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Abstract. To each function we associate a period, a polytope, a group0, a subgroup1 ⊂ 0

and a coset of0/1, and show these objects to be universal for the class of Markov chains
with that beta function. One consequence is that polynomial matrices employed in coding
problems of Markov chains can be chosen canonically.

1. Introduction
The association of matrices of exponential functions, and then matrices of polynomials,
to Markov chains has been the key to a number of coding problems, most recently in
[MT4 ]. While the passage to exponential functions is straightforward, the subsequent
passage to polynomials depends on the choice of a finitely generated multiplicative group
of exponentials or, equivalently, subgroup of the positive reals. For a nonnegative matrix
A of exponential functions, the triple0(A), 1(A), c

d(A)
A 1(A) studied in [PS, S2, MT1]

and elsewhere is natural from various points of view. For example, it yields the coefficient
ring of the dimension module associated toA in [T2]. It would be the natural choice
in passing to polynomial rings, except that it is not invariant under a number of coding
relations involving finite-to-one block codes. This drawback has forced the use of larger,
noncanonical rings and meant that a polynomial matrix could not be associated withA

until after we knew which other matrixB (representing another Markov chain) was being
considered along withA.

The problem was resolved in [MT1 ] for beta function classes of Bernoulli shifts by
showing that each Bernoulli shift yields universal objects for its class. (See Theorems 2.1
and 2.4 below.)

In this paper we associate a periodd(β), a polytopeW(β) and a triple0(β), 1(β),
c
d(β)
β 1(β) to an arbitrary beta functionβ, and prove these objects to be universal for the

class of Markov chains havingβ as their beta function. Specifically, we prove that if the
beta functionβA of A equalsβ then:
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(i) the weight-per-symbol polytopeW(A) of A equalsW(β);
(ii) 0(A) is a finite-index subgroup of0(β);
(iii) 1(A) is a finite-index subgroup of1(β); and
(iv) d(β) divides the periodd(A) of A, andc

d(A)
A 1(β) = c

d(A)
β 1(β).

Since the beta function is invariant under many codes and classifications [T1, S2], this
has the consequence that we can canonically associate to any Markov chain with beta
functionβ a matrix over the positive coneZ+[x±

1 , . . . , x±
k ] of a Laurent polynomial ring

determined byβ, and put this matrix to use in coding problems involving the Markov
chain. (See Remark 3.6 for a detailed discussion of this point.)

Let Z[exp] denote the ring of integral combinations of exponential functions, and
let Z

+[exp] be its positive cone consisting of nonnegative integral combinations of
exponential functions. In the Bernoulli case we haveβ ∈ Z+[exp], and the 1× 1 matrix
(β) corresponding to the Bernoulli shift presents itself as the minimal candidate for the
class. The difficulty with the general case is that there is no obvious nonnegative minimal
candidate. We will show thatβ has a minimal polynomial overZ[exp] and derive the
objects associated withβ from the companion matrix of the minimal polynomial ofβd(β).

The consideration of the periodd(β) of β appears to be new, even in the case of
nonnegative integral matrices, whereβ reduces to the spectral radiusµ of the matrix. We
will observe that if an irreducible nonnegative matrixA has spectral radiusµ thend(µ)

divides the periodd(A) of A , and that there exists an irreducible nonnegative matrix of
periodd(µ) and spectral radiusµ.

The basic definitions and facts needed in the paper will be given in §2. §3 contains the
definitions of the objects we associate toβ, the statements of the main results, and remarks
related to these. The proofs of the main results are given in §§4 and 5 where the properties
of W(β), 0(β), 1(β) andc

d(β)
β 1(β) are developed.

2. Markov chains and groups of weights
A nonnegative integral matrixM determines a directed graphG(M) and a shift of finite
type (6M, σm). For directed graphs, shifts of finite type and their block maps, we take
[LM ] as the standard reference and make free use of the definitions, notation and basic
facts therein. We letR++ = {a ∈ R : a > 0}. We write exp for the set of exponential
functions of a real variablet :

exp= {at : a ∈ R
++}.

Let Z[exp] andZ
+[exp] be the ring and semiring consisting, respectively, of integral and

nonnegative integral combinations of elements of exp. Elements ofZ[exp] are functions
f : R → R of the formf (t) = ∑k

i=1 nia
t
i , wherek ∈ N, ai ∈ R++ andni ∈ Z; we

obtain elements ofZ+[exp] by further insisting thatni ∈ Z+. For S ⊂ R++, we put
St = {at : a ∈ S}.

Let A be an irreducible matrix overZ+[exp]. Puttingt = 0, we obtain a nonnegative
integral matrixA(0). Let us writeG(A) = G(A(0)) and(6A, σA) = (6A(0), σA(0)). For
states (vertices)I, J of G(A), consider the entryA(I, J ) of A. If A(I, J ) 6= 0, write

A(I, J ) =
k∑

i=1

at
i ,
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whereai ∈ R
++ need not be distinct. ThenG(A) contains exactlyk edges starting atI

and ending atJ ; assigna1, . . . , ak bijectively to thesek edges. In this way each edgee of
G(A) is assigned a positive number called theweightof e and denoted wt(e) = wtA(e).
Theweightof aG(A) wordγ = e1 . . . em is then defined to be

wt(γ ) = wtA(γ ) =
m∏

i=1

wtA(ei).

