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ABSTRACT

Flexoelectricity, the coupling of strain gradient to polarization, enhances the properties of piezoelectric
response desirable for advanced MEMS dramatically even in centrosymmetric dielectrics. In this paper,
the general formulations of the flexoelectric couple stress theory presented by Hadjesfandiari in orthogo-
nal curvilinear coordinate system are derived, and are then specified for the case of cylindrical coordi-
nates. A size-dependent flexoelectric model of circular plate is established based on the current formu-
lations in cylindrical coordinates. The governing equations, boundary conditions and initial conditions
are derived by applying Hamilton's principle. The static bending and free vibration problems of a sim-
ply supported axisymmetric circular plate are carried out to illustrate the applicability of the present
model. Numerical results reveal that a homogeneous electric field between the up and down surfaces of
the circular plate is induced indeed. The generated deflection, induced voltage and natural frequency
show obvious size effect, but the size effect is almost diminishing as the thickness of the plate is far
greater than the material length scale parameter. As the increase of the flexoelectric coefficient, the in-
duced voltage increases evidently and the generated deflection and the natural frequency increase weakly.
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1. INTRODUCTION

Piezoelectricity is inherent only in noncentrosymmet-
ric materials, but a piezoelectric response can also be
found in centrosymmetric dielectrics [1]. A nonuniform
strain field or the presence of the strain gradient can lo-
cally break the inversion symmetry and induce polariza-
tion even in centrosymmetric dielectrics [2]. This phe-
nomenon is termed as flexoelectricity which is the cou-
pling between polarization and strain gradients [3].
Flexoelectricity is one of the fundamental properties al-
lowed by symmetry for all insulators. And the flexo-
electric-type piezoelectric composites offer an alternative
avenue for the development of electromechanical cou-
pling components in MEMS (Micro-electromechanical
Systems) [4]. Therefore, flexoelectricity stimulates a
surge of interests of researchers.

Strain gradients play a significant role in micron
scales. The mechanical behaviors of micro-components
have shown obvious size effect for metals, polymers and

polysilicon, experimentally [5-8] and theoretically [9-14].

Further, for the dielectrics, the mechanical strain gradient
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is equivalent to internal electric field [15]. Due to the
scaling of the strain gradients with structural feature size,
flexoelectricity is expected to show a strong size de-
pendency which have been observed in many experi-
ments. The strain gradient induced polarization in sin-
gle crystals of paraelectric SrTiO; has been measured by
Zubko et al. [1]. Fu et al. confirmed the piezoelectric
performance of composites fabricated by using certain
non-piezoelectric components with a texture symmetry
would be enhanced with their reduced sizes [4]. The
scaling effect of flexoelectricity was studied by Huang e?
al. using BST micro-cantilever with its thickness down
to 30 um [16]. Li et al. investigated the flexoelectric
effect in BZN/Ag composite where the structure symme-
try permitted no macro-piezoelectricity and measured its
flexoelectric coefficient [17]. In addition, for the apolar
a-phase PVDF film, the flexoelectric effects have been
detected under elastic tensile stretching condition with
trapezoid shape [18] and bending condition with rectan-
gle shape [19], respectively. Due to neglecting the cou-
pling of strain gradients to polarization, the classical pie-
zoelectric theory fails to capture the size-dependent
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flexoelectric phenomenon. Thus, the flexoelectric theo-
ries have been proposed to account for the size-dependent
flexoelectric effect.

