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Motivated by Efron~1992, Journal of the Royal Statistical Society, Series B54,
83–111!, this paper proposes a version of the moving block jackknife as a method
of estimating standard errors of block-bootstrap estimators under dependence+ As
in the case of independent and identically distributed~i+i+d+! observations, the pro-
posed method merely regroups the values of a statistic from different bootstrap
replicates to produce an estimate of its standard error+ Consistency of the result-
ing jackknife standard error estimator is proved for block-bootstrap estimators of
the bias and the variance of a large class of statistics+ Consistency of Efron’s method
is also established in similar problems for i+i+d+ data+

1. INTRODUCTION

In many complex problems, the bootstrap method can be used to estimate dif-
ferent population quantities related to an estimator, such as its bias and vari-
ance+ However, just as with any other estimation procedure, the accuracy of
estimators produced by the bootstrap method needs to be assessed+ This can
be accomplished using different approaches, such as by explicit estimation of
the leading terms in the asymptotic expansion of the mean squared error~MSE!
or by using a second level of bootstrapping+ The problem with the first ap-
proach is that it requires a good deal of analytical calculation with the results
being applicable to the specific estimator and its given functional+ On the other
hand, the approach involving the use of a second level of bootstrapping, though
applicable more generally, is computationally too demanding and still not prac-
tically viable with the present day computing advances~cf+ Efron, 1992!+ In
his seminal paper, Efron ~1992! suggested using the jackknife to~nonparamet-
rically! estimate the standard errors of bootstrap estimators+ When the data are
independent and identically distributed~i+i+d+!, he obtained an ingenious rep-
resentation result for the jackknife point values and used it to show~cf+ Efron,
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1992, p+ 83! that “the jackknife estimate of standard error for a bootstrap quan-
tity can be computed from the original bootstrap replications, with no further
resampling required+” Furthermore, the pseudovalues for the bootstrap quanti-
ties need no additional computation; they are readily obtained from the boot-
strap computation itself+ The computational advantage and the generality of
application rendered the jackknife-after-bootstrap~JAB! method of Efron~1992!
particularly attractive for deriving variance estimators of bootstrap quantities
in the i+i+d+ case+

In this paper a similar method~also referred to as the JAB! is proposed in the
context of bootstrapping dependent data+ It is well known that instead of resam-
pling single observations, one needs to resample blocks of observations to ob-
tain valid bootstrap approximations under weak dependence+ Similarly, to obtain
valid jackknife estimators of the standard error of a statistic, one needs to de-
lete blocks of observations at a time in the dependent case+ The proposed method
utilizes the underlying principles of the block jackknife and the block-bootstrap
methods in an efficient way to ensure a similar representation of the block-
jackknife point values of block bootstrap quantities+ Furthermore, it produces
variance estimators of block-bootstrap quantities with a computational simplic-
ity similar to that of its i+i+d+ counterpart+ This is of considerable importance
for at least two reasons: first, it automatically provides an estimator of the stan-
dard error of bootstrap values under dependence, which are often analytically
too complicated for explicit estimation, and second, it gives a computationally
efficient method to evaluate these estimates+

A precise description of the JAB method for dependent data is given in the
next section+ A simple result~namely, Proposition 2+1! proved in Section 5 pro-
vides the theoretical justification for the method+ As in the i+i+d+ case, the present
version of the JAB can be used for many different applications, such as esti-
mating the standard errors of block-bootstrap quantities, empirical choice of
optimal block sizes for the block bootstrap~cf+ Lahiri, 1996b!, and so on+

The main results of the paper concern theoretical validity of the JAB in the
dependent and the independent cases+ It follows from these results that not only
does the JAB enjoy some remarkable computational properties, it also has some
attractive theoretical properties+ In Section 3, which follows, we establish the
consistency of the JAB estimators of the standard errors of bootstrap quantities
in different problems+ To describe the results briefly, suppose Zun is an estimator
that can be represented as a smooth function of sample means+ Let ZBn and ZVn,
respectively, denote the block-bootstrap estimators of the bias and the variance
of Zun+ The main results of the paper establish consistency of the JAB variance
estimators of ZBn and ZVn+ More specifically, it is proved that for independent
and also dependent data,

ZVarJAB~ Zfn!0Var~ Zfn! r p1 (1.1)

as n r `, for Zfn 5 ZBn and ZVn, where ZVarJAB~ Zfn! denotes the JAB estimator
of the variance of Zfn+ For independent data, the JAB variance estimator of a
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bootstrap estimator is defined using the standard jackknife variance estimator
formula ~cf+ Efron, 1992!+ In the dependent case, however, the definition of
ZVarJAB~ Zfn! is different from the usual block-jackknife variance estimator ofZfn+

Indeed, we delete blocks of bootstrap blocks for defining the JAB variance es-
timator as compared to deleting blocks of observations for the block-jackknife
variance estimator+ This modification is adistinguishingfeature of the JAB
in the dependent case from its i+i+d+ counterpart and is crucial for effectively
reusingthe values of an estimator from the original block-bootstrap computa-
tions+ In the context ofbootstrappingdependent data, “blocks of blocks” re-
sampling has been considered by Politis and Romano~1992b! and Bühlmann
and Künsch~1995!, among others+ To get some idea about finite sample prop-
erties of the JAB variance estimators in the dependent case, we also carry out a
a small simulation study+ These results are presented in Section 4+

Properties of jackknife estimators under independence have been studied by
several authors: see Reeds~1978!, Parr and Schucany~1982!, Parr~1985!, Shao
~1989!, Shao and Wu~1989!, and the references therein+ In an important paper,
the use of jackknife to bootstrap estimates was first suggested by Beran~1984!
for i+i+d+ data in a different context+ In his 1992 seminal paper, Efron formu-
lated the JAB method for i+i+d+ data and established its computational efficacy+
Block-bootstrap and block-jackknife methods for dependent data have been put
forward by several authors, notably by Hall~1985!, Carlstein~1986!, Künsch
~1989!, Liu and Singh~1992!, and Politis and Romano~1992a!+ Properties of
block-bootstrap methods have been studied by Lahiri~1991, 1996a!, Hall,
Horowitz, and Jing~1995!, Hall and Horowitz~1996!, Götze and Künsch~1996!,
and Li and Madala~1997!, among others+

