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We study the fraction of time that a Markov chain spends in a given subset of states. We
give an exponential bound on the probability that it exceeds its expectation by a constant
factor. Our bound depends on the mixing properties of the chain, and is asymptotically
optimal for a certain class of Markov chains. It beats the best previously known results in
this direction. We present an application to the leader election problem.

1. Introduction

Let (X,;),m = 1, be an irreducible Markov chain on a finite state space V' with transition
matrix P and stationary distribution 7. We assume that P is reversible, that is,

(u)P(u,v) = n(v)P(v,u), for all u,v € V. (1.1)

Let A be a proper subset of V. Denote by n(4) = >, ., m(u) the stationary probability of
the set A, and by S; = ya(X1) + ya(X2) + - - + y4(X;) the number of steps the Markov
chain is inside A. It is known [2] that, for any initial distribution, the fraction S;/I
converges almost surely to m(A) as [ goes to infinity. This led Aldous [3] to propose the
following sampling technique: n(A4) can be estimated by simulating the Markov chain for
I steps and computing the fraction S;/I of steps it spends in 4. Typically, the size of A4 is
exponential in the input size (e.g. A is the set of matchings of a given size of a graph),
and thus 7(A4) cannot be computed directly in polynomial time. It is therefore important
to establish a bound on the probability that S;/I exceeds n(4) by a given amount. A
bound on the variance of S; in terms of the mixing properties of the chain was established
in [3] and [14]. An exponential bound on the tail of S;/I was established in [5] and [11]
in a special case, and in a more general setting in [7].

In this paper, we establish a bound on the tail of the distribution of S;/I that beats the
previously known bounds. Like the previous bounds, ours depends on the second largest
eigenvalue of P. We also show that for given values of f§, n(4) and of the second largest

+ This work was done while the author was at the Massachusetts Institute of Technology and at DIMACS.
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eigenvalue of P, the decay rate in our bound is optimal for a certain class of Markov chains.
In particular, as the second largest eigenvalue of P approaches 0, the decay rate in our
bound tends towards the decay rate in the standard Chernoff bound for i.i.d. Bernoulli ran-
dom variables. As discussed in Section 4, the decay rate in our bound is better than the one
in [7] by at least a constant factor. When n(A4) is small, which is the case in several applica-
tions such as approximating the dense permanent [12], it beats it by a factor of @(n(4)™").

As in [4], [7] and [10], the proof of our main result relies on computing an upper
bound on the generating function of S;. The main new idea in our paper is to reduce the
analysis to the case where all the eigenvalues of P, except the largest one, are equal. This
case can be further reduced to the case where the state space consists of two elements.

Random walks have been used in many areas of computer science, such as ap-
proximation algorithms [12, 17] (see also [14], and references therein), complexity and
cryptography [1, 8, 11], and distributed computing [15].

The rest of the paper is organized as follows. Section 2 contains basic results and
definitions. Section 3 contains the proof of our main result. We establish more explicit but
weaker bounds in Section 4, and present an application to the leader election problem.
We also give a bound on the probability that the Markov chain stays inside 4 for [ steps,
generalizing a result in [13]. In Section 5, we show the tightness of our main result.

2. Preliminaries

Let L?(m) be the set of real valued functions on V¥, with the scalar product ( , ),:

(fo8)x =Y m()f(x)g(x).

xeV

For f € L?(n), let ||f|lx = \/{(f,f)x. In matrix notation, (f,g), = fTIlg, where II is the
diagonal matrix (n(x)).cy. We will identify the matrix P with the operator in L?(r) that
associates to each function f € L?(n) the function Pf € L?*(n), where

(PF)(x) =D P(x,)f(y).
yev

Equation (1.1) shows that P is a self-adjoint operator in L*(n), i.e. (Pf,g)x = {f,Pg)x,
for all f,g € L?(n). Hence P is diagonalizable in an orthonormal (with respect to the
scalar product { , ),) basis (e, e1,...,e,_1), where n = |V/|. The first element ¢y of the
basis can be chosen to be the all ones column vector 1, since P1 = 1. The theory of
non-negative matrices [16] shows that 1 is the largest eigenvalue of P in absolute value.
Denote by A; the eigenvalue corresponding to ¢;, for 1 < i < n— 1, and assume that
A = Ay = = A,—1. Since the chain is irreducible, 2; < 1. We will assume throughout
the paper that 4; > 0. Although this assumption does not seem to be indispensable, it
simplifies the proof and statement of the results and it holds in most applications.

