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ON THE
JACKKNIFE-AFTER-BOOTSTRAP
METHOD FOR DEPENDENT DATA
AND ITS CONSISTENCY
PROPERTIES

S.N. LAHIRI

lowa State University

Motivated by Efron(1992 Journal of the Royal Statistical Society, Serie§B
83-111, this paper proposes a version of the moving block jackknife as a method
of estimating standard errors of block-bootstrap estimators under dependsnce

in the case of independent and identically distribuiadl.) observationsthe pro-
posed method merely regroups the values of a statistic from different bootstrap
replicates to produce an estimate of its standard .e@onsistency of the result-

ing jackknife standard error estimator is proved for block-bootstrap estimators of
the bias and the variance of a large class of statisfioasistency of Efron’s method

is also established in similar problems fard. data

1. INTRODUCTION

In many complex problemdhe bootstrap method can be used to estimate dif-
ferent population quantities related to an estimasoch as its bias and vari-
ance However just as with any other estimation procedutiee accuracy of
estimators produced by the bootstrap method needs to be ass€lsedan

be accomplished using different approagtmsch as by explicit estimation of
the leading terms in the asymptotic expansion of the mean squared &iS&:)

or by using a second level of bootstrappifithe problem with the first ap-
proach is that it requires a good deal of analytical calculation with the results
being applicable to the specific estimator and its given functiddalthe other
hand the approach involving the use of a second level of bootstrapgioggh
applicable more generallis computationally too demanding and still not prac-
tically viable with the present day computing advanc¢efs Efron, 1992. In

his seminal papeEfron (1992 suggested using the jackknife toonparamet-
rically) estimate the standard errors of bootstrap estimatten the data are
independent and identically distributédi.d.), he obtained an ingenious rep-
resentation result for the jackknife point values and used it to slebvEfron,
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1992 p. 83) that “the jackknife estimate of standard error for a bootstrap quan-
tity can be computed from the original bootstrap replicatiomsh no further
resampling requiretl Furthermore the pseudovalues for the bootstrap quanti-
ties need no additional computaticey are readily obtained from the boot-
strap computation itselfThe computational advantage and the generality of
application rendered the jackknife-after-bootst(asB) method of Efron(1992
particularly attractive for deriving variance estimators of bootstrap quantities
in the ii.d. case

In this paper a similar metho@lso referred to as the JABs proposed in the
context of bootstrapping dependent détas well known that instead of resam-
pling single observation®ne needs to resample blocks of observations to ob-
tain valid bootstrap approximations under weak dependeSindglarly, to obtain
valid jackknife estimators of the standard error of a statistie needs to de-
lete blocks of observations at a time in the dependent ddseproposed method
utilizes the underlying principles of the block jackknife and the block-bootstrap
methods in an efficient way to ensure a similar representation of the block-
jackknife point values of block bootstrap quantiti€rthermoreit produces
variance estimators of block-bootstrap quantities with a computational simplic-
ity similar to that of its ii.d. counterpartThis is of considerable importance
for at least two reasoné§irst, it automatically provides an estimator of the stan-
dard error of bootstrap values under dependemtech are often analytically
too complicated for explicit estimatipmand secongit gives a computationally
efficient method to evaluate these estimates

A precise description of the JAB method for dependent data is given in the
next sectionA simple resulttnamely Proposition 21) proved in Section 5 pro-
vides the theoretical justification for the methdd in the ii.d. casethe present
version of the JAB can be used for many different applicatisush as esti-
mating the standard errors of block-bootstrap quantigespirical choice of
optimal block sizes for the block bootstrégf. Lahiri, 19960, and so on

The main results of the paper concern theoretical validity of the JAB in the
dependent and the independent cakldsllows from these results that not only
does the JAB enjoy some remarkable computational propeitteso has some
attractive theoretical propertiek Section 3 which follows we establish the
consistency of the JAB estimators of the standard errors of bootstrap quantities
in different problemsTo describe the results brieflyupposd, is an estimator
that can be represented as a smooth function of sample meetr8,, and V/,,,
respectivelydenote the block-bootstrap estimators of the bias and the variance
of #,. The main results of the paper establish consistency of the JAB variance
estimators ofB, and V,. More specifically it is proved that for independent
and also dependent data

Varas(dn)/Var(d,) — 51 (1.1)

asn — oo, for ¢, = B, and V,, where Var;ag(¢,) denotes the JAB estimator
of the variance ofp,. For independent datahe JAB variance estimator of a
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bootstrap estimator is defined using the standard jackknife variance estimator
formula (cf. Efron, 1992. In the dependent cas@owever the definition of
VarJAB(qgn) is different from the usual block-jackknife variance estimatonﬁgf
Indeed we delete blocks of bootstrap blocks for defining the JAB variance es-
timator as compared to deleting blocks of observations for the block-jackknife
variance estimatofThis modification is adistinguishingfeature of the JAB
in the dependent case from it$.d. counterpart and is crucial for effectively
reusingthe values of an estimator from the original block-bootstrap computa-
tions In the context ofbootstrappingdependent datdblocks of blocks” re-
sampling has been considered by Politis and Rom@882h and Biihimann
and Kunsch(1995, among othersTo get some idea about finite sample prop-
erties of the JAB variance estimators in the dependent @asalso carry out a
a small simulation studyThese results are presented in Section 4

