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Abstract. In this paper we give complete analytic invariants for the set of germs of
holomorphic foliations in (CZ, 0) that become regular after a single blow-up. Some of
the invariants describe the holonomy pseudogroup of the germ and are called transverse
invariants. The other invariants lie in a finite dimensional complex vector space. Such
singularities admit separatrices tangentially to any direction at the origin. When enough
separatrices are leaves of a radial foliaton (a condition that can always be attained if
the multiplicity of the germ at the origin is at most four) we are able to describe and
realize all the analytical invariants geometrically and provide analytic normal forms. As a
consequence, we prove that any two such germs sharing the same transverse invariants are
conjugated by a very particular type of birational transformation. We also provide explicit
examples of universal equisingular unfoldings of foliations that cannot be produced by
unfolding functions. With these at hand we are able to explicitly parametrize families of
analytically distinct foliations that share the same transverse invariants.

1. Introduction

In this paper, we deal with analytic invariants, normal forms and unfoldings of germs of
holomorphic foliations in (C2, 0). Two such foliations are said to be analytically equivalent
if there exists a germ of biholomorphism of (C?, 0) sending leaves of one to leaves
of the other. There are two known invariants under this equivalence. On the one hand,
there are the analytic invariants of the holonomy pseudogroup formed by holonomy maps
associated to leafwise paths and transverse sections at the endpoints that are realized on
any neighborhood of the origin. These maps are holomorphic as soon as the foliation is.
On the other hand, we know from [5] that there is a non-empty set of separatrices through
zero. These are leaves L such that L U0 is a germ of an analytic curve at zero. When
the union of all separatrices is an analytic curve, there are instances where the analytical
class of these two objects determines the analytical class of the foliation. For example, for

https://doi.org/10.1017/etds.2015.123 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.123

1444 G. Calsamiglia and Y. Genzmer

generic homogeneous foliations, namely, foliations whose separatrix set is a homogeneous
curve and whose singularities after one blow-up are of hyperbolic type, the analytical class
of the curve and of the projective holonomy representation determine the analytical type
of the singularity (see [11] or [6]). In particular, foliations defined by holomorphic vector
fields whose multiplicity at the origin is less than five and with generic first homogeneous
term, fall in the previous case. When the foliation admits an infinite number of separatrices
a natural question is to decide whether there exists some analytic subset contained in the
separatrix set whose analytical class, together with the analytical class of the holonomy
pseudogroup, determines the analytical class of the foliation.

A different approach to the problem of determining analytic invariants was taken by
Mattei in the 80s (see [12]). In the spirit of Kodaira and Spencer’s theory of deformations
of complex structures on manifolds, he proved that any germ F of holomorphic foliation of
(C2, 0) can be unfolded to a codimension one germ of foliation Fon (CHME) 0) in such
a way that any other unfolding of J that preserves the singularity type of J is equivalent to
one obtained from ¥ in a unique manner by pullback. He calculated the dimension M(JF)
of the base space of this universal equisingular unfolding of F and concluded that it is
always finite and almost always positive. By construction, the deformation of J obtained
by considering the foliations {J, : c € (CME) | 0)} of (C2, 0) obtained by restricting F
to the fibers of the projection (C2+M™) ) — (CM)| 0) has the same singularity type
and holonomy pseudogroup for all parameters (up to equivalence), but are not analytically
equivalent. The moduli of Mattei tell us in how many ways we can locally change the
analytical class of the foliation without changing the holonomy pseudogroup. In the case
of homogeneous foliations, these moduli are simply the relative position of the points in
the tangent cone of the set of separatrices: actually, they characterize the analytical class
of the separatrix set. In general, we are not able to interpret geometrically the other moduli
of Mattei. Indeed, the construction of the latter is not explicit, producing the foliations by
foliated surgery. To our knowledge, the only known explicit examples of such non-trivial
unfoldings were obtained by unfolding germs of functions. In fact, examples of families
of foliations with varying analytical class but constant analytical class of its separatrix sets
can be constructed by unfolding functions (see [7]). For example, the foliation defined by
the germ at zero of the function

fey, =0+ 2)xy(x 4+ )& — ) +2y +y?)

defines a non-trivial unfolding of the foliation ¥ = { f (x, y, 0) = const.} that has the same
separatrix set for all parameters z € (C, 0).

Yet another approach has been taken in recent years by Ortiz et al (see [14-16]).
Their strategy is, on the one hand, to find unique formal normal forms (up to formal
transformations with identical linear part) for certain families of foliations and, on the
other, to prove that formal analytical rigidity takes place in the generic cases. Hence the
coefficients of the formal normal form turn out to be analytical invariants. This infinite
number of parameters is then split into two subsets: one of them is infinite and contains the
information on the holonomy pseudogroup and the other is finite and contains the rest of
parameters. The number of parameters that is not associated to the holonomy pseudogroup
coincides with the number of Mattei’s parameters although it is not clear how the formal
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deformations obtained in the formal normal forms correspond to unfoldings in the sense
of Mattei. Again, it is not clear what these parameters mean geometrically.

In this paper, we will give a description of a complete family of invariants, their
geometric interpretation, analytic normal forms and unfoldings for a particular class of
germs of foliations admitting an infinite number of separatrices: homogeneous dicritical
foliations. A germ of foliation J is said to be homogeneous dicritical if it is regular after
a single blow-up and there exists a germ of foliation § with radial linear part such that
Tang(F, §) is invariant. After one blow-up, JF can be thought of as a local version of
regular Riccati foliations around the exceptional divisor, where the role of the fibration is
taken by G. In the simplest case where there exist non-trivial equisingular unfoldings, that
is, when the algebraic multiplicity is three, we will provide a parametrization of the set
of analytic equivalence classes. In its parameter space the equivalence relation ‘having the
same transverse invariants’ is described by the fibers of a natural projection. Most of our
arguments will be geometric as given in §§2 and 4.

In §3 we will apply formal methods to try to generalize the claims of the homogeneous
case to the set of regular dicritical foliations, that is, germs of foliations that are regular
after a single blow-up.

2. Homogeneous dicritical foliations

In this section we will introduce the basic properties of foliations that are regular after a
single blow-up and describe a complete family of geometric invariants for homogeneous
dicritical foliations. They will allow us to provide analytic normal forms for the latter
family.

2.1. Germs that are regular after a single blow-up. The set of all germs of foliations
that are regular after a single blow up will be denoted by D. For each n € N, we denote
by D(n) the set of foliations in D whose algebraic multiplicity is n + 1. In particular, the
elements of D(0) have radial linear part and will be called radial foliations. By Poincaré’s
linearization theorem, every radial foliation is holomorphically linearizable.

Given F € D, the pullback foliation by the blow-up map, denoted by F, must be
generically transverse to the exceptional divisor E by the Camacho—Sad index theorem [5].
Thus, the foliations in D are dicritical: they have an infinite number of invariant curves. In
fact, every leaf is a separatrix. We call them regular dicritical foliations. We can define the
tangency divisor T (F) := Tang(F, E) € div(E) between F and E. Tt is an effective divisor
defined on the curve E whose degree is n if and only if & belongs to D(n). Klughertz
showed in [9] that two foliations F, F’ € D are topologically equivalent if and only if there
exists a homeomorphism from E to E sending T(F) to T (F’) (i.e. they are topologically
equivalent as divisors of E). Thus any partition of n = ny + - - - + ni defines a topological
class in D(n) formed by foliations F having T (F) = n| p1 + - - - + ng px for some pairwise
distinct points p; in E—see Figure 1.

The holonomy pseudogroup of such a foliation is quite simple: for any p € |T(F)|, we
can consider a local primitive holomorphic first integral f of F around p with connected
fibers. The levels of the restriction f|g describe sets of points that belong to the same
connected component of the fiber of f. Since f|£ is a holomorphic germ in one complex
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FIGURE 1. A foliation in D with three points in its divisor of tangency T ().

variable, it can be written as a power ¥ !, where r is the order of tangency between F
and E at p, and v is a holomorphic germ of diffeomorphism. If 6,, denotes the rotation
of angle 277 /(r + 1), the germ H(F, p) :=v ' o 6, o ¥ and any of its powers realizes a
holonomy map around each point g sufficiently close to p: it is the holonomy associated
toapathin f —I( f(g)) joining g and H (&, p)(q) and the transverse section E at both the
starting point and the endpoint. Even if we reduce the neighborhood where the fibers of f
are connected, we can still find points where the map is realized by the holonomy of some
leafwise path. Up to reducing the neighborhood where J is defined, two different H (&, p)
cannot be composed so the only holonomy maps are powers of elements of H(JF, p). Thus
HF= || HSF p
PeT(F)
is the generating set of the holonomy pseudogroup of the germ J and we will call it the
holonomy of F. If T(F) is equal to nyp; + - - - + ng pk, the holonomy pseudogroup of F
is a disjoint union of finite cyclic groups of orders n; + 1, ..., nx + 1 and it determines
the topological class of .
If F = ¢ (F) for a holomorphic equivalence ¢, then by construction
H(F)=g¢z o HF) o¢,

where ¢ is the global holomorphic automorphism of E = P! induced by ¢. Thus the
class of H(J) modulo global automorphisms of E is an analytical invariant of J that we
will denote by H[J] and call the holonomy class of F. As we will see along this section,

this invariant is not enough, in general, to determine the analytical class of the foliation as
soon as the algebraic multiplicity is bigger than two.

2.2. Invariants of homogeneous dicritical foliations. A foliation F € D is said to be
homogeneous dicritical if there exists a radial foliation G such that Tang(F, G) is invariant
by J (and therefore also by §). In this case, we say that J is homogeneous with respect
to G. In other words, up to a change of coordinates (one that linearizes G) there exists
a subset of separatrices that is a union of straight lines and supports the tangency set of
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the foliation with the radial foliation. The subset of D formed by homogeneous dicritical

foliations will be denoted by D" and its subset D" (n) = D(n) N D" is formed by those

having multiplicity 7 4 1 at the origin. The following are examples of elements in D" (n)

forn > 1.

(1) Consider homogeneous polynomials R(x, y) and Q(x, y) of degrees n and n + 2,
respectively, such that R and x Q are coprime. The germ of foliation defined by a
holomorphic 1-form

wx,y)=@Rx,y)+--)xdy—ydx)+ Q(x, y)dx

in a neighborhood of 0 € (C2, 0), is homogeneous with respect to xd, + ydy and is
thus contained in D" (n).

(2) Consider a smooth rational curve C embedded in a complex surface S with self-
intersection (n + 2). Suppose that S is bifoliated by a pair of regular transverse
holomorphic foliations F and § and that G is transverse to C at all points. Note
that, by Camacho—Sad’s theorem (see [S]), the regularity conditionand C - C > 0, C
cannot be invariant by &" Then the blow-up of S at n + 3 points in C\Tang(F, C)
produces two foliations F and 9 around a (—1)-curve. By Grauert’s theorem, the
contraction of this curve produces a regular point in a complex surface, endowed
with two singular foliations. By construction, the germ of foliation associated to the
initial J is homogeneous with respect to the radial foliation associated to G, and thus
belongs to D" (n).

As we will see throughout this section, every homogeneous dicritical foliation can be

interpreted in the way described by these examples.

The holonomy class of a foliation in D does not characterize the analytical class of the

foliation in general, but, in the homogeneous case, it characterizes the modulo class as a

very particular family of birational maps.

