
Abstract
The present work evaluates the performance of different optimisation techniques on a parameter 
identification problem of aeronautical interest. In particular, the focus is on the classical Least 
Square (LS) and Maximum Likelihood (ML) methods and on the CMAES (Covariance Matrix 
Adaptation Evolution Strategy), DE (Differential Evolution), GA (Genetic Algorithm) and PSO 
(Particle Swarm Optimisation) Meta-Heuristic methods. The test problem is the reconstruction 
from flight test data of the aerodynamic parameters of an external store jettisoned from a helicopter. 
Different initial conditions and the presence of measurement noise are considered. This case is 
representative of a class of problems of difficult solution because of nonlinearity, ill-conditioning, 
multidimensionality, non separability, and fitness function dispersion. Only reference algorithm 
implementations found in literature are used. The performance of each algorithm are defined in 
terms of fitness function value, sum of absolute errors of the estimated coefficients, computational 
time and number of function evaluations. The results show the efficiency of CMAES in finding the 
best estimates with the least computational cost. Moreover, tests reveal that traditional methods 
depend heavily on problem characteristics and loose accuracy at the increase of the number of 
unknowns. 
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Nomenclature
CD	 drag coefficient
CL	 lift coefficient
CM	 pitching-moment coefficient
D	 drag in wind frame
FX,FY,FZ	 aerodynamic forces in body axis
h	 height (m)
J 	 cost function
JXX ,JYY,JZZ 	 moments of inertia about the X,Y,Z axis
lref	 reference length
L	 lift in wind frame
m 	 body mass (kg)
M	 pitching moment in wind frame
Mx,My,Mz, 	 aerodynamic moments in the body axis
N	 number of experimental measurements
p,q,r	 angular rate about the X,Y,Z axis
p,q,r	 angular rate derivatives about the X,Y,Z axis
q0,q1,q2,q3	 quaternion parameters
Sref	 reference surface
t	 time (s)
T	 temperature (K)
u,v,w	 velocity along the X,Y,Z body axes
V∞	 free-stream velocity
x	 candidate solution vector in estimation algorithms

Greek symbols 

α 	 angle-of-attack
β 	 sideslip angle
γ 	 flight path angle
θ,θ 	 parameter estimate before and at convergence
ρ	 air density
φB, θB, ψB,	 installation angles of the load

Vectors and matrix
g	 gravity acceleration vector (ms–1)
Q	 quaternion matrix
V	 velocity vector, (ms–1)
x	 system state vector
y	 observation vector
Z	 set of measurement z

Subscripts and Superscripts 
aer	 aerodynamic
B	 store
e	 estimated values from estimation algorithms
H 	 helicopter

· · ·

ˆ
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1.0	 Introduction
Determining aerodynamic forces and moments of a free flying body is a complex task. The three 
main used techniques are analytical and computational methods, wind-tunnel testing and parameter 
estimation methods. Computational Fluid Dynamics (CFD), analytical methods and wind-tunnel 
testing are used in the design phase to generate basic trends of the aerodynamic parameters. These 
methods are powerful but limitations are still present. CFD requires relevant computational effort 
unless strong assumptions are made. On the other hand, wind-tunnel testing suffers from scaling 
and model-tunnel interference problems and requires very precise tuning of the measurement rig. 
Aerodynamic parameters estimation from flight test data is a necessary complement to the other 
methods to better determine aerodynamic coefficients and their derivatives.

Parameter identification from flight test data is a field of great interest which has been widely 
investigated in the past(1-3). The problem is a minimisation one. The correct parameters are those 
which minimise the error between flight test data and the results of a model generated with a tentative 
solution. Normally, in flight testing, appropriate manoeuvres are carried out in order to assess specific 
parameters one at the time(4). In the particular case of external store jettison, it is impossible to prescribe 
specific manoeuvres because the store, once released, is a free flying object. Even trying to replicate 
exactly the same jettison condition in subsequent flight tests is extremely difficult. Aerodynamic data 
can be recovered only all at the same time from a unique, often limited, set of results.