Properties of jackknife estimators under independence have been studied by
several authorssee Reed§1978, Parr and Schucanl982, Parr(1985, Shao
(1989, Shao and W§1989, and the references therein an important paper
the use of jackknife to bootstrap estimates was first suggested by B84
for i.i.d. data in a different contexin his 1992 seminal papeEfron formu-
lated the JAB method foriid. data and established its computational efficacy
Block-bootstrap and block-jackknife methods for dependent data have been put
forward by several authorsiotably by Hall(1985, Carlstein(1986), Kiinsch
(1989, Liu and Singh(1992, and Politis and Roman(9924. Properties of
block-bootstrap methods have been studied by Lali®i91 19964, Hall,
Horowitz, and Jing(1995, Hall and Horowitz(1996, G6tze and Kiinsctil996),
and Li and Madald1997, among others

The rest of the paper is organized as follows Section 2 JAB is formu-
lated for dependent dat&onsistency of JAB variance estimators for the bias
and the variance functionals for dependent and also independent data are estab-
lished in Section 3Section 4 reports results from a simulation in the depen-
dent caseFinally, Section 5 gives proofs of the results from Sections 2 and 3

2. THE JACKKNIFE-AFTER-BOOTSTRAP METHOD

We begin with a description of the block-bootstrap methods for dependent
data Assume thafX,, X,,... is a stationary sequence of random vectors with
values inIR%. Given the data¥, = (Xy,..., X,), we define the blocks3, =
(Xj5..es Xj4e-1),] =1,...,NwhereN =n — € + 1 and 1= ¢ = n denotes the
block size Let b be the largest integer not exceeding. Then the bootstrap
blocks are obtained by selecting a random sample of sil®m a suitable
subset of the block$Bs,...,By}. For the moving block-bootstrapMBB)
method of Kiinsch(1989 and Liu and Singh(1992, one selects a random
sampleB;,..., B, from the whole collectioqf;,...,By}. On the other hand
for Carlstein's(1986 method Bj,...,5; are selected from the collection of
nonoverlapping block§Bi_1)¢+1:1 =1 = b} only. Because each of the resam-
pled blocks containg data valuesarranging the components dfj,..., B;
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into a sequence yields, = b- £ bootstrap sampleXy,..., X; . Note that here
n;/n - 1 asn — co. An alternative to this is to seledb + 1) bootstrap
blocks (instead ofb) and take the firsh values out of(b + 1)¢ resampled
values as the bootstrap sampkowever becausef/n — 0 asn — oo, the
difference between the two alternatives is insignificard we will use the
first one

Letd, = H(X,) be an estimator of the parameter H( ), whereH : RY — R
is a(smooth function X,=n"1X"; X; andu = EX;. Then the bootstrap ver-
sion ofé, is given by6;: = H(X}), whereX: = n;1 3™, X*. Write T, = 6, — 6.
Let ¢, = ¢(G,) be a functional of the sampling distributid®, of T,. For ex-
ample ¢, = [xdG, gives the bias of, and¢, = [x2dG, — (fxdG,)? gives the
variance ofd,. The bootstrap estimator &f, is then given by
(ﬁn = d’(é‘n),
where G, is the conditional distribution of;* = H(X*) — H(/,), given the
data X, and &, is the conditional expectation o given X,. Under either
of the block-bootstrap method§, is known once the data have been ob-
served and henced, can be calculatedHowever an exact evaluation o,
is difficult. In practice G, is approximated by Monte-Carlo simulatigrisy
drawing a large numbeisay K) replicates(, B5,...,.Bg), k = 1,...,K, calcu-
lating the bootstrap variablgT.* based on each replicatend replacingG, by
the empirical distributior; of {, T/, k = 1,...,K}.

Next we describe the block-jackknife method for dependent. diéteg too,
one may use the overlapping or the nonoverlapping versions of the jackknife to
derive bias and variance estimatdesr brevity we shall describe only the over-
lapping version(which deletes a block of sizé at timg. Suppose thay, =
On(X,) is an estimator of a parameter Fori = 1,...,N, define theith jack-
knife block-deleted point valug’ by 3 = g,_¢(X;), whereX, ; = X\ B,
denotes the set of data values after deletingithélock The block-jackknife
estimate of the variance df, is given by(cf. Liu and Singh 1992 Kiinsch
1989

N
Varg($,) = (£(n—= )N X (7 — )3 (2.1)

i=1
where#" = £7X(ny, — (n — €)7") is theith jackknife pseudovalue of,,.
Note that if¢ =1, i.e,, if we delete blocks of size one or a single observation at
a timeg the variance estimator given K§2.1) reduces to its.i.d. counterpart

Vay(7,) = (n(n=1) 1 3 (70 = )2 (22)
i=1
Now we are in a position to describe the JAB for dependent. datarinci-
ple, the formulation of the JAB for dependent data proceeds in a similar path as
in the ii.d. casein the sense that we app(g version of the block-jackknife
method to a block-bootstrap estimatdowever a direct application of the block-
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jackknife method to bootstrap estimators does not allow us to obtain the de-
sired representation of the jackknife block-deleted point values in terms of the
original bootstrap value#s a resultto achieve computational advantages sim-
ilar to the ii.d. case the application of the jackknife method to the bootstrap
quantities in the JAB requires some modifications under depend&heekey
step in the formulation is that we delete blocks of bootstrap blocks instead of
blocks of original data values to define the JAB estimator of the standard error
of a block-bootstrap quantity