THEOREM 1. Any homogeneous dicritical foliation F is equivalent to one obtained by
blowing up a foliation Fs on a surface S as in example (2). The analytical class of Fg in a
neighborhood of the rational curve is uniquely determined by H[JF].

If we consider that a local birational tranformation stands for a map composed of
successive changes of coordinates, blow-ups and contractions of compactified regular
separatices, as illustrated in Figure 2, we deduce the following corollary directly.

COROLLARY 1. Any pair of homogeneous dicritical foliations sharing the same holonomy
class are locally birationally conjugated.

The proof is based on an idea of Loray (see [10]) of extending germs of foliations
along some separatrix by compactifying the leaf to a rational curve in some foliated
complex surface. The hypothesis on the homogeneity of the foliations will allow us to
make adequate choices for the extended foliations.

Given a holomorphic regular foliation J around a non-invariant embedded curve C in
a complex surface S, we define the tangency divisor 7 (3) = Tang(J, C), its holonomy
HF) = |_|p€|T(5)‘ H(F, p) and the holonomy class H[J] as the class of H(J) modulo
automorphisms of C. The main observation that we will exploit in this section is that if
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FIGURE 2. Local birational transformations in D.

G is another regular foliation around C such that Tang(JF, §) is invariant, then the blow-
up of S at a point g € C\{|T (F)| U |T(9)|} produces a pair § § of (singular) foliations
in a complex surface S. Around the strict transform C of C, both foliations are regular
and still satisfy that Tang(g" , §) is invariant. By construction, the leaf corresponding to the
exceptional divisor lies in the tangency set between both foliations. This transformation
does - not touch T(f}) and 7' (9), and, in particular, the holonomies of J (respectively, G)
and F (respectively, 9) coincide. By construction, C-C=C-C—1.0ur strategy is to
revert this construction, as illustrated in Figure 3: start with a pair of regular foliations
around a curve, extend the foliations along their (invariant) locus of tangencies in such a
way that we can contract the invariant curve and obtain a new pair of regular foliations
around a curve with bigger self-intersection. Iterating this process, we end up with a pair
of regular transverse foliations around some curve with big self-intersection. Secondly,
we analyze the invariants of such pairs of transverse holomorphic foliations around curves
that are not invariant for any of the foliations.

Proof of Theorem I. Given a foliation F € Dh (n), we consider a radial foliation § such
that

Tang(ff, 9) :rle| +---+ rkkav
where L, is the leaf of J through the point p; € E\|T(J)|. By construction, we can
find local coordinates (u, y) around each point p; where p; = (0,0), E={y =0}, §=
{du = 0} and for some unit f, F = {du + u” f (u, y) dy = 0}. The next lemma shows that
we can find local normalizing coordinates for the pair (F, §) around each point p;.
LEMMA 2. Let us consider the germs at (0, 0) of the forms
=du+u" f(u,y)dy, wy=du-+u"dy,

where r > 1 and f is local unit. Then the induced germs of foliations are analytically
conjugated by a conjugacy of the form (u, y) — (u, y(- - -)).
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FIGURE 3. Key construction.

Proof. Since the two forms are smooth and locally transverse, except along u = 0, and
since we require the conjugacy to preserve each leaf of the fibration 7 : (u, y) > u, it
is uniquely determined on a neighborhood of (u, y) = (0, 0), deprived of u = 0. Thus, it
is enough to show that this conjugacy and its inverse are bounded near (0, 0) and apply
Riemann’s extension theorem to conclude that the extension is a biholomorphism.

Let us describe the conjugacy on a neighborhood of (u, y) = (0, 0), deprived of u = 0.
To do so, we will interpret its restriction to a fiber as a composition of two holonomy
maps: the first ¢, ! going from a fiber to y =0 via w; and the second ¢, from y =0
to the fiber via wy. To get bounds, we consider a point (¢, 0) and follow the leaf of w;
until one reaches the fiber 7 ! («). Denote by (u, ¢ (a, u)) the point reached. To compute
¢, we consider the Cauchy system defined by

{y(O) =0,

VU, ) Fult, @), y(o) + i ay =0, “rereut @) == et

Obviously, one has y(1) = ¢ («, u). By using bounds on the unit when integrating the
differential equation, it can be checked that there exist M > 0 such that |¢p; o ¢1_1(y)| <
M|y| for every |y| < . By using the same argument applied for the inverse, we find M >
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m > 0 such that
mlyl < Iz 0y (M < Mly| forevery|y| <e. O
Notice that if r # s then
du+u"dy, du+u®dy

cannot be conjugated by a conjugacy that preserves the fibration (u, y) > u.

Taking two germs of regular transverse foliations (R1, R;) at a point p, if we consider
the blow-up at p and denote by E| the exceptional divisor and by fR} the saturated foliation
around E; obtained from X;, then we create a locus of tangency

Tang(R}, R}) = E|.

Blowing-up again a point in E; that is regular for both foliations, we obtain a second
divisor E», two foliations IR%, fR% satisfying Tang(fRz, iR%) = E1 + 2E;. Inductively, we
can produce a pair of foliations (R}, R) in a neighborhood of a chain of r rational curves
Eq, ..., E, satisfying

Tang(R}, R5) = Ey + 2E; + - - - + rE,.

By construction, around any regular point p € E, of the R} we can find coordinates (u, y)
where p = (0, 0), E, = {u =0}, R] is given by du =0 and R}, by du + u"g(u, v) dy =0
for some unit g.

Coming back to our initial pair of foliations (I, G), thanks to Lemma 2, we can glue the
pair of foliations around each common separatrix L p, to a germ of (Rq" , TRS" ) at a regular
point on E,,. We thus obtain a pair of foliations around a divisor with 1 +r| 4 - - 4+ r¢
rational curves. The original foliation J is analytically equivalent to the restriction of this
foliation to the neighborhood of the initial divisor E. The divisors that have been added
can be now contracted as a whole using, inductively, the classical result of Castelnuovo
(see [2]). Note that, by construction, each chain contracts to a regular point with a pair of
regular transverse foliations. Since, at each step, we contract a component that cuts the
original divisor E, we get, at the end of the contraction, a rational curve C embedded with
self-intersection

—1+r+-+r)==1+0+3)=n+2

in a complex surface S. In its neighborhood, we get two regular foliations (Fg, Gg) that
are transverse at all points of E. By construction, Gg is also transverse to E at all points.
On the other hand, Fg has tangency divisor T (Fg) = T (&) and, since the contractions and
blow-ups are done outside |7 ()|, the holonomy is preserved so

H(Fs) = H(3).

This proves the first part of the claim in Theorem I: F is analytically equivalent to a germ
obtained from Fg by a sequence of blow-ups, a restriction and a contraction. a

As for uniqueness of this model (Fg, Gs), we have the following lemma.
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LEMMA 3. If (&, 9) is a pair of germs of regular foliations around a smooth rational
curve C embedded in a complex surface with C - C =n + 2 > 2, the degree of T(F) is n
and G is transverse to C, then the foliations F and G are transverse around C.

Given another pair (¥, §') with the same properties around a rational curve C' in a
complex surface, there exists a biholomorphism between two neighborhoods sending the
pair (F, 9) to (F, G ifand only if H[F] = H[F'].

Proof. We choose an open covering {U;} of C in the surface, holomorphic vector fields v;
on U; generating F and holomorphic 1-forms w; generating G in the neighborhood of C.
On the intersection U; N U,

vi = ¢ijvj,
w; = Yijw;,

where ¢;; and v;; are cocycles representing, respectively, the line bundles 7.} and Ng.
Therefore the contraction w; (v;) is a section of [T; ® Ng]lc since

w; (Vi) = Yijpijw;(v)).
Now, this section vanishes along C at the point where, precisely, 3 and G are tangent, and

thus
Tang(F, §) =deg[TF ® Nglc =—T5-C + Ng - C.

Brunella’s formula in [2] yields

Tang(F, §) = —C - C + Tang(F, C) + X(C) + Tang(G, C)
=—mn+2)+n+2+0=0.

Suppose @ is a biholomorphism sending the pair (¥, §) to the pair (F’, §). Then the
restriction ¢ := ®|c satisfies

T (F)=TF) and HIF)=¢poHF) o . (1)

Reciprocally, suppose ¢ : C — C’ is a biholomorphism satisfying (1). Then ¢ tells us
which leaf of F goes to which of F’. On the other hand, ¢ also tells us which leaf of
G goes to which of §'. If a point p lies on the intersection of a leaf of F with a leaf of G,
then there is a unique point ®(p) lying at the intersection of the corresponding leaves of
F and ', provided p is sufficiently close to C. By holomorphicity and transversality of
the foliations, this extension @ of ¢ to a neighborhood of C is a holomorphic bijection. It
sends the pair (&, §) to (¥, §'), by construction. O

From the previous arguments, we prove Corollary 1 by finding a biholomorphism
between the models that we have just constructed. The resulting composition of
biholomorphisms, contractions and blow-ups might have indeterminacies. They lie on an
invariant set that contains the separatrices over points that are blown up to obtain one of
the foliations, but not blown up to obtain the other. When all those points coincide, the
birational map does not have indeterminacies and it extends to a biholomorphism.

To identify the analytical invariants other than the holonomy H[JF], we proceed to
describe the possible ways of obtaining the foliation, as in Theorem I. Recall that, for
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a homogeneous curve, the projective class of the projectivized tangent cone determines
the analytical class of the curve. For a homogeneous dicritical foliation F € D" (n) we
define

div" (F) = {Tang(F, 9) g € div(E) : § € D(0), T is homogeneous with respect to G}.

Since F might be homogeneous with respect to different radial foliations, it is a non-empty
subset of the set of divisors in E. A straightforward calculation shows that all of them are
of degree n + 3. Each of them contains the information on the analytical class of a divisor
supported on a homogeneous set of separatrices of F.

THEOREM II. (Invariants in D") Let F1 € D"(n) and F» be germs of a holomorphic
foliation in (C?, 0). Then there exists ¢ € Aut(C?, 0) such that ¢(F1) = F> if and only if
F, e DI (n), and there exists ¢ = ¢\ € Aut(E) such that:

e HF)=¢oHF)oop~;and

e  forsome D e div" (1) (and, a posteriori, for all), ¢.(D) € div” (F).

Note that, in D, all the invariants can be read on the exceptional divisor E. Thus, in the
case of a homogeneous dicritical foliation, the equivalence class of the pair (H(F), Sp),
where Sp is the divisor of leaves over an element D € div" (), classifies the analytical
class of the foliation. It is worth remarking that the homogeneous separatrix set | Sp| is not
enough for classification. The divisorial information is needed.

Proof of Theorem II. First, suppose that F € D"(n) and F, are equivalent via ¢ €
Aut(C?, 0). By blowing up the origin at both the source and target of ¢, once, we get
that the lift of ¢ extends to E as a biholomorphism in a neighborhood of E that sends the
saturation of the pullback foliation ;J\"; to the pullback foliation 3?2 In particular, I, has
no singular points. Denote the restriction of this biholomorphism to E by ¢ € Aut(E). By
construction, the holonomies satisfy

poH(T)op™' = H().

Moreover, if D € div(J]), then there exists a radial foliation G such that Tang(F7, G1)
is invariant by J and D =Tang(J71, G1)|e. By applying ¢ on both sides, we get
Tang(¢«(F1), ¢+(G1)) invariant by F5 = ¢4 (F1) and ¢« (D) = Tang(¢«(F1), ¢«(51))|E
and, since ¢, (G1) is a radial foliation, ¢, (D) € div(F?).