Recovering aerodynamic data from the trajectory of a free flying object is an ill-conditioned 
problem(5,6). In this context, the performance of the classical minimisation techniques, such as Least 
Square approximation and Maximum Likelihood, rapidly decreases due to the great number of 
unknown variables to be simultaneously identified. When the search space is complex, with multiple 
local optima or with discontinuities, Meta-Heuristics algorithms can still provide valid results(7,8).

The objective of this paper is the assessment of the performance of Meta-Heuristics methods(9,10) 
on the problem of the aerodynamic parameters estimation of a free flying object, more precisely 
an external store released from a helicopter. Two classical methods are also used as reference.

The first part of this work briefly explains the theoretical principles behind the minimisation 
techniques and their practical implementation. The next part describes the mathematical model 
used for the body motion simulation and the aerodynamic model. Finally, simulations with 
different bodies, different initial conditions and different minimisation methods are performed 
and results are discussed.

2.0	Optimisation algorithms(11)

Given the cost function f:n →  and the set of candidate solution x ∈ n , the aim of a generic 
optimisation algorithm is to find x so that: 

	  	  . . . (1)

The global optimum x is characterised by null gradient. Classical optimisation methods minimise 
the cost function by adopting gradient-based techniques. These methods are very effective in most 
cases. Nevertheless, there are some drawbacks. Gradient evaluation has a great computational cost, 
can’t cope with discontinuous search spaces and tends to set the solution on local optimum. Many 
real world problems are characterised by nonlinearity, ill-conditioning, multidimensionality and 
non separability. This kind of problems shows the limits of gradient-base methods. Meta-Heuristic 
methods don’t need any gradient information and use biology inspired techniques to minimise the 

  y f x f yn : ( ) ( )
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functional f. They handle local optima and discontinuous and rugged cost functions. The downside 
is greater computational burden.

The code is written in Matlab®. In all cases reference algorithm implementations available in 
literature were used. Default algorithm settings are used as their tuning is beyond the scope of 
this work.

2.1	LS – Least square method

Least square is the simplest optimisation method and has a very wide applicabilit(1). The inputs 
are a group of reference points xi and yi, i = 1, ,n and a function f(x¸) which depends on the given 
initial points xi and on the unknown parameters θ. LS finds the values of θ that minimise the sum 
of the squares of the residual vi = yi – f (xi, θ). The cost function J is defined as:

	  			   . . . (2)

2.2	ML – Maximum Likelihood method

ML method was developed by R. Fisher between 1912 and 1922 and it was extensively applied 
in aircraft identification at NASA Research Centre(1,12,13).

This method can be applied to all experiments where the outcome z depends on unknown 
parameters θ that has to be determined. Among all the feasible parameters, ML estimate θ are those 
that maximise the likelihood function. Given θ and the experiments response Z, the likelihood 
function is the probability distribution function p[Z|θ].

According to its definition, p[Z|θ] assigns a probability value to each element of all the possible 
outcomes Z of the random experiment.
Mathematically the problem is: 

	  	   . . . (3)

To estimate aerodynamic parameters from flight test data, the ML method requires the knowledge 
of the dynamic model of the aircraft and a set Z of measurements z(i), i = 1, ,N .

The considered dynamic model is: 

	  	  . . . (4)

Flight tests data are considered affected by a measurement noise υ which is in turn assumed to be 
white, stationary and have a Gaussian distribution with zero mean. The measurement equation is: 

 . . . (5)

Maximising the conditional probability function is equivalent to the minimisation of the following 
cost function: 

	  			    . . . (6)

J r y f x for i ni i i= = ( ( , )) = 1,...,2 2   

θ θ= [ ]max p Z

x f x t u t
y t g x t u t

= [ ( ), ( ), ]
( ) = [ ( ), ( ), ]

θ
θ

z i y i v i i N( ) = ( ) ( ) = 1,...,+ for

J z i y i z i y i
i

N
T( ) = 1

2
[ ( ) ( , )] [ ( ) ( , )]

=1

1    R
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Where R is the covariance matrix of measurement noise.
The main advantages are that ML handles both linear and non-linear models and it converges 

to solution even with process and measurement noise.
The main disadvantage of the ML method is that the minimisation relies on gradient-based 

algorithms. Its performance drops in presence of high number of degrees of freedom and several 
local optima which may lead to erroneous convergence.