For definitenessfirst we consider the case of the overlapping block boot-
strap Let ¢, be the block-bootstrap estimator ¢f based on blocks of sizé
Let mbe an integer between 1 aijand letM = N — m + 1. Recall that here
N =n— ¢ + 1 gives the total number of observed blogi, ..., By} of length
€. Fori =1,...,M, define the set; ={1,...,N}\{i,...,i + m— 1}. To define
theith jackknife block-deleted point valug!’, we need to resample blocks
from the reduced collectiofi5;:j € I;} and apply the functionap to the re-
sulting block-bootstrap estimattﬁan,i of G,. Specifically let J4,...,J, be a
collection of b random variables such that conditional afy, they are ii.d.
with the discrete uniform distribution o, i.e.,

P.J;=))=(N-m)t forall jelI,.

(Here and in the following discussipR, andE,, respectivelydenote the con-
ditional probability and conditional expectatiogiven the datat,.) Then the
desired resampled blocks are given{f' = B, :j = 1,...,b}. Let X;' denote
the bootstrap sample mean based onrhe= ¢-b resampled data values in
{Bj":j = 1,...,b} and letfi,; = E.X; = (N — m) '3 U, whereU; =
(X +---+ Xji¢-1)/€ denotes thgth block averageThen G, ; is the condi-
tional distribution(given x,) of T,; = (H(X;') — H(tni)). We define theth
jackknife block-deleted point valué(’ by

) = $(Gy)),

i=1,...,M. The JAB estimators for the variance qﬁﬁ are then defined using

(2.1) as

A A M o~ ~

Varag(dy) = (MN—m) ™M D (S — b,)3 (2.3)
i=1

whered) = m1 (N, — (N — m)$y).

To implement the JAB in practiceone proceeds as followsSuppose
(«B3,....xBE), k =1,...,K denote theK (conditionally independeptsets of
bootstrap blocks drawn with replacement frét, ..., By} for evaluating the
original bootstrap quantityb, by Monte-Carlo simulatioricf. the middle box
in Figure 1 which follows). For 1= i < M, let I;* denote the set of all indices
k,1 = k = K, such that none of the resampled blogH3;, ..., 35 in the kth
set equals,..., B m-1. Then it follows from Proposition 21, which fol-
lows, that for eachk € I;*, the blocks{,B;,...,Bs} behave as a random
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FiGure 1. A schematic description of the MBB and the JAB in the dependent. case
Here {B1,...,« Bi}, k =1,...,K denote the resampled blocksitially generated for
Monte-Carlo evaluation of the MBB estimatgr,, and similarly { X?:k = 1,...,K}
denote the values of the corresponding bootstrap stattecsample meaiin this case

The subcollectior, X :k € i}, used for computing théth jackknife block-deleted
point valued!’ for the JAB variance estimator is obtained by pasgiegsing these
quantities through thth black box forj = 1,..., M. The JAB variance estimator is then
obtained from@)’s using the formulg2.3).

sample of sizéb from the reduced collectiofi3;:j € I;}. Hence for evaluat-
ing ¢, we extractthe desired subcollectiof(,53;,...,B;) : k € 1} from
the full collection{( B;,...,Bs):k = 1,...,K} (using “black box i" as say
in Figures 1 and Rand reusethe original bootstrap replicategithout addi-
tional resampling Define T, = (H(, X;) — H(/in ) where, X is the sam-
ple mean based of) i, ..., Bs} and wherea,; is as defined beforeThen
the Monte-Carlo approximation (" is given by$(G;) whereG;; is the
empirical distribution of{, T,y;:k € I;*}. The JAB variance estimator is ob-
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BLACK BOX j

k=1, IJ'-‘ =¢
kB, kBy} N
{Bj, -, Bjym-1} =
Yes
I =1I U {k}
k=k+1
No
Yes

STOP

FiGuRrE 2. A flowchart summarizing the steps in tfié black box used in the compu-
tation of thejth jackknife block-deleted point valug!?.

tained from(2.3) by replacingé, and ¢ ”’s with their Monte-Carlo values
#(G) and¢(G;:)),1 = i = M, respectively

The theoretical basis for this is contained in the following simple represen-
tation result Let 1(S) denote the indicator function of a statem&xduch that
1(S) =1 or 0 according aSis true or false

PROPOSITION 2. Let J,...,J, be i.i.d. random variables with the dis-
crete uniform distribution odl,...,N}, and let J,,..., J, be i.i.d. random vari-
ables with the discrete uniform distribution ond = i = N. Write ) =
bflEf’zll(Jj € 1;) for the proportion of random indices; J.., J, that take
values in the set;I Then, for any i= 1,...,M, the conditional joint distribu-
tion of (J,...,Jy) given i = 1 is the same as the joint distribution of
(Jizs--s Jp)-

Thus it follows from the proposition that if the original resampled blocks
(B ...,Bi%):k = 1,...,K} for the Monte-Carlo simulation o, are gen-
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erated by the random indicd$Jf,...,J¥) :k = 1,...,K}, then for eachk €
I*,(JF,...,J%) represents a random sample of sizérom the reduced index
setl; = {1,...,N}\{i,...,i + m — 1}. Therefore for n fixed, conditionally

on X,, the empirical distributionG;; of {T:¥:k € I} converges toG,
almost surely in the supremum norm Es— oo, by the Glivenko—Cantelli
theorem Hence if ¢ is a sufficiently smooth functionathen (;‘)(GA;,"J) pro-
vides a reasonable approximation to the jackknife block-deleted point value
b\ for large values oK.

