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Abstract A class of negative definite kernels is defined in terms of measure spaces.
Using this concept, property (T) for a countable grdups characterized in terms of
measure-preserving actions Bf as follows. If a setS is translated a finite amount by
any fixed element of’, then there is a uniform bound on how f8ris translated.

0. Introduction

A group G has Kazhdan’'s property (T) if the trivial representation is isolated in the
unitary dual ofG [K]. We refer to HV] for an exposition of many of the remarkable
properties of such groups.

Groups with property (T) are characterized by the absence of unbounded negative
definite functions HV, Chapter 5, Theorem 20]. This characterization was obtained in
[D], [G] and independently, inAW]. We use this to prove the following dynamical
characterization of property (T), which is the main result of this paper. All measure
spaces are positive but not necessarily finite.

A countable groug” has property (T) if and only if it satisfies the following condition:

for every measure-preserving action 6fon a measure spac€?, B, 1) and every set
S € B such thatu(SAgS) < oo for all g € T', we have

supu(SAgS) < oo.

gel
Remark 0.1To see how the condition above can fail to hold, suppose that there exists a
homomorphism fronT" ontoZ. (There is no such homomorphismlifhas property (T).)
TakeQ2 = Z, u = counting measure§ = {1, 2, 3, ...} and letl" act on2 by translation.
Thenu(SAgS) < oo for all g € T' but sug n(SAgS) = oo.
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Definition 0.1.1.Let " be a countable or finite set. Say that a functipn "' x ' —
[0, 00) is ameasure definite kernél there is a measure spa¢g, B, ) which contains
setsS, € B for x € T" such thatf (x, y) = n(S:AS,).

Remark 0.2If f is measure definite we can find a positive measure s@acg) which
contains sets, for x € I' such thatf (x, y) = u(Sx\Sy) = n(S,\Sy). For this, simply
replace by Q@' = Q x {0, 1} with the product measure and replace eachSseby
S. = (S, x {0}) U (S x {1}).

1. Measure definite kernels

We refer to HV, Chapter 5] for the definition and properties of negative definite kernels.
A negative definite kernef is assumed to beormalizedi.e. f(x, x) = 0. A universal
construction of a negative definite kernel on a Bet to take a mapping — v, of T’

into a real Hilbert spacé{ and to let the kernef (x, y) = |lv, — v,[|>. Moreover, for

a given f, the embedding: — v, of I in H is unique up to affine isometries of the
closed convex hull ofv, : x € T'} [HV, Chapter 5, Proposition 14].

ProPOSITION1.1. Every measure definite kernel is negative definite.

Proof. Let f be a measure definite kernel. Using the notation of Definition 0.1.1, fix
xo € I' and define a function : T' — L2(Q, ) by n(x) = xx — Xx» Wherey, denotes
the characteristic function of,. Then

@) = I = u(S:ASy) = f(x,y)
and sof is negative definiteHV, Chapter 5.13, Exemples]. O

Every measure definite kernel is a pseudometric. The negative definite kernel defined
onR by f(x, y) = (x—y)?is clearly not a pseudometric. The converse of Proposition 1.1
is therefore false. However, we shall show below that the square root of any negative
definite kernel is measure definite.

For the rest of this section lef be a fixed countable set. L&y = {0, 1}"
with the product topology. Ther2qg is either a Cantor set or finite. Le&Ry =
Qoo\{(0,0,0,...),(1,1,1,..)} and letB; be theo-algebra of Borel sets i®R. Given
x €T, let Sf = {c € Qo : c(x) = 1}. Our next result shows thdt, is a universal
o-algebra for measure definite kernels Bn

ProPOSITIONL.2. If f: T x ' — [0, o0) is a measure definite kernel then there exists
a regular Borel measurgg on (R0, Bp) such thatf (x, y) = MO(SQASS) forall x,y e T.

Proof. Suppose that a measure spd€k B, 1) is given, which contains the sefg,
such thatu (S, AS,) is finite for x, y € I'. We can and will delete fron®2 all points
belonging to all (respectively none) of the sétswithout changingu (S, AS,). Define
amapeo : 2 — Qo by

if
@ ={ 3 LEY
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Sinceg¢ is measurable, we may define a corresponding measiize ¢.. (1) on (o, Bo).
Then
Ho(SYASY) = (@ H(SYAS)) = (S ASy).

In this way any measure definite kernel may be expressegioaszS?) for some
measureug on (o, Bo). We claim that: (a) every open set By is o-éompact; (b)
wo(K) < oo for every compact sek in . By [R, Theorem 2.18], these two assertions
imply that the measurg, is regular.

