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Abstract To each function we associate a period, a polytope, a groggubgroupy C T

and a coset of /A, and show these objects to be universal for the class of Markov chains
with that beta function. One consequence is that polynomial matrices employed in coding
problems of Markov chains can be chosen canonically.

1. Introduction

The association of matrices of exponential functions, and then matrices of polynomials,
to Markov chains has been the key to a number of coding problems, most recently in
[MT4]. While the passage to exponential functions is straightforward, the subsequent
passage to polynomials depends on the choice of a finitely generated multiplicative group
of exponentials or, equivalently, subgroup of the positive reals. For a nonnegative matrix
A of exponential functions, the triplE(A), A(A), cZ(A)A(A) studied in PS, S2, MT]

and elsewhere is natural from various points of view. For example, it yields the coefficient
ring of the dimension module associated4an [T2]. It would be the natural choice

in passing to polynomial rings, except that it is not invariant under a number of coding
relations involving finite-to-one block codes. This drawback has forced the use of larger,
noncanonical rings and meant that a polynomial matrix could not be associated with
until after we knew which other matri® (representing another Markov chain) was being
considered along witi.

The problem was resolved itM[T1] for beta function classes of Bernoulli shifts by
showing that each Bernoulli shift yields universal objects for its class. (See Theorems 2.1
and 2.4 below.)

In this paper we associate a perié@3), a polytopeW (8) and a tripleI’(8), A(B),

c/‘;(ﬁ )A(ﬂ) to an arbitrary beta functiof, and prove these objects to be universal for the
class of Markov chains having as their beta function. Specifically, we prove that if the
beta functiong, of A equalsg then:
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(i) the weight-per-symbol polytop® (A) of A equalsW (B8);

(i) T(A) is a finite-index subgroup df (8);

(i)  A(A)is afinite-index subgroup ok (8); and

(iv) d(p) divides the period (A) of A, andc4V A(8) = c;f“‘)A(ﬂ).

Since the beta function is invariant under many codes and classificalibnS3, this
has the consequence that we can canonically associate to any Markov chain with beta
function 8 a matrix over the positive corig" [xli, el xki] of a Laurent polynomial ring
determined byg, and put this matrix to use in coding problems involving the Markov
chain. (See Remark 3.6 for a detailed discussion of this point.)

Let Z[exp denote the ring of integral combinations of exponential functions, and
let ZT[exp| be its positive cone consisting of nonnegative integral combinations of
exponential functions. In the Bernoulli case we have Z*[expl, and the 1x 1 matrix
(B) corresponding to the Bernoulli shift presents itself as the minimal candidate for the
class. The difficulty with the general case is that there is no obvious nonnegative minimal
candidate. We will show thagt has a minimal polynomial ovef[exp] and derive the
objects associated with from the companion matrix of the minimal polynomial g,

The consideration of the periad(8) of 8 appears to be new, even in the case of
nonnegative integral matrices, whedeeduces to the spectral radiusof the matrix. We
will observe that if an irreducible nonnegative matdxhas spectral radiug thend ()
divides the periodi(A) of A, and that there exists an irreducible nonnegative matrix of
periodd () and spectral radiys.

The basic definitions and facts needed in the paper will be given in §2. 83 contains the
definitions of the objects we associate8tahe statements of the main results, and remarks
related to these. The proofs of the main results are given in 884 and 5 where the properties
of W(B), '(B), A(B) andcg(ﬁ)A(ﬁ) are developed.

2. Markov chains and groups of weights
A nonnegative integral matri®/ determines a directed grajgh(M) and a shift of finite
type (X, o). For directed graphs, shifts of finite type and their block maps, we take
[LM] as the standard reference and make free use of the definitions, notation and basic
facts therein. We IeR™ = {a € R : a > 0}. We write exp for the set of exponential
functions of a real variable
exp={a' :a € RT}.

Let Z[exp] andZ*[exp] be the ring and semiring consisting, respectively, of integral and
nonnegative integral combinations of elements of exp. Elemeri$ep] are functions
f:R — Rofthe form f(r) = Y*_; n;a!, wherek € N, a; € R™* andn; € Z; we
obtain elements o™ [exp| by further insisting that; € Z*. ForS c R*™", we put
S'={a':a e S}.

