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De Bruijn’s identity shows a link between two fundamental concepts in information the-
ory: entropy and Fisher information. In the literature, De Bruijn’s identity has been stated
under the assumption of independence between input signal and an additive noise. How-
ever, in the real world, the noise could be highly dependent on the main signal. The
main aim of this paper is, firstly, to extend De bruijn’s identity for signal-dependent
noise channels and, secondly, to study how Stein and heat identities are related to De
bruijn’s identity. Thus, new versions of De Bruijn’s identity are introduced in the case
when input signal and additive noise are dependent and are jointly distributed according
to Archimedean and Gaussian copulas. It is shown that in this generalized model, the
derivatives of the differential entropy can be expressed in terms of a function of Fisher
information. Our finding enfolds the conventional De Bruijn’s identity as some remarks.
Then, the equivalence among the new De Bruijn-type identity, Stein’s identity and heat
equation identity is established. The paper concludes with an application of the developed
results in information theory.

1. INTRODUCTION

De Bruijn’s identity was first discussed by Stam [25], and since then it has been widely used
by many researchers. De Bruijn’s identity shows a link between two fundamental concepts
in information theory: entropy and Fisher information [11]. Due to its applications in esti-
mation and turbo (iterative) decoding schemes, De Bruijn’s identity has attracted much of
interest. Verdu and his collaborators conducted a series of studies [9,19,21] to analyze the
relationship between the input—output mutual information and the minimum mean-square
error (MMSE), a result referred to as the I-MMSE identity for additive Gaussian noise
channels.
Consider additive noise channels of the form

Y =X +VtZ, (1)

where input signal X and additive noise Z are arbitrary random variables and the parame-
ter t is assumed non-negative. When additive noise Z is an independent Gaussian random
variable with zero mean and unit variance, the elegant algebraic connection between differ-
ential entropy of output signal Y and Fisher information is established through a relation
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known as De Bruijn’s identity. If we further assume that input signal X is also Gaussian,
then both random variables X and Z are Gaussian and, thus, the output signal Y is also
Gaussian. In this case, Stein’s identity and De Bruijn’s identity are equivalent, and they are
also equivalent to the heat equation identity. Recently, an extension of De Bruijn’s identity
to non-Gaussian random variables is provided by Park, Serpedin, and Qaraqe [20].

However, all aforementioned results are based on the assumption of independence
between input random variable X and additive noise Z. In the real world, there are signal-
dependent noise channels in which the noise characteristics highly depend on the transmitted
signal [8,17]. Application for such dependency appears also in radar and sonar systems [13].
Copula theory is one of the best methods used for modeling the dependency in conven-
tional works. Copula is an elegant concept introduced by Sklar in order to find the link
between a joint probability density function (pdf) and its marginal pdfs [24]. Copula func-
tions have been extensively studied and a comprehensive discussion of their mathematical
properties has been presented [10,18]. In this paper, similar forms of De Bruijn’s identity
will be derived in the case when input signal X and additive noise Z are jointly distributed
according to Archimedean and Gaussian copulas. Considering dependent signal and noise,
the derivatives of the differential entropy of output signal Y will be presented by a function
of Fisher information. Then, the equivalence among De Bruijn-type identity mentioned in
this paper, Stein’s identity and heat equation identity will be proved.

The rest of this paper is organized as follows. In Section 2, we recall basic facts and
definitions on copulas and the dependency problem. New versions of De Bruijn’s identity
for dependent random variables are introduced in Section 3. Relationships among new
De Bruijn-type identity, Stein’s identity and heat equation identity are also established in
this section. In Section 4, an application of the proposed results in information theory is
presented. Finally, conclusions are made in Section 5.

Let us first review the fundamental notions and basic definitions used in the paper.

Fisher information of a deterministic parameter ¢ is defined as

Ji(Y) = 7’ fy(y;t) (8875 log fy (y; t))2 dy. (2)

This is a general definition of Fisher information in signal processing. Fisher information
provides a lower bound, called the Cramér-Rao lower bound, for MSE of any unbiased
estimator. Like other concepts, such as entropy and mutual information, in information
theory, Fisher information also shows information about uncertainty. However, it is difficult
to adopt the definition of Fisher information directly in information theory despite of the
fact that it has been commonly used in Statistics. Instead, a more specific definition of
Fisher information is proposed as follows.