For t ∈ R, let βA(t) be the spectral radius of the irreducible nonnegative matrixA(t). This
gives an analytic functionβA : R → R++ called thebeta functionof A. Takingt = 1, we
apply the Perron–Frobenius theorem [Se] to see thatβA(1) is a simple eigenvalue ofA(1),
and find a strictly positive row vectorl and a strictly positive column vectorr such that
l A(1) = βA(1) l , A(1) r = βA(1) r andlr = 1. For a cylinder set

[e0e1 . . . em]k = {x = (xn) ∈ 6A : xk = e0, xk+1 = e1, . . . , xk+m = em}
corresponding to aG(A) pathe0e1 . . . em from stateI to stateJ , we put

µA([e0e1 . . . em]k) = l(I ) wtA(e0e1 . . . em)r(J )

βA(1)m+1

to obtain aσA-invariant Borel measureµA on (6A, σA). We refer to(6A, σA,µA) as the
Markov chain and toµA as the Markov measure defined byA. This construction is easily
related to the traditional definition of Markov chains: ifM is an irreducible nonnegative
matrix, in particular ifM is stochastic, the Markov chain defined byM is the same as the
one associated with theZ+[exp] matrixA with

A(I, J ) =
{

0, if M(I, J ) = 0,

M(I, J )t , otherwise.

The dynamical interpretation of the association ofZ+[exp] matrices to Markov chains can
be found in [PT, T3]; see [B, BT, MT1, MT2, MT3, MT4, PT, T1, T2, T3 ] for some
fruits of this approach.

We continue our discussion of theZ+[exp] matrix A and the Markov chain
(6A, σA,µA). We will denote the period ofA by d(A) and the length of aG(A) word
γ by l(γ ). Recall that periodic orbits of(6A, σA) correspond to cycles ofG(A). The
weight-per-symbolof a cycleγ is defined to be

wps(γ ) = wpsA(γ ) = 1

l(γ )
log(wtA(γ )).

The rational convex hull of{wpsA(γ ) : γ is a cycle ofG(A)} was shown in [MT1 ] to be
a polytope. It is called theweight-per-symbol polytopeof A, and will be denotedW(A).
Let 0(A) be the multiplicative subgroup ofR++ generated by{wtA(γ ) : γ is a cycle of
G(A)}, and let1(A) = {wtA(γ )/ wtA(γ ′) : γ, γ ′ are cycles ofG(A) with l(γ ) = l(γ ′)}.
Picking cyclesη, γ of G(A) such thatl(η) = l(γ ) + d(A), put

cA =
(

wtA(η)

wtA(γ )

)1/d(A)

.

Clearly,1(A) is a subgroup of0(A). It is shown in [PS] that0(A)/1(A) is a cyclic group
generated bycd(A)

A 1(A). The following description of the behaviour of these objects under
finite-to-one block codes is culled from results of [T1, JKKMS, PT, MT1, PS].
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THEOREM 2.1. Let A,B be irreducibleZ
+[exp] matrices. If there exists a finite-to-one

measure-preserving block code of(6A, σA,µA) onto(6B, σB,µB), then
(i) βA = βB ;
(ii) W(A) = W(B);
(iii) 0(A) is a finite-index subgroup of0(B);
(iv) 1(A) is a finite-index subgroup of1(B); and
(v) d(B)|d(A) andc

d(A)
A 1(B) = c

d(A)
B 1(B).

It was proved in [MT1, T3 ] thatβA = βB impliesW(A) = W(B). The following two
propositions are contained in (5.2)–(5.5) of [MT1 ]: although the statements in [MT1 ] have
the assumptionβA = βB , their proofs only use the weaker hypothesisW(A) = W(B).

PROPOSITION2.2. If A,B are irreducibleZ+[exp] matrices withW(A) = W(B), then
there existsk ∈ N such thatd(A)|k, d(B)|k andck

A1(A) ∩ ck
B1(B) 6= ∅.

PROPOSITION2.3. SupposeA,B are irreducibleZ+[exp] matrices withW(A) = W(B).
(a) 0(A) ∩ 0(B) has finite index in0(A) and0(B).
(b) 1(A) ∩ 1(B) has finite index in1(A) and1(B).

An elementB ∈ Z
+[exp] may be regarded as a 1× 1 matrix and it is easy to see that

the Markov chain corresponding toB ∈ Z+[exp] is, in fact, a Bernoulli shift. In this case
(5.5) and (6.1) of [MT1 ] provide:

THEOREM 2.4. LetA be an irreducibleZ+[exp] matrix withβA = B ∈ Z+[exp]. Then:
(i) 0(A) is a finite-index subgroup of0(B);
(ii) 1(A) is a finite-index subgroup of1(B); and
(iii) c

d(A)
A 1(B) = c

d(A)
B 1(B).

Consider a beta functionβ = βB . If A is an irreducibleZ+[exp] matrix such that
βA = β = βB , then Proposition 2.3(a) implies that each element of0(A) is a root of an
element of0(B). So, the group〈0(A), 0(B)〉 may be obtained from0(B) by adjoining
finitely many roots. What happens as we varyA? Is there a group0(β) ⊂ R

++ such
that0(A) is a finite-index subgroup of0(β) wheneverA is an irreducibleZ+[exp] matrix
with βA = β? Note that Theorem 2.4 says that whenβ ∈ Z+[exp] the objects associated
with the corresponding Bernoulli shift have such universal properties. The unavailability
of similar objects (even in the caseβ ∈ Z[exp]\Z

+[exp]) has been a sticking point in
the theory. In §3, we will defined(β), 0(β), 1(β) andc

d(β)
β 1(β) for an arbitrary beta

functionβ and, with these objects, generalize Theorem 2.4.
We end this section by relating the objects ofAn to those ofA. For further properties

of 0(A), 1(A) andc
d(A)
A 1(A), see [PS, MT1].