A Markov chain that arises in many applications is the random walk on a graph. At
each step, if X, = v, then X, is a uniformly random neighbour of v. This chain is
reversible and n(v) = d(v)/2|E|, where d(v) is the degree of v.

Note that we do not impose any condition on A, for our results to be valid. In

https://doi.org/10.1017/50963548397003209 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548397003209

Large Deviation Bounds for Markov Chains 467

particular, the chain can be a random walk on a bipartite graph, in which case 1,_; = —1.
We denote by 1o(M) the largest eigenvalue of any matrix M whose eigenvalues are real.

3. Proof of main result

In this section, we give an upper bound on the probability that S; exceeds fn(A4)l, for any
real number f such that 1 < f# < 1/7n(A). Note that if § > 1/n(A4) then S; never exceeds
pr(A)l. The case f = 1/n(A) is treated in Theorem 4.3. Let a = A; + n(4) — A;n(A) and
b=1—mn(A)+ A17(A).

Theorem 3.1. For any initial distribution q, integer | =1 and 1 < f§ < 1/n(A4),

Pr[S; = Br(A)] < cpaayi Z

where
. — 2\
o= min u (agl> <1,
=1 w —bu

and cg4);, 1S a constant that depends only on B, n(A) and 7;.

Before proving Theorem 3.1, we prove the following three lemmas. The first lemma gives
a bound on the generating function of S; in terms of the largest eigenvalue of a certain
matrix. The second lemma gives a bound on the largest eigenvalue of this matrix in terms
of the largest eigenvalue of a simpler matrix. The third lemma reduces the calculation of
the largest eigenvalue of the latter matrix to the largest eigenvalue of a 2 x 2 matrix.

Let Dy be the n x n diagonal matrix whose entry (v,v) equals e’4®), and dy = Dyl.
Similarly, \/% = \/DT;I. From the theory of non-negative matrices [16, Theorem 1.1],
for any non-negative matrix M, Ag(M) is the largest eigenvalue of M in absolute value.
Therefore, the largest eigenvalue of M'~! is equal to the (I— 1)st power Jo(M)"™" of lo(M).

Lemma 3.2. For any 0 =0,

E ["] < €”|[TT7" gl|x20(DoP) ™.
Proof.

I
Efe®] = > Pr[X;=vi]P1,02)P(v2,05) - P(ory,v0) [ ] "4

V1,025, 0 EV m=1
q"(DeP)dy

(v/DelTI™'q, (v/DoP/Dy) "' \/dg)

1v/DoIT gl 1(v/DoP /Do)~ \/dy|x

v/ DoT1 ™ g1z Ao(r/DoP /Do) ™" [|\/dyl

|| gl Jo(DeP) .

NN N
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The fifth equation follows from the fact that the operator ./DygP./Dy is self-adjoint
with respect to the scalar product ( , ),. The sixth equation follows from the fact that
JDgP /Dy and DyP are similar matrices, and thus have the same eigenvalues. L]

Lemma 3.3. Let P’ = A1 + (1 — A)1x”. Then Jo(DyP) < Jo(DyP").

Proof. For the proof, we need the following definition. For two n x n matrices A and B,
we say that A <, B if (f,Af), < (f,Bf). for any f € L*(n).

Note that P’'l =1 and P'f = 4,f if (f,1), = 0. Any element f of L*(r) can be written
in the form 27;01 x;e;, and so

n—1

> hixi (3.1)
i=0

n—1

< xt+ 4 E x;?
i1

= <fyP/f>n~

Thus P <, P’ which, since /Dy is self-adjoint in L*(), implies that /DyP /Dy <,
JDoP'\/Dy. Since Ao(4) = maxso(f, Af)=/|f|12, for any self-adjoint operator A, we
conclude that Ay(\/DgP/Dy) < Zo(\/DyP’\/Dg). This is equivalent to the inequality
Z0(DgP) < Ao(DgP’). U

(fsPf)n

We now compute the largest eigenvalue of DyP’ by reduction to the case where the

. 1— .
state space consists of two states. Indeed, let Q. = < ! ¢ b b ¢ ) Since 1 —a =
(I —Z1)(1 —m(A4)), we have 0 < a < 1. Similarly, 0 < b < 1. Thus Q, is stochastic: its
largest eigenvalue is 1 and its second largest eigenvalue is a + b — 1 = 1;. The matrix
Q. is the transition matrix of a reversible Markov chain on the state space {1,2} whose

stationary distribution has weight n(4) on 1 and 1 — n(4) on 2.