Reciprocally, suppose ¢ exists as in the statement of the theorem. Let §1, G, be radial
foliations such that S; = Tang(J;, G;) is invariant by F; and

D =Tang(F1, G)g and ¢« (D) = Tang(F2, G2)|E- 2

The extension ¢ of ¢ to the neighborhood is uniquely defined and holomorphic if we
impose
p«(F1) =% and ¢ (51) = 5.

Indeed, ¢ indicates which leaf of J| goes to which of J, and which leaf of §; goes to
which of G;. If p € E is a point where the germs of J and G are transverse foliations, the
projections g, g onto E along F and G, respectively, form a coordinate chart V(g gy =
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FIGURE 4. Construction of normal forms.

(5, mg) around p. Thus lI/(_gl/’ g ° (¢, ¢) o ¥(7,qg) describes an equivalence between
(%, 9) and (&', §') in the complement of S;. By construction, it extends ¢.

It can then be extended holomorphically to S; as a biholomorphism of a neighborhood
of the exceptional divisor by using Lemma 2 to both pairs (F;, §;) around S;. Thus,
after contracting the exceptional divisor, we get a biholomorphism in a neighborhood of
0eC? m

Note that Theorem II is also true for F; = 3 so that it also gives the structure of the group
of automorphisms of F € D

2.3.  Normal forms of homogeneous dicritical foliations. Next, we will use the previous
results to construct normal forms in a geometric manner. Recall that a Weierstrass
polynomial is a monic polynomial in C{x}[y].

THEOREM 1. (Normal forms in D") Let F € D" (n) and suppose D € div(F). Then
there exist coordinates (x, y) of (C2, 0) where F is represented by a form
Wx, y)(xdy —ydx) + Q(x, y) dx 3)

satisfying that W is a Weierstrass polynomial in y of degree and order n, Q is a
homogeneous polynomial of degree n + 2 such that x Q = 0 represents D, and Q(1, y)
is monic. With these conditions the form is unique up to a choice of affine coordinates in
E and local biholomorphisms tangential to a homothety.

Once the divisor D and the coordinate on E are fixed, the Weierstrass polynomial in the
normal form encodes the information on the holonomy of the associated foliation.

Proof of Theorem III. Let F be in D"(n). Let G be a radial foliation satisfying that
Tang(F, §) is invariant by F and Tang(JF, )| = D. Consider coordinates (x, y) in which
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§ is linear such that the direction x = 0 corresponds to a point in the support of D. In this
situation, the foliations F and G are, respectively, given by 1-forms

A(x,y)(xdy —ydx)+ B(x,y)dx and xdy— ydx,

where B is a homogeneous polynomial of degree n 4+ 2 and A is holomorphic.

Now consider the blow-up of the origin given in local charts by x =uvand y =v.Ina
neighborhood of the leaf u = 0, we have G given by du = 0 and J given by a(u, v) du +
ukb(u, v) dv, where a and b are some local units and £ > 1. As we did in the proof of
Theorem I, we will compactify the separatrix u = 0 for the pair (&, §) around it with a
convenient model, by using Lemma 2. The convenient model is the blow-up at the origin
of the pair of germs of regular holomorphic foliations in two variables (z, w) € C? defined
by dw =0 and dw + w¥~! dz =0, respectively. Indeed, the exceptional divisor is then
invariant for both foliations and the tangency order between the foliations along it is k.
By using Lemma 2, we can glue a neighborhood of a regular point for both foliations of
this new (—1)-curve C to the pair (&, §) along the chosen separatrix—see Figure 4. In this
way, we obtain a complex bifoliated surface that is a neighborhood of a union of two (—1)-
curves that intersect transversely at a point. This neighborhood is well known. Indeed, let
us consider the surface S obtained by blowing up once the point (z, x) = (0, 0) in CP(1) x
D. We denote by U_j _; any neighborhood of the union of the total transform of the
divisor x = 0. Notice that this divisor is the union of two smooth rational curves, each of
self-intersection equal to —1, that is, two (—1)-curves intersecting at a point transversely.

LEMMA 4. Let C be the union of two (—1)-curves embedded in a complex surface
that intersect transversely at one point. Then there exists a neighborhood of C that is
isomorphic to some U_1 _1.

Proof. Using a classical result of Castelnuovo (see [2]), one can contract one of the (—1)-
curves to a point. Since the (—1)-curves meet transversally, the self-intersection of the
image of the other (—1)-curve by the contraction map is zero. Now, the theorem of
Savelev [18, 19] ensures that there exists a biholomorphism from a neighborhood of this
curve to CP(1) x D sending the curve to the divisor x = 0 and the contraction point p to
(0, 0). This isomorphism can be lifted to the blow-up of the source at p and that of the
target at (0, 0), which produces the desired isomorphism. O

Using Lemma 4, the above situation is isomorphic to a couple of foliations defined in the
neighborhood surface of type ¢ U_1 _1.If we contract the image of the curve C, we are led to
a couple of foliations F and 9 defined on CIP(1) x DD such that 9 is regular and transverse
to the divisor Eg = CP(1) x {0}. The foliation F is regular and generically transverse
to Eg. The divisor of tangency Tang(ff Ey) coincides with T (F) and the tangency locus
Tang(&r 9) is invariant. We can choose coordinates (s, ¢) in (C, 0) x P! such that 9 is
given by dt = 0 and (0, 00) is the point where the divisor was contracted. Since Tang(ff" , 9)
is invariant by ¢ also, Fis given by a form

w(s,t)=A(s,t)dt + Q(t) ds,

where Q is a polynomial that has its roots precisely at the common leaves of F and G. Thus
it has degree at most n + 2. On the other hand, the function A(s, ) is holomorphic in (s, )
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and polynomial when restricted to each fixed s. Since A(0, ) is a polynomial of degree
n, for each s € (C, 0), there exists a constant u(s) € C* and a unique monic polynomial
of degree n, r(s,t) =1" 4+ a,_1(s)t" "'+ 4+ ao(s), such that A(s, r) = u(s)r(s, 1).
Indeed, all the components of the divisor of tangency between F and the fibration ds = 0
pass through the points (0, ¢;), where #; is some root of r(0, t) = 0. By defining a new
variable x by the relation dx =ds/(u(s)), the foliation T is represented in the (x, t)
variables of (C, 0) x P! by

(" + a1 ()" ag(x)) dt + Q1) dx )

for some holomorphic germs ay, ..., a,—1 € C{x}. Blowing up the point (0, co) and
contracting the strict transform of 0 x P! which has self-intersection —1 corresponds,
"+2 gives a
holomorphic germ of 1-form that has the desired form (3). This finishes the existence
part of the statement in Theorem III.

We next show the uniqueness statement of Theorem III. Thanks to Theorem II, it

in this chart, to setting ¢ = y/x. Multiplying the resulting expression by x

suffices to show that two forms given in equation (4), that share the same component
on dx and the same holonomy, have to be equal. We will prove this by a formal argument.

Let us denote by f;f‘ 41 the set of formal series in (¢ — #;) that are formally conjugated to
the rotation of angle 277 /(r; + 1) around ¢;, that is, series

h(t) =@ — 1) 43 " hij(t — ;)7 such that A7 =1d.
j=2
Let us consider a monic polynomial r of degree n, r(¢t) = (¢t — t;)" - - - (t — tx)"* where
ti #1tj if i # j. Now, choose a polynomial function ¢ (¢, x) € C[[¢, x]] such that r(¢) and
q(t, 0) have no common roots and define the set of formal 1-forms
ﬁr,q ={(r@) +w(, x))dt +q(t, x)dx : w e xC[[x]][¢] satisfies deg,w < n}.
For each w € ?Zm and i =1, ..., k define h; € 7;,[t+1 to be the formal series in (f — ;)

satisfying f oh= f for some local formal first integral f of w around ¢;. In the case of
convergent w, it coincides with the series of the generator of H(J,, t;) and, in general, we
call it the formal holonomy of the formal foliation J,.

PN ~ ~
LEMMA 5. The map hol,q : Qg — 1, "y X -+ - X L7

holyg () = (a1 ... hp)

defined by

is a bijection.

Proof. First observe that for each i € 770 there exists a unique formal first integral, that is,
a formal series f(¢) such that f o h = f of the form

fO)=¢—1n)"+ Z fit— 1)’ such that fi=0 forallj=0 (modr) (5)

j=r+l
that we will call normalized. Given (h, ..., hy) € Zi‘ XX };Zkﬂ we want to find
a unique w € Qr’q satisfying hol, 4 (w) = (h1, . . ., ). If such w exists, we can consider

k formal local first integrals f J= > xt fij (t) € C[[x, t — ¢;]] for the foliation near ¢t =

tj such that foj (t) is normalized, as defined above. Below, we are going to construct,
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inductively, w and its k formal first integrals. By definition, around the point ¢;,

df/

O=wA dff = @)+ w, x))(Z i]‘ij(t)xi> —q(t, x)(Z —

i>1 i=0

(z)xi>. (6)

Evaluating (6) on x =0, we get r(t)flj (t) =q(t, 0)(df0j/dt)(t). Since r(t) and
(dfoj /dt)(t) have the same order at t =1¢;, flj is a power series satisfying

£l #0.
The coefficient of x in (6) is
0=r2f &) +wi@) fi@6)—---, €

where the dots refer to terms depending only on fp, f and g. Now, since (¢t — ;)" divides
r and flj (tj) #0, the values of wy(¢), ..., (wl)(’f_l)(tj) do not depend on f3, but only
on fp, f1 and ¢g. Adding up all the conditions, we find a polynomial of degree at most
n — 1 determined by n =) r; conditions. Thus, there exists a unique possibility for
wi. As a consequence, we can define fzj for all j by using (7). By induction, suppose
that {flj, e, flj} and {wq, ..., w;—1} are defined. Let us construct flj+l and w;. The
coefficient of x! in (6) is given by

O=rd+Dfl, +wfi+---. ®)

where the dots stand for an expression depending only on faj and wp, witha </ and b <
I — 1. By considering equation (8) and its derivatives up to order r; evaluated on ¢;, we
obtain n conditions on w; that uniquely determine it. As a consequence, we define f/+1 for
all j by using (8). This proves the induction step and thus the proposition. O

From this construction, it is clear that once we have chosen a divisor D and an affine
coordinate ¢ in the exceptional divisor E such that t = oo corresponds to the direction x =
0, we already get a unique polynomial Q provided that we impose that Q(1, ¢) is monic.
Applying Lemma 5, two foliations defined by normal forms W;(x, y)(x dy — y dx) +
Q(x, y)dx for j =1, 2 have the same holonomy if and only if they are equal. Hence the
normal form with monic Q(1, ¢) is unique up to the choices of D, the coordinate in E and
equivalences that fix each point of E. This last type of equivalence corresponds, precisely,
to the local biholomorphism having a linear part that is some multiple of the identity. O

In Lemma 5 we do not know whether the preimage of a holomorphic k-uple
(h1, ..., hg) by the map hol, . is convergent in full generality. For future reference, we
state a particular case that will be useful.

