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We propose a test for a generalized regression monotonicity (GRM) hypothesis. The
GRM hypothesis is the sharp testable implication of the monotonicity of certain la-
tent structures, as we show in this article. Examples include the monotonicity of the
conditional mean function when only interval data are available for the dependent
variable and the monotone instrumental variable assumption of Manski and Pepper
(2000). These instances of latent monotonicity can be tested using our test. More-
over, the GRM hypothesis includes regression monotonicity and stochastic mono-
tonicity as special cases. Thus, our test also serves as an alternative to existing tests
for those hypotheses. We show that our test controls the size uniformly over a broad
set of data generating processes asymptotically, is consistent against fixed alterna-
tives, and has nontrivial power against some n~1/2 Jocal alternatives.

1. INTRODUCTION

In this article, we construct a test for the generalized regression monotonicity
(GRM) null hypothesis (Hp) against the alternative hypothesis (H1) defined as:

Ho: Ep[fOW, D)X =x1,Z=21> Ep[fOW, 1) X =x3,Z=2], (LI)
forall x;,x, e X and x; > xp, forallze Zandrt e T,
Hy: Eplf VW, t)X =x],Z=2"1 < Ep[fO W, "X =x},Z=2"],
(1.2)

for some x{,xy € X and x| > x5, for some z* € Z and for some t* € T,
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where W = (Y’, X', Z')’ are observed random variables generated from a distri-
bution P, and Ep denotes the expectation under P. Our null hypothesis gener-
alizes the classical regression monotonicity hypothesis (e.g., Schlee, 1982, more
references given later) in the sense that we allow the functions £ (W, 7) and
F@ (W, 1) on the two sides of the inequality to be different. We give two ex-
amples below where the generalization is necessary. We also allow them to be
indexed by 7 € T, where T can be either finite or infinite, and allow the pres-
ence of control variables Z. The random vectors Y, X, and Z are of dimensions
dy>1,dy >1,andd; >0, respectively.1 The sets A’ and Z are the support sets
of X and Z, respectively. Without loss of generality, we assume that X’ C [0, 179
and Z C [0,1]% .2

The null hypothesis in (1.1) is the sharp testable implication of the monotonic-
ity of certain latent structures. One example is the monotonicity of the condi-
tional mean of an interval-observed dependent variable. The interval data prob-
lem is wide-spread in empirical research either due to survey design, where
people are asked to choose from several brackets rather than to report their ac-
tual value of a variable, or due to some inherent missing data problems, for
example, potential wage for females. As a result, regressions using interval
data as the dependent variable are unavoidable sometimes. In such situations,
Manski and Tamer (2002) provide econometric tools for estimation, but a non-
parametric test for the monotonicity of the regression function has not been
studied.

Another example is the monotonicity of potential outcomes in an instrumental
variable, better known as the monotone instrumental variable (MIV) assumption
after Manski and Pepper (2000).> The MIV assumption has been recognized as a
useful identification tool in Manski and Pepper (2000, 2009), Kreider and Pepper
(2007), Kreider and Hill (2009), and Gundersen, Kreider, and Pepper (2012).*
However, a test for MIV validity has not been developed.”> We show that the
sharp testable implications of both the latent regression monotonicity and the
MIV assumption are in the form of GRM, and our test can be used for these
hypotheses.

The GRM hypothesis also includes regression monotonicity and stochastic
monotonicity as special cases. Thus, our test also offers an alternative to existing

Ly d; = 0, then there is no Z in the model.

2A strictly monotone transformation can always be applied to bring the support of each component to within [0, 1]
without changing the information content of the inequalities. We provide detailed suggestions for the transformation
in Section 6.1.

3 Note that Chetverikov and Wilhelm (2017) define a monotonicity condition which they also name monotone IV.
Their monotone IV condition is different from that defined in Manski and Pepper (2000). In particular, it does not
involve a partially observed variable. It is of the form of the stochastic monotonicity condition as studied in Lee,
Linton, and Whang (2009), and is a direct special case of our null hypothesis (1.1).

4 A Stata command for bounding treatment effects under the MIV and other related assumptions is developed by
McCarthy, Millimet, and Roy (2015).

5 Chetverikov (2013) develops a test for the related monotone treatment response and the monotone treatment
selection assumptions. Kitagawa (2015) develops a test for IV validity in the context of local average treatment
effect.
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tests of those. Regression monotonicity arises in a lot of problems in economics.
For example, many comparative static hypotheses directly take the form of regres-
sion monotonicity. In addition, Chetverikov (2013) shows that regression mono-
tonicity is a testable implication of the monotone treatment response assumption
and monotone treatment selection assumption introduced in Manski and Pep-
per (2000). Existing tests for regression monotonicity have been proposed by
Schlee (1982), Bowman, Jones, and Gijbels (1998), Ghosal, Sen, and van der
Vaart (2000), Gijbels, Hall, Jones, and Koch (2000), Hall and Heckman (2000),
Dumbgen and Spokoiny (2001), Durot (2003), Beraud, Huet, and Laurent (2005),
Wang and Meyer (2011), and Chetverikov (2013).

Testing stochastic monotonicity is useful for bounding parameters in a selection
model and for assessing the stationarity of a Markov process. See Lee, Linton, and
Whang (2009) and Seo (2015) for details and further applications. Existing tests
for stochastic monotonicity include Lee, Linton, and Whang (2009), Delgado and
Escanciano (2012), and Seo (2015). We compare these existing tests with our test
in Section 2.

To test the GRM, we adapt Andrews and Shi’s (2013a, AS hereafter) instru-
mental function approach to transform the conditional inequality hypothesis into
an inequality hypothesis that involves only unconditional moments without loss of
information content of the original inequality hypothesis. The adaption is needed
because each of our inequalities involves conditional moments evaluated at two
different values of the conditioning variable, for which the AS approach does not
apply.

After the transformation, we approximate each unconditional moment by its
sample counterpart, and construct a Cramér-von Mises type test. Since our hy-
pothesis is in the form of many inequalities, we employ the generalized moment
selection method (GMS) to improve the power of the test as in AS, and pro-
pose both a bootstrap GMS critical value and a multiplier GMS critical value.
We show that our test has uniform asymptotic size control over a broad set of
data generating processes, is consistent against fixed alternatives, and has non-
trivial local power against some n~!/2-local alternatives. We conduct Monte-
Carlo simulations for two examples to examine the finite-sample properties of our
test.

A different test from ours for the GRM may be constructed by verifying the
conditions in Lee, Song, and Whang’s (2016) recent article. Compared to such a
test, our test has the advantage of not requiring a nonparametric estimator of the
conditional moments.

The rest of this article is organized as follows. In Section 2, we give five moti-
vating examples for testing GRM. We introduce the modified instrumental func-
tion approach, and propose our test in Section 3. Uniform size and power prop-
erties of our tests are given in Sections 4 and 5, respectively. Section 6 reports
Monte-Carlo simulation results, and Section 7 extends our test to test the non-
parametric generalized regression monotonicity. Section 8 concludes. All mathe-
matical proofs are deferred to the Appendix.

https://doi.org/10.1017/50266466618000439 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466618000439

TESTING GENERALIZED REGRESSION MONOTONICITY 1149

We adopt the following convention in the article: for x1,x, € R% with dy > 2,
we say that x; > xp iff x15 > xo5 forall s =1, ..., dy, where xj; is the sth element

of vector x;. Also, we say that x; > x; iff x1; > xo5 foralls =1,...,dy, and x1x >
xok for some k € {1,...,d,}. Finally, x1 > x7 iff x15 > xo5 foralls = 1,...,d,.

2. EXAMPLES OF GRM

GRM hypotheses of the form in (1.1) are of interest in a wide array of econometric
problems. We give five examples below. In the last three examples, the GRM
hypotheses are the natural hypotheses of interest, while in the first two examples,
the GRM hypotheses are sharp implications of hypotheses that are not directly
testable because they involve latent variables.

2.1. GRM as Sharp Testable Implication of Hypotheses on Latent
Variables

We first define the concept of sharp testable implication. Such a concept has not
been formally defined, to our knowledge, but has been informally used by various
people. Let all variables considered below take values in a Borel measurable sub-
set of R4 for some positive integer d and be measurable with respect to the Borel
sigma field.

DEFINITION 1. Suppose that the random vector (X, U) takes values on the
set Z. Let H% be a hypothesis on the distribution of (X, U). Let H® be a hypoth-
esis on the marginal distribution of X. Suppose that the econometrician can only
observe X and can potentially observe a large enough sample of X to infer its
distribution. Then

(@) HY is a testable implication of H if H® is a necessary condition
of H.

(b) HY is the sharp testable implication of H given the settings above, if H°
being satisfied by the marginal distribution of X implies that there exists a
random variable U such that the joint distribution of (X, U) has support
on Z and satisfies H.

Remark. When we test H% through H?, a rejection of H? implies a rejection of
H if HY is a testable implication of H%. However, it can happen that H% is
violated but A holds, in which case any statistical test including ours will asymp-
totically detect the violation with probability less than or equal to size, if H is the
sharp testable implication of H. The sharpness captures the requirement that H°
exploits all the population information useful for detecting the violation of H%,
and that H° cannot be strengthened without additional assumptions. The concept
is analogous to the concept of sharp identified set defined in Berry and Tamer
(2006). Just as a sharp identified set characterizes the strongest restriction of
the model and data on the parameter, the sharp testable implication characterizes
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the strongest restriction of the model and the hypothesis of interest (H%’) on the
distribution of the observables.®

2.1.1. Regression Monotonicity with an Interval-Observed Dependent Vari-
able.

Example 2.1
Consider a dependent variable Y and covariate vectors X and Z. The researcher
is interested in knowing whether E[Y|X = x,Z = z] is monotonically increas-
ing in x. However, Y is not observed. Instead, Y is known to lie in the observed
random interval [Yy, Y, ], as considered in Manski and Tamer (2002). This inter-
val may collapse to Y for some individuals in the sample, but may have positive
length for other individuals. This may be a result of rounding, imprecise reporting
of income in a survey, or missing data. The case of rounding is self-explanatory.
In the case of imprecise reporting, ¥, = Y, for respondents giving a precise an-
swer, [Y¢, Y, ] is the bracket that the respondent chooses when she does not give a
precise numerical answer, and [Y¢, V;,] is the interval formed by a logical or the-
oretical upper and lower bound of Y if the respondent does not give a response.
The case of missing data is an extreme case of imprecise reporting where the re-
spondent either gives a precise response or no response at all. Our test proposed
below allows the rounding, the imprecision in reporting, and the data missingness
to be endogenous, as do Manski and Tamer (2002).

Since Y is not perfectly observed, one cannot directly test the null hypothesis:

HIRM  E[Y|X =x1,Z =21 > E[Y|X =x2,Z =]
for all x; > x5, and for all z, 2.1)
where LRM stands for “latent regression monotonicity.” We show that Hj-®M
can be tested through a GRM-type hypothesis:
HE®M B[V X =x1,Z = 2] 2E[Y(|X = x2, Z = 7]
for all x; > xp, for all z. 2.2)

We show in the next theorem that HOG RM in (2.2) is the sharp testable implica-

tion of HOLR M The proof of this theorem is given in the appendix.

THEOREM 2.1. (i) Suppose that the distribution of (Y, X, Z) satisfies HOLRM,
and that Y € [Y,, Ye). Then HE®M in (2.2) holds.
(if) Suppose that the distribution of (Y, Y, X, Z) satisfies HOGRM in (2.2). Then,

there exists a random variable Y such that Y € [Y¢, Y, ] everywhere, and that the
distribution of (Y, X, Z) satisfies HOLRM.

Remark. In general, whether any test can have power against HOLRM through

testing HOGRM depends on the functions E[Y,|X = x,Z = z] and E[Y¢|X =

6 Indeed, Kitagawa (2015) calls testable implications with the same property strongest testable implications.
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x,Z = z]. The closer these two functions are, the more likely it is for us to
detect the violation of HOLRM via HOG RM 1p general, the narrower the ran-
dom intervals [Yy, Y, ]’s are for more individuals, the closer the two functions
E[Y,|X =x,Z=z]and E[Y¢|X = x, Z = z] are, and we will illustrate this in the
simulations. In the case of rounding, the smaller the rounding errors are, the closer
Yy is to Y, for every individual. In the case of imprecise reporting and missing
data, the more individuals giving precise answers, the closer E[Y,|X = x,Z =z]
and E[Y;|X = x, Z = z] will be. The instrument Z is not necessary for there to
be power, but can often help if Z moves Y, — Yp.

2.1.2. Hypotheses of Monotone Instrumental Variable (MIV).

Example 2.2

The MIV condition proposed by Manski and Pepper (2000) has been used to
obtain tighter identification in a selection model. One can test the MIV condition
by testing a hypothesis of the form of Hy in (1.1). To fix ideas, let D be a binary
treatment and (Y (0), Y (1)) be the potential outcomes. The variable Y (0) is only
observed when D = 0, and Y (1) is only observed when D = 1. Let the observed
outcome Y = DY (1) + (1 — D)Y (0). Let X be a monotone IV in the sense of
Manski and Pepper (2000):

HY'Y L E[Y(d)|X =x1] > E[Y(d)|X =x2], forall x; > x, ford =0, 1.
(2.3)

Suppose that Y (0) and Y (1) lie in the known deterministic interval [y;, y,]. Then
the MIV condition in (2.3) implies the following hypothesis:
H®M ELFD Y, 01X =x11 2 ELfP Y, 7)|X = xa],

forall x; > xp, forz =1 and 2, 2.4)

and
fOw,1)=YD+y,-1-D), fO¥2)=y.D+Y -(1-D),
fOw,1)=YD+y,-1-D), FPw,2)=yD+Y -(1-D). (2.5)

In this example, X can be a vector. Additional control variables Z may be
present.

As shown in the following theorem, Hé” rv implies HOG RM and thus should be
rejected if the latter is rejected. The theorem also shows that HOG RM s the sharp
testable implication of Hé” IV The proof of the theorem is given in the appendix.

THEOREM 2.2. (i) Suppose that the distribution of (Y (1),Y(0), D, X) satis-

fies Héwv, and Y (1),Y(0) € [y¢, yul. Then the distribution of (Y, D, X) satisfies
HERM,
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(i) Suppose that Y € [y¢,y,], and the distribution of (Y, D, X) satisfies
HOGRM. Then there exists (Y (1),Y(0)) such that Y = DY (1) + (1 — D)Y (0),
ye < Y(1),Y(0) <y, and the distribution of (Y (1),Y (0), D, X) satisfies Héwv.

Remarks.

1. The existence of finite bounds y, and y, is important for the testability of
Héwv. If y, =00 and y, = —o0, HOGRM can never be violated and thus
Hé"”v is not testable. In fact, if y, = oo and y, = —o0, it is not clear how
the MIV assumption can be used for inference on treatment effects, either.
For this reason, the finite bounds are usually assumed when MIV is used.

2. The remarks below Theorem 2.1 apply here as well, with HOLR M replaced
by Héwv, and with E[Y,|X =x,Z = z] and E[Y¢|X = x,Z = 7] re-
placed by E[y, - (1 — D)|X =x] and E[y,- (1 — D)|X = x] for r = 1, and
Ely,D|X = x] and E[y,D|X = x] for 7 = 2, respectively. Note that for
=1,

Ely,(1—=D)|X =x]=E[y,|D=0,X =x]P(D=0|X =x).

We can see that the smaller P(D = 0]X = x) and the smaller the gap between
yu and yg, the more likely it is for us (or anyone with only the observables
(Y, D, X) and the bounds [y, y,]) to detect the violation of Hé” v through
FO(, 1) and f@(¥,1). Similarly, the smaller P(D = 1|X = x) is and the
smaller the gap between y, and y,, the easier it is to detect the violation of
Hé‘/’ IV through £ (Y,0) and f® (Y, 0). We will demonstrate these in the
simulations.

3. Note that the objective here is not to identify the treatment effect, but to
test the validity of the MIV assumption. It is true that if X is completely
irrelevant in that it does not affect either Y (0), Y (1) or D, then the test can-
not reject. It also is not supposed to reject because Hé"’ IV is satisfied in this
case. On the other hand, if X does not influence D and thus is an irrelevant
IV in the traditional sense, but it influences Y (0) and Y (1) in a nonmono-
tonic fashion, it is still possible for HOG RM (o be violated and thus rejected.
Therefore, a strong first stage is not necessary for our test to have power.