2.3	GA – Genetic Algorithm

Genetic Algorithms were initially developed by John Holland in the 1970s(14). Holland was 
inspired by the natural selection and the principle of the survival of the fittest. In nature, in 
a population of different individuals, those with the best characteristics tend to survive and 
generate offspring, while the weakest die. Over several generations the survival of the fittest 
brings to natural adaptation as the offspring are better suited to the environment than their 
parents.

This process is simulated in GA optimisation methodology to find the minimum of a 
fitness function. An initial random population of candidate solution is generated and spread 
on the search space. This population is encoded by a genetic representation in strings called 
chromosomes. The fitness function is evaluated to measure the performance of each individual. 
Individuals are ranked and a selection process determines which individuals will produce 
offspring.

The new generation is created by applying crossover and mutation operators to the parents. 
Crossover is a recombination technique which guarantees exchange of parts of strings, the 
genes, between two or more parent strings. Mutation changes parts of individuals according 
to probabilistic laws. This operator guarantees that all the regions of the search space could be 
explored and reduces the probability of convergence to local minima. The entire procedure is 
repeated iteratively until a termination criteria is satisfied.

2.4	DE – Differential Evolution

Differential Evolution (DE) appeared for the first time in 1995 thanks to the work of Storn 
and Price(15,16). DE is a stochastic direct optimisation method similar to Genetic Algorithms. 
The basic DE method applies the following approach: a population of individuals, called 
agents, is randomly initialised and positioned within the search space. The cost function to be 
minimised is calculated for each individual. Arithmetic operations and genetic operators, such 
as crossover, mutation and selection, are applied to the population to improve its fitness until 
a convergence criterion is fulfilled.

DE is similar to GA with two main differences: it floating point real value encodings over 
bit-strings encodings and DE performs genetic operations by the use of mathematics formulae 
rather than GA logical operations.

The main advantage of DE is that it is a self-organising algorithm: the user must decide only 
few inputs and then the self-organising scheme expands or contracts autonomously the candidate 
solution distribution in the search space. This makes DE a robust and user-friendly optimiser.

2.5	CMAES – Covariance Matrix Adaptation Evolution Strategy

The family of the ES (Evolution Strategy) was developed in the sixties(17). As the previous 
methods, ES imitates genetic reproduction and evolution laws. They are characterised by 
adopting real value encodings and employing only selection and mutation techniques.
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In particular, after initialisation and fitness function evaluation of λ particles, the selection 
process chooses the fittest μ ≤ λ elements and mutation recombines them to create a second 
generation of λ children. In ES, mutation is obtained by the use of Gaussian Convolution 
and the mutation rate is the value of the distribution variance σ2 which controls the Gaussian 
Convolution.

μ, λ and σ2 are the main ES parameters and their values have a great influence on algorithm 
performances: μ controls exploitation of the search space while λ and σ2 control its exploration. In 
the ES family, CMAES is the most robust search method which performs successfully in a wide 
variety of problems. It is particularly useful whenever the traditional methods fail: ill-conditioned 
functions, non-separable problems, rugged search domains with many local optima, presence of 
noise and in case of discontinuous search space.

Understanding the reasons of CMAES effectiveness and efficiency requires a brief theoretical 
discussion(18). The ES minimisation approach is the following: the initial population is distributed 
in the search space, mutation adds normally distributed small values to each particle, and 
selection chooses the fittest particles to breed the new generation. Algorithm performance is 
very dependent on the mutation distribution parameters. Most ES algorithms keep them constant 
during the search process. CMAES, instead, applies self-adaptation of strategy parameters. The 
algorithm tunes automatically mutation distribution variables and updates them all along the 
search process. CMAES generates an initial candidate solution vector applying a multivariate 
normal distribution of points in the search space. The distribution is completely defined by 
three strategy parameters: mean, variance and covariance matrix. Until any termination criteria 
is satisfied, the three parameters are updated and exploited to define a new candidate solution. 
CMAES updates its strategy parameters implementing the following principles:
●	 Maximum Likelihood: mutations take place so that the likelihood of the fittest populations 

and successful search steps is increased. In other words, the aim is to maximise the selection 
probability of the best candidate solutions. 

