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Abstract. A series of nonrepresentable relation algebras is constructed from groups. We use
them to prove that there are continuum many subvarieties between the variety of representable
relation algebras and the variety of coset relation algebras. We present our main construction in
terms of polygroupoids.

§1. Introduction. In 1941, Tarski [39] defined the class RA of relation algebras. This
was the culmination of previous extensive work by Peirce and Schroder, who worked
towards extending Boole’s system to capture more of our reasoning than propositional cal-
culus does. In the early 1940s, Tarski proved that set theory can be built on the equational
theory of relation algebras [40]. It may be just an accidental fact that mathematics today is
based on first-order logic and not on the equational theory of relation algebras [29,36]. Still
today, RA is an active field of research. It is a central topic in algebraic logic [13,14,21,30],
but relation algebras also have deep connections with other areas of mathematics, such as
geometry, graph theory, combinatorics, group theory, linguistics, arrow logic, and modal
logic, to list some [5,7,12,26-28,32]. Relation algebras are extensively used in computer
science [6, 35,37].

In the 1940s, J. C. C. McKinsey noticed that the complex algebra (the natural algebra of
complexes or subsets) of a group is a relation algebra. Jonsson and Tarski proved that the
complex algebra of a Brandt groupoid is a relation algebra [25, sec. 5]. Comer [8] defined
polygroupoids (these turned out the same as regular, reversible-in-itself multigroups in
Dresher-Ore [11]) and proved that relation algebras are exactly subalgebras of complex
algebras of polygroupoids. He showed that some theorems of relation algebra theory are
easier to prove for polygroupoids first and then transfer the result to relation algebras [9].
He suggested a research project of doing a portion of relation algebra theory in terms of
polygroupoids. In this article, we take up his initiative since we find that a large part of
our work can be more conveniently formulated in terms of polygroupoids than in terms
of relation algebra theory. In particular, we can introduce the class RRA of representable
relation algebras by generalizing the notion of the Cayley representation of a group to
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polygroupoids. Representable relation algebras are the primary or generic examples of
relation algebras.

A generalization of group relation algebras is introduced in [15,17], by using an intricate
system of groups and their factor groups (see Figure 1). They are all representable, their
representations closely follow the Cayley representations of the groups involved. However,
with a slight “shift” we can make some of these group relation algebras nonrepresentable.
One such example is presented in [1, sec. 5]. In this article, we present a generalization
of that example, and this way we construct an infinite series of nonrepresentable shifted
group relation algebras (coset relation algebras, in short). We use these algebras to prove
that there are uncountably many varieties of coset relation algebras that all contain the
variety of representable relation algebras (Theorem 5.1).

It is known to be difficult to construct nonrepresentable relation algebras because the
finitely axiomatized class of relation algebras approximates surprisingly well the non-
finitely axiomatizable class of representable relation algebras. Our method for constructing
nonrepresentable relation algebras has novel features; it differs in intuition from the ones
available in the relation algebra literature. One novel feature is that they are constructed
from systems of groups with only slightly distorting the group system structure. Only how
the groups are connected is distorted, the groups themselves are kept intact. Another feature
is that the cause of nonrepresentability in these algebras is “sheer” structure, not size, not
that some parts of the algebras are too big or too small.

Why does one want to construct nonrepresentable relation algebras, when the repre-
sentable ones are of the primary interest? For example, because they can be used to prove
various properties of representable relation algebras. Monk [34] uses a series of nonrepre-
sentable relation algebras to prove that the variety RRA cannot be axiomatized by a finite
set of equations. Similarly, Jonsson [24] proves that each equational axiom system of RRA
must use infinitely many variables. His proof relies on nonrepresentable relation algebras
constructed from projective planes. For a sample of constructions of nonrepresentable
algebras, see [4,20,22,31,33,38].
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Fig. 1. Group coset frame ((&x : x € I), {pxy : (x,¥) € E), (Cxyz : (x,Y), (v, 2) € E)).
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In §2, we introduce previous work that we need from relation algebra theory, in terms of
polygroupoids. We assume basic knowledge of groups, e.g., normal subgroup and factor
group. We hope that this section can be read without any background in relation alge-
bra. We also hope that some knowledge acquired in relation algebra theory can be made
available this way to a larger community of mathematicians. In §3 and §4 we still work
solely with polygroupoids and groups. In §3, we construct a group frame starting from any
commutative group. In §4, we add the “shift” and we prove that the algebras obtained are
all nonrepresentable. This is one of the two main theorems of the article. Relation algebras
are introduced in §5, where we begin to use relation algebra terminology. We show that
the examples we constructed in §3 and §4 are diverse enough in that none of them can
be embedded into the other. This feature is used in proving our second main theorem,
Theorem 5.1.

§2. Groups, groupoids, and group systems. We recall the definition of polygroupoids.
The notion of a polygroupoid is a generalization of that of a group. Brandt groupoids are
generalizations of groups in that the binary composition operation is partial in them and
that they can have more than one identity elements. Composition can be multivalued in
polygroupoids, in addition.

Some notation that will be convenient (and is customary) to use in partial multivalued
algebras. A partial multivalued binary operation ° on a set M is a partial function from
M x M to the set of all nonempty subsets of M. We can define an extension o of ° by
defining @ o b = @ when a,b € M and a<b is not defined. Then o is a total function
from M x M to the powerset of M. We can recover ° from o by noting that a o b = @ if
and only if a°b is not defined. We will not distinguish between ° and o in the following.
When X,Y C M we write X¢Y = {c : ¢ € a°b forsomea € X andb € Y}, and
X! ={c7!: ¢ € X}. We often write just a in place of the singleton {a}.

DEFINITION 2.1 (Polygroupoid, [8, Definition 3.1]). By a polygroupoid we understand a
structure M = (M, =, I, ~Y), where © is a partial multivalued binary operation on M and
I C M and =V is a unary operation on M that satisfy the following three conditions for all
a,b,c e M.

(i) (@°b)°ec =a=(bec),
(i) a°l =a=1-°q,
(ili) a € bec holds if and only if b € a>c~" and this holds if and only if c € b~ <.

Polygroupoids appear in many parts of mathematics. In particular, groups and Brandt
groupoids are special polygroupoids. The latter can be characterized as those polygroupoids
in which the composition operation ° is not multivalued (but it may be partial).

An element a of a polygroupoid is called a loop if there is x € I such that xca°x = a
(intuitively, if the domain and range of a coincide). A polygroupoid is said to be locally
Sunctional if the product of two loops f, g in 9T cannot have more than one value, i.e., if
|f gl < L. Let PG denote the class of all polygroupoids and let LPG denote the class of
all locally functional polygroupoids.