4. As we mentioned in the Introduction, the only testing framework that covers
Examples 2.1 and 2.2 is Lee, Song, and Whang’s (2016).7 To be specific, let
F=(ex2,2) & = (X x X x 2] x1 2 30}, qea (@) = EF DY, 0)|X =
x1,Z =z] and g;2(X) = E[f(2)(Y,r)|X =x2,Z = z], and let v, (X) =
qr2(X) —gr,1(X). Then, (1.1) can be rewritten into Lee, Song and Whang’s
(2016) framework:

Ho: v;(¥) <0 forall (,7) e X x T. (2.6)

7 Lee, Song, and Whang (2016) is an extension of the seminal article Lee, Song, and Whang (2013). The latter deals
with conditional moment inequalities where in each inequality, the conditional moment of some function evaluated at
only one value not two values of the conditioning variable is involved. Thus the article does not cover the hypotheses
that we consider.
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Lee, Song, and Whang’s (2016) conditions for the validity of their test may
cover hypothesis (2.6) under suitable primitive conditions. We do not aim to
provide those primitive conditions in this article because we take a different
approach toward testing the GRM hypothesis. Unlike their approach, ours
does not require preliminary nonparametric estimation.

2.2. GRM as Natural Hypotheses of Interest

A GRM hypothesis may also be the natural hypothesis of interest. For example the
hypotheses of regression monotonicity, stochastic monotonicity, and higher-order
stochastic monotonicity can all be written as GRM hypotheses, as we describe in

detail now.

Example 2.3

Suppose that f(D(W,7) = f@(W,7) =Y and Y is a scalar. Then Ho in (1.1)
reduces to:

Hy: E[Y|X =x,Z = z] is weakly increasing in x € X, forall z € Z. 2.7)

This is the usual regression monotonicity hypothesis. Testing Hy is a nonpara-
metric version of testing the sign of a regression coefficient in a linear regression
model. For example, suppose Y is the survival of a patient and X is the daily dose
of a certain drug given to the patient. Then H( implies that there is a monotone
relationship between the daily dose and the survival rate as the dose varies in a
chosen range &'. Note that if d; = 0, then Hy is the regression monotonicity hy-
pothesis studied in Ghosal, Sen, and van der Vaart (2000) and Chetverikov (2013).
See Chetverikov (2013) for more testing problems that can be formulated as (2.7)
with d; = 0.

Example 2.4
Suppose that fD(¥,7) = f@(Y,7) = —1(Y < 1) for 7 € R and d, = 0. Then
Hj reduces to:

Hy: Fy|x(z]x) is nonincreasingin x € X forall 7 € R, (2.8)
where Fy|x (t|x) denotes the conditional distribution of ¥ conditioning on X = x.

Then Hy is the stochastic monotonicity hypothesis studied in Lee, Linton, and
Whang (2009), Delgado and Escanciano (2012), and Seo (2015).

Example 2.5 ‘

Suppose that f(D (¥, 7) = fA (Y, 1) = —ﬁl(Y <t)(t—=Y) "!forr € R and
d, = 0. Then Hy reduces to:

Hy : Z;(z; Fy|x (:|x)) is nonincreasing in x € X forall 7 € R, 2.9)
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where Z; (.; F) is the function that integrates the function F to order j — 1 so that,
Ii(z; F) =F(7),

D(t; F) :/Or F(t)dt =/0711 (t; F)dt,

L F) = | Tt P,
0

Therefore, Hp is the higher-order stochastic monotonicity hypothesis. Shen
(2016) studies the conditional higher-order stochastic monotonicity at a fixed
point of X = x. Our test covers the uniform version of Shen’s (2016) hypothe-
sis.

Remarks.

1. When Z contains only discrete random variables, the tests proposed in
Ghosal, Sen, and van der Vaart (2000) and Chetverikov (2013) are appli-
cable to Example 2.3, and the tests proposed in Lee, Linton, and Whang
(2009), Delgado and Escanciano (2012), and Seo (2015) are applicable to
Example 2.4. These tests do not apply when Z contains continuous random
variables. In addition, the tests of Ghosal, Sen, and van der Vaart (2000),
Lee, Linton, and Whang (2009), and Delgado and Escanciano (2012) rely
on least-favorable case critical values, and can have poor power when the
data generating process is not close to the least-favorable case. None of the
tests in the five articles mentioned apply to Examples 2.1 and 2.2, where
FOW, 1) # FO, 7).

2. Chetverikov (2013) considers a testable implication of the monotone treat-
ment selection and monotone treatment response assumptions of Manski and
Pepper (2000), which, in the notation of Example 2.2, is

E[Y|X =x1]1> E[Y|X =x], forallx; > x». (2.10)

This is a special case of Example 2.3.

3. PROPOSED TEST

3.1. Model Transformation

In order to form a test statistic, we transform the conditional inequality hypothe-
sis into an inequality hypothesis that involves only unconditional moments. The
transformation should preserve all the information content of the original inequal-
ity hypothesis, because otherwise the resulting test has no power against some
fixed alternatives. The most closely related approach in the literature is AS, where
conditional moment inequalities are transformed into unconditional ones using an
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infinite set of instrumental functions. Our problem is more complicated because
our inequalities involve conditional moments evaluated at different values of the
conditioning variable.

We propose a modification to AS’s instrumental function approach. The basic
idea of our modified approach is to use two different instrumental functions on the
two sides of the inequalities. To be specific, we find a set, G, of g = (g)(cl) , g)(f) ,82)
such that (1.1) is equivalent to

2 1 1 2
Ho:vp(z,8) =mp (7, )wh) (9) —miy (zr, g)wis (8) <0, @3.1)
forall z € 7 and forall g € G,
Hy:vp(t*,g"*) > 0, for some 7* € T and for some g* € G, 3.2)

where, for j = 1 and 2,

m (e, ) = EpfOW,0)g (0)g.(2)1, w0 (g) = Eple (X)g.(Z)].
3.3)

Like in AS, we also would like the set G to be simple enough in order for a certain
uniform central limit theory to apply.

We consider two possible G choices, for both of which we define the following
notation:

dy
Cyr= (H[xj,xj +r]) NX forx e X andr € (0, 1],
j=1
d,
Zr:(H zj,zj+r])ﬂZ forze Zandr € (0,1]. 3.4)
j=1

For € = (x1,x2,2,r) € X2 x Z x (0, 1], define

(1) =1(-€ Cx r), g(z) 1(-€Cyyr), gue=1(€Cy). (3.5)
The first G we consider is the set of the indicator functions of countable hyper-
cubes:

Ge—cube = {g (g)(clzi» g)(CZ}, 8z é’) te ﬁc—cube} , Where (3.6)

Lomeupe = {10227 =g g (01,32,2) €0, 1,2, q = 1),

X1 = X2, andq:q0»q0+1,},

and qq is a natural number.?

8 In cases where FD (W, 7) = F@ (W, 7) for all ¢ as in Examples 2.3-2.5, vp (z, £) = 0 and b, (z, ) = 0 for all
g¢ with x; = xp and we can remove these g¢’s from G. However, including these g,’s in G does not affect our
theoretical results.
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The second G that we consider is the set of the indicator functions of a contin-
uum of hypercubes:

Geube = {8¢ 1 € € Leube}, Where 3.7

1 _r]zdx—i_dza X1 =2 X2, e (09 f]}a

Leube = {(x1,x2,2,7) 1 x1,x2 € [0,
for some 0 <7 < 1.

Because there is a one-to-one mapping between Geype (01 Ge—cube) and the set of
indices Leype (01 Le—cube), for the remainder of the article, we will use € to stand
for g¢ when used inside a function to simplify notation. For example, v p(r gr)
will be written as vp (7, (), mP)(r gr) as m(j)(r £), and w(])(gg) as w( 0).

Both are also rich enough to capture all the information pr0V1ded by (1.1),
which is shown in the following lemma.

Assumption 3.1. Suppose that for j = 1 and 2, Ep[f)(Y,7)|X =x,Z =z]:
X x Z — R is continuous on X x Z for all 7 € 7 under distribution P.

The continuity of the function Ep[fU)(Y,7)|X =x,Z =z] on X x Z is only
mildly restrictive when X and Z contain continuous random variables. If X and
Z are discrete, then X x Z only contain a finite number of discrete points. A
function defined on a finite set of discrete points is automatically continuous on
this set because any converging sequence in this set must be a constant sequence
eventually.

LEMMA 3.1. Suppose Assumption 3.1 holds. Then for G = Ge—cube 0r G =
Geuve, Ho and Hy in (1.1)—(1.2) are equivalent to those in (3.1)—(3.2).

The proof of the lemma is given in Appendix 3. The intuition for this
lemma is that m(j )(r g)/w(j )(r g) approaches the conditional expectation
E[fY(X,7)|X = x,Z = z] under Assumption 3.1 when g(]) and g, ap-
proach degenerate hypercubes with vertices x and z, respectively, and edge
length zero. Thus, if the GRM hypothesis is violated at some (x1,x2,2), it
must be true that mP)(r g)/w(l)(r g) < m(z)(r g)/w(z)(r g), or equivalently,

P)(r,g)wg)(r,g) P)(r,g)w(z)(r g) > 0, for some g)(cl),g)(c ),gZ with ver-
tices x1,x2,z and small enough edge length. That implies that H? in (3.1) must
be violated at some g € Ge_cube OF g € Geube because Geype and Gecube include in-
struments defined by hypercubes with arbitrarily small edge length and vertices
dense in {(x{,x2,2) € X2x Z:x1> x2}.

3.2. Estimation of vp(z,?)

In the following, all results hold for both G¢_cype and Geype, and thus for notational
simplicity, we suppress the subscripts “c-cube” and “cube” and just write G and
L unless necessary. Suppose we have an i.i.d. sample of size n.
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Now that we have transformed the conditional inequalities into unconditional
inequalities, we are ready to introduce the test statistic. These inequalities are not
moment inequalities like in AS, but inequalities about nonlinear functions of mo-
ments of observables. Nonetheless, we can define a test statistic in an analogous
way to AS. For clarity, we choose a specific form of the test statistic rather than
using the general form in AS. Define, for j = 1,2,

m(0,0) =m D W, 1,0 = FO;, 1)) (Xi)g-.0(Z0)
w(0) = D Wi, 0) = ¢V)(Xi)g:.0(Z)). (3.8)

Let the sample means of them be
() IS5, ) Doy L, )
iy (z,0) = ;Z}m/ (r,0), ()= ;zwif (). (3.9)
1= 1=

We estimate vp(z,{) by its sample analogue:
b (7,0) = P (2, OV () =D (z, O D (0). (3.10)

As we mentioned above, the simplicity of G._cube and Geybe, along with a man-
ageability condition on 7~ (given later) makes sure that \/n (0, (z, ) —vp(t,£))
satisfies a functional central limit theorem.

3.3. Test Statistic

Here we define the test statistic ?,, for our test. First, we need to define a variance
estimator. This variance estimator is more complicated than the analogous quan-
tity in AS because we need to deal with nonlinear functions of moments rather
than just moments of observables. Let 62(t, ) be

62(t,0)
LS 60y (@ - ) - ) Wy (1)
:;Z{w" ©)(m;” (¢, 0) =) (v, 0)) + ) (z,0) (w; ) (€) — Dy, (£))
i=1
PO @, 0=, 0) =@, O (PO - 6P ©)]
(3.11)

which is an estimator for the asymptotic variance of /n(V,(t,€) —vp(z,{)).
Note that &nz(r,f) may be close to 0 with non-negligible probability for some
(z,€) € T x L. This is not desirable, because the inverse of it needs to be con-
sistent for its population counterpart uniformly over 7 x L for the test statistics
considered below. In consequence, as in AS, we consider a modification, denoted
as 63’” (z,?), that is bounded away from 0. For some fixed € > 0, define &2,,(1, 0)
as

62,(t,0) =max{6,(z,0),€}, forall (r,6) e T x L. (3.12)
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Note that unlike AS, the 652’ (7, ¢) in (3.12) is not scale-equivariant to the moment
conditions, meaning that our test statistic defined below is not scale-invariant.” It
is hard to get scale-equivariance in our case due to the presence of 7. See Andrews
and Shi (2017) for the use of non-scale-equivariant weights as well.

Let O be a probability measure on 7 x £, and our test statistic is defined as

T, = / max |y 2n @0 }ZdQ(r, 0. (3.13)
0'5 n( 8)

The test statistic in (3.13) is similar to the Cramer-von Mises type statistic in AS.
It is different from the test statistic in Lee, Song, and Whang (2013, 2016) which
uses a nonparametric estimator of the conditional moment. Note that in our test
statistic, in each v, (z, £), the 7t} (z, €) is similar to the numerator and &; (¢) is sim-
ilar to the denominator of the Nadaraya-Watson estimator of E[ f DWW, 7)|X, Z]
using a uniform kernel, but (1) we do not stack them in ratios, and (2) we do not
consider a single bandwidth that drifts to zero with the sample size, but use an
infinite set of bandwidths for all sample sizes.'? For this reason, our theory works
differently and our test behaves differently than those based on traditional non-
parametric estimators of the conditional mean. We discuss this more in Section 5
below.

We only consider the measures such that Q(z,¢) = Q7(7) Q () for measures
Q7 on T and Q, on L because such measures are sufficient for our purpose
in all cases that we can think of. We require that the support of Q equal 7 x L.
The support condition is needed to ensure that there is no information loss in the
aggregation, and is formally stated in the next assumption. Let d; be a metric on
T and d; be the Euclidean metric on £. Let Bo(z.) ={t € T :d. (7, 7:) < ¢}, and
Be(l)={leL:del, () <ch

Assumption 3.2. Forany ¢ > 0,any 7 € T,and any ¢ € £, (a) Q7(B.(7)) > 0,
and (b) Q(Bc(0)) > 0.

We give some examples of Q that satisfy Assumption 3.2. Because we only
consider product measures, we can choose Q-7 and Qs separately. For O, if T
is a singleton or a finite set as in Examples 2.1-2.3, we let Q-7 assign equal weight
on each element in 7. If 7 contains a continuum of elements as in Examples 2.4
and 2.5, and 7 has a finite support, e.g., [a, b], which would be true if we know in
advance that Y has support on [a, b], we can let Q-7 be a uniform distribution on
[a,b]. If T has support on the whole real line, we can let Q-7 be from a standard
normal distribution. For Q ., if £ = L¢_cube, We can let O, assign weight ocg ~2
on each g where o stands for “is proportional to,” and, for each ¢, let O, assign

9 Ge,n (7, ) is not scale-equivariant in the sense that when we multiply the moments f(')(Y, 7) and f(z)(Y, 7)bya
constant, the resulting hypothesis is the same, but the test statistic and testing result can be different. That is, our test
is not invariant to rescaling of the moment functions.
107, practice, one may use a finite set of bandwidths, and let the set expand to include smaller and smaller bandwidths
as the sample size increases, as discussed in Section 6.1 below.
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equal weight on each instrumental function with r = ¢~ .!V If £ = Leype, we can
let the marginal of Q  on (0, 7] be a uniform distribution and conditional on each
r, let Q ;£ induce a uniform distribution on {(x1, x2,z) € [1 — pl2detdz s x> )cz}.12

We next define the critical value for our test. Note that our null hypothesis
involves inequality constraints. When testing multiple inequalities, it has been
known since Wolak (1991) that an asymptotically valid data-free critical value is
difficult to obtain, because the least favorable case of the null asymptotic distri-
bution is elusive and does not necessarily occur when all inequalities are binding.
Moreover, tests based on such critical values may have low power when the data
do not come from the least favorable case. Thus, we propose two simulated data-
dependent critical values instead.

