Z(x+d, ®,)
Z(a+d, ®;)
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43


https://doi.org/10.1017/apr.2026.10053

44 J. LI ET AL

Furthermore, from (9) and (70), it follows that
filx:6, 00) = lim fi(x;6, @)
a— o0

|:Z(x +d,0)—Z(a+d, e)ggi—m}

Y (0)( P — P)
(=)@ — @)

. A
= lim ——
a0 1 — /()

A
= A——WZ(X + d, 0) - Z(X+ d, (DA)

From Theorem 3.1, we have

W] E)) — A [£75 W)W, E ) — y)dy
WL E@)

ha(x) =

0.0 v/
W, 2e)E®)  d
=0 o = g Wi o+ )
Wiy E)  dx
and, hence, we have
(0,2)
e Ju @dz _ W—“+d (a+d (70)
T w0 ’
Wa+d (x + d)

In addition, we also have

g2(x) = —AW(0)e " — 1 /

e 00 (Wi(x ) Wit W(x — y)) dy
avE(x)

C WiEW)
WL E®) W, (§(x))>
- {a> &)

_ g(x)—a
e E0=0 [T e, )y

0 WL ED)  WaEW)
O Y Wi (x+d)
_ O(x—a) _ 0(y—a) "y — ) — A ™ _
=—AW(0)e X /a e (Wk(x y) ot d) W;.(x y)) dy

_ 0,%)
Lpeftd-a) / hd-a YW, (y)dy (W, 7)Y (x+d) 3 Wi (x+d)
0 WO +d)  Walr+d)

xX—a W/ d
= —AWy(x — a) + re 909 / Wy (y)dy ( yatd) 9)
0

Wi (x + d)
(0,1)/ ’
Wi G +d) Wi+ d))

(
Oy
e’ Wi(y)dy
WORa+ay  Wal+d)

+d—a

he~ 0= f )
0

(71)

It follows from (70) and (71) that, for x € (a, 00),
f2(x; 0, a)
o0 Z
=- / ga(z)e™ i mamdv g
X
* a Wi (z+d)
= AWi(z—a —ke_g(z_“)f P Wy(v)d (A— +9>
/x { & ) 0 Oy Wiz +d)
_ (0,2) (0,2)
_ e ftd—a) /Z+d ¢ eeyWA(y)dy ((Wﬂ+d )(z+d) W)/L(Z + d)) } Wa+d (x+d) dz
0

Wc(fky(z +d) Wi (z+d) Wt(l(‘)}'i}) z+d)
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45
In addition, it follows from (11) that, for x € [0, a]
H(x; 6, a)
_ e WE)
—e 7' WEQ@) dzf(a;e’a)
_ Wkx+d) [ . b /*zfa oy <W)/L(Z+d) )
“Wa+td ), {AWA(Z @ e R AT
et [T oy gy (Ve G Wt D] Wold@+d)
e A e Wir(y)dy wO x)( +d) Wi(z+d) w© A)(
a+d a+d Z+d)
(72)
Furthermore, from Theorem 3.1, we have
g3(x)
W} (E(x)) — _
=—(|-04+ 2222 ,0)— (L — Y(0)W,
<< +WA(E(X))> A(EX), 8) — (A —¥(0)) A(E()O))
a — W, (£ (x))
—A Z(y — £(x), OYW, (x — )y + Zu(E(x), ) 2= (s(v)<a
/S(x)m 0= 50 O =N+ G0, O, oy M=
2o E (), 0) , 20 E@.0)
ot / WO — ECW, (x— 3)dy — 92 Ty ) gqny<a)
W E(X)(é(x)) §na W S(x)(é( X))
W x+d)
- <Z;\(x+d, G)W —ZA(X+d, 9))
—A/a+dZ( OW. (x+d — y)dy + Zy(x +d AL
A y, O)W; (x ndy + Z;.(x Wt d)
(0 A) (0 A)
a ( +d 9) / a ( + ) /
x%/ W(y)WA(x—Fd—y)dy—%WA(x—i-d)
Woia @x+d) Jo W,ia x+d)
70N 1 d 0
= 7% (x+d,0) - %(Wﬁ;)) (x+d). (73)
W, (x4 d)

It follows from (14) and (73) yields that for x € (a, c0)

o z
fx:0,a)=— / g3(z) e S 1o g7
X

= — / <(Z;g'2)) (Z + d, 9) — Zt(g_z)(z + d, 9)h2(2)) e~ f: I (w)dw dZ
X

o 4 Z
T / dz (Z;?FZ)(Z +d, 0)e hz(W)dw> dz
X

701

720N+ d, 0) - WO (x +d)< ¥ () o Za+d,6) )

6 -5 60— Za+d, D)
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Then, it follows from (13) that for x € [0, al,

a WE 4 a WEw) 4
— ) Wew f3(a 9, a)+ / 6@ ~ 5 W)

X

WE = -

- £ z .0 Ow d

" <( " W(S(z))) (€(2), )+ ¥ (®) (E(z))) z
ww)