PROPOSITION 6. Let n > 1, r(t) =1t" and c(t) =t — 1. The restriction of hol, . to the
space 2. of convergent elements in 2. defines a bijection onto the space I,? 1 o
convergent germs in Ino+ 1
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Proof. Leth € I,?H be given. First, consider wy =" dt + ¢(t) dx € L, .. Since all germs
at zero of order n 4 1 are locally conjugated, there exists a local diffeomeorphism
¢ € Diff(C, 0) such that h = (p_l o hol(wp) o ¢. Next, note that wp can be extended to
a foliation around the (—1)-curve E1 = {x = 0}. On the chart (y, u), defined by t = 1/u
and x = yu, the foliation is defined by

o = (=1 4 uyé(u)) du + W*éu)) dy, )

where éu) = u™tle(1 /u) is a polynomial. This foliation is, in turn, defined around
the curve E; = {u =0} and it can also be extended to a foliation around a (—1)-curve
containing u = 0. Indeed, it suffices to observe that g is the blow-up at the regular point
of —du + uc(u) dv by the map v = yu. On the other hand, the radial foliation around E|,
defined by dt and du on respective charts, extends also to the neighborhood of the (—1)-
curve E>. In this way, we obtain a pair (Fg, Gp) defined around E| U E>. The tangency
locus between both foliations is invariant by J¢ (and also by o).

Note that the change of coordinates between wg and ng can be described geometrically
as follows. It is the only equivalence that acts like (0, 7) — (1/¢, 0) = (u, y) on a small
annulus {0 < |t] < r} and sends the foliation pair (wq, df) to the foliation pair (19, du). If
we choose a different gluing on the divisor, say, (0, 1) — (1/¢(¢), 0), we can still extend
to an equivalence, defined on a neighborhood of the annulus, by imposing that the pair
(wo, dt) is sent to the pair (1o, du). In this way we obtain a pair of foliations (F, 9)
around a union of two (—1)-curves that we still call E; and Ej, satisfying that Tang(JF, §)
is invariant by J and intersects E transversally at two different points g1 = E> N E; and
q2 € Eq. The divisor Tang(J, E) has a unique point p in its support. By construction,
in the unique coordinate w : E1 — CP! for which w(g;) =0, w(gs) = 1 and w(p) = oo,
two points wy, wy € {w € E1 : |w| > 1} belong to the same leaf of F if and only if they
belong to the same orbit of 1/4(1/w). In other words, the holonomy H (J) measured in the
coordinate s = 1/w is precisely the series A (s). Using Lemma 4, we get a pair of foliations
(&1, G1) ~ (&, 9) defined on a neighborhood of {0} x CP!inD x CP!. Let (z, 5) be some
coordinates where the foliation G is defined by ds. In these coordinates, F; is defined
by a holomorphic 1-form u(z)(s" + by—_1(z)s" ' + - - 4+ bo(z)) ds + (s — 1) dz, where
u is a unit. After changing the z-coordinate by x € (C, 0) satisfying dx = dz/(u(z)), the
foliation & is defined by a holomorphic 1-form

w1 ="+ an_1(x)s" '+ +ap(x))ds + (s — 1) dx

for some ay, ..., a,—1 € xC{x}. Blowing-up the point (0, co) € D x CP! does not
change the expression of the normal form w; whose holonomy is the holonomy
of F. O

2.4. The spaces Dh (n). In this section, we will analyze the sets div” (F) for foliations
F € D. The analysis will lead us to a complete description of the moduli spaces of
homogeneous dicritical foliations of small algebraic multiplicity. We will provide analytic
normal forms for these cases by applying Theorem III with appropriate choices of the
topological class of the divisors D € div"(F) and coordinates in E.

For any k € N and A C E, let div(E\A)(k) denote the set of positive divisors in E\A
of degree k. If A =, this space is equivalent to the projectivization of the space of

https://doi.org/10.1017/etds.2015.123 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.123

1458 G. Calsamiglia and Y. Genzmer

homogeneous polynomials in two variables of degree k, which has the structure of P*.
Given F € D(n), define

div(F) = {Tang(F, 9)|g €div E(n +3) : G € D(0)}. (10)

A straightforward calculation shows that it is a four-dimensional affine subvariety of
div E(n 4 3), regardless of the value of n. By definition, it contains the (possibly empty)
set div” (F).

THEOREM IV. The set D" (n) is equal to D(n) if and only if n < 3. Moreover:
(1) if F e D(1), then div! (F) = div(F) = div(E\|T (F)])(4);
() if F e DQ), then div(F) = div(F). Let ¢(F) C div" (F) be the set of divisors with a
single point in its support:
e fT(F)=pi+ pa then|q(F)| =5; and
o fT(F)=2p, then|q(F)|=1;
(3) ifFeD@), then div" (F) is a quadric in div(F). The set g (F) of divisors in div* (%)
with a point of order at least four in its support is non-empty and contains at most
24 elements:
° if T(F) = p1 + p2 + p3, then, generically, |q(F)| = 24;
° if T(F) =2p1 + pa, then, generically, |q(F)| = 18; and
° if T(F) = 3pi, then, generically, |q(F)| =6,
(4) the I-form
y4(x dy — ydx) +x8dx + y7 dy

defines a foliation in D(4)\D"(4); and
(5) foranyn > 5 the I-form

Yixdy — ydx) +x" 2 dx + y*x"T dy
defines a foliation in D(n)\ D" (n).

In the case of D(1) we get a result of Cerveau (see [9]) as a consequence of Theorems 1T
and IV that improves the statement of Corollary 1.

COROLLARY 7. Two foliations in D(1) are analytically equivalent if and only if they share
the same holonomy class.

Remark 8. From Theorem IV, we deduce that for F € D"(n) with n <3 , div(F) C
div E(n 4 3) is an affine subvariety of positive dimension. The codimension of this
subvariety is (n(n — 1))/2, which is precisely the dimension M(F) of the base space of the
universal unfolding of F (see [12]). The deformation {F,} cecM@) o underlying a universal
equisingular unfolding of & will be formed by homogeneous dicritical foliations. By using
the argument in the proof with parameters, it is possible to show that there is a choice
of divisors D, € div” (&) such that the germ of curve ¢ — D, in div(E)(n +3) atc =0
is holomorphic and transverse to div” (F). In §4 we will see how this information can be
used to explicitly find 1-forms defining unfoldings. In the case n > 4 we have that the
base space of the universal equisingular unfolding is already bigger than the dimension
of div E(n + 3). This indicates that the universal unfolding of an element in D" (n) with
n > 4 needs to leave the locus of homogeneous dicritical foliations.
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Proof of Theorem IV. A germ of function / in C? is quasi-homogeneous if and only if
there exists a vector field X such that X - 4 = h. In the same way, we obtain the following
criterion for a foliation F to be in D"

LEMMA 9. Let w be a convergent I-form representing F € D(n). Then F € D" (n) if and
only if there exists a formal vector field X with radial linear part and a formal unit it such
that

X -0X) =iwX). (11)

Proof. Suppose that there exist § € D(0) such that Tang(&F, §) is invariant by F. Then,
it is also invariant by §. Now, let us consider X and w to be any vector field and form
that represent, respectively, G and F. The contraction w(X) is an equation of the tangency
locus. Since it is invariant by X, the derivative X - w(X) can be holomorphically divided
by w(X), and thus there exists a function u such that

X -w(X)=uw(X).

Looking at the multiplicity at zero of both components of the equality above ensures that u
is a unit, that is, u(0) # 0. Here, X and u are convergent, and thus also formal. Conversely,
if (11) has a formal solution, then a)()A( ) is the product of formal equations of convergent
separatrices of F. Thus there exist a formal unit 0 and a convergent equation F =0 of
separatrices of J such that

o(X)=9dF.

This last equation has a formal solution (X, 9). We deduce the existence of a convergent
solution (X, v) to the above equation by Artin’s theorem (see [1]), whose first jets coincide
with those of (X, 0). The convergent vector field X then satisfies equation (11) for some
unit u. O

LEMMA 10. Let w be a 1-form representing F € D(n). Suppose that there exist a vector
field X and a unit u such that

FPHX - o(X) — uo(X)) =0.
Then F € D" (n).

Proof. In the proof below, the notation [J; stands for the homogeneous component of
degree i of the object []. Suppose that there exist a vector field X and a unit « as in the
Lemma. We are going to modify the component of degree k + 3 of X and of degree k + 1
of u so that

JPBTHNX . w(X) — uw (X)) = 0.

That will ensure the existence, by induction, of a formal solution to the equation (11).
Now, a straightforward computation shows that

(X - o(X) —uw (X)) nt34+k+1 = Opi1 (Xi3 + 1 X2) + ttpp10p42(X1) + (- 2). (12)

Here the dots (- - -) stand for terms which depend only on components of u of degree
strictly smaller than k 4+ 1 and of components of X of degree strictly smaller than k + 3.
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Let us denote the component of degree k of X by X; = Axdx + By dy. From the equation
above and using the notation w = R,(x dy — ydx) + Pyi2dx + Quiady +---, we
obtain

(X - o(X) —uo (X)) nt34k+1
=Ry (YAk43 — X Big3 + uk1(YA2 — xB2)) + up1(x Pyyo + ¥y Ong2) + (- - ).

This equation can always be made equal to zero provided thatn — 1 < k + 1: indeed, since
R, and x P42 + yQp+2 are relatively prime, applying Bézout’s theorem in C[¢], where
t = y/x, to the relation above ensures the existence of a polynomial function # of degree
smaller than n — 1 and a polynomial function V of degree smaller than n + 3 such that

RyV 4+ i(Pyya +10n2) + (- =0.

Sincen — 1 <k + 1 and n 4+ 3 <k + 4, it can be seen that one can find A3, Bx4+3 and
up+1 such that equation (12) is satisfied. O

COROLLARY 11. The subset div"(F) is an algebraic subvariety of div(F).

Now, we can give the proof of Theorem IV.
In what follows, we will use the notation introduced in the proof of Lemma 10 and
denote the function x P12 + y Q42 by Sy43.
(1) For n = 1, consider any radial vector field X. Since the multiplicity of w(X) is at
least four,
P X oX) —uw(X) =0

for any unity u. Moreover, setting u(0) = 4 yields
X - o(X) — uw(X)) =0.

Thus, according to the proof of Lemma 10, for any radial vector field X, the tangent cone
of w(X) belongs to div" (). Now, using the notation of the proof of (10),

J*@(X)) = Ri(yAy — xBy) + x P + yQ3,

whose projectivized tangent cone can be any element of div(E\|T(F)[)(4) by
appropriately choosing A, and B;. Therefore,

div (F) = div(E\|T () (4).

Notice, also, that one can make the following argument for n = 1: any 4-uple of smooth
invariant curves can be straightened to their tangential lines by a local biholomorphism. In
the new coordinates, say, (x, y), these four lines are invariant for the radial vector field,
R = x0dx + ydy. Since the multiplicity of the tangency locus is equal to four, the tangency
locus is exactly these four lines. Now, according to the above corollary, div" (F) is closed
in div(F), which gives the property.

(2) For n = 2, setting u(0) = 5 yields

(X - o(X) — uw(X)) =0.
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The same argument as above ensures that any divisor in div(F) that is the tangent cone
of some w(X) = 0, for some radial vector field X, belongs actually to div® (F). Now the
tangent cone of the tangency locus between F and G € D(0) is written as

(w(X))s =xPs+ yQs+ Ro (yAr —xBy) =0.

Hs $3

This tangent cone reduces to a single multiple point if and only if there exist a unit # and
a € C such that
Hs + R2S3 = u(x + ay)’.