●	 Cumulative Step Adaptation (CSA): an evolution path is a sequence of consecutive steps 
done by the algorithm over consecutive generations of the search process. The knowledge of 
the complete past evolution path speeds up the convergence to the optimum. In the algorithm 
two evolution paths are implemented: one path helps in the step size control, whereas the 
second increases the covariance matrix adaptation towards successful directions. 

2.6	PSO – Particle Swarm Optimisation

Particle Swarm Optimisation (PSO) was developed in the mid-1990s by Kennedy and 
Eberhart(19). As other meta-heuristic methods, PSO uses population of potential solutions to 
explore the search domain. Its unique feature is that, instead of destroying and creating new 
individuals at each algorithm iteration, PSO population is moved across the the search space. 
PSO is not modelled after natural evolution but after swarming behaviours in animals. In 
particular, PSO imitates fish schools or bird flocks. Individuals interact with one another and, 
at the same time, learn from the external environment, gradually moving into better regions 
of the problem space(19).

Given a search space, PSO looks for the global optimum point which minimises the fitness 
function exploiting a population of individuals, called particles. The information related to a 
particle is its position in the search domain, the fitness value in that position, its velocity, the 
previous best position found by that particle, the fitness value of the previous best position. The 
group of particles is called swarm.
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PSO operates similarly to other Meta-Heuristic methods: first there is the initialisation of the 
swarm which builds an initial random population and then a cycle of iterations begins in order to 
find the optimum point. The PSO peculiarity is that it doesn’t perform any kind of selection. PSO 
operates on a population whose particles move on the search space. In the subsequent iterations 
the swarm position changes according to exchanges of information between particles. The swarm 
topology is the network which links each particle to the nearest ones (the neighbourhood) and 
allows information exchange. Thanks to the topology, each particle adjusts its trajectory towards 
its own previous best position and the best position of its neighbours.

3.0	Simulation Model
The mathematical model of the external load is represented by the system of equations of motion 
referred to the body axes. The body reference frame has the origin set at the body’s centre of gravity 
and the XZ plane lies in the body plane of symmetry with X parallel to the fuselage reference 
line. Y axis completes the right handed reference frame. An additional inertial frame accounts 
for the body trajectory in space. Its origin is in the body centre of mass at t = 0 and its X-axis is 
oriented North, its Y-axis East and its Z-axis Down (NED). The atmospheric data is computed 
according to the International Standard Atmospheric (ISA) model as function of the altitude h.

3.1	Helicopter model

The helicopter model is a simple kinematic model. Body velocities and angular rates are prescribed 
and fixed during the entire drop manoeuvre. As in helicopter operations external stores are 
dropped only in emergency and usually at medium-high advancing speed or in autorotation, the 
main rotor wake effect is neglected. In this work, the helicopter effect is limited to the definition 
of the store initial drop conditions.

3.2	External body model

The external store is modelled as a 6 degrees of freedom rigid body. No additional hypothesis is 
made. In body axis and in vector form, the equations are: 

	  		    . . . (7)

where V is the linear acceleration, F is the external force vector, ω is the angular rate 
vector, v the linear speed vector, gb is the gravity acceleration vector in body axis, ω is 
the angular acceleration vector, I the inertia matrix and M is the external torque vector.

The gb vector is defined as: 

	  	   . . . (8)

where g is the gravity acceleration and Q[i,j] is the element from the ith row and the jth column of 
the Q rotation matrix from inertial to body frame in quaternion form: 
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		    . . . (9)

The angular variation is accounted by quaternions in order to avoid the singularities associated 
with Euler angles: 

 

	  	 . . . (10)

where qs is the quaternion vector, qs the quaternion rates vector and ωs the store angular velocities 
vector. Three additional equations account for the position of the body with respect to the inertial frame. 

	  				    Xs = Rsvs	 . . . (11)

where Xs is the position of the centre of mass of the external store, υs is the body velocity vector 
and Rs is the rotation matrix between the NED and the external store body frame.