The rest of the paper is organized as follows+ In Section 2, JAB is formu-
lated for dependent data+ Consistency of JAB variance estimators for the bias
and the variance functionals for dependent and also independent data are estab-
lished in Section 3+ Section 4 reports results from a simulation in the depen-
dent case+ Finally, Section 5 gives proofs of the results from Sections 2 and 3+

2. THE JACKKNIFE-AFTER-BOOTSTRAP METHOD

We begin with a description of the block-bootstrap methods for dependent
data+ Assume thatX1,X2, + + + is a stationary sequence of random vectors with
values in IRd+ Given the dataXn 5 ~X1, + + + ,Xn!, we define the blocksBj 5
~Xj , + + + ,Xj1,21!, j 5 1, + + + ,N whereN 5 n 2 , 1 1 and 1# , # n denotes the
block size+ Let b be the largest integer not exceedingn0,+ Then the bootstrap
blocks are obtained by selecting a random sample of sizeb from a suitable
subset of the blocks$B1, + + + ,BN % + For the moving block-bootstrap~MBB!
method of Künsch~1989! and Liu and Singh~1992!, one selects a random
sampleB1

*, + + + ,Bb
* from the whole collection$B1, + + + ,BN % + On the other hand,

for Carlstein’s~1986! method, B1
*, + + + ,Bb

* are selected from the collection of
nonoverlapping blocks$B~i21!,11 : 1 # i # b% only+ Because each of the resam-
pled blocks contains, data values, arranging the components ofB1

*, + + + ,Bb
*
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into a sequence yieldsn1 [ b{, bootstrap samplesX1
*, + + + ,Xn1

* + Note that here
n10n r 1 as n r `+ An alternative to this is to select~b 1 1! bootstrap
blocks ~instead ofb! and take the firstn values out of~b 1 1!, resampled
values as the bootstrap sample+ However, because,0n r 0 as n r `, the
difference between the two alternatives is insignificant, and we will use the
first one+

Let Zun 5 H~ PXn! be an estimator of the parameteru 5 H~m!, whereH : IRd r IR
is a~smooth! function, PXn 5 n21 (i51

n Xi andm 5 EX1+ Then, the bootstrap ver-
sion of Zun is given byun

*5 H~ PXn
*!, where PXn

*5 n1
21 (i51

n1 Xi
*+Write Tn 5 Zun 2 u+

Let fn 5 f~Gn! be a functional of the sampling distributionGn of Tn+ For ex-
ample, fn 5 *xdGn gives the bias ofZun andfn 5 *x2dGn 2 ~*xdGn!2 gives the
variance of Zun+ The bootstrap estimator offn is then given by

Zfn 5 f~ ZGn!,

where ZGn is the conditional distribution ofTn
* 5 H~ PXn

*! 2 H~ [mn!, given the
dataXn, and [mn is the conditional expectation ofPXn

* given Xn+ Under either
of the block-bootstrap methods, ZGn is known once the data have been ob-
served, and hence, Zfn can be calculated+ However, an exact evaluation of ZGn

is difficult+ In practice, ZGn is approximated by Monte-Carlo simulations, by
drawing a large number~say, K ! replicates~kB1

*, + + + ,kBb
*!, k 5 1, + + + ,K, calcu-

lating the bootstrap variablekTn
* based on each replicate, and replacing ZGn by

the empirical distribution ZGn
* of $ kTn

*, k 5 1, + + + ,K % +
Next we describe the block-jackknife method for dependent data+ Here, too,

one may use the overlapping or the nonoverlapping versions of the jackknife to
derive bias and variance estimators+ For brevity, we shall describe only the over-
lapping version~which deletes a block of size, at time!+ Suppose that[gn 5
gn~Xn! is an estimator of a parameterg+ For i 5 1, + + + ,N, define thei th jack-
knife block-deleted point value[gn

~i ! by [gn
~i ! 5 gn2,~Xn, i !, whereXn, i [ Xn\Bi

denotes the set of data values after deleting thei th block+ The block-jackknife
estimate of the variance of[gn is given by~cf+ Liu and Singh, 1992; Künsch,
1989!

ZVarBJ~ [gn! 5 ~,~n 2 ,!21!N21 (
i51

N

~ Jgn
~i ! 2 [gn!2, (2.1)

where Jgn
~i ! 5 ,21~n [gn 2 ~n 2 ,! [gn

~i ! ! is the i th jackknife pseudovalue of[gn+
Note that if, [ 1, i+e+, if we delete blocks of size one or a single observation at
a time, the variance estimator given by~2+1! reduces to its i+i+d+ counterpart:

ZVarJ~ [gn! 5 ~n~n 2 1!!21 (
i51

n

~ Jgn
~i ! 2 [gn!2+ (2.2)

Now we are in a position to describe the JAB for dependent data+ In princi-
ple, the formulation of the JAB for dependent data proceeds in a similar path as
in the i+i+d+ case, in the sense that we apply~a version of the block-! jackknife
method to a block-bootstrap estimator+ However, a direct application of the block-
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jackknife method to bootstrap estimators does not allow us to obtain the de-
sired representation of the jackknife block-deleted point values in terms of the
original bootstrap values+ As a result, to achieve computational advantages sim-
ilar to the i+i+d+ case, the application of the jackknife method to the bootstrap
quantities in the JAB requires some modifications under dependence+ The key
step in the formulation is that we delete blocks of bootstrap blocks instead of
blocks of original data values to define the JAB estimator of the standard error
of a block-bootstrap quantity+

For definiteness, first we consider the case of the overlapping block boot-
strap+ Let Zfn be the block-bootstrap estimator offn based on blocks of size,+
Let m be an integer between 1 andN, and letM 5 N 2 m1 1+ Recall that here
N 5 n 2 , 1 1 gives the total number of observed blocks$B1, + + + ,BN % of length
,+ For i 5 1, + + + ,M, define the setIi 5 $1, + + + ,N%\$i, + + + , i 1 m 2 1% + To define
the i th jackknife block-deleted point valueZfn