The size-dependent flexoelectric theories are devel-
oped from strain gradient theories which have achieved
giant success in predicting the size effect phenomena in
micro-structures. In general, according to the deforma-
tion metrics used, the strain gradient theories can be
classified into couple stress theories and general strain
gradient theories. In the couple stress theories [20-22],
only the rotation gradients, the skew-symmetric part of
the second order deformation gradients, are treated as the
higher-order deformation metrics and, accordingly, two
higher-order material constants are introduced in addition
to the conventional Lame constants. Further, in the
general strain gradient theories, the second order defor-
mation gradients (the first order strain gradients) are re-
garded as the higher-order deformation metrics, and five
additional higher-order material constants are involved
[23]. However, the application of these theories is lim-
ited as it requires the formidable task of determining,
theoretically or experimentally, five additional material
constants for general strain gradient theory and two addi-
tional material constants for couple stress theory. In
view of simplicity, the strain gradient theories are re-
duced by introducing an additional equilibrium of mo-
ments of couples to govern the behavior of higher-order
stresses, and then the skew-symmetric part of the rotation
gradients is ignored to formulate the modified couple
stress theory with only one higher-order material con-
stant [24] and strain gradient elastic theory with three
higher-order material constants [5]. However, the me-
chanical effect of the moment couple is unable to be
comprehended for the free character of moment vectors.
In addition, the strain gradient theory with three high-
er-order material constants is still limited in engineering
applications as three higher-order material constants are
still very difficult to be determined experimentally.
Actually, the three higher-order material constants are
always taken the same for the same materials in previous
research. Recently, however, by considering true con-
tinuum kinematical displacement and rotation, Hadjes-
fandiari and Dargush demonstrated the diagonal compo-
nents of curvature tensor represent the torsion of the fi-
bers along corresponding coordinate directions, while the
off-diagonal components represent the curvature of these
fibers in planes parallel to coordinate planes. The suit-
able measure of curvature must be a tensor measuring
pure curvature of an arbitrary element dx;. Hence, in
this tensor, the diagonal components cannot appear [25].
Thus, they presented the consistent couple stress theory
by adopting the skew-symmetric part of the rotation gra-
dients as the curvature tensor.

On the basis of the strain gradient theories, the
size-dependent flexoelectric theories containing the elec-
tromechanical coupling are proposed. In the framework
of the couple stress theory, a size-dependent piezoelectric
theory with rotation gradient effect has been presented by
Wang ef al. [26]. From the general strain gradient the-
ory, Liang and Shen formulated a theory including the
coupling between strain gradient and polarization to de-
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scribe the size-dependent flexoelectric effect in Ber-
noulli-Euler beam [27]. Moreover, a flexoelectric the-
ory even concerning the strain/electric field gradient with
the surface and electrostatic force effect has been estab-
lished by Shen and Hu [28]. However, these theories
suffer from their dependence on underlying inaccurate
enough strain gradient theories which have been men-
tioned above. Therefore, Hajesfandiari [29] proposed a
size- dependent flexoelectric theory by considering the
coupling of the polarization to the mean curvature tensor
based on their couple stress theory [25].

According to the flexoelectric theories, the size-dependent
flexoelectric effect have been analyzed in micro-structures.
The influence of the flexoelectric effect on the static
bending and free vibration of a simply supported Ti-
moshenko beam was investigated by Yan and Jiang [30].
The first order strain gradient effects in micro piezoelec-
tric-bimorph beam and circular plate were analyzed by
Hu et al. [31] and Wang et al. [32], respectively, by con-
sidering the first order strain gradient terms in the energy
density functions. In addition, Li et al. have developed
a three-layer Bernoulli-Euler beam model with flexo-
electricity to capture the size-dependent flexoelectric
effect in its static bending and free vibration problems
[33]. Similarly, because of the widely applications of
circular plate in MEMS as sensors, resonators and ac-
tuators, it is essential to predict the properties of its size-
dependent electromechanical coupling response.

Therefore, this paper aims to develop a flexoelectric
circular plate model to capture the size-dependent flexo-
electricity in isotropic dielectrics based on the theory
presented by Hadjesfandiari [29]. The current paper is
organized as following. In the next section, the flexo-
electric couple stress theory is reviewed and its formula-
tions in orthogonal curvilinear coordinates, especially in
cylindrical coordinates, are derived. Then, the size-
dependent flexoelectric circular plate model is estab-
lished. The governing equations, boundary conditions
and initial conditions are derived according to the Ham-
ilton's principle in section 3. Afterward, the static
bending and free vibration problems of a simply sup-
ported axisymmetric circular plate are analyzed in sec-
tion 4 and 5, respectively. Finally, conclusions are
summarized in section 6.