Next we describe the JAB for the nonoverlapping version of the block boot-
strap In this casethe conceptual and theoretical details of the JAB are very
similar. The only differences are that the random indides. ., J, generating
the blocks for the original bootstrap quantidy, are ii.d. random vectors
with the discrete uniform distribution dn={(j —1)¢ + 1: 1= < b} and the
jackknife point valuesh(’s are obtained by using random samples..., J,
froml/=I\{(j— D€+ 1l:i=j<i+m-1,forl=i=b—m+ L1 Itiseasy
to see that an analogue of Propositiafi Bolds for the nonoverlapping case
we replace(l,...,N} andl; by | andl{, respectivelyHence for implementing
the JAB one may again use the subset of the original bootstrap replicates hav-
ing all indices lying inl; to calculatep,1=i=b—-m+ 1.

In the next sectioywe investigate the consistency properties of the JAB vari-
ance estimatorg-or the sake of brevifywe restrict our attention to the over-
lapping block-bootstrap estimatossnalogues of all the results presented here
hold for the nonoverlapping version of the block-bootstrap .als@s worth
mentioning that though the JAB variance estimator is consistent for the block
bootstrap estimatap, of different population quantities,, the JAB estimator
of the bias ofé, is typically inconsistentcf. Lahiri, 1997). Because the bias of
a block-bootstrap estimator can be of comparable order of magnitude to its stan-
dard deviationfor practical applications it is also very important to be able to
estimate the bias part consistentlahiri (19960 1997 suggests some modi-
fication to the standard jackknife bias estimator and establishes consistency of
the modified estimators for differewt’s. Let £y be an integer such théi ¢, —

0 asn — oo. Then the modified estimators of the Biég,) are given by

M
Bias(¢,) = M1 2(&&” — $n(£o)) and Bias(é,) = (¢, — bn(£o)),

whered,({,) is the block-bootstrap estimator ¢f, based on blocks of siz&,.
Though these estimators require computatiorbgfor a second block length

€y, the total amount of computation involved in evaluating both the JAB vari-
ance and the bias estimators is still negligible compared with the other alterna-
tives such as the “double block bootstrafthich involves bootstrapping blocks

of original bootstrap blocks Thus with either of the bias estimatqrthe JAB
provides a computationally efficient and consistent method for estimating the
mean squared errofMSE) of block-bootstrap quantitiefs a consequencé

has potential applications in different inference problems as in.ilte ¢ase

(cf. Efron, 1992 Datta and McCormick1995.
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3. CONSISTENCY

The main results of this section establish consistency of the JAB variance esti-
mators for two smooth functionals(-), namely the bias and the variance of
estimatorsfor dependent and independent ddtat X, X,,... be a sequence

of stationary random vectors IRY with EX; = u. Let§ = H(u) be the param-

eter of interestwhereH : RY — R is a smooth functionWe takef, = H(X,)

as an estimator of, whereX, = n"1>" | X, denotes the sample meaFhe
functionals of interest are the bias and the variancé,pgiven by

¢, =Ef,—6 and ¢,,= Var(b,). (3.1)

Looking at suitable transformations of the datiae proposed framework al-
lows us to consider the bias and the variance of estimators such as the sample
variance sample lag-covariancegthe sample correlation coefficigrand sam-
ple versions of partial autocorrelatiarset ¢31n andd,, denote the correspond-
ing block-bootstrap estimators a@f,, and ¢,, based on blocks of sizé.
Write Var;ag(éy,) for the JAB estimator of the variance @, = 1,2, ob-
tained by deleting blocks ah bootstrap blocks at a timef. (2.3)).

For proving the consistency of the JAB variance estimatorgpgf and
¢-n, We shall assume that the sequefi¥g} is strongly mixing at a polynomial
rate For any 1= a = b = oo, let £P denote ther-field generated byX;:a <
i = b}. Define the strong mixing coefficient diX,} by

a(n) = Sup{|P(AN B) — P(A)P(B)|: A€ FK,BE FZ,  k=1}.

Also, forr =1 ands > 0, defineA(r,8) = S, n? ta(n)¥@+o),
The following assumptions will be used for proving the results of this section

(A.1) H:IRY = R is four times continuously differentiabland for ally €
29, 1v| = 4,

ID"H(X)| = C(1+ |x]?), x € IR
for some integea = 1, andC > 0, whereZ , = {0,1,2,...}, and for a vector
v = (vy,...,vq) € Z%, |v| = v; + --- + v4 and D" denotes thesth-order
partial differentiable operatar+™---**¢/gx;* ... ax;e.