If |T (&) is a single point, up to some linear change of coordinates, we can suppose that
R, = y?. Thus, the relation above implies that

u= Hs(1, 0),
(Hs)4,1

o= ——
5Hs(1, 0)

where (Hs)4,1 is the coefficient of x*yin Ss. If | T (F)| consists of two distinct points, up to
some change of coordinates, we can suppose that R, = y(y — 1). In this case, the solutions
are given by the system

u= Hs(1,0),
s Hs(1, 1)

which has exactly five solutions for Hs(1, 1) # 0.
(3) For n = 3, following the previous lemma, it is enough to show that there exists a
solution to

i1 (X - o(X) —uw (X)) =0. (13)

We consider the following notation
w=R3(xdy—ydx)+ Psdx+ Qsdy + Psdx + Qgdy +---.
Below, we are only going to consider the generic case, that is, when R has three distinct
points in its tangent cone
R=(y—1x)(y = 20)(y — 13%).
Notice that we can suppose that 71 # 0. Up to some multiplication by a unit, we can,
furthermore, suppose that the vector field X can be written as
X = x0x 4+ ydy 4+ A2dx + 84x%0y + A30x + B3dy,

where Aj is written in a Lagrange form
(y —mx)(y — 13x) , (y —nx)(y —i3x) X (y —ux)(y — m2x)
(t1 —m)(11 — 13) (o —1)(2 — 13) (3 —)(13 — 1)
Finally, we set u =6 + u| + - - - where u; = ujox + ug1y. Here, the unknown variables

are the §, the two coefficients of u; and the coefficient of A3 and Bj3. If we define w(X) =
Hg + H7 + - - -, the initial equation (13) is written as

H7 + uy He — Aydy He — 84x%3, He = 0. (14)

Ax(x,y) =6
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Now, since H7 is written as
Hy =xPo+yQ¢ + PsAs + Qs84x* + R3(yA3 — xB3)

and thus contains A3 and B3 as free and linear parameters, equation (14) has a solution if
and only if the evaluation at each point (1, t;) of (14), which are the roots of R3, yields
zero. Thus, we are led to a system of three equations that are written as

53%(1, 7)) +u1086(1, 7)) +uo1tiSe(1, ©i) + Li({85}j=1..4) =0, i=1,2,3,
where the function L; are linear functions of §;, 6, and §3 and quadratic in §4. The last two
equations for i =2, 3 can be seen as a linear system in u1¢ and uo; with determinant

Soth ) w230 ™) _ g1 m)se(t, (e — ),

Se(1, 13)  w386(1, 13)
which is not equal to zero because Sg and R3 have no common root and 7> # t3. Thus
u19 and ug; can be substituted into the first equation which can be solved because the
coefficient of the quadratic term 8% isequal to (0R3/dx)(1, t1) # 0. If R3 has, for instance,
a double root, say, t1, then the second equation is replaced by the partial derivative of (14)
with respect to y applied to (1, t1), which has also to be zero. Then, the computations are
much the same as above. In any case, the final equation is quadratic in the variables §; and
thus div" (%) is a quadric.

Now, a point of coordinates (1, #) which is in the support of some div" (F) is of
multiplicity four if and only if

HP (1, =0, i=0,...,3.
Let us write
He(1, 1) = Se(1, 1) + R3(1, )(ag + a1t + aat? + a3t?).
Notice that the coefficients «; can be written linearly in terms of §;. The previous equations
can be written as
o + ot +axt? +azt? = —(i—i)(l, 1),

S\
a1 + 2001 + 3a3t? = —(R—> (1, 1),
3

S\ @
z@ww={i>&m
R3

$e\ @
=—(=2) a@.non.
6a3 <R3> (1, 1)

Solving the following linear system, we express each coefficient «; as a rational function
of the variable ¢, which appears to be of degree zero: therefore,

o = —
4°
R3

where the dots stand for some polynomial function of degree at most 12. Now, if we
substitute these expressions into the quadratic equation that defines div’ (¥), we are led to
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a polynomial equation of degree at most 24. To check that generically this polynomial
function has degree 24 and 24 distinct solutions, it is enough to exhibit an example
satisfying these two conditions. Using some standard symbolic computation program, we
can verify that for

F: y(y2 —xz)(x dy —ydx)+ (x5 + y5 +x4y) dx

the polynomial function is

%t% 420 t22 _ 23—0t21 _ 13ﬂt20 59344 19 5898t18 9472t17 _ 2237091‘16
_ 3730415 _ 100&14 59343 13 _ 578312 _ 82324 11 _ 304410 4 46316t9
21887 0,6 251 .4 32.3 40 .2 32 2
+ 2078 st — t+248t+3t+3t FU— 53,

which has no common factor with (> — 1) and has only simple zeros.

Now, the same argument can be performed when 7 (J) has a double or a triple point.
Generically, the degree of the polynomial function obtained as above will be 18 for a
double point and 6 for a triple point.

(4) For n > 5, an obstruction to solve the equation (11) appears, immediately, for the
jet of order n + 4. Indeed, if we take R = y", Poyo = x"12, Qpy3 = y2x" ! and Q0,40 =
Pyi3 =0, then 3y Hy13 = (n + 2)x" ! 4 y"(- - ) and 3y H,13 = y"~!(- - -). The equation
of degree n + 4 becomes

—y3 " = A2 Ly () Ao((n 4 )X+ )
+Bo(y" ) Fun 8 4y ),

which has no solution if n > 5 since there is no term in y>x"*! in the right-hand side of
the above equality. Thus D" (n) # D(n) forn > 5.

(5) For n =4, we also have Dh (n) # D(n) but, to produce a counterexample, we had
to use a symbolic computer program again. Indeed, the obstruction appears only on the
homogeneous term of degree n + 5 =9, whereas it appears on the term of degree n + 4
for any n bigger than five. Actually, the following form

yH(x dy — y dx) + x8 dx +y'dy

does not belong to D’(4) while it belongs to D(4). Although it is quite long, the
verification presents no special difficulty.

Finally, we conjecture that, for n > 4, the space D" (n) has strictly positive codimension
in D(n). To support this claim, we remark that whether or not an element of F € D(n)
belongs to D" (n) relies on four parameters of the affine space div(F) that must satisfy
(n(n — 1))/2 equations, as highlighted in [7]. For n > 4, there are more conditions than
parameters. O

For small values of n, we can give a precise finite list of normal forms by using the
choices of divisors of Theorem IV. This is the object of the following corollary.

We say that an element (a;(x), ..., an(x)) in C{x}" is normalized if it is (O, ..., 0)
or if the first @; (x) 7 0, with i as small as possible, has its first non-zero monomial with
coefficient one.
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TABLE 1. Convergent normal forms.

T(F) Normal form Nr.

P v+ x3a(x))(x dy —ydx)+ x3dx,ae C{x} is normalized 1

2p (y2 +b(x)x2y—|—a(x)x3)(x dy — ydx) + x4 dx, where 1
(a, b) € C{x}? is normalized

p1+p2 @y —x)+ b(x)xzy +a()x3)(x dy —ydx)+ x* dx, where 10
a, b e C{x}

3p 0P + c@)x2y2 + b)x3y +a@)x)(x dy — ydx) + (x + A1Y) <6
(x + Ayy)x3 dx, where (a, b, ¢) € C{x}? is normalized and
A, rpeC

2p1+ 2 G20 +2) + c)x?y? +b(0)xy +a()xd) (x dy — y dx)+ <18
x+ A+ Azy)x3 dx, where a, b, ¢ € C{x} and 1, A € C\{1}

pi+patps OGP —xD) +c)xy? +b0)xy +a)xh(x dy — y do)+ <144

x4+ 2+ 2y)(x + )»3y)3 d(x + A3y), where a, b, ¢ € C{x}
and {A;} C C\{1, —1}

COROLLARY 12. For any F € D(n) with n < 3, there exists a finite number of convergent
normal forms characterizing the analytical class of F. They are summarized in Table 1.

When a normal form is non-unique, we can deduce all the equivalent normal forms from
any one of them.

Proof. Recall that, in Theorem III, the locus x Q(x, y) = 0 is Tang(F, R) and the locus
W(1, y) =0 corresponds to T (F). For n < 3, we are able to construct a finite family of
normal forms that characterizes the analytical class of a given &F. The finite family depends
on a finite number of possible choices of the relative position of the points of 7' (), on the
special (finite) choice of elements in div” (&) given in Theorem IV and, when these are not
enough, on some special choice of the series defining the holonomy.

(1) If n =1, then T(F) = p for some p in E. One can choose coordinates (x, y) such
that y = 0 corresponds to the direction defined by p and x = O corresponds to the direction
defined by the point of order four in div (). In these coordinates, Theorem III provides
normal forms that can be written as

v+ xza(x))(x dy —ydx) + x3 dx.
Now, if we apply an scaling (x, y) — (A%x, A3y), then the form is written as
v+ x2ha(hx))(x dy —ydx) + x> dx.

Thus either @ = 0 and the form admits a meromorphic first integral which is invariant by
scaling, or a # 0 and one can normalize a. Having made all these normalizations, the
normal form is then unique up to E-equivalence.

(2) If n =2 and T (J) = 2p, then one can choose for a point at oo the unique point of
order four in div” (F) whose existence is ensured by Theorem IV. As before, Theorem III
provides normal forms of type

(y2 + a()c))c3 + b(x)x2y)(x dy —ydx)+ x*dx.
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Finally, either @ = b =0 or one can suppose that (a(x), b(x)) is normalized by scaling
with (x, y) — (k3x, 24 y). Again, having made all these normalizations, the normal form
is then unique up to E-equivalence.

(3) If n=2 and T(J) = p; + p> then, there are five possible choices for a point of
order four in div” (). Once one of these point is chosen to be at oo, one can choose the
coordinates of 7(JF) to be {0, 1} and there are exactly two different possibilities. Then
Theorem 3 provides a normal form of type

Oy —x) +a)x® + bx)xy)(x dy — y dx) + x* dx.

Notice that, in this case, (a(x), b(x)) cannot be a priori normalized since no scaling leaves
the configuration of the three points invariant. Thus, we obtain a set of ten normal forms
which is unique up to E-equivalence.

@ Ifn=3and T(F) = p1 + p2 + p3, then there exist at most 24 divisors in div (F)
with a point of order four in its support. Let us choose one of these divisors and consider
coordinates where the two points p; and p; are sent to O and 1 and the point of order four
is at oo. There are six such possible choices. Now Theorem III provides a normal form
that can be written as

O =)+ rx) +a@)x? + b))y + c(x)x?yH(x dy — y dx)
+ (x + ay)(x + By)x® d(x),

where A1 #0, —1 and «, B # —1, A1. Notice that (a, b, ¢) may not be normalized. Thus,
we obtain a classifying list of at most 6 x 24 = 144 normal forms.

®) If n =3 and T(F) = 2p;1 + p2, then there exist at most 18 divisors in div* (F) with
a point of order four in its support. Choosing one of these points and coordinates where
the latter is at oo, the point of order two in T (J) is zero, and the remaining point is one,
Theorem III provides a normal form of the same type as before, given by

Oy — x) + a@)x* + b(x)x®y + c()x?yH) (x dy — y dx)
+ (x + ay)(x + By)x> d(x),

and thus is a classifying list of 18 normal forms.

(6) If n = 3 and T (F) = 3 p, then there exist at most six divisors in div* () with a point
of order four in its support. Letting oo be one of these points and 7 () be zero leads to a
normal form given by

0% +a)x* + b3y + c)x?y) (x dy — y dx) + (x + ay)(x + By)x® d(x).