Surprisingly, locally functional polygroupoids have a rather rich structure. They are put
together from various groups and their factor groups in an orderly manner. The novelty
here is the appearance of factor groups: they appear because of the multivalued nature of
the composition operation.

The notion of a group coset frame emerges as the complete description of the structure
of locally functional polygroupoids, see Theorem 2.5 below. For introducing group coset
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frames, we need some notation concerning groups. When & is a group, we usually denote
its universe by G, its binary operation by ©, its identity element by e and inverse of g € G
by g~'. When H is a normal subgroup of &, we denote the set of cosets of H in & by G/H.
Thus G/H = {g°H : g € G} = {H°g : g € G}, this is the universe of the factor group
®/H. More generally, when X C G we denote X/H = {g°H : g € X} and g/H = g°H.
Since groups are special polygroupoids, we use the notation introduced for polygroupoids
for groups, too. In particular, when H, K are two normal subgroups of &, their complex
product, H°K, is the normal subgroup generated by them. Now, H K is both a union of
cosets of H and a union of cosets of K. Often, we will identify H°K with H/K or K/H
while the exact connection is H °K = | J H/K. We hope this will not lead to confusion.

DEFINITION 2.2 (Group coset system, [17], [1, sec. 3]). Let I be any set and € C I x I
be an equivalence relation on 1. Assume that G = (&, : x € I) is a system of groups,
@ = (@xy : (x,y) € E) is a system of isomorphisms between their factor groups,

Oxy 1 Ox/Hyy — &y /Ky, is an isomorphism
and C = (Cyy; : (x,), (v, 2) € ) is a system of cosets of these factors, in more detail,
Cyy; isacoset of Hyy°H,;.
Then we call (G, ¢, C) a group coset system.

Group coset frames are group coset systems in which there is a concert between the
ingredients of the group coset system, see Figure 1. When f is a function with domain A
and X C A, we denote the image of X under f by f[X] = {f(x) : x € X}. When C is a coset
of a normal subgroup H, we denote by 7 (C) the inner automorphism it induces, thus

(C)(D) =C'-D-C

for all cosets D of H. We will denote compositions of functions with a sign different from
the usual °; moreover, we will use relation-type composition as in category theory where
the order of applying the functions is different. In more detail, the composition of binary
relations R, S is

R|S={,v): (u,w) € Rand (w,v) € S for some w}.

When f : U — V is a function, we consider it as a binary relation {(u, f(«)) : u € U}, then
flg:U— Wifg:V —> Wand

(18w = g(fw).

DEFINITION 2.3 (Group coset frame, [1, Definitions 3.2, 4.1]). A group coset system
(G, ¢, C) is called a group coset frame if the following eight conditions are satisfied for all

), ,2), @@ w) el

(1) @y is the identity function on Gy/{ey}, where e, is the identity element of Gy. Thus,
Hy = {ex}.
(i) @yx is the inverse of gxy. In particular, Ky, = Hyy.
(1) qoxy[sz/ny] = Hyz/ny-
Assume that (iii) holds. Define ¢3,(g/(Hxy°Hyxz)) = ¢xy(8/Hxy) °Hyz. Now, ¢, is well
defined, because of (iii).

(iv) (0;_\; | ¢;Z = 1(Cxyy) | .
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We now list the connections between the cosets Cyy, that are required to hold in a group
coset frame.

(V) Cyyy = Hyy.
(vi) (sz[cxyz] = Cz_y)lc
(vii) (ny[cxyz] = C;é
(viil) Cryz °Crgw = @yx[Cyzw ©Hyx] © Cryw

Theorem 2.5 below states that group coset frames completely capture the structure of
locally functional polygroupoids, in an analogous manner as a system of groups captures
the structure of a Brandt groupoid. Let us call a polygroupoid connected when for all
identity elements x, y there is an element a such that x°cacy = a. It is known that the
structure of each connected Brandt groupoid can be described by a group & and a set /,
as follows. To each group & and set /, a Brandt groupoid B(®, I) is defined, such that
the universe is {(x, g,y) : x,y € [ and g € G} and multiplication is (x, g, y)°(y, h,z) =
(x, g°h, 7). One can prove that each connected Brandt groupoid is isomorphic to one
of these B(®, ). When B is not connected, we have an equivalence relation £ on [/
and distinct blocks of £ may have distinct groups. Now, group coset frames capture the
structures of locally functional polygroupoids, in an analogous way. First we introduce the
polygroupoid analogues of B(®, I).

DEFINITION 2.4 (Structure associated to group coset system). Assume that (G, ¢, C) is a
group coset system. We define the structure $3(G, ¢, C) as follows. The universe is

P={(x,gy:(xy efandgec G/Hy}.

Multiplication on P is a multivalued binary partial function defined as follows. We will
denote the multiple (x, g, y) °(y, h, z) simply by juxtaposition (x, g, y)(y, h, z). Assume that
(x, g,5), W, h, 2) € P. Their multiple is defined exactly when y = w and

6, &0, 7, 2) = {(x, k,2) € Pk C gy (8) °h) * Coye }-
The set E of identities of 3 is

E={(x,Hy,x) :xel}
and inverse is defined as

(@807 =0, 0™, 2).

The following theorem states that the concrete polygroupoids defined in the above defi-
nition exhaust all locally functional polygroupoids.

THEOREM 2.5 (Group coset frame theorem, [1,18]). LPG is exactly the class of structures
associated to group coset frames, up to isomorphisms. In more detail:

1) PG, ¢, C) is a locally functional polygroupoid if and only if (G, ¢, C) is a group
coset frame.

(i1) For each locally functional polygroupoid 3 there is a group coset frame (G, ¢, C)
such that *B is isomorphic to B(G, ¢, C).

Proof. Proving part (i) of the theorem in relation algebraic context is the main subject
of [1] and part (ii) in relation algebraic form is the main representation theorem of [18].
After showing how the present theorem follows from the results in these articles, we sketch
a direct proof of (ii) in terms of polygroupoids.
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To be able to apply the above relation algebraic theorems, we begin by showing that
B = P(G, ¢, C) is isomorphic to the structure of atoms of the algebra € = &€(G, ¢, C)
defined in [1], below Definition 3.2.

The definition of € is as follows. First, we make the universes of the groups &, disjoint.
Let (x, y) € £ and let H be a coset of H,, in &,. Define (see [1, Definition 2.1])

Ry = U{K X ouy[K °H] : K € Gy/Hyy).