Let A be an irreducible matrix ove£™ [exp]. Puttings = 0, we obtain a nonnegative
integral matrixA(0). Let us writeG(A) = G(A(0)) and(X4, 04) = (Z4(0), 04(0))- For
states (vertices), J of G(A), consider the entrA (1, J) of A. If A(I, J) # 0, write

k
AL )= _dl,
i=1
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wherea; € R™" need not be distinct. The@(A) contains exactly edges starting at
and ending at/; assignas, . . ., ai bijectively to thes& edges. In this way each edgef
G(A) is assigned a positive number called theightof ¢ and denoted we) = wtx(e).
Theweightof aG(A) wordy = e1 ... e, is then defined to be

Wi(y) = Wta(y) = [ [wta(en).
i=1

Fort € R, let B4(¢) be the spectral radius of the irreducible nonnegative mat(ix. This

gives an analytic functiofi4 : R — R** called thebeta functiorof A. Takingr = 1, we
apply the Perron—Frobenius theoregg[to see thapB4 (1) is a simple eigenvalue of(1),

and find a strictly positive row vectdrand a strictly positive column vectersuch that
IAQD) =41, AQL)r = Ba(D) r andlr = 1. For a cylinder set

leoer...emlk = {x = (xn) € Xp : Xk = €0, Xk41 = €1, .., Xkfm = €m)
corresponding to & (A) patheges . . . e, from statel to state/, we put
[(I)Wta(eger...en)r(J)

Ba(ym+l
to obtain ao 4-invariant Borel measurg 4 on (X4, 04). We referto(X4, o4, na) as the
Markov chain and tq. 4 as the Markov measure defined Ay This construction is easily
related to the traditional definition of Markov chains:Mf is an irreducible nonnegative
matrix, in particular ifM is stochastic, the Markov chain defined kyis the same as the
one associated with tH&* [exp] matrix A with
0 if M(I,J) =0,

AL =1" .
M1, J), otherwise.

ma(lecer...emlk) =

The dynamical interpretation of the associatio@dfexp] matrices to Markov chains can
be found in PT, T3]; see B, BT, MT1, MT2, MT3, MT4, PT, T1, T2, T3] for some
fruits of this approach.

We continue our discussion of thZ*[exp] matrix A and the Markov chain
(24,04, ua). We will denote the period ofA by d(A) and the length of & (A) word
y by I(y). Recall that periodic orbits of4, o4) correspond to cycles afi(A). The
weight-per-symbadf a cycley is defined to be

1
WpS(y) = Wps, (y) = o) log(wt4 (¥)).

The rational convex hull ofwps, (y) : y is a cycle ofG(A)} was shown inMT1] to be
a polytope. It is called theveight-per-symbol polytopaf A, and will be denotedV (A).

Let I'(A) be the multiplicative subgroup @™+ generated bywt,(y) : y is a cycle of
G(A)}, and letA(A) = {wta(y)/ wta(y') : v,y are cycles ofG(A) with I(y) = [(y))}.

Picking cycles;, y of G(A) such thai(n) = I(y) + d(A), put

wia () \
B <WtA(V)> '

Clearly,A(A) is a subgroup of (A). Itis shown in P thatI"(A)/A(A) is a cyclic group

generated byi(A) A(A). The following description of the behaviour of these objects under

finite-to-one block codes is culled from results ®i] JKKMS, PT, MT1, PS].
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THEOREM2.1. Let A, B be irreducibleZ ™ [exp] matrices. If there exists a finite-to-one
measure-preserving block code(@f4, o4, u4) onto(Xp, op, up), then

()  Ba=Ps

(i)  W(A) = W(B),

(i) T(A) is afinite-index subgroup df(B);

(iv) A(A)is afinite-index subgroup &€ (B); and

(V) d(B)d(A) andct ™ A(B) = 4V A(B).

It was proved in MT1, T3] that84 = Bp impliesW(A) = W(B). The following two
propositions are contained in (5.2)—(5.5)Bf1]: although the statementsiM[T'1] have
the assumptioBs = Bp, their proofs only use the weaker hypothe§isA) = W(B).

PROPOSITION2.2. If A, B are irreducibleZ™ [exp] matrices withW (4) = W(B), then
there exists € N such thatd(A) |k, d(B)|k andck A(A) N K A(B) # 0.

PROPOSITION2.3. Supposei, B are irreducibleZ ™ [exp| matrices withW (A) = W (B).
(@) T'(A)NTI(B) hasfinite index M (A) andI"(B).
(b) A(A) N A(B) hasfinite index i\ (A) and A(B).

An elementB € Z*[exp] may be regarded as ax11 matrix and it is easy to see that
the Markov chain corresponding # € Z*[exp is, in fact, a Bernoulli shift. In this case
(5.5) and (6.1) of MT1] provide:

THEOREM2.4. Let A be an irreducibleZ* [exp] matrix withf4 = B € Z*[expl. Then:
(i) T(A) is afinite-index subgroup af(B);

(i) A(A)is afinite-index subgroup &€ (B); and

iy 4YAB) = EVAB).

Consider a beta functiof = Bp. If A is an irreducibleZ*[exp matrix such that
Ba = B = Bp, then Proposition 2.3(a) implies that each elemerit &f) is a root of an
element ofl"(B). So, the groudI'(A), I'(B)) may be obtained froni'(B) by adjoining
finitely many roots. What happens as we vay Is there a group'(8) ¢ R** such
thatI"(A) is a finite-index subgroup df(8) whenever is an irreducibleZ ™ [exp] matrix
with 84 = B? Note that Theorem 2.4 says that whee Z*[exp] the objects associated
with the corresponding Bernoulli shift have such universal properties. The unavailability
of similar objects (even in the cagk € Z[exp\Z'[expl) has been a sticking point in
the theory. In 83, we will defind(B), I'(B), A(B) andcg(’s)A(ﬂ) for an arbitrary beta
function 8 and, with these objects, generalize Theorem 2.4.