The simulated critical value will be based on the asymptotic distribution of the
test statistic. This asymptotic distribution under a sequence of null distributions
(P,) converging weakly to some P, will be shown in Lemma A.3 to be:

2
/max[w,o] dQ(z,?0), 3.14)
oc(t,0)

where W(-) is a Gaussian process which is the limiting process of ¥, )=
n(n () —vp, (), 6(z, €) is the limit of /nvp,(z,£), and o¢(z,¢) is the limit
of G¢ »(z, ). Note that d(z, ) = —oo whenever vp, (7, ) <0, that is, the inequal-
ity is slack at (z,¢) under P.. This limiting distribution cannot be directly simu-
lated because d(z,¢) cannot be consistently estimated. In the next subsection we
describe the generalized moment selection (GMS) approach in AS to provide an
asymptotically valid upper bound for d(z,¢). In the subsequent subsection, we
describe two procedures to simulate the Gaussian process ¥ (-).

3.4. Generalized Moment Selection

We employ the GMS approach in AS to select the likely binding moments to use
in the critical value simulation. Let {x, : n > 1} be a sequence of positive numbers
that diverges to infinity as n — oo and {B, : n > 1} be a nondecreasing sequence
of positive numbers that diverges to infinity as n — oo as well. Let the GMS
function y, (z,{) be

Vn(z,0)

wn(t,0) = =By - 1(ﬁm

< —xn) forall (z,£) € T x L. (3.15)

1T Note that for each q, there are (q(q + l)/2)dx -qu of instrumental functions with r = ¢~ 1.

12 There are many choices of Q satisfying Assumption 3.2. Different choices of Q will not affect the uniform
asymptotic size property and the consistency against fixed alternatives of our test. However, our tests based on
different choices of Q will have different power in finite samples and asymptotically against local alternatives. To
discuss the properties of our tests equipped with different choices of Q is an interesting topic that we do not pursue
in this article.
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The function (7, £¢) will be used in place of d(z, ) defined above, and we will
show that it provides an asymptotically valid upper bound for the latter under the
following assumption.

Assumption 3.3 (GMS). Assume that x,, — o0, B, — 00, n~1/2

k!B, — 0asn— oo.

K, — 0, and

Assumption 3.3 imposes conditions on x, and B, sequences, and is a combined
version of Assumptions GMS1 and GMS2 of AS.
3.5. Null Distribution Approximation

We provide two approaches to simulate the process W (-) defined above. We first
introduce the multiplier method based on the conditional multiplier central limit
theorem in Chapter 2.9 of van der Vaart and Wellner (1996). Let {U; : i > 1}
be a sequence of i.i.d. random variables that is independent of the whole sample
path {W; : n > 1} such that E[U] =0, E[U?*] =1, and E[|U|‘51] < C for some
2 <01 <o and C < oo where ¢ is the constant in Assumption 4.1 below. Define
@,’1‘ (z,0) as

P (z,0)
:% ; Ui {zbf,l)(e) (mP(z,6) =@ (z,0) + P (x,0) (0" (£) = DD (0))

o2 (O, 0 =D, 0) =i (@, O (€ - 5P )] 316)

Next we describe the bootstrap method to approximate ¥, (+). Let {Wib 1 <nj
be an i.i.d. bootstrap sample drawn from the empirical distribution of {W; :i < n}.

Let m 7’ (z,6) = mD(W?,7,¢) and 0’ (£) = wD (WP, €) for j =1 and 2.
Define

00 (. 0) =m0, OBV (0) =D (e, DD (©),

i 1< . T 1 <& .

(e, =3 m @0, o0 =3 w" . (3.17)
i=1 i=1

Finally, define the bootstrap process @fl’ (-) as

FHOEVAIGHORINO) (3.18)

Let the critical value statistics be

/ ma" Fnn +wn(r,€),0}2dQ(r,€), (3.19)
Ue n(f )
b
b /max ”(( {?) +1//,,(r,€),0}2dQ(r,€). (3.20)
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We call T‘n" the multiplier statistic and fnb the bootstrap statistic. Their conditional
distributions (given the original sample) asymptotically provide upper bounds for
the null distribution of our test statistic.

3.6. GMS Critical Value

We are ready to define the multiplier GMS critical value ¢4 and the bootstrap

n
GMS critical value 82:
52=sup{q|P”(T",f‘ <gq) < 1—a+i7}+77, (3.21)
& =supfq|PP(T < q) < 1—a+n}+n, 3.22)

where 5 > 0 is an arbitrarily small positive number, e.g., 107, and P* and P”
denote the multiplier probability measure and bootstrap probability measure, re-
spectively. Note that éﬁ; and 82 are defined as the (1 — a + #)-th quantiles of the
multiplier null distribution and bootstrap null distribution plus 7, respectively. AS
call the constant # an infinitesimal uniformity factor that is used to avoid the prob-
lems that arise due to the presence of the infinite-dimensional nuisance parameter
vp(z,{) and to eliminate the need for complicated and difficult-to-verify uniform
continuity and strictly monotonicity conditions on the large sample distribution

functions of the test statistic.!?

3.7. Decision Rule
The decision rule is the following:

Reject Ho in (3.1)if T, > &, (3.23)

b

where ¢, can be ¢y or ;.

4. UNIFORM ASYMPTOTIC SIZE

In this section, we show that our test has correct asymptotic size uniformly over
a broad set of distributions. We impose conditions on {f/)(z, W) : z € T} for
j =1 and 2 to regulate their complexity. It ensures that the empirical process
¥, () and its multiplier and bootstrap counterparts satisfy the functional central
limit theorem under a drifting sequence of distributions.

Let the collection of distributions of our interest be denoted as P.

Assumption 4.1. Let (R%, B(R%)) be the d,,-dimensional Borel-measurable
space, where d,, is the dimension of W. Let P denote the collection of probability
measures P on (R% , B(R%)) such that:

13 I our simulations, we obtain identical results when setting # = 0. Note that it is possible to extend the anti-
concentration arguments in Chernozhukov, Chetverikov, and Kato (2014, 2015a, 2015b) to formally show that we
can actually set # = 0, especially if using a Kolmogorov-Smirnov type test. We thank a referee for pointing this out.
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(a) max{]f(l)(r,w)], ]f(z)(r,w)‘} < F(w) for all w € Wp, for all z € T for
some envelope function F(w), where Wp is the support of W under P.

(b) EpF°(W) < C < oo forall P e P for some d > 2 and for some C > 0.

(c) the processes {f(j)(r, Wyni):t €T,i <n,1 <n}for j =1 and2 are man-
ageable with respect to the envelope function F (W, ;) where {W, ; :i <
n,1 < n} is a row-wise i.i.d. triangular array with W, ; ~ P, for any se-
quence {P, € P}.

The manageability condition in Assumption 4.1(c) is from Definition 7.9 of
Pollard (1990); see Pollard (1990) for more details. Assumption 4.1(c) is not re-
strictive. For example, if 7 is finite as in Examples 2.1-2.3 or if {f/)(¢, W) :
7 € T} is a Vapnik-Chervonenkis (VC) class as in Examples 2.4 and 2.5, then
Assumption 4.1(c) holds. Assumption 4.1(b) implies that |Ep[mW(z,0)]| < M
for some M > 0O for all (z,{) uniformly over P € P. This ensures that the
asymptotic covariance kernel of i/n (ﬁn (r,€)—vp(z,¢)) is uniformly bounded for
all P e P.

To establish the uniform asymptotic size, we introduce some notation.
Define

hy,p(z,0) = Ep(id(W,7,¢)), and
ho, p((z1,€1), (r2.£2)) = Covp (ii(1,€1), it (12, €2)), where
(W, 7,0) = (—w@ W, 0), W, 0), =mDW,,00,mD W, 7,0,
(W, z,0) = mOW,,0),mPDW, 1,0, W,0), 0D W, 0)). @1
We define iy, p(z,¢) and hy p((z1,€1), (12,2)) this way so that under suitable
assumptions, we have
Covp(ﬁ(ﬁn(fl,fl) —UP(Tl,fl)),«/Z(ﬁn(Tzafz)—VP(Tz,fz)))
~ hy,p(t1,01) hop((21,€1), (72, 62)) - b p (22, £2). 4.2)
Also, hy,p(z,{) determines vp (7, {) because

vp(z,0) = Ep[m® W, 7, 0O1Ep[w D (W, 0)1 = Ep[mD (W, 2, O1Ep[w® (W, 0)].

4.3)
Let
Hi={h,p(): PP}, Hy={h2p(:,): PeP}
HZHl XHz. (4-4)
On the space of H, we use the metric d defined by
d(hD, @) = maxid; (1", 1P, dy (n$D, 1)),
a0y = s Va0 -1P ol 4.5)
(r,0)eT xL
dy(h§D,n$) = sup 18D (21, €1). (22.€2)) = 1S ((21.€1). (22, ) I,

(71,€1),(12,02)€T x L
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where || - || denotes the Euclidean norms. For notational simplicity, we use d to
denote d; and d5 as well, and we suppress (z, ) whenever there is no confusion.
For example, let 11, p denote i1 p(-), and hy p denote ha p(-,-). For any h € H,
define h2,, = h -hy-hy and for any P, define hy, p as h/l,P ~ha,p-hy p. Let
Hoy =1{hoy: hoy = h’1 -hy-hi, h € H}. The metric d, on the space Hj , is
defined as

d"(hgl’hgz,))): sup |h§3}((71’€1)’(727£2))_hgz,))((‘fl,fl),(fz,fzﬂ.
T (01,6 ,(02,02) €T XL ;

Let P denote a collection of null distributions in P. We impose the following
conditions on PY.

Assumption 4.2. The set Py satisfies:

(@) P°CP.

(b) The null hypothesis Hy defined in (3.1) holds under any P € PO,

(¢) HO = {(h1,p,h2,p): P € 7?0} C H is compact in the metric space (H,d)

where d is defined in equation (4.5).

Let ng ={hoy: hoy=h|-hy-hy, he HO). The compactness of HO in
Assumption 4.2(c) implies the compactness of 7—[(2) o in (Mo =1{hoy o hay =
h-hy-hy, h € H},d,). A slightly stronger compactness assumption is made in
AS, Donald and Hsu (2016), and Hsu (2017) on ’Hg .- To gauge the plausibil-

ity of Assumption 4.2(c), note that 1 is a set of vector/matrix-valued functions
on T x L, and this set is compact in (H,d) if 7 x L is compact and Hy is a
ball of finite radius in Holder space C%*(T x £) = {h : sup; et xc 1Az, O)ll +

h(e1,00)—=h(, 0 o
sup(rl,gl),(rz,gz)ETxﬁ—””((fl"(l‘))_(rgg,z)ﬁl” < oo} for an a € (0,1]. This is

implied by the Arzela’s theorem (ref. Theorem 4 of Kolmogorov and Fomin
(1957)).14
The following theorem summarizes the uniform asymptotic size of our test.
Additional notation is needed. Let
TO(P) ={reT:3 X1, KL Xlu,z, X200 L X2u,75 20,0 K Zuyzs
X160 <X20,75 Xlu,z < X2u,7,and for some constant C; € R
EplfV (¥, 0)X =x1,Z =21= Ep[fOF, D)X =x2,Z =21 =,
forall xy € [xi¢,7,X1u,c], X2 € [X20,0,%2u,c], and z € [z¢,7, 2,2 ]}
(4.6)
L(t,P)={teL:vp(,T)=0} 4.7)
(TLO(P)={(z,0) e T x L: vp(r,0) =0} ={(z,) : €€ L(z, P)}. 4.8)

14 Note that we use Kolmogorov and Fomin’s (1957, Sect. 16) definition of compactness of a set in a metric space,
which is weaker than the compactness of the set in itself. We do not require HO to be compact in itself, which means
HO does not need to be closed.
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The set 7°(P) denotes the collection of 7’s such that the inequalities are bind-
ing over a hypercube of (x1,x>,z) under P. The set £°(z, P) denotes the col-
lection of ¢’s such that the unconditional moment defined by ¢ is binding at
7, and (7 £)°(P) denotes the set of (z,¢) such that the unconditional moment
with (z,¢) is binding. Under Assumption 3.2, it is straightforward to see that
if 7 € T°(P), then fﬁo(rjp)dQ[;(f) > 0, and that if fT(,(P)dQT(r) > 0, then
f(Tﬁ)O(P)dQ(Z, 7) > 0.

Let ¥y, , denote the mean-zero Gaussian process with covariance kernel func-

tion . Let aghz (@, 0) = max{hy,, ((z,0), (z,0)), €}.

Assumption 4.3. There exists a P. e P° such that
2
f(TE)"(P(.) max{‘th,v,PC (z,0) /e, (r,f),O} dQ(z,t) > 0.

This assumption is satisfied as long as (7 L)’ (P.) has positive Q measure. For
the Q measures that we propose, when the £ is used, that holds as long as
there is a set of (7, £) of positive Lebesgue measure such that the inequalities are
binding, and when L£7¢ube s yiged, that holds as long as there exists an € € Le-cube
and a set of 7 of positive measure such that the inequalities with (z, ¢) are binding.
Note that Assumption 4.3 is not needed to guarantee that our test asymptotically
controls size, but only needed to ensure asymptotic size-exactness, as shown in
Theorem 4.1 below.

We restate the conditions on the multipliers {U; : i > 1} in the following as-
sumption.

Assumption 4.4. Let {U; : i > 1} be a sequence of i.i.d. random variables
independent with the original sample such that E[U] = 0, E[U 21 =1, and
E[|U|°] < C for some 2 < ; < ¢ and some C > 0 where ¢ is the same as in
Assumption 4.1.

Assumption 4.4 is needed for the multiplier method only. Note that standard
normal multipliers always satisfy this assumption.

THEOREM 4.1. Suppose that Assumptions 3.1, 3.3, and 4.1-4.2 hold, and that
a < 1/2. Let ¢, be either 62 or Eg. Suppose that Assumption 4.4 also holds when
Cp = éﬁ;. Then

(i) Timsup,,_, oo suppepo P(Ty > &) < a;
(i) if Assumption 4.3 also holds, then lim,_olimsup,_, ., suppcpo P(fn >
Cy) = a.

Theorem 4.1(i) shows that our test has correct uniform asymptotic size over
PY defined by Assumptions 4.1-4.2. This result is similar to Theorem 2(a) of
AS. Theorem 4.1(ii) shows that our test is at most infinitesimally conservative
asymptotically when there exists at least one P, that is at the boundary of the null
hypothesis in the sense that the limiting distribution of T, is nondegenerate under
P., which our Assumption 4.3 guarantees.
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5. POWER PROPERTIES

In this section, we show the consistency of our test against fixed alternatives and
show that our test has nontrivial local power against some n~!/2-local alternatives.

5.1. Power against Fixed Alternatives

Define the collection of 7’s at which the null hypothesis is violated as

T“(P)= {r CEpLfOW, 0IX =x1,Z =21 < Ep[fPW, )X =x2, Z =12],
for some z € Z and x1,xp € X with x| > xz}. (5.1

The following assumption specifies the fixed alternatives we consider.
Assumption 5.1. The distribution P, € P satisfies:

(a) T%(P,) contains B.(z,) for some ¢ > 0 and some 7, € T,
(b) Assumption 3.1 holds under P,, and
(c) Assumption 4.1 holds with P, in place of P, and P € P.

Assumption 5.1(a) together with Assumption 3.2 ensures that 7¢(P,) has
strictly positive measure under Q. This automatically holds when 7 is finite and
T“(P,) is nonempty. The following theorem shows the consistency of our test
against the fixed alternatives satisfying Assumption 5.1.

THEOREM 5.1. Suppose that Assumptions 3.2-3.3 and 5.1, and a. < 1/2. Then
we have lim,_, o P« (T, > ¢;) = 1.

The proof is done by showing that T, diverges to positive infinity, and that ¢,
is bounded in probability.

5.2. Asymptotic Local Power

—12

We consider the local power of our tests in this section. The class of n -local

alternatives that we consider is defined in the following assumptions.

Let Py, denote the marginal distribution of (X, Z) under P. Consider a se-
quence of P, € P\P? that converges to some P. € P° under the Kolmogorov-
Smirnov metric where A\B = {x : x € A but x & B} for any two sets A and B.

Assumption 5.2. The sequence {P, € P\P?: n > 1} satisfies:

(a) for some P. € PV that satisfies Assumption 4.3,

Ep,[fOW,0)X,Z1= Ep[fOW,0)IX, Z1+y01(X, Z,7)//n,
Ep,[fPW,0)X,Z1 = Ep[fPW,0)IX, Z1+y0:(X, Z,7)//n,

where y > 0 is a constant, and J; and J, are two functions.
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(b) Pyy; = Pey;foralln > 1.