The atoms of € are the binary relations R,y y and multiplication ® of € between atoms is
(see [1, Definition 3.1])

Ry, @ Ry, x = U{sz,Q :0C (/’yx[%cy(H) °K]°Cyy},

and Ry p ® Ry, x = @ when w # y. The identity atoms are Ry, y Where H = H,,
by [1, Theorem 2.4]. The inverse of R,y p is Ry x where K = (oxy(H_l), see [1, Theorem
2.5]. Therefore, the function assigning R,y g to (x, H,y) € P is the desired isomorphism
between ‘P and the structure of atoms of €.

Theorem 4.2 in [1] states that € is a complete atomic measurable relation algebra when
(G, 9, C) is a group coset frame. Comer [8, Theorem 4.2] states that the structure of atoms
of a complete atomic relation algebra is a polygroupoid. Thus 8 € PG. It is locally
functional because € is measurable, but this can be seen easier directly, as follows. The
loops among the elements of 3 are of form (x, g, x) where x € I and g is a coset of Hy,.
When (G, ¢, C) is a group coset frame, we have that Hy, = {e,}, ¢y is the identity map on
cosets of Hy, and Cyyy = Hyy, SO @y (9 (g) °h) ° Crxx = g °h which is a single coset of H,,
and therefore (x, g, x)(x, 1, x) = {(x, k, X) : k C @rr(@xx(g) °h) ° Cyyx} consists of a single
atom. Also, (x, g, x)(y, h,¥) = @ when y # x. Thus ‘g is locally functional. This proves
one direction of (i). The other direction, namely, that (G, ¢, C) is a group coset frame when
P8 is a locally functional polygroupoid follows from Theorems 2.4, 2.5, 2.8, 3.4, 3.5, 3.7,
and 3.8 in [1].

To prove (ii) of the theorem, let us assume that 3 is a locally functional polygroupoid.
Let € be its natural algebra of complexes, defined in [8], for example. Then € is a complete
atomic relation algebra, by [8, Theorem 4.2]. That ‘¥ is locally functional translates im-
mediately to the statement that € is measurable (for the definition of a measurable relation
algebra see [17]). Now, the main representation theorem of [18], Theorem 7.4, states that
there is a group coset frame (G, ¢, C) such that the structure of atoms of € is *B(G, ¢, C).
This proves (ii).

Next we sketch a direct proof of Theorem 2.5(ii), in terms of polygroupoids. This will
also show how to extract the group coset frame (G, ¢, C) from the polygroupoid.

Assume that 3 = (M, =, 1, ~!) is a locally functional polygroupoid. For any x,y € I
define My, = {a € M : xcacy = a}. Let £ = {(x,y) € I x I : My, # @}. It can be shown
that £ is an equivalence relation on /.

Let G, = M,,. It can be shown that &, = (G, °, {x}, _1) is a group for each x € I,
because P8 is locally functional. This gives our system G = (&, : x € I) of groups.

Next we construct the isomorphism ¢,, between quotients of &, and &, for (x,y) € £.
For any a € M,y let

Hy(a)={geGy:gca=a} and K, (a)={geGy:a°g=a}

and let g,y(a) take a coset H of H,y(a) to a coset K of K,y (a) just in case H°a = a°K.
It can be shown that Hyy(a), Kyy(a) are normal subgroups of &, and &,, respectively, and
they do not depend on the choice of a. Moreover, ¢y, (a) : &y/Hy(a) = &,/Ky(a) is
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an isomorphism, but this isomorphism may be different for different elements a. To select
a coherent system of isomorphisms, let us select a system a = (ay, : (x,y) € &) of
elements such that a,, € Myy, ax, = x and ax_yl = ay, for all (x,y) € £. Such a system of
elements can be chosen, it is called a semi-scaffold. Let us define ¢, = ¢y (ayy), and let
¢ = (px : (x,y) € ). It can be proved that ¢ satisfies frame conditions (i), (ii), and (iii).
Finally, we define Cy,, so that frame condition (iv) holds, as follows. Ideally, we would
want that a,; € ayy °ay; also hold in the semi-scaffold (then a is called a scaffold), but
this cannot always be achieved. We define Cy,, to make up for this, by letting g € Gy
be such that g°a,; € ayy°ay; (one can prove that there is such a g), and then C,,, =
g°Hyy °Hy;. Finally, one can show that coset conditions (v)-(viii) hold because ‘B is a
polygroupoid. (]

The notion of the Cayley representation of a group can be generalized to polygroupoids.
Since we have multivalued composition in polygroupoids, we will represent the elements
by binary relations in place of bijective functions (permutations) as in a Cayley represen-
tation. When R is a binary relation, its inverse is R™' = {(v, u) : (u, v) € R).

DEFINITION 2.6 (Representation of polygroupoid). A representation of a polygroupoid
M = M, °,1,”") on a set U is a function rep that assigns disjoint nonempty binary
relations on U to elements of M, that is

rep(a) C U x U is nonempty and rep(a) is disjoint from rep(b) whenever a # b,

that satisfies the following three conditions for all a,b € M.

rep(a) | rep(b) = | repla-b],
Ufrepx) :x eI} ={(u,u) : u € U}, and
rep(a)~! =rep(a!).

Let RPG denote the class of representable polygroupoids.

What we call representations are called color schemes in [10, p. 31] and [9, Exam-
ple 3, p. 79], and their connections with Cayley-representations of groups are elaborated
in [10, Theorem 5]. (More precisely, the above articles deal with polygroups only, i.e.,
polygroupoids where [ is a singleton, but everything can be generalized to polygroupoids,
see [9, Remark 1, p. 85].)

Brandt groupoids are all representable, and in fact, their representations can be put
together from the Cayley representations of the groups involved. Our original hope, when
we started to work with measurable relation algebras, was to prove the same for all locally
functional polygroupoids. However, after proving several representation theorems for spe-
cial classes (see [2, 15, 17]), we found a nonrepresentable locally functional polygroupoid
(see [17, p. 56]). This construction is presented in [1, sec. 5]). A generalization of this
example is outlined in [17, p. 59], but this more involved construction has never been
published. In this article, we present concrete definitions for the algebras and we give a
detailed proof for their nonrepresentability (Theorem 4.2). The construction and proof we
present here are simpler than the original ones in [16].

To prove nonrepresentability of our polygroupoids, we will use Theorem 2.8 below
which characterizes the representable locally functional polygroupoids.

DEFINITION 2.7 (Scaffold, [17, Definition 2]). Let 9t = (M, =, 1, ~") be a polygroupoid.
A scaffold in M is a system a = (ayy : x,y € I, x°M°y # @) of elements of M that satisfies
the following, for all x,y, z € I such that xeM -y # @, yoM °z # 0.
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— _ —1
Qyy = X°0xy°Y, Gxx €1, ay = ay and  ay; € ayy °ay;.