PROPOSITION2.5. Let A be an irreducibleZ+[exp] matrix, and n ∈ N. Putting
g = g.c.d.{n, d(A)}, we haved(An) = d(A)/g, 0(An) ⊂ 0(A), 1(An) = 1(A) and

c
d(An)
An 1(A) = c

d(A)n/g
A 1(A).

Proof. The first two statements are easy to check. The third is proved in (1.6) of [MT1 ].
The final equality corrects (1.8)(5) of [MT1 ], which was stated without proof. To verify
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this equality, letη, γ beG(An) cycles which pass through a common state and have lengths
lAn(γ ) = kd(An) andlAn(η) = (k+1)d(An) for somek ∈ N. AsG(A) cycles their lengths
areknd(An) and(k + 1)nd(An), whose difference equalsnd(An) = d(A)n/g. It follows
that

c
d(An)
An = wtA(η)

wtA(γ )
(mod1(A))

and

c
d(A) n

g

A = wtA(η)

wtA(γ )
(mod 1(A)).

Hence,cd(An)
An = c

d(A)n/g

A (mod1(A)). 2

3. Defining the basic objects for a beta function
We will defined(β), 0(β), 1(β) andc

d(β)
β 1(β) for a beta functionβ. LetR = Z[exp]

andR+ = Z+[exp]. If f ∈ R, write f = ∑k
i=1 nia

t
i with ai ∈ R++, ni ∈ Z to define an

element

|f | =
k∑

i=1

|ni |at
i

of R+. More generally, for anR matrix B, we define anR+ matrix |B| of the same size
by letting

|B|(I, J ) = |B(I, J )|.

LEMMA 3.1. A nonzero elementf of R = Z[exp] has finitely many roots.

Proof. Expressf (t) = ∑k
i=1 nia

t
i with distinctai ∈ R

++ and nonzeroni ∈ Z. Since the
maximum and minimum elements of{ai : 1 ≤ i ≤ k} will dominateat

i as t → ∞ and
t → −∞, there existsM > 0 such that all roots off (t) lie in [−M,M]. Sincef (t) is
analytic, its roots are isolated. The compactness of[−M,M] does the rest. 2

Consider a beta functionβ, and letA be an irreducibleR+-matrix such thatβA = β.
Let χA(λ) = det(λI − A) ∈ R[λ] be the characteristic polynomial ofA, and note that
χA(β(t)) ≡ 0. Thus,β(t) is an integral function overR. We show that a function which
is integral overR has a minimal polynomial overR.

SupposeU is an open interval,β : U → C is analytic and there exists monic
χ(λ) ∈ R[λ] such thatχ(β(t)) = 0 for t ∈ U . SinceR is far from being a unique
factorization domain, we consider its field of fractionsF = R/R. We define an ideal
J ⊂ F [λ] as follows. Letf ∈ F [λ]. Expressf = s/q with s ∈ R[λ] and nonzeroq ∈ R.
Declare thatf ∈ J if and only if s(β(t)) ≡ 0 onU . By Lemma 3.1 and the analyticity
of s(β(t)), this definition does not depend on the choice ofs ∈ R[λ] andq ∈ R such that
s/q = f . It is easy to check thatJ is an ideal ofF [λ]. We summarize its definition by
writing

J = {f (λ) ∈ F [λ] : f (β(t)) ≡ 0}.
As F [λ] is a principal ideal domain, we can find a monic polynomialp ∈ F [λ] such that
J = pF [λ]. We show that, in fact,p ∈ R[λ]: notingχ ∈ R[λ] ∩ J , let s ∈ F [λ] be such
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thatχ = ps. The polynomials is monic, sinceχ andp are monic. Write

χ(λ) = λl − q1λ
l−1 − · · · − ql−1λ − ql,

p(λ) = λd − p1λ
d−1 − · · · − pd−1λ − pd,

s(λ) = λm − s1λ
m−1 − · · · − sm−1λ − sm,

with qi ∈ R and pi, si ∈ F . Expressing eachpi and si as a ratio of elements of
R = Z[exp], let S be the subgroup ofR++ generated by the basesa of the exponentials
at appearing in theqi and (the numerators and denominators of) thepi, si . The group ring
Z[St ] is then a unique factorization domain. In fact, lettingk be the rank of the finitely
generated free Abelian groupS, the ringZ[St ] is isomorphic to the Laurent polynomial ring
Z[x±

1 , . . . , x±
k ]. Findp0, p̃1, p̃2, . . . , p̃d ∈ Z[St ] such thatpi = p̃i/p0 for i = 1, . . . , d

and(p0, p̃1, p̃2, . . . , p̃d) = 1. Similarly, find coprimes0, s̃1, . . . , s̃m ∈ Z[St ] such that
si = s̃i /s0 for i = 1, . . . ,m. Fromχ = ps we obtain

p0s0(λ
l − q1λ

l−1 − · · · − q0) = (p0λ
d − p̃1λ

d−1 − · · · − p̃d )(s0λ
m − s̃1λ

m−1 − · · · − s̃m),

an equation overZ[St ]. SinceZ[St ] is a unique factorization domain, each irreducible
factor of p0s0 must divide one of the two terms on the right-hand side: if it divides the
first term then it divides each ofp0, p̃1, . . . , p̃d , and is invertible sincep0, p̃1, . . . , p̃d are
coprime. If it divides the second term, it is invertible becauses0, s̃1, . . . , s̃m are coprime.
So, p0 is a monomial andp ∈ R[λ]. In particular, this establishesp as the minimal
polynomial ofβ overR[λ].
PROPOSITION3.2. The polynomialp ∈ R[λ] is such that ifχ(λ) ∈ R[λ] andχ(β(t)) ≡
0 thenp dividesχ inR[λ].

