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Reliability properties associated with the classic models of systems with age replacement
have been a usual topic of research. Most previous works have checked the aging proper-
ties of the lifetime of the working units using stochastic comparisons among the systems
with age replacement at different times. However, from a practical point of view, it would
also be interesting to deduce to which aging classes the lifetime of the system belongs,
making use of the aging properties of the lifetime of its working units. The first part of
this article deals with this problem. Further along, stochastic orderings are established
between the systems with replacement at the same time using several stochastic compar-
isons among the lifetimes of their working units. In addition, the lifetimes of two systems
with age replacement are compared as well. This is performed assuming stochastic order-
ings between the number of replacement until failure, and the lifetimes of their working
units conditioned to be less or equal than the replacement time. Similar comparisons are
accomplished considering two systems with age replacement where the replacements occur
at a random time. Illustrative examples are presented throughout the paper.

Keywords: age replacement, aging classes, parallel systems, random time replacement, stationary
pointwise availability, stochastic orders

1. INTRODUCTION

A natural way to improve the reliability of systems is implementing a replacement policy
for a unit after it had been working for a period of time. Acting in this way it is possible to
avoid system failures and periods of inactivity. Stochastic properties of lifetimes of systems
with planned replacement policies have been widely studied and the age replacement policy
comes up as one of the most studied kinds of replacement [29]. Under an age replacement
policy, it is supposed that a single unit works upon failure or upon a specified age T,
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when a replacement by a new unit occurs, whichever comes first. The times of replacement
are assumed as instantaneous. We assume that the lifetimes of all units to be placed in service
are independent and equally distributed with the same distribution of a random variable
X, which has finite mean, distribution function F, survival function F' = 1 — F and density
function f. Let us denote by 7x 7 the lifetime of the system with age replacement planned
at T > 0. It is well known, see for example [4], that the survival function and the density
function of 7x 7, denoted by ij and fx r, respectively, satisfy

Fxalt) = [F(T)WOF (t - m T) |
rar(®) = )0 (1= | 1] 7).

for all ¢ > 0, where |z | stands for the greater integer less or equal than x.

Systems with age replacement are important for practical and theoretical reasons.
These systems have been used to characterize some aging classes. For example, Barlow and
Proschan [4,5] prove that the lifetime of a system with age replacement, 7x 7, is stochasti-
cally decreasing (increasing) in 7' if and only if X € IFR (X € DFR). They also consider a
model where the time until replacement is random and all lifetimes and times until replace-
ment, are assumed independent. A similar result for the discrete-time version of the age
replacement model is proved in the recent work of Sudheesh et al. [40].

Marshall and Proschan [24] provide characterizations of NBU (NWU) and NBUE
(NWUE) aging classes using the age replacement model. They show that X < (>4 )7x 1
for all T > 0 if and only if X € NBU (X € NWU). Furthermore, u = E[X] < (>)E[rx 7] for
all T > 0 if and only if X € NBUE (X € NWUE). See also [33] for these and other results
associated with models with replacement policies. Similar characterizations are deduced by
Belzunce et al. [6] for the increasing convex order and its associated new better than used
class. In Theorem 2.6, we analyze the hazard rate and likelihood ratio orderings between X
and 7x 7 when X belongs to IFR (DFR) and ILR (DLR) aging classes, respectively.

Those previous results characterize the aging properties of the random variable X using
the random variable Tx 7, for T' > 0. However, in practical situations, it would be interesting
to deduce some properties of 7x 7 using the aging class to which X belongs. In this direction,
we provide several results: in Theorem 2.1, we prove that 7x o € NBU (7x1 € NWU),
whenever X € IFR (X € DFR). Moreover, in Theorem 2.2, we prove that 7x,+ € DMRL,
or 7x,7 € IMRL, if and only if it has exponential distribution.

It is well known, see for example [4], that

T
/ F(z)dx
0
)

(1)

Elrxr] = (2)
Marshall and Proschan [24] point out the lack of relation between the monotony of E[rx 7]
in 7' and the most common aging classes. As they noted, X € IFR implies that E[rx 7] is
decreasing in 7', and that implies X € NBUE. Furthermore, both implications are false in
the opposite sense. Due to this fact, some authors, as Klefsjo [18], Knopik [19,20], Kayid et
al. [15] and Nair et al. [28], study the Decreasing Mean Time to Failure (DMTTF) aging
class. See also the related work of Li and Xu [22] where the equivalent aging notion of
new better than renewal used in the reversed hazard rate order (NBU,y) is defined and
studied. We say that X belongs to the DMTTF class, denoted by X € DMTTF, if E[rx 7]
given by (2) is decreasing in 7' > 0. It is well known that DMTTF C NBUE [4,18] and

https://doi.org/10.1017/50269964821000036 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964821000036

662 J. Corujo and and J. E. Valdés

IFR ¢ DMTTF [20]. Kayid et al. [16], Izadi et al. [12] and Ali Khan et al. [17] consider
generalizations of this aging class.

The following characterization of the DMTTF and IMTTF aging classes can be
obtained: X € DMTTF (X € IMTTF) if and only if E[rx r] > 1/X\T) (E[rx,r] < 1/X(T)),
where A = f/F is the hazard rate function of X. Besides, E[rx 7] is constant in 7" only if X
is exponentially distributed (cf. [19]). The equivalent results are obtained for the discrete-
time age replacement model in [40] Thms. 3.1 and 3.2. In Corollary 2.4, we obtain another
characterization of the DMTTF and IMTTF aging classes proving that X € DMTTF
(X € IMTTF) if and only if 7x € NBUE (7x v € NWUE) for all T > 0.

Consider we have two systems with age replacement whose units have lifetimes X; and
X5, respectively, and with time until replacement 7" > 0 for both systems. It is natural to
ask for the relation between the stochastic orderings that X, Xy and 7x, r, 7x,,r satisfy.
For example, Asha and Unnikrishnan Nair [3] and Kayid et al. [15] study the comparisons
of the mean lifetimes of two systems with age replacement. Jain [13] Thm. 32 extends these
results proving that X; > X, if and only if 7x, 7 > 7x, 7, for all " > 0; where > denotes
the usual stochastic order, the hazard rate order or the likelihood ratio order (see also the
work of Block et al. [8] related to the usual stochastic order). In Theorems 2.8 and 2.9, we
obtain similar results for the reversed hazard rate order, the mean residual lifetime order
and the increasing convex and concave orders. Possible applications of these results are also
commented.

The existing results on stochastic orders for comparing parallel systems with constant
and random number of units [9,32], allow us to establish stochastic orderings between the
lifetimes of two parallel systems with age replacement. We consider a parallel system with
age replacement with a constant number of units, and also the case where the number
of units is random. These models have recently received considerable attention, and opti-
mization studies have been carried out to determine the optimum replacement time that
minimizes a defined cost function [10,29,30,44]. For the random-size parallel system with
age replacement, we particularly focus on the case where the number of units is given by a
truncated Poisson distribution, as it is considered, for example, by Nakagawa and Zhao [31]
and Zhao et al. [44].

The last part of the present work deals with the system with replacement occurring at a
random time. Similarly to the age replacement models, the optimal replacement time which
minimizes a given cost function has been extensively studied on models with replacements
at random time [30,44]. However, as far as we know, stochastic orderings between lifetimes
of such systems have not been studied. For the sake of filling this gap, lifetimes of two
systems with this kind of replacement are compared using the usual stochastic order and
the Laplace transform order. In order to exemplify the applications of these results, we
compare the lifetimes of two systems with replacement first or replacement last, that is,
where the replacement time is given by the minimum or the maximum of n independent
random times and a fixed time 7' > 0. Our study of both the random size parallel systems
with age replacement, and the systems with replacements at first and last, is motivated by
their possible application to real-life systems as it is reviewed in [44, Sect. 10.]

We must emphasize that the lifetimes of systems with replacement at random time are
considerably more difficult to compare than the lifetimes of systems with age replacement
previously considered. In general, it is necessary to assume stronger aging properties to
get weaker order relations. For this reason, we also compare the mean lifetimes and the
stationary pointwise availabilities of two systems as other measures of their reliability. The
stationary pointwise availability of systems with replacement has been previously considered
as a measure of the reliability of such systems. Moreover, the stationary pointwise availabil-
ity of systems with replacement has been used to construct cost functions in studies about
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F1GURE 1. Relations among the aging classes in Definition 1.1.

determining the optimal replacement time. See, for example, the works of Angus et al. [1],
Zhao et al. [44] and Park et al. [34].