We end this section by relating the objectsAdf to those ofA. For further properties
of ['(A), A(A) andci™ A(A), see PS, MT1].

PROPOSITION2.5. Let A be an irreducibleZ*[exp] matrix, andn € N. Putting
g =g9.cd.{n,d(A)}, we havel(A") =d(A)/g, T (A") Cc T'(A), A(A") = A(A) and
C%,A”)A(A) — Li(A)n/gA(A)

Proof. The first two statements are easy to check. The third is proved in (1.6) T ].
The final equality corrects (1.8)(5) ofMT1], which was stated without proof. To verify
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this equality, lety, y be G(A") cycles which pass through a common state and have lengths
lan(y) = kd(A™) andin (n) = (k+1)d(A") forsomek € N. AsG(A) cyclestheir lengths
areknd(A™) and(k + 1)nd(A™), whose difference equatg!(A") = d(A)n/g. It follows

that )
diamy  Wta(n
o= (mod A(A))
A wts(y)
and .
d(A)n
M = WEAM)  hod A(A)).
wta(y)
Hencec?" = c4"/¢ (mod A(A)). O

3. Defining the basic objects for a beta function
We will defined(8), T'(8), A(B) andc” A(B) for a beta functiorp. LetR = Z[exp)

andR*t = Z*t[expl. If f € R, write f = Y, n;a! with ¢; € R**, n; € Z to define an

element
k
1£1=" Inilal
i=1

of R*™. More generally, for arR matrix B, we define arR*™ matrix | B| of the same size
by letting
|BI(1, J) = |B(I, J)]|.

LEMMA 3.1. A nonzero element of R = Z[exp| has finitely many roots.

Proof. Expressf (1) = Y_f_; n;a! with distincta; € R** and nonzera; € Z. Since the
maximum and minimum elements of; : 1 < i < k} will dominateal? asr — oo and
t - —oo, there exists¥ > 0 such that all roots of (¢) lie in [—M, M]. Since f(¢) is
analytic, its roots are isolated. The compactneqs-@#, M] does the rest. O

Consider a beta functiof,, and letA be an irreduciblék -matrix such thap, = 8.
Let xa(A) = det(Axl — A) € R[)] be the characteristic polynomial df, and note that
xa(B()) = 0. Thus,B(¢) is an integral function oveR. We show that a function which
is integral ovefR has a minimal polynomial oveR.

SupposeU is an open intervalg : U — C is analytic and there exists monic
x(A) € R[] such thaty(B(z)) = 0 fort € U. SinceR is far from being a unique
factorization domain, we consider its field of fractioAs= R/R. We define an ideal
J C F[)] as follows. Letf € F[1]. Expressf = s/q with s € R[A] and honzerg € R.
Declare thatf € J if and only if s(8(¢)) = 0 onU. By Lemma 3.1 and the analyticity
of s(B(t)), this definition does not depend on the choice ef R[1] andg € R such that
s/q = f. Itis easy to check that is an ideal of F[A]. We summarize its definition by
writing

J={f(Q) € FIA]: f(B(1)) =0}

As F[A] is a principal ideal domain, we can find a monic polynongia¢é F[A] such that
J = pF[\]. We show that, in factp € R[A]: notingx € R[rA] N J, lets € F[A] be such
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thaty = ps. The polynomiak is monic, sincey andp are monic. Write

xO)=A =gt - g — g,
p) =27 — pad™t — o — py1h — pa,
s = A" — s - = sk — s,

with ¢; € R and p;,s; € F. Expressing eaclp; ands; as a ratio of elements of
R = Z[exp], let S be the subgroup dR** generated by the basesf the exponentials
a' appearing in the; and (the numerators and denominators of)ghe;. The group ring
Z[S'] is then a unique factorization domain. In fact, lettindpe the rank of the finitely
generated free Abelian grospthe ringZ[ S’ is isomorphic to the Laurent polynomial ring
ZIxE, ..., xE). Find po, P1, P2, - ... Pa € Z[S'] such thatp; = pi/pofori =1,...,d
and (po, p1, P2, ..., pa) = 1. Similarly, find coprimesg, 51, ...,5, € Z[S'] such that
si=si/sofori =1,...,m. Fromy = ps we obtain

poso( — At — o —qo) = (pord — Pt — o = P (soA™ =TT - =5,

an equation oveZ[S']. SinceZ[S'] is a unique factorization domain, each irreducible
factor of pgsp must divide one of the two terms on the right-hand side: if it divides the
first term then it divides each ofy, p1, ..., ps, and is invertible sinceg, p1, ..., ps are
coprime. If it divides the second term, it is invertible becauséd, .. .,%,, are coprime.
So, po is a monomial angy € R[A]. In particular, this establishes as the minimal
polynomial of 8 overR[A].