3.3	Static axis-symmetric aerodynamic model

The aerodynamic model used in this work is an axis-symmetric static approximation. Given the 
external store velocities in body axes and the airflow conditions, it is possible to evaluate the Mach 
number Mn, the total angle-of-attack α and the geometric angle γ: 

	  	 . . . (12)

where υ is the body velocities vector.
The aerodynamic forces and moments in wind axis are: 

	  	 . . . (13)

where L, D, M are lift, drag and pitching moment, CL, CD, CM are the aerodynamic coefficients in 
function of the angle-of-attack α and the Mach number Mn, ρ is the air density, V is the airspeed 
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and Sref and lref are the reference area and the reference length.
The aerodynamic force and moment components in body axis are: 

	  	        . . . (14)

3.4	Fitness function definition

The definition of the fitness function is, possibly, the most important part of the use of Meta-Heuristic 
methods(21). Sometimes, even little differences can lead to dramatic changes in algorithm 
performance. As a matter of fact the fitness function is the way the minimisation algorithm 
‘sees’ the search space. In present work, the fitness function is the sum of the errors between the 
reference trajectory and attitude and a simulation computed with a tentative vector of aerodynamic 
parameters. Much attention was paid to the definition of the fitness function. Many combinations 
of error definition and scaling between the error elements were tried with mixed success. In present 
work this fitness function is used:

	  	 . . . (15)

where J is the fitness of the tentative solution, the subscript [r] refers to the reference trajectory 
and subscript [e] refers to the estimated trajectory. Theoretically, in this application, when the 

Figure 1. Body of Revolution, co-ordinate system(20).
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aerodynamic parameters vector tends to the exact solution, fitness J tends to zero. In real cases, 
due to the measurement noise and model uncertainties, this will not happen and an appropriate 
tolerance has to be defined.

4.0	Computation Approach
The procedure followed in this work analysis is here explained. A simulation with known 
aerodynamic data is performed and used as a reference. The reference trajectory is the input on 
which the different methods try to estimate the aerodynamic parameters. These parameters are then 
compared with the reference ones and errors are computed. Computational cost is also considered.

The performance of the different methods is evaluated on some realistic test cases. Simulations 
last 2s with a time step of 0ּ01s. Two general shapes with similarities to helicopter externally carried 
loads (fuel tanks, etc.) were identified: a cylinder and a finned streamlined body. Simulations are 
performed for two external bodies load conditions: heavy and light. High load is compatible with 
a external fuel tank completely filled, while the light condition is related to an empty tank. Due to 
the fact that helicopter normally releases external loads in emergency situations only, a stabilised 
autorotation condition is considered. A forward flight condition is added for comparison.

It has been assumed that the load axis of symmetry is parallel to the helicopter body frame X-axis. 
Before the drop, the external body only has a lateral offset y = 1ּ5m with respect to helicopter body 
frame. X and Y axis offsets are zero. The installation angles are also zero. Both considered flight 
conditions are steady. Thus, the helicopter initial angular velocities p, q, r are zero. Attitude angle 
θH and sideslip angle βH are also assumed null. The chosen dimensional and inertial characteristics 
of the simulated stores are listed in Tab. 1 while the initial conditions are reported in Tab. 2.

Table 1
External stores characteristics

 	  	  	 Circular 	 Finned	  
			   cylinder	   streamlined body

	 Length 	  [m] 	  2ּ0 	  2ּ0
	 Diameter 	  [m] 	  0ּ5 	  0ּ5 
	 Empty weight 	  [kg] 	  50 	  50
	 Full weight 	  [kg] 	  250 	  250
	 Empty JXX	 [kgּm2] 	 1ּ563 	  1ּ250
	 Empty JYY = JZZ 	 [kgּm2] 	 17ּ448 	  10ּ625
	 Full JXX 	 [kgּm2]	 7ּ813 	  6ּ260
	 Full JYY = JZZ 	 [kgּm2]	 87ּ240 	  53ּ125
	 Offset 	 [m]	                      X = 0; Y 1ּ5; Z = 0   
	 Installation angles 	 [°]	                         φ =0; θ = 0; ψ =0	
 