The rest of the paper is organized as follows: Section 1.1 provides the definitions of aging
classes and stochastic orders we use in the sequel. Section 2 deals with the system with age
replacement where the time until replacement is constant. Section 2.1 mainly deals with
the results associated with aging classes and Section 2.2 is devoted to the results associated
with stochastic orderings. Finally, Section 3 studies a system with replacement at a random
time.

1.1. Background on Stochastic Orders and Aging Classes

During this work, we assume that all lifetimes and times until replacements are nonnega-
tive absolutely continuous random variables with finite means. Throughout the article, the
terms increasing and decreasing are used in the non-strict sense. The following definitions
introduce some well-known concepts related to stochastic orders and aging classes.

DEFINITION 1.1 (Aging Classei): Let X be a nonnegative random variable with density
function f, survival function F and finite mean p. We say that X belongs to the aging
class

(a) New Better (Worse) than Used in Expectation, denoted by NBUE (NWUE), if
[ F(x)de < (=) p F(t) forallt >0,

(b) Decreasing (Increasing) Mean Time to Failure, denoted by DMTTFE (IMTTF ), if the
function mx (t) = fot F(x)da/F(t) is decreasing (increasing) in t > 0,

(c¢) New Better (Worse) than Used, denoted by NBU (NWU ), if F(x +t) < (>)F(x)F(t)
forall xz,t € Ry,

(d) Decreasing (Increasing) Mean Residual Life, denoted by DMRL (IMRL), if

(o)
px(®) = [ Fla)da/F0)
t
is decreasing (increasing) in {t > 0: F(t) > 0},

(e) Increasing (Decreasing) Failure Rate, denoted by IFR (DFR), if F(x +t)/F(x) is
decreasing (increasing) in {x > 0: F(z) > 0} for allt >0,

(f) Increasing (Decreasing) Likelihood Rate, denoted by ILR (DLR), if f(x +t)/f(z) is
decreasing (increasing) in {x > 0: f(x) > 0} for all t > 0.

Figure 1 shows the relations among the aging classes in Definition 1.1.
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FIGURE 2. Relations among the stochastic order in Definition 1.2.

Let us denote the hazard rate of X by A(t) = f(¢)/F(t), which is defined for all t > 0
such that F(t) > 0. It is well known that X € IFR (X € DFR) if and only if A is increasing
(decreasing) in its domain.

For a nonnegative integer-valued random variable N, these aging classes are analogously
defined. For example, we say that N is IFR (DFR) if P[N = n|/P[N > n] is increasing
(decreasing) in n € N. Analogously, we say that NV is ILR (DLR) if P[N = n + m]/P[N = n]
is decreasing (increasing) in n € N, for every m € N. Moreover, as in the continuous case,
we have ILR C IFR and DLR C DFR. See Barlow and Proschan [5], Lai and Xie [21] and
Unnikrishnan Nair et al. [28] for more details about these aging notions.

DEFINITION 1.2 (Stochastic orders): Let X; and X5 be two nonnegative random variables
with finite means and with density functions fi and f2, distribution functions Fy and Fy
and survival functions Fy and Fo, respectively. We say that X1 is greater than X in the

(a) Laplace transform order, denoted by X; >14 Xa, if fooo Fi(t)estdt > fooo Fo(t)
e stdt, for all s >0,

(b) Increasing convex order, denoted by X1 >icx X2, if ftoo Fi(z)dx > ftoo Fo(z)dx, for
all t > 0,

(¢) Increasing concave order, denoted by X1 >icy Xa, if fg Fi(z)dx > fg Fo(z)dx, for
allt >0,

(d) Harmonic mean residual lifetime order, denoted by X1 >nmn Xa, if

Ty (2) * Fy(a)
/t B, 2 / E[X,)
for allt >0,

(e) Mean residual lifetime order, denoted by X1 >mn Xo, if ftoo Fo(x) dx/ftoo Fi(z)da
is decreasing for all t > 0 such that [ Fi(x)dx >0,
(f) Usual stochastic order, denoted by X1 >g Xo, if F1(t) > Fa(t), for allt >0,

>
(9) Reversed hazard rate order, denoted by X1 >, Xo, if F1(t)/F(t) is decreasing for
allt >0,
(h) Hazard rate order, denoted by X1 >ny Xo, if Fo(t)/F1(t) is decreasing for all t >0
such that F1(t) > 0,

(i) Likelihood ratio order, denoted by X1 >1, Xo, if fo(t)/f1(t) is decreasing for allt > 0
such that fi(t) > 0.

The relations among these stochastic orders are shown in Figure 2.
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For a nonnegative integer-valued random variable N, its probability generating function,
denoted by ¢y, is defined as follows:

bn :t € (0,1)— E[tV].

A stochastic ordering between two nonnegative integer-valued random variables, Ni and
Ny, can be defined using the probability generating functions of these random variables,
which turns to be equivalent to the Laplace transform ordering. Indeed, we say that N is
greater than Ny in the sense of the probability generating function, denoted N1 >, Vo, if
On, (1) < o, (1), for all t € [0,1]. Ny >0 No is thus equivalent to E[fe=*M] < E[e~*N2], for
all s > 0, which is equivalent to Ny >1 No.

Denote by A1 and Ay the hazard rates of X; and Xs, respectively. The ordering X1 >,
X holds if and only if Aj(¢) < Ao(t), for all ¢ > 0. Similarly, X; >, X2 if and only if
r1(t) > ro(t), for all t > 0, where r; = f;/F; is the reversed hazard rate of X;, for i = 1,2.
A deeply treatment of these and other stochastic orders can be found in Miiller and Stoyan
[27], Shaked and Shanthikumar [37] and Belzunce et al. [7].

Consider the following sets of functions:

Gen = {g : R? = R such that g(z,y) — g(y, x) is increasing in z for all 2 < y},
Gir = {g: R? = R such that g(z,y) > g(y, x) for all 2 > y}.

These sets of functions can be used to characterize the reversed hazard rate and
likelihood ratio orders.

PROPOSITION 1.1 (Characterization of rh and Ir orders): Let Xy and Xa be two independent
absolutely continuous random variables. Then,

(a) X1 >m Xo if and only if E[¢p(X1, X2)] > E[p(Xe, X1)], for all ¢ € G,
(b) X1 > Xo if and only if E[¢(X1, X2)] > E[¢(X2, X1)], for all ¢ € Gy,.

See [38] Thm. 2.3 and [37] Thm. 1.B.48 for the proofs of these results.

A nonnegative function h : R? — [0, 00) is said to be totally positive of order 2 (TPs)
if h(x1,y1)h(z2,y2) > h(xa, y1)h(z1, y2), for all 21 < a9 and y1 < yo, see [14]. The following
characterizations of IFR and DFR aging classes can be found in Propositions B.8 and B.9
of [23].

PROPOSITION 1.2 (Characterization of IFR and DFR aging classes): Let X be an absolutely
continuous random variable. Then,

(a) X € IFR if and only if F(y — x) is a TPy function in (z,y),
(b) X € DFR if and only if F(z +y) is a TPy function in (z,y).

The Gamma and the Weibull distributions are two of the more used distributions to
model the lifetimes and repair times of components in reliability theory [25,29,30]. We
say that a random variable X follows a Gamma distribution with parameters «, 8 € (0, 00),
denoted X ~ Gamma(a, (), if it has density f(x) = B(8z)* e 57 /T'(a), for all x > 0. Also,
X follows a Weibull distribution with parameters a, 8 € (0, 00), denoted X ~ Weibull(a, 3),
if it has density f(z) = Baz®te=B=" for all z > 0. In Table 1, we show sufficient conditions
to order two random variables with Gamma or Weibull distribution according to some of
the stochastic orders in Definition 1.2. See Taylor [41], Miiller and Stoyan [27] and Belzunce
et al. [7] for the proofs of these and further results.
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TABLE 1. Sufficient conditions to order two Gamma or Weibull random variables

X1 > Xo X1 Zmn X2 X1 Ziev X2
X; ~ Gamma(ay, 8;)
fi(z) = Bi(Biw)™ L e T (ay) ar > o a1 < a B1 > B2
E[X;] = «;/B;, i = 1,2 B1 < B2 E[X1] > E[X3] E[X1] > E[X2]
Xi ~ Weibull(ozl-, ﬂi)
filz) = Biazz®i~te e al = as a1 < as a1 > as
E[X;] = (8;) Y T(1+ 1/ay), i = 1,2 B1 < B2 E[X1] > E[X2]  E[Xi] > E[X2]

2. RESULTS ON SYSTEMS WITH AGE REPLACEMENT

This section is devoted to the study of the lifetime of systems with age replacement at
age T > 0 using aging classes and stochastic orders. In Section 2.1, we study the relation
between the aging classes to which X and 7x 7 belong. In Section 2.2, we establish stochas-
tic orderings between the lifetimes of two systems with age replacement using stochastic
orderings between the lifetimes of the working units.