PrROPOSITION3.2. The polynomiap € R[A] is such thatify (1) € R[A] andx (B(?)) =
Othenp dividesy in R[A].

For eaclr € R, we evaluate the coefficients pfats to obtain a polynomial ifR[A]
whose roots we denote t84(z), ..., B4(¢). Note that the discriminant gf, that is

D) =[] — 8%
i<j
is a symmetric polynomial i1, ..., B4. Hence,D is a polynomial in the coefficients
p1, ..., pq Of p. In particular,D € R and, by Lemma 3.1, the roots df(¢) form a finite
setV c R. It follows that, forr € R\V, the rootsgi(?), ..., Bs(¢) are distinct. We
orderBi1(t), ..., B4(t) so thatfy = B onU and eachg;(¢) is analytic onR\V. In the
case whers is a beta function, the application of the Perron—Frobenius theddntoan
irreducibleR ™ matrix with 84 = g yieldsm e N and roots of unitys, ..., ,,, so that
the ordering may be chosen to also h@ve= 6;8(t) fori = 2,...,m and|B;(t)| < B(t)
fori =m+1,...,d. Lettingf1 = 1, we define theeriodd(B) of B to be the smallest
positive integer such thm,d(ﬁ) =1fori =1,...,m. Itis easy to see that f € N is
such tha19;S =1fori =1,...,mthend(B) dividess. In particulard(B)|d(A) for every
irreducibleR* matrix A with 84 = 8. The beta function is calledperiodicif d(8) = 1.
The notion of the period o84 appears to be new even in the case of integral matrices:

if Ais overZ' thenB4(¢) reduces to the spectral radiusof A in that 8, (¢) is a constant
function equal tqu. Following the above definition, the periadw) of u is the smallest
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positive integetl (1) such thap?™ is a Perron number. By the main result bl [given
in [LM] as Theorem 11.1.4), there exists an aperidgiicmatrix whose spectral radius
equalsu?™, which easily leads to the following refinement of Theorem 11.1.5bf].

THEOREM3.3. Letu > 0. The following are equivalent.

(&) wisthe spectral radius of a nonnegative integral matrix.

(b) w isthe spectral radius of an irreducible nonnegative integral matrix.

(c) w?is aPerron number for some positive integer

If u satisfies these equivalent conditions then:

(i) d(B) divides the period of every irreducible nonnegative integral matrix of spectral
radiusu; and

(i) there exists an irreducible nonnegative integral matrix of pedgd) and spectral
radius u.

We also remark that, by a result of Boy#d], the conjugates of the spectral radjus
of aZ*-matrix are invariant under multiplication ki(.)th roots of unity. In fact, the set
{B1(1), ..., Ba(t)} of conjugates of a beta functighis invariant under multiplication by
d(B)th roots of unity as an immediate consequence of the following generalization of the
result in Bd]. | thank Boris Solomyak for bringingdd] to my attention.

THEOREM3.4. Let B(r) be a positive algebraic function ové&® and letg1(r) = B(z),
B2(1), ..., Ba(t) be its conjugates. Suppose there exist N, 1 < m < d, and an open
interval U such that the following hold ofy. Eachpg;(¢) is analytic,|B8; (z)| = B(¢) for
i=1,...,mand|B;(®)| < B@)fori =m+1,...,d. Thenm dividesd and there exists a
polynomialg € R[A] of degreed/m such that the minimal polynomigl(2) of g is given
by p(A) = g(A™). In the case whep is a beta functiony: equals the period (8) of 8.

The proof of Theorem 3.4 is a straightforward adaptation of Boyd’s prBdf;[the
statement about beta functions follows from the definitiod @) and the other statements
of Theorem 3.4.

Fix a beta functions. Let C = Cpap be the companion matrix of the minimal
polynomial of ¢®), and let|C| be as defined at the beginning of this section. It is easy to
see that, as a consequence of the definitios(gf), the Z* [exp] matrix |C| is aperiodic.

We let
1
W(B) = MW(ICI),
L) =rqcy,
A(B) = A(C)).
Considering:c|A(|C|), we let
cp = (o Y4B

to obtain a cosatg(ﬂ)A(ﬁ) of I'(B)/A(B) which generates the cyclic groifig)/A(B).
Our main result is as follows.
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THEOREM3.5. Let A be an irreducibleZ ™ [exp] matrix such thaBs = 8. Then:

i W) =Wwe;
(i) T (A) is afinite-index subgroup af(8);
(i)  A(A)is afinite-index subgroup af(8); and

(V) d(B)ld(A)andcyVAa(B) = sV AB).