2. FLEXOELECTRIC COUPLE STRESS
THEORY

2.1 Review of Flexoelectric Couple Stress Theory in
RectangularCoordinates

According to the flexoelectric couple stress theory
proposed by Hadjesfandiari [29], the size-dependent
flexoelectric response is related to the skew-symmetrical
part of the rotation gradient called the mean curvature
tensor. For isotropic materials, though the disappear-
ance of piezoelectric effect, the rotation gradient can also
induce polarization, which is known as flexoelectric ef-
fect in some circles. The coupling between electric
field and mean curvature vectors plays an important role
in the electromechanical coupling. Then the electro-
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mechanical enthalpy is expressed as,

i jj

H :%/15..8. +pg ey +8ul’ Kk, —%5EIE,- —4fEx,, (1)

in which 1 and pu are the Lame constants, / is the inde-
pendent material length scale parameter, ¢ is the permit-
tivity, f'is the flexoelectric coefficient. The strain tensor
g;, the mean curvature vector x;, and the electric field
vector E; are defined, respectively, as

& = %(”i,j +;;) )
K =y~ ) 3)

=g W
E; =-¢, 4

where u; is the displacement vector and ¢ is the electric
potential.

2.2 Flexoelectric Couple Stress Theory in
Orthogonal Curvilinear Coordinates

In this section, the formulations of flexoelectric cou-
ple stress theory in orthogonal curvilinear coordinates
will be derived. In orthogonal curvilinear coordinates,
the coordinates are ¢' and the partial differentiation
symbol is denoted as (;). The Lame coefficient H; is
defined as,

H, =g, ©)

in which g; is the metric tensor. Based on the relation-
ship between the tensor components and its physical
components, the physical components of displacement
gradient u;; and higher-order displacement gradient u;
can be expressed as

1 [ o .
Uy = ——| —— (Houg ) — Hatgo T |, 6
(G9)) HiHj |:aqj( ()) k¥ (k) J:| ()
1

A1 Ty
—H, Hju, iy J

0 .
——(u.H.H,)—H.Hu,, I
|:5qk( (i5)) /) (i)™ Jjk (7)

in which T*; are the Christoffel symbols of the second
kind. u), ug; and ug are the physical components of
displacement vector u;, displacement gradient u;; and
higher-order displacement gradient u;;, respectively.
The physical components of strain tensor &;, the mean
curvature vector x;, and the electric field vector E; are
written as

1
Eupy = E(L‘(i;j) ), )
1
Kiy = E[”my‘) — U, ©)
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W = —L% (10)
H; oq'

For the convenience of writing in the following sec-
tions, the conventional components will be used in place
of the proceeding expressions for the physical compo-
nents of all tensors and vectors [34, 35], e.g., using the
common expression u; in place of the component form
ug), & for g, ; for k), E; for E;, etc.

2.3 Flexoelectric Couple Stress Theory in
Cylindrical Coordinates

In the cylindrical coordinates, the coordinates

q=r. ¢=0, ¢=z, (11)
can be related to the Cartesian coordinates (x, y, z) by
x=rcosf, y=rsinf, z=z. (12)

The Lame coefficients H; have the following compo-
nents,

H]:L H2:r9 H3:19 (13)

and the Christoffel symbols of the second kind have the
following values,

1
Flzz =-r, r122 = r%l :;~ (14)

From Eq. (8), the strain components in cylindrical co-
ordinate are obtained by using Eqgs. (13)-(14).