~i ! , we need to resampleb blocks
from the reduced collection$Bj : j [ Ii % and apply the functionalf to the re-
sulting block-bootstrap estimatorZGn, i of Gn+ Specifically, let Ji1, + + + , Jib be a
collection of b random variables such that conditional onXn, they are i+i+d+
with the discrete uniform distribution onIi , i+e+,

P*~Ji1 5 j ! 5 ~N 2 m!21 for all j [ Ii +

~Here and in the following discussion, P* andE*, respectively, denote the con-
ditional probability and conditional expectation, given the dataXn+! Then, the
desired resampled blocks are given by$Bj

*i [ BJij
: j 5 1, + + + ,b% + Let PXn

*i denote
the bootstrap sample mean based on then1 [ ,{b resampled data values in
$Bj
*i : j 5 1, + + + ,b% and let [mn, i 5 E* PXn

*i 5 ~N 2 m!21 (j[Ii Uj , where Uj [
~Xj 1{{{1 Xj1,21!0, denotes thejth block average+ Then, ZGn, i is the condi-
tional distribution~givenXn! of Tn, i

* [ ~H~ PXn
*i ! 2 H~ [mn, i !!+ We define thei th

jackknife block-deleted point valueZfn
~i ! by

Zfn
~i ! 5 f~ ZGn, i !,

i 5 1, + + + ,M+ The JAB estimators for the variance ofZfn are then defined using
~2+1! as

ZVarJAB~ Zfn! 5 ~m~N 2 m!21!M21 (
i51

M

~ Efn
~i ! 2 Zfn!2, (2.3)

where Efn
~i ! 5 m21~N Zfn 2 ~N 2 m! Zfn

~i ! !+
To implement the JAB in practice, one proceeds as follows+ Suppose

~kB1
*, + + + , kBb

*!, k 5 1, + + + ,K denote theK ~conditionally independent! sets of
bootstrap blocks drawn with replacement from$B1, + + + ,BN % for evaluating the
original bootstrap quantity Zfn by Monte-Carlo simulation~cf+ the middle box
in Figure 1, which follows!+ For 1# i # M, let Ii

* denote the set of all indices
k,1 # k # K, such that none of the resampled blockskB1

*, + + + ,kBb
* in the kth

set equalsBi , + + + ,Bi1m21+ Then, it follows from Proposition 2+1, which fol-
lows, that for eachk [ Ii

*, the blocks$ kB1
*, + + + ,kBb

*% behave as a random
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sample of sizeb from the reduced collection$Bj : j [ Ii % + Hence, for evaluat-
ing Zfn

~i ! , we extract the desired subcollection$~kB1
*, + + + ,kBb

*! : k [ Ii
*% from

the full collection$~kB1
*, + + + ,kBb

*! : k 5 1, + + + ,K % ~using “black box i” as, say,
in Figures 1 and 2! and reusethe original bootstrap replicateswithout addi-
tional resampling+ Define kTn, i

* 5 ~H~ k PXn
*! 2 H~ [mn, i !! wherek PXn

* is the sam-
ple mean based on$ kB1

*, + + + , kBb
*% and where [mn, i is as defined before+ Then,

the Monte-Carlo approximation toZfn
~i ! is given byf~ ZGn, i

* ! where ZGn, i
* is the

empirical distribution of$ kTn, i
* : k [ Ii

*% + The JAB variance estimator is ob-

Figure 1. A schematic description of the MBB and the JAB in the dependent case+
Here, $kB1

*, + + + ,kBb
*%, k 5 1, + + + ,K denote the resampled blocks, initially generated for

Monte-Carlo evaluation of the MBB estimatorZfn, and similarly, $k PXn
* : k 5 1, + + + ,K %

denote the values of the corresponding bootstrap statistic~the sample mean, in this case!+
The subcollection$k PXn

* : k [ Ij
*% , used for computing thejth jackknife block-deleted

point value Zfn
~ j ! for the JAB variance estimator is obtained by passing~reusing! these

quantities through thejth black box forj 5 1, + + + ,M+ The JAB variance estimator is then
obtained from Zfn

~ j !’s using the formula~2+3!+
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tained from ~2+3! by replacing Zfn and Zfn
~i !’s with their Monte-Carlo values

f~ ZGn
*! andf~ ZGn, i

* !,1 # i # M, respectively+
The theoretical basis for this is contained in the following simple represen-

tation result+ Let 1~S! denote the indicator function of a statementS such that
1~S! 5 1 or 0 according asS is true or false+

PROPOSITION 2+1+ Let J1, + + + , Jb be i.i.d. random variables with the dis-
crete uniform distribution on$1, + + + ,N%, and let Ji1, + + + , Jib be i.i.d. random vari-
ables with the discrete uniform distribution on Ii ,1 # i # N. Write [pi 5
b21 (j51

b 1~Jj [ Ii ! for the proportion of random indices J1, + + + , Jb that take
values in the set Ii . Then, for any i5 1, + + + ,M, the conditional joint distribu-
tion of ~J1, + + + , Jb! given [pi 5 1 is the same as the joint distribution of
~Ji1, + + + , Jib! .