Now, using a scaling (x, y) — (A*x, A7), one can suppose that (a, b, c) is normalized.
Finally, we obtain a classifying list of at most six normal forms. O

The convergent normal forms that we have obtained look quite similar to the formal
normal forms constructed by Ortiz ef al in [14] and the convergent normal forms in the
case n = 1 (see [15]). The main difference is that we first choose a radial foliation with
respect to which the given foliation is homogeneous. The convergence of its linearization
map gives us the convergence of the normal forms.
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3. Classification in D

As was seen in the previous section, the homogeneity hypothesis was a great help. Having
a radial foliation that is well related to a given foliation allowed us, in particular, to find
good coordinates. In general, we do not have such an object but some formal results based
on the ideas coming from the homogeneous case can be used to determine general formal
normal forms.

3.1. Formal normal forms in D(n). We start by generalizing the results in [14] to all
of D with a slight change in the type of equivalences. Two formal vector fields V, V in
(C2, 0) are said to be formally E-equivalent V ~ V if there exist a formal pair of power
series ¢ (x, y) = (Ax +---, Ay + - - -) and a formal unit u(x, y) = i + - - - such that

V=u- ¢ (V).

If the vector fields converge, ¢ is a formal equivalence between the induced foliations. If
the equivalence ¢ converges, it sends leaves of V to leaves of V' and fixes every point of
the exceptional divisor E. In this case we say that V and V' are E-equivalent and denote
itby V. ~g V',

Let n > 1. For any W formal Weierstrass polynomial in y—a monic polynomial in
Cl[x]1[y]—of degree and order n and any family of complex numbers (c;;) € crt=1)/2
we consider the formal foliation given by

Fw. (i) = W(x, y)(xdy — ydx) + Xy Z cijxty! x> dx. (15)
0<i<n—-2
0<j<n—1
i+j>n—1
THEOREM V. (Formal normal forms in D(n)) Consider three distinct points pgy, p1, Poo €
E and n > 1. For any F € D(n) such that py & |T(F)|, there exist a formal conjugacy
o e ﬁi\ff((Cz, 0) and a unique pair (W, (c;;)} such that:
° D®(pg) =0, DP(p1) =1and DO (ps) = o0, and
° o, F = SFW,(C,-]-)~

As a consequence of the above theorem, two formal normal forms Fy ;) and F W'.(cl,)
are formally E-equivalent if and only if they are equal. On the other hand, we know
from [3] that formal/analytic rigidity takes place in D so the formal invariants determine
the analytic class.

The proof follows the lines of the proof of [14, Theorem 4] with the appropriate changes
to generalize to foliations in D. In that paper, the divisor 7' (¥) is assumed to have only
simple points in its support, which is the generic case.

Proof. In the proof and whenever a system of coordinates (x, y) is given, the radial
vector field xd, + yd, will be denoted by R. Its dual form x dy — y dx is denoted by
wxR. For convenience, we are going to use the vector fields rather than the 1-forms.
Moreover, j™ () and 0, stand, respectively, for the jet of order m and the component
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of homogeneous degree m of L. In addition, a vector field V is said to have a normalized
homogeneous term of degree n + N > n + 2 that is written as

Vagn = Pox + Qay

if both P(1, t) and wr (V,,+n) (1, t) have degree at most n — 1 and the second has order at
least N at zero.

Let (x, y) be coordinates such that x =0, y = x and y = 0 define the points pg, p; and
Doo In E, respectively, and V = Pd, + Qd, be the holomorphic vector field representing
J such that P is a Weierstrass polynomial in y. Then j"*!(V)= RR for a unique
homogeneous polynomial R(x, y) of degree n > 1 with R(0, y) = y". The regularity of
the foliation after blow-up is equivalent to the fact that R has no common factors with
@R (Vay2) = y P2 — xQna-

After applying a transformation of type A Id for some A € C* and multiplying by an
appropriate unit, we can suppose that R(0, y) =y" and Q,42(x, 0) =x"T2. In what
follows, all changes of coordinates will be tangential to the identity and all units will be
equal to one at the origin. Thus R and Q,42(x, 0) do not change along with the following
changes of coordinates.

Next we are going to normalize, recursively, the homogeneous components of V. To do
so, we will use of two types of change of coordinates. Below, we describe these changes
of coordinates and compute how they affect the homogeneous components of V.

° If ¢ = (o, B) is a homogeneous vector field of degree N > 2, and we consider
the vector field V = P, + @ay obtained by pushing V by the transformation ¢ =
Id +¢n + h.o.t., then

JNP) = jN(P) + (N — DRa — x(@d R 4 B3,R),  (16)
FTN R (V) = "V @R (V) + (N — DRox(dN). (17)

° Moreover, if ¢y preserves the radial foliation, that is, there exists a homogeneous
polynomial y of degree N — 1 such that « =xy and 8 = yy, then setting V7 =
(1—=(N—-1—-n)y)V gives

JNPYY = N (P) (18)
V2 (r(V) = "N 2 (0R (V) — Ny (Vasa). (19)

In particular, if V was normalized up to order n 4+ N, then so is vr.

We will consider a sequence of equivalent vector fields V'V, each normalized up to order
n + N. Start with V and find a homogeneous vector field of degree N = 2, ¢» such that the
right-hand side of (17) becomes a polynomial of degree less than n. By dehomogenizing
the equation, there is a unique possibility that wx (¢») will be given by Euclidean division
in the ring C[¢]. The pushforward of V by Id +¢, gives a vector field 1% satisfying that
a)gz(V) is normalized up to order n + 2. Let 1 be the unique homogeneous polynomial
of degree N — 1 such that é(l, t)+n(l, )R, t) is of degree less than n. Then vi=
a- n)\7 is normalized up to order n 42 and V>~ V. Suppose, for induction, that
N > 2, V¥ is normalized up to order n + N and yN ~o V. Let us find a y N+l ~0 yN
normalized up to order n + N + 1. The key ingredient for the induction is the following
lemma.
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LEMMA 13. Given a homogeneous polynomial H of degree n + N + 2 in (x, y), there
exist a unique polynomial g, N2 in the C-vector space V generated by y/ x"T*N=i for
j=N,...,n— 1, and homogeneous polynomials A and B of degrees N +2 and N — 1,
respectively, such that

H=quiN+2+ AR+ Bog(Vii2).

Set H = (wx (VN ))n+nN+2 and apply the previous lemma to obtain A, B and g, n+2-
Define y = B/N. Then, defining V7 as before, we get j"tN*2(V?) = g, yni2 + AR
and j*+N (P7) = "N (P). Next, choose a homogeneous vector field ¢ of degree N
such that wg (¢pny) = —A/(N + 1). After applying Id +¢n to V” we obtain a vector field
WN*1 with normalized

jn+N+2(a)52(WN+1)).

It remains to normalize the homogeneous term P of degree n + N + 1 of the d,-coordinate
of WN¥*1 We claim that x divides P and thus P(1, f) has degree at most n + N. Indeed,
by construction, x divides (wx (W™ *1)),4n42 and

wh ( (@R WV v 1o
n+N+2 X

>8y and R are tangential vector fields.

Therefore x divides P. By using Euclidean division in C[¢], we can find a unique
homogeneous polynomial Py (x, y) of degree N + 1 such that Py 1(1, #) has degree at
most n — 1, and a homogeneous polynomial C(x, y) of degree N such that P = Py +
xRC. The vector field VN+! = (1 — C)WN*! is normalized up to order n + N + 1 and
still in the same equivalence class.

The formal vector field V™ satisfying j~(V>) = j¥(V") for all N >1 is also
formally equivalent to V¥ and has all its homogenous terms normalized. Its dual form
has the properties given in the statement of Theorem V. The uniqueness of the solutions
for the coefficients in the Taylor series of V,, at each step of the normalization shows that
the normal form is unique. Nevertheless, the formal equivalence between the vector field
V and its normal form V, is non-unique since the group of automorphisms of the foliation
contains the exponential of #V for any unit «. This appears in the normalization process
as the lack of uniqueness for the coefficients in the normalizing map. O

In [14] the authors consider the case of foliations F € D(n) for which 7 (F) has only
simple points in its support, that is, where all tangencies between the foliation and
the exceptional divisor are simple. They provide unique formal normal forms modulo
formal conjugacies tangential to the identity. The unique normal forms that they obtain
can also be written as W(x, y)(x dy — ydx) + H(x, y) dx, where W € C[[x][y] is a
formal Weierstrass polynomial and H is a polynomial whose coefficients lie in an open
set of C((*=1)/2+1 I our case, the coefficients of the polynomial H lie in an open
set in C"=D)/2_The difference in number of parameters comes from the fact that we
are considering equivalences that are tangential to a homothety X Id, whereas in [14]
the authors consider equivalences tangential to Id. In the case where T(F) = p the
convergence of the normal form is proven by the same authors in [15]. The difference
between the normal form obtained in Theorem V and the normal forms of [15] lies in the
choice of radial foliation that is used to normalize.

https://doi.org/10.1017/etds.2015.123 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.123

Classification of regular dicritical foliations 1469

3.2. The ~g-invariants. Following Theorem V, we introduce an analytical invariant by
extracting some information from the formal normal forms of a foliation &F. Given three
distinct points pg, p1, pso € E and any class of E-equivalence [F] such that py ¢ |T (F)],
we define its ~ g-invariant as the data

c[F1(po, P, Poo) i= (cij) € C=DI/2,

This invariant, together with the holonomy, provides a complete system of invariants for
the E-equivalence in D. This is the meaning of the following theorem.

THEOREM VL. (~g-invariants) F| ~g F» € D ifand only if F| € D, H(F1) = H(F>) and

c[F1l(po. P1, Poc) = e[F21(po, 1. Poo)
for some (and hence for every) choice of three distinct points po, p1, P € E.

As in the homogeneous case, Proposition 5 implies that the parameters (c;;) are
independent of the holonomy. If we knew that the normal form associated to a certain
(convergent) holonomy class is convergent, we could deduce the convergence of the
normal forms of Theorem V for holomorphic foliations.

Proof of Theorem VI. Consider two foliations J7 and J3 as in the statement of the
theorem. Their associated formal normal forms are written as

F1~g (R(x, y)+--)(xdy —ydx)+ Q1x3 dx,
N——
41
ForE (R(x, y) + - - )(x dy — y dx) + Qox> dx.

-

Ws

Since ¢[F1]1(po, P1, Poo) = €[F2]1(po, P1, Pxo), they share the same second factor, that
is,
01 = 0.
Denote r = R(1, t) and ¢ = Q1(1, t). Lemma 5 ensures that the map hol, ; is a bijection.
Therefore, the equality H(J) = H(J,) implies that the terms W and W are also equal.

Therefore, the foliations have the same normal forms and are formally equivalent. Now,
following [3], they are also analytically equivalent. O

3.3. Realization of ~g-invariants. By giving a geometric interpretation of the ~p-
invariants, we are able to proof a realization-like theorem.
Recall that, given I € D(n), we defined

div(F) = {Tang(F, 9)|g €div E(n + 3) : G € D(0)}. (20)

By construction, div(F) C div(E\|T (F)]). If F| and F, are E-equivalent then obviously
div(F1) = div(J7). There exists an equivalence relation ~7 () on div E(n + 3) depending
only on T (F) whose classes correspond precisely to a subset of the form (20). Indeed,
given a divisor

D=rip1+- - +rprediv E(n)
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we say that two divisors D1, D, € div E(n + 3) are D-equivalent, and we denote it by
D1 ~p D, if there exist homogeneous polynomials in two variables Py, P> and R defining
D1, Dy and D, respectively, satisfying that P, = P; + RQ for some homogenoeus
polynomial Q of degree three. On the other hand, we denote by Rot(D) the set of families
{h1, ..., hi} whereeach h; : (E, p;) — (E, p;) is aholomorphic germ locally conjugated
to the rotation by angle 27 /(r; + 1) and

E= U Ep where Ep = div(E\IDD(deg(D) + 3) x Rot(D)

Dediv E D

with its natural projection E — div E. We get a natural map J : D/ ~g— E given by

JAFD = (div(D)], HI)) € Er(g)

which is well defined since E-equivalences fix any point on E, where all invariants we
deal with are computed.