Theorem 3.5 should be compared with with Theorems 2.1 and 2.4, which it generalizes.
Properties of(8), A(B) andcg(ﬁ)A(,B) will be developed in 884 and 5. The proofs of (i)
and (ii) of Theorem 3.5 are contained in 84, those of (iii) and (iv) in 85. See the end of 85
for an example.

Remark 3.6 We remark on the significance of Theorem 3.5 to the theory of coding
for Markov chains. Note that if" is a finitely generated subgroup &', the ring
Z[T'"] is isomorphic to a Laurent polynomial ring: picking a basis..., a; for the

free Abelian grou”, an isomorphism ofZ[I"] with Z[x{, . .., x] results from putting
x1 = aj,...,xx = a;. This enables us to replace the defining matrix of a Markov
chain by aZ*[x5, ..., x{f]-matrix, which has the dynamical significance of making

apparent a family of Markov measures indexed by and invariantly associated to a
single (generic) member of the family. (See 82 0B].) This approach has been
useful in the study of codes and classifications of Markov chains. (See, for example
[B, BT, P, PT, T2, MT1, MT2, MT3, MT4].) In making the transition to polynomial
matrices it is important to pick a subgroup Bf* that is canonically associated to
(Xa,04, 1ua). For avariety of reason3 R, PS, S2, the groupd"(A) andA(A) present
themselves. Let us focus di(A); the situation withA (A) is similar. By (1.9) of MT1],

there is a diagonal matri® over exp such that the entriesBf 1A D belong taZ* [ (A)'].

Since none of the objects under consideration is altered upon replaaivith D~1AD,

we assumed is overZ*[I'(A)']. The problem is thal'(A) is not invariant, in general,
under finite-to-one block codes. The beta function, on the other hand, is invariant. That
is, for two Markov chaing> 4, o4, ua) and(X s, o, up) to be related by a finite-to-one
block code, or in a number of other ways, it is necessaty 51, S2that 84 = 8. Prior

to Theorem 3.5, the approach was to work over the group generateddhyw " (B) which,

by (7.4) of [P, amounted to adjoining a finite number of rootdt@). In particular, we
could not effectively associate a polynomial matrix Wi, o4, i 4) until after we knew
which Markov chains were being considered with it. It was not clear what would happen
if we considered several Markov chains. For instance, would the number of roots adjoined
to I'(A) keep growing? Such issues extend beyond aesthetics. In thg case™ [expl,

the answer provided by Theorem 2.4 was fundamental to the resulkdTef][ For the
general case, Theorem 3.5(ii) shows that there is a single finite extendigd pfnamely

I'(B), which is universal for8. Picking a basis, ..., a; for ' = I'(8) and putting

x1 = aj,...,xx = aj, we can canonically associate to any Markov chain with beta
function 8 aZ+[xli, ...,xki] matrix, which can then be put to use in coding problems
involving the Markov chain. By (5.1) offS and (iii) and (iv) of Theorem 3.5, similar
remarks are valid foA (8).
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4. The groupl’

For the remainder of the paper, we febe a beta functiom(r) = A4—piad—1—...—p; €
R[] the minimal polynomial o given by Proposition 3.2, andg the companion matrix
of p. We also letA be an irreducible matrix oveR ™ = Z*[exp| such thai, = B. That
W(A) = W(B) is an easy consequence of the following formulation of (12)I&f[

THEOREM4.1. If A is an irreducible matrix oveZ*[exp| and fa = B, thenW(A) =
W({CgD.

Proof. The corresponding result for matrices O%T[xli, ey xki] is proved in (12) of
[T3]. Let T be a finitely generated subgroup®f* such thatd and|Cy| are both over
Z*[I'']. Choose a basis fdrf to pass to matrices ovW[xf, e xki], and use (12) of
[T3]. O

COROLLARY 4.2. If A is an irreducible matrix oveZ ' [exp] and 84 = B, then, for any
k € N, we have

1 1
%W(|C/3k|) = %W(Ak) = W(A) = W(Cgl) = W(B).

Proof. The fact tha(1/k) W (A¥) = W(A) is immediate from the definition of the weight-
per-symbol polytope. The rest follows from 4.1 and the definitioWdp). |

In particular, Corollary 4.2 proves Theorem 3.5(i). The rest of our proof of Theorem 3.5
will generalize that of (6.1) ofjiT1]. Writing

0 1
1
0 1
p
C/fj: s b= . ’
0 1 ,Bd.—l
pPd Pd-1 -+ P2 Pp1

we haveCgb = Bb. Note that|Cg| is an irreducible matrix sincg; # 0. Recall thatF
denotes the field of fractions & = Z[exp].

LEMMA 4.3. SupposeA is n x n. For column vectorsg,r1,...,rq—1 € F", let
r=ro+rB+ - +rq_1p¥tandletR = [ror1...rq_1] be then x d matrix with
columns, 71, ...,r4—1. We havedr = Br ifand only ifAR = R Cj.