0
Lemma 3.4. The matrices DyP’ and ( eO | > Qup have the same largest eigenvalue.
. . e 0 . . . . .
Proof. Since the matrix 0 1 Q. 1s non-negative irreducible, its largest eigenvalue

in modulus u is a real positive number [16, Theorem 1.1], and it has a corresponding
eigenvector < ;C ) with strictly positive components. A simple calculation shows that the

vector xy4 + yyv—a is an eigenvector of DyP’ with eigenvalue p. Since the matrix DyP’ is
non-negative irreducible and xy 4+ yyy—4 is strictly positive, this implies [16, Theorem 1.6]
that u is the largest eigenvalue of DyP’. ]
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We are now ready to prove Theorem 3.1. Lemmas 3.3 and 3.4 show that Ao(DyP) < u(0),
0
where u(6) is the largest eigenvalue of ( e 0

0 1 ) Qup- Thus p(0) is the largest zero of
the characteristic polynomial rg(u) = > — (ae’ + b)u + A1e’. By Lemma 3.2,

Pr[S; = fr(A)l] < Pr[efS > ] (3.2)
E [¢"]

OB (A

0 l
e —1 (0)
< M(Q)HH qln(g@ﬁﬂ(A)) >

for any 6 > 0. But ¢’ = (u(0)* — bu(6))/(au(6) — 41) since rg(u(0)) = 0. Thus, (3.2) reduces
to

<

0
Pr[S) = Br(A)] < —— [T qllzp(u(0))', (33)
u(0)
where

pr(4)
o ap — A
o) = p (HZ — bu) :

Since ¢(un) goes to infinity as u goes to infinity, ¢(u) attains its minimum in [1,00)
at a point go. Let 0p = In (a2

as—r )- Note that 0y > 0, since W —bu = ap — Ay for
u = 1. It is readily verified that ry,(uo) = 0. Moreover, yo is the largest zero of ry,, since

ro,(1) = (1 — b)(1 — e®) < 0. Thus gy = u(0), and (3.3) implies that

e
Pr[Si > Br(A)l] < I qllx (ko) (3.4)
Theorem 3.1 follows with cg z4), = e% /uy. Note that o = ¢(ug) < 1, since ¢(1) = 1 and
P(1)y=1—p<0.

O
We can determine g as follows. Since ¢(uo) = min,~ ¢(u),

¢'(wo) _ 1 n pr(A)a  prn(A)(2uo —b)
dlpo)  po  apo — A 1o® — buo

=0.
Thus ug is a zero of the polynomial y defined by

w(p) = a(l — Br(A)i’ + (221 Br(A) — 41 — ab)p + Z1b(1 — fr(A)).
Since p(b) = —fn(A)b(1 — a)(1 —b) < 0, uo is the largest zero of . Thus o can be
calculated explicitly in terms of 8, n(4) and 1.

Note that if A =0 then yyp = (1 —n(A))/(1 — fn(A)) and

_(L=m) T
b0 = (1)

In this case, the bound in Theorem 3.1 coincides with the usual Chernoff bound [9], up
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to a multiplicative constant. An easy continuity argument shows that if § and n(A4) are

fixed, then ¢(ug) goes to
1 — n(A) 1—/i1r(A)ﬁiﬁn(A)
1 — fn(A)

as Ay goes to 0, and cp (4, stays bounded.

4. Other bounds

We first give bounds on the tail of S; which are more explicit but weaker than the bound
in Theorem 3.1. These bounds come from choosing a u in the statement of Theorem 3.1,
which may not minimize ¢(u). We then establish a bound on the probability that the
Markov chain stays inside A for [ steps. Finally, we give an application to the leader
election problem.