Thus, it follows from the proposition that if the original resampled blocks
$~B1

*k, + + + ,Bb
*k! : k 5 1, + + + ,K % for the Monte-Carlo simulation of Zfn are gen-

Figure 2. A flowchart summarizing the steps in thejth black box, used in the compu-
tation of thejth jackknife block-deleted point valueZfn

~ j !+
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erated by the random indices$~J1
k, + + + , Jb

k! : k 5 1, + + + ,K % , then for eachk [
Ii
*, ~J1

k, + + + , Jb
k! represents a random sample of sizeb from the reduced index

set I i 5 $1, + + + ,N%\ $i, + + + , i 1 m 2 1% + Therefore, for n fixed, conditionally
on Xn, the empirical distribution ZGn, i

* of $Tn, i
*k : k [ Ii

*% converges to ZGn, i

almost surely in the supremum norm asK r `, by the Glivenko–Cantelli
theorem+ Hence, if f is a sufficiently smooth functional, then f~ ZGn, i

* ! pro-
vides a reasonable approximation to the jackknife block-deleted point value
Zfn
~i ! for large values ofK+
Next we describe the JAB for the nonoverlapping version of the block boot-

strap+ In this case, the conceptual and theoretical details of the JAB are very
similar+ The only differences are that the random indicesJ1, + + + , Jb generating
the blocks for the original bootstrap quantityZfn are i+i +d+ random vectors
with the discrete uniform distribution onI [ $~ j 2 1!, 1 1 : 1 # j # b% and the
jackknife point values Zfn

~i !’s are obtained by using random samplesJi1, + + + , Jib

from Ii
'[ I \$~ j 2 1!, 1 1 : i # j # i 1 m2 1%, for 1 # i # b 2 m1 1+ It is easy

to see that an analogue of Proposition 2+1 holds for the nonoverlapping case, if
we replace$1, + + + ,N% andIi by I andIi

' , respectively+ Hence, for implementing
the JAB, one may again use the subset of the original bootstrap replicates hav-
ing all indices lying inIi

' to calculate Zf~i !,1 # i # b 2 m 1 1+
In the next section, we investigate the consistency properties of the JAB vari-

ance estimators+ For the sake of brevity, we restrict our attention to the over-
lapping block-bootstrap estimators+ Analogues of all the results presented here
hold for the nonoverlapping version of the block-bootstrap also+ It is worth
mentioning that though the JAB variance estimator is consistent for the block
bootstrap estimatorZfn of different population quantitiesfn, the JAB estimator
of the bias of Zfn is typically inconsistent~cf+ Lahiri, 1997!+ Because the bias of
a block-bootstrap estimator can be of comparable order of magnitude to its stan-
dard deviation, for practical applications it is also very important to be able to
estimate the bias part consistently+ Lahiri ~1996b, 1997! suggests some modi-
fication to the standard jackknife bias estimator and establishes consistency of
the modified estimators for differentf 's+ Let ,0 be an integer such that,0,0 r

0 asn r `+ Then, the modified estimators of the Bias~ Zfn! are given by

ZBias~ Zfn! 5 M21 (
i51

M

~ Efn
~i ! 2 Zfn~,0!! and EBias~ Zfn! 5 ~ Zfn 2 Zfn~,0!!,

where Zfn~,0! is the block-bootstrap estimator offn based on blocks of size,0+
Though these estimators require computation ofZfn for a second block length
,0, the total amount of computation involved in evaluating both the JAB vari-
ance and the bias estimators is still negligible compared with the other alterna-
tives, such as the “double block bootstrap”~which involves bootstrapping blocks
of original bootstrap blocks!+ Thus, with either of the bias estimators, the JAB
provides a computationally efficient and consistent method for estimating the
mean squared error~MSE! of block-bootstrap quantities+ As a consequence, it
has potential applications in different inference problems as in the i+i+d+ case
~cf+ Efron, 1992; Datta and McCormick, 1995!+
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3. CONSISTENCY

The main results of this section establish consistency of the JAB variance esti-
mators for two smooth functionalsf~{!, namely, the bias and the variance of
estimators, for dependent and independent data+ Let X1,X2, + + + be a sequence
of stationary random vectors inIRd with EX1 5 m+ Let u 5 H~m! be the param-
eter of interest, whereH : IRd r IR is a smooth function+ We take Zun 5 H~ PXn!
as an estimator ofu, where PXn 5 n21 (i51

n Xi denotes the sample mean+ The
functionals of interest are the bias and the variance ofZun, given by

f1n 5 E Zun 2 u and f2n 5 Var~ Zun!+ (3.1)

Looking at suitable transformations of the data, the proposed framework al-
lows us to consider the bias and the variance of estimators such as the sample
variance, sample lag-covariances, the sample correlation coefficient, and sam-
ple versions of partial autocorrelations+ Let Zf1n and Zf2n denote the correspond-
ing block-bootstrap estimators off1n and f2n based on blocks of size,+
Write ZVarJAB~ Zfjn! for the JAB estimator of the variance ofZfjn, j 5 1,2, ob-
tained by deleting blocks ofm bootstrap blocks at a time~cf+ ~2+3!!+

For proving the consistency of the JAB variance estimators off1n and
f2n, we shall assume that the sequence$Xn% is strongly mixing at a polynomial
rate+ For any 1# a # b # `, let Fa

b denote thes-field generated by$Xi : a #
i # b% + Define the strong mixing coefficient of$Xn% by

a~n! [ Sup$6P~A ù B! 2 P~A!P~B!6 :A [ F1
k,B [ Fk1n

` , k $ 1%+

Also, for r $ 1 andd . 0, defineD~r,d! 5 (n51
` n2r21a~n!d0~2r1d! +

The following assumptions will be used for proving the results of this section+

~A+1! H : IRd r IR is four times continuously differentiable, and for alln [
Z1

d ,6n6 5 4,

6DnH~x!6 # C~11 7x7a!, x [ IRd

for some integera $ 1, andC . 0, whereZ1 5 $0,1,2, + + + % , and for a vector
n 5 ~n1, + + + ,nd!' [ Z1

d , 6n6 5 n1 1 {{{ 1 nd and Dn denotes thenth-order
partial differentiable operator]n11 + + +1nd0]x1

n1 + + +]xd
nd+

~A+2! There existsd [ ~0,1# such that

E7X17812a1d , ` and D~4 1 a;d! , `+

~A+3! There existsd [ ~0,1# such that

E7X171214a1d , ` and D~6 1 2a;d! , `+
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Here ~A+2! and ~A+3! give, respectively, the moment and mixing conditions
for proving the consistency of the JAB estimators off1n andf2n+

THEOREM 3+1+ Assume that as nr ` , ,21 1 n2102, 1 m21, 5 o~1! and
that n21,22m3 5 O~1! . Then, for j5 1,2,

ZVarJAB~ Zfjn !0Var~ Zfjn ! r p1 as nr `,

provided Assumptions (A.1) and (A.( j1 1)) hold.