Lemma 4.3 is a straightforward consequence of the fact thas the minimal
polynomial of 8 over F.

PROPOSITION4.4. If A is an irreducibleZ*[exp] matrix with 84 = B, thenT'(A) C
L(Cgl).

Proof. Write ' = T'(|Cg|), and letl” be the subgroup & "+ generated by’ (4)UT'q. By
Theorem 4.1 and Proposition 2.3(B), has finite index if". ConjugatingA by a suitable
diagonal matrix over exp, we assume that the entriesloélong toZ*[I"(A)'] C ZT[I"].
Let » be a nontrivial vector oveZ[I'][B] such thatAr = Br; for example, take to
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be a column of the adjoint Aggl — A). Sincep is the minimal polynomial of8 and
its coefficientsp1, po, ..., ps belong toZ[T''], we can find vectorsg, r1, . .., r4_1 Over
Z[I''] such that

r=ro+rp+--+ra_1847h

Letting R = [ror1...rq—1], we see from Lemma 4.3 thatR = R Cg. Considering the
finite groupI’/ g, write

A= Y A, R= > Ry

gel'/To gel'/To

where the matriced, and R, are overZ[g']. Let A be thel'/T'g x I'/ g block matrix
whose(k, k) block equals

X(h’k) - Ah_lk'
For eachg € I'/ 'y, let R® be thel'/ 'y x 1 block matrix whosek, 1) block equals
(R®)k = (R®) (k1) = Ry,
A simple calculation shows that
ARS = R8Cg.
Multiplying by b,
A(RSb) = R¥Cpb = B(R®D).

Now let7 be the 1x '/ I'o block matrix consisting ofT"/ I'g| copies of the: x n identity
matrix I, and observe that

-~

TRSb = Rb =r. (%)

In particular, eachRéb is nontrivial. But, as was shown in (6.3) d¥i[l'1], the matrix A
is irreducible. It follows from the Perron—Frobenius theorem that= g and the vectors
R$b are multiples of one another. In fact, consider{ag we must haveRé¢b = R"b for
all g, h € T'/To. In order to draw our final conclusions, we let), be vectors oveE[g']

such that
=) (g
gel'/ T

fori =0,1,...,d—1. Observe that eacR®b is a block vector whose blocks are indexed
by I'/ T'p and that the block oR8b corresponding té € I'/ I'g is given by

(R® )k b = kalgb = (ro)k,lg B+ + (rdfl)k—lgﬁdfl.

So, the equatiomR8h = R"b means that(r;)¢ = (r;), for all g,h € I'/To and
i=0,1,...,d — 1. This can only happen If/ I'g is the trivial group. O

Proof of Theorem 3.5(ii)By Propositions 2.5 and 4.4 and the fact tigg)|d (A),

F'(A) =T(AYP) c T(ICpa ) = T(B). o
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5. The groupA and the coset? A
The following simple lemma is easily verified.

LEMMA 5.1. Consider the minimal polynomial
p) =% — pad™t — . — py_1h — pa
of g and its companion matri€s. For a’ € exp the minimal polynomial of’ 8 is
A —a piadTt —a® a2 — o — a0 —a¥ py

and it has companion matrix
Ca’ﬁ = a’U_lc,gU,

whereU is the diagonal matrix

Before directing our attention to the proofs of Theorem 3.5(iii) and (iv), we relate the
objects associated witl* to those off.

PROPOSITIONS.2. If 8 is aperiodic and: € N, thenI"(|Cg»|) C T'(|Cgl™), A(ICgn]) C
A(ICgl) andcic,, | A(ICR]) = (cicp)" AUCE).

COROLLARY 5.3. Letn e Nandg = g.c.d.{n,d(B)}. Thend(B") =d(B)/g,
T'(B") C T(ICpap|™%) C T(B),
A(B") € AB) andcy I A(B) = P EAp).
Proof of Proposition 5.2Let 81 = 8, B2, . . ., Ba be the conjugates @. By aperiodicity,
we haveg!" # p" fori # 1, and the field polynomial

d
q0) =[] - 8"
i=1

is irreducible. Sog is the minimal polynomial o” over F. Express
gy =2 —qut— . — g4 1h — qu,

with g; € Z[exp]. Note that the aperiodicity ¢f implies that|Cg| and|Cg«| are aperiodic
matrices. The cyclic structure 6f(|Cy|) is easily described in terms of the coefficiepts
of the minimal polynomiap of 8: the graphG(|Cgl) contains a simple cycle of length
and weighta for each exponential terad’ of | p;|, these simple cycles may be viewed as
having a common base state and their free concatenations yield all cy@d&$@f]). A
similar statement is valid foG (|Cg»|) and|g;|.