If ¢ is assumed to be a location parameter, differentiation with respect to y is equivalent
to differentiation with respect to t. Therefore, the definition of Fisher information in (2) is
changed as follows:

J(Y) 7fy(y;t) (Ei}log fy(y;t)>2dy7

By

(5; log f (Y t)) 2] . (3)

The random variable (9/9Y")log fy (Y;t) is known as the score of the distribution fy.
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If log fy (y;t) is twice differentiable w.r.t y, under certain regularity conditions (see [14]),
then the Fisher information may also be written as
2

J(Y) = By [(.fwlog fr(vin). (4)

Differential entropy of a random variable Y, h(Y'), is defined as

oo

h(Y) = — / fy (y; 1) log fy (y; t)dy, (5)

— 00

where ¢ is a deterministic parameter in the pdf fy (see [15]).
Entropy power of a random variable Y, N(Y), is defined as

N(Y) = 5 exp(2h(Y). (6)

Based on the definitions mentioned previously, three preliminary theorems — De Bruijn’s,

Stein’s, and heat equation identities — are recalled next.

THEOREM 1.1 (De Bruijn’s Identity [7]): Let X be an arbitrary random wvariable with a
finite second-order moment, and Z be independent normally distributed with zero mean
and unit variance. Then, for the additive noise channel Y = X + VtZ we have

0 1
5 h(¥) = 5T(Y). (7)

PROOF: See [7]. |

THEOREM 1.2 (Stein’s Identity [12]): Let a random variable Y be normally distributed with
mean (i, and variance 05. Then

By (V)Y )] = 03By | (v, (8)

holds for any function r(Y) for which the expectations in (8) exist.
PROOF: See [12]. [ |

THEOREM 1.3 (Heat equation Identity [5]): Let Y be normally distributed with mean p and
variance 1 +t. Assume that g(y) is a twice continuously differentiable function, and both
g(y) and |(d/dy)g(y)| are O (e°I¥l) for some 0 < ¢ < co. (O(.) denotes the limiting behavior
of a function, that is, g(y) = O (q(y)) if, and only if, there exist positive real numbers K
and y* such that g(y) < K |q(y)| for any y which is greater than y*.) Then

BVl = 3By | Szatv)]. 9)

PROOF: See [5]. [ |
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2. COPULA THEORY

Copula theory is a fully developed mathematical theory for multivariate distribution
analysis. Copula is a function that links univariate distribution functions to generate a
multivariate distribution function and, thus, represents the dependency structure of ran-
dom variables. In other words, copulas enable us to extract the dependence structure from
joint distribution function of a set of random variables and, at the same time, to isolate
the dependence structure from the univariate marginal behavior. This means that copulas
allow us to study the dependence structure apart from the marginal distribution of each
variable. In recent years, there has been a revival of copula in applications where the matter
of dependency between random variables is of importance [3].

The foundation theorem for copula was introduced by Sklar [24] which states that
for a given joint multivariate pdf and the relevant marginal pdfs, there exists a copula
function that relates them. In a bivariate case, Sklar’s Theorem states that: If F'xy is a
joint cumulative distribution function (cdf) with margins Fx and Fy, then there exists a
function C : [0,1]> — [0, 1] such that:

Fxy(z,y) = C(Fx(z), Fy (y))- (10)

If Fx and Fy are continuous, then C is unique; otherwise, C' is uniquely determined on
the (range of Fx ) x (range of Fy ). Conversely, if C is a copula and Fx and Fy are cdfs,
then the function Fxy defined by (10) is a joint cdf with margins Fx and Fy. A thorough
description of copula properties is found in [18].

For any copula function, there is a corresponding copula density function, which is the
mixed partial derivative of function C, given by:

fX Y(u7 U)
c(u,v) = ——— 11)
Fr () fy () (
where fxy, fx and fy are the joint and marginal pdfs of X and Y, respectively.
Equation (11) can be expressed in an equivalent and more suitable form:

fxy(@,y) = c(u,v) fx (@) fy (y), (12)
where u, v are related to x,y through the marginal cdfs:
u=Fx(z), v=Fy(y). (13)

There are two main families of copulas; namely the family of elliptical copulas (i.e. copu-
las following Elliptical distributions such as Laplacian, ¢t-Student, etc.) and the family of
Archimedean copulas. The most common elliptical copulas is Gaussian. The key advantage
of an elliptical copula is that one can specify different levels of dependency between the
margins. Archimedean copulas are popular because they are constructed easily and allow
modeling the dependence in arbitrarily high dimensions with only one parameter, governing
the strength of dependence. In this paper, we use Archimedean and Gaussian copulas to
describe the dependencies between input signal and additive noise in the channel model (1).
The Gaussian copula is defined as