(A.2) There exist$ € (0,1] such that
E|X 828" <o and A(4+ a;8) < co.

(A.3) There existsS € (0,1] such that

E||X,[*?"48"% <00 and A(6+ 2a;6) < oo.
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Here (A.2) and(A.3) give, respectivelythe moment and mixing conditions
for proving the consistency of the JAB estimators¢af, and ¢o,,.

THEOREM 31. Assume that as f> oo, €1 + n™¥2¢ + m™*¢ = o(1) and
that ™% 2m® = O(1). Then, for j= 1,2,

\7a\rJAB(d;jn)/Var((£jn) —,1 as n-— oo,
provided Assumptions (A.1) and (A«j1)) hold.

Theorem 3L shows that with appropriate choices of the resampling param-
eters¢ andm, the JAB variance estimators @y, ¢,, are consistentConsis-
tency of the block-jackknife method for estimating the variance of a class of
“well-behaved” estimators has been established by K889 and Liu and
Singh (1992. However their results do not readily apply to our cagdis is
primarily due to the fact that the JAB estimators are defined by deleting blocks
of blocks as opposed to deleting blocks of original observations in the case of
the usual block-jackknife method

Next we consider theiid. case In this casethe JAB variance estimators are
defined by applying the.iid. jackknife method to.i.d. bootstrap estimators as
described in Section.ZThe following theorem establishes the consistency of
the JAB variance estimator of Efr6t992 in the ii.d. case for q§jn’s.

THEOREM 32. Assume thafX,},-; are i.i.d., and thatVar;g( ) denote
the i.i.d. JAB estimator o¥ar(¢y,),j = 1,2, defined using (2.3) with e 1
and¢ = 1foralln = 1. Then, for j= 1,2,

@JAB($jn)/Var($jn) —pl as n— oo,

provided (A.1) holds and [BX,[|#"1“4+23) < o,

4. A SIMULATION STUDY

In this sectionwe report the results of a small simulation study on finite sam-
ple performance of the JAB variance estimatdi&e considered four different
time-series mode)gjiven by

(1) Xy = 0.6Xy 1 — 0.3Xy o+ 0.1X; 3 + &

(1) Xp( = 0.2¢, + 0.3€_;

(H) Xg¢=0.6X5 1 — 0.3Xg_5 + 0.1%3 15 + 0.2¢; + 0.3, + 0.1€;_,
(IV) Xyt = X2, + Xg11(Xq,( < 0),

where 1) denotes the indicator function and ; is as in model Ill The error
distribution{e,} in all cases wa#l(0,1). Note that the marginal distribution of
the X; ;’s under the first three models symmetricbut that under modéllV ) it
is asymmetriqwith a thicker right tail. For each of the modeld)—(1V ), we
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TaBLE 1. Means and variances of MBB estimatorsdof, = Var(X,,)

Model ban ¢ E(¢an(0)) Var(¢2n(€))
| 0.01378 5 00117 60656e-06
0.01378 10 122 11960e-05
I 0.00129 5 00027 16732e-07
0.00129 10 019 15395e-07
I 0.00230 5 00057 99745e-07
0.00230 10 0039 68011e-07
v 0.02185 5 00192 61101e-05
0.02185 10 00196 86124e-05

Note: Column 2 gives values of the paramedey,; column 3 gives the block sizes= 5,10 for the
block-bootstrap method<Columns 3 and Arespectively give the mean and the variances of the
block-bootstrap estimatoks,,(¢), evaluated using 1000 simulation runs

considered a sample size of= 100 and applied the MBB with two different
block lengthst = 5,10. Using the notation of Sections 2 andw8e denote the
MBB estimator of the variance functionab,, = Var(X,) as.,(¢). Then the
parameter of intereshere is given by Valtd,n(€)), which is estimated by
the JAB methodTable 1 gives the values of the paramepef, = Var(X,,) and

(the mean anythe variance of its MBB estimatoks,,(¢). The parameted.,

was evaluated using 1@DO0 simulation runs and the quantiB(d,,(€)) and
Var(¢3(€)) were evaluated using J@0 simulation runswith K = 1,000 boot-
strap replications for each block size and each of th@0® simulation runs
Thus the target population parameters for the JAB method are given by the
eight numbers in the last column of Table 1 for the two block sizes under mod-
els I-IV.

We summarize the performance of the JAB estimators of( ¥ar(€)) in
Table 2 For each model and each block sizee considered several values of
the jackknife block lengtim, applying the formulam = Cn*3¢?/3 with C =
0.1,0.5,1,2. To appreciate why this may yield a reasonable choicenohote
that the JAB applies a version of the moving block-jackknife method to the
block-bootstrap estimatap,,(€) by deleting “blocks” ofm overlappingblocks
Results of Kiinsci{1989 and Hall et al (1995 show that the MSE-optimal
block length for the block-jackknife variance estimator for a sample of Fize
is of the formC- T3, Because there ard'=[n/¢]” (the integer part oh/{)
“independent” or “distinct” blocks of lengtfi in a sample of size, for a block-
bootstrap estimator based monoverlappingblocks of length¢, the optimal
block length for its jackknife variance estimator is of the fo@nb*3. Note
that there ar¢approximately C-b*3¢ overlappingblocks contained irC- b3
nonoverlappingdlocks and vice versadence for a block-bootstrap estimator
based oroverlappingblocks of length¢, this heuristic argument suggests that
one should delet€-bY3¢ overlapping blocks for its JAB variance estimator
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TaBLE 2. Means standard erroréSE’s) and the mean squared err@¢idSE’s)
of the JAB variance estimatokAR jag(¢on(€)) for different values of the jack-
knife parametem = Cn%3¢?/3