2.1. Aging Classes

The relation between 7x 7, and 7x,7,, when X belongs to an aging class, has been widely
studied. However, as far as we know, it has not been analyzed the aging classes to which
Tx,r belongs, using aging properties of X. The following results deal with this problem.

THEOREM 2.1: If X € IFR (X € DFR), then 7x1 € NBU (rx.7 € NWU), for all T > 0.

Proor: To prove 7xr € NBU, we have to check the inequality Fxr(z)Fxr(t) >
Fx r(x +1t) for all nonnegative = and ¢, where Fx 1 (t) is defined as in (1). This inequality
is equivalent to

F(T)| e/ T+ TIE (x - %J T) F <t - HJ T> > [F(T)|Le+/TIE (x vt r; tJ T

(3)
As [(x+1t)/T] = [t/T] + |z/T] or |[(x+1t)/T|=|t/T|+ |«/T|+1, we can focus our
attention on the following two excluding cases:

Case 1: |(z+1t)/T| = [t/T|+ |x/T|
In this case, (3) can be written as

Flo-|3)0)F (o= | 7| 7) 2 F (o [F]Toe- 5] 7). @

Then, for (4) to hold it is sufficient that F(w)F(z) > F(w + 2) for all w > 0 and
z > 0 satisfying w + z € [0, T)]. So, the inequality (3) holds because X € NBU.

Case 2: |(z+1t)/T| = [t/T|+ |=/T|+1
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Now, (3) is equivalent to

F(x— E{JT)F(t— HJ T) zF(T)F(x—i—t— %JT— BJT—T>. (5)

Let us suppose, without lost of generality, that ¢t — |t/T|T <z — |z/T|T <T.
Then, the following inequalities hold

T>a- %Jth— HJTME— %JTH— H,JT—T.

Hence, (5) is true when F(21)F(x4) < F(x2)F (x3) for z; > x5 > 23 > x4 such that
x; €[0,T],7=1,2,3,4. So, (5) is satisfied when F(y — ) is a TP5 function in (z, y),
or equivalently by part (a) of Proposition 1.2, when X € IFR.

The proof when X € DFR can be analogously obtained using part (b) of Proposition
1.2. |

REMARK 2.1: It is easy to see that if X is increasing (decreasing) in [0, T, then Tx v € NBU
(tx,r € NWU). Thus, Tx 1 could belong to NBU even if X ¢ IFR.

When X has probability density, so does 7x 1 and its hazard rate, denoted by Ax r,
satisfies Ax 1 (t) = A(t — [t/T|T), for all t > 0. As Ax p is a periodic function, it is mono-
tonic if and only if it is constant. So, 7x v € IFR (DFR) for all T > 0 if and only if it is
exponentially distributed, that is, 7x 7 ¢ IFR(DFR) except when there exists a A > 0 such
that F(t) = e~ for all ¢t € [0, T], which implies F'x 7(t) = e=**, for all ¢ > 0. In Theorem
2.2, below we set a stronger result considering the DMRL and IMRL aging classes.

First, let us denote by px 7 the mean residual lifetime of Tx v and denote x = nT + h,
where h € [0,T) and n = |x/T| > 0. Next, we will obtain an expression for px . Note that

. o0 FX/T(J? + t) . 1 < _
o) = [T = /x Frlt)dt. 6)

Furthermore,

o (n+)T o o
/ Fxp(t)dt = / Fxr(t)dt + / Fxr(t)dt
T x (n+1)T

(n+1)T ) (k)T
_ / Fxrt)di+ Y / Fr(t)dt
T k

k=n+1 T
= [F(D)]" A:::T F(t—nT)dt + kgl[F(T)]k /};H)T F(t—kT)dt.
Then,
~ e [ T FOI T
| Fxatar=Fay [ Fwans FEEE [ R )
Moreover,
Fxr(z) = [F(T)]"F(h). (8)
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Thus, plugging (7) and (8) in (6), we get

1 /T F(r) [T

ux,r(T) = =— Fudu—|—7/Fudu7 9
(@) F(h)<h wdu+ o [ F ) ®)
for x =nT + h, with h € [0,T), and n = |/T| > 0.

THEOREM 2.2: 7x 7 € DMRL (IMRL) if and only if it is exponentially distributed.

PROOF: Suppose px 7 is monotonic. As px 7 is a periodic function, it must be constant.
Let us define ¢ = E[7x 7] = ux,7(0). Using (9), we get px 1 is a constant function if and
only if

T
/ F(u)du = c[F(h) — F(T)], for h€[0,T).
h
The solution of the previous integral equation satisfies F(h) = e~"/¢, for h € [0, T]. Conse-

quently, using (1), we obtain that 7x  is exponentially distributed. The converse implication
is trivially true. |

THEOREM 2.3: 7x v € NBUE (7x,r € NWUE) if and only if E[rx 5] > (<)E[rx 7] for all
h € [0,T].

PrOOF: Using (2) and (9), we know that 7x » € NBUE if and only if

T = T = T
/ F(u)du + LE) / F(u)du < Lj)/ F(u)du,
h 1=F(T) Jo 1=F(T) Jo
for h € [0,T"). This inequality is equivalent to

= (T F() - F(D) [T
/OF(u)duf/O F(u)duf/h F(u)du < | FT) /OF(u)du

< [1— i:?((;))] /OTF(u)du.

Rearranging conveniently we obtain the equivalent inequality

T h
E[TXJ"] = ﬁ/o F(U) du < ﬁ\/{; F(u) du = E[TX,h]a

which proves the result. The case 7x 7 € NWUE can be analogously obtained. |

Suppose that a system with age replacement at time 7T is already functioning, and it
must be decided if a sooner replacement policy should be implemented or not. Because
of the definition of the DMTTF aging class, when X € DMTTF a smaller time between
replacement always increases the expected lifetime of the system, but this is not necessarily
true for other (not stronger) aging classes. Moreover, if the system is already working,
the lifetime data we can collect come from the lifetime of the system with replacement,
and not from the unconditioned lifetime of a working unit without a replacement policy
implemented. Theorem 2.3 offers a solution in this case because it is sufficient to check that
7x 7 € NBUE to ensure that E[rx r] < E[rx ], for all h € (0,T]. The hypothesis 7x 1 €
NBUE could be accepted using some of the existing statistical tests. We refer the interested
readers on these kind of tests to [2,21,39], and the references therein.
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7] — 3aE[rx,r]

T T T T T ]
0 2 4 6 8 10 12 14 16 18 20
aT

FIGURE 3. Plot of 3aE[rx 7] as a function of aT.

EXAMPLE 2.1: Let us consider a random variable X with survival function

_ 1 2
Fx(t)=1-|1— ——
=1 1= o)
where a > 0. The expected value of Tx  can be computed using (2) and is equal to

1 (o + 1)(5a*T? + 9aT + 3)
3 aT(aT + 2)?2 ’

Elrx,r] = for T > 0.

This example was considered first by Weiss [42]. In Figure 3, we can see that 3aE[Tx 1]
is not monotonic as a function of oT. Also, as « is fized, the global minimum of E[rx 1| is
attained when o = \/6/2 Thus, by Theorem 2.3, we have that Tx 7 € NBUE if and only
if T < \/6/2&.

Note that since the graph of 3aE[Tx ] crosses its limit value when T tends toward
infinity, namely 3cE[X] =5, we get that X in not NBUE, neither NWUE. However, it
can be set up a replacement policy at age T € (0,4/6/2a) such that 7x 1 is NBUE, and
equivalently E[rx ] > E[rx 1], for all h € (0,T]. However, from a practical point of view,
as Weiss [42] points out, it is inadvisable to set a replacement policy up unless

E[TX’T] Z Thm E[TX7T] = E[X] = 5/3057
or equivalently oT < (v/34 —4)/6 =~ 0.3052. Indeed, for a planned replacement at T such
that E[rx 1] < E[X], it would be better not to implement a replacement in the sense of the
expected value.

The following result is a consequence of Theorem 2.3.

COROLLARY 2.4: X € DMTTF (IMTTF) if and only if x,r € NBUE (NWUE) for all
T2>0.