Theorem 4.1. For any integer | = 1 and 1 < f§ < 1/n(A),
Pr[S; = pr(A)]

< apoann [0 B0 exp (=) (V= )~ T= () (1= )
velV

Proof. Let u; =1+ €e(1 — 4;), where € > 0 is to be determined later. Then
apy — A - 1 (1 —7(A))e(l — 2y)

Uy —b n(A)+ e
< e*(lfﬂ(A))f(lffh)/(H(AHE),

since 1 + x < e for any real number x. Similarly, ;! =#74) < ecI=ArANI=4) "and so

$(11) < exp ((e(l ~ pu(ay) — L A)epn() ) (- Al)) . 1)

n(A)+e€
The coefficient of 1 — 4; in the right-hand side of (4.1) is minimized when

_ B — pr(A)
e-n(A)( 1= fn(d) —1>,

and is equal to —n(4) (\/f — pn(4) — JT— ) for this value of e. Thus, by (3.4),

Pr S = fr(A)l]
< gt [T gl p(po)
< By Mgl ()

< Cﬂm(A),A]IIH_IqIIneXp( nA)(\/ﬂ pr(A)—/1— )(1—,11))

as desired. ]
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Theorem 4.2. For any integer | = 1 and 1 < f < 1/n(A),

B q(v)?
1—a+ fa =~ n(v)

Pris; = fr(A)] < exp (—(B — 1)2m(A)*(1 — iy)l).

Proof. We replace the subscript 0 by 2 in (3.4), where u, = 1 + n(4)(f — 1)(1 — 4;) and
2
0, =In (”fb” 2). This corresponds to the case e = m(A4)(f — 1), following the notation in

apy—A1
Theorem 4.1. Equation (4.1) shows that ¢(u;) < exp (—(ﬁ —1)*rn(A4)*(1 — /11)). A simple
calculation shows that

e m—=b B
o amp—7i  l—a+pa
The theorem follows. |

The bound in [7] can be stated as follows:

2
PeLS) > fr(a)] < 2[5 00 exp (<(8 — 17m(AP(1 = 21/ O0v). @42
veV

where v = max,, n(x)/n(y). Gillman [6] has subsequently shown that v can be replaced
by 1 in (4.2). Theorem 4.2 shows that the exponent in our bound always beats the one in
(4.2) by at least a constant factor. For fixed §, Theorem 4.1 shows that it beats it by a
factor of ©(n(A4)~!) when n(A4) is small.

Following [1, 8], an improved bound on the probability that a random walk on a
regular graph stays inside a given set was given in [13]. The following theorem generalizes
this result to any reversible reversible Markov chain on a finite state space. The proof we
use is similar.

Theorem 4.3. The probability that X; € A, for 1 <i <1, is at most

\/n(A) S (e /a() .

veEA

Proof. Let P4 and P) be the n x n matrices defined by P4 = (P(x,y)xa(x)y4(y)) and
Py = (P'(x,)24(x)x4(y)). For f € L*(n), define f4 € L*(n) by fa(v) = f(v)xa(v). By (3.1)
and noting that (f, Paf)z = (f4, Pfa)r and (f, Pif)r = (fa, P'fa) for any f € L*(n), we
see that P4 <, P}. Since P4 and P} are self-adjoint in L?(r), it follows that o(P4) < Zo(P}).
The largest eigenvalue of a~!'P) is equal to the largest eigenvalue of its restriction to A,
which is 1 since this matrix is stochastic. Therefore /o(P4) < a. Now,

qTP/ "y

= <H71q5PA171XA>n

< M gllallxallxio(Pa) ™!
<

I~ gl \/n(4) @' O

PriX;e4,1<i<]]
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4.1. An application to the leader election problem

The leader election problem arises in distributed computing. A set of players, a constant
fraction of which are dishonest, are trying to elect a common leader. A protocol must
guarantee that there is a reasonable chance that a leader is elected among the set of
honest players, regardless of the behaviour of the dishonest players. Recently, Ostrovsky,
Rajagopalan and Vazirani [15] designed a constructive O(logn) round protocol for the
leader election problem in the full information model that tolerates a small constant
fraction of dishonest players. Their protocol uses walks on an expander graph, and
their analysis relies on the Chernoff bound on random walks in [7]. Since the bound in
Theorem 3.1 is sharper than the one in [7], Theorem 3.1 implies an improved bound on
the fraction of dishonest players that the protocol can tolerate.