C

Model ¢ 0.1 0.5 10 2.0
| 5 bias 2472e-05 1478e-05 0786e-05 0356e-05
SE 1472e-05 1007e-05 7.382e-06 6120e-06
MSE 8282e-10 3202e-10 1164e-10 5014e-11
10 bias 0932e-05 0.760e-05 0477e-05 0.205e-05
SE 1390e-05 1439e-05 1446e-05 1472e-05
MSE 2802e-10 2651e-10 2319e-10 2211e-10
Il 5 bias 1434e-06 8104e-07 4227e-07 1889e-07
SE 6119e-07 3836e-07 2441e-07 1698e-07
MSE 2432e-12 8038e-13 2.382e-13 6453e-14
10 bias 3233e-07 2064e-07 1138e-07 0492e-07
SE 2408e-07 2078e-07 1836e-07 1761e-07
MSE 1625e-13 8579e-14 4.669e-14 3345e-14
1 5 bias 6112e-06 3431e-06 1814e-06 0812e-06
SE 2870e-06  1854e-06  1288e-06  9617e-07
MSE 4559e-11 1520e-11 4949e-12 1.584e-12
10 bias 1339e-06 0886e-06 0459e-06 0171e-06
SE 1017e-06 9110e-07 7.835e-07 7.168e-07
MSE 2830e-12 1580e-12 8250e-13 5430e-13
v 5 bias 495e-05 399e-05 1923e-05 0626e-05
SE 1276e-04 1494e-04 1332e-04 1452e-04

MSE 1873e-08 2393e-08 1810e-08 2113e-08
10 bias —1.188e-05 1202e-05 0546e-05 0367e-05
SE 1013e-04 2236e-04 1.893e-04 2.358e-04
MSE 1041e-08 5013e-08 3587e-08 5562e-08

Note: The relevant target parameters are the variances of the MBB estimajQ(é), given in column 4 of
Table 1 The results are based o080 simulation runs for each combination ©&ndm under each model

BecauseC-b'/® is asymptotically equivalent tG-n'/3¢2/3, we choose the jack-
knife block size parameten using the formulam = CnY/3¢2/3,

Table 2 gives the biaghe standard errofSE), and the MSE of the JAB
estimators of Vatd,,(€)) for different choices ofC and for both block sizes
£ = 5,10 under models I-IVThe results are based on080 simulation runs
in each caseFor each simulation rynthe number of bootstrap replicates
was determined by the requirement that there were at least 300 bootstrap rep-
lications entering into the computation of every jackknife point vaﬁé‘é(t’),
i =1,...,M. We make the following observations from the results in Table 2
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(1) For models I-Il] the MSE’s of the JAB variance estimators decrease as the value
of the jackknife parametan (or C) is increasedThe same pattern holds true for
both the block size¢ = 5 and 10 under each of these models

(2) For model IV (with asymmetric tails the MSE has sinusoidal behavior at both
block lengthswith the minimum MSE occurring & = 1 for ¢ = 5 and atC =
0.1 for ¢ = 10.

(3) The time required for completing the simulation increases as the valQeirof
creasesThis was expected because the larger the valug, tfie more bootstrap
replicates were necessary to generate a gimenmumnumber of replicates for
computingq{B;'n), 1=i = M. For both block sizes and for each of the four mogdels
the simulation time for the caseé = 2 is considerablymore than 1000 time$
longer than the rest of th€ values considered

(4) Writing ¢ , for the JAB variance estimator @fn(€) under a given valu€,
from Table 2 we see that for all models and sample sjzbe MSE ofg2, (with
C = 1) is at most3.5 times theminimumMSE (over the set ofC values consid-
ered in each casg-urthermorethe MSE is within a much smaller rangeamely
within only 15 timeg of the optimal value under the symmetric models I-fibir
moderately large valué = 10 of the block sizeTherefore taking into account
the computation timécf (3)), it appears that the value @ = 1 (or, equivalently
m = n¥/3¢?/3) yields a reasonable choice of the jackknife parameters for the JAB
variance estimator iall cases considered here

5. PROOFS

We begin with some notation to be used in the rest of the paee¢rl, denote
the indicator function of a sé& and for any random vectaW andv € Z ., let
x.,(W) denote thevth cumulant ofW. Fora € Z¢, seta! = II_, ; andc, =
D*H(u)/a!. Let E, and P,, respectively denote the conditional expectation
and probability given the dataY,. Forj = 1, define

Uj = (xj +..+ Xj+{’fl)/€’ Ulj = Ujgl/z,
Uj* _ (X]* 4o+ Xj*+€—l)/€’ U]j = Uj*fl/z.