Let us call (G, ¢) a group frame if (G, ¢, C) is a group coset frame where all the Cy,s are
the identity cosets Hyy °Hy,. The following theorem says that choosing the coset system C
in a nontrivial way is essential in constructing nonrepresentable LPGs.

THEOREM 2.8 (Group frame theorem, [15,18]). Let M € LPG. The following are equiv-
alent.

(i) 9N is representable.

(ii) M is isomorphic to B(G, ¢, C) for some group coset frame (G, ¢, C) where all the
Cyys are the identity cosets Hyy °Hy;.

(iii) There is a scaffold in ON.

Proof. Assume that 9t € LPG and let € be its algebra of complexes. Then € is a com-
plete atomic measurable relation algebra, by the proof of Theorem 2.5. Any representation
of 901 can be extended to a function defined on the complexes, simply by defining rep(X) =
J{rep(x) : x € X}. It can be proved that rep so defined is a complete representation of
¢ as defined in the relation algebra literature, and any complete representation of € is a
representation of 90T when restricted to the atoms, that is, to say to the elements of M.
Thus, € is completely representable if and only if 91 is representable. By the proof of
Theorem 2.5, we have that ¢ is a complete and atomic measurable relation algebra. Thus,
¢ is completely representable if and only if it has a scaffold, by Corollary 7.7 and Theorem
7.8 of [18]. Finally, € is completely representable if and only if its structure of atoms is
determined by a group frame, by Theorem 7.6 of [18] and Theorem 4.2 of [15]. U

§3. Construction of group frames. In this section, we construct a series of group
frames, one for each commutative group §. A coset system C will be added in the next
section. Our goal is to add a coset system C such that the so obtained group coset frame
will determine a nonrepresentable polygroupoid. This places restrictions on how we can
define our group frame. For example, any group coset frame ((&, : x € I), ¢, C) where [
has less than five elements determines a representable polygroupoid, so we want to have
at least five nodes x in the group system. When all the groups &, are the product of at
most two finite cyclic groups, we cannot achieve nonrepresentability, either. Therefore we
will have § x § x § at the nodes of our group frames. Finally, we have to have “three
distinct levels” in the construction, because if at each node x we have H,, = {e\}, or we
have H,, = H,, for all distinct y, z, x € I, then nonrepresentability cannot be achieved.
Therefore we want to have that Hyy, # {e,} and Hy,°Hy, # H,, for all distinct x, y, z.
These “guiding” theorems are mentioned in [17], and their proofs are in [16].

In this section, we use additive notation for groups instead of multiplicative notation as
in the rest of the article. Let § = (F, +) be a commutative group with zero element 0. We
denote the inverse of g € F by —g. We shall define a particular group frame (G, ¢) with
all the &, being §> = F x T x §.

3.1. The normal subgroups. Define the following subsets of F>:

Ly ={(a,0,0) : a € F},
L ={(0,a,0):ae€ F},
L, =1{(0,0,a):a € F},
L3 ={(a,a,a) :a e F}.
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The properties of these subsets we will use in the article are gathered in the following two
lemmas. Let £ = {L; : i < 4}.

LEMMA 3.1. Let S denote the group of all permutations of L and let Aut(3?) denote
the group of all automorphisms of §°. There is a group homomorphism o : & — Aut(F°)
which satisfies the following two properties for all T € Sy and and L € L.

(1) a(m)[L] = = (L).
(ii) a(m) is the identity on L whenever w (L) = L.

Proof. 1In this proof, instead of permutations of £L = {L; : i < 4} it will be more
convenient to work with permutations of 4 = {i : i < 4}, by identifying a permutation IT
of £ with the permutation 7 of 4 that takes 7 to j just in case II takes L; to L;. Let &4 denote
the group of all permutations of 4.

Fori < 4 we define g; : F — F> as follows. For all a € F we let

go(a) = (a,0,0),
g1(a@) = (0,4,0),
82(a) = (0,0, a),
g3(a) = (=a, —a, —a).

Then it is straightforward to check that for alli < 4 anda € F
g 5§ 53 is a homomorphism and >, _, gi(a) = 0. (1)
For each = € S4 we define a function a, : F° — F3 by
ar(a) = 38z (a), wherea = (ap,a),az) € F°. 2
We are going to prove that a,; € Aut(F>). First we prove
Oz : 33 - 8’3 is a homomorphism. 3)
Indeed, a, respects + because

Orx (a) + oz (b) = Zi<3 8x (i) (ai) + Zi<3 gn(i)(bi) =
2 i 3(8x6) (@) + gz )y (bi) = 23 8z () (@i + bi) = az (a +b).

Above, the first and fourth equalities hold by the definition of o, in (2), the second holds
by commutativity of &, and the third by homomorphism of the g;s stated in (1).
Similarly, inverse and zero are respected:

oz (—a) =2 382 (—ai) = 2 i3 =8y (@) = — D i3 8x (i) (@) = —ax (a),
a7 (0) = 0,(0,0,0) = Zi<3 g,r(i)(O) = Zi<3 0=0.

So a; is indeed a homomorphism, and this proves (3).
Next we prove

az(gi(a)) = gzy(a), foreachw € S4,aec Fandi <4. “4)
Indeed, if i < 3, this is clear by definition of . For example,

az(go(a)) = az(a,0,0) = gz ) (@) + g2(1)(0) + g2 (2)(0) = gz (0)(@) +0+0 =
gr(0)(a).

To prove (4) for i = 3, leta € F. Then
oz (g3(a)) = oz (=[go(a) + gi1(a) + g2(a)]) =
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—laz (g0(@)) + az (g1(a)) + az (82(a))] = —[8z(0)(@) + gz (1)(a) + &z (2)(@)] =
8z(3)(a).
Above, the first equality holds by the second part of (1), the second equality holds as a, is
a homomorphism, the third equality holds by the cases of (4) that we have already proven
and the last equality holds by the second part of (1) and 7 € S4. This proves (4).
Let us define the function o with domain S4 such that a assigns a, to 7 € S4. We are
ready to prove that o is the desired homomorphism.

o : &4 — Aut(F) is a homomorphism. (5)

To prove (5), first we prove that a preserves composition of functions and it sends the
identity map on 4 to the identity map on F>. From this, we will infer that o, has an inverse,
so it is indeed in Aut(F>).