(¢) for j =1and2,d;(x,z,7) is continuouson X' x Z forall r € 7.

(d) 01(x1,2,7) < 0(x2,z,7) forall x;, x> € X such that x; > x7, z € Z and for
allz eT.

(e) forsomez € T(P.),01(x1,2,7) <(x2,z,7) forsome x| € (xX17,z,X1u,2),
X2 € (x2¢,7,X2u,7) such that x1 > x, and some z € (z¢,7, Zu,z ), Where x1¢ ¢,
Xlu,z» X26,7> X2u,7- 2¢,7, and z,, ; are some values satisfying the conditions
defining 7°(P,) in (4.6).

(f) d(hpn,hpc) — 0.

Assumption 5.2(a) requires that for j = 1,2, the difference between the con-
ditional mean of f G(w, 7) on X and Z under P, and that under P, is of or-
der n~1/2. Assumption 5.2(b) requires that the marginal distribution of X and
Z remains the same along the sequence. With some minor modifications of our
proof, this condition can be relaxed. Assumption 5.2(c) along with Assumption
3.1 ensures that the conditional means of f()(W,7) and f@ (W, ) under P,
are continuous on X" and Z. Assumption 5.2(e) ensures that the null hypothe-
sis does not hold under P, forn > 1, i.e., P, & PO, Assumption 5.2(f) implies
that d(ha,,,p,,h2.v,p.) — 0, which specifies the asymptotic covariance kernel of
NZICHO A6

Let x1¢,7, X1u,7- X20,7, X2u,z, 2¢,7, and z,,  be the values specified in Assump-
tion 5.2(e). Define 71 (P,) as

THP)={r € T°(P.): 1(x1,2,7) < Ia(x2,2,7) for some x1 € (X17,7, X1u,0),

X2 € (x2¢,7,%24,7) such that x > x2, and some z € (z¢,7,2u,7)}. (5.2)

Assumption 5.3. Assume that f7-+( pydQT > 0 where TT(P,) is defined in
(5.2).

Assumption 5.3 holds if 71 (P.) contains an open ball around 7. for some 7,
in 7 by Assumption 3.2.
The following theorem shows the local power of our test.

THEOREM 5.2. Suppose Assumptions 3.1-3.3, 5.2, and 5.3 hold, and oo < 1/2.
Then

(i) lim,—oliminf, o0 Py (T, > &) > o
(if) 1imy o0 liminf,— 0o Py (T, > ;) = 1.

Part (i) of the theorem shows the near asymptotic unbiasedness of our test
against the n~!/?-local alternatives defined by Assumptions 5.2 and 5.3. Part (ii)
of the theorem implies that as long as the n~!/2-local alternative defined in As-
sumption 5.2 is far enough from the null (that is, y is large enough), the asymp-
totic power of our test is strictly greater than size.
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The n~!/?-local power is a distinctive feature of our test compared to tests
based on nonparametric estimators of the conditional mean.'> The intuition is
that, along the n~'/2 local alternative sequence defined above, the null hypothe-
sis is violated in a fixed set of (x, z, 7) of positive measure by an amount that is
uniformly of the order n~ Y2 on this set. As a result, vp(r,€) <0 is violated by
an amount of the same order on a fixed set of (z, ) of positive measure. Since
our test statistic is based on a sample analogue estimate of vp(z, £) that is n=1/2-
consistent, it is sensitive to a n~1/2-violation of v p(z,€) < 0. By contrast, a test
statistic based on a nonparametric estimator of the conditional mean is not sensi-
tive to alternatives drifting to the null faster than the convergence rate of the non-
parametric estimator, and thus typically does not have nontrivial power against
n~1/2local alternatives.

Finally, we would like to point out that the class of n -local alternatives
that we consider is not an exhaustive set of n~!/2-local alternatives. For example,
Assumption 5.3 rules out fTU d Q7 = 0, which is the case when the local
alternatives converge to a null dlstrlbutlon under which the inequalities are only
binding on a measure zero set.

-1/2

6. MONTE CARLO SIMULATION

To implement our test, one needs to pick several user-chosen parameters in ad-
vance. In this section, we first make suggestions on how to pick these parameters.
We then report Monte Carlo results for four examples. The first example is a test
of regression monotonicity with an interval-observed dependent variable. The sec-
ond example is a test of the monotone instrumental variable assumption. The third
example is a test of regression monotonicity, as also considered in Chetverikov
(2013). The fourth example is a test of stochastic monotonicity, as also consid-
ered in Lee, Linton, and Whang (2009).

6.1. Implementation
We make the following suggestions.

1. Support of covariates: Transform the support of each covariate, X;, to
unit interval by applying the following mapping. If X; has support [a, D],
then define X; = (X —a)/(b—a).If X; has support on the whole real line,
define X; * CD(A Xi—-n 7)) where ¢; is the sample standard deviation of

Xji's, ,[tj is the sample mean of X;;’s, and ®(-) is the standard normal CDF
function. Apply the same mapping to each Z;.

2. Instrumental functions: Use the set of the indicator functions of countable
hypercubes Gc_cube Or a continuum of hypercubes Geype. For Ge-cube, use the

15 The same feature is shared by the AS test, which is also based on an equivalent unconditional representation of
the conditional null hypothesis.
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countable hypercube instrumental functions on the transformed conditioning
variables:

1 2
Ge—cube = {gé’ = (g)(c*)jfvg)(c*)’fa gz*,é’) e ﬁc—cube} , where (6.1)

ﬁc—cube = {(XT,X;,Z*,}’) or :q_l’ Q'(XT»ngz*) € {0, 1,2,"' ’q_l}zdx-‘rdz,

x> x5, andq:2,3,---,q1},

where g1 is a natural number and is picked such that the expected sample
size of the smallest cube is around 15 as suggested by AS.'® Our simula-
tions show that the results are robust to various expected sample sizes. We
report results for 15 in the main text. Results for 10, 20, 25 are reported in
Appendix 5.

For Geube, use a continuum of hypercube instrumental functions on the trans-
formed conditioning variables:

Geube = {80 : € € Leype}, where (6.2)
Leube = {(xi",x;,z*,r) 1xy,x; €[0,1 — Pt xp>xy, r= i,..., 01~ }
q1 q1

3. Selection of 7’s: If T is of finite elements as in Examples 2.1-2.3, use all
elements in 7. If 7 contains a continuum of elements as in Examples 2.4 and
2.5, pick a finite number of 7’s and allow the number of 7’s to grow with the
sample size. For Examples 2.4 and 2.5, we specifically suggest considering
the finite subset {y1, ..., y,} of T thatis also used in Lee, Linton, and Whang
(2009).

4. Q(z,{): The distribution Q-7 assigns uniform weight on 7. For G_cype, the
distribution Q assigns weight oxg ~2 on each ¢ and for each ¢, Q  assigns
equal weight on each instrumental function with r = g~!. Recall that for
each g, there are (q(q + 1)/2)% - g% instrumental functions with r = ¢~.
For Geube, the distribution QO assigns equal weight on each instrumental
function.

5. €,kn, By, n: Based on the experiments in the simulations, we suggest setting
€=107% x, =0.15-In(n), B, = 0.85-1n(n)/Inln(n), and = 10~°. These
choices are used in all the simulations that we report below and seem to
perform well.

For the first three Monte Carlo examples below, we consider samples of sizes
n = 100, 200, and 500, and for the fourth example, we consider samples of sizes
n =50, 100, and 200. For g1, we set g = 3 when n = 50, g1 = 6 when n = 100,
q1 = 13 when n =200, and g1 = 33 when n = 500. The expected sample sizes of
the smallest cube are 16.6, 16.6, 15.3 and 15.1, respectively. All our simulation
results are based on 500 simulation repetitions, and for each repetition, the critical
value is approximated by 500 bootstrap replications. The nominal size of the test
is set at 10% for the first three examples and 5% for the fourth example.

16 The expected sample size of the smallest cube is equal to "‘11_ (dx H&).
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6.2. Testing Regression Monotonicity with an Interval-Observed
Dependent Variable

We consider the finite-sample performance of our test for Example 2.1. We gen-
erate the data as follows:

Y=2-X+U, X~U[0,1], U~U[-1,1].

Note that E[Y|X = x] =2 —x, which is decreasing in X, so the HOLRM is violated.

We consider a case close to rounding, when Y is observed only up to some
coarse brackets for everyone in the sample. We want to examine when the viola-
tion of HOLRM stops being detectable as the brackets get coarser and coarser. We
consider the following five specifications of the brackets: (1) Y is perfectly ob-
served (benchmark); (2) 8 brackets; (3) 6 brackets; (4) 4 brackets; (5) 3 brackets.

Note that it is straightforward to see that no matter how the intervals are de-
fined, both E[Y*|X = x] and E[Y!|X = x] are deceasing in x and the violation
of HOLRM cannot be detected when E[Y*|X = 1] > E[Yle = 0]. The support of
Y is [0,3]. Also, Y|X =1~ U[0,2] and Y|X =0 ~ U[1, 3]. It is straightforward
to see that E[Y*|X =1] > E[Y€|X = 0] when there are only 2 brackets ([0,1.5),
[1.5,3)) since certainly Y* > Y in this case. When there are 3 brackets: [0, 1),
[1,2) and [2, 3), then

Ewﬂx—u—11+12—15
2 2 7

1 1
ﬂﬂm=m=§4+§2=L5

Thus E[Y*| X =1] = E[Y€|X = 0] and the violation of HOLRM is not detectable.
When there are 4 brackets: [0,0.75), [0.75,1.5), [1.5,2.25) and [2.25, 3), then

3 3 2
E[Y"'| X =1]= §-0.75+§-1.5+§-2.25: 1.40625,

‘ 2 3 3
E[Y'|X =0]= 3 -0.75+§ . 1.5+§ -2.25 =1.59375.
Thus E[Y*|X =1] < E[Yle = 0] and the violation of HOLRM should be de-
tectable with a large enough sample.

Table 1 shows the rejection probabilities for our test, and the results are con-
sistent with our theoretical findings. The rejection probabilities are greater than
the nominal size 0.1 in cases (1)—(3) when HOG RM is violated and thus the vi-
olation of HOLRM is detectable. In these cases, the rejection probabilities of the
multiplier version (GMS-u) and the bootstrap version (GMS-b) for both count-
able hypercubes G.cube and a continuum of hypercubes Geype are similar. The
power increases with the sample size, and with the number of brackets used. For
the case with 4 brackets, it is very hard to detect the violation.!” For the case

17 Our simulations show that the sample size would have to be greater than 2,000 to have the rejection probability
greater than the nominal size 0.1.
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TABLE 1. Rejection probabilities of our test for LRM (a =
0.1, number of simulation repetitions = 500, critical value
simulation draws = 500)

gc—cube gcube

Cases n GMS-u GMS-b GMS-u GMS-b
100 1.000 1.000 0.998 0.998

(1): Y is observed 200 1.000 1.000 1.000 1.000
500 1.000 1.000 1.000 1.000

100 0.514 0.516 0.446 0.406

(2): 8 brackets 200 0.724 0.724 0.632 0.598
500 0.976 0.980 0.976 0.976

100 0.154 0.168 0.156 0.148

(3): 6 brackets 200 0.238 0.236 0.218 0.190
500 0.576 0.580 0.594 0.560

100 0.010 0.008 0.014 0.006

(4): 4 brackets 200 0.010 0.020 0.004 0.004
500 0.024 0.028 0.012 0.004

100 0.000 0.000 0.000 0.000

(5): 3 brackets 200 0.000 0.000 0.000 0.000
500 0.000 0.000 0.000 0.000

with 3 brackets, HOG RM is not violated and thus the violation of HOLRM is not
detectable. As a result neither version of our test has any power.

6.3. Testing the Monotone Instrumental Variable Assumption

We then consider the finite-sample performance of our test for Example 2.2. With-
out loss of generality, we assume that ¥ (0) = 0. Then, we only need to consider
the null that E[f (D (Y, D)|X = x1]1 > E[f @ (Y, 1)|X = x2] whenever x| > x».

As discussed in the Remarks below Theorem 2.2, violations of Hé” IV are
not always statistically detectable regardless of sample size or testing method.
It is also pointed out there that the smaller P(D = 0|X = x) is and the smaller
the gap between y, and y,, the more likely for the violation to be detectable.
Therefore, we consider the cases where the MIV assumption is violated and
control these two factors to make the violation statistically detectable or not
detectable.

Case (1). LetY(1) = -2X+¢, X ~ U[0, 1],
e ~U[-0.1,0.1], D=1(U <0.8), and U ~ U|[0, 1],

where X, €, U are mutually independent, and U[a, b] stands for the uniform
distribution on the interval [a, b]. Here y, = 0.1 and y, = —2.1. In this case,
the MIV is violated, and it is detectable because HOG RM is also violated.

Case (2).LetY(1) = —-2X+¢, X ~ U[0,1],
e~U[-1,1], D=1(U <0.5), and U ~ U[0, 1],
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where X, €, U are mutually independent. Here y, = 1 and y, = —3. In this
case, we can verify that the MIV is violated, but the violation is not statis-
tically detectable because HOG RM s not violated.

Case (3).LetY(1) = —-2X+¢, X ~U[0,1],
e ~U[-0.1,0.1], D=1(U <0.240.8X), and U ~ U|[0, 1],

where X, e, U are mutually independent. Here y, = 0.1 and y, = —2.1.
In this case, we can verify that the MIV is violated, and the violation is
detectable because HOG RM g also violated.

Case (4). LetY(1) = —-2X+¢, X ~ U[0,1],
e~U[-1,1], D=1(U <0.9-0.8X), and U ~ U|[0, 1],

where X, €, U are mutually independent. Here y, = 1 and y, = —3. In this
case, we can verify that the MIV is violated, but the violation is not statis-
tically detectable because HOG RM s not violated.

In the simulations we consider two possibilities: (a) y, and y, are known, and
(b) y, and y, are unknown but we replace y, and y, with max; ¥; and min; ¥;,
respectively. Note that max; Y; LS vy, and min; Y; LS y¢ at a faster rate than n=1/2,
which implies that the estimation effects of max; ¥; and min; ¥; can be ignored
asymptotically. On the other hand, max; ¥; < y, and min; ¥; > y,, so we expect
the power of case (b) to be better than (a) when the violation is statistically de-
tectable.

Tables 2 and 3 show the rejection probabilities for our test when y, and y,
are known and unknown, respectively, and it confirms our theoretical findings.
The rejection probabilities are greater than the nominal size 0.1 in cases (1) and
(3) where the GRM and the MIV are both violated. In these cases, the rejection
probabilities of the multiplier version (GMS-u) and the bootstrap version (GMS-
b) are similar, both increase with the sample size, and both are higher when y, and
ye are estimated. In Case (1), Gecube has slightly better power than Geype, While
in Case (3), Geube has much better power than G¢_cybe. Neither version of our test
has any power in cases (2) and (4). This is consistent with Theorem 2.2, which
implies that no test can have power greater than size in those cases because the
sharp testable implication of MIV is not violated.