_ Ou, Ouy, u ou

g , Eg=—0rt—, &,=—2, 15
"ot " 00 r oz (13)
1(0u, Ou. u, 1(0u, ou,
w02\ e ) T )
(16)
l(auz Ou,
gp =—| —+—L|.
2\réd oz

Substituting Eqgs. (13)-(14) into Eq. (9), the mean
curvature components in cylindrical coordinate are
1| 0*u, 0w. °u, u, ou,
K. =— - - +
4| roro® oroz 00 oF oo

}» (17)

rotz 1’00 ror r*
(18)

2 2 2 2
1{au,+aug Ou, 0Ou, aur_%}'(lg)

1| d*u, &*u, 0w, Ou. Ou, Ou, u,
Ky =— —— "t -—— 4 ,
4r| roro@ or oz

Kz = - - +
4| oroz  rozo@ r*00* ot réz  ror

The electric field components in cylindrical coordi-
nate can also be obtained by substituting Eqgs. (13)-(14)
into Eq. (10).

E.=.. (20)
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3. THE GOVERNING EQUATIONS AND
BOUNDARY CONDITIONS OF FLEXOELECTRIC
CIRCULAR MICRO-PLATE

Consider an isotropic homogeneous flexoelectric thin
circular plate of thickness / and diameter 2a, subjected
to transverse load ¢(r, 6, t) as shown in Fig. 1. A cylin-
drical coordinate system is adopted, where -6 plane co-
incides with the neutral plane. According to the Kirch-
hoff assumption for thin plate, the displacement compo-
nents can be taken as [36]

u, =w(r,0,t), (21)

where u,, uy, u,, are the r-, -, z-components of the dis-
placement vector and ¢ denotes time. The poling direc-
tion is assumed to be in the z-direction [36, 37]. Hence,
the electric potential can be considered as

A

q(r,0,1)

h o o

— 2a -—

Fig. 1 Schematic of a circular micro-plate with distrib-

uted load.

¢ =¢(z,1) (22)

Substituting Egs. (21)-(22) into Egs. (15)-(20), the
non-zero strain, mean curvature and electric field com-
ponents are written as

oo gl | Bw ow) [ v & 23)
T et T 200 ror) 7 "\ 200 rorod )
1(o*w 'w  ow
Ko=——| 2 24
: 2 [ or*  r'oe* rﬁr] @4
o¢
E =-—"/. 25
ooz (25)
From Eq. (1), the electromechanical enthalpy density of Kirchhoff circular plate in cylindrical coordinate is simpli-
fied to
1 EZ* |(0*w ’ o*w ’ ow Y o’w O’w ow &°w ow O’w
H=o——l—5 |t o | T | P s " e T2 5
21-v or r oo ror or- r-of ror or ror r-00
2 2 2
o*w o*w (6wj o’w 'w o*w ow o*w ow
2ul? + +|— | +2 + —_—t+ 2 26
. [[ arzj (rzaﬁzJ ror or’ 1’0o’ r*06* ror or* ror (26)

S ow ? ow Ow o*w ’
+2uz 5 -2 + -—&
r o0 r°06 rorof |\ rorof

in which E is the Young’s modulus and v is the Poisson ratio.

+—+

04 og( o*w
— | 2| 2 2 T
r-00° or- ror

*w  ow
Oz Oz ’

Then, by integrating the electromechanical enthalpy

density on the total circular plate, the total electromechanical enthalpy can be written as

a 27 %

= jo jo j/ Hrd0drd:. 7)
Considering the bending rigidity of thin circular plate in the traditional elasticity theory,
3

po B %)

12(1-v7)

the total electromechanical enthalpy can be simplified to
g a2 o ¥ 1 ,en(ogY

M= jo fo FdOdr - j i jo j/ Sd0drdz - exa j/ (Ej dz (29)
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in which F and S are given as

FwY 1 (&wY) 1(ow) wFwdw | owdw 2 dwdw
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The variation of the total electromechanical enthalpy is derived as