Fori = 1,...,AM, denpte the resampled observations in the bIoW%:j
1,...,b} by X{',..., X;.. Next define

U = (X7 + -+ X 0)/6, Ugl = Ue2,

For notational simplicitysetlo = {1,...,N}, U = U0, U} = U7, and ;, =
Aj(r?). Also, in the proofs that followunless there is any chance of confusion
we setu = 0. Let C,C(-) denote generic constanidepending on their argu-
ments(if any) but not oni, n, €, andm. For notational simplicityany such de-
pendence on population quantities such|as?!| or E|X,|S, which remain
fixed throughout the proof of a theoremill be suppressedilso, unless other-
wise specifiedlimits in the order symbols are taken letting— oo.
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Proof of Proposition Z. The proof follows from the fact that for any
jrenp €1 P =1, b =l = 1) = P(J1=j1,-.., I = Jb)- u

Proof of Theorem 3. First we considekp,,. Recall that in the steps that
follow, for notational simplicitywe setu = 0. Then by Taylor’'s expansign

bin = E.HOX) —H(fin) =b™t Y ¢, E.(Uf)* + Ry, (5.1)

la|=2

where the remainder term satisfies

R~ b- [ S i)t S S Coplfin) PE(UF — iy )° ]

la|=2 lal=21B]=1
= C{b72+ | Ani I EJUL
(il 1 Ani 1472 + (BXE* + EXE[*72)}

= Rizn, (say. (5.2)
It is important to note that the constagtin (5.2) does not depend onand
n. Next, using the moment and mixing conditions given eayltee cumulant
expansion for momentgand arguments similar to those of Bulinskii and Zhur-
benko(1976, one can show that
El 2% = O(n~¢*2),
E| X2 = O(n~#*#), " and

E(E.JUL37%) = E[U, 722 = O(¢~“*). (5.3)

Hence writing Y; = X, ¢, U%,i = 1,...,N, and using Holder's inequality
we get

Var(blZcE(U)>

|af=2

€
=b™2N"! > Cov(Yy,Yyyj) + O(b2n"2¢2EYY)
j=—¢

I O(b‘zn‘l S a(j- €)5/(2+5)-(E|Y1\2+5)2/(2+5))
[il=¢

=0 2n 11
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and

E(R3)? = CIb HE[ fi|* + E(l 2nl 2(E.JUS )}
+ b E{E U [° (X + | 2 )}
+ E{| anl®@+ [ anl?)}
+ E{E[ X313+ X517}
=0(n73%). (5.4)
This, in particulay implies that

¢
Var(qgln) = b_zN_1< > COV(Y11Y1+,’))(1+ o(1))

j=—¢
=ofh(1+0(1), say (5.5)

where the leading termr?, is of the orderO(b~2n"1¢~1). Next note that by
(5.1), fori=1,...,M,

B = M (Ney, — (N — m) g,
i+m—1

=mb ™t 3 Y +RY, (5.6)
j=i

where the remainder ter ') s admit the boundcf. (5.2))

| Rial?

Mz

i=1

M

= (mb~2 Z

220 {N(an)®

la|

M

+(MD23 | X X cop{N(A)PE(US — fin)"

=1]| |a|=2[p|=1
_(N_m)(/j«ni)BE (U /-’“n|) }‘

+ NZMm_2|§:(LO2)n|2+(N m _22|R:(LI2)n
M

=C(mb~2> [mz Ianl®+ (N —=m)—2

i=1

{nzun H E ey 2 ur‘H
+c<mb>-22{|ﬂn—ﬂn,in2<2uj|2> +||;zn,i|2( S ||uj|2)
i=1 j=1 j=i

+ NZ”/-ZI'\”6 + (N - m)2|/ln,i”6:|

+ N2Mm 2| Ry, (0)|2 + N2m 2 E |Ri2n[2 (5.7)

i=1
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Therefore by (5.5) and(5.6), it follows that

|\7a\rJAB(q§1n) - Var(‘f;ln)‘/var(dgln)

= C(b%n¢) ‘ (M/N)M~LY [(bm)—llg (Y, — EY) + R,
i=1

j=i

- (d;ln - b_lEYl)i|2 - Ulzn +0(1)

M
=C(n%™) [(m/N)I M~ > (bm) (Y3 — EYZ)]

i=1

+|(b*mN)EYG — o

M ) R
+ (M/N)M 2 (R{3)2 + (MYN) (g — blEvl)Z}

+0(1)

=l +l+ 3+ 1,+0(1), say (5.8)
whereYy, = SiIEMHY, — EY).