Let C denote the family of all cylinder sets of the form

0 0 0 0
A = (leﬂ~-~ﬂSxm)\(Sy1U~~USyn)
— fceQict)=LcO)=01<i<ml<j<n),

where{x1, ..., X, ¥1,..., yo} C I' andm, n > 1. Each setir€ has finite measure since
uo(SSASS) < oo for all x, y € T'. Assertion (a) follows from the fact that the famity

is a countable base for the topology @f consisting of compact open sets. Assertion
(b) follows because every compact subsetxfis contained in a finite union of sets in
C, and hence is contained in a finite union of sets of finite measure. O

ProPOSITION1.3. The class of measure definite kernelsIois closed under pointwise
convergence.

Proof. By Proposition 1.2 we may consider only measure definite kernels of the form
M(SSASS) for regular Borel measures on Qg. Suppose that measuresj)]?'il on Qg

give rise to measure definite kerngfswhich converge pointwise tg. We must show
that f is measure definite. For fixed, y € I', fj(x,y) — f(x,y), so the restricted
measures

Hjlsonso

are positive and of uniformly bounded finite mass. Since the set of positive Borel
measures of total mass bounded by a given fixed constant form a compact metric space,
we can, by passing to a subsequence, assumeuthat.so approaches some positive,
finite mass Borel measure d}ﬂASS. Sincer is countable, we may pass to a subsequence
where this happens for all, y € T,

Write Qo = |_I;2; Tk, wherey; |7, has a limit for each?; and where eacBSASS is
contained in a finite union df’s. To see that this is possible, suppose that the elements
of I are labelledxy, x5, etc. Let all sets of the two forms

{ceQo:(cx1),...,c(xn),cx,) =, ..., 10}

and
{ce Qo:(c(x1),...,cx_1),c(x,) =(0,...,0 D}

make up the collectionT}),. This collection will be countable or finite d5is countable
or finite. The disjoint union of th&} gives all of Q.

Put the limit measures on thE, together to form a measure on Qy. For any
x,y €T, we have
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oo oo
1(SPASY) = D lim (T N (SPASY) = 1im D "y (Te N (SIASD))
=1 / I k=1
= limp;(SAS) = lim f(x, ) = £(x. 7).
This shows thatf is measure definite and so proves the result. O
Let (u_,-)j\’:1 CH and(u});\’:1 C H’ be two tuples of vectors in two real Hilbert spaces.

We say that the two tuples are in the sacmmfigurationif ||u; — uxl = ||u} — uy || for

1< j,k=<N. If H, H have the same dimension, then the two tuples are in the same
configuration if and only if there is an affine isometry frabhto ' sendingu; to u’,
1<j=<N.

PROPOSITION1.4. Let f be a negative definite kernel on a $etand choose a mapping

x +— v, of I" into a real Hilbert spaceH such thatf (x, y) = |lv, — vy||2. Then:

(i) +/f is measure definite;

(iiy there exists a regular Borel measyrg on g such thatf (x, y) = uo(SSASS) for all
x,y € I and having the following property: i, ..., xu, y1,..., y2} C I, where
m,n =1, thenuo((SY N--- NS H\(SY, U---U 89)) is determined canonically by
the configuration ofv,,, ..., vy, Uy, ..., vy,).

Proof. Suppose the result has been proved for fifiteln the infinite case, think of

as the increasing union of a sequence of finite sets, and for each of these finite sets
construct a measuneg, satisfying the conditions of the statement insofar as they apply to
elements of that set. Take limits as in the proof of Proposition 1.3 to obtain a measure
satisfying the conditions for all of'.

Suppose, therefore, that is finite. ReplaceH by the linear subspace which the
thev, generate. This guarantees tiais finite-dimensional. Lef2 be the homogeneous
space of all half-spaces 6{. ThenQ may be realized a%,/E,_1, whereE, is the
(unimodular) group of rigid motions of the-dimensional real Hilbert spac¥ and the
stabilizer of a given half-space is isomorphicKg_;. Endow$2 with its usual measure
w, which is invariant under rigid motions Gf. We can normalize. so that

uMeQ:veM,w¢ M} =|v—w|.

(This follows, for example, from the explicit expression for the Haar measure on the affine
group ofH given in [B, Chapter VII,§3, No. 3, Ex. 4]. It may also be seen geometrically.)
Let S, = {M € Q:v, € M}. Then/f(x,y) = llvy — vyll = 1(Sc\Sy) = u(S,)\Sy) is
measure definite. This proves (i).