Cy(u,v) = <I>p(<I>71(u),<I>*1(v)), (14)

where p is the Gaussian copula parameter, ®, is the bivariate standard Gaussian distribution
function and ®~! is the inverse of the univariate standard Gaussian distribution function.
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The corresponding Gaussian copula density is

1 2% — 2pxy + 3? x2 y?
c(u,v) = — exp |— 51— ) xexp | o Jexp | <), (15)

where —1<p<1,0<u,v<1,z=0"1(u) and y = & 1(v).
If a copula Cy has the form

Cy(u,v) = P~ (u) + 97 (v)), (16)
where ¢ : RT — [0,1] is a 2-monotone function such that ¥(0) = 1 and lim,— . ¥ () = 0,
then it is called an Archimedean copula and v is said to be the generator function of this

Archimedean copula. In this work, we concentrate on Archimedean copulas whose generator
functions ¢ are completely monotone. Then, an equivalent representation for (16) becomes

Cy(u,v) = / G (u)G (v)dMy (o), (17)
0

where G(t) = exp{—1y~1(t)} and My is a distribution function with Laplace Transform 1.
The corresponding Archimedean copula density is

WG (w)] - [ag(v)GTH(v)] dMy(a), (18)

in which

3. MAIN RESULTS

In this section, the channel model (1) will be extended to allow for dependent random
variables. In particular, the dependence between input signal X and additive noise Z is
modeled by assuming Archimedean and Gaussian copula functions for the joint distribution
of signal and noise. In each case, the relationships between the derivatives of the differential
entropy of output signal Y and Fisher information are established.

THEOREM 3.1: In channel model (1), let X be a r.v. with a finite second-order moment
depending on the r.v. Z. Assume that Z is normally distributed with zero mean and unit
variance and the dependent structure of X and Z can be described by the Archimedean
copula (18). Then, under the following conditions:

lim y\/fy (y;t) = (19)

y—Foo

Ex[fyix(y| X;t)] |
fr (i t) 7

(20)
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the first derivative of the differential entropy of output signal Y can be expressed as
0 1 1 0 0 Y- X
ﬁh(y) = §J(Y) — 5By {EX|Y {6 log fy (Y;1). <8Y log g (‘I’ <\/£)>
“arree (o (7 ))) v}
1 T 0 y—x
- = —1 —1 P .
] ] (i) oo (o)

X agy (z; ) ge (y )de(a)dac dy. (21)

with g1(:;) = a.g(Fx (1))-fx (.).G*H(Fx () and g2(:;0) = a.g(2(.))-¢y (.)-G*7H2()).

PrROOF: When Z is normally distributed with zero mean and unit variance, the density of

Y is given by
T 1 —T
t) = / WfX}Z (ﬁ“’\/{t) dz, (22)

where

fx.z (957 y\;;) = 791(56%04)92 (y\;;;a) dMy(a),
0

Therefore, we have
y—x y—x
() (2)
0 y—x 0 Y 7 y—x
= — ) - =1 D -1) —
it (1) = yton (0 (5577)) [ Do (2700)
0

x dMy () — a% log g (cp (7)) 791(95;@)92 (y_\/;;a> dMy(a). (23)

Also, between differentials of the pdf fyx(y | z;t) with respect to y and ¢, there exists a
relation that can be established as follows: Since

0 y—x [ y—=z\ 9 y—x
ath \/E Q) = 2 6:[/92 \/IE Q|

8 (f (- yaé"))

we have

0
afwx(y | x5t) = En Vifx ()

1 y—x

a2 ) * et (= 1)
:_1{(3‘1( x))fy|x(y|:c;t)+(y—33);;fY|X(y33§f)}7
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and therefore,

10

Sy wit) = =2 (0= D)ty | wi0). (24)

We will use the relationships (23) and (24) to calculate the derivative of the entropy of Y.
From (5), the first derivative of the differential entropy of output signal Y is

gth( )= / log fy (y; t)%fy(y; t)dy, (25)

— 00

oo

=— / log fY(?J%t)%EX[fHX(y | X;t)]dy,

—00

oo

—— [ tou el Bx | frixly | X0 dn (26)

— 00

Using (24), (26) is expressed as

oo

50 = 5; [ 0w i s)Bx [ 50= vty | Xi0) | a
— 51 [ 10w e )5 Exl(y = X)fvixty | X:0)lds (27)