THEOREM VII. The map J is onto. Its fiber over an element in Ep is biholomorphic to
CM, where M = max (0, ((deg D — 2)(deg D — 1))/2).

This theorem also proves that any invariant in Theorems II and VI are realized by some
foliation in D.

To describe the space D/ ~ we just need to remark that there is a natural action of the
group GL(2, C) on D/ ~f once we have chosen coordinates (x, y) in (C2, 0). The action
associates to each matrix the natural linear transformation in the two variables (x, y). The
quotient is precisely D/ ~. This action preserves fibers of J, and, actually, the map J is
equivariant with respect to the natural homomorphism GL(2, C) — Aut(E). Hence we
can define a surjective map J : D/ ~— E/Aut(E) whose fibers are as in Theorem VII.

Proof. To prove that J is onto, let D =ripy + - - - + rypr € div E(n) and
([D1], A1, ..., D) €Ep

be given. Consider an affine coordinate s € C in E containing all the points in the support
of D and D;. These divisors can be, respectively, represented by monic polynomials r(s)
and ¢ (s), and the 1-form r(s) ds + g (s) dx defines an element such that

T(Fy) =D
div(Fp) = [D1].

We are going to do a surgery on Jy which will preserve the above relations but modify the
holonomies, as expected. Consider the pair (Fp, §), where G is the radial foliation defined
by ds =0 in the given coordinates. On a small neighborhood U; of p; € E, following
Lemma 2, there exists a local biholomorphism ¢; sending the pair (Fy, 9)|y, to the germ at
(0, 0) of the pair (w;, dt), where w; =1" dt + (t — 1) dx. Define ¢; = ¢;|eny;. To keep
track of the divisors D and D; and change the holonomy, we do not touch the gluing
on E N U; but we change the model foliation w; by an appropriate holomorphic model
@i € Qp—ri (1—1), obtained from Proposition 6, that satisfies

hi(s) = @; ' ohol,,—1(@;) o @i (s).
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Now, there exists a unique extension of ¢; to a saturated neighborhood V; of an annulus
A; C U; N E that sends the pair (F, 9)v; to the pair of germs of foliations at (0, 0), defined
by (@;, dt). After doing this at each point p;, we obtain a pair of regular foliations (¥, )
in a neighborhood of a (—1)-curve. The contraction of this curve produces a foliation
Fe DR Ge D), T(F) =D, div(F) =[D;] and H(F) = (h1, .. ., hy). Thus the map J
is onto.

It remains to prove that for each D =rip; + - - - + rp px € div(E)(n) and

e=([Di], {h1,..., i} €Ep

the fiber 3~ !(e) is biholomorphic to CY, where M is as in the statement of the theorem.
Take coordinates (x, y) of (C2, 0) such that x = 0 does not define a point in the support
of D. By Theorem V, we can assign to each class in J~!(e) a unique formal one-
form W(x, y)(x dy — ydx) + Q(x, y) dx. The homogeneous part of degree n + 2 of Q
depends only on [D;] and thus is invariant in 3! (e). Now, the polynomial Q — Q,1» is

written as
Z cijxi 3yl
0<i<n-2
0<j<n-1
i+j=n
and thus defines a point (¢;;) in CM . This defines a map from J~!(e) to C¥. Proposition 5
ensures that this map is injective.

Let us prove that it is also onto.

Let (c;;) in CM be given. By construction, the family of complex numbers (c; i), the
class of divisor [ D] and the set of holonomies 7 = {hy, . .., h;} is,associated to a formal
normal form of Theorem V. However, we are looking for a convergent foliation. The idea is
basically the same as in Proposition 6. We are going to do a surgery on a polynomial form
that is tangential to the formal normal form with an order as big as necessary. Indeed, using
the construction of Theorem V it is easy to see that for any N > 1 there exists a foliation
Jo defined by a polynomial normal form wo= Wy(x, y)(x dy —ydx)+ Q(x, y) dx
satisfying that

PN HF0) =" ().

After the blow-up y =tx, we consider the radial foliation Gy defined by dr =0.
On a neighborhood U; of p; € |D|, there exists a unique biholomorphism onto a
neighborhood of (0, 0) in coordinates (z, ) sending (0, ) to (0, ¢) and the pair (F, 9)|y,
to the pair (o, df), where o = (11 +a) _ ()t "' + -+ - +ag(z)) di + (t — 1) dzis the
convergent 1-form of Proposition 6 that has the same holonomy h? as Jo at p;. The
convergent 1-form w; = ("1 + (1,1._1(z)t”'_1 +---4ap(z))dt + (t — 1) dz for which
H(J,,;) = h; satisfies that
w; —w? =ZN/f(Z, t)dt

for some big N’ € N. In particular, this means that for each 0 < &; < |f9| < r; for some
small & and r;, the holonomy germs g?, g ({t=1},0)— (E, ty) of a)lQ and wj;,
respectively, are tangential with an order as big as necessary. In particular, gl._1 ) g? () —z
has a zero of order N” that is as big as necessary. The equivalence between ?w? and F,,
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in a neighborhood of the annulus can be written as

G @+ 60 @1)

for N as big as necessary. We claim that the gluing of F with the

0/(C2, E)\U U--UU;
models 3, via the gluing given in (21) defines an element in J € 3~ !(e) with the desired
invariants. After the gluing, we get a pair (&, §) of foliations around a rational curve of
self-intersection —1. Combining results from [4, 6, 13], we have the following lemma.

LEMMA 14. Let Diffy (E, G) be the sheaf over E of germs of automorphisms that are
locally written (z, t) — (z + 2V (- - -), 1), where z = 0 is a local equation of E and dt =0
is the radial foliation G. Then,

H'(E, Diffy(E, §)) =0.

Let us give a sketch of the proof of the above lemma.

Proof. According to [13], it is enough to prove at a formal level that

HY(E, Diffy(E, G)) =0.

Let us consider {¢;;};; € Zl(ﬁi?fN(E, 9), {Ui}ier) for some simply connected covering
{Ui}ier of E. Taking a finer covering, if necessary, one can suppose that ¢;; is the flow
at time one of some formal vector field X ij tangential to the radial foliation. Since ¢;; is
tangential at order N to Id, one can write, in adapted coordinates (z, ),

X a A..
Xij=7"Aij(z, t)8_z’ i — l11Xij

where A;; is some formal function. Now, the cohomology group H L(E, (5) vanishes [4],
so there exists a family of functions such that A;; = A; — A;. As a consequence, there
exists a family of vector fields {X;};<; vanishing at order N along E such that

)A( ij = )A( j— )% i
The Campbell-Hausdorff formula induces that

[1x;: 4 e[l]Xij o (e[l]Xj)—l — e[l]zij’

e

where Z; ; is a formal vector field tangential to the radial foliation and vanishing at order
2n — 1 along E. Applying this construction inductively, we obtain a zero-cocycle {¢; }ics
in Diffy (E, G) such that

¢i 0 eMXii 0 ¢ =y (22)

and v;; is tangential to Id at an order p as big as necessary. Finally, following [6], for big
enough m, the image of the natural map

H'(E, Diff,,(E, 9)) — H'(E, Diffy (E, 9))

is trivial. Thus, one can write

Vij =V ' (23)
where {¥}ics is a zero-cocycle in Iii?fN(E , 9). Combining the relations (22) and (23)
yields a trivialization of the initial cocycle. O
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This lemma implies, in particular, that one can choose a holomorphic 1-form
representing J as tangential as necessary to wy. In particular, one can choose this order
of tangency such that w and wq coincide up to order 2n. Therefore, I has the desired
invariants (c;;) € CM and the map from J~!(e) to CM is onto. O

4. Examples of unfoldings in D" (n)
In the light of Theorem I, we have a natural way of unfolding a dicritical homogeneous
germ ¥ € Dh (n) in the space Dh (n) with base space of dimension n + 3. Indeed, we can
suppose J is obtained from Fg of Theorem I by a blow-up on some divisor D = p; +
-+ -+ ppy3 on the exceptional curve. When two points p; and p; coincide, we interpret
this by saying that we blow up twice at the same point. By considering an affine coordinate
z € Cin the rational curve where p; corresponds to z; € C, and defining p; (¢) = z; + ¢; for
c=(c1, ..., cne3) € (C'3,0), the foliations {F. : ¢ € (C"*3, 0)}, defined by blowing
up Fs on the divisor D(c) = pi(c) + - - - + puy3(c), form an equisingular unfolding of
J. Knowing div"(¥) and Theorem II allows us to decide which of the directions in this
unfolding are non-trivial. For instance, in the cases n =2, 3, this procedure, applied to
the points of the special choices of topological class in div” (F) of Corollary 12, produces
universal equisingular unfoldings.

In fact, by this procedure we are able to give explicit examples of non-trivial unfoldings
of a foliation without any special integrability properties. To our knowledge, they
constitute the first such examples.

4.1. Examples obtained by pulling back foliations admitting a meromorphic first
integral. 'We can provide some examples of universal equisingular unfoldings of
elements in D. Indeed, if r(¢) is a polynomial of degree n, the universal unfolding of
the germ of foliation F € D" (n) defined by

v =x"+2d<r<§) +x> (24)

is given by pullback of v via the rational map

n—1
Ax, y, (i) = (x, ) - (1 + ) ci,-xffyf'),

j=li<j

where (¢;;) € Crn=D/2 Note that, for each fixed non-zero parameter (c;;), A is an
automorphism of each leaf of the radial foliation x9y + ydy, except for the leaf x = 0.
To see that the resulting unfolding is equisingular and non-trivial in any direction in the
parameter space, it suffices to remark that after blowing up via y = tx, the underlying
deformation is written in dual form as

n—1 n—1
<r(t)+ > jcijxi+1tj_l) dr + <1+ > (i+1)c,~,-xl'tf—1> dx.
j=li<j j=li<j

Hence, for any fixed parameter, we have already one of the normal forms given in
Theorem V. By uniqueness of the normal form, any two elements in this family belong to
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different classes of E-equivalence. Actually, the so-constructed unfolding turns out to be
the universal unfolding of v since the dimension of its space of unfoldings is n(n — 1) /2.
Notice that, unfortunately, such a procedure fails when the initial form v is in normal form
and has some other non-zero terms.

4.2. Examples without any special integrability property. Consider an element of
D" (n) defined by the 1-form

n—1

o= (R(x,y)+ Y ai(x)y'x")xdy —ydx) + Q(x, y) dx
i=0

W(x,y)

as in the statement of Theorem III, where R is homogeneous of degree n and a; € C{x}
with a; (0) = 0. Then the 1-form in (C2, 0) x C"~! defined by

n—1

Q= (R(x, N+ ailx+ e, y>)y"x"">(x dy —ydx)+ Q(x, y) d(x + (¢, y)),
i=0

where (c, y) = Z;’;ll ¢;y', defines a non-trivial equisingular unfolding of any foliation in
D associated to |c.—¢, for some ¢ € C"~! given by polynomials.