To prove (ii) it suffices to show that the measure

wMe v, e M,vy, ¢ M,1<j<m,1<k<n}

depends only on the configuration @f,, . .., vy,, vy, ..., v,,). This is clear except for
a possible dependence on the dimensioffofSuppose then that

!’
(Vs ooy Unys Uy oy 0y, ) CHCH
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Let ' be the space of all half-spacesf and letu’ be the natural measure ¢r. We
must prove that

wMeQ v, e M,v, ¢ M,1<j<m,1<k<=<n}
= WMeQ: v, eM, v, ¢ M, 1<j<ml<k<n}

Define a measure on Q by v(E) = u/'{M’' € Q' : M' N"'H € E}. Sincev is invariant
under rigid motions of{ and satisfies

ViMeQ:veMwé¢My=p/{MecQ:veM,w¢g M} =|v—w|

it follows thatv = u. O

Remarks (i) Let I be the set of vertices of a tree. The usual integer-valued distance
functiond(x, y) between elements df is a measure definite kernel. To see this, fix a
vertexo € I' and for eachx € T let S, = [o, x], the geodesic path betweerandx. Then
d(x,y) = u(S:AS,), wherep is the Lebesgue measure on the geometric realization of
the tree. (However, it is easy to see that not all measure definite kernels arise from the
distance function on a tree.) Valett¢,[Section 3] has given an appropriate construction
of Lebesgue measure for real trees from which it follows similarly that the distance
function in a real tree is measure definite.

(ii) It is not true that 2 is negative definite whenevef is measure definite. Let
' = {1, 2, 3, 4} be the set of vertices of the tree in Figure 1.

2

3

Ficure 1. A tree with four vertices.

Thus,d(1,4) = d(2,4) =d(3,4 =1 andd(1,2) = d(2,3) = d(3,1) = 2. By the
previous remarkd(x, y) is measure definite. There is clearly no $et, v, vs, v4} Of

vectors in a Hilbert space such thétx, y) = [lv, — v,|l. Therefored? is not negative
definite.

2. Property (T)
We give an application of the preceding ideas to characterize countable groups with
property (T) in terms of measure-preserving actions on infinite measure spaces. Another
characterization has been given by Schm&jtRroposition 2.10], and Connes and Weiss
[CW] in terms of measure-preserving actions on finite measure spaces, using the notion
of strong ergodicity.

We recall the Delorme—Guichardet characterization of groups with propertydl) [
Chapter 5, Theorem 20], which may be expressed as follows: a group has property (T)
if and only if every leftI'-invariant negative definite kernel dnis bounded.

https://doi.org/10.1017/50143385798100342 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798100342

252 G. Robertson and T. Steger

THEOREM 2.1. A countable grouf” has property (T) if and only if it satisfies the following
condition: for every measure-preserving actionfobn a measure spacg2, B, 1) and
every setS € B such thatu(SAgS) < oo for all g € ', we have

sSupu(SAgS) < oo.
gel

Proof. Suppose thal" has property (T), and that we are given a measure-preserving
action as described. Define a I€ftinvariant measure definite kernel dnby f(x, y) =
u(xSAyS). By Proposition 1.1f is negative definite and so uniformly bounded, by the
Delorme—Guichardet result.

Conversely, suppose that the condition in the theorem holds, and le a left
I-invariant negative definite kernel oi x I'. By Proposition 1.4,./f is measure
definite with corresponding regular Borel measweg defined on the spac&o =
{0, 13"\{(0,0,0,...),(1,1,1,...)}. We must show that, is invariant under the natural
action of I' on Qo defined by(gc)(xg) = c(g  xp). Recall thatC is the family of all
cylinder sets of the form

A

(S9N NSPHNS) U---USY)
= {ceQ:icx))=1Lc(y))=01<i<m,1=<j<n}

where{xy, ..., Xm, ¥1,-.., ya} C I andm, n > 1. Observe tha#i is compact and open
in Qo.

To pass fromA to gA, one must applyg to each of thex;’s and y;’s. Since
[vgr — vgyll2 = f(gx, gy) = f(x,y) = |lu. — v,|?, it follows from Proposition 1.4(ii)
that the measuresg(A) and up(g(A)) coincide. We have therefore shown that and
né coincide on all sets €.

Suppose that the elements Gf are labelledx;, x;, etc. LetC,, be the subset of
containing those sets of the form

{c € Qo:(clx1),c(x2),...,c(xy)) = (€1, €2,...,€)},

wheren is a positive integer, where eaehis either 0 or 1, and where each of the values
0 and 1 occurs at least once.

The sets inC, satisfy the following properties: (1J., is a neighbourhood base for
Q; (2) if two sets inC, are not disjoint, then one contains the other;{3) contains no
infinite ascending chain.

Let U be an open subset @t. It follows from the three properties @f, thatU is
the disjoint union of those sets iy, maximal with respect to being contained &h
Thus wo(U) = uo(g(U)). Since the measurgs, and u§ are regular and they coincide
on open sets, they must agree on all Borel sets. Therefore the actibnoofQg is
measure-preserving.

Now write S = S°. Since./f is measure definiteuo(SAgS) < oo for all g € T.
The condition in the theorem implies that gupuo(SAgS) < oo. The negative definite
kernel f is therefore bounded and $bhas property (T). O
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QuestionsSeveral questions remain to be answered.

(i) Can measure definite kernels be characterized internally, without reference to
measure spaces?

(i) Is there a result analogous to Theorem 2.1 for locally compact groups?

(iii) Can the action ofl” in Theorem 2.1 be assumed to be ergodic?
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