For eacht ∈ R, we evaluate the coefficients ofp at t to obtain a polynomial inR[λ]
whose roots we denote byβ1(t), . . . , βd(t). Note that the discriminant ofp, that is

D(t) =
∏
i<j

(βi − βj )
2,

is a symmetric polynomial inβ1, . . . , βd . Hence,D is a polynomial in the coefficients
p1, . . . , pd of p. In particular,D ∈ R and, by Lemma 3.1, the roots ofD(t) form a finite
setV ⊂ R. It follows that, for t ∈ R\V , the rootsβ1(t), . . . , βd(t) are distinct. We
orderβ1(t), . . . , βd(t) so thatβ1 = β on U and eachβi(t) is analytic onR\V . In the
case whenβ is a beta function, the application of the Perron–Frobenius theorem [Se] to an
irreducibleR+ matrix with βA = β yieldsm ∈ N and roots of unityθ2, . . . , θm, so that
the ordering may be chosen to also haveβi = θiβ(t) for i = 2, . . . ,m and|βi(t)| < β(t)

for i = m + 1, . . . , d. Letting θ1 = 1, we define theperiodd(β) of β to be the smallest
positive integer such thatθd(β)

i = 1 for i = 1, . . . ,m. It is easy to see that ifδ ∈ N is
such thatθδ

i = 1 for i = 1, . . . ,m thend(β) dividesδ. In particular,d(β)|d(A) for every
irreducibleR+ matrixA with βA = β. The beta function is calledaperiodicif d(β) = 1.

The notion of the period ofβA appears to be new even in the case of integral matrices:
if A is overZ+ thenβA(t) reduces to the spectral radiusµ of A in thatβA(t) is a constant
function equal toµ. Following the above definition, the periodd(µ) of µ is the smallest
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positive integerd(µ) such thatµd(µ) is a Perron number. By the main result of [L ] (given
in [LM ] as Theorem 11.1.4), there exists an aperiodicZ

+ matrix whose spectral radius
equalsµd(µ), which easily leads to the following refinement of Theorem 11.1.5 of [LM ].

THEOREM 3.3. Letµ > 0. The following are equivalent.

(a) µ is the spectral radius of a nonnegative integral matrix.
(b) µ is the spectral radius of an irreducible nonnegative integral matrix.
(c) µδ is a Perron number for some positive integerδ.

If µ satisfies these equivalent conditions then:

(i) d(β) divides the period of every irreducible nonnegative integral matrix of spectral
radiusµ; and

(ii) there exists an irreducible nonnegative integral matrix of periodd(β) and spectral
radiusµ.

We also remark that, by a result of Boyd [Bd], the conjugates of the spectral radiusµ

of a Z
+-matrix are invariant under multiplication byd(µ)th roots of unity. In fact, the set

{β1(t), . . . , βd(t)} of conjugates of a beta functionβ is invariant under multiplication by
d(β)th roots of unity as an immediate consequence of the following generalization of the
result in [Bd]. I thank Boris Solomyak for bringing [Bd] to my attention.

THEOREM 3.4. Let β(t) be a positive algebraic function overR and letβ1(t) = β(t),
β2(t), . . . , βd(t) be its conjugates. Suppose there existm ∈ N, 1 ≤ m ≤ d, and an open
interval U such that the following hold onU . Eachβi(t) is analytic,|βi(t)| = β(t) for
i = 1, . . . ,m and|βi(t)| < β(t) for i = m+1, . . . , d. Thenm dividesd and there exists a
polynomialq ∈ R[λ] of degreed/m such that the minimal polynomialp(λ) of β is given
byp(λ) = q(λm). In the case whenβ is a beta function,m equals the periodd(β) of β.

The proof of Theorem 3.4 is a straightforward adaptation of Boyd’s proof [Bd]; the
statement about beta functions follows from the definition ofd(β) and the other statements
of Theorem 3.4.

Fix a beta functionβ. Let C = Cβd(β) be the companion matrix of the minimal

polynomial ofβd(β), and let|C| be as defined at the beginning of this section. It is easy to
see that, as a consequence of the definition ofd(β), theZ+[exp] matrix |C| is aperiodic.
We let

W(β) = 1

d(β)
W(|C|),

0(β) = 0(|C|),
1(β) = 1(|C|).

Consideringc|C|1(|C|), we let

cβ = (c|C|)1/d(β)

to obtain a cosetcd(β)
β 1(β) of 0(β)/1(β) which generates the cyclic group0(β)/1(β).

Our main result is as follows.
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THEOREM 3.5. LetA be an irreducibleZ+[exp] matrix such thatβA = β. Then:

(i) W(A) = W(β);
(ii) 0(A) is a finite-index subgroup of0(β);
(iii) 1(A) is a finite-index subgroup of1(β); and
(iv) d(β)|d(A) andc

d(A)
A 1(β) = c

d(A)
β 1(β).

Theorem 3.5 should be compared with with Theorems 2.1 and 2.4, which it generalizes.
Properties of0(β), 1(β) andc

d(β)
β 1(β) will be developed in §§4 and 5. The proofs of (i)

and (ii) of Theorem 3.5 are contained in §4, those of (iii) and (iv) in §5. See the end of §5
for an example.