Table 2
Initial body velocities

 		  Level flight 	 Autorotation
		  [ms–1] 	  [ms–1]
	 VIAS	 25ּ72 	  25ּ72
	 VX	 25ּ72 	  23ּ70
	 VY	 0 	  0
	 VZ	 0 	  10
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The cylinder is an axis symmetric body, while the finned streamlined store is actually a rotational 
ellipsoid with four small fins. From an aerodynamical point of view, they can be both modelled 
as axis-symmetric bodies. The piecewise linear aerodynamic model here used needs the static 
lift, drag and moment coefficients in function of the total angle-of-attack CL(α), CD(α) and CM(α). 
Jorgensen’s method was used to create the aerodynamic database(22,23). Aerodynamic data where 
further verified with other available references(24,25). Coefficients were evaluated from zero to 180°   
with an interval of 18° and linearly interpolated between this values. The reference area and the 
reference length used to normalise the aerodynamic coefficients are the body cross section area 
and the body length. This model is compliant with commonly used industrial standards.

The calculated reference coefficients are reported in Tab 3 and graphically displayed in Fig. 2. 
The two bodies show similar drag and lift coefficient trends while moment coefficient tendency 
is quite different. The finned body displays un asymmetric behaviour with respect to α = 90° due 
to the presence of the fins.

 
Table 3

Aerodynamic coefficients – Lookup tables

 		  Cylinder			   Finned Body					   
	 α(°)	 CL	 CD	 CM	 CL	 CD	 CD

	 0 	  0ּ000 	  0ּ209 	  0ּ000 	  0ּ000 	  0ּ039 	  0ּ000
	 18 	  1ּ051 	  0ּ540 	  1ּ161 	  0ּ348 	  0ּ151 	  0ּ621
	 36 	  2ּ385 	  1ּ901 	  1ּ809 	  1ּ094 	  0ּ830 	  0ּ014
	 54 	  2ּ837 	  4ּ028 	  1ּ695 	  1ּ522 	  2ּ124 	  –1ּ599
	 72 	  1ּ876 	  5ּ837 	  0ּ951 	  1ּ113 	  3ּ447 	  –3ּ515
	 90 	  0ּ000 	  6ּ260 	  0ּ000 	  0ּ000 	  4ּ009 	  –4ּ869
	 108 	  –1ּ876 	  5ּ837 	  –0ּ951 	  –1ּ126 	  3ּ443 	  –5ּ283
	 126 	  –2ּ837 	  4ּ028 	  –1ּ695 	  –1ּ550 	  2ּ104 	  –4ּ748
	 144 	  –2ּ385 	  1ּ901 	  –1ּ809 	  –1ּ127 	  0ּ784 	  –3ּ348
	 162 	  –1ּ051 	  0ּ540 	  –1ּ161 	  –0ּ370 	  0ּ082 	  –1ּ537
	 180 	  0ּ000 	  0ּ209 	  0ּ000 	  0ּ000 	  0ּ039 	  0ּ000

Figure  2. Cylinder and Finned Body aerodynamic coefficients.
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In real flight test measurement noise is always present. Therefore, in order to evaluate the methods 
performances in presence of noisy measurements, a second group of test cases was created by 
adding noise to the simulated reference data. This noise has a Gaussian distribution with zero 
mean and a variance compatible with real flight test data:
Noise is defined as: 

	  			   noise = N (μ; σ2)	 . . . (16)

where μ and σ are:

	

The estimation algorithms tested are LS, ML, CMAES, GA, DE, PSO. The tuning of the strategy 
parameters of the algorithms is beyond the objective of this work and default values are adopted.

The choice of the initial guess solution is very important and can greatly help the convergence 
of the algorithms. Unfortunately, in most practical cases, unless wind tunnel or CFD data are 
available, references can provide only a rough aerodynamic estimate. To account for this situation, 
the solution vector is initialised to zero. This is, in any case, a physical condition, equivalent to a 
ballistic flight in absence of atmosphere.