In Theorem 2.1, we proved that X € IFR is a sufficient condition for 7x r € NBU to
hold. One could ask if X € NBU is a sufficient condition for 7x + € NBU. The following
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(a) Plots of functions A and A. (b) Plot of E[rx,r].

FIGURE 4. Plots of (a) functions A and A, and (b) the expectation E[rx 7] as a function
of T

example gives us a negative answer to this question showing that X € NBU is not even a
sufficient condition even for 7x + € NBUE to hold.

EXAMPLE 2.2 (X € NBU and 7x v ¢ NBUE): Let X be a random variable with hazard rate
function X and cumulative hazard rate function A satisfying

2 if x € 10,1/2],
AMz)=1< —2(x—-1) ifxe(1/2,1],
x if x € (1,00).
. 22 if v €10,1/2],
A) :/ MOt =4 —(@—12+1/2 fae(1/21],
0 22/2 if x € (1,00).

Figure 4(a) shows a plot of these functions.

Then, X has survival function F(x) = e ™) It can be shown that Az +t) > A(x) +
A(t) for allx and t in Ry, thus X € NBU. However, A is not monotonic, so X ¢ IFR. Also,
as it is showed in Figure 4(b), E[rx 1| is not decreasing in T. Then, from Theorem 2.3, there
are values of T such that Tx v ¢ NBUE. For ezample, taking Ty = 3/4 and T =1, we get
Elrxm ]~ 1.7976 and E[rx 1| ~ 2.012. Thus, even if X € NBU and T1 < T, the inequality
Elrxm] < E[rxr] holds, and consequently 7x v ¢ NBUE.

Marshall and Proschan [24] prove that X <y 7x 7 (X >4 7x 1) for all T > 0 if and
only if X € NBU (X € NWU). In a similar way, the following lemma provides necessary
and sufficient conditions for stochastic orderings in the hazard rate and the likelihood ratio
senses between the lifetime of a system with replacement and the lifetime of its units.

LEMMA 2.5: Let X be an absolutely continuous random variable. Then,

(a) Tx1 >n X (Tx1 <ne X), for allT > 0, if and only if (F(z + y))/F(z) is decreasing
(increasing) for x € [0,y] and for all y > 0.

b) rx1 > X (tx1 <i X), for all T >0, if and only if (f(x +y))/f(x) is decreasing
(increasing) for x € [0,y] and for all y > 0.
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PrOOF: (a) We will prove the result for 7x 7 >y, X. The proof for 7x 7 <, X is analogous.
Due to the continuity of F'(t), the function

Fr/TiE (¢ | L
F?égt):[F(T)]L/TJ];(Ej {TJ T) o)

is also continuous. Then, to prove that (10) is increasing is equivalent to check the function
F(t—(n—1)T)/F(t) is increasing in t € [(n — 1)T,nT), for alln € N. Let us denote z = ¢ —
(n —1)T. Thus, Tx7 >n X if and only if F(z)/F(z + (n — 1)T) is increasing in z € [0, T]]
for all T > 0 and n > 1. Setting n = 2 and T = v, it is clear that F/(x)/F(z + y) is increasing
for x € [0, y] and for all y > 0.

Now, we will prove the converse implication. Assume F(z)/F(x + y) is increasing in
x € [0,y], for all y > 0, and let m be a natural number. Then, F(x)/F(z +mT) is increasing
for « € [0, T] because it is for « € [0, mT] D [0,T].

(b) The proof is very similar to the previous case. |

The next result follows straightforward from Lemma 2.5.

THEOREM 2.6: (a) If X € IFR, then tx 1 >n X, for all T > 0.
(b) If X € ILR, then tx,r > X, for all T > 0.

Moreover, using that the hazard rate function of 7y r satisfies Ax r(t) = A(t — |¢t/T|T),
for all ¢ > 0, we get the following result.

PROPOSITION 2.1: If sup,c(o,7) A(t) < infre(r o) A(t), then 7x 1 >ne X.

Proposition 2.7 shows that the ordering 7x 7 >n, X can hold even when X ¢ IFR. For
instance, consider a random variable X with hazard rate A as in Example 2.2. It can be
proved that 7x 7 >py X for all T > 1.

2.2. Stochastic Orderings

Let us consider two systems with age replacement whose units have lifetimes with the same
distribution of the random variables X; and Xs, respectively. Jain [13] Thm. 32 proves
the existence of stochastic orderings between 7x, v and 7x, + when the same ordering hold
between X; and Xs. Jain [13] considers the usual stochastic order, the hazard rate order
and the likelihood ratio order. The next theorem expands these results considering other
stochastic orders.

THEOREM 2.7: The following statements hold:
(a) The ordering X1 > Xo holds, if and only if T, 7 > Tx,,1, for all T > 0.
(b) If th Fy(u)du/ thfg(u) du is increasing in h € (0,T), then Tx, 7 >l TX,,T-
(c) If F1(T) > Fo(T) and

/OtFl(a:) dz > /Oth(x) dz, (11)

for allt € [0,T], then Tx, 1 Zicv TX,,T-
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672
PROOF: (a) The reversed hazard rate of 7y, 1, denoted by rx, r, satisfies

Fi(D) YT filt — [¢/T)T)
(D)W (t = [¢/T]T)

ri(t = [¢/T]T)
Fi(D)WTIF(t - [t/T]T))) + 1

(1= [Fo(T))/mh) /([F

[

()T S R

rx;,7(t) = F
(12)

where r; is the reversed hazard rate of X;, for i = 1,2
Note that for ¢ € [0,T], we get rx, r(t) = ri(t), for i = 1,2. So, if 7x, 7 >n Tx, 1, for
>rh X2.

all T > 0, then rq(t) > ro(t) for all t > 0, and consequently X1
>h Xo, then 7x, 7 > Tx, 7. The ordering 7x, 7 >h Tx,, 1

Now, let us prove that if X
is equivalent to rx, v(t) > rx, r ( ), for ¢ > 0, which using (12) becomes equivalent to

1 — [Fo(T))W/T)
ri(t—|t/T|T) |:[F2(T)]|_t/Tj Fy(t— [t/T]|T) - 1]
— [Fy (1)) /™
(T )}Lt/TJFl(t — [t/T]T) " 1} '

>ro(t — |t/T|T) [

¥

As rq(t) > ra(t), for all ¢ > 0, it is sufficient to check the inequality

1 (Fy(m) ")

1 [Fa(m) /™)
(DIt = 14/T]T)

[

[Fo(T)] /T Byt — [¢/T]T) ~ [Fo(T
which can be written in the way
YCa) s C RARRY Gy i
St [T
[1 + FI(T) T ( )]Lt/TJ_l] (13)

2 B I F ) 7T

Since F'1(T) > F2(T), a sufficient condition for the inequality (13) to hold is
£(T) N 1C))
Fy(t—[t)T|T) = Fi(t—|t/T|T)"

But this last inequality is equivalent to
F(t = [t/T|T)
T (- 1t/T]T)

>.n X2, the function Fy(t)/Fi(t) is increasing for all t > 0

and it is true because, as X3
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(b) Using (7), it can be seen that the ordering 7x, 7 > Tx,,r is equivalent to

7]

being increasing in h € [0,7] and in n € N, where

— du + E[TXI,T]

— du + E[TXz,T]

Observe that

(14)

where the first inequality holds taking limits when h tends to 7', and the second inequality
is true because by hypothesis the derivative of h — |, }:‘F Fi(u)du/ |, g Fy(u) du with respect
to h is nonnegative.

Taking h=0 in (14), we have F(T)/F2(T)> F1(0)/F2(0)=1, and thus,
[F1(T)/F2(T)]" is increasing in n. Consequently, it only remains to prove that [(h) is
increasing in h € (0,7).

Deriving I(h), we get it is increasing if and only if

T
Fg(h) /h Fl (U) du FQ(h)

GG

_ /T _
7, (;)FQ(T) T ) el (15)

Note that the inequalities Fo(h) th Fi(u)du > Fy(h) th Fo(u)du and Fo(h)/Fo(T) >
F1(h)/F1(T) hold due to (14). Taking h = 0 in (14), we have fOT Fi(u)du > fOT Fo(u)du,
and using Fy(T) < F5(T), we get E[rx, 1] > E[rx, r]. Thus, the inequality (15) holds.