ST = j j [F(D + 4’ h)V>V> widwd 0dr + exa’ j // — ¢o"¢d
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where the Laplacian operator is

a

+

+

0

%
2

%

o 9 o

Vie 44—
or*  ror rob*

(33)
On the other hand, the variation of work done by the transverse load ¢(7; 6, ¢) is given as,
ow =["["" gowrdrdo (34)
0Jdo ’

and the variation of the kinetic energy can be written as,
B 1 a2z | 2
ST = 5[5 phjo jo W rdrdé‘}. (35)

where p is the material density.
Therefore, on the basis of the Hamilton's principle,

5}
5j (T -T1+W)dt =0, (36)
n
with ¢ and #, denoting different time, respectively, the governing equations are derived as,
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(D+4ul*h)\V*Viw+ivph =g, (37)
62
gf _0, (38)
and the boundary conditions are,

| Fw  Ow  ow 0w . Ow Fw  Ow

D+4ul*h - + -2 +D(1-v - owli=0, 39
(D au )( Poro6® ror ror - roet j ( )[r28r86’2 Fod H b )
i Fw  Ow w o'w ow

D+4ul’*h + - +2 owl"=0, 40
_( HER) ( 70 roro0 rzar(%’) bi-=v) ( 200 r2orof ﬁaeﬂ ‘ “0)
i o’w  ow N .

<D+4ﬂ12h h)( Py +E]—2f(¢4%) ow, =0, (41)
I o w  ow o*w Y

(D+4ﬂ12h)(r2692 +E]+(Dv+4ylzh)67—2f(¢ ;) | =0, (42)

a’ o¢

Zf(r—j —g—}5¢ (43)

phsw 2 =0 (44)

When the induced electric field is ignored, the governing equations and boundary conditions reduce to that of the

pure couple stress circular plate model.

4. STATIC BENDING OF AN AXISYMMETRIC
SIMPLY SUPPORTED CIRCULAR PLATE

Consider an axisymmetric simply supported circular
plate subjected to a uniformly distributed load go. Then,
the plate parameters such as transverse deflection w will
only depend upon the radial position . In this case, for
the static bending problem, the governing equations in
Egs. (37) and (38) reduce to,

d 1d\dw law
D+4ul h + , 45
( ﬂ)[ rdr](dz rd]% (45)
d*¢
—-=0. 46
P (46)
While, considering the arbitrariness of éw, Jw, and

J¢, the boundary conditions at » = a can be reduced from
Egs. (39) and (41),

whoy=0, @7)
[(D+4u12h )——2f(¢ @)} =0,
r:a(48)

and the boundary conditions at the top and bottom can be
rewritten from Eq. (43), respectively,
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a 2
Zf(ra—wj FCAPCY — (49)
or , 2 Oz .
a 2
2f[r6—WJ ”—g% =0. (50)
or ), 2 oz o

According to the governing equations Egs. (45) and
(46) subjected to the boundary conditions Egs. (47)-(50),
the deflection is solved as,

4
w=CInr+Cy’ Inr+Cy;r* +C, +L2, (51
64(D+4ul”h)

and the induced electric potential, by considering the
electric potential on the subface equal zero due to its
relativity, is given as,

=c:+34)

in which coefficients C; and C, equal zero due to the
finite deformation of the circular plate at its center and
the coefficients C;, C4 and Cs are

(52)

2
2 D(3+v)+16,u12h+%
_ 904 &
= 32(D +4ul’h) 8hf? 53)
HE D+ vy+8ulh+ 2
&
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Fig.2 The size-dependent deflection (a) the distribution of generated deflection along the radius direction (b) the size
effect of dimensionless deflection at the central point of circular plate.
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Fig.3 The size-dependent flexoelectricity (a) the distribution of induced electric potential along the thickness direc-

tion (b) the size effect of induced voltage.
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When flexoelectric coefficient f equals zero, the flex-
oelectric effect disappears and the deflection reduces to
that of the pure couple stress theory, w,. Further, when
both the material length scale parameter / and flexoelec-
tric coefficient f are equal to zero, the deflection reduces
to that of classical theory, w.,.