Let ° denote the composition operation between functions, that is

(az °05)(a) = oz (ag(a)) and (7 °0) () = 7 (o (1)) (6)
We now prove preservation of composition by a.
Oz °0g = Opog, forallm,o €84. @)
Indeed, for given a = (ao, a1, a2) € F>,

(07 cas)(a) = az(as(a)) = oz (Zi<3 80 (i) (a)) = Zi<3 Orx (go'(i) (a)) =
Zi<3 8n (o (i) (ai) = Zi<3 8(r °0)(i) (ai) =0rx oo (a)
The first equality holds by the definition of ° in (7), the second equality holds by the
definition of a, in (2), the third equality holds because o, is a homomorphism as proved
in (3), the fourth holds by (4), the fifth by the definition of 7 °¢ in (6), and the last one by
the definition of a; o, in (2).
Let 1 denote the identity map on 4, i.e., 1(i) = i for all i < 4.

a,(a) = go(ap) + g1(ar) + g2(az) = (ap, 0,0) + (0, a1, 0) + (0,0, az) = (ao, a1, az) =
a.

Thus, a, is indeed the identity map on F>. Let ¢ denote the inverse 7 ' of 7. Now,
Oz °0s = Ogoy = 0, by (7), and similarly a, °a; = «,. Since @, is the identity map,
this shows that «,, is the inverse of . Hence, o, € Aut(SS) for all # € S4 and, moreover,
o preserves inverse. This completes the proof of (5).

Finally, we show that a satisfies the two extra conditions required in the statement of
Lemma 3.1. Indeed, they follow from the observation that L; = {g;(a) : a € F} and (4):

a(m)[Li] = az[{gi(a) :a € F}] = {gz)(a) : a € F} = L), and
a(m)(x) = argi(a) = gr()(a) = gi(a) = x, whenever 7 (i) =iand x € L;, x = gi(a).

Lemma 3.1 has been proved. U

LEMMA 3.2. Assume i,j, k < 4 are distinct.
(1) L; is a normal subgroup 0f§3.
(ii) L; + L; intersected with L; + Ly is L;.
(i) Li + Lj + Ly = F> .
(iv) Let C, D be cosets of L; + Lj and L; + Ly, respectively. Then C N D is a coset of L;.
W) F/L=FxF and F/(Li+1) =5
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Proof. Tt is enough to check Lemma 3.2 for (i, j, k) = (0, 1, 2), because after that we
can use Lemma 3.1 and the fact that all the statements in the lemma are preserved by
automorphisms, to infer that Lemma 3.2 holds for all distinct i, j, k < 4.

Clearly, Ly is closed under addition, so it is a subgroup of 83 , and it is normal because
¥ is commutative and so 33 is also commutative.

We have Ly + Ly = {(a,b,0) : a,b € F} and Ly + Ly = {(a,0,¢) : a,c € F}, their
intersection is Ly = {(a, 0,0) : a € F}.

Clearly, Lo + Ly + L, = {(a, b, ¢) : a, b, c € F} = F3.

Let C, D be cosets of Ly + L and Lo + Lo, respectively. Then C = {(a, b, ¢) : a,b € F}
for some ¢ € F and D = {(a,b,c) : a,c € F} for some b € F. Their intersection is
CND={(a,b,c):ae F} which is the coset Lo + {(0, b, ¢)} of L.

Finally, the elements of F3/Lo are {(a, b, c¢) : a € F} for some b, ¢ € F, and it is easy to
see that the function assigning (b, ¢) to {(a, b, ¢) : a € F} is an isomorphism from &3 /Lo
onto § X §. The proof for 33/(L0 + L) = § is similar.

This proves Lemma 3.2. U

3.2. The system of quotient isomorphisms. Let I be any five-element set. Define
®x=33, forall x € I,
and G = (&, : x € I). Let us specify Hy, for distinct x, y € I such that
{(Hy:yel,y#x}={L;:i <4} for any x € 1. (D)

This can be done because I has at least five elements. Since [ has five elements, we have
that H,, and H,; are distinct for distinct x, y, z.
Let x,y € I be distinct. We define a function 7., on £ = {L; : i < 4} as follows.

my(Hy) =Hy, and 7, (Hy) = Hy, foranyuel\ {x,y}. 2)

Below, [u, v] = {(, v), (v, )} U {(w, w) : w € L\ {u, v}} denotes the transposition of u, v
in L.

LEMMA 3.3. Let x,y, z € I be distinct.

(i) myy is a permutation of L.

(i) 7y = n;yl.
(iil) 7y | Ty, = Taz | [Hox, Hyyl.
Proof. Letx,y,u, v, w be arepetition-free listing of /. Then 7, takes

Hyy, Hyy, Hyy, Hey 0 Hyy, Hyy, Hyy, Hyy,

respectively, by (2). Both lists are repetition-free listings of £, by (1). This shows that 7,
is a permutation of L.
To prove (ii), let p € I be distinct from x, y. Then
7[yx7[xy(ny) = ﬂyx(ny) = H,y and
7Tyx7Txy(pr) = ”yx(Hyp) = Hyp.
Thus 7y, | 7y, is the identity mapping on £. Together with (i), this proves (ii).
To prove (iii), let p € I be distinct from x, y, z and let | denote [H, H,y]. Now
”yz”xy(ny) = ﬂ)’Z(HV)C) =H; and 71'17sz(ny') = 71'1(sz) = Hy.
”)fz”xy(sz) = n'yz(Hyz) = sz and 77 (Hy) = m1(Hy) = sz-
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Ty ay(Hyp) = 1y, (Hyp) = Hyy and w7y (Hyp) = w1 (Hy) = Hyp,.
This shows that (iii) holds. O

Let (a(z) : © € Sg) be a system of automorphisms of F that satisfies the properties
stated in Lemma 3.1. For distinct x, y € I define

Oxy = a(ﬂxy)- 3)

Then a,y is an automorphism of 33 that takes Hy, to Hy,. Hence, ay, induces an isomor-
phism ¢,, between 53 /Hyy and 33 /Hyyx by setting

€0xy(g/ny) = axy(g)/ny' “

For any x € I, let us define ¢, to be the identity mapping on &,/{e,}. By this, we have
defined the system ¢ = (¢xy : x, y € I). Figure 2 illustrates the definition.

THEOREM 3.4. (G, ¢) is a group frame.

Proof. Throughout the proof, let x, y, z € I be distinct and g € F° be arbitrary. ¢, is
the identity by definition. We have 7y, = nx_yl by Lemma 3.3(ii), S0 oy, = ax_yl by (3) and
Lemma 3.1, 50 ¢y, = q)x_yl by (4). Thus, conditions (i) and (ii) of Definition 2.3 hold.