(€) Tx,, 7 Zicv Tx,,7 holds when

t t
/FXl,T(U)dUZ/ FX?"T(U)d’UJ,

0 0

for all ¢ > 0. This inequality is equivalent to

E[TXl,T] — /OO FXl,T(U) du 2 E[TXZ,T] — /OC FX2’T(’U,) du. (16)

Using (2) and (7), the inequality (16) becomes

T
/Eww . e

o n—1 T (u u_[Fl(T)] Fq(uw) du
Ay~ @) AFNN TWTAHUd

T

/ Fo(u)du T = n T

0 Enl n—1 il 7[F2 (T)] F u u
> s P [ Fafwau- | Pawau.
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FIGURE 5. Scheme of a trajectory of the stochastic process modeling the lifetime 7x 7.

which is equivalent to

/ u) du ho
e [ = [Fy(D)]" )+ D) [ Fiu) du

Fq(
Fy(T) 0

T*
/0 Fo(u)du
* TR

Note that

L-[FM" & = (2 s o
—rm PO FEDF e+ FOF, - fori=1,2.

Thus, the result comes from (11) and the inequality [F1(T)]* > [Fo(T)]* forall k > 1. W

We remark that the use of the increasing concave order has not been so common in
reliability. Recently, Mercier and Castro [26] use this stochastic order notion for comparing
the lifetimes of systems with imperfect maintenance actions modeled as a Gamma process,
which is, in some sense, a generalization of the classical system with age replacement.

Let XM, X® . be independent random variables with the same distribution of X
such that X (™) is the lifetime of the unit which starts to work after the (n — 1)th replace-
ment. Thus, the interval from the (n — 1)th replacement to the nth replacement or the
failure of the system, whichever occurs first, is given by Z(™ = min{ X T}, for all n > 1.
The random variables Z(1), Z®?) . are independent and equally distributed. The num-
ber of replacements until the failure of the system is the random variable vx — 1, where
vx = inf{n >1: X(™ < T} which has geometric distribution with mean 1/F(T), that is,

Plvx = n] = [F(T)]" "' F(T),

for all n > 1. A scheme of a trajectory of the stochastic process modeling the lifetime of the
system with age replacement is shown in Figure 5.
Note that the lifetime 7x 7 can be expressed as a random sum of independent random

variables as follows:
vx
rxr =320,
n=1

However, the summands in the previous random sum are not independent of the number of
summands. This problem can be solved noting that

Tx,r =st (Vx — )T+ (X | X <T),
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where =4 stands for the equality in distribution. Moreover, the two random variables in
the right side of (17) are independent.

The representation of 7x 1 as a sum of independent random variables could be used
to establish stochastic orderings similar to those in Theorem 2.8, using the existing theory
for comparing the sum of independent random variables (cf. [7,37]). Moreover, this different
approach has a practical interpretation: when we collect data of the lifetime of a system with
replacement, it gives us information about the lifetime of its units conditioned to be smaller
than 7" and about the number of replacements until failure, not about the unconditional
lifetime of the units. Suppose we have two different kinds of units with lifetimes X; and
X5, which have survival functions F; and Fy and density functions f; and fo, respectively.
From a practical point of view, it would be more useful to take advantage of the stochastic
relations between X{ = (X7 | X7 < T) and X} = (X3 | X2 < T) to decide which system has
a greater lifetime, instead of the relations between the unconditional lifetimes of the units.
The next result is similar to Theorem 2.8 but under this different approach.

THEOREM 2.8: The following statements hold

(a) Ifﬁl(T) > F ( ) and (Xl | X < T) Zicx (X2 | X9 < T) then TX,,T >iex TX5,Ts

(b) If F1(T) > Fo(T) and (X1 | X1 <T) >iey (X2 | X2 <T), then 7x, 7 Zicv TXo.T>

(c) If F1(T) > Fo(T) and (X1 | X1 <T) >s (Xo | Xo <T), then 7x, 1 Zst TXo.T>

(d) If fi1(t) < fo(t) for all t€[0,T] and (X1 |X1 <T)>n (Xo| Xo<T), then
TX1,T Zhr TXo, T

(e) If fi(t) < fa(t) for all t€]0,T] and (Xi|X1 <T)>m (Xo| Xo<T), then
TX., T Zrh TXs,T»

(f) (X1 | X1 <T) >, (Xo| Xo <T) if and only if 7x, 7 =1 Tx,,7-

PrROOF: Note that as vx, and vx, are geometric random variables with means 1/F;(T) and
1/Fy(T), respectively. The ordering vy, >4 vy, is thus equivalent to F(T) > Fo(T). In
fact, the ordering vx, >« vx, is also equivalent to the same ordering in the sense of all the
stochastic orders defined in Definition 1.1, and to the inequality E[vx,| > E[vx,].

The increasing concave, the increasing convex and the usual stochastic orders remain
valid under sums of independent random variables, see for example [37]. Thus, the results
in (a), (b) and (c) come from (17).

Let us denote by F x: and fy; the survival and the density functions of X = (X; | X; <
T), respectively, for i = 1 2. Usmg (17), we have

Fx,r(t)=P {in = HJ + 1} Fx <t HJ) +P {uxi > HJ + 1}
= pi(1 —p)"/"Fx, (t - {;J) + (1 —py) /I, (18)

where p; = F;(T), for i = 1,2. From (18), we get

t
Fxom(t) = pi(1=p) " fxs (t - {TD ' (19)
To prove (d) and (e), note that the hazard rate function of 7x, r can be written as

A1) = pi(1—pi)l! (8 — |4 ]) _ pifx:(t—%])
e T (U= p) T (t— [A]) + (L= p) T+ ™ pFs(t — LE]) + (1 —po)’
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for all t > 0 and ¢ = 1,2. The inequality Ax, 7(t) < Ax, 7 (t) becomes equivalent to
pipafx; (@) Fx; () +pi(1 = p2) fx;(x) < pipafxy (@) Fx; (@) + pa(l — p1) fxy (@),

for all z € [0,T]. Note that pipafx;(x)Fx;(x) < pipafxy(@)Fx;(z) holds due to X| >,
X3. Also, as p1 < ps, a sufficient condition for pi(1—pa)fx;(x) < pa(l —p1)fx;(z) to
hold is f1(z) = p1fx;(®) < p2fx;(z) = fa(z), for all z € [0, T], which is true by hypothesis.
Consequently, Tx, 7 >nr Tx,,7. Part (e) is analogously proved.

Moreover, (f) is trivially proved using (19). [ |

REMARK 2.2: The ordering (X1 | X1 < T) >iev (Xo | Xo < T) is equivalent to the inequality
t t
/ Fy(z)dx / Fy(z)da
0 < Jo
F(T)

- R(D)
for all t € [0,T). If F1(T) > Fo(T) and (11) hold, so does (20). Consequently, Theorem
2.9(b) is a particular case of Theorem 2.8(c). Also, note that X1 >iey X2 is sufficient for
(11) to hold.

(20)

Weibull distribution with the increasing hazard rate is one of the most commonly used
distributions to model lifetimes of components in a system. This fact makes interesting
the comparison of the lifetimes of system with age replacement whose working units have
Weibull lifetimes, as we consider in the following example.

EXAMPLE 2.3 (Weibull lifetimes): Suppose the lifetimes of the units of two systems with age
replacements have Weibull distribution. Namely, X; ~ Weibull(w, 5;), where a; > 1 and
B; >0, fori=1,2. Using Table 1, we obtain that if oy = s and By < PBa, then X1 > Xo,
and consequently Tx, 7 21 Tx,,1, for allT > 0. If a1 # ao, it can be proved that there is no
usual stochastic ordering between X1 and Xo (cf. [41]). However, the condition (X; | X1 <
T) > (X2 | Xo < T) becomes equivalent to the function

P(t) = Fi(t)  Bragter e/t
=T Baosie e

being increasing for t € [0,T). Deriving ¢, we get
P'(t) =g g(t) = a1 — ag + az Bt — a1 51t

where hy =g¢ ho means that there exists a real positive function h such that hi(t) = h(t)ha(t),
for allt > 0. Assume a1 > g, then a sufficient condition for i being increasing in [0, T is
that T~ 2 < Oégﬁg/oqﬁl.

Now, suppose that T**~*2 < (35/8,. Note that for all t > 0, we have

g(t) = (041 — 042) + iy 3ot (tﬂcgal _ ()4161)

a2

a
> (a1 — ag) + Pragt™ (1 . 1)

(65]
> (a1 — ) (1= 51 T),

which is nonnegative if T* < 1/81. Thus, if &1 > as and one of the following two conditions
holds:
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(a) T2 < agfa/an 1,
(b) Tor—o2 52/61 and T < 1/ﬁ1,

then, Theorem 2.9(f) ensures that Tx, T >1 Tx, 1, even though Xi #s Xo.