6.4. Testing Regression Monotonicity

We next consider a Monte Carlo demonstration of our test for a regression mono-
tonicity example. We use the same designs as in Chetverikov (2013), where there
is no Z in the model and X is a scalar. Let X be a uniform distribution on [—1, 1]
and ¢ be a normal distribution or uniform distribution with mean zero and stan-
dard deviation equal to o¢. The variable Y is generated as

Y=c1X—c2p(c3X)+¢, (6.3)
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TABLE 2. Rejection probabilities of our test for MIV (y, and
ye are known, a = 0.1, number of simulation repetitions =
500, critical value simulation draws = 500)

gc»cube gcube
Cases n GMS-u  GMS-b GMS-u GMS-b

(1): HMV violated 100 0912 0918 0868  0.878
HFRM violated 200 0994 0992 0986  0.986
500 1.000 1000 1.000  1.000

(): HYTV violated 100 0.000  0.000  0.000  0.000
HFRM polds 200 0.000 0000  0.000  0.000
500 0.000  0.000  0.000  0.000

(3): HYTTV violated 100 0230 0218 0384 0388
HYRM violated 200 0472 0472 0.626  0.624
500 0910 0910 0924 0920

@): H)"V violated 100 0.000  0.000  0.000  0.000
HZ®M holds 200 0.000  0.000  0.000  0.000
500 0.000  0.000  0.000  0.000

where c1, c2,c3 > 0 and ¢ (-) is the pdf of the standard normal distribution. As in
Chetverikov (2013), we consider four sets of parameters:

Case (1). c; =c2 =c3 =0and o =0.05.
Case (2).c; =c3 =1, c2 =4 and oz = 0.05.
Case 3).ci =1,c20=1.2,c3 =5and gz = 0.05.
Case 4).ci=1,co=15,c3=4and oz =0.1.
TABLE 3. Rejection probabilities of our test for MIV (y, and

ye are unknown, oo = 0.1, number of simulation repetitions =
500, critical value simulation draws = 500)

Ge-cube Geube
Cases n GMS-u GMS-b GMS-u GMS-b

(1): HYTV violated 100 0954 0954 0918  0.906
HYRM violated 200 1.000  1.000 0990  0.992
500 1.000  1.000  1.000  1.000

(): H)'V violated 100 0.000  0.000  0.000  0.000
HYRM holds 200 0.000 0000  0.000  0.000
500 0.000  0.000  0.000  0.000

(3): HYTV violated 100 0306 0292 0448 0444
HFRM violated 200 0.584 0596 0720 0716
500 0944 0950 0958  0.958

@): HYTV violated 100 0.000  0.000  0.000  0.000
HYRM holds 200 0.000  0.000  0.002  0.000
500 0.000  0.000  0.000  0.000
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TABLE 4. Rejection probabilities of our test (GMS-u, GMS-b),
Chetverikov’s (2013) test (CS-SD, IS-SD) and Ghosal, Sen, and van
der Vaart’s (2000) test (GSV) for regression monotonicity (¢ is normal,
o = 0.1, number of simulation repetitions = 500, critical value simulation

draws = 500)
Ge-cube Geube

Case n GMS-u GMS-b GMS-u GMS-b CS-SD IS-SD GSV
100 0.106 0.100 0.106 0.110 0.128 0.164 0.118
(1) 200 0.118 0.116 0.106 0.086 0.114 0.149 0.091
500 0.090 0.090 0.134 0.136 0.114 0.133 0.086

100 0.000 0.000 0.000 0.000 0.008 0.024 0

2) 200 0.002 0.002 0.010 0.012 0.010 0.017 0

500 0.004 0.004 0.000 0.000 0.007 0.016 0

100 0.008 0.008 0.006 0.008 0.433 0.000 0
3) 200 0.706 0.674 0.334 0.286 0.861 0.650 0.010
500 0.996 0.996 0.998 0.998 0.997 0.995 0.841
100 0.156 0.164 0.342 0.326 0.223 0.043 0.037
4) 200 0.408 0.378 0.338 0.288 0.506 0.500 0.254
500 0.884 0.880 0.914 0.888 0.826 0.822 0.810

It can be verified that Hy holds in Cases (1) and (2), and H; holds in Cases (3)
and (4). Tables 4 and 5 show the rejection probabilities for our test with both the
multiplier critical value (GMS-u) and the bootstrap critical value (GMS-b). The
columns of CS-SD, IS-SD, and GSV are taken from Chetverikov (2013). CS-SD
refers to the step-down procedure with consistent sigma estimator, IS-SD refers

TABLE 5. Rejection robabilities of our test (GMS-u,
Chetverikov’s (2013) test (CS-SD, IS-SD) and Ghosal, Sen, and van der
Vaart’s (2000) test (GSV) for regression monotonicity (¢ is uniform,
o = 0.1, number of simulation repetitions = 500, critical value simula-
tion draws = 500)

GMS-b),

gc—cube gcube

Case n GMS-u GMS-b GMS-u GMS-b CS-SD IS-SD GSV
100 0.100 0.088 0.122 0.104 0.122 0.201 0.109
(1) 200 0.126 0.136 0.134 0.114 0.121 0.160  0.097
500 0.118 0.110 0.114 0.098 0.092 0.117  0.077
100 0.000 0.000 0.000 0.000 0.007 0.033  0.001

2) 200 0.002 0.004 0.006 0.008 0.010 0.024 0

500 0.000 0.000 0.000 0.000 0.011 0.021 0

100 0.010 0.008 0.004 0.004 0.449 0.000 0
3) 200 0.712 0.678 0.344 0.310 0.839 0.617  0.009
500 1.000 1.000 0.990 0.992 0.994 0.990  0.811
100 0.152 0.156 0.320 0.326 0.217 0.046  0.034
“) 200 0.386 0.342 0.318 0.276 0.478 0.456  0.197
500 0.904 0.890 0.904 0.886 0.846 0.848  0.803
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to the step-down procedure with inconsistent sigma estimator and GSV refers to
Ghosal, Sen, and van der Vaart’s (2000) test. For details of the procedures CS-SD,
IS-SD and GSV see Chetverikov (2013).

As we can see from Tables 4 and 5, our test controls the size well in Cases
(1) and (2), and the rejection rates increase with the sample size in Cases (3) and
(4). Gecube has similar performance to Geype in Cases (1), (2), (4), and Ge_cube
outperforms Geype in Case (3). The performance of our tests is comparable to the
tests proposed by Chetverikov (2013) and has better power properties than the
GSV test.

6.5. Testing Stochastic Monotonicity

We next consider a Monte Carlo demonstration of our test for a stochastic mono-
tonicity example. We use the same designs as in Lee, Linton, and Whang (2009),
where there is no Z in the model and X is a scalar. Let U be a normal distribution
with mean zero and standard deviation equal to 0.1. We consider two cases. For
Case (1), Y = U and Hy holds. For Case (2), Y is generatedas Y = X (1—X)+ U,
where X ~ U|[0, 1], and H; holds.

Table 6 shows the rejection probabilities for our test with both the multiplier
critical value (GMS-u) and the bootstrap critical value (GMS-b). The columns of
LLW-F and LLW-E are taken from Lee, Linton, and Whang (2009). LLW-F refers
to the test statistic using critical values obtained from the asymptotic expansion
F, of the limiting distribution, and LLW-E refers to the test statistic using critical
values obtained from the type I extreme value distribution. The bandwidth for
both LLW-F and LLW-E is 0.5. For details of the procedures LLW-F and LLW-E,
see Lee, Linton, and Whang (2009).

As we can see from Table 6, our test controls the size well in Case (1). For Case
(2), the rejection rates increase with the sample size, and both versions of our tests
based on Geype have better power than those based on G cype. The performance of
our tests based on Geype is comparable to the tests proposed by Lee, Linton, and
Whang (2009).

TABLE 6. Rejection probabilities of our test (GMS-u, GMS-b) and Lee,
Linton, and Whang’s (2009) test (LLW-F, LLW-E) for stochastic mono-
tonicity (¢ = 0.05, number of simulation repetitions = 500, critical value
simulation draws = 500)

Ge-cube Geube
Cases n GMS-u GMS-b GMS-u GMS-b LLW-F LLW-E

50 0.072 0.078 0.078 0.072 0.021 0.017
(1):Hp is true 100 0.090 0.066 0.104 0.048 0.033 0.024
200 0.030 0.018 0.044 0.010 0.031 0.021
50 0.154 0.134 0.562 0.492 0.762 0.693
(2):Hp is false 100 0.574 0.420 0.978 0.902 0.988 0.976
200 0.994 0.974 1.000 0.996 1.000 1.000
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7. EXTENSION

In this section, we extend our tests to test the nonparametric generalized regres-
sion monotonicity in the form of

Hy: Eplf VW, D)X =x1,Z=2.A=apl > Eplf P W, 0)|X =x2, Z =2, A = ag],
forall x;,xp € X and x; > xp, forallze Zand 7 € T, (7.1)

where ag defines a specific subpopulation of interest. Due to the conditioning on
A € R% at a single point ag, the generalized regression monotonicity relation
varies with ag, so we call it nonparametric generalized regression monotonicity
(NGRM). Let f4(a) denote the probability density function of A, and we suppress
the dependence on P for notational simplicity. For j = 1 and 2, and £ € Lcype Or
€ € L cube, let

m$ (v.¢,a0) = EpLf D W, 1)V )(X)g:.0(Z)|A = aol - falao)
wy (¢.a0) = Eplg¥)(X)g-.0(Z)|A = aol - fa(ao), (7.2)

where g(j ) and gz.¢ are defined in (3.5). Under a continuity assumption of the
function Ep[f(l)(W, X =x,Z=z,A=apl and Ep[fOW,7)|X =x,Z =
z,A = ap] in x and z that is similar to Assumption 3.1, we can show that the null
hypothesis in equation 7.1 is equivalent to

Ho:vp(z,€,a0) = m$(z,6,a0) w0’ (€, a0)—m'y (z, €, a0)w'? (£, a0) < 0,
forall z € Tand forall £ € L,
(7.3)

where £ can be L¢_cube O Leube-
Let K (-) denote a kernel function and b, be a bandwidth. Then for j = 1 and

2, we can nonparametrically estimate m P)(r {,ap) and w(] )(f ,ap) by
"1 Ai—aop ;
i (z,€,a0) = ZEK(‘T)mﬁ”(Wm,f),
i=1"n

) 1 1 Ai—ao\ (i
o (€, ap) = Z - K(li)wi(’)(Wi,f). (1.4)
T by by

Under suitable regularity conditions, we can show that m,; )(r {,a0) and
,(,j ) (€, agp) are consistent estimators for m(j ) (z,€,a0) and w P) (¢, ap) uniformly
over £ € Leype.- Then vp(z, €, ap) is estimated by

Du(z, €, a0) = mP(z, £, a0) 0V (¢, a0) —mD(z, £,a0) 0P (¢, ap).
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Let the estimated influence function be

I,l:i(f,f,ao)
1 Ai—a R R
=——K () o0 an) (0 (7.0 =D (2, €, a0)
nbd "

+m@ (z, €, a0) (D () = DV (£, a0)) — P (€, ag) (m (z, ) =V (z, £, ap))
A 2 N
— (e, 6,a0) (0 () = 5P (¢, a0)) |

Similar to (3.11), we define 6,2 (z, £, ap) to be
n
6-;/12(1-9 8’ a()) = z Iylzti (Ta 8’ ao)za

which is an estimator for the asymptotic variance of /n(V,(z,€,a0) —
vp(t,€,ap)). Then similar to (3.12), for some fixed € > 0, define &éz,n(r,f,ao)
as

62, (z,€,a0) = max{6,;(r,l,a0),€}, forall (r,0) e T x L.

Our test statistic for (7.3) is then defined as

da Vn(z,l,a0) )2
/max nb? PN } d0(z,0).

Let the GMS function w, (z, ¢, ap) be

D ’Z)
wn(t,{,a0) = =B, - 1(\/nb,‘f"M < —Kn) forall (z,£) € T x L.

0’6,}’1 (‘L-» g; ao)

Define the simulated multiplier bootstrap process @,’f (z,€,ap) as
1 n

QU _ oL qu

LPl’l (T,f,a()) - \/Z ;:1 Ul Ini (T,f,a())

and let the critical value statistics be

‘I’ (z,¢, ao) 2
nao /max O-G(T ¢ a()) +WH(T’£9aO)’O} dQ(T’f)

Define the multiplier GMS critical value ¢}, ,  as:

1,

E” —sup{q|P”( n”ao <q) < l—a+77}+77.
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The decision rule is the following:

Reject Ho in (7.3)if a4y > 2 - (1.5)

Under suitable regularity conditions that are similar to Andrews and Shi (2014),
we can show that our test for Hy in (7.3) has asymptotic size control uniformly
over a broad set of data generating processes, is consistent against any fixed alter-

native hypothesis and has nontrivial local power against some nb,‘f" local alter-
natives. Note that we consider the multiplier statistic only. Extending the results
to cover nonparametric bootstrap critical values just requires a suitable bootstrap
empirical process result.

8. CONCLUSION

In this article, we construct a test for the hypothesis of generalized regression
monotonicity. The GRM is the sharp testable implication of monotonicity in
certain latent structures. Examples include the monotonicity of a nonparametric
mean regression function when the dependent variable is only observed with in-
terval values and the monotone instrumental variable assumption. The GRM also
includes regression monotonicity and stochastic monotonicity as special cases.
Our tests are shown to have uniform size control asymptotically, to be consistent
against fixed alternatives, and to have nontrivial local power against some n~!/2-
local alternatives. For future studies, it would be interesting to extend our tests to
allow for the cases in which X or/and Z include generated regressors or single
indices.
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APPENDIX A: Auxiliary Lemmas

For any covariance kernel function /%, let ¥}, denote the mean-zero Gaussian process
with covariance kernel function /. Define

SO @, 0)=mD (2, 0))
(RO (@, 0)—m'P (z,0)

XP(Taf)E ﬁ(ﬁ)(l)(f)—w 1)(6)) 5
V(@ (6) = w0 (©)
Bp(z,0) = /n(n(z,0) —vp(,0). (A1)

When P, is in place of P, we have ay, in place of n in previous notations. Also, define

R 1 n R 1 n
hip()=—2 oW, ), p() == i (Wi,),
i=1 i=1

A~ 1 -~ -~ /
ho,p() == (Wi, ) =i p () (i (Wi ) =i p ()’

i=1
hp = (hy p.hap), ilv,P:fl/l’P‘iQ,P‘fll,P-
LEMMA A.1. Suppose Assumption 4.1 holds. For a sequence {P,, € P :n > 1} for a
subsequence {ay} of {n}, suppose that d(h Py, » 1) = 0jfor some h € H. Then we have
() dhp, .h) 5 0and
(i) 7Py = ¥ny-
The following lemma summarizes relevant results regarding v, (z, €).

LEMMA A.2. Suppose Assumption 4.1 holds. For a sequence {P,, € P :n > 1} for a
subsequence {an} of {n}, suppose that d(h Py, » 1) = 0jfor some h € H. Then we have

0] d(hZ,v,PanahZ,v) -0,

.. ~ P
(i) d(hZ,v,Pan »hZ,v) -0,
(iiiy Pp, = ¥,

(iv) @;‘,a = ¥}, , conditional on the sample path with probability one,
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) ‘?l;,a = ¥y, , conditional on the sample path with probability one,

- - - P
(vi) sup,eT,geﬁlaf,aln(r,f) - aejéz’v(t,f)I — 0 where ag’hz’v(t,f) =

max{hy , ((z,?), (z,0)), €},

(vii) ‘P%ﬂn ()/6e,a, (") = Pn,, (-)/Uejhz’v (-) conditional on the sample path with
probability one, and

(viii) @l;,a ()/6e,a,() = Pp, , (-)/ag’hz’v () conditional on the sample path with prob-

ability one.

LEMMA A.3. Suppose Assumptions 3.3 and 4.1 hold. For a sequence { Py, € P :n > 1}
for a subsequence {ay} of {n}, suppose that (a) d(h Py, » 1) — 0forsome h € H, and that (b)
vp,, (1,€) =vp. (7€) +5(z, )/ /n for some P. € PO and some function 0 : T x L — R.
Then we have

Lo~ d ¥y, p (1000 12
@) Ty — f(Tﬁ)u(PC) max {—”G,hz,u,Pe CXANE 0} dQ(z,?).
o ay d Wiy, o (0 12 -
@ T, — f(TL)"(PC) max {W , 0} dQ(z,l) conditional on almost all

paths of the original sample.
ity 70 4 YO 0V 40(e.0) conditional I I
@iy T, — f(TL)O(PC)maX{W’ } Q(z,{) conditional on almost a

paths of the original sample.