To check conditions (iii) and (iv), first we prove

¢xy[g/sz/ny] = axy(g)/Hyz/ch~ (5)
Indeed,
Oxylg/Hyz/Hyyl = axylg/Hx:l/Hyx = oxy[{g} + Hicl/Hyy =
({axy(g)} + axy[sz])/ny = ({axy(g)} + Hyz)/ny = axy(g)/Hyz/ny-

Above, the first three equalities hold by (4), g/H = {g} + H, and a,, being a homomor-
phism, respectively. The fourth equality holds because ayy[Hy;] = H,; by (3), (2), and
Lemma 3.1(i). The last equality holds by g/H = {g} + H.

53 P 53

33
Fig. 2. The group frame (G, ¢).
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Condition (iii) in Definition 2.3 is a special case of (5) when we take g to be 0, because
0/H = H for any subgroup H. Thus, condition (iii) holds.
To check condition (iv), first we prove

%ch(g/(ny + Hy;)) = axy(g)/(ny + Hyz)- (6)
Indeed,

¢§y(8/(ny +Hy,)) = ¢xy(g/sz) + Hyz = Ony(g)/ny + Hyz =
axy(g)/(ny + Hyz)-

The first equality holds by the definition of ¢f, in Definition 2.3, the second equality holds
by (4), and the last equality holds by | J g¢/H/H' = g/(H + H’). This proves (6).

We will need that the automorphism associated to the transposition of L; and L; for
distinct 7, j < 4 is the identity modulo L; + L;.

a([Li, Li))(g)/(Li + L;) = g/(L; + L;). (7

Indeed, let a1 denote the isomorphism associated to the transposition of L; and L; in {L; :
i < 4}, that is to say, a1 = a([L;, L;]) and let Q denote L; + L;. Then o[L;] = L;
and a[L;] = L; by Lemma 3.1(i) and the definitions of & and the transposition [L;, L;].
Therefore, a1[Q] = Q. Let L, be distinct from L; and L;. Then g = n + f for some n € Q
and f € L,, by Lemma 3.2(iii) since L;, L; and L, are distinct. Also, a1 (f) = f by Lemma
3.1(i1). Hence

a1(8)/Q@ =a1(n+£)/Q =a1(n)/Q + a1(f)/Q =
n/Q+f/Q=m+f)/Q=2g/Q.

The first and last equalities hold by g = n + f, the second and fourth ones hold since
o1 is a homomorphism and the third equality holds because we have a1(n)/Q = n/Q by
01[Q] = Q and n € Q. This proves (7).

We are ready to check condition (iv) in Definition 2.3.

¢;fz(0§y (g/(Hyy + Hyy)) =

§0§z(axy(g)/(ny + Hyz)) = ayzaxy(g)/(Hzx + sz) =
a([Hy, sz])axz(g)/(Hzx + sz) = ax;(g)/(Hy + sz) =
(”))cjz(g/ny + Hy).

The first two and the last equalities hold by (6). The third equality holds by Lemma 3.1
and Lemma 3.3(iii). The fourth equality holds by (7). This finishes checking condition (iv),
and the proof of Theorem 3.4 is complete. (|

§4. Shifting, proof of nonrepresentability. In this section, we return to multiplicative
as opposed to additive notation for groups: we denote the binary operation of a group by
o, the neutral or identity element is denoted by e and the inverse of an element g in a group
is denoted by g~ .

Throughout this section, let § be any nontrivial commutative group, assume that we are
given a particular choice for (Hy, : x,y € I) that satisfies (1) stated in the previous section,
and let F = (G, ¢) denote the group frame we defined from § in the previous section. Let
us give names for the elements of the index set /, i.e., let

1: {p’q’r’s’t}'
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We will define the coset system C such that it will be nontrivial only in the triangle
pqr.

Let f € F3 be such that f ¢ Hp, °Hp,. There is such an element because 33/Hpq °H, =
$ by Lemma 3.2(v), (1) and because we assume that § has more than one element. We now
define three elements associated to f (we could say, three “versions” of f):

=7 fqzapq(f)a and frzapr(f)' (8)

We call (x,y, z) a positive permutation of (p, g, r) if (x,y, z) is one of (p, g, r), (¢, r, p),
(r, p, q), otherwise we call (x, y, z) a negative permutation of (p, g, r).
Define C = (Cyy; : x,y, z € I) as follows.

Cyy; = fx/(Hyy °H,;), when (x, y, z) is a positive permutation of (p, g, r),
Cryz = fx_1 /(Hyy °H,;), when (x, y, z) is a negative permutation of (p, g, r),
Cyy; = H,y°H,;, when (x, y, 2) is not a permutation of (p, g, r).

THEOREM 4.1. (G, ¢, C) is a group coset frame.

Proof. We have to show that (G, ¢, C) satisfies the conditions listed in Definition 2.3.
Since (G, @) is a group frame by Theorem 3.4, frame conditions (i)—(iii) hold. Also (iv)
holds with 7(C,y;) being the identity function on the cosets of Hy, °H,,, by Theorem 3.4.
Since § is commutative by assumption, we have that 33 is also commutative, and thus all
inner automorphisms are the identity function in it. Thus, frame condition (iv) holds for
our particular choice of C, too.

We now check that C satisfies the four coset conditions (v)—(viii) listed in Definition 2.3.
Our system of cosets has the special property that only cosets Cyy, with {x, y, z} = {p, g, r}
are not the identity cosets. This special type of coset system is dealt with in [1, Corollary
4.8], we will check the four conditions listed in that corollary.

Let us order the elements of  as p < ¢ < r < s < t. The first condition, condition (i)
of [1, Corollary 4.8] asks that C p_qlr = Cpry and the analogues for grp, rpg hold. Condition
(i) of [1] is satisfied because

C;q]r - %/(Hpqup’))_l ZJ;_I/(HMOHW) = Gpry-

The cases grp, rpq are completely analogous. This proves (i) of [1]. Condition (ii) of [1]
asks that ¢py[Cpgr] = Cyrp. Indeed,

¢pq[Cpqr] = (/’pq[ﬁn/(Hpq OHpr)] = apq(fp)/(qu Oqu) zfq/(qu Oqu) =
Cyrp-

The first and last equalities hold by the definitions of Cpy, Cpy, Tespectively. The second
equality holds by (5) and commutativity of &, and the third equality holds by (8). This
shows that coset condition (ii) of [1] holds. Checking condition (iii) of [1] is similar:

(Ppr[cpqr] = §0pr[fp/(Hpq OHpr)] = apr(f}?)/(Hrp OHrq) :fr/(Hrp OI'Irq) =
Crpg-

Finally, condition (iv) of [1] asks that
Cpgr © Hpq *Hpr °Hps O\ Hpg °Hpy 2 Hpy.