— 00

Integrating by parts with respect to y and using (23), (27) can be rewritten as

%h(y) - _QILLOC <aay log fy(y;t)> Ex|[(y — X)fyix(y | X;t)]dy,
_ ;_Z_Z (;y log fy(y;t)> (—y . I) fxz (x y;;) dx dy,
_ ;tZZ (5 08 5:0)) 5oz (225 ) ey
wr | [ (Gpesninn) g (o (%5 >)fX,Z (-2 Y e

log fy (y;1) ) +-logG (‘P

o [ ] (Gsn) 2
oo —oo 0
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— X

X agr(x; ) ge (y\/i’ a) dMy(c)dz dy,

B % / <8y log fY(y?t)) @EX fyix(y | X;t)]dy (28)

—_;Ey {EXY {aay log fy (y;t) (ailogg ((I) (Y\;EX>>
_%logG <<I> (Y\;;())) | Y”
_;Zo 4/<§ylogfy(y;t)>~§yl°gG<¢ (y\;;))

X gy (x; @) ge (y\/;, a> dMy(o)dz dy. (29)

Again, integrating by parts with respect to y and using (20), the first term on the right-hand
side of (28) can be expressed as

% / <(§; log fy(y;t)> %EX[fY\X(y | X;t)]dy

1/0 >
=3 <8y log fY(y;t)> Ex[fyvix(y | X;1)] .
L[ (9%log fy (y:1)
5 [ (TR Bt | X0l
- %J(Y). (30)
and the proof is completed. |

Remark 3.2: Suppose the underlying Archimedean copula is generated by ¥(«a)=
exp(—a). In this case, the copula reduces to the independent copula and 1 (1p=1(«)) =
—exp(—¢~(a)). Thus, g(®((y — x)/vt)) =1 and the third term in (23) becomes zero.
Based on the definition, M, () is the distribution function of a degenerate random variable
a at 1. Hence, the second term in (23) is also equal to zero. Therefore, Theorem 3.1 reduces
to the conventional De Bruijn’s identity, that is, the renown Theorem 1.1 is a corollary of
our Theorem 3.1.

THEOREM 3.3: Consider the channel model (1) and let X be an arbitrary random vari-
able with a finite second-order moment with cdf Fx(x), and Z be a dependent normally
distributed random variable with zero mean and unit variance. Assume that the depen-
dence between X and Z is modeled by a Gaussian copula with the copula density (15). If
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Ex[X® Y (Fx(X))] and Ex[® ' (Fx(X))]? ewist, then:

%h(Y) - (1 —2p2> J(Y) + Ay, (31)
where
A= gy B flow (it By o () (po e ) - T2 v

PrOOF: The density of Y is given by

Ty (y;t) = 7 %fx,z (:Jc, y_\/;) dz.

By using (12) and (15), we have

e 25

_ 1
=P 5= )

@ (Fx(@))]” - 208 (Fx («)) (y\kx> i (y;ﬂ }

1 (@~ (Fx ())]
X mfx (z) exp {2} : (32)
Differentiating of fy (y;t) with respect to t yields
0 L 7 o1 y—x
ittt = [ 5 [Joine (15| )
where
0|1 y—x
7 |vates (=27
1 ( y> {(yazﬁ e Py —x)
20" I\ Ve ) [t ) V(L - p?) '
On the other hand, we have
0 a1 7 0 y—x
st = [ 5 e (0250 | de (34)

Lo e P

g 8
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and
2 1 T 9?2 —x
it | )
R A R [ e T R S
\/E_ZO f“(’ ﬂ) (ﬂu—w) t(l—p2>> t<1—p2>]d'
(37)
Therefore,
0 1—p?\ 82 7 1 y—
Sl = (F55) pe el — [ Sapea (2 25F)
PO (Fx(@)*  p@ ' (Fx(2))(y — =) .
{ {17 tVi(1 — p2) ]d (3%)
Now, using (25) and (38), we obtain
%h(Y):— / (gtfy(y;t)> log fy (y;t)dy, (39)
:_(1—2;) ) / (;)yzfy(y;t)>-10gfy(y;t)dy+/ /%ﬁfxz (x?J;{C)
P e~ (Fx(2)]*  p@ ' (Fx(2))(y — ) ,
P v s sasa (o

The second term in (40) may be rewritten as

J ] ot (22 [Pl et

— 00 —O0

_ 2t(1p_p2)Ey {logfy(Y;t).EXy {(I)l(FX(X)) <p<1>1FX(X) - (Y\/%X)) Y] }

The first term in (40) can be integrated by parts to obtain

oo

_(12p2> / <88;fy(y;t)).logfy(y;t)dy

= (1 ;p2) [(;yfy(y;t)) -log fy(y;t)} : + <1 _2p2> /°° [aayfy(y;t)r ﬁdy.