Remark 3.6.We remark on the significance of Theorem 3.5 to the theory of coding
for Markov chains. Note that if0 is a finitely generated subgroup ofR

++, the ring
Z[0t ] is isomorphic to a Laurent polynomial ring: picking a basisa1, . . . , ak for the
free Abelian group0, an isomorphism ofZ[0t ] with Z[x±

1 , . . . , x±
k ] results from putting

x1 = at
1, . . . , xk = at

k. This enables us to replace the defining matrix of a Markov
chain by aZ+[x±

1 , . . . , x±
k ]-matrix, which has the dynamical significance of making

apparent a family of Markov measures indexed byRk and invariantly associated to a
single (generic) member of the family. (See §2 of [T3].) This approach has been
useful in the study of codes and classifications of Markov chains. (See, for example
[B, BT, P, PT, T2, MT1, MT2, MT3, MT4 ].) In making the transition to polynomial
matrices it is important to pick a subgroup ofR

++ that is canonically associated to
(6A, σA,µA). For a variety of reasons [T2, PS, S2], the groups0(A) and1(A) present
themselves. Let us focus on0(A); the situation with1(A) is similar. By (1.9) of [MT1 ],
there is a diagonal matrixD over exp such that the entries ofD−1AD belong toZ+[0(A)t ].
Since none of the objects under consideration is altered upon replacingA with D−1AD,
we assumeA is overZ+[0(A)t ]. The problem is that0(A) is not invariant, in general,
under finite-to-one block codes. The beta function, on the other hand, is invariant. That
is, for two Markov chains(6A, σA,µA) and(6B, σB,µB) to be related by a finite-to-one
block code, or in a number of other ways, it is necessary [T1, S1, S2] thatβA = βB . Prior
to Theorem 3.5, the approach was to work over the group generated by0(A)∪0(B) which,
by (7.4) of [PS], amounted to adjoining a finite number of roots to0(A). In particular, we
could not effectively associate a polynomial matrix with(6A, σA,µA) until after we knew
which Markov chains were being considered with it. It was not clear what would happen
if we considered several Markov chains. For instance, would the number of roots adjoined
to 0(A) keep growing? Such issues extend beyond aesthetics. In the caseβ ∈ Z

+[exp],
the answer provided by Theorem 2.4 was fundamental to the results of [MT4 ]. For the
general case, Theorem 3.5(ii) shows that there is a single finite extension of0(A), namely
0(β), which is universal forβ. Picking a basisa1, . . . , ak for 0 = 0(β) and putting
x1 = at

1, . . . , xk = at
k, we can canonically associate to any Markov chain with beta

functionβ a Z
+[x±

1 , . . . , x±
k ] matrix, which can then be put to use in coding problems

involving the Markov chain. By (5.1) of [PS] and (iii) and (iv) of Theorem 3.5, similar
remarks are valid for1(β).
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4. The group0
For the remainder of the paper, we letβ be a beta function,p(λ) = λd−p1λ

d−1−· · ·−pd ∈
R[λ] the minimal polynomial ofβ given by Proposition 3.2, andCβ the companion matrix
of p. We also letA be an irreducible matrix overR+ = Z+[exp] such thatβA = β. That
W(A) = W(β) is an easy consequence of the following formulation of (12) of [T3].

THEOREM 4.1. If A is an irreducible matrix overZ+[exp] andβA = β, thenW(A) =
W(|Cβ |).
Proof. The corresponding result for matrices overZ+[x±

1 , . . . , x±
k ] is proved in (12) of

[T3]. Let 0 be a finitely generated subgroup ofR++ such thatA and|Cβ | are both over
Z+[0t ]. Choose a basis for0 to pass to matrices overZ+[x±

1 , . . . , x±
k ], and use (12) of

[T3]. 2

COROLLARY 4.2. If A is an irreducible matrix overZ+[exp] andβA = β, then, for any
k ∈ N, we have

1

k
W(|Cβk |) = 1

k
W(Ak) = W(A) = W(|Cβ |) = W(β).

Proof. The fact that(1/k)W(Ak) = W(A) is immediate from the definition of the weight-
per-symbol polytope. The rest follows from 4.1 and the definition ofW(β). 2

In particular, Corollary 4.2 proves Theorem 3.5(i). The rest of our proof of Theorem 3.5
will generalize that of (6.1) of [MT1 ]. Writing

Cβ =


0 1

0 1
. . .

0 1
pd pd−1 · · · p2 p1

 , b =


1
β
...

βd−1

 ,

we haveCβb = βb. Note that|Cβ | is an irreducible matrix sincepd 6= 0. Recall thatF
denotes the field of fractions ofR = Z[exp].
LEMMA 4.3. SupposeA is n × n. For column vectorsr0, r1, . . . , rd−1 ∈ Fn, let
r = r0 + r1β + · · · + rd−1β

d−1 and letR = [r0 r1 . . . rd−1] be then × d matrix with
columnsr0, r1, . . . , rd−1. We haveAr = βr if and only ifAR = R Cβ .

Lemma 4.3 is a straightforward consequence of the fact thatp is the minimal
polynomial ofβ overF .

PROPOSITION4.4. If A is an irreducibleZ+[exp] matrix with βA = β, then0(A) ⊂
0(|Cβ |).
Proof. Write00 = 0(|Cβ |), and let0 be the subgroup ofR++ generated by0(A)∪00. By
Theorem 4.1 and Proposition 2.3(a),00 has finite index in0. ConjugatingA by a suitable
diagonal matrix over exp, we assume that the entries ofA belong toZ+[0(A)t ] ⊂ Z

+[0t ].
Let r be a nontrivial vector overZ[0t ][β] such thatAr = βr; for example, taker to
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be a column of the adjoint Adj(βI − A). Sincep is the minimal polynomial ofβ and
its coefficientsp1, p2, . . . , pd belong toZ[0t ], we can find vectorsr0, r1, . . . , rd−1 over
Z[0t ] such that

r = r0 + r1β + · · · + rd−1β
d−1.