To illustrate the solutions of the simply supported cir-
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cular plate, some numerical results are shown as Figs. 2
and 3 under the uniformly distributed load g, = 20 uN.
The geometry of the circular plate is setas a =5 um, & =
I um. BaTiO; is taken as the example material with its
Young's modulus and dielectric constant given as £ =
120 GPa, & = 8.85 x 10” PF/um, respectively. From the
curves in Fig. 2, it can be seen that the generated deflec-
tion of the bending circular plate shows obvious size
effect, which is similar to that predicted by other strain
gradient theories. When the thickness of the circular
plate is comparable to the material length scale parameter,
the deflection of the circular plate is far smaller than that
of the classical theory. However, the size effect is al-
most diminishing when the thickness of circular plate is
far greater than the material length scale parameter. In
addition, the generated deflection of the circular plate
decreases due to the influence of the flexoelectric effect
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and the stronger the size effect, the smaller the influence
of the flexoelectric effect on deflection.

Due to the strain gradient, a electric field will be in-
duced in the circular plate. The distribution of the in-
duced potential is shown in Fig. 3(a) and the size effect
of induced voltage, the difference of induced electric
potential between the up and down surfaces of the plate,
can be found in Fig. 3(b). Figure 3 predicts that in-
duced electric potential is linear along the thickness di-
rection of the plate and its proportionality coefficient
decreases evidently with the decrease of characteristic
size and increases apparently as the flexoelectric coeffi-
cient increases. The size-dependent induced voltage
tends to be constant as the increase of the characteristic
size. When the flexoelectric coefficient equals zero, the
flexoelectric process disappears.

5. FREE VIBRATION OF A SIMPLY
SUPPORTED CIRCULAR PLATE

In this section, the free vibration of a simply sup-
ported circular plate is analyzed. From Eq. (37), the
governing equation is obtained by neglecting the external
force, expressing

vyt s Ph

+—F—— i =0. 56
D+4ul*h (56)

Assuming that,

w(r,0,t) = R(r)A(0)sin(wt + ), (57)

where w denotes the circular frequency, ¢ denote the
initial phase, R is a function of r alone and 4 is a func-
tion of # alone. Substituting Eq. (57) into Eq. (56)
yields,

2 2
d f+ld—R 4 %Rd—‘jiazRAzo, (58)
dr- rdr r- do

in which the coefficient a is given by,

at :p—ha)z. (59)
D+4ul*h

Applying the variable separation method, Eq. (58) can
be rewritten as

2 2
TRVR, oy
dl’ r (,Iier — dg :_mZ’ (60)
2
and then yields two equations,
d*4
+m"A4=0, 61
16 (61)
2 2
d f+ld—R+ +a® - |R =0, (62)
dr- rdr r

in which the constantm =0, 1,2, ... .
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Due to the axial symmetry of the simply circular plate,
the solution of Eq. (61) is given as,

A(0) = E, cosmb. (63)
And the solution of Eq. (62) is given as,

R(ry=4,J,(ar)+B,1,(ar)+C,Y,(ar)+ D,

m*m m

K, (ar),
(64)

in which J,, and Y,, denote the Bessel functions of order
m of the first and second kinds, respectively, and 7,, and
K,, are the modified Bessel functions of the first and
second kinds, and 4,,, B, C, and D,, are arbitrary con-
stants. In the case of a solid plate without hole, Y,, and
K,, are inadmissible because of the singularity at » = 0
and Eq. (64) may be represented in the form [38],

R(r) = Ame (ar) + B)?llﬂl (ar)' (65)
Hence, the general solution of Eq. (56) may now be

written as,

w(r,0,t) = Y [A4,J, (ar)+ B, 1, (ar)]cosmOsin(at + p).
m=1

(66)