Clearly £¢; equals theéth elementary symmetric polynomial g, ..., B;. So,q; is
a symmetric homogeneous polynomial of degeeéen B, ..., B4. Symmetry implies
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that eachg; is a polynomial in the coefficients gf, and homogeneity shows that it

is an integral combination of producpﬁlpgz...py with k1 4+ 2kp + -+ + dkg =

ni. Note thatT'(|pitps2 ... pi) c T(p1lMtIp2*2...|pal*) and that the condition

ki + 2ky + --- 4+ dkg = ni ensures that the terms of the prodiyet|*t|p2|%2 . .. | pa|*
correspond tdCg|-cycles of lengthwi. Thus,I'(|lg;|) C I'(|Cgl|"). SinceI'(|Cg|) is
generated by

d
LJrdaib.
i=1

it follows thatI"(|Cgn|) C T'(|Cg|"). Writing ¢ = ¢|c,), find a diagonal matrixD over exp
such that
C=c'DYCg D

is overZ*[A(|Cg|)']. Using Proposition 2.5, Lemma 5.1 and the inclusion just proved,
A([Cpn|) = A(ICcnipn|) CT(|Conign]) C T(ICe-1p])-

Using Lemma 5.1 again,
T(ICe-1]) = T(¢'|Cp) =T(C) = A(C) = A(ICg).

This showsA(8") C A(B). Using our description of the cyclic structures @f|Cg»|)
andG(|Cgl) in terms of|g;| and| p;|, and the above homogeneity argument, we have: for
eachG (|Cgn|)-cycle of lengthl, there exists a cycle of the same weight and lemgtm
G(|Cgl). Considering the ratio of the weights of tw(|Cg|)-cycles of lengthg and

[ + 1, we see that

cicgn) = (cicpP™  (Mod A(ICp))). o
Proof of Corollary 5.3.Clearly,d(8") = d(B)/g andnd(8") = d(B)n/g. Sincen/g € N,
we can apply Proposition 5.2 g to see that
T'(B") =T (IChuan ) € T(ICpap|"#) € T(IChacer ) = T(B).

Similarly, A(8") c A(B). Using the definition of the period and Proposition 5.2 again,
moduloA(8) we have

d(p")

X — — _ dBn/g _ nd(p")
Cpr = ClCquagm | = (C‘Cﬁd<ﬁ>|)n/g =< =B : =

Proof of Theorem 3.5(jii)Let C = Cgap. Apply Proposition 2.5, Theorem 4.1 and
Proposition 2.2 te4?®) and|C| to findk € N andc > 0 such that/(A4®))|k and

* € (cqa) AA) N (e AIC).
Since we have already observed in 83 thét)|d(A), we see from Proposition 2.5 that

(caan) WP A @A) =GP AA).
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So,ckA(A) = cid(ﬂ)A(A), and by Lemma 5.1 o] (or (1.9) of [MT1]), we can find a
diagonal matrixD over exp such that the matrix
AV — C_ktD_lAkd('B)D
is overZT[A(A)']. In particular,A(A) = I'(A), so that
A(A) = A(c™F ARB)) = A(A) = T(A) = T(c K AkdP)),

Using Theorem 3.5(ii) and Lemma 5.1, and applying Proposition 5.2 to the aperiodic beta
functione =~ g4,

LM APy c T (™' 1PN C T(C i) = T ICP).
Sincep?® is aperiodic)C| is an aperiodic matrix and
KA(C) = (ep* AUC) = cepA(CD.

Thus the matrix==*|C|* is conjugate, by a diagonal matrix over exp, to a matrix over
ZF[A(C))']. Combining these observations, we see that

A(A) c T ™|C) = Ac™M|CTh
= A(ICI*) = A(C) = AB). O

Proof of Theorem 3.5(iv)The proof is divided into three cases.

Case 1:|I'(B)/A(B)| = oc. Noting thatW (|Cgup ) = W (A®)) by Corollary 4.2, we
obtain from Proposition 2.2 a positive integesuch thati(A)|k andcX A(A) ﬂch(ﬂ) £
#. By Theorem 3.5(iii), this implies

k
(C—A> € AB). ()
Cﬁ

Using Theorem 3.5(ii) and the fact th&{g)|d(A), we find thatcj(A) eT'(A) cT'(B) and
cZ(A) € I'(B). Moreover, by(x), a power of(c4/cs)4 4 € T'(B) lies in A(B). Since the
infinite cyclic groupl’(8)/A(B) is torsion free, it follows that-i(A)A(ﬂ) = cZ(A)A(ﬂ).

Case 2:|[T'(B)/A(B)| < oo andpg is aperiodic. Lett = d(A) be the period ofd, and
C = Cg. By Proposition 5.2A(|C|) c A(B) and there existey € A(B) such that
ccl = cf,w. Hence, we can find a diagonal matfixover exp such that

c;‘S’DlClD_l

is overZ*[A(B)']. Then
C= c;‘”DCD‘l

is overZ[A(B)']. Let A be a matrix oveZt[A(A)'] such thatd is conjugate by a diagonal
matrix over exp ta-,*' A%. Note that

Bi= ("B’
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and that Lemma 5.1 provides us with a diagonal mdirimver exp such that
Cp. =c;"U™tcu.