Letting R = [r0 r1 . . . rd−1], we see from Lemma 4.3 thatAR = R Cβ . Considering the
finite group0/00, write

A =
∑

g∈0/00

Ag, R =
∑

g∈0/00

Rg,

where the matricesAg andRg are overZ[gt ]. Let Â be the0/00 × 0/00 block matrix
whose(h, k) block equals

Â(h,k) = Ah−1k.

For eachg ∈ 0/00, let Rg be the0/00 × 1 block matrix whose(k, 1) block equals

(Rg)k = (Rg)(k,1) = Rk−1g.

A simple calculation shows that

ÂRg = RgCβ.

Multiplying by b,

Â(Rgb) = RgCβb = β(Rgb).

Now let Î be the 1× 0/00 block matrix consisting of|0/00| copies of then × n identity
matrix I , and observe that

ÎRgb = Rb = r. (∗)

In particular, eachRgb is nontrivial. But, as was shown in (6.3) of [MT1 ], the matrixÂ

is irreducible. It follows from the Perron–Frobenius theorem thatβÂ = β and the vectors
Rgb are multiples of one another. In fact, considering(∗), we must haveRgb = Rhb for
all g, h ∈ 0/00. In order to draw our final conclusions, we let(ri )g be vectors overZ[gt ]
such that

ri =
∑

g∈0/00

(ri )g

for i = 0, 1, . . . , d − 1. Observe that eachRgb is a block vector whose blocks are indexed
by 0/00 and that the block ofRgb corresponding tok ∈ 0/00 is given by

(Rg)k b = Rk−1gb = (r0)k−1g β + · · · + (rd−1)k−1gβ
d−1.

So, the equationRgb = Rhb means that(ri )g = (ri )h for all g, h ∈ 0/00 and
i = 0, 1, . . . , d − 1. This can only happen if0/00 is the trivial group. 2

Proof of Theorem 3.5(ii).By Propositions 2.5 and 4.4 and the fact thatd(β)|d(A),

0(A) = 0(Ad(β)) ⊂ 0(|Cβd(β) |) = 0(β). 2
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5. The group1 and the cosetcd1

The following simple lemma is easily verified.

LEMMA 5.1. Consider the minimal polynomial

p(λ) = λd − p1λ
d−1 − · · · − pd−1λ − pd

of β and its companion matrixCβ . For at ∈ exp, the minimal polynomial ofatβ is

λd − atp1λ
d−1 − a2tp2λ

d−2 − · · · − a(d−1)tpd−1λ − adtpd

and it has companion matrix
Catβ = atU−1CβU,

whereU is the diagonal matrix

U =


a−t

a−2t

. . .

a−dt

 .

Before directing our attention to the proofs of Theorem 3.5(iii) and (iv), we relate the
objects associated withβn to those ofβ.

PROPOSITION5.2. If β is aperiodic andn ∈ N, then0(|Cβn |) ⊂ 0(|Cβ |n), 1(|Cβn |) ⊂
1(|Cβ |) andc|Cβn |1(|Cβ |) = (c|Cβ |)n1(|Cβ |).
COROLLARY 5.3. Letn ∈ N andg = g.c.d.{n, d(β)}. Thend(βn) = d(β)/g,

0(βn) ⊂ 0(|Cβd(β) |n/g) ⊂ 0(β),

1(βn) ⊂ 1(β) andc
d(βn)
βn 1(β) = c

d(β)n/g
β 1(β).

Proof of Proposition 5.2.Let β1 = β, β2, . . . , βd be the conjugates ofβ. By aperiodicity,
we haveβn

i 6= βn for i 6= 1, and the field polynomial

q(λ) =
d∏

i=1

(λ − βn
i )

is irreducible. So,q is the minimal polynomial ofβn overF . Express

q(λ) = λd − q1λ
d−1 − · · · − qd−1λ − qd,

with qi ∈ Z[exp]. Note that the aperiodicity ofβ implies that|Cβ | and|Cβn | are aperiodic
matrices. The cyclic structure ofG(|Cβ |) is easily described in terms of the coefficientspi

of the minimal polynomialp of β: the graphG(|Cβ |) contains a simple cycle of lengthi
and weighta for each exponential termat of |pi |, these simple cycles may be viewed as
having a common base state and their free concatenations yield all cycles ofG(|Cβ |). A
similar statement is valid forG(|Cβn |) and|qi |.

Clearly±qi equals theith elementary symmetric polynomial inβn
1 , . . . , βn

d . So,qi is
a symmetric homogeneous polynomial of degreeni in β1, . . . , βd . Symmetry implies
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that eachqi is a polynomial in the coefficients ofp, and homogeneity shows that it
is an integral combination of productspk1

1 p
k2
2 . . . p

kd

d with k1 + 2k2 + · · · + dkd =
ni. Note that0(|pk1

1 p
k2
2 . . . p

kd

d |) ⊂ 0(|p1|k1|p2|k2 . . . |pd |kd ) and that the condition
k1 + 2k2 + · · · + dkd = ni ensures that the terms of the product|p1|k1|p2|k2 . . . |pd |kd

correspond to|Cβ |-cycles of lengthni. Thus,0(|qi |) ⊂ 0(|Cβ |n). Since0(|Cβn |) is
generated by

d⋃
i=1

0(|qi |),

it follows that0(|Cβn |) ⊂ 0(|Cβ |n). Writing c = c|Cβ |, find a diagonal matrixD over exp
such that