5. Tightness of bounds

In this section, we prove that the exponent « in Theorem 3.1 is optimal in the following
sense. For any integer n > 2 and any real numbers 0 < p < 1 and 0 < 4; < 1, there exists
an irreducible reversible Markov chain on a state space of size n whose second largest
eigenvalue equals 4, a subset A of states with stationary distribution n(4) = p, such that
the exponent in Theorem 3.1 is optimal for any initial distribution. We start with the case
n = 2. Consider the Markov chain on the state space {1,2} whose transition matrix is
Qup, Wwhere a =21 +p—A1p and b = 1 — p + J;p. This Markov chain is irreducible and
its second largest eigenvalue equals A;. Its stationary distribution has weight p on 1 and
1 —p on 2. Let S denote the number of times the Markov chain hits the set 4 = {1}
during the first [ steps.

Theorem 5.1. For integer | > 1, 1 < § < 1/p, and any initial distribution,
Pr(s; = fpl] = Q@)

where the constant behind Q is a function of 21, p and .

Proof. We will assume that [ is sufficiently large whenever needed, and that all multiples
of | that we consider are integral. We can also assume without loss of generality that
the initial distribution is concentrated on {1} since the probablity that the Markov chain
takes value 1 in the second step is at least min(a,1 —b) =1 —b.

We will exhibit a set of disjoint events for which S; = fpl and whose probabilities sum
up to Q(a/!=))_ Fix a positive real number x less than min(Bp, 1 — Bp). For any sequence
of non-negative integers (my, mo,...,my) and (ny, ny,...,ny) such that m;+my+---+my =
(Pp—x)l and ny +ny +---+ny = (1 — fp — x)l, consider the following event that consists
of xl subsequent phases, the first phase starting at step 1. For 1 < i < xI, the Markov
chain takes value 1 during the first m; steps of Phase i, then takes value 2 for the n; + 1
subsequent steps, then takes value 1 for one step. For each such event, the total number
of steps the Markov chain takes value 1 is (m; + 1)+ (my + 1)+ -+ (my + 1) = Bpl, as
desired. Each such event consists of my 4+ my 4+ -+ - + my = (fp — x)I loops in position 1,
n+ny+ - +ng = (1—pp—x) loops in position 2, x! transitions from 1 to 2 and xI
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transitions from 2 to 1, so it happens with probability afP=¥)!p(1=Fr=21(1 — g)*(1 — p)¥,
Since there are (ﬂx’}l__ll) ways to choose the sequence (my,ms, ..., my) and ((1;/;5)11—1) ways

to choose the sequence (ny,na,...,ny),
Pr [Sl > ﬁpl] > ﬁpl —1 (1 - ﬁp)l —1 a(/}p—x)lb(l—/j’p—x)l(l _ a)xl(l _ b)xl
xl—1 xl—1

= Q1)

where

J(x) = (Bp)PP(1 — pp)*—Fr

XH(Bp — x)Pr=x(1 — pp — x)1=Fr—>
For the rest of the proof, let x = (1 — Bp)(1 — b/up). It is clear that 0 < x < 1 — fp.
Since py is a zero of the polynomial vy defined in Section 3 (n(4) = p in this case)

and po = b(1 — Bp)/(1 — Bp — x), a simple but tedious calculation shows that abx’> =
(1 —a)1 =b)pp—x)1 — Pp—x). Thus x < fp, and

(app)’?(b(1 — pp)) "

a1 — a)¥(1 = b,

)= Gy — <yt — Bp—
(aBp)’Ppo' PP
C (Bp—x)Pr
Further calculations show that y(x) = ¢(up) = o« This concludes the proof of
Theorem 5.1. L]

The case for integer n > 2 can be reduced to the case n = 2 by taking A to be any
proper subset of states, = being uniform on 4 and on its complement with n(A4) = p, and
the transition matrix being P’.

6. Conclusion

We gave an improved bound on the tail of the distribution of S;/I. Whether our result
can be used to improve the running time of known algorithms based on sampling is a
question worth investigating. Our bound is asymptotically optimal for a certain class of
Markov chains, but we don’t know if it is tight for the examples that arise in applications.
A tighter analysis adapted to these examples could also lead to an improvement in their
running times.
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