Theorem 3+1 shows that with appropriate choices of the resampling param-
eters, andm, the JAB variance estimators off1n,f2n are consistent+ Consis-
tency of the block-jackknife method for estimating the variance of a class of
“well-behaved” estimators has been established by Künsch~1989! and Liu and
Singh ~1992!+ However, their results do not readily apply to our case+ This is
primarily due to the fact that the JAB estimators are defined by deleting blocks
of blocks as opposed to deleting blocks of original observations in the case of
the usual block-jackknife method+

Next we consider the i+i+d+ case+ In this case, the JAB variance estimators are
defined by applying the i+i+d+ jackknife method to i+i+d+ bootstrap estimators as
described in Section 2+ The following theorem establishes the consistency of
the JAB variance estimator of Efron~1992! in the i+i+d+ case, for Zfjn’s+

THEOREM 3+2+ Assume that$Xn%n$1 are i.i.d., and that ZVarJAB~ Zfjn! denote
the i.i.d. JAB estimator ofVar~ Zfjn!, j 5 1,2, defined using (2.3) with m[ 1
and , [ 1 for all n $ 1. Then, for j5 1,2,

ZVarJAB~ Zfjn !0Var~ Zfjn ! r p1 as n r `,

provided (A.1) holds and E7X1741j ~412a! , ` .

4. A SIMULATION STUDY

In this section, we report the results of a small simulation study on finite sam-
ple performance of the JAB variance estimators+ We considered four different
time-series models, given by

~I ! X1, t 5 0+6X1, t21 2 0+3X1, t22 1 0+1X1, t23 1 et

~II ! X2, t 5 0+2et 1 0+3et21

~III ! X3, t 5 0+6X3, t21 2 0+3X3t22 1 0+1X3, t23 1 0+2et 1 0+3et21 1 0+1et22

~IV ! X4, t 5 X3, t
2 1 X3, t1~X3, t , 0!,

where 1~{! denotes the indicator function andX3, t is as in model III+ The error
distribution$et % in all cases wasN~0,1!+ Note that the marginal distribution of
theXi, t ’s under the first three models issymmetricbut that under model~IV ! it
is asymmetric~with a thicker right tail!+ For each of the models~I !–~IV !, we
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considered a sample size ofn 5 100 and applied the MBB with two different
block lengths, 5 5,10+ Using the notation of Sections 2 and 3, we denote the
MBB estimator of the variance functionalf2n [ Var~ PXn! as Zf2n~,!+ Then, the
parameter of interesthere is given by Var~ Zf2n~,!!, which is estimated by
the JAB method+ Table 1 gives the values of the parameterf2n [ Var~ PXn! and
~the mean and! the variance of its MBB estimatorsZf2n~,!+ The parameterf2n

was evaluated using 100,000 simulation runs and the quantityE~ Zf2n~,!! and
Var~ Zf~,!! were evaluated using 10,000 simulation runs, with K 5 1,000 boot-
strap replications for each block size and each of the 10,000 simulation runs+
Thus, the target population parameters for the JAB method are given by the
eight numbers in the last column of Table 1 for the two block sizes under mod-
els I–IV+

We summarize the performance of the JAB estimators of Var~ Zf2n~,!! in
Table 2+ For each model and each block size, we considered several values of
the jackknife block lengthm, applying the formulam 5 Cn103,203 with C 5
0+1,0+5,1,2+ To appreciate why this may yield a reasonable choice ofm, note
that the JAB applies a version of the moving block-jackknife method to the
block-bootstrap estimatorZf2n~,! by deleting “blocks” ofm overlappingblocks+
Results of Künsch~1989! and Hall et al+ ~1995! show that the MSE-optimal
block length for the block-jackknife variance estimator for a sample of sizeT
is of the formC{T 103+ Because there are “b [ @n0,# ” ~the integer part ofn0,!
“independent” or “distinct” blocks of length, in a sample of sizen, for a block-
bootstrap estimator based onnonoverlappingblocks of length,, the optimal
block length for its jackknife variance estimator is of the formC{b103+ Note
that there are~approximately! C{b103, overlappingblocks contained inC{b103

nonoverlappingblocks and vice versa+ Hence, for a block-bootstrap estimator
based onoverlappingblocks of length,, this heuristic argument suggests that
one should deleteC{b103, overlapping blocks for its JAB variance estimator+

Table 1. Means and variances of MBB estimators off2n 5 Var~ PXn!

Model f2n , E~ Zf2n~,!! Var~ Zf2n~,!!

I 0+01378 5 0+0117 6+0656e206
0+01378 10 0+0122 1+1960e205

II 0+00129 5 0+0027 1+6732e207
0+00129 10 0+0019 1+5395e207

III 0 +00230 5 0+0057 9+9745e207
0+00230 10 0+0039 6+8011e207

IV 0+02185 5 0+0192 6+1101e205
0+02185 10 0+0196 8+6124e205

Note: Column 2 gives values of the parameterf2n; column 3 gives the block sizes, 5 5,10 for the
block-bootstrap methods+ Columns 3 and 4, respectively, give the mean and the variances of the
block-bootstrap estimatorsZf2n~,!, evaluated using 10,000 simulation runs+
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BecauseC{b103 is asymptotically equivalent toC{n103,203, we choose the jack-
knife block size parameterm using the formulam 5 Cn103,203+

Table 2 gives the bias, the standard error~SE!, and the MSE of the JAB
estimators of Var~ Zf2n~,!! for different choices ofC and for both block sizes
, 5 5,10 under models I–IV+ The results are based on 3,000 simulation runs
in each case+ For each simulation run, the number of bootstrap replicates
was determined by the requirement that there were at least 300 bootstrap rep-
lications entering into the computation of every jackknife point valueZf2n