- (a1)
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So the proof will be completed if we show that the first term in (41) vanishes. We can
rewrite the first term as

o fy (yit)
fy(yit)

The square of the first factor integrates to the Fisher information and hence must be
bounded as y — f+oo. The second factor goes to zero since xzlogz — 0 as z — 0 and
fy(y;t) — 0 as y — +o0o. Hence, the first term in (41) goes to 0 and, thus, we have the
assertion. |

(aayfy(y;t)> log fy (y;t) = [ ] {2\/fy(y;t) log \/fv(y;t)] (42)

Remark 3.4: In the above proofs, we have exchanged integration and differentiation in
(23), (25)—(27), (33), (34), (36) and (39). Strict justification of these exchanges requires
application of the Bounded Convergence Theorem.

Remark 3.5: Setting p = 0 in (31), we shall arrive at the conventional De Bruijn’s identity
(Theorem 1.1) for the case where input signal X and additive noise Z are two independent
random variables, as a corollary.

Remark 3.6: Most signal processing algorithms are designed and based on prior knowledge
of signal and noise characteristics. It is therefore natural (and useful) to view them as
Bayesian inference strategies. In this case, A; may be viewed as a posterior mean.

As was shown in Theorem 3.3, the first derivative of the differential entropy of output
signal Y is expressed in terms of a function of the Fisher information. In what follows, we
consider special cases of this result with additive normally distributed noise.

COROLLARY 3.7: Consider the channel model (1) and let X and Z be two dependent random
variables distributed according to a Gaussian copula with standard normal marginals. Then,
the following identity holds:

0 1 p
—h(Y)==(14+—F%) J(Y). 43
50 =5 (145 ) ) (43)
PROOF: Since the random variables X and Z are white Gaussian, the output signal Y is
also Gaussian with zero mean and variance 1+t + 2pv/t. Thus, by using (39), (9/0t)h(Y)
can be expressed as

%h(Y):*/ (gtfy(y;t)) log fy (y; 1)dy,
Tl -(1+2& 21+ 4
:_/ ( ‘/z) + y< ‘/E> 5| fr(st)
Jo20 20V1)  2(1 41+ 2p/1)
1 y?

which simplifies to

9 1+ %)

—h(Y)= —F——.

ot 2(1+t +2pV/1)
Since for the normal distribution, Fisher information is the inverse of its variance, the proof
is completed. |
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Now, using Relation (43), we consider the second derivative of the differential entropy
of output signal Y. One interesting property of the second derivative of the differential
entropy is that it can also be expressed as a function of the Fisher information.

COROLLARY 3.8: Consider the channel model (1) and let X and Z be two dependent random
variables distributed according to a Gaussian copula with standard normal marginals. Then,
the second derivative of the differential entropy is expressed as

o 1 p P\
(V) = =3 J(Y) lM + (1 + \/i) J)|.

In Section 1, Theorems 1.1-1.3 share the analogy of presenting an identity between
expectations of certain functions and expectation of their derivatives. If De Bruijn’s identity
happen to be equivalent to Stein’s identity, it would also be equivalent to the heat equation
identity, because the equivalence between the heat equation identity and Stein’s identity
has been already proved to hold in [5]. Given the channel (1), Park et al. [20] showed the
equivalence among the three identities, provided that the signal X and additive noise Z
are two independent normal random variables. However, as mentioned in Section 1, the
noise characteristics could be highly dependent on the main signal. Thus, signal-dependent
noise is a more realistic assumption in practical applications such as in image transmission
[1], radar [2] , and wireless communications [17]. Now, in what follows, we shall establish
the existence of similar relationships among Stein’s identity, heat equation identity and our
extended De Bruijn-type identity mentioned in Relation (43). A corollary of this result is the
fact that the whole set of applications established via Stein’s identity could be transferred
and proved into the realm of this new version of De Bruijn’s identity.

(44)

THEOREM 3.9: Consider the channel model (1) and let X and Z be two dependent ran-
dom variables distributed according to a Gaussian copula with the copula density (15) with
standard normal marginals. If we define the function r(Y') in (8) as

ryit) = —% log fy (4: 1), (45)

then Stein’s identity is equivalent to De Bruijn-type identity in (43). Moreover, if we define
g(Y) in (9) as

g9(y;t) = —log fy (y3t), (46)
then De Bruijn-type identity in (43) is also equivalent to the heat equation identity.