This holds because Hy,; °Hpr °Hpy = Gy = F3 for x = s, t by Lemma 3.2(iii) and (1). Thus,
C is indeed a system of cosets that satisfies the four coset conditions of [1, Corollary 4.8].
This completes the proof of Theorem 4.1. (|
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THEOREM 4.2. The polygroupoid B(G, ¢, C) is not representable.

Proof. Theorem 3.4 states that (G, ¢) is a group frame, let 0T = P(G, @) be the structure
associated to (G, ¢, H) with H = (Hy,°H,; : x,y, z € I) the “trivial” coset system, and let
B = P(G, ¢, C). Both P and M are locally functional polygroupoids, by Theorems 2.5,
3.4, and 4.1. They have the same universe

P = {(X, g’y) :xry € Iandg € Gx/ny}:

they have the same identity atoms and inverse operation, by Definition 2.1, only their
multiplication operation differ, and that differs only for elements (x, g,v), (v, h,z) € P
with {x, y, z} = {p, ¢, r}. Let ® denote multiplication of }3, and let * denote multiplication
of <M.

Let us inspect these two multiplications. Let (x, g, y), (v, i, z) € P and let us define

8C)h = yc(pxy(g) °h).
Note that g(xy)h is a coset of H,, °H,;, because g is a coset of H,,, 50 ¢.,(g) is a coset of
Hy,, thus ¢, (g) °h is a coset of Hy, °Hy, since / is a coset of Hy,. Therefore ¢y, (p,y(g) °h)
is a coset of Hyy °H, by condition (iii) in Definition 2.3. Thus, g(xy)/ is a coset of Hyy °H,,
and therefore so is g(xy)h e Cyy,. For convenience, let us define

(o, X, y) = {(x, 8,y) : g € X}
when X is a coset of Hyy °Hy; for some z € I. With this notation we have
(x, 8,y) * (v, h, 2) = (x, g(xy)h, 2), and
(x,8,9) ® (v, h, 2) = (x, g(xy)h° Cyyz, 2) -
By Theorem 2.8 we have that 91 is representable. We call 90 the representable, or un-
shifted, pair of 3.

We prove that 3 is not representable by deriving a contradiction from assuming that it
is. Assume that ‘B is representable. By Theorem 2.8 then it has a scaffold, let us fix such
a scaffold a for %B. Note that the set of identity elements of 3 is {(x, ¢, x) : x € I}, and B
is connected. Thus, a = (ay, : x,y € I) is a system of elements of P that satisfies for all
x,y,z€l

ayy = (X, gry, y) for some gy,
ay = (¥, e, %),

Qyy = ay_xl, and

Qy; € dxy @ Ay;.

We now check what this scaffold “does” in the representable pair 91 of *B. Since 21 and 13
have the same universe,
ayy = (¥, gxy,y) is an element of 9N, too. ©))
Since composition * of 9T coincides with composition ® of B3 on elements not in the
“triangle pqr,” we have
ast € age x ay  forx e {p,q,r}, (10)
and also
Qpg € apyx * ayg  forx € {s, 1}, (11)

and similarly for any yz in place of pq if y, z € {p, g, r}. Since converse in 97 is the same
as in *J3 we continue to have

ay =ay' in 9. (12)
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From this point on, we will use that 97 is representable. Let rep be any representation of
M. Now, rep(as) # @ by the definition of a representation, so there are ug, u; such that

(us, us) € rep(ast)~ (13)

By (10) we have rep(ag) C rep(asy) | rep(ay); thus, by the definition of relation compo-
sition | there are u, for x € {p, ¢, r} such that

(us, uy) e replasy) and  (uy, ur) € rep(ax), (14)

for all x € {p, g, r}. See Figure 3.

We now show that the structure of 9, that is the structure of the group frame (G, @),
forces that (uy, uy) € rep(ay,) for x, y € {p, g, r}, and this will lead to a contradiction.

We have (u, us) € rep(as,) ™" by (us, uy) € rep(as,). Also, rep(as) ™" = rep(ay,) =
rep(ay,s) by the properties of rep and by (12), respectively. Now (uy, uy) € rep(ay)
implies that (up, uy) € rep(aps) | replasy) = U replays * agq]. Thus we got

(up, uy) € rep(b) for some b € ay * agy.
We get in a completely analogous way that
(up, uy) € rep(d) for some d € ay; * ay.
Since representations of distinct elements are disjoint, we get that b = d, and so
(up, ug) € rep(b) for some b € (aps * agg) N (ap * ay). (15)
From (12) and (11) we also have that
apg € (aps * agg) N (apr * ayg). (16)

We are going to show that (aps * as) N (ap * ai) is a one-element set, this will imply
(up, uy) € rep(ayq) by (15), (16).

For all x, y € I we have that a,, = (x, gy, y) for some coset g,y of Hyy. Thus a,, * asy =
(p, D, q) for some coset D of Hp,°H,s and ay; * a,; = (p, E, q) for some coset E of
Hpy °Hpy. Since Hpy, Hps, Hyy are distinct elements of {L; : i < 4} by the construction of
the group frame (G, ¢) and D, E are cosets of Hy, °H, and H,,, °H,;, respectively, Lemma
3.2(iv) implies that D N E is a single coset of H),. Therefore, b = (p, D N E, q) for any

Uq

Up Uy

Fig. 3. Selection of the points in the representation of 1.
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element b of (aps * ayy) N (ap * azg). Thus indeed this set has a single element, and so

(p, ug) € replayg).
In a completely analogous way we get that (1, u,) € ap, and (u,, ug) € ay,. Thus

(p, uy) € rep(ay,) | rep(ary,) = U repla, * ar).
Also (up, uy) € rep(ayq). By disjointness of the representing relations we get that
Qpg € Apr * Qyy. (17
By the defining conditions of our scaffold @ we also have
pg € dpr ® Ayy. (18)

However, we got ® from * by shifting with a nonidentity coset K = f,,/(H, °Hp,). Thus
we have that ay,, * ap, = (p, D, q) for some coset D of H), ° Hpy, by the definition of *, and
we have that a,, ® a,; = (p, D°K, g). Since K is a nonidentity coset, we have that D and
D<K are distinct cosets, so they are disjoint. This in turn shows that

apr * Apg 1s disjoint from a,, ® apq

,which contradicts (17), (18). We got a contradiction, so *J3 cannot be representable. U

§5. Continuum many subvarieties of coset relation algebras. In this section, we
use the series of nonrepresentable locally functional polygroupoids we constructed in §3
and §4 to prove a theorem about relation algebras.