H(x6,a)=e

J. LI ET AL

Wx+d) (o 0,%)
=—"*"(Z d,o)y—Ww d
W(Cl + d) ( a+d ( + ) a+d ( + ) CD)L

¥ (©)

Z(a+d, 0) ))
00—, Z(a+d, ;)

re [ (W/@( R 2(E@). )~ ZE), ”) )

WEW))
_Watd) (ox RTTURN <
e (A a0 - Wiiara

a dq _ [z Wovtd)
_e—ad/ e (e X Wovtd) dwz(z+d, 9)) dz
x dz

o

B Z(a+d, ) ))
0 —®; Zla+d, P))

_ Wx+d) _ veo)
= Watd <Z(a+d,9) W(a+d)<

—gaWx+d) —0d
—e Watd )Z( a+d,0)+e "Z(x+d,0).

The proof is complete.

6.3. Proof of Theorem 4.3

Proof. From Theorem 3.2, we have

a

ha(x) = @y — 4 /g PO —EX); Ay a—EM), E(x) (Wi (x —y) —

(xX)Aa
(0 A)

+d,
=<Dx—)n/ M(Wi(x—y)—@,\wx(x—y))dy

Z0M x4+ d, @;)

a 7 d, ¢
— -2 / M(Wg(x ) — &, Wy (x— W)y

0P +d, CDA)

q’AZA(x +d, &) — 21D, |, W (x4 d — y)Z(y, ;)dy

fflf,)(x+ d, ;)

S 20, )W =y + d) = B W (x— y + d))dy

60— D, 60— d, Z(a+d, D))

70D +d, @)

1

" 290+ d, @)
0,

(Z;Q)) (x+d, ;)

7200+ d, @)

d
=ln ZOP(x+d, @), xe(a, 00).
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and, hence, we have

(0 A)
Pz _ o £ 029D rd oy de _ Zatd FH A P2 4
ela =e z a (0 ) (74)
a_;,_d (a +d, CD)»)

In addition, we also have

EX)Na
ga(x) = —A / ?O7E) (@, Wi (x — y) + Wi(x —y)) dy

—00

) / 3 (20— €00, 0) = 20 — £, By LefDb) )
HOWS A=)
A (=PaWi(x —y) + Wy (x — y) dy + Av(E(X); 6, a — £(x))

% /g Py — EQ: D a— £, EOO) (—®3 Wi (x— ) + W (x — y) dy

(xX)Aa

—d
=i / "D (@, Wi(x — ) + Wi (x — ) dy
—00

/a N (Z(y+d, 0)—Z(y+d, q’”iﬂ%)
. =)
A(—DWalx—y) + Wi(x—y)) dy

A 7(0.1)
+—( R+ d, 0)— =

Z(a+d, ®;,0) Z(0.3)
A—Y(6) Za+d, ®;, ;) Zatd

/a Z(y+d, ®,)
o | LYTd P

(x+d, cm))

0. (= @aWa(x = y) + W, (x —y)) dy

a+d ()C + d CD)»)

o0
— )\'(D)Lee()ﬁ-d) / e_QyW)L(y)dy _ ke@(x+d) / e—@yw)/\(y)dy
x+d

x+d
_ /“MX (— B Wilx — )+ Wi(x—)) d

—a A=)
Az 7(0.2) Z(y+d, ) )
+)L V(O) a+d (x+d.0) /d W (—‘I’AW/\(X—)’) + W)L()C —y)) dy
o, fd 0 oy Zx+d. 0)
=A10ze @) — AWy (x +d) + AOe SO =%

A a+d )
+/\_—w(9) (/0 AZ(y, 0) (PaWir(x+d —y) — Wi(x+d —)) dy)

o Z0Px+d. )

a+d
- 37, (x+d, D;) —?»/ Z(y, D)W (x+d — y)dy
=96 70P (x4 d, ®;) ( 0 g

0,
LA Z0M(+d, 0)
= O zOP (x + d, d3)

a+d
(Zx(x-i-d, q’x)—?»/ Z(y, QA)WA(X+d—Y)dY>
0
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-6
__1.0d
=Ae"Zy(x+d, 9)1/[(9) + AWyr(x+d)

Wz x4+ d, 0) . Zy(x+d, 0) o, oY (+d, 0)  Z(x+d.6)
A— () 7200+ d, 0) ZON(x+d, 0) Z(O (x+d, 0)

290+ d, 6) ( ZOY (x+d, c1>k)>

A — ¥ (9) 200+ d, @;)
D=0 ba
=1Z,(x+d, 0)1//(9)_ (e iy
MG +d 0) (@R a+d, 0) @0 c+d, D) o)
A=) Zo0a+d ) Z0Na+d @) )

It follows from (18), (74). and (75) that, for x € (a, 00),
o Z
fa(x;0,a)=— / ga(D)e” S5 ha(w)dw dz
X

701
D, —0 [ x+d, ®;)

= (% — 1)A—/ Zi(z+d, 9)% dz
Y(O) =2 Jx 0@+ d, @)