The availability of a rough estimate is, however, useful to define the solution search space limits. 
In present work the coefficients boundaries are defined as:

	  
All the algorithms stop when one of the following termination criteria is satisfied:

 
Table 4

Termination criteria
	 Maximum number of function evaluation 	 105

	 Maximum number of iterations 	 105

	 Tolerance on fitness function value 	 10–10

	 Tolerance on estimates 	 10–10

The outputs used to compare the algorithms are: 
●	 Minimum fitness function value J reached 
●	 Sum of absolute errors AE: this parameter quantifies the absolute difference between estimated 

coefficients and true values. AE is defined as: 

	  			   . . . (17)

    where y is the vector of n estimates and z is the vector of reference coefficients 
●	 Number of fitness function evaluations FE necessary to reach convergence 
●	 Computational time t[s]
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5.0	Results
The range of total angles of attack actually covered in a 2s simulation strongly depends on the 
initial conditions, on the aerodynamics and on the store inertia. The methodology here developed 
only performs the identification of the aerodynamic parameters relative to range of the angles of 
attack actually reached in the reference trajectory. No further measure of the identifiability level 
of the parameters is performed. Table 5 displays the number of unknown aerodynamic parameters 
in each test case. 

Table 5
Search space dimensions

	 Shape 	 Test conditions 	 Unknowns
		  Empty load – Level flight	 33 
		  Empty load – Autorotation	 33
		  Full load – Level flight	 30
		  Full load – Autorotation	 27

		  Empty load – Level flight	 12 
		  Empty load – Autorotation	 9
		  Full load – Level flight	 12
		  Full load – Autorotation	 9

The finned body shows a much lower number of unknowns. This is due to the fact that the moment 
coefficient displays a stable point in the proximity of α = 40°. The store will likely oscillate in the 
neighbourhood of that position. In the autorotation case, the initial angle-of-attack is even closer 
to that point and a further unknowns reduction is observed.

In the cylinder case the store is unstable and it starts to tumble as soon as released. It then covers 
the entire range of angle-of-attack (α = 0° ÷180°). Predictably, in the heavy case the number of 
unknowns is somewhat smaller. The heavier store experiences the same amount of aerodynamic 
force as the light one, but, due to the higher inertia, it will accelerate less promptly.

In order to compare the performances of the estimation algorithms, all the methods used the 
same initial settings and the same set of termination criteria. The tested conditions are 16, consid-
ering the possible combination of load type, flight conditions and the eventual presence of noise.

Two main characteristics are important for a good optimiser: invariance and adaptation. An 
invariant algorithm is independent of the characteristics of the fitness function and of the initial 
conditions. Invariance guarantees the comparable performances for an entire problem class. 
Adaptation is complementary to invariance because the good optimiser must adapt to all kind of 
problems.

From the numerical point of view, the best performing algorithm is the one which converges 
to the minimum fitness function value and with the lowest absolute error. The fitness function 
measures the difference between estimated trajectories and measured data. Minimum fitness 
function is not enough to guarantee good performances. The absolute error AE quantifies the 
difference between estimated and reference aerodynamic coefficients. Therefore, the optimiser 
must provide both fitness function minimum and AE minimum.

Moreover, the minimum has to be found with the lowest possible number of function evalua-
tions and the minimum possible computational time.

Finned Body

Cylinder
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Figure 3. CMAES – Cylinder – No measurement noise – Velocities and attitude.

Figure 4. CMAES – Cylinder – No measurement noise – Trajectory.
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Figure 5. CMAES – Cylinder – No measurement noise – Aerodynamic angles and coefficients.

Figure 6. CMAES – Cylinder – With measurement noise – Velocities and attitude.
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5.1	Simulation results

Each simulation yields several plots showing released store linear and angular velocities, its 
trajectory and attitude, its aerodynamic angles and the aerodynamic parameters. Each result is 
plotted versus the data generated with the reference aerodynamic parameters.

For brevity only a single, but representative, case is here shown. Figures from 3 to 8 display the 
behaviour of the empty cylinder dropped from a helicopter in autorotation flight condition with 
and without the presence of measurement noise. 

Figures from 3 to 5 clearly show that, in the ideal case without noise, CMAES is able to match 
the reference data with very good accuracy. In particular aerodynamic coefficients are almost 
perfectly identified. 

Figures from 6 to 8 display the case with measurement noise. Identified aerodynamic coeffi-
cients are not as good as in the previous case, but they still match well the trend of the reference 
coefficients. Moreover, the trajectory generated with the reconstructed aerodynamics still matches 
very