Notice that, if the initial 1-form w is polynomial then the unfolding is also given by
polynomials. In this way, we provide non-trivial deformations of global foliations in CP?
of constant topological type, a situation that is non-generic in the space of foliations of
CP? (see [8)).

Let us consider the rational map

Ax.y. ¢) = (1 + “’xy)) (. ),

where (¢, y) = Y= ¢yl
The 1-form Q in C? x C"~! is the pullback of Q|.—o=w by A up to some
multiplication by a meromorphic unit u#. In particular, € is an integrable 1-form since
we have
WQA dQ = A*(Qemo A dQ2e—g) = 0.

After the blow-up E of the singular locus {x =0, y = 0}, 2 is written in the coordinates
of the blow-up, y = xt, as

n—1
E*Q = (R(l, D+ aix+ (e rx))ﬂ'> dt + (1, 1) d(x + {c, tx)).

i=1
The induced foliation restricted to a fiber of (x, y, ¢) — coverapointc = (cy, . . ., Ch—1),
such that 1/c¢; is not a root of R(1,1) =0, lies in D(n). The tangency locus with the
exceptional divisor x =0 is equal {x =0, t =¢;}, where ¢; is a solution of R(1, t) =0.
Since the curves {x =0, t = t;} = 0 are contained in a invariant hypersurface of E*<, the
1-form 2 defines an equireducible unfolding of 2|, for any c¢ lying in the Zariski open
set U ={ceC":c1t; #1, Vy;}.
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Suppose now that 2 is trivial along a certain smooth submanifold of the space of the
parameter. Then there exists a germ of application

c:teC— (c1(t), ca(t), ..., cp(t)

with ¢(0) =0 and ¢’(0) # (0, . . ., 0) such that Q|.() is a trivial unfolding of one variable.
Now €] is written as
n—1 ‘ ‘
<R(x, y) + Z a;i(x + {ci(#), y))y’x"_’)wk + 0, y)d(x + {ci(?), y))
i=1
n—1

Z clf(t)yi) dt.

i=1

n—1
=(-Jor+ Q. y)dx + Q(x,y) Y ci(t)iy' " dy + (Q(x, y)
i=1
Following [12], the triviality of €2|.(;) implies that the coefficient of dt belongs to the ideal
generated by the coefficients of dx and dy. If there exists such a relation, we can evaluate
it for = 0 and find polynomial functions A and B such that

PO=AQ —yW)+xBW, (25)
where P(y) = 2"71 c; (0)y'. Since, Q and W are relatively prime, there exists A such

i=1

that xB — yA = AQ and thus A = P — W A. Therefore, rewriting (25) yields
—yP — QA+ yWA +xB =0. (26)

Since the orders of Q and W at zero are n 4 2 and n, evaluating the jet of order n of the
above equality gives
—yP +xJet,(B)=0

and thus P =0, which is impossible. This proves that the unfolding is non-trivial for
co = 0. To prove it for ¢ € U, it suffices to remark that the jet n of equation (26) remains
exactly the same if we impose c(0) = ¢g instead of co(0) = 0.

For generic function a@;, 2 does not admit any first integral that is multivalued and
holomorphic on the complement of a countable union of analytic sets. In particular, it does
not admit meromorphic or Liouvillian first integrals.

Indeed, suppose that F belongs to D(1) and admits a Louvillian first integral. After the
blow-up and the restriction of this first integral to E, we can see that h = H(J) admits
a Louvillian first integral on E: that is, a non-constant multivalued holomorphic function
f defined on the whole E such that, for at least one determination of f o h, one has
f oh = f. We know that such a Liouvillian function admits at most a countable number
of singularities, that is, homotopy classes of paths along which the analytical extension of
the germ of function is impossible. Below, we produce an example of periodic map % such
that any first Louvillian integral has an uncountable number of singularities. Any foliation
admitting this germ % as holonomy will not admit a Liouvillian first integral.

LEMMA 15. Let D C C be a region containing 0 and h : D — D a holomorphic mapping,
h(0) =0 and the germ at zero of h satisfies h°* =1d for n € N. Suppose that the set
of singularities of h in 0D has an accumulation point p and there exists a continuous
extension of h to a neighborhood of p in d D satisfying h(p) € D. Then any non-constant
Louwvillian first integral f of h that is defined and holomorphic on D has a singularity at p.
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Proof. Lety : [0, 1] — D be a path that satisfies y ~! (D) = [0, 1), y(0) =0 and y (1) is
a singularity of A. If a Louvillian first integral f admits analytic extension for some of its
determination, and we denote its extension by f), and lim, .1 h(y (¢)) € D, then part of the
graph of 4 is contained in the set

{(x, y) edom(f,) x D: f(y) = f,(x)}.

If f/(h(y(1))) # 0, the implicit function theorem tells us that & extends analytically to
y (1), which is not possible. Therefore, for every singularity g € d D of h, where h extends
continuously and f analytically, one has f'(h(g)) = 0.

Finally, suppose that f extends analytically to p. There exists a continuous extension
of h to a neighborhood of p in dD. Thus, given a sequence p, of singularities of 4 that
accumulate on p, f/(h(p,)) = 0. The convergence of h(p,) to h(p) € D implies that f is
constant, which is impossible. Hence p is a singularity for f. O

To finish, let us provide an example of such an & with curves of singularities. Let D be a
simply connected plane region bounded by a Jordan curve of class C'. Suppose that 3 D is
not analytic. Moreover, suppose that 6 is the rotation of angle 27 /n centered at p € D, then
the intersection points of D and 6(d D) are points of transversality between the curves.
Let D, be the connected component of D N #(D) containing p and A = 9D, N hl (Dp).
Now, if ¢ :D — D is the homeomorphic extension of Riemann’s mapping theorem
between D, 0 and D, p to the boundaries given by Carathéodory’s theorem, then the
continuous map 4 : Dy — Dy, defined by h =¢ "' 06 0 ¢ on Dy = (p_l(Dp), has order
n at zero and singularities at each of the points of d Dy (see [17, p. 628]). By construction,
the values of the extension on C = ¢~ !(A) belong to Dy. Thus, Lemma 15 guarantees that
the points of € are singular for any germ of Louvillian first integral of &.

Actually, any non-constant Louvillian first integral of & will not be extendable to any
point in C. Hence, any foliation with holonomy % will not admit a Louvillian first integral.

4.3. A parametrization of D(2)/ ~. The parameter space of the unfolding 2 of §4.2
is a Zariski open set of C"~'. We know from [12] that the base space of the universal
unfolding of an element in D(n) has dimension n(n — 1)/2, so the obtained unfolding is
only part of it if n > 2. In the case of n = 2, both dimensions coincide.

The form

Qx,y, 0) =" +a()yx +cy) + b(x)(x dy — y dx) + (x + cy)* dx
can be pulled back by the biholomorphism
(x,y,0) = (x +c¢y, y,0)

to obtain
[y? +a(x — ey)yx +b)](x dy — y dx) + x* d(x — c).

Up to a sign on c, this form corresponds precisely to the one appearing in the previous
section. Hence it is a non-trivial equisingular unfolding around each fixed parameter

c e C\{t: 1> + a(0)t + b(0) = 0}.
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Since the dimension of the base space of the obtained unfolding coincides with the
dimension of the universal equisingular unfolding of &, they are equivalent.

Let us analyze the analytic invariants of F, along the parameter space. By construction,
H(F.) = H(Jy) for all admissible c. The position of the divisors ¢(F,), defined in the
proof of Theorem IV, depend on ¢ by a holomorphic (possibly multivalued) non-constant
function that assumes any value in C\|T (Fp)|. By Theorems II and IV, we cover all
analytic classes of foliations in D(2) having the same holonomy H (Fy). Furthermore, any
choice of rotations around points in E is realized as the holonomy of a normal form. Once
we have a holomorphic germ in D(2) with given holonomy generators we can consider the
coefficients a and b of one of its normal forms in Corollary 12 as Jy.

Remark that the foliation induced by the form €2 extends to a holomorphic foliation
F on (C?, 0) x P!. The germ of this foliation at each point (0, 0, ¢) € C? x C describes
the universal equisingular unfolding of F.. Besides, all the analytic classes with fixed
holonomy are realized along the parameter space ¢ € C. We can think of F as a realization
of all universal unfoldings of foliations with some fixed holonomy. The intersection of F
with the fiber at ¢ = oo is not an element in D, but it is still a germ of foliation and it allows
us to compactify the germs of foliations along the parameter space.

We deduce a parametrization of D(2)/ ~ that is adapted to the equivalence relation
having the same holonomy class. By considering the parameters (a, b, ¢) € Cf{x})? x P!,
the fibers of the projection (a, b, ¢) — (a, b) parametrize equivalence classes. These
restrictions of the parametrization are locally injective, in general, but not globally
injective. As a consequence, up to changing coordinates, any two distinct germs in D(2)
sharing the same holonomy class can be joined by a deformation underlying a non-trivial
equisingular unfolding.

4.4, Unfoldings versus deformations in D. In this section, we give some independent
results which compare the unfoldings and the deformations of a foliation in D. In
general, it is very difficult to give a criterion that recognizes deformations that underlie
an unfolding. However, for the class D, it can be decided by the variation of the holonomy.

PROPOSITION 16. Let {Fc}.ccr0) CD be an analytic germ of deformation of F
satisfying that H(F.) = H(Fo) for all ¢ € (CF, 0). Then the given deformation underlies
an equisingular unfolding of Fo on (C*tX 0).

Proof. Let us provide a couple of open neighborhoods of some open sets in E satisfying
that:

° U1 U U, is a neighborhood of E; and
. on each U, there is an analytic family

lﬂgIUj—>Uj

of biholomorphisms fixing every point of E and sending Fojy; to Feju; -
Doing so, the initial deformation will be a product on each U; x ((Ck, 0) and, as
highlighted in [12], will be correspond to an unfolding.
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LEMMA 17. Given F € D, there exist two radial foliations G1, G2 € D(0) such that
[Tang(F, G1) el N [Tang(F, G2) el = 0.
Proof. Up to some change of coordinates, we can suppose that
w(x,y) =R(x, y)(xdy —ydx) + Pyppdx + Qniady + - - -

representing J satisfies that the degree of P,4»(1,¢) +1Q,42(1,¢) is n+ 3. Since,
R(1,t) and P,42(1,¢t) +1tQu42(1, t) have no common roots, one can choose G =
x0x + ydy and G = x0x + (y + x2)ay. O

Applying Lemma 17 to Jp, we find a Jordan curve y in E that separates
[Tang(Fo, G1)|el from [Tang(JFo, G2)|r| and we take U; to be an Jy saturated
neighborhood of the disk in E\y with no point in [Tang(JFo, G1)|gl, and we take U,
to be an JFy saturated neighborhood of the complementary disk. For sufficiently small
ce ((Ck ,0), F; and §G; are transverse on U;. We can define the equivalence wg on
U; by simply imposing v ; =1d, (¥{)+(Fo) = F. and (¥{).(S;) = G;. The analytic
dependence of . along the parameter guarantees that the families gﬁg are analytic on
c € (C, 0). To prove that the unfolding is equisingular, we need to check that along
the whole process of desingularization the leaves of the unfolding are transverse to the
parameter fibration (x, ¢) — c. In the present case, note that a leaf of the unfolding is
formed by the union of leaves of the deformation that sit over the same point in E, since
we do not move the points in £ along the construction. Thus the trace of a leaf of the
unfolding on the divisor E X ((Ck, 0)is p x ((Ck, 0), which is regular and transverse to the
fibration. U
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