~i !~,!,
i 5 1, + + + ,M+ We make the following observations from the results in Table 2+

Table 2. Means, standard errors~SE’s! and the mean squared errors~MSE’s!
of the JAB variance estimatorsZVARJAB~ Zf2n~,!! for different values of the jack-
knife parameterm [ Cn103,203

C

Model , 0+1 0+5 1+0 2+0

I 5 bias 2+472e205 1+478e205 0+786e205 0+356e205
SE 1+472e205 1+007e205 7+382e206 6+120e206
MSE 8+282e210 3+202e210 1+164e210 5+014e211

10 bias 0+932e205 0+760e205 0+477e205 0+205e205
SE 1+390e205 1+439e205 1+446e205 1+472e205
MSE 2+802e210 2+651e210 2+319e210 2+211e210

II 5 bias 1+434e206 8+104e207 4+227e207 1+889e207
SE 6+119e207 3+836e207 2+441e207 1+698e207
MSE 2+432e212 8+038e213 2+382e213 6+453e214

10 bias 3+233e207 2+064e207 1+138e207 0+492e207
SE 2+408e207 2+078e207 1+836e207 1+761e207
MSE 1+625e213 8+579e214 4+669e214 3+345e214

III 5 bias 6+112e206 3+431e206 1+814e206 0+812e206
SE 2+870e206 1+854e206 1+288e206 9+617e207
MSE 4+559e211 1+520e211 4+949e212 1+584e212

10 bias 1+339e206 0+886e206 0+459e206 0+171e206
SE 1+017e206 9+110e207 7+835e207 7+168e207
MSE 2+830e212 1+580e212 8+250e213 5+430e213

IV 5 bias 4+95e205 3+99e205 1+923e205 0+626e205
SE 1+276e204 1+494e204 1+332e204 1+452e204
MSE 1+873e208 2+393e208 1+810e208 2+113e208

10 bias 21+188e205 1+202e205 0+546e205 0+367e205
SE 1+013e204 2+236e204 1+893e204 2+358e204
MSE 1+041e208 5+013e208 3+587e208 5+562e208

Note: The relevant target parameters are the variances of the MBB estimatorsf2n~,!, given in column 4 of
Table 1+ The results are based on 3,000 simulation runs for each combination of, andm under each model+
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~1! For models I–III, the MSE’s of the JAB variance estimators decrease as the value
of the jackknife parameterm ~or C! is increased+ The same pattern holds true for
both the block sizes, 5 5 and 10 under each of these models+

~2! For model IV ~with asymmetric tails!, the MSE has sinusoidal behavior at both
block lengths, with the minimum MSE occurring atC 5 1 for , 5 5 and atC 5
0+1 for , 5 10+

~3! The time required for completing the simulation increases as the value ofC in-
creases+ This was expected because the larger the value ofC, the more bootstrap
replicates were necessary to generate a givenminimumnumber of replicates for
computing Zf2n

~i ! , 1 # i # M+ For both block sizes and for each of the four models,
the simulation time for the caseC 5 2 is considerably~more than 1,000 times!
longer than the rest of theC values considered+

~4! Writing [sC,,
2 for the JAB variance estimator ofZf2n~,! under a given valueC,

from Table 2, we see that for all models and sample sizes, the MSE of [s1,,
2 ~with

C 5 1! is at most3+5 times theminimumMSE ~over the set ofC values consid-
ered! in each case+ Furthermore, the MSE is within a much smaller range~namely,
within only 1+5 times! of the optimal value under the symmetric models I–III, for
moderately large value, 5 10 of the block size+ Therefore, taking into account
thecomputation time~cf ~3!!, it appears that the value ofC 5 1 ~or, equivalently,
m5 n103,203! yields a reasonable choice of the jackknife parameters for the JAB
variance estimator inall cases considered here+

5. PROOFS

We begin with some notation to be used in the rest of the paper+ Let 1A denote
the indicator function of a setA and for any random vectorW andn [ Z1, let
xn~W! denote thenth cumulant ofW+ For a [ Z1

d , seta! 5 Pj51
d aj andca 5

DaH~m!0a! + Let E* and P*, respectively, denote the conditional expectation
and probability, given the dataXn+ For j $ 1, define

Uj 5 ~Xj 1{{{1 Xj1,21!0,, U1j 5 Uj ,102,

Uj
* 5 ~Xj

*1{{{1 Xj1,21
* !0,, U1j

*5 Uj
*,102+

For i 5 1, + + + ,M, denote the resampled observations in the blocks$Bj
*i : j 5

1, + + + ,b% by X1
*i , + + + ,Xn1

*i + Next define

Uj
*i 5 ~Xj

*i 1{{{1 Xj1,21
*i !0,, U1j

*i 5 Uj
*i,102+

For notational simplicity, set I0 5 $1, + + + ,N% , Uj
* 5 Uj

*0,U1j
* 5 U1j

*0, and Zfjn 5
Zfjn
~0!+ Also, in the proofs that follow, unless there is any chance of confusion,

we setm 5 0+ Let C,C~{! denote generic constants, depending on their argu-
ments~if any! but not oni, n,,, andm+ For notational simplicity, any such de-
pendence on population quantities such as7S`217 or E7X17s, which remain
fixed throughout the proof of a theorem, will be suppressed+ Also, unless other-
wise specified, limits in the order symbols are taken lettingn r `+
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Proof of Proposition 2+1+ The proof follows from the fact that for any
j1, + + + , jb [ Ii , P~J1 5 j1, + + + , Jb 5 jb6 [pi 5 1! 5 P~Ji1 5 j1, + + + , Jib 5 jb!+ n

Proof of Theorem 3+1+ First we considerf1n+ Recall that in the steps that
follow, for notational simplicity, we setm 5 0+ Then by Taylor’s expansion,

Zf1n
~i ! 5 E*H~ PXn

*i ! 2 H~ [mn, i ! 5 b21 (
6a652

ca E*~U1
*i !a 1 ZR11n

~i ! , (5.1)

where the remainder term satisfies

* ZR11n
~i ! 2 b21F2 (

6a652
ca~ [mn, i !