2.2.1. Applications to parallel systems Next, we consider the age replacement models
where the working unit is a parallel system. For such systems, optimization analysis has
been carried out to determine the optimum replacement times assuming costs [29,44]. The
results previously obtained related to stochastic orderings can be easily adapted for these
models as we next show.

Consider two parallel systems whose units have lifetimes

xM o x!P x ana XY X xi,

respectively. For each system, the lifetimes of its units are assumed independent, but not
necessarily equally distributed. Thus, the lifetimes of the parallel systems are given by

Mln:maX{Xi{l},Xi{z},...,Xi{n}} and M2":maX{XQ{I},Xf},...,X;n}}.

Our goal is to find conditions among the random variables Xl{i} and Xz{j}, for 7,5 €
{1,2,...,n}, that ensure an ordering between Tvp,r and Typ 7 in the sense of one of
the stochastic orders in Definition 1.2. The following proposition uses well-known results on
the stochastic ordering of parallel systems to achieve this purpose.

PROPOSITION 2.2: The following statements hold for every replacement time T > 0:

(a) Ile{i} > Xz{i}, foralli € {1,2,...,n}, then Tare 7 >s¢ Tarp 1,
() If XI >0 X572, for alli € {1,2,...,n}, then tarp 1 > Tarp 1,

(c) If Xi{i} >hr X;j}, for all i,j€{1,2,...,n}, and the probability densities of
Xi{l},X;Z}, for i€{1,2,...,n}, all have support on the same interval, then
TMP, T Zhe TMP T

(@) 1If X1 >, X9 for alli,j € {1,2,...,n}, then Tap 1 >0 Tagg -

ProoF: It is immediate that Xi{i} >t Xé{i}, for all i € {1,2,...,n}, implies that M >
M3} Moreover, using Proposition 1.B.35 in [37], we get that Xi{i} > Xz{i}, for all i €
{1,2,...,n}, implies that M{ >, M. Thus, using Theorem 3(c) in [13] and Theorem
2.8(a) above, we get (a) and (b).

Furthermore, under the hypothesis in (¢) and (d), we have that M >y, M} and
M >, MZ, respectively (see Proposition 1.B.35 and Corollary 1.C.34 in [37]). Finally,
using Theorem 32(a) and (b) in [13], we prove the statements (c) and (d). |

Another model that has attracted the attention in studies about replacement in recent
years is the random-size parallel system with age replacement [10,30,31,44]. For this model,
it is considered a parallel system of independent and identically distributed units, but the
number of units is assumed random. Let us denote by MlN ¢ the lifetime of a parallel system
of independent units with lifetimes with the same distribution as the random variable X,
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whereas the number of units is given by the positive integer-valued random variable N;, for
1 =1,2. Then,

MM = maX{Xi{l},Xi{z}, e ,XZ{Ni}},

1
for i = 1, 2. The distribution function of MlN ‘ is given by

o0

Fyw(8) = SIE O] BIN; = n] = on, (Fi(1)), (21)

‘ n=1
where @, is the probability generating function of IV;, for ¢ = 1, 2. The next result compares
Tar M, and Ty, n, o in the sense of the usual stochastic order.

PROPOSITION 2.3: If X1 >4 X2 and N1 Zpgr No, then Typ ny 7 256 Tagyne 7

PrOOF: Using (21), we have that M > Mp™? | if X; >4 Xy and Ny >, No (cf. [32,
Thms. 3.1 and 3.5]). Finally, the ordering 7, v, 7 >« Taz,~> ¢ holds due to the results
in [8]. |

We next consider the case where the number of components in the parallel systems, IV;,
is distributed according to a truncated Poisson distribution with parameter p; > 0, that is,

—pi om
e pi

PIN; =n] = T— =

for all n > 1, and ¢ = 1, 2. This particular choice of distribution for the random number of
units has been recurrent in the literature related to random-size parallel systems with age
replacement, see for example [10,30,31,44].

It can be checked that
ePi(t=1) _ a=pi

ON; (t) = 1 _ o pi

)

for i = 1, 2. Thus, the distribution function of M;", denoted Fyy, v, satisfies

e~ PiFi(t) _ g=pi

Faone (1) = 1—eri

)

for i = 1,2. Let us denote by F'y; ~; and fy; ~, the survival and density functions of M;Ne
for i = 1,2. These functions satisfy,

1— e_pifi(t) e_,oifi(t)

Fumit) = —F—r fun @ =pifilt)T—=5

fori=1,2.
The next result compares two age replacement models where the lifetimes of the working
units are given by parallel systems with truncated Poisson number of components.

PROPOSITION 2.4 (Parallel system with truncated Poisson number of components): Con-
sider N1 and Ny two random variables with truncated Poisson distribution with positive
parameters py and ps, respectively, such that p1 > ps. The following statements hold:

N

(a) If X1 >4 Xo, then TuM r Zst Ta

2
17
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(0) If Xo 2w Xo, then 7y vy g Zhe Ty e
PrOOF: The statement (a) is proved using Proposition 2.11. Indeed, we only need to check
that N7 >per No, when p; > po. In fact, it can be proved that the stronger ordering Ny >y,
N3 holds, which is equivalent to P[N; = n]/P[Ny = n] being increasing for n € N.

To prove statement (b) note that the hazard rate function of M}, denoted A AN
satisfies '

e—PiFi(t) piFi(t) e—PiFi(t)
JVIiNl( ) = pifil )1_e—PiFi(t) ®) 1 —e—rilli(t)
The prove TaM >hr Tagle o We need to check that the inequality A MM (t) < A M (t)
holds for all ¢ > 0. By hypothesis A;(¢) < Ao(t) holds, for all ¢ > 0. Hence, it is sufficient to

prove that

piFi(t)e= < p2Fa(t) eI
1—emFi(t) = | _e-p2Fa(t)

for all ¢t > 0. The last inequality follows from p; F'y(t) > paFo(t), for all t > 0, and the fact
that the function x +— xe™*/(1 — e~ %) is decreasing for all z > 0. |

The following example shows that a similar result to those in the previous proposition
does not hold for the reversed hazard rate order, and thus neither for the likelihood ratio
order.

ExXAMPLE 2.4: Consider X1 and Xo with exponential distribution with hazard rates py and
Lo, respectively. Assume p1 = po = p and py < po, which imply N1 =4 No and X1 >, Xo,
respectively. Let us denote by r, ~, the reversed hazard rate function of T, ~;, for i =1,2.

Then, the ordering T,, >h Tarl 1 is equivalent to the inequality Y (t) > T (1),

Ny T
for allt > 0, which caﬁ be written as

e Mtexp{—pe 1!} exp{—pe H'} — e -

A(t) =
) pz e~H2t exp{—pe 2t} exp{—pe it} —e7P —

for all t > 0. However, it is possible to check that the function A satisfies

1
A(t) =1+ (1 — p2) (p - 2) t + te(t)
where €(t) denotes a function such that lim; o+ €(t) = 0. Then, since 11 < pa, the function
A is initially decreasing when p > 1/2 and thus, in this case, there is no reversed hazard
rate ordering between M and M2?, and neither between T and Ty Ny 5., because of
2

M T
Theorem 2.8(a).

3. RESULTS ON SYSTEMS WITH REPLACEMENT AT RANDOM TIME

Consider a nonnegative absolutely continuous random variable Y, with finite mean, distribu-
tion function G, survival function G and density function g. Let us suppose that X (™ is the
lifetime of the unit which starts to work after the (n — 1)th replacement and Y™ the random
time between the (n — 1)th and the nth replacements, which has the same distribution of Y,
for n > 1. Assume that X () and Y are independent for all n > 1. Thus, the interval from
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y(1) y(2) y(3) y(4)

~— . . N

! X @) X2 X®) x@ !

XY

FIGURE 6. Sketch of a trajectory of the stochastic process modeling the lifetime 7x y .

the nth replacement to the (n + 1)th replacement or the failure of the system, whichever
occurs first, is min{ X ™), Y™} for all n > 1. The number of replacements before the fail-
ure of the system is the random variable vx y — 1, where vx y = min{n >1: X <y
follows a geometric distribution starting at 1, with mean 1/P[X < Y. Then, the lifetime of
the system with random time replacement, denoted by 7x y, satisfies

VXY

XY = Z min{ X ™,y (™}, (22)

n=0

A scheme of a trajectory of the stochastic process modeling the lifetime of the system with
replacement at random time is shown in Figure 6.