A oo ]
_)L — 00 / (Z(O )L)) (z+d, 0)— h4(Z)ZL(1+2)(Z +d, 9)) e~ S5 ha(w)dw dz

a+d
70.1)
D, -6 [ x+d, ®
YU L PN L LA
Y(O) =2 Jx Z, i@ +d, )

A = d 0.0 T2 haGwydw
o) M(z+d f)e )dz
X

£0.0)
b, —0 [ (x+d, D)
:_x(eed—l)ﬁ/ Zuetd, )2t O D)
() =2 Jx 7,5 @ +d, @)
A 0,2 ©,%) Z(a, ®;, 0) )
S — d,0)—7 d, @) 27
e ( atd T O = Lo A Oz )

Furthermore, for x € [0, a], we have
fa(x; 0, 2) = (1 = f1(x; 0, @) fa(a; 6, a) + f1(x; 6, a)
7% + 4, )

Zx+d, ® O, —0 [ Z,
=(x+—;) —A(eed—l))‘—/ Z(z+d, 0) S_i
Za+d, ;) v(©O)— i J, ZO0P @+ d, qn)

Z(a+d, ;. 0) ))
Z(a+d, ®;, ®;)

Z(x +d, <I>)\)i|
Za+d, ;)"

A £0.1) 7(0.)
+m< a+d( +d 9)_ a+d( +d q>k)

A
+m |:Z(x+d, 0)—Z(a+d,0)
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Finally, from Theorem 3.2, we have

X
85(0) = —AW(0)e 0D 3 / e 007D (W (x — y) — @3 Walx — y)) dy
avé(x)

a 2 -
_/é A Z(y — §(), @1) (W) (x —y) — Wi (x — y)) dy

wnra Pr+0 Z(a—E(x), Dy, ;)

+X /g( : Py —EM) A, a—EX), EQ)PEWX): 0, a—E(x))
X (Wi(x —y) — O Wi(x — y)) dy
= —AW(0)e 00 / ' e 07D (W] (x — y) — @, Wi (x —)) dy

a

a 12
—f A Z(y+d, ;) (Wi (x —y) — @ Wi(x —y)) dy

—a ©. 40 Z(a+d, D, Dy)

a
+k/ pO+d;h,a+d, x+d)0(x+d;0,a+d) (W,{(x—y)—CDAW;L(x—y)) dy
—d

X
= —AW(0)e 0= _ ) / e 07D (W (x — y) — D Walx —y)) dy
a

C N Zo+d o) o

- = Wi(x—y)— ® W (x—y))d

/;d D) +6 Z(a+d, CDA,@;L)( A=) AW y)) y
(0,2)

Z +d, @

+)\.\/\ M (W)/L(x—y)— q))\W)L(x—y)) dy

290+ d, )

(0 A) _
A a+d (x+d, ®,) )\e—a(x—a) /x ¢ CGyWA(y)dy
9+CI>,\Z(a+d o;, d,) 0

X
= —AW(0)e /0= _ ) / e 07D (W (x — y) — @, Wi (x —)) dy
a

a7 d,
a2 f OFd P 3y — &, Wi(x— ) dy

200+ d, @)

X—a
x <e_0("_“) / egyW;\(y)dy>
0

X—a X—a
= —AW(0)e 00 _ je =) / ePW, (y)dy + A ®je 00D f Wi (y)dy
0 0

x—a a+d 7 1) !
5 2e—6—a) / W, (y)dy / o, o i;W Watd—y) &
0 (X+d D))

otear 9 oy atd @, 7(y, ®)Wilx +d — My
+22e 0x-a) / W, (y)dy / oo dy
0 Z0W(+d, @)
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X—da X—a
= —AW(0)e /00 _ )00 / ePW, (y)dy + re 0@ f Wi (y)dy
0 0

0, Z0M et d, D) = [T Z(y, @)W, (x+d — y)dy
X
200 (x4 d, )

X—a
= —AW(0)e 00— _ ye=00—a) /0 P W (y)dy

@)+, %)

0,
20N+ d, ;)

X—a
+re 03D / W, (y)dy
0
which, together with (20), yields that for x € (a, 00),
o0 Z
50, a)=— f gs(g) e Jr PaOmdw g7
X
o0 Z—a
= / <W(O)e_9(z_“) +e e / e Wi (y)dy
X 0
Z—a Z
—e 0@ /0 e W,\(y)dyh4(z)) e~ Jx hawidw g,
o0 Z—a
=1 / (Wuz —a)— e 9 / Wy (y)dy
X 0

z—a z
_6—9(z—a) / GGJ’W,\(y)dyhét(z)) e~ S5 ha(w)dw dz
0

o0 d i—a z
=2 / — (ee(z") / P Wy (y)dye ™ h“(w)dW) dz
x dz 0

o Z0M 4 d, o)

9+<DA Z(a+d d,, ;)

X—a
— e 06— / YW (v)dy.
0

Hence, from (19), we have for x € [0, a]

A Z(x+d, ®,)
0+ @) Z(a+d, dy, D3)

50, 0) =1 —f1(x; 0, a) fs(a; 6, a) =

The proof is complete. U
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