C̄ = c−tD−1|Cβ |D
is overZ+[1(|Cβ |)t ]. Using Proposition 2.5, Lemma 5.1 and the inclusion just proved,

1(|Cβn |) = 1(|Cc−nt βn |) ⊂ 0(|Cc−nt βn |) ⊂ 0(|Cc−t β |).
Using Lemma 5.1 again,

0(|Cc−t β |) = 0(c−t |Cβ |) = 0(C̄) = 1(C̄) = 1(|Cβ |).
This shows1(βn) ⊂ 1(β). Using our description of the cyclic structures ofG(|Cβn |)
andG(|Cβ |) in terms of|qi | and|pi |, and the above homogeneity argument, we have: for
eachG(|Cβn |)-cycle of lengthl, there exists a cycle of the same weight and lengthnl in
G(|Cβ |). Considering the ratio of the weights of twoG(|Cβn |)-cycles of lengthsl and
l + 1, we see that

c|Cβn | = (c|Cβ |)n (mod1(|Cβ |)). 2

Proof of Corollary 5.3.Clearly,d(βn) = d(β)/g andnd(βn) = d(β)n/g. Sincen/g ∈ N,
we can apply Proposition 5.2 toβd(β) to see that

0(βn) = 0(|Cβnd(βn) |) ⊂ 0(|Cβd(β) |n/g) ⊂ 0(|Cβd(β) |) = 0(β).

Similarly, 1(βn) ⊂ 1(β). Using the definition of the period and Proposition 5.2 again,
modulo1(β) we have

c
d(βn)
βn = c|C

βnd(βn) | = (c|C
βd(β) |)n/g = c

d(β)n/g
β = c

nd(βn)
β . 2

Proof of Theorem 3.5(iii).Let C = Cβd(β) . Apply Proposition 2.5, Theorem 4.1 and

Proposition 2.2 toAd(β) and|C| to findk ∈ N andc > 0 such thatd(Ad(β))|k and

ck ∈ (cAd(β))
k1(A) ∩ (c|C|)k1(|C|).

Since we have already observed in §3 thatd(β)|d(A), we see from Proposition 2.5 that

(cAd(β) )
d(A)/d(β)1(A) = c

d(A)
A 1(A).
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So,ck1(A) = c
kd(β)
A 1(A), and by Lemma 5.1 of [PS] (or (1.9) of [MT1 ]), we can find a

diagonal matrixD over exp such that the matrix

Ã = c−ktD−1Akd(β)D

is overZ+[1(A)t ]. In particular,1(Ã) = 0(Ã), so that

1(A) = 1(c−ktAkd(β)) = 1(Ã) = 0(Ã) = 0(c−ktAkd(β)).

Using Theorem 3.5(ii) and Lemma 5.1, and applying Proposition 5.2 to the aperiodic beta
functionc−tβd(β),

0(c−ktAkd(β)) ⊂ 0((c−tβd(β))k) ⊂ 0(|Cc−t βd(β) |k) = 0(c−kt |C|k).
Sinceβd(β) is aperiodic,|C| is an aperiodic matrix and

ck1(|C|) = (c|C|)k1(|C|) = c|C|k1(|C|).
Thus the matrixc−kt |C|k is conjugate, by a diagonal matrix over exp, to a matrix over
Z+[1(|C|)t ]. Combining these observations, we see that

1(A) ⊂ 0(c−kt |C|k) = 1(c−kt |C|k)
= 1(|C|k) = 1(|C|) = 1(β). 2

Proof of Theorem 3.5(iv).The proof is divided into three cases.

Case 1: |0(β)/1(β)| = ∞. Noting thatW(|Cβd(β) |) = W(Ad(β)) by Corollary 4.2, we

obtain from Proposition 2.2 a positive integerk such thatd(A)|k andck
A1(A)∩ ck

β1(β) 6=
∅. By Theorem 3.5(iii), this implies(

cA

cβ

)k

∈ 1(β). (∗)

Using Theorem 3.5(ii) and the fact thatd(β)|d(A), we find thatcd(A)
A ∈ 0(A) ⊂ 0(β) and

c
d(A)
β ∈ 0(β). Moreover, by(∗), a power of(cA/cβ)d(A) ∈ 0(β) lies in 1(β). Since the

infinite cyclic group0(β)/1(β) is torsion free, it follows thatcd(A)
A 1(β) = c

d(A)
β 1(β).

Case 2: |0(β)/1(β)| < ∞ andβ is aperiodic. Letδ = d(A) be the period ofA, and
C = Cβδ . By Proposition 5.2,1(|C|) ⊂ 1(β) and there existsw ∈ 1(β) such that
c|C| = cδ

βw. Hence, we can find a diagonal matrixD over exp such that

c−δt
β D|C|D−1

is overZ+[1(β)t ]. Then
C̄ = c−δt

β DCD−1

is overZ[1(β)t ]. Let Ā be a matrix overZ+[1(A)t ] such thatĀ is conjugate by a diagonal
matrix over exp toc−δt

A Aδ. Note that

βĀ = (c−t
A β)δ,
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and that Lemma 5.1 provides us with a diagonal matrixU over exp such that

CβĀ
= c−δt

A U−1CU.

Let r0, r1, . . . , rd−1 be vectors overZ[exp] such that

r = r0 + r1βĀ + · · · + rd−1β
d−1
Ā

satisfiesĀr = βĀr. LettingR = [r0r1 . . . rd−1] as in Lemma 4.3, we have

ĀR = RCβĀ
.

Writing µ = (cβ/cA)δ,

ĀR = c−δt
A RU−1CU = µtRU−1D−1C̄DU.