The summands and the number of summands in the representation of 7x y as a random
sum in (22) are not independent. In order to solve the problem, we give the following
alternative representation of 7x y as a random sum of independent random variables:

VX,yfl
oy =a 3 (VO X0 > YO 4 (x00 | X0 <y ), (23)

n=0

where Yy =0, X(™ =, X and Y™ =, Y, for all n > 1. Observe that the summands in
(23) and vy y are independent.

From Theorem 1.A.4 in [37], we know that the usual stochastic ordering between random
variables is preserved by random sums if the random number of summands also satisfy the
usual stochastic ordering in the same sense, the summands are independent among them
and independent of the number of summands. Thus, it would be interesting to compare
random variables with the same distribution as (Y | X >Y) and (X | X <Y). In order to
do that we have the following result which has an independent interest.

LEMMA 3.1: Consider X1, Xo, Y1 and Y5 as absolutely continuous random variables such
that X; and Y; are independent for i = 1,2. Let us suppose Y1 =g Yo =g Y. The following
two statements hold:

(a) If X1 >ne Xo, then (Y1 | X1 > Y1) 26 (Yo | X2 > Y2).
(b) Ile >h XQ, then (Xl | X1 < Yl) >t (XQ | Xo < YQ)
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PROOF: (a) It must be proved that for all t > 0
P[Yl>t|X12Y1]Z]P)[Y2>t|XQZY2},

or equivalently

P[Yl > X > Yl] ]P)[YQ >t Xy > YQ]

>
P[X; > V1] T PXp >V
This inequality can be written as
/ Fi(z)dG(x) / Fo(z)dG(x)
3 > 3

/OtFl(gc) dG(x) + /too Fq(x)dG(z) - /Ot Fa(x)dG(z) + /too Fa(x) dG(w).

Using Fubini’s Theorem, it is obtained the equivalent inequality

//F1 VFa(y) dG(y) dG (x //F1 \Fa(2) dG(y) dG(z).  (24)

Thus, (24) holds if Fy(2)Fs(y) > Fi(y)Fa(z), for z >t y 0 <y < t, which is true due to
X1 2 Xo.
(b) In a similar way to the previous case, it must be proved

/t " G2) dF () /t " G() dFy()

/O " G(2) AR (2) / Glx) dFy(z)

That is equivalent to

/too /OtG(ﬂc)G(y) dFy (z) dFy(y / / G(2)G(y) dFs(z) dFy (y). (25)

Denote  ¢(x,y) = 1jt,00) (%)L~ 00,4 (¥)G(2)G(y). The inequality (25) is equivalent to
E[¢(X1, X2)] > E[¢(X2, X1)]. When o < y, we have

¢($, y) - ¢(ya JJ) = _é(x)é(y)l(foo,t] (x)l[t,oo)(y)

which is increasing in x. Thus, E[¢p(X1, X2)] > E[¢(X2, X1)] holds due to ¢ € G, and
Proposition 1.1(a). [ |

We next establish sufficient conditions to compare two systems with replacement at
random time in the sense of the usual stochastic order, when the replacement times have
the same distribution for both systems.

THEOREM 3.2: ]f X1 Zhwr Xg, X1 >m Xo and Yy =st Yé, then TX1,Y, >t TX5,Ys-

PrROOF: Note that vy, y, >g Vx,y, due to P[X; <Yi] <P[X, < Y3]. Now, using (23),
Lemma 3.1 and Theorem 1.A.4 in [37], we get the desired result. [ |
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EXAMPLE 3.1 (Gamma lifetimes): The conditions in Theorem 3.2 hold, for instance, when
X1 > Xo and Yy =4 Ya. As an example, consider X; with distribution Gamma(cy, ;) for
i=1,2. If a1y > s and B < B2, we get that the ordering Xy >, Xo holds, see Table 1.
Thus, Tx, v, Zst TX,,v, for any pair of random variables Y1 and Ys, such that Y1 =g Y>.

Let ®x,y be the survival function of 7x y and consider the Laplace transform of ®x y,
denoted by ®x y, defined by

(i>X7y(S) = / (I)X7y(t) eiStdt,
0

for all s > 0. It is not difficult to see that
/ F(x —dw

/ f(x TSTdx + s /000 F(x)G(z)e ** dx.

The next theorem compares the lifetimes of two systems with different replacement
time distributions in the sense of the Laplace transform order.

(26)

THEOREM 3.3: If X1 =4 Xo, Y1 < Yo (Y1 >4, Y2) and X1, Xo € IFR (X3, Xy € DFR),
then Tx,v, 2Lt TX.,Ys-

PROOF: Lei i’xl,yliand <i>X27y2 be the Laplace transforms of ®x, y, and ®x, y,, respec-
tively. Let G and G2 be the survival functions of Y7 and Yz, respectively. We need to prove
that, ®x,.v,(s) > Px, v,(s), for all s > 0 which, due to (26), is equivalent to

/f VGi(z) e da /f )Ga(x) e ™% dx
/F G1 e **dx /F G2 Szdl‘

Rearranging the terms and using Fubini’s Theorem, the previous expression becomes
equivalent to

// e TG, ()T (y)F (x) f(y) dardy < // e TG, (2)Ca(y)F (y) f () dar dy,
R%

which is equivalent to
1= [[ G @) F@)F(5) M) - Aw) dedy > 0
R

where M is the hazard rate of X; and X5. Let us define

h(z,y) = e TG (2)Ga (y) F () F(y) M=) — A(y)].
Then,

I_/ >yha:y dxdy—i—/ <yha:y dmdy—//>y (w,y) + h(y,r)] dedy
_//>ye @ F(2)F(y)[M(x) — Ay)] % [G1(2)Ga(y) — Gi(y)Ga(x)] da dy.

Finally, the last expression is positive when Y; <y, Y5 and X; € IFR or Y; >y, Y5 and
X, € DFR. [ |
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As a consequence of Theorems 3.2 and 3.3, we have the following result.

COROLLARY 3.4: If Xq >y Xo, X5 > X2 and one of the following conditions holds

(a) Y1 <pr Yo and X; € IFR or X5 € IFR,
(b) Yy > Ya and X, € DFR or X, € DFR,

then TX17Y1 ZLt 7')(27y2 .

EXAMPLE 3.2 (Replacement first and replacement last): Recently, some authors have studied
a model where the time to replacement combines the constant and the random policies, that
is, the model with replacement first and replacement last [30,43,44]. For the model with
replacement first, it is assumed that the unit with lifetime X; is replaced at time T or
at times Yi{J}, j=1,2,...,n, whichever occurs first, for i = 1,2. The random variables X;

and Yi{j}, fori=1,2andj=1,2,...,n, are considered independent. Then, the replacement
time under this policy, denoted Y;"', satisfies

yFirst _ min{Yi{l}, YZ,{Q}, e }/;{n}v T},

fori=1,2. Analogously, it is defined the model with replacement last, that is, the replace-

ment occurs at time T or at Yi{j}, 7=1,2,....,n andi = 1,2, whichever occurs last. In this
case, the replacement time is given by

ylest — maX{Yi{l}7 Yi{Q}7 ce Yi{n}, T},

for i =1,2. Then, we can use the existing results related to comparisons of the maximum
or the minimum of random variables to establish stochastic orderings between two systems
with first replacement or last replacement. Let us denote by Ty, yrise (T€Sp. Ty, yLast) the

lifetime of the system whose units have lifetimes X; and first replacement at Y7t (resp.
last replacement at Y;%5%), for i = 1,2. Moreover, let us denote by Ay )y (t) the hazard rate

of Yi{j}, for j=1,2,....,n and i = 1,2. Then, using Theorems 1.B.33 and 1.B.35 in [37]
and Theorem 3.3 above, we get the following results:

o if X1 =4 X5 € IFR and )\Yl{j}(t) > )\Yz{j}(t) for all 5 €{1,2,...,n} and t € 0,7,
then Tx, yFirst >t Tx,, Y irst,

o if X1 =4 X5 € IFR and /\Yl{”(t) > )\Yz{j}(t) foralli,je{1,2,...,n} andt € (0,7,
then Tx,,yLast >1t Tx,,ylast-

EXAMPLE 3.3: Let us suppose that
X1 2w X2, Xy >2m X2 and  X; € IFR. (27)

Then, using Corollary 3.4, we get Tx,y >t Xa2, for every random wvariable Y. From a
practical point of view, this means that any replacement policy implemented will increase
the lifetime of the system in the sense of Laplace order. Conditions in (27) holds for ezample
in the following cases (see Table 1):

e X; ~ Gammal(wy, f3;), for i = 1,2, satisfying ay > o, B1 < 2. Moreover, we must
demand oy > 1 for X € IFR to hold.

e X; ~ Weibull(e, 3;), for i = 1, 2, satisfying 81 < B2 and a > 1.
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3.1. Comparing Mean Lifetimes and Stationary Pointwise Availabilities

We next proceed to compare the mean lifetimes of systems with replacement at random
time. Taking s = 0 in (26), we obtain

E[X AY]

PlY > X]’ (28)

]E[TX’y] =

LEMMA 3.5: Let X and Y be independent random variables with survival functions F and

G, respectively. Then,
E[X AY] =E[(HG)(X)]. (29)

= E[(HF)(Y)), (30)

where H is the integral operator satisfying
= / h(u)du, for all x > 0.
0

PRrROOF: Note that

E[XANY] = /000 G(x)F(z)dx = /000 F(x)d </Ow G(u) du>

_ / ~ ( / "G du) dF (z) = E[(HG)(X)].