APPENDIX B: Proofs of Theorems

Proof of Theorem 2.1. Part (i) is obvious, thus its proof is omitted.
We show part (ii) by construction. Let f;(x,z) denote E[Y,|X = x,Z = z], and let
fe(x,z) denote E[Yp|X =x,Z =z]. Let

f(x,z) = sup fr(a,z). (B.1)

a<x

Then, by definition, f(x,z) is increasing in x for any z. And by HOGRM in (2.2), f(x,z) €
[fe(x,2), fulx,z)] for all x, z. Let

fu(X,Z)— f(x,Z)

M= = fe ) ©-2
where 0/0 is taken to be 0. Then, A(x, z) € [0, 1] for all x, z. Let

Y=Y, (X, Z2)+Y,(1-(X, Z)). (B.3)
By construction, Y € [Yy, Y, ]. Also it is elementary that

EY|IX,Z]1= fi(X,2)A(X,2)+ fu(X, Z2)(1 - (X, Z)) = f(X, Z). B.4)

That means that the distribution of (Y, X, Z) satisfies HOLR M This concludes the proof of
part (ii). |
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Proof of Theorem 2.2. First, we show part (i). Observe that, for x; > xp,

E[fOW, )X =x;1= E[YD+yy-(1—D)|X =x{]
=E[Y()D+Y()(1 = D)+ (yu —Y(1))- (1 = D)X = x;]
=E[Y(1)+ (yu—Y(1))- (1= D)|X = x{]
>E[Y (DX =x1]
>E[Y (DX =x;]
ZE[Y()D+Y()(1=D)+(y—Y(1)) (1= D)IX = x7]
=E[YD+(y)- (1= D)X =x) = E[f P (¥, 1)|X =x], (B.5)
where the second line holds because Y D = Y (1) D, the fourth line holds because y, —
Y (1) > 0 by assumption, and by similar arguments the last two lines hold. Similarly,

E[fD(y,2)|X =x1]1> E[fP(Y,2)|X = xp] when x| > x,. Part (i) follows.
We show part (ii) by construction. Let

I (x) = sup (E[DY|X —al+yE[1—D|X = a])
a<x

I (x) = sup (E[(l—D)Y|X:a]+ygE[D|X:a]). (B.6)
a<x

Let

Y(1) = DY + (1 — py LK) ZE(DYIX)

1—-E(D|X)
_ L(X)—E[(1-D)Y|X]
Y(0)=(0-D)Y+D EDX) : (B.7)
It is easy to see that
E[Y(D|X]=I11(X), and E[Y(0)|X] = I (X). (B.8)

By the construction of 1 (-) and I, (), they are increasing. Thus, Héw 1V s satisfied with
Y (1),Y(0),D, X).

Now we only need to verify that Y (1), Y (0) are bounded between y, and y,. Consider
the derivation:

GRM
HO

= E[DY|X =a]l+ E[(1=D)y/|X =a] < E[DY|X =x]+ E[(1—=D)y,|X =x] foralla < x
= NL(X) < E[DY|X]+ E[(1 = D)yu|X]
= E[DY|X]+E[(1-D)y/X] < h(X) < E[DY|X]+ E[(1 — D)y,|X]
11(X) — E(DY|X)
= Y= T{DlX) < Vu
= ye<Y() <y, (B.9)

where the second line holds the definition of HOG RM The third and fourth lines follow
from the definition of I (X). The fifth line follows from rearranging terms, and the last line
holds because Y € [yg, y,]. Similarly, we can show that H(?RM implies yp < Y(0) < yy,
as well. Therefore, the constructed Y (0) and Y (1) are bounded between y; and y,,. |
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Proof of Theorem 4.1. We prove the case for ¢, = ¢};. The proof for ¢, = éb s similar
and we omit it. Our proof is similar to that of Theorem 6.3 of Donald and Hsu (2016) and
that of Hsu (2017). Let H1,, denote the set of all functions from 7" x L to [—o0,0]. Let
hy = (hy,y,h2), where hy ,, € Hy ,, and hy ,, € H» ), and define

Thz,u(‘[’[) 2
T(h,,):/max{Wﬂzl,v(r,@,o} d0(z, 0).

Define co(hy,y,h3,, 1 —a) as the (1 —a)-th quantile of 7'(hy).
Similar to Lemma A2 of AS, we can show that for any ¢ > 0,

limsup, _, o, Sup P(Tn > c()(h1 v, nohov Pl —a)+§) (B.10)
PePY
where hP = /nvp(,,-) and hP ,, belongs to Hp ), under P € PO, Also, similar to

Lemma A3 of AS, we can show that for alla <1/2

limsup,, oo sup P(CO(Wn,hZ,v,Pa l—a) < CO(hiv,nahZ,v,Pa 1 _a)) =0. (B.11)

PePy

As a result, to complete the proof of Theorem 4.1, it suffices to show that for all 0 < < 7

limsup,,_, o SUp P(é’,; < co(wn,ha,p,1 —a)+gf) =0. (B.12)
PePl

Let {P, e PY:n>1}bea sequence for which the probability in the statement of (B.12)
evaluated at P, differs from its supremum over P € PO by d;, or less, where J;,, > 0 and
limy;,— 00 d; = 0. By the definition of limsup, such a sequence always exists. Therefore, it
is equivalent to show that for 0 < ¢ < 7,

1im,HooP(ag < co(Wn hpy prl—a) +cf) —0. (B.13)

So far, we have suppressed the dependence of 6,”7 on n. For the rest of the proof, it is useful

to make the dependence on n explicit and write 6,7 as ¢ "m0 instead.

Given that 0 is compact in the metric space (H,d), there exists a subsequence k;,
of n such that hp_ — h* for some h* € H and this implies that /5 ,, P, converges to
h;,v' By Lemma A.2, we have ‘P;‘,kn (-)/Erejk”(-)2‘I‘hzU (')/Uﬂh;,u(') conditional on the
sample path in probability. Then there exists a further subsequence mj, of k, such that
‘I’% ()/6e,my, (~):>‘I—’h* ()/oe, n, () conditional on the sample path almost surely.

Foranywe{weQ ‘I’Pk ()/af kn():>‘1—’h* ()/0oe. 0 ()} Q, by the same argu-

ment for Theorem 1, spec1ﬁcally that for (12. 28) of AS we can show that for any constant
m, € R which may depend on /21 and P and for any 0 < ¢,

‘*IJ;‘, 7,0) 2
limsup sup Pu(/max — (w)+h1,v(r,€),0} dQ(z,t) < am,,)

n=00 py eHy, Ge,m, (7,0)

— P(T(hy) < am, +&1) <0. (B.14)
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(B.14) is similar to (12.28) in AS. By (B.14) and by an argument similar to Lemma A.5 of
AS, we have that forall 0 < ¢ <& <7,

liminfy—00éh, (@) = c0Wmyshow, s 1 — @) +E1. (B.15)

Therefore, for any @ € Q1, (B.15) holds. Given that P(Q) = 1, we have that for all 0 <
<& <n

P ({o: iminfy ool (@) 2 co(ymy b p,, 1 =) +c1}) =1,

which implies that

limn%ooP(EZ%,7 <co(Wm,,hav,p,, - 1—0a)+3)=0. (B.16)
Note that for any convergent sequence Ay, if there exists a subsequence A;,, converging
to A, then A, converges to A as well. Therefore, (B.16) is sufficient for (B.13). Theorem

4.1(a) is shown by combining (B.10), (B.11), and (B.12).
To show Theorem 4.1(ii), note that, under the P, specified in Assumption 4.3, Lemma

A.3(i) implies that

~ ¥ (z,t 2

7% max {L)O} dQ(z,0). (B.17)
(TL)O(PL‘) Uf:hZ,v,P‘; (‘L’, €)

This limiting distribution is nondegenerate by Assumption 4.3. Let H(a) denote the CDF
of the limiting distribution defined in (B.17). By similar arguments as those for Lemma
B.3 of AS, we can show that H(a) is continuous and strictly increasing on a € [0, c0)
with H(0) > 1/2 under Assumption 4.3. Therefore, the (1 — a) quantile of the limiting
distribution defined in (B.17) is strictly greater than O when o < 1/2, and we denote it as
co(1—a). Also, cg(1 —a) is continuous on a € (0, 1/2].

By the same proof for part (i), it is true that ¢j EA co(l1 —a +n)+ 7, and by the

continuity of co(1 —a), we have lim, sgco(l —a +n) +n — co(1 — a). Therefore,
lim,,_, o limsup,,_, o, P(T, > 62) =a. |

Proof of Theorem 5.1. Assumptions 3.2(a) and 5.1(a) together imply that
/ dQ(z) > 0. (B.18)
7‘(! (P*)

For any 7 € 7“(Px), there exist x]* > x3* and z* such that Ep[f(l)(W, DX =x{*"Z=
7*] < Ep[f(z)(W, 7)|X = x3*,Z = z*]. By the continuity of the conditional moment
functions, there exist x} and x5 such that x{ > x3 and that Ep[f(l)(W, DX =x{,Z=
F1<EplfOW,0)|X =x3,Z=2"]

If two vectors a, b € R4 such that a < b, let [a, b] denote the hypercube H;?: 1la i, b1,
where a; and b; are the jth elements of a and b, respectively.

Now that xf > x;, by continuity of the conditional moment function, there exist r* > 0
such that x{ —r* > xJ +r*, and that for all x; € [x] —r*, x] +r*], xp € [x5 —r™*, x5 +r"]
andz € [z* —r*,z+r*], and that Ep[fDW, 0)|X =x|,Z=2] < Ep[f P (W, 1)|X =

https://doi.org/10.1017/50266466618000439 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466618000439

1184 YU-CHIN HSU ET AL.

x2,Z = z]. Then for all £ = (x1,x2,2,7) such that x; € [x] —r*,x] +7*], x2 € [x] —
r*xy4r*lzelz* —r*,z4+r*land r <r*, we have vp, (z,€) > 0.
Let

LX) =[x] =" x] +r I x [ =" x) + 7 x 25 =r*, 2+ "] x (0,77]. (B.19)

By Assumption 3.2, we have fL*(z) Q({) > 0 and this implies

vp,(7,0) 2 vp (7,6) 2
max | ——————,0¢ 0(f) = / — ") 0)>0 (B.20)
/L‘,*(T) { O-E,hz’v’p* (T9 €) } ) ﬁ*(’[) (O-E,hz’v’p* (T9 6)) )
because vp, (7,€) > 0 when £ € L* (7). Next we have

/m _vp(nO) }ZQ(r,f)

O-Ehzvp (T €)

vp, (7,0)
- 4 0. B.21
/H(P)/*(T) P 5)) 0(00() > (B.21)

Note that n~17), B A* > 0 under P,.. Therefore, T), diverges to positive infinity in prob-
ability, but ¢ is bounded in probability. Therefore, lim,— oo P(Tn > ¢) = 1. The proof
for the bootstrap critical value is the same and thus omitted. |

Proof of Theorem 5.2. Note that
mP) (@.0) = Ep, [f DV, 008 (X)g..0(2)]
=Ep,, [EpIfD . 0IX. 21-8V)(X)g. 0(2)]
= Ep [EpLfP (¥, 0)IX, 21 s (X8:.0(2)]
+Ep,,.[70(X,Z,7)- g (X)gz (2] /n
=m0 +70;(.0)/y/n, (B.22)

where J(j)(7, () = Ep,.,. [5 X,Z,7)- g(j)(X)gZ g(Z)] The third equality holds because
of Assumptions 5.2(a) and (b). Also,

W) (0.0)= Ep,[8)(X)s:.0(2)1 = Ep, .18} (X)g:.0(2)]
=Ep,,. [gx,g<X>gz,g(Z)] =)z 0), (B.23)
where the third equality holds because Py x; = P¢ x;. Therefore,
vp, (.0 =mD @ 0wl (0.0)~m$) (r. 0w (2. 0)
= m,)(r Owy) (0,0 =m0, Ow (@, 0)

+7 0y (@ Owlp) (0, 6) =01 (. Ow) (2. 0) /v/n
=vp.(1,0) 476 (z,0)//n, (B.24)
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where 6, (z,€) = d2) (z. O)w'y) (z.0) = 4(1)(z. O)w' (z.,€). Under Assumption 5.2(d), we
have

oy(z,€) >0forall z,¢. (B.25)

In addition, under Assumptions 5.2(e) and 5.3, we have,

/ dQ(z,0) > 0, where (TL)Y(P:) = {(z,6) € (TL)?(Pe) : 6y (z,£) > 0}.
(TL*(P)
(B.26)

Under the local alternative sequence { Py}, >1, using B.24, Lemma A.3(i) shows that

LI"hg",’PC (T> [) + Y 5\) (T» €)

~ d
ma
(TL)O(PL‘) { O_E,hz’v’pc (T> [)

T, —

2
,0} d0(z,0). (B.27)

Also, Lemma A.3(ii) shows that the critical value statistic

=~y d

~ Wiy, g (7.0)

max { , o} 240(2.0) (B.28)
(TL)(Pe) ey p. (T:0)
conditional on almost all sample paths. Note that the limiting distribution defined in (B.28)
is identical to that in (B.17). We denote its cumulative distribution function as H (a).

We consider two cases, depending on whether the limiting distribution defined in (B.28)
is degenerate or not. First, suppose that it is nondegenerate. By the proof for part (ii) of
Theorem 4.1, we have that H(a) is continuous and strictly increasing on a € [0, 00). We
also have that the (1 — o) quantile of the right-hand side of (B.28), co(1 — «), satisfies:
co(l—a) > 0if a < 1/2, and it is continuous on a € (0, 1/2). Because J,(z,{) > 0 for
all 7 and ¢, we have that the limiting distribution of the test statistic defined in (B.27) is
nondegenerate, strictly increasing on [0, 00), and first-order stochastically dominant to that
in (B.28). It follows that

lim lim P (7, > %)
q;)()ﬂ—)OO

¥ 7,0)+yo,(r,l 2
— lim P(/ max{ hz,w.PC( )+ 70u( ):0} dQ(z,l) > co(l —0!+7])+7’]))
10 (T L) (Pe) Uf,hz,w,PC (T: f)

. ‘th’v’ﬂ_ (z,0) 2
= lim P ( max {22200 01 40(e.0) = o1 —a+ )+ 1)
=0 NJ(T Ly Oc.hp p, (T, 1)

—a, (B.29)

where the first equality holds because the test statistic defined in (B.27) is nondegenerate
and strictly increasing on [0, c0), and the first inequality holds because the limiting dis-
tribution of the test statistic defined in (B.27) first-order stochastically dominates that in
(B.28). The last equality holds because the distribution defined in (B.28) is continuous and
strictly increasing on [0, 00). This shows part (i) of the theorem for the nondegenerate case.
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We now show part (ii) for the nondegenerate case. Consider the derivation

lim lim P(Tn > cq)
7 —00n—00

¥ O +y0,(t, € 2
= lim P(/ max{ hyr 80 +70,@ ),O} dQ(z,?) zco(l—a—i-ﬂ)-i-ﬂ))
T LY (Pe)

y —>00 O¢,hy, pe (T f)
¥ £)+yoy(zr,l
> lim P(/ max{ g O 4700 (@0 } dQ(z, f)>co(1—a+71)+f1))
700 AJ(T Lyt (P ez (T,6)
-1, (B.30)

where the last equality holds by (B.26). This shows part (ii) of the theorem for the nonde-
generate case.

Now we consider the second case, where the limiting distribution in (B.28) is degenerate.
The limiting distribution in (B.28) is degenerate iff the measure of {(z,¢) € (T £)°(P,) :
ha,y, p.((z,0), (z,£)) > 0}. is zero. Let
S={(z,0) € (TL)(Pe) : hy,y, p.((z,0), (z,£)) = 0}. (B.31)

Equation (B.26) implies that f(TE)”(Pp) dQ(z,t) > 0 because (TL)T(P:) C
(T L£)°(P;). That and the degeneracy of the limiting distribution in (B.28) imply that the
limiting distribution in (B.27) reduces to

/Sma {5”5;;) } d0(z,0) = /52“ 94060

2
> / W0 1060
(TLYH(P) €

>0, (B.32)
where the strict inequality holds by (B.26).
Because the limiting distribution in (B.28) is degenerate, ?,”7 EA col—a+n)+n=n.
Therefore, for 7 is small enough that f(TL)* 53 (z, [)g—l dQ(z,0) > n,

. = ~UN
nl_l)néo P(T, > ) =1 (B.33)
This shows both part (i) and part (ii) of the theorem for the degenerate case. |

APPENDIX C: Proof of Lemmas

Proof of Lemma 3.1. We first show that (3.1) implies (1.1) by contradiction. For this
direction, we show the case for L._.ype and given that L._ype is a subset of Leype, the
case for Leype follows.