That is,
Ā(RU−1D−1) = µt(RU−1D−1)C̄.

This means that there is a nontrivial solution ofĀR̄ = µt R̄C̄ overF . Sinceµ ∈ 0(β)

and1(Ā) = 1(A) ⊂ 1(β) ⊂ 0(β), a linear algebra argument tells us that the above
equation in fact has a nontrivial solution over the field of fractions ofZ[0(β)t ]. Clearing
denominators, we find a nonzero matrixR̄ overZ[0(β)t ] such that

AR̄ = µtR̄C̄.

Writing k = |0(β)/1(β)| and identifying the cyclic group0(β)/1(β) with Z/kZ, we
expressR̄ = ∑k−1

i=0 Ri with Ri over theith coset of0(β)/1(β). Letting 0≤ j ≤ k − 1 be
such thatµ belongs to thej th coset of0(β)/1(β), we have

ĀRi = µtRi−j C̄ (∗∗)

and, cycling through,
ĀkRi = µktRiC̄.

Running backwards through the above calculation,

Āk(RiUD) = µkt (RiUD)(U−1D−1C̄kUD)

= µkt (RiUD)c−δkt
β (U−1CkU)

= (RiUD)Ck
βĀ

.

Making sure thati is such thatRi 6= 0 and multiplying the last equation with the column
vectorb̄ = [1, βĀ, . . . , βd−1

Ā
]t r , we see that

Āk(RiUDb̄) = βk

Ā
(RiUDb̄).

By the uniqueness of the Perron–Frobenius eigenvector we must have

Ā(RiUDb̄) = βĀ(RiUDb̄)

and, by Lemma 4.3,
Ā(RiUD) = (RiUD)CβĀ

.
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This means that
ĀRi = µtRiC̄.

Combining this with(∗∗), we find

RiC̄ = Ri−j C̄.

Since one side of this equality is over theith coset and the other side over the(i − j)th
coset(modk), we must havej = 0 andµ = (cβ/cA)d(A) ∈ 1(β). That is,

c
d(A)
A 1(A) ⊂ c

d(A)
A 1(β) = c

d(A)
β 1(β).

Case 3: |0(β)/1(β)| < ∞. Let k ∈ N be such thatd(A) = d(β)k. Sinceβd(β) is
aperiodic,0(βd(β)) = 0(β) and1(βd(β)) = 1(β), we can use Proposition 2.5 and the
inclusion proved in case 2 to see that

c
d(A)
A 1(A) = (cAd(β))

k1(A) ⊂ (cβd(β) )
k1(β).

But, by Theorem 3.5(iii) and Corollary 5.3, we have1(A) ⊂ 1(β) and

(cβd(β))
k1(β) = c

d(β)k
β 1(β) = c

d(A)
β 1(β). 2

We end the paper with an example.

Example 5.4.Let a, b be multiplicatively independent elements ofR
++. Put

A =
[
at 1
bt 1

]
, C =

[
0 1

bt − at 1 + at

]
,

andβ = βA. Let
p(λ) = χA(λ) = λ2 − (1 + at )λ + at − bt

be the characteristic polynomial ofA. ThenC is the companion matrix ofp. For t ∈ R,
the roots ofp are given by

β(t) = 1 + at + √
(1 − at)2 + 4bt

2
, β2(t) = 1 + at − √

(1 − at )2 + 4bt

2
.

We claim p is the minimal polynomial ofβ over R = Z[exp]. Suppose not. By
Proposition 3.2 and the fact thatp has degree two, we then haveβ ∈ Z[exp], and therefore√

(1 − at)2 + 4bt ∈ Z[exp]. So, there existsf (t) ∈ Z[exp] such that

(1 − at )2 + 4bt = f (t)2.

Let 0 be a finitely generated subgroup ofR++ with at , bt , f (t) ∈ Z[0t ]. Pick a basis
a1, a2, . . . , ak for 0 so that, for suitablem,n ∈ N, we have〈am

1 , an
2〉 = 〈a, b〉. Letting

u1, u2, v1, v2 ∈ Z be such that

a = a
mu1
1 a

nu2
2 , b = a

mv1
1 a

nv2
2

and writingx1 = at
1, x2 = at

2, . . . , xk = at
k, we obtain an equation

4x
mv1
1 x

nv2
2 = (f − 1 + x

mu1
1 x

nu2
2 )(f + 1 − x

mu1
1 x

nu2
2 )
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over the unique factorization domainZ[x±
1 , . . . , x±

k ]. Hence, there existk1, k2 ∈ Z and
monomialsw1, w2 ∈ Z[x±

1 , . . . , x±
k ] such thatk1k2 = 4, w1w2 = x

mv1
1 x

nv2
2 and{

f − 1 + x
mu1
1 x

nu2
2 = k1w1

f + 1 − x
mu1
1 x

nu2
2 = k2w2.

(∗)

Subtracting,
2 − 2x

mu1
1 x

nu2
2 = k2w2 − k1w1.

Hence
x

mu1
1 x

nu2
2 = w1w2 = x

mv1
1 x

nv2
2 ,

which impliesa = b. Sincea, b are independent, this shows thatp is the minimal
polynomial ofβ. Since|β2| < β, we haved(β) = 1. From

|C| =
[

0 1
bt + at 1 + at

]
we easily see that0(β) = 1(β) = 〈a, b〉, the subgroup ofR++ generated bya, b.
It follows from Theorem 3.5 that everyZ+[exp] matrix B with βB = β will have
0(B) ⊂ 0(β) = 〈a, b〉. For example,

√
a cannot occur as the weight of a cycle of such a

matrix.
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