Equality (30) is analogously proved. [ |

In order to compare the mean values of Tx,y, and 7Tx,y,, we have the following
proposition.

PropPOSITION 3.1: ]le > Xo, Y1 < Yo (Yl > YYQ) and X1 € DMTTF or Xo € DMTTF
(X1 € IMTTF or X, € IMTTF), then E[TXl,Yl] > ]E[TXQ,Y2]'

PROOF: Suppose first that X1 =4 X2 = X € DMTTF and Y] <), Y5. Using (28) and (30),
we get

E[(HF)(Y:)]
E[F(Y)] -

Thus, the inequality E[ry, v,] > E[7x, v,] is equivalent to

E[TX y]

HF) (Y1)

B | F)p) U

M) 1)

}ZEP@@HE%FOE

Consider ¢(z,y) = y)(Jy F(u)du/F(y)). As X1 € DMTTF we have that
y T
/ F(u)du / F(u)du
0 _Jo
F(y) F(z)

for all x > y. Thus, the inequality (31) is equivalent to E[¢(Y1, Y2)] < E[p(Y2, Y1)] for ¢ € Gy,
which holds from Proposition 1.1(b).

o(z,y) — ¢y, v) = F(z)F(y)
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Suppose now that Y7 =g Y5. A sufficient condition for the inequality E[rx, y,] >
E[rx, v,] to hold is E[X; A Y1] > E[X2 A Y5] and P[Y; > X;] < P[Y> > X,]. It is not difficult
to check that these inequalities hold when X; >4 Xo.

In the general case let us assume, without lost of generality, that X; € DMTTF.
Then, E[rx, v,] > E[rx,,y,] using (a), and E[rx, y,] > E[rx,.y,] using (b). Consequently,

E[TXhYJ > E[TXz,Y’z]' u

Note that when X7 =g X2 =4 X € DMTTF, then for any Y7 <), Y3, we get E[rx y,] >
E[rx,v,]. Thus, Proposition 3.6 generalizes the aging notion of the class DMTTF, showing
that the expected lifetime of the systems with replacement at random time increases when
the times between replacement are ordered in the likelihood ratio sense.

Let us assume we only can detect if the system is not working when a replacement is
done. After a system failure, when the next replacement takes place, a renewal occurs and
the system starts to work. Thus, at every instant, there is a probability that the system
is working or not. We define the pointwise availability of the system at instant ¢, denoted
by Ax y(t) as the probability that it is working at the instant t. The stationary pointwise
availability, denoted by Ax y, is defined as the limit of Ay y (¢) as ¢ tends to infinity. Let us
denote by F and G the survival functions of the random variables X and Y, respectively,
and assume X and Y have finite means. Then, the following integral equation holds,

Axy () =F@t)G(t) + /o Axy(t —x)dG(z).

Thus, using the well-known Key Renewal Theorem, see for example Theorems 3.4.2 and
3.4.4 in [35], we get

- : (32)
o E[Y]
/0 (2)d

Consider the random variable asymptotic equilibrium age, denoted by Y°, associated
with a random variable Y with finite mean, which has distribution function

AXY:/O f‘o(x)G(m)dx E[X A Y]
G

The ordering Y <y Y is equivalent to Y? <y Y5 (cf. [37] Thm. 2.B.2). We highlight
that there is no implications between the harmonic mean residual lifetime and the usual
stochastic orderings of two random variables. See for example [37] for more details about
the asymptotic equilibrium age.

The following theorem deals with the comparison of the pointwise stationary availabil-
ities of two systems with different distributions of lifetimes and replacement times.

THEOREM 3.6: [f X1 >iev Xo and Y7 <ymrl }/2, then AX17Y1 > AXQ,YQ-
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Proor: Consider X; =gt Xo =gt X and Y; <pmn Yo. By (32)7 the inequahty AX1,Y1 >
Ax, .y, is equivalent to

62(1‘)
E[Y2]

| P e < wFo) 2 BFOS) - [ oA 4 (a)
0 0

E[Y1]

The stochastic ordering Y;® <y Y5 is equivalent to E[p(Y)] < E[¢(Ys)] for all increasing
function ¢ such that the expectations exist (cf. [37]). As F is decreasing, the inequality (33)
holds because Y7 <pmy Y2, which is equivalent to Y© < Y5

Now assume Y7 =4 Y5. In this case, the inequality Ax, y, > Ax, v,, using (32), is equiv-

alent to E[X; AYi] > E[X3 A Ya]. From the proof of Proposition 3.6, we know that this
inequality holds when

E[X1 A Y] = E[(HG)(X1)] = E[(HG)(X2)] = E[X2 A Ya].

Note that HG is increasing and concave. Moreover, X >, X3 is equivalent to E[¢(X1)] >
E[¢(X32)] for every real function ¢ increasing and concave such that the expectation exists
(cf. [37]). Thus, Ax, v, > Ax,.y, holds. The general result is obtained by transitivity. H
EXAMPLE 3.4 (Lifetimes and times until replacements with Gamma distribution): Consider
X; ~ Gamma(wy, 8;) and Y; ~ Gammal(y;, i), for i = 1,2. According to Table 1, we have
that the ordering X1 >icv Xo holds when it is satisfied one of the following two conditions:

e a1 > as and (1 < By (which actually imply X1 >1 Xa), or
o (1> and a1/ > az/fo.

Note that if Y1 <mn Yo, we get Y1 <pmn Ya. Thus, according to Table 1, the ordering
Y7 < Yo holds when

o v <o and py > pe (which actually imply X1 <, X2), or
o 1> and 1/ < 2/ pe.

Using Proposition 3.6 and Theorem 3.7, we can compare two systems with replacement
at random time in the sense of the mean lifetime and the stationary availability under
weaker conditions that those of Corollary 3.4, which ensures a stochastic ordering in the
Laplace sense. This is one of the reasons why this comparison becomes interesting. Note
also that when X; > Xo, Y7 <), Y5 and X; € DMTTF or X, € DMTTF we get both
Elrx, vi] > E[7x,.,v,] and Ax, y, > Ax, y,, but we cannot ensure that 7x, v, >t Tx,.vs
holds.

4. CONCLUSIONS

Standing out as a novelty concerning previous research on this topic, and, consequently
filling a gap on the matter, this paper continues the research on the aging properties of
the lifetime of the classical system with age replacement using properties of the lifetimes
of the working units. We mainly focused on the aging class to which the lifetime of the
system belongs, according to the aging properties of the lifetime of the working unit. As a
matter of fact, Theorem 2.8 extends the comparisons of the lifetimes of systems with age
replacement to other notions of stochastic orders than the previous considered. Moreover,
in Theorem 2.9, we also compare the lifetimes of the systems with age replacement using
comparisons between the number of replacements and the lifetimes of the working units
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conditioned to be less or equal than the replacement time, which seems interesting from
the practical point of view. Moreover, using these results, we provide several examples. In
particular, our approach allow us to establish stochastic orderings between parallel systems
with age replacement with a constant or random number of components. Our results on
this direction are inspired by real-life applications. We refer the interested reader to Zhao
et al. [44] Sect. 10 for some applications of age replacement models to real-life systems.

As for possible extensions and future work, we believe that the recent developments on
stochastic ordering for the lifetimes of coherent systems could be used to establish stochastic
ordering between more complicated systems with age replacement, as the K-out-of-n system
considered by Tto et al. [11], Safaei et al. [36] and Zhao et al. [45].

We have additionally worked upon the lifetimes of systems with age replacement, study-
ing the case where the replacement time is random. In this concern, our results include
usual stochastic orderings, Laplace transform orderings and comparisons of the expected
lifetimes and the stationary availabilities. The existence of stronger stochastic orderings for
this model is a topic of further research.
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