According to Egs. (47)-(50), boundary conditions are,

w(a,0,t) =0, (67)
2
(D+ 4t 221800
or
8hf? ) ow(a,0,1) 68)
+{Dv + 4,ulzh+—]; =0.
& aor

Substituting Eq. (66) into boundary conditions Egs.
(67) and (68) gives

A,J, (aa)+B,I,(aa)=0, (69)
Dv+4 12h+%
4| 8@ Vs e oJ,(aa)
"ot a(D+4ul’h) or
Dv+4 lzh+%
g | P lulea) T A aa) |
m 2 2 - .
or a(D+4ul°h) or
(70)

The frequency equation is given by the condition that
the homogeneous system Egs. (69) and (70) yield non-
trivial solutions for 4,, and B,,, and may be written,

+ Im+1 (0!(1) —20(a
1, (aa)

Jm+] (aa)
J,(aa)

D+4ul’h
8hf*

=0. (71)
D(1-v)-

Consider the frequency coefficient &,,,a = A, (m, n =
0, 1, 2, ...), then the (m, n) order natural frequency can
be expressed as,
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Fig. 5 The influence of the flexoelectric coefficient on
the natural frequency.

2 2
Oy = 2m |D+4ulh 72)
a ph

When flexoelectric effect is ignored by letting /= 0,
the frequency equation Eq. (71) and the responding nat-
ural frequency Eq. (72) reduce to that of the pure couple
stress theory. Further, if both the material length scale
parameter / and flexoelectric coefficient f are equal to
zero, the frequency equation and the responding natural
frequency reduce to that of classical theory.

To illustrate the newly derived solution of the simply
supported circular plate, some numerical results have
been obtained for the natural frequency with m = n = 0.
The dimensionless natural frequency w/w, is shown in
Fig. 4 to assess its size-dependence where w. denotes the
natural frequency in classical theory. Besides, another
dimensionless natural frequency w/w), is shown in Fig. 5
to assess the influence of the flexoelectric coefficient in
which , is the natural frequency in pure couple stress
theory. Figure 4 reveals the evident size effect of the
natural frequency. The natural frequency increases sig-
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nificantly in comparison with the classical one when the
beam thickness is less than or close to the material length
scale parameter. But the size effect is almost diminish-
ing as the thickness of the beam is far greater than the
material length scale parameter. From the curves in Fig. 5,
it can be found that the natural frequency increases
weakly, in contrast with that of pure couple stress theory,
as the increase of the flexoelectric coefficient. In addi-
tion, the dimensionless natural frequency w/w, increases
as the characteristic size increase due to the decrease of
the natural frequency.

6. CONCLUSIONS

In this work, the flexoelectric couple stress theory
presented by Hadjesfandiari is reformulated in orthogo-
nal curvilinear coordinate system, and are then specified
for the case of cylindrical coordinates. Afterwards, on
the basis of the new derived formulations in cylindrical
coordinates, a size-dependent flexoelectric model of cir-
cular plate is established. The governing equations,
boundary conditions and initial conditions are derived
according to the Hamilton's principle. The static bend-
ing and free vibration problems of a simply supported
axisymmetric circular plate subjected to a uniform dis-
tributed load are carried out to illustrate the applicability
of the current model. Numerical results reveal that a
homogeneous electric field between the up and down
surfaces of the circular plate is induced indeed due to the
coupling of strain gradient to polarization without exter-
nal electric field. The generated deflection, induced
voltage and natural frequency show obvious size effect,
but the size effect is almost diminishing as the thickness
of the plate is far greater than the material length scale
parameter. The generated deflection of the circular
plate decreases due to the influence of the flexoelectric
effect and the stronger the size effect, the smaller the
influence of the flexoelectric effect on deflection. In
addition, as the increase of the flexoelectric coefficient,
the induced voltage increases evidently and the natural
frequency increases weakly.
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