a 1 (
6a652

(
6b 651

ca,b~ [mn, i !
bE*~U1

*i 2 [mn, i !
aG*

# C$b22~11 7 [mn, i 7a!E*7U1
*i 73

1 ~7 [mn, i 74 1 7 [mn, i 741a! 1 ~E*7 PXn
*i 74 1 E*7 PXn

*i 741a!%

[ ZR12n
~i ! , ~say!+ (5.2)

It is important to note that the constantC in ~5+2! does not depend oni and
n+ Next, using the moment and mixing conditions given earlier, the cumulant
expansion for moments, and arguments similar to those of Bulinskii and Zhur-
benko~1976!, one can show that

E7 [mn7812a 5 O~n2~41a! !,

E7 PXn7812a 5 O~n2~41a! !, and

E~E*7U1
*7812a! 5 E7U17812a 5 O~,2~41a! !+ (5.3)

Hence, writing Yi 5 (6a652 ca Ui
a , i 5 1, + + + ,N, and using Hölder’s inequality,

we get

VarSb21 (
6a652

ca E*~U1
*!aD

5 b22N21 (
j52,

,

Cov~Y1,Y11j ! 1 O~b22n22,2EY1
2!

1 OSb22n21 (
6 j 6$,

a~ j 2 ,!d0~21d!{~E6Y1621d !20~21d!D
5 O~b22n21,21!
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and

E~ ZR11n
~0! !2 # C@b22$E7 [mn74 1 E~7 [mn72~E*7U1

*74!!%

1 b24E$E*7U1
*76~11 7 [mn72a!%

1 E$7 [mn78~11 7 [mn72a!%

1 E$E*7 PXn
*78~11 7 PXn

*72a!%#

5 O~n23!+ (5.4)

This, in particular, implies that

Var~ Zf1n! 5 b22N21S (
j52,

,

Cov~Y1,Y11j !D~11 o~1!!

[ s1n
2 ~11 o~1!!, say, (5.5)

where the leading terms1n
2 is of the orderO~b22n21,21!+ Next note that by

~5+1!, for i 5 1, + + + ,M,

Ef1n
~i ! 5 m21~N Zf1n 2 ~N 2 m! Zf1n

~i !!

5 ~mb!21 (
j5i

i1m21

Yj 1 ZR13n
~i ! , (5.6)

where the remainder termsZR13n
~i ! ’s admit the bound~cf+ ~5+2!!

(
i51

M

6 ZR13n
~i ! 62

# ~mb!22 (
i51

M

* (
6a652

ca $N~ [mn!a 2 ~N 2 m!~ [mn, i !
a %*

2

1 ~mb!22 (
i51

M

* (
6a652

(
6b 651

ca,b $N~ [mn!bE*~U1
*2 [mn!a

2 ~N 2 m!~ [mn, i !
bE*~U1

*i 2 [mn, i !
a %*

1 N2Mm22 6 ZR12n
~0! 62 1 ~N 2 m!2m22 (

i51

M

6 ZR12n
~i ! 62

# C~mb!22 (
i51

M Fm27 [mn74 1 ~N 2 m!22

3 H7(
j51

N

Uj 727 (
j5i

i1m21

Uj 72 1 7 (
j5i

i1m21

Uj 74JG
1 C~mb!22 (

i51

M F7 [mn 2 [mn, i 72S(
j51

N

7Uj 72D2

1 7 [mn, i 72S (
j5i

i1m21

7Uj 72D2

1 N27 [mn76 1 ~N 2 m!27 [mn, i 76G
1 N2Mm22 6 ZR12n~0!62 1 N2m22 (

i51

M

6R12n
~i ! 62+ (5.7)
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Therefore, by ~5+5! and~5+6!, it follows that

6 ZVarJAB~ Zf1n! 2 Var~ Zf1n!60Var~ Zf1n!

# C~b2n,!*~m0N!M21 (
i51

M F~bm!21 (
j5i

i1m21

~Yj 2 EYj ! 1 ZR13n
~i !

2 ~ Zf1n 2 b21EY1!G2

2 s1n
2 *1 o~1!

# C~n3,21!F~m0N!6M21 (
i51

M

~bm!22~Ymi
2 2 EYmi

2 !6

1 6~b2mN!21EYm1
2 2 s1n

2 6

1 ~m0N!M21 (
i51

M

~ ZR13n
~i ! !2 1 ~m0N!~ Zf1n 2 b21EY1!2G

1 o~1!

5 I11 1 I12 1 I13 1 I14 1 o~1!, say, (5.8)

whereYmi 5 (j5i
i1m21~Yj 2 EYj !+

Next we show that each of the termsI11, + + + , I14 tends to zero in probability+
To that end, define the partial sumsSi 5 (j5~i21!~,1m!11

i ~,1m!∧M ~Ymj
2 2 EYmj

2 !, i $ 1,
and let(1 and(2, respectively, denote summation over all even and oddi ’s
satisfying~i 2 1!~, 1 m! , M+ Then, using the weak dependence ofalternate
Si ’s, we have

EI11
2 # C~,0m!2M22FES(

1
SiD2

1 ES(
2

SiD2G
# C~,0m!2M22~M0~, 1 m!!{S(

j51

`

a~ j !d0~81d!D
{maxHE6(

j51

k

Ymj
2 621d04 : 1 # k # ~, 1 m!J80~81d!

+ (5.9)

Next, define GW1j 5 (6a652 ca Uj
a{1~7Uj 7 # an! and GW2j 5

(6a652 ca Uj
a{1~7Uj 7 . an!, j 5 1, + + + ,N wherean 5 ,2102@m,#10a with a as in

Assumption~A+1!+ Let W1j 5 GW1j 2 E GW1j andW2j 5 GW2j 2 E GW2j , j 5 1, + + + ,N+
Then, using arguments similar to those in the previous step, and settingd1 5
d04 andd2 5 2d1, we have
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maxHE6(
j51

k

Ymj
2 621d1 : 1 # k # ~, 1 m!J80~81d!