PROOF: Similar to the proof of Theorem 3 in [5], the equivalence is proved by showing that
each identity is derived from the other one. First, in Stein’s identity, the required function
is defined as:

0
r(y;t) = *afylog fy (g3 ).

Then, the identity in (43) is derived from Stein’s identity as follows:

% (1 + \2) J(Y) = % <1 + \2) By [ég/r(Y;t)}
1

= — L r(Y; = My
- o (1+ ﬁ)Equ,t)(Y iy ) (47)
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Therefore, since py = 0, the right-hand side of (47) takes the form

! p | () ,
E <]. =+ \/£> EY [T(Yyt)(y — ,UY)] - mEY [Y’I”(Y,t)],
= %h(Y)Ey [Yr(Y;t)]. (48)

But by integration by parts, we have Ey [Yr(Y;t)] = 1, which yields the result.

Second, we show that Stein’s identity is derived from De Bruijn-type identity in (43).
In our case, as shown above, the left-hand side of (8) is equal to 1. So, we ought to prove
that Ey[(0/0Y)r(Y,t)] = 1/o%. This is true using the identity in (43), because we have

0
By | grivio] =g,
~ 25n(Y)
1+
v
1+t + 2o/t

)

1
—. 49
3 (49)
Therefore, the equivalence between the new version of De Bruijn’s identity and Stein’s

identity is proved. Since the equivalence between Stein’s identity and the heat equation
identity is proved in [5] in general, the proof is completed. [ |

4. APPLICATION

As mentioned in [9] and [22], De Bruijn’s identity has wide applications in a variety of areas
such as information theory, estimation theory and so on. Similarly, De Bruijn-type identities
mentioned in this paper can be adopted in many applications. Here, we reveal one of its
applications in information theory.

The entropy power inequality (EPI) is a basic and powerful tool in information theory.
It has been used very effectively in proofs of converse results for various channel coding
theorems; indeed this was Shannon’s original motivation in introducing it in [23]. Another
famous application to Gaussian broadcast channels was developed by Bergmans [4], and this
was significantly generalized in an important (and much more recent) paper of Weingarten,
Steinberg, and Shamai, [26] to the Gaussian multi-input multi-output (MIMO) setting.
Numerous variants and generalizations of the EPI such as a classical EPI [25], Costa’s
EPI [6], and an extremal inequality [16] were proposed by several different authors. Here,
we will present a new version of the classical EPI in the case when the summands are
dependent. The EPI for dependent variables finds its application in entropy-based blind
source separation of dependent components.

THEOREM 4.1: Consider the channel model (1) and let X and Z be two dependent random
variables distributed according to a Gaussian copula with the copula density (15). Then,
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under the following condition:

(J(Y) + A7)

9
() + A < - LA, (50)
where Af = 2A;/(1 — p?), we have
82
s V(X + VtZ) <0, (51)

that is, N(X +\/1Z) is a concave function of t.

PrOOF: The second derivative of the entropy power N(Y) is

0? 0 0 0?

= 2N(Y) {2 (;mm) + thh(Y)}, (52)

where Y = X + /tZ. Since N(Y') > 0, proving the inequality in (51) is equivalent to proving
that:

2 <§th(Y)> < —%h(Y). (53)

Using the identity (31), the inequality in (53) is expressed as

24; \° B 24, 1
(J(Y) + 1 _p2> <o (J(Y) + 1_p2) T (54)

and thus the proof is completed. |

Remark 4.2: Consider an additive white Gaussian noise channel. Given the channel model
(1), let X and Z be two dependent random variables jointly distributed according to a
Gaussian copula with standard normal marginals. Then,

1

T 1vtt2pt

p 1
Al = —— —
' 1—/’2(p+\/73>7

and the condition (50) is satisfied. Therefore, for p > 0, N(X + v/tZ) is a concave function
of t.

J(Y)

and

5. CONCLUSION

In this paper, we have introduced new versions of De Bruijn’s identity considering the
statistical dependence of the input signal and additive noise based on the copula theory.
First, it was proved that the derivatives of the differential entropy can be expressed in
terms of Fisher information. Second, the equivalence among Stein’s identity, heat equation
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identity and De Bruijn-type identity was established under certain conditions. Then, an
application of our main results in information theory was provided. It is worth mentioning
that we believe that a broad range of problems (in probability, decision theory, Bayesian
statistics and graph theory) could be considered as potential applications of the proposed
results.
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