Suppose that (1.1) is not true, then there exist x; > xp, 7 € 7 and z such that
Ep[f(l)(Y, DX =x1,Z=z] < Ep[f(z)(Y, 7)|X = x2, Z = z]. By continuity, there ex-
ist [x1¢, X1, ), [x2¢,%2,] and [27, zu] with xjp K X1y, X0 K X2y, 2 K Zus X102 X205
X1y > X2, such that

EplfDr, o)X =x,Z=21 < EplfP W, 1)|X =xp,Z =72]
forall xj € [xy¢, X141, %2 € [x2¢, X241, 2 € [21, Zu]. (C.1)
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Given that rational numbers are dense and x1, > x3¢, x1,, > X, we can find xj, x7, z*
and a natural number ¢* that is large enough such that

q* (03,2 €0, 1, gt = 1P

xj <x3,

[xf, X+ (%) 7' C e xud, [63,x5 + (%) 711 C Dxags xauls [2%, 2"+ (%) 7' 1 C [zes 2l
Let £* = (x,x3,2%, (¢*)~ ") and it is obvious that £* € L¢_cype- Equation (C.1) implies
that

Ep[f“)(Y,r)yX €Cu . Ze CZ*,,;] < Ep[f(z)(y,z)\x €CymZe CZ*,,;],

(C.2)
which is equivalent to
mW ) EplfO, gl (X)g. o+ (2)]
wl) (%) Eplg!).(X)g. ¢ (2)]
Eplf O, 08 (Xg o+ (D] mD (e 0%)
< =5 ‘ (C.3)
EP[gx,g*(X)gz,[’*(Z)] wp (Z*)

Therefore, there exist t € T and * € L_cype such that
vp(e, ) =mP @, W ) =mW @, P ey > o, (C.4)

i.e., (3.1) is violated.

Next, we show that (1.1) implies (3.1). It is sufficient to show the L.ype case since
Lc—cube 18 a subset of L¢ype. For notational simplicity, we consider the case where dy = 1
and d; = 0, and the proof for cases where dy > 2 and/or d; > 1 is similar. When dy =1
and d; =0, we have { = (x, xp,r). Note that we only need to consider those ¢’s such that

Elg)1= P(X € Cy, /) > 0and E[g)] = P(X € Cy,.r) > O because E[g\)1=P(X
Cy,,r) =0implies thath)(r £)=0and wP)(r ¢) =0forall r € 7. This further implies

thatvp(z,€) =0 forall 7 € T. For any ¢ € L such that E[g(l)] > 0 and E[g(z)] > 0, there
are three different cases to consider:

First, x; = x».
Second, x| > xp, and x1 > xp +7r.

Third, x; > xo, and x| <xp +r.

For the first case, clearly, g)(c Z, = g)(cz)

vp(@.0) = Ep[(fO.0) = O, 0)el 0] Eplel) 001, (C.5)
By (1.1), we have

ELfD, o)X =x1> E[fP(¥,7)|X =x] forall x € [x; —r, x| +7], (C.6)
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and by the law of iterated expectations,

Ep[(F@,0) = fO 1)) (0] = Ep [ Ep[(1O v, 0) = rOx o)Ix]el) (0]
<0. (C.7
This implies that vp (z, £) < 0 for the first case.

For the second case, we have x| > x} for all x| € [x1, x| +r] and x}, € [x2, x5 +7]. By

(1.1),

ELfOY0IX =x]1 2 E[fP(V,0)IX =x5] forall x| € [xi,x1+r], X3 € [x2,x2+7].
(C.8)

It follows that

Ep[fD . 0g )01

EP[f(l)(Y,T)IX € [xp,x +r1]
Ep[gl (0]

Ep[fO . 1)) ()]
Ep[sV)001

> Ep[fP, o)X elxa,xp+r]] =
(C.9)

This implies that vp (7, £) < 0 for the second case.

For the third case, it is true that x{ +r > xp +r > x1 > xp. Therefore, [xp,x; +r] =
[x2, x1]U[x1,x0 + 7] and [x1,x1 +7r] = [x1,x2 +r]U[x2 +71,x1 +r]. By a similar argu-
ment in the first case and the second case,

FOWDIX e lx),x+r]]
fA. D)X € [x2.x1]]
FOWDIX e lx), x4+ r]]
@Y, 0)IX € [x2, x1]]- (C.10)

Ep[f(l)(Y,T)|Xe[x2+r,x1+r]] Ep[
Ep[fO, )X exa+rx1 +r1] = Ep[f
Ep[fO, D)X € [xi,xa+r1] = Ep|
Ep[fD. o)X € x1,xo+71] 2 Ep[f

These imply that

Ep[rO, o)X € [xa+r,x; +7]]

- P(X €[xg,xo+7])

T P(X €[x2,x2+7])
P(X € [x2,x1])

P(X € [xz,xz -|—}"])

> Ep[f@ (¥, 1)IX € [x2,x]], and (C.11)

Ep[fV @, )X elxy,xa+r1] = Ep[f P, 0)IX € [x2,x11]. (C.12)

Ep[fPW, o)X € [xy, x+r1]+

Ep[fP,0)IX € [x2,x11]
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It follows that

Ep[fD, 0)IX e [xy,x1 +r]]
_ P(X elxa+rx +7])
~ P(X elxy,x;+r])
P(X €[x1,x2+7r))
P(X € [x1,x1+r])
> Ep[fP (¥, 0)IX e [x2,x11]- (C.13)

Ep[fD(r, )X € [xg+r,x1 +r]]+

Ep[fD, 0)IX € [x1,x+71]

Similarly, we have

EP[f(l)(Y,T)IX € [x1,x1 +r]]
_P(Xelxp+rx+r))
T P(X elxg,x+r))

P(X €[xy,x2+7])
P(X €[x1,x1+7r))
>Ep[f@ ¥, 0)IX € [x1,x2+r]]. (C.14)

Ep[f(l)(Y,T)lx € [xp 41, xq —|—r]]—|—

Ep[rO, o)X € [x1,x +r1]

These results together imply that

EP[f(l)(Y, T)IX c [xl ,X] +r]]
__PXelm.xa) 0
- P(Xelx,x +r])EP[f (¥, 0)IX € [y, 21 +r]]+
PXelv.xFrD
P(X €[xp,x2+r])
Pl oo
- P(X €[x2,x2+7]) Ep[f P, )X € [xp, x11]+
P elxxm+rD) o
P(X € [x2,x0471])

=Ep[fP ¥, 0)IX € [xp, 22 +71]. (C.15)

Ep[fD(,0)IX € [x1,x1 +7]]

P[P, )X € [xy,x2+71]

That is, vp (z, ) < 0 for the third case.
This completes the proof for Lemma 3.1. |

APPENDIX D: Proofs of Auxiliary Lemmas

Proof of Lemma A.1. For notational simplicity, we prove it for the sequence {n} and
all of the arguments go through with {a; } in place of {n}.

We apply Lemma E.2 of Andrews and Shi (2013b; AS2 hereafter) to show part (i).
It is sufficient to show that every element of ﬁpn converges to h uniformly. Note that

{m(j)(w, Wyi-t,0): 1 €T, €L, i<n,n>1}is manageable with respect to envelopes
{(Fp1@), ..., Fan(@)) : n > 1) because mD (W, 7, 0) = fO W, 7)- V) (%) g..£(2),
and {f(j)(a),ani,r) cteT,i<n, n>1} {g)(cjz,(cu,X,,’i) ctel,i<n, n>1}
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and {g; ¢(®0,Z,;): € €L, i <n, n> 1} are manageable with respect to envelopes
{(Fp1(@),..., Fyp(@): n>1},{(1,...,1): n> 1} and {(1,...,1) : n > 1}, respectively.

By Assumption 4.1, there exists 0 < 7 n~! ;’:1 Ep gl

i < M for some 0 < M < o0
for all n > 1. Then by Lemma E.2 of AS2, we have

1 . .
sup = > mD Wi, 0,0 —Epm D (W, 7,05 0. (D.1)
teT,teL|™ T

Similar arguments apply to wY) (W, €). This shows that d(h P15 1) Zo.

The proof for d (fz P,2>h2) g 0 is identical to the proof of Lemma A.1(b) of AS2 after
we replace their D with an identity matrix and their fn 0, g, g*) with fzz,p(~, -), SO we
omit it for brevity. This completes part (i).

The proof for Part (ii) is a nonstandardized version of Lemma A.1(a) of AS2, and the
proof is identical to that for Lemma A.1(a) of AS2. We omit it for brevity. |

Proof of Lemma A.2. For notational simplicity, we prove Lemma A.2 for the sequence
{n} and all of the arguments go through with {a;} in place of {n}. Part (i) follows from
the fact that d(h p,,h) — 0 and the definitions of &5 ,, p, and hy . Part (ii) follows from
Lemma A.1(i).

For part (iii), note that uniformly over (z,€) € T x L,

Vi @, 0pf) (€)= Ep, @ (@, 01Ep, 1w (0)])
= Ep, w1 V(i) 0. 6) = Ep, In® (2, 0)))

+Ep, Im? (2,01 V(" () — Ep, wD (@)
/0 (0, 0) = Ep, In® (e, 1) 4 (€) — Ep, [w ™D (0)])
= Ep, DO Vn (a7 (2,6 = Ep, m D (z,0))
+Ep, m? (@01 V(@ (0) = Ep, [ (©)]) +0, (1), D.2)
where the 0p (1) in the last line follows from Lemma A.1(ii). Similar expansion ap-
plies to \/ﬁ(n%,sl)(r, 6’)12)5,2) (O)—Ep, mM (e, 0)]Ep, [w® (6’)]). Therefore, uniformly over
(z,0) e T x L,
P, (2.0) =/n(n(z,0) = vp, (1,0)
= Ep, oD@ Va6 (r,0) = Ep, n® (z,0)])
+Ep, Im® (2,01 V(" () — Ep, v (@)))
= Ep, @ @1 Va6 (2, €)= Ep, Im™D (2, 0))
= Ep,Im M (0,01 V(@7 (€)= Ep, [w® @) +0, (1)
=hp, 1 71p,(T,0)+op(1). (D.3)
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By Lemma A.1(ii) and the fact that d(hp,,h) — 0, we have hp, |- 7p,(z,0) = Yhy.,-

Equation (D.3) is equivalent to that sup(; p)e7x 2 |@pﬂn (z,6) —hp, 1-xp,(z,0)| L)
and by Lemma 1.10.2 of van der Vaart and Wellner (1996), this suffices to show that
Yp, (z,0)= n(@u(z,0) —vp, (r,0) = Yh,.,-

For part (iv), we define f,(W;, 7,{) as

fn(Wis7,0) = Ep, oD (01 (mP (v, 0) = Ep, m P (z, 0)))
+Ep,[m@ (.01 (0" (0) — Ep, [ (0)])
—Ep, [0 O] (" (z,0) = Ep, Im Dz, 0)1)
—Ep, mV (e, 01 (0 (0) = Ep, [0 (0))), (D.4)

and we denote it as f,;(r,f). It is straightforward to see that @pﬂn (z,0) =
n=V230 | By i(e,0) +o0p (1) from (D.3). Also, define

i, 0 =03 (0) - P (0,0 =P (0, )+ (2,0 - D 0) = DM (0))
~ 020 M @, 0) =D (@.0) = (2, 0) - (P () — DD (), D3)

which is the sample counterpart of f, ;(z,£). It is true that ‘?;‘,ﬂ =n"1/2 > Ui
,Bn,i(faf)-

Because ¥, is Borel measurable and separable, then by Section 1.12 (page 73) of van
der Vaart and Wellner (1996), ‘P;‘,n = W¥p,, conditional on the sample path with prob-

ability one iff supgepy, |E,,,g(@;‘,n) — E[g(¥p, ]I £ 0 where BL, denotes the set of

all real functions on ¢°°(7T x £) with a Lipschitz norm bounded by 1 and E, denotes
the expectation w.r.t. U;’s. Then by Lemma 1.9.2 of van der Vaart and Wellner (1996),

SUPgepL, |E,,,g(@;‘,n) - E[g(lth,,, ) B 0iff for any subsequence {b,} of {n}, there exists
a further subsequence of {k,} such that SUPgepL, |E,,,g(@$”) - E[g(‘{‘hz’v)]l pg 0, which

is equivalent to that for any subsequence {b,} of {n}, there exists a further subsequence of
{ky } such that ‘I’%k = ¥, , conditional on the sample path almost surely. Hence, to show

part (iv), it is sufficient to shov&L that for any subsequence {b;} of {n}, there exists a further
subsequence of {k;} such that ‘I‘%kn = WY, conditional on the sample path almost surely.

First, let Mg > 1 be some constant such that Ep, [mE,j)(W, 7,0)] < Mg and
Epn[wflj)(W, {)] < Mg for all n > 1. Such M, exists because of Assumption 4.1(b). Un-
der Assumption 4.1 and by the law of large numbers (LLN), we have n1 Z?zl (Fy,i +
Mg)? = Ep, [(Fn i +Mg)*1 5 0.

Also, by LLN, we have n ™1 2 (Fui +Mg)‘;1 —Ep,[(Fp,i +Mg)‘;1 ] B 0 where 8 is
as defined in Assumption 4.1 and it is true that limsup,,_, o Ep,, [(F, i+ Mg)‘;1 ] < o0.

As a result, for any subsequence {b,} of {n}, there exists a further subsequence of {k;}
such that
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d(hp, ,h) <30,
| Lo
a.s.
k—Z(Fkn,,- +Mg)? — Ep, [(F,i +Mg)*1%3°0, and
=1
| Lo
a.s.
= > (Fi,,i +Mg)° — Ep, [(Fi,,,i +Mg)°] 230. (D.6)
"i=1
Define
Q= {w eQ: dlhp, ,h)(@)—0,

kn

1
o 2Pl i+ Mg)* @) = Ep,, [(Fi, i +Mg)*1-0, and
mi=1
1 kn .
= D (Fiy i+ M) @) = Epy, [(Fi, i+ M) = 0}, D.7)
"i=1

By construction, P(Q;) = 1. We show that k,,_l/2 Zi{”zl U; -ﬁAknji(r,t’)(a)) = Wh,, (z,0)
for all w € Q. First, we rewrite

| &

—>SU; e i(1,0)(w

Jk_é i Pr,i(0.0(@)

kll

1
= J—k_ngljvi Pro.i (7, 0) (@)

kll
1
+ (@ (0) = Ep, [ (O)(@)- T2 Ui mP (2, 0) = Ep, [m? (2, 0)]) ()
i1

kll
1
+ 0 (2.0) = Ep, Im® (1, 0] (@) - 2V (i (0) = Ep, [0V (O] (@)
=]
kn
1
— (@5 ()~ Ep,[0® (O (@)- Ui m (@, 0) = Ep, D (z,0]) (@)
=1

1

— D (0, 0) = Ep, 1mD(z,0)]) (@) v

kn
> Ui - P 0~ Ep, [0® (O ()
=1

1=

ky
+ @5 () = Ep, [0 D01 (@) J% > Ui+ 6 (0. 0) = Ep, Im® (.01 (@) x
mi=1

kn
1
S
Vkn =
kn
— @ (0 Ep, w02 (0)- ¢L— ; Ui — i) (0, 0) = Ep, ImD (2, ) (0) x
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|
U.
g
= A+B|+By—B3—B4+C;+Cr—C3—0Cy, (D.8)
where A, Bj’s and C;’s are defined term by term. It is sufficient for us to show that A =
W¥p, ,-and B;’s and C;’s are all op (1) uniformly over z € 7 and ¢ € L.