# C~~, 1 m!21d1E6Ym16412d1 !80~81d!

# CFm21d1 HE*(
j51

m

W1j *
~81d!02

1 E*(
j51

m

W2j *
~81d!02JG80~81d!

# Cm2F~man
2!d02ES(

j51

m

W1jD4

1 m~81d!02E6W216~81d!02G80~81d!

# Cm2 @~man
2!d02{D~2;d2!{~E6W11641d2 !40~41d2! ~m0,!2

1 m~81d!02E7U1781d1~7U17 . an!# 80~81d!

# Cm2 @~man
2!d02~E7U17812a!80~81a! ~m0,!2

1 m~81d!02an
2~2a2d!,2~41a!{E7U117812a1~7U17 . an!# 80~81d!

# Cm2 @~man
2!d02~m0,!2,24 1 m~81d!02,2~41a!an

2~2a2d!# 80~81d!+ (5.10)

Hence, from ~5+9! and~5+10!, we get

EI11
2 # Cn21,22m3 @~,m!2~2a2d!0a# 80~81d!+ (5.11)

Next, using the fact that, 5 o~m!, it readily follows thatI12 5 o~1!+ Also,
using~5+3!, ~5+4!, and~5+7!, we have

EI13 # C~n2m0,!M21 (
i51

M

E~ ZR13n
~i ! !2

# C~n2m0,!F~mb!22 Hm2n22 1 ~E7 [mn74!102SE7(
j51

m

Uj 74D102

1 n22E7(
j51

m

Uj 74J
1 ~mb!22$N2~E7 [mn 2 [mn,176!103~E7U176!203

1 m2~E7 [mn,176!103~E7U176!203 1 n2{n23%

1 m22n2$E~ ZR12n
~0! !2 1 E~ ZR12n

~1! !2%G
# C~n2m0,!@~mb!22$m2n22% 1 ~mb!22

3 $n2~m0n2!{,22 1 m2n21,22 1 n21%

1 m22n2$b24,23~11 n2a! 1 n24~11 n2a!%#

# C~n2m0,!@n22b22 1 m21b22,22 1 m22n2n23b21#

# C@,21 1 m21# ,
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where we have used the facts7 [mn 2 [mn, i 7 # C@~m0n!7 [mn7 1
n217(j5i

i1m21 Uj 7# , E7(j51
m Uj 74 5 0~m22!, and a moment bound similar

to ~5+3!+
Finally, using~5+1! ~with i 5 0! and~5+4!, it is easily checked that

I4n 5 0p~m0N!+

Hence, the theorem is proved forZf1n+
To prove the result for Zf2n, note that a third-order Taylor’s expansion of

H~ PXn
*i ! aroundm~5 0! yields

Zf2n
~i ! 5 b21E*S (

6a651
ca~U1

*i !aD2
1 ZR21n

~i !

for i 5 0,1, + + + ,M, where

* ZR21n
~i ! 2 F2b21S (

6a651
ca [mn, i

a D2
1 Cov* S (

6a651
ca~ PXn

*i !aD, (
6b 652

cb~ PXn
*i !b !G*

# C~E*7 PXn
*i 74 1 E*7 PXn

*i 7612a!+

Evidently, the leading term in the expansion ofZf2n
~i ! is of the same form

~namely, the conditional expectation of a quadratic form inU1
*i ! as that of

Zf1n
~i ! ~cf+ ~5+1!!, and so is the form of the remainder termZR21n

~i ! as compared
with ZR11n

~i ! + Thus, retracing the proof for Zf1n, one can easily establish the result
for Zf2n+ n

Proof of Theorem 3+2+ Because the jackknife and the bootstrap for i+i+d+
data correspond to block jackknife and block bootstrap with block lengths, 5
m 5 1, we only outline the changes in the proof of Theorem 3+1 that are nec-
essary for proving Theorem 3+2+ For i 5 0,1, + + + ,M ~M 5 b [ n in this case!,
Zf1n
~i ! has the expansion

Zf1n
~i ! 5 n21 (

6a652
ca E*~U1

*i !a

1 n21 (
6b 651

(
6a652

ca,b~ [mn, i !
bE~U1

a! 1 ZQ11n
~i ! ,

where, using~5+2!, we get

* ZQ11n
~i ! 2 n21F2 (

6a652
ca~ [mn, i !

a 1 (
6b 651

(
6a652

ca,b~ [mn, i !
b~E*~U1

*i !a 2 EU1
a!G*

# C$n217 [mn, i 73 1 ZR12n
~i ! %

[ ZQ12n
~i ! , say+
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Then, Var~ Zf1n! 5 s2n23~11 o~1!! for somes2 . 0, and by arguments similar
to ~5+4!,

E~ ZQ11n
~0! !2 5 0~n24!+

The expansion for the pseudovaluesZf1n
~i !’s given by ~5+6! continue to hold, if

we setm 5 1 and redefine

Yj 5 (
6a652

ca Uj
a 1 S (

6a652
ca,b EU1

aDU1
b , 1 # j # N+

Furthermore, the remainder terms in~5+6! satisfy the inequality~5+7! with
ZR12n
~i ! ’s replaced by ZQ12n

~i ! and the second summation term replaced by

Cn22 (
i51

n

(
6a652

H7 [mn 2 [mn, i 72 6(
j51

n

~Uj
a 2 EUj

a!62

1 7 [mn, i 72 6Ui
a 2 EU1

a 62 1 n27 [mn76 1 n27 [mn, i 76J +
To complete the proof, it is now enough to check that~analogues of! I11, + + + , I14

in ~5+8! ~with the preceding modification! areop~1!+ That I11 1 I13 5 op~1! fol-
lows using standard moment bounds for sums of independent random variables
to I11 and I13+ Also, because of independence, s1n

2 5 n23EY1
2, and henceI12 [

0+ Finally, I145 0p~n21!, by the same argument as in the dependent case+ Hence,
the theorem is proved forZf1n+ n

The proof for Zf2n is similar, and hence it is omitted+
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