Relation algebras are the subalgebras of complex algebras of polygroupoids, [8, Theo-
rem 4.2]. The definition of the complex algebra, or algebra of complexes, of a polygroupoid
is rather natural. The elements of the complex algebra are the complexes, that is, to say the
subsets, of the structure, the operations and relations of the structure extend naturally to
operations on these complexes, and additionally we take the Boolean algebra structure
of subsets of a set. Thus the complex algebra of a polygroupoid-type algebra is a “real”
algebra, with totally defined operations, see [8, sec. 2]. Complex algebras are one of the
key players of algebraic logic.

A relation algebra is representable if it is embeddable into the complex algebra of a
representable polygroupoid. The standard definition of a representable relation algebra
is slightly different, but by using [8, Theorem 4.2], it is not difficult to show that the
two definitions are equivalent. (For some detail, see Corollary 3.4(3) and the following
Remark 1 in [9], and Remark (2) on p. 30 of [10].) Similarly, a relation algebra is called a
coset relation algebra if it is embeddable into the complex algebra of a locally functional
polygroupoid. Again, it is not difficult to show that the original definition given in [17] is
equivalent to this one.

Both the class RRA of representable relation algebras and the class CRA of coset
relation algebras are varieties, a technical term for being axiomatized by sets of equations,
see [13, Theorem 16.27], [19, Theorem 3.1]. We have RRA C CRA because the natural
relation algebra of all subsets of an equivalence relation is also a coset relation algebra
([17, p. 51] and [19, Introduction]).

It is proved in [19, Theorem 4.10] that no variety between RRA and CRA can be finitely
axiomatized, and moreover, no such variety can be axiomatized by a set of universal
formulas containing only finitely many variables [19, Theorem 4.11]. No such variety
has decidable equational theory, either, by [40, Theorem 8.5.(viii)], or [3, Corollary 2.9].
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The following theorem states that there are many varieties to which the above theorems
apply.
THEOREM 5.1. There are continuum many subvarieties of CRA that contain RRA.

Proof. We follow the proof that Jénsson gave for [23, Theorem 7.8]. An algebra is called
simple if it has no nontrivial congruences. Jénsson shows that if (2(,, : n € J) is a series of
simple finite relation algebras such that no 2{,, can be embedded into 21, for distinct n, m,
then the varieties generated by {2, : n € S} are all distinct for the subsets S of J. We will
use this idea. However, since we also need that our varieties contain RRA, we will use a
bigger variety than what {2(,, : n € S} generates.

Let (T, : n € J) be an infinite system of finite commutative nontrivial groups of distinct
size, e.g., we can take §, to be the n-element cyclic group, and take J to be the set of natural
numbers n > 2. Let us fix now n > 2. Let F,, be a group frame that we constructed from
Sn x 8n x §p in §3, let B, denote the nonrepresentable polygroupoid that we constructed
in §4, and let ¢, denote the complex algebra of °3,,. We are going to show that (&, : n € J)
is a system of simple finite nonrepresentable coset relation algebras.

Since §, is finite, by the construction we have that *13, is also finite, so &, is also finite.
Since 3, is a locally finite polygroupoid, we have that &, is a coset relation algebra. Next
we show that &, is nonrepresentable because ‘B, is not representable and finite: Assume in
contrary that €, is representable, say rep assigns binary relations to elements of &,. Take
the restriction of this representation to the atoms of &,. Then we get a representation for
the polygroupoid B, because rep(a) | rep(b) = |Jrepl[acb] by €, being finite. Since
B3, is not representable by Theorem 4.2, we get that €, is not representable. Finally, €, is
simple because ‘,, is connected, see [8, Theorem 4.5].

¢, is a finite, simple, nonrepresentable coset relation algebra. (D

For any set S C J, let V(S) denote the class of algebras in CRA into which none of €, with
n € S can be embedded:

V(S) = {2 € CRA : ¢, cannot be embedded into 2, for all n € S}. 2)

By [23, Theorem 7.1], every finite simple relation algebra is splitting in the class RA of
all relation algebras, thus the biggest variety of RA not containing &, is the class of all
relation algebras into which ¢, cannot be embedded. This is called the conjugate variety
of &, let us denote it by V™ (€,,). By CRA C RA then we have that

V(S) = [V (€,) : n e S}NCRA.

This shows that V(S) is a variety, since it is the intersection of varieties.

All the €, are nonrepresentable by (1), therefore none of them can be embedded into
a representable relation algebra (since RRA is closed under taking subalgebras). Also,
RRA C CRA, hence we get

RRA C V(S) C CRA.
It remains to show that all the V(S) are distinct. For this it is enough to show, that

¢, cannot be embedded into &, if n, m are distinct. 3)

Indeed, assume that (3) holds and S, Z are distinct subsets of J, say n € Sbutn ¢ Z.
Then €, ¢ V(S) since it can be embedded into itself and n € S. Also, &, € V(Z) if (3)
holds because n ¢ Z so no &, with m € Z can be embedded into €,. This shows that
V(S) #V(2).
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Next we show that (3) holds. Indeed, assume that €, is embedded into &,,, say by a
one-to-one homomorphism f : €, — &,,. We show that n = m. There are five subidentity
atoms both in €, and in €. Consequently, the monomorphism f has to take subidentity
atoms to subidentity atoms, because of the following. Since f is a homomorphism, it has
to take the five subidentity atoms of &, to five disjoint subidentity elements of &,,, and
since f is a monomorphism, it has to take an atom to a nonzero element. Since ¢, has
only five subidentity atoms, this can be only if f takes subidentity atoms to subidentity
atoms.

Assume that f(x) = y for a subidentity atom x of &,. Then y is a subidentity atom of &,,,
we have just showed this, and f(x°1°x) = y°1e°y. Now, the group §, X §, X §, can be
recovered as the set of atoms below x= 1 <x. In particular, there are n> atoms below x° 1 x
such that their sum is x° 1 °x. Similarly, there are m> atoms below yo1°y in €,,.

Now, the atoms g below x° 1 °x, are special in the sense that g~! g = x is true for all of
them (they are functional in relation algebraic terminology). Thus, the same has to be true
for their images f(g). It can be checked, that the functional elements below y°1°y in &,
are exactly the atoms below y°1°y (they are functional as in &, but the sum of more than
one such atoms is never functional). Thus, f has to take the n° atoms below x°1°x to m>
atoms below y° 1<y such that the sum of the images is y°1-°y. This is possible only if in
¢, also yo1ey is the sum of n® atoms. Since §, and §,, have different finite cardinalities
for n # m, this is possible only if n = m. This proves (3), and with this the proof of the
theorem is also complete. i
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