Next we show that each of the terrhs,..., |14 tends to zero in probability
To that end define the partial sum§ = =™ )11 (Y2 — EY2),i = 1,
and letX; andY,, respectivelydenote summation over all even and ddsl
satisfying(i — 1)(£ + m) < M. Then using the weak dependenceaifernate
S’s, we have

e ctom [e(35) + (2]

= C(¢/m)>M~2(M/(€ + m))- ( § a(j)5/<8+5>)

j=1

K 8/(8+5)
-max!E D YE[FA L =k= (£ + m)} . (5.9)
=1

Next define Wy = 3X,-2¢, U1y = a,) and Wy
Zla=2C YUY > an), j =1,...,N wherea, = € ¥?[m¢]"* with a as in
Assumption(A.1). Let Wy; = Wy; — EWy; and W,y = Wo; — EW,, j = 1,...,N.
Then using arguments similar to those in the previous steq settings; =
6/4 andé, = 264, we have
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K 8/(8+5)
max{E| DYl =k=(€+ m)}
j=1

= C((€ + m)2+31E|le|4+251)8/(8+6)
m (8+68)/2 m
2 le Z W2j
j=1 j=1

= C[m2+51{E +E

(8+68)/2 }:| 8/(8+46)

m 4 8/(8+35)
=Cn? [(maﬁ)5/2E<_ElW1j> + m<8+5)/2E|W21|(8+3V2}
iz
= Cm?[(Ma2)?2-A(2;8,) - (E| Wy, |*1%2) ¥ 4+%2) (m/ ()2
+ mEZE|U [P 1(Uy| > 2]
= Cm?[(ma])*2(E[Uy[|3"22)¥ @@ (m/¢)?
+ m(8+§)/2a;(2a75)€7(4+a).EHU11”8+2a1(HU1” > an)] 8/(8+35)
= CmZ[(maﬁ)S/Z(m/€)2€—4 + m(8+8)/2€—(4+a)a;(2a—5)]8/(8+8). (5'10)
Hence from (5.9) and (5.10), we get
ElZ = Cn % 2m3[(£m) (2a-9/a]8/E+s) (5.11)
Next, using the fact that = o(m), it readily follows thatl,, = o(1). Also,
using(5.3), (5.4), and(5.7), we have

M
Eliz = C(n2m/O)M 1 Y E(RYY,)2

i=1

m 1/2
= C(n’mv/¢) {(mb)z{mzn2 + (Ef @nl*)v2 <E|| > U, |“>
j=1

m
+n eIy |4}
j=1
£ (MD2N(E] 2 — | )Y (EIU )7
+ MP(E] frna | VBV, )72 + -0~}
+ mn*{E(RE,)? + E(F%SBn)Z}]

= C(nPm/€)[(mb)~2{m?n~2} + (mb) 2
X {n?(m/n?)- €2 +m?n"2+nt}
+m2n?b 4 3(1+n"3)+n 41+ n 3}
=C(n?m/f)[n"?b 2+ m b 224+ m2n?n3p 1]
=Cllt+m],
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where we have used the facthi, — fdnil = CL(m/n)|a,| +
Y], EIZR, U4 = 0o(m2), and a moment bound similar
to (53)

Finally, using(5.1) (with i = 0) and(5.4), it is easily checked that

4an — Op(m/N)

Hence the theorem is proved fapy,.
To prove the result fokb,, note that a third-order Taylor's expansion of
H(X:") aroundu (= 0) yields

bin =078 (3 Ui |+ e
la|=1
fori =0,1,...,M, where

R[04 3 et rcon (3 akr) 3wk

lal=1 |la|=1 Bl=2

= C(EIXTI* + BN XG5 22).

Evidently the leading term in the expansion dfs, is of the same form
(namely the conditional expectation of a quadratic form Li,l"li*‘) as that of
& (cf. (5.1)), and so is the form of the remainder tefR),, as compared
WIthAR(') . Thus retracing the proof foeh,,,, one can easily establish the result
for ¢op,. n

Proof of Theorem 2. Because the jackknife and the bootstrap foudi
data correspond to block jackknife and block bootstrap with block lengths
m = 1, we only outline the changes in the proof of Theorer that are nec-
essary for proving Theorem2 Fori = 0,1,...,M (M = b = nin this casg

5\ has the expansion

bin =n7t Y ¢, E.(Us)e

|la|=2
+nt Y > Ca,ﬁ(lan,i)BE(Ula) + Qill)n,
[Bl=1|al=2

where using(5.2), we get

‘Q(') -1[—‘2 Clin )+ S S ca,ﬁmn,i)f%(E*(uf)a—Eum”

al=2 [B1=1]a|=2
= C{n Y fn, |3+ Ris

— AWM
= Uion, SaY
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Then Var(¢,) = o2n~3(1 + 0o(1)) for somes2 > 0, and by arguments similar
to (5.4),

E(QJ)2=0(n"*).

The expansion for the pseudovalué%f’s given by (5.6) continue to holdif
we setm = 1 and redefine

v=3 cauja+< D CQ’BEUf)UlB, 1=j=N.
|a|=2 la|=2

Furthermore the remainder terms if5.6) satisfy the inequality(5.7) with
ﬁ(l'z)n’s replaced by(ji'z)n and the second summation term replaced by

n
SEDD [mn—nn,i|

i=1|al=2

n
2| Z (Uja _ Euja)|2
j=1

+ i 121U = BUS|2 + 02 g |® + nzll/ln,iIIG}-

To complete the prooft is now enough to check théanalogues ofl44,..., 114
in (5.8) (with the preceding modificatiorareoy(1). Thatly; + 113 = 0,(1) fol-
lows using standard moment bounds for sums of independent random variables
to 1, andl,5. Also, because of independenaee?, = n"3EY?, and hencd,, =
0. Finally, 1;,= 0,(n"1), byAthe same argument as in the dependent ¢éesece
the theorem is proved fap,,. u

The proof foré,, is similar, and hence it is omitted
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