We use Theorem 10.6 (functional central limit theorem) of Pollard (1990) to show A =

¥j, , - Define

(0.0 =
Gy -=i4M (Fg, i(@)+My)
nsl m &k, i g)-
By Lemma E.1 of AS2 and the manageability of every element of f, ;(z, (), we have
that {gy, ;(z,{,04): T €T, £ €L, i <ky, n>1}is manageable with respect to en-
velopes {(Gy, 1(®@u), ..., G, k, (wu) : n > 1}. Hence, (i) of Theorem 10.6 of Pollard

(1990) holds. Let ¢, (z,0)= Zi{”zl 8k i (z,¢). By definition, E,, [Ck, (11, 1)k, (12,02)]1=
h’l,pkn ha, p, 11, p, ((t1,€1), (12, £2)) where

i(7,0)(0), (D.9)

kn

- 1 /

ho.py, = 7 2 (Wi, ) = Ep, Ui O1) (i (W, ) = E T ()] (D.10)
"=l

Also,

ha, b, =ha,p,, @)= (i p, () = Ep, 1)) (i py, () = Epy, [ ()]) (). (D.11)

Equation (D.11) and d(ﬁ Py, (w),h) — 0 imply that d(ﬁz’pkn (w),hy) — 0. By assump-
tion, we have that d(hy,p, ,h1) = 0, s0 hy, p, = I P, hy, p, 1, p,, = ha,y- That

is, (ii) of Theorem 10.6 of Pollard (1990) holds. Note that Zi‘”zl (Fi,,i (@) + Mg)2 -
Ep, [(Fk,,i (o) +Mg)2] — 0 and Ep, [(Fg, i (@) +Mg)2] < C for some constant C.
These imply that, for some constant C, linlsup,,_>(x>k,,_1 Zl—l (Fp,, i () + Mg)2 < C.
Also, consider the derivation
kn
. 1 2
lim sup Eu[ZGk ]zhm sup k_Z[4Mg(Fkn,i(w)+M8)] < 16Mg2C < 00.

n—00 n—00 Kn ‘=
(D.12)

That is, part (iii) of Theorem 10.6 of Pollard (1990) holds. By a similar argument of (16.39)
of AS, we have, for any ¢ € (0, c0),

U;
ZEL, Gk (@)-1(Gy, i > €)] <e 5IZEM — By i
2 k6, (| =]
< 6/2% Z‘(Fk,,, (CU)+Mg)‘
kn Eal 1_1
-0, (D.13)

https://doi.org/10.1017/50266466618000439 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466618000439

1194 YU-CHIN HSU ET AL.

where the C in the second inequality comes from E[|U |2+‘51] < C and the convergence
result in the last line holds because &, ~01/241 0 and lim SUDP,, s 00 kn_1 Zf”zl | Fy, i (@) +
My |al (w) < 0o. That is, (iv) of Theorem 10.6 of Pollard (1990) holds. Note that

Pr, (21, 1), (12, €2))
kn
= > Euls, it 00 + 8, (72, €2) = 28k,,i (11, 1) 8k i (12, €2)]
i=1
kn
Z—Zﬂkn i(T1, 51)(w)+ﬂkn (12, 02) (@) =24, i (21, 1) (@) B, i (12, £2) (@)

= h2,v,Pkn ((z1,€1), (21, €1)) + hoy, py, (22, €2), (22, €2)) = 2k, p, (21, €1), (22, €2))

= hy o, ((t1,€1), (z1,€1)) +h2 (72, 02), (12, 02)) = 2R, (21, €1), (72, £2))

=p((r1, 1), (12, 02)), (D.14)
uniformly over (71,¢1), (t,¢2) € T x L. This is sufficient for (v) of Theorem 10.6 of

Pollard (1990). Therefore, we have ¢, = ‘th,u by Theorem 10.6 of Pollard (1990).
For By term, notice that by the same argument for A, we have

kn
1 @) @)
— > Ui+ (m? (r,0) = Ep, [m@ (2, 0]) (@) = h, , (1,1)- (D.15)
kn i=1

where /15 ,,(1, 1) denotes the (1, 1)-th element of /5 ,,. Note that sup; 7 rer |wn )(5)
Ep, [w(l)({’)])|(a)) — 0, so it is true that

sup |Bil< sup  [(@5(0) = Ep,[wD(0)1) ()| x
teT el teT el

ZU P (e, 0) = Ep, Im® (z,0)]) (@)

sup
eT, CE[:‘\/_
=0(1)~0p(1)=0p(1). (D.16)

Therefore, Bj = 0p(1) forall j =1,...,4. For C| term, we have

(1 (D.17)

and sup, o7 pe e | (B3 (0) - Epn[wm(f)])(w)F =o(1), 50

swp (@170~ Ep, [0 D@D @)=

teT lel
| o
:‘WZU,.. s 2D e) - Epn[w“)(f)])\ (@)
n i=1 Te/ ,te
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=0,(1)-0(1) =0, (1). (D.18)

Similarly, C; = op (1) for j =2,3 and 4.

These results are sufficient to show that k, /2 Zf”zl U; ‘ﬁkn,i (z,0)(w) = ¥y,  forall
w € Qp with P(Q;) = 1. This shows q’;‘,ﬂ = ¥, , conditional on the sample path with
probability one.

For part (v), let

(P () =M (2, 0)
~(2)b ~(2)
V(g (1,0 —m® (2, 0)) (D.19)
(o @ o -aWe) |
S (@, 0= 5P (0))

)?Pn (z,0) =

By part 8 of Lemma D.2 of Bugni, Canay, and Shi (2015), we have )21;,” = ¥, conditional
on almost all sample paths. Next, by the same arguments for part (ii1), we can show part
).

To show part (vi), we have sup, 7 rer |ﬁ2’vjpan (7, 0), (z,0)) = ho, ((z,0), (z,0))] A
0 from part (ii). By the fact that max{a, €} is a continuous function, it follows that

sup [ max{ha,, p, (2, 0), (r.0), €} =max{ha, (2. 0), (z. 0), e} 50, (D20)
teT el

SO SUPr T rel |U€2,an (z,0) —U3(1,€)| 2 0. Given that € > 0, we have 0'62(‘[,[) >e>0

forall 7, £. Hence, it follows that sup, ¢ 7 ez |ag(}n (7,0)— ae_l (z,0)] 2 0 and this shows

part (vi).
Part (vii) follows from parts (iv) and (vi), and part (viii) follows from parts (v)
and (vi). [ |

Proof of Lemma A.3. To show part (i), for 1 > 0, define (TL)'(P.) =
{(z,€) : vp.(z,0) > —1 “Oe.hyy p, (z,0)}, and (T L)' (P.)¢ denote the complement of
(T L)' (P:). Note that by Lemma A.2(v)—(vi) and condition (b) of the present lemma, we
have

3 ¢
wp | Dm0 AGORRN.N (D.21)

ceT tel Oen(t, ) Ochy, p (7,0)

Then it follows that, with probability approaching one,

sup M < -—1/2. (D.22)

(t,0)e(T Ly (P)e Oen(T,€) ~

This implies that

/ max{ﬁM O}de(r,f) =0, (1). (D.23)
(TLY (P

Gen(t,0)’
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Therefore,

T"n :/ max{\/ﬁM O}ZdQ(1,€)+0p(1)
(TLY(Pe)

6'5,;/1 (T, f) ’
[ i
(T LY (P) Gen(t,0)

2
0} 0,0+ 0p (1),
(D.24)

<

where the equality holds by the previous equation. The inequality holds because condition
(a) holds and vp, (7, ¢) < 0 and max{az, 0} is nondecreasing in a. Therefore,

- g 7,0)+0(z, ¢ 2
limsupP (T, <t) < P(/(TL)’(P )max{ hape (720 +0C ),0} dQ(r,0) < a),

n—00 O-E,hZ,U,pC (775)

(D.25)

Note that 7 is any arbitrary positive number, so letting 1 — 0 and using the facts that
lPhZ,v,P(; (7,[))
gf’hz,v,Pc (z,0)

have, for any 7 € R,

is a tight Gaussian process and that f(TL)’(PC)\(Tﬁ)"(PC) dQ(z,0) = 0, we

~ ¥ O +0(z, 2
limsupP(T, < 1) < P(/(T,C)”(P)max{ s (DO +0C ),O} dQ(z,t) St).

n— o0 O¢,hs,.p, (‘L’,f)
(D.26)
On the other hand, we have
—~ D Vi 2
7, 2/ max{ﬁM,O} do(z,0). (D.27)
(TL)O(R) 0'5,”(1', 5)

It follows that, for all € R,

= Ph, , p (T,0)+ (7, 0)
liminfP (7, <t) > p(/ 2,v,Pc
n— 00

2
max ,0f dO(z,¢) <r).
(TE)U(PL‘) { O_E,hz’v’pc (T> [) } ) )

(D.28)
Equations (D.26) and (D.28) together imply that, for all 7 € R,
~ Y (z,0)+0(z, ¢ 2
lim P(T, <1)= P(/ max{ ha,re (5 0) ),0} d0(z,0) gt).
n— oo (Tﬁ)”(Pc) O-E,hz,v,Pc (‘[,[)
(D.29)

This concludes the proof of part (i).

Part (ii) and part (iii) can be proved following the same steps, except one uses parts (Vvii)
and (viii) of Lemma A.2 instead of (v) and (vi) of that lemma, and one eliminates J(z, {)
using Assumption 3.3. Details are omitted for brevity. |
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APPENDIX E: Additional Simulation Results

In this section we investigate the robustness of the performance of our test to the choice
of ¢q;. We consider only the multiplier bootstrap version of the test, because this is the
version that performed uniformly better in the simulations reported in Tables 1-6. Let N
denote the expected sample size of the smallest cube. We consider three alternative choices
of g1, each resulting in N = 10, 20, and 25, respectively. All other settings of the tests and
the examples are the same as the simulations in the main text.

The results are reported in Tables A1-A6. As we can see, for the latent regression mono-
tonicity test (Table A1), the choice of ¢; does not affect test performance much when
Ge-cube 18 used, and lower ¢ increases the power of the test when Ggype is used. This
makes sense, because the test using G.ype does not down-weight smaller cubes, and thus is
more negatively affected by the noise of the smaller cubes. As a result, when the noisiest
cubes are removed from consideration, the test using G.pe improves. The same improve-
ment (as g1 gets lower and thus N gets bigger) also occurs for the test using Geype in
other examples for samples sizes greater than or equal to 100. On the other hand, smaller
g1 (larger N) hurts the power of the test using Ge_cype in most settings, and hurts the
power of the test using Geype at the extremely small sample size 50. However, overall, the
performance of our tests is reasonably robust to ¢; at sample sizes 100 or up.

TABLE A1l. Rejection probabilities of our multiplier version test for
LRM (a = 0.1, number of simulation repetitions = 500, critical value
simulation draws = 500)

gc—cube gcube
Cases n N=10 N=20 N=25 N=10 N=20 N=25

100 1.000 1.000 1.000 0998 0998  0.998
(1): Y isobserved 200  1.000 1.000 1.000 1.000 1.000 1.000
500  1.000 1.000 1.000 1.000 1.000 1.000
100 0518 0504 0494 0318 0438  0.520
(2): 8 brackets 200 0.704  0.700  0.696  0.562  0.672  0.728
500 0956 0958 0958 0940 0966  0.972
100 0.152  0.152  0.150 0.104 0.174  0.234
(3): 6 brackets 200 0202  0.198  0.200  0.160  0.280  0.308
500 0556 0556 0556 0554  0.656  0.696
100 0.008  0.008  0.006 0.006 0.032 0.030
(4): 4 brackets 200 0.016 0018 0.018 0.004 0.012 0.008
500 0.028 0.028 0.030 0.008 0012 0.012
100 0.000  0.000  0.000  0.000  0.002  0.000
(5): 3 brackets 200  0.000  0.000 0.000 0.000 0.000 0.002
500 0.000 0.000 0.000 0.000 0.000 0.000

https://doi.org/10.1017/50266466618000439 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466618000439

1198 YU-CHIN HSU ET AL.

TABLE A2. Rejection probabilities of our multiplier version test for MIV
(v, and y, are known, oo = 0.1, number of simulation repetitions = 500,
critical value simulation draws = 500)

gc»cube gcube
Cases n N=10 N=20 ~N=25 N=10 N=20 N=25

(1): HYV violated 100 0902 0906 0904 0798  0.878  0.898
H{RM violated 200 0994 0994 0994 0970 0988  0.992
500 1.000 1.000 1.000 1.000  1.000  1.000

(2): H{™TV violated 100 0.000  0.000  0.000  0.000  0.000  0.000
HFRM holds 200 0.000 0.000 0.000 0.000 0.000  0.000
500  0.000 0.000 0.000 0.000 0.000  0.000

3): HMTV violated 100 0200 0.118 0076 0332 0308 0.266
HYRM violated 200 0430 0390 0370 0.536  0.612  0.612
500 0.874 0.868 0.864  0.898 00938  0.944

(@): H)'V violated 100 0.000  0.000  0.000  0.002  0.000  0.000
HFRM holds 200 0.000 0.000 0.000 0.000 0.000  0.002
500  0.000 0.000 0.000 0.000 0.000  0.000

TABLE A3. Rejection probabilities of our multiplier version test for MIV
(y, and y¢ are unknown, a = 0.1, number of simulation repetitions = 500,
critical value simulation draws = 500)

Ge-cube Geube
Cases n N=10 N=20 N=25 N=10 N=20 N=25

(1: HYTTV violated 100 0.954 0954 0954  0.882 0932 0934
HYRM violated 200  0.998 0998 0998 0992 0994 0994
500 1.000 1.000 1.000 1.000  1.000  1.000

(): HY'™V violated 100 0.000  0.000  0.000  0.000  0.000  0.000
HERM holds 200 0.000 0.000 0.000 0.000 0.000  0.000
500  0.000 0.000 0.000 0.000 0.000  0.000

(3): HMTV violated 100 0256  0.168  0.100  0.412 0404  0.364
HFRM violated 200 0538 0492 0454 0622 0708 0712
500 0922 0922 0916 0938 0972 0974

@: HY"V violated 100 0.000  0.000  0.000  0.000  0.000  0.000
HFRM holds 200  0.000 0.000 0.000 0.000 0.002  0.002
500  0.000 0.000 0.000 0.000 0.000  0.000
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TABLE A4. Rejection Probabilities of our multiplier version test for
regression monotonicity (¢ is normal, « = 0.1, number of simulation
repetitions = 500, critical value simulation draws = 500)

gc»cube gcube
Cases n N=10 N=20 ~N=25 N=10 N=20 N=25
100 0.110 0.114 0.112 0.098 0.114 0.114
(1 200  0.084 0.084 0.084 0.088 0.104 0.100

500 0.120  0.120  0.120  0.136  0.136  0.140
100 0.000  0.000  0.000  0.004 0.000  0.000
2) 200  0.000  0.000  0.000  0.004 0.006  0.000
500 0.002 0.002 0.002 0.002 0.000 0.008
100 0.138  0.000  0.000 0304 0.000  0.000
(3) 200 0.748  0.648 0.606 0.642  0.724  0.788
500  1.000 1.000 1.000 1.000  0.996 1.000
100 0.132  0.008  0.000  0.180  0.008  0.000
4) 200 0.408 0372 0324 0398 0550  0.522
500 0912 0916 0914 0908 0910 0.898

TABLE AS. Rejection probabilities of our multiplier version test for
regression monotonicity (¢ is uniform, a = 0.1, number of simula-
tion repetitions = 500, critical value simulation draws = 500)

gc»cube gcube
Cases n N=10 N=20 ~N=25 N=10 N=20 N=25
100 0.096 0.096 0.102 0.108 0.120 0.130
(1 200  0.120 0.118 0.118 0.122 0.128 0.134

500 0.110  0.110  0.110  0.104  0.102  0.108
100 0.000  0.000  0.000  0.010  0.000  0.000
2) 200  0.000  0.000 0.000 0.000 0.008  0.000
500  0.000  0.000  0.000 0.000 0.000 0.002
100 0.124  0.000  0.000 0272  0.000  0.000
(3) 200 0.704  0.638 0.608 0616 0716  0.794
500 099 0998 099 0992 0986  0.998
100 0.138  0.004  0.000 0.154  0.004  0.000
4) 200 0388 0356 0312 0366 0554  0.470
500 0900 0.898 0.898 0900 0.894  0.878
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TABLE A6. Rejection probabilities of our multiplier version test for
stochastic monotonicity (¢ = 0.05, number of simulation repetitions
=500, critical value simulation draws = 500)

gc»cube gcube

Cases n N=10 N=20 ~N=25 N=10 N=20 N=25

50 0.072 0.072 0.072 0.100 0.072 0.072

(1):Hgpistrue 100 0.092 0.088 0.086 0.080 0.080 0.090
200  0.028 0.030 0.028 0.044 0.046 0.046

50 0.258 0.054 0.054 0.738 0.054 0.054

(2):Hpis false 100 0.646 0.542 0.454 0.962 0.966 0.974
200  0.994 0.992 0.990 1.000 1.000 1.000
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