A

Letrg, 1, ..., rq—1 be vectors oveZ[exp| such that
r=ro+rBiz+---+ rdflﬁ/?*l
satisfiesdr = Bir. LettingR = [rory...rq—1] asin Lemma 4.3, we have
AR = RCg;.
Writing u = (cg/ca)’,
AR =" RUTICU = p'RUTD™ICDU.

That is,
ARUID™Y = u/(RUID7YC.

This means that there is a nontrivial solutiondR = u'RC over F. Sinceu € I'(8)
andA(A) = A(A) C A(B) C I'(B), a linear algebra argument tells us that the above
equation in fact has a nontrivial solution over the field of fractionZ[af(8)’]. Clearing
denominators, we find a nonzero matfoverZ[I'(8)’] such that

AR = /'RC.
Writing k = |F(,8)/A(ﬂ)| and identifying the cyclic group'(8)/A(8) with Z/kZ, we

expressk = Z L R; with R; over theith coset of"(B)/A(B). Letting0< j <k—1he
such thaf belongs to the'th coset of"(B) /A (B), we have

AR; = [,LtRi_jé (%)

and, cycling through,
AkR,' = MktRié.

Running backwards through the above calculation,
AKR;UD) = p*(R;UD)(U D™ 1C*U D)
= 1M (RUD)egMWUcty)
= (RUD)C} .

Making sure that is such thatR; # 0 and multiplying the last equation with the column
vectorb = [1, B3, ..., ﬁgfl]”, we see that

AK(R;UDb) = 5§(R[UD15).
By the uniqueness of the Perron—Frobenius eigenvector we must have
A(R;UDb) = B;(R;UDb)

and, by Lemma 4.3,
A(R;UD) = (RiUD)Cg;.
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This means that

Combining this with(xx), we find
R,'(j = Ri,j(j.

Since one side of this equality is over thté coset and the other side over ttie- j)th
coset(modk), we must havg = 0 andu = (cg/ca)?™ € A(B). Thatis,

AV A@) c VAP = gV ap).

Case 3:|I'(B)/A(B)| < oo. Letk € N be such that/(A) = d(B)k. Sincep?® is
aperiodic,I'(84®)) = 1'(8) and A(B4®)) = A(B), we can use Proposition 2.5 and the
inclusion proved in case 2 to see that

S AA) = (cqap)FAA) C (cpae)  AB).
But, by Theorem 3.5(iii) and Corollary 5.3, we hat¢A) C A(B) and
(cpae) AP = g A PB) = iV AB). D
We end the paper with an example.

Example 5.4Leta, b be multiplicatively independent elementsif. Put
a1 0 1
A_I:b’ 1:|’ C_|:b’—a’ 1+a’:|’

p(A) = xaW) =22 = A4a)r+d — b

be the characteristic polynomial @f. ThenC is the companion matrix gf. Forr € R,
the roots ofp are given by

14+a' + /(1 —a')? + 4p! 14+a' —/(1—a")?2+ 4p!
By =" (2 <) . Bty =1 (2 @ .

We claim p is the minimal polynomial of8 over R = Z[expl. Suppose not. By
Proposition 3.2 and the fact thathas degree two, we then hage= Z[exp], and therefore

v (1 —a")2 + 4b' € Z[exp|. So, there existg (1) € Z[exp| such that
1-a")?+ 4" = f(1)%

andg = B4. Let

Let I' be a finitely generated subgroupRf+ with o', b', f(¢) € Z[I'!]. Pick a basis
ay, az, ..., aq for I' so that, for suitablen,n € N, we have(ay’, a5) = (a, b). Letting
u1, uz, v1, v2 € Z be such that

__muji _nup ___mvy_nvy
a=a; a, -, b=aj “a,

and writingxy = af, x2 = a5, ..., xx = a}, we obtain an equation

muv nv: mu nu mu nu
ATy = (f = 14+ X7 x5 (f + 1 —x] 1x5")
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over the unique factorization domaﬁ{xli, e, x,f]. Hence, there exidty, ko € Z and
monomialswy, wy € Z[xT, .. ., xif] such thakikz = 4, wiwz = x7""*x5" and
f = L g = ko )
f+1- xTulxguz = kowa.
Subtracting,
2 — 2x7"'x5"? = kowp — kaws.
Hence
xi"”lxguz = wiwy = xTlegvz,

which impliesa = b. Sincea, b are independent, this shows thatis the minimal
polynomial of 8. Since|82| < 8, we havel(8) = 1. From

0 1
€l = I:b’ +al 1+a’i|

we easily see thaF(8) = A(8) = {a,b), the subgroup oR** generated by, b.
It follows from Theorem 3.5 that everZ*[exp] matrix B with 85 = g will have
I'(B) C T'(B) = (a, b). For example,/a cannot occur as the weight of a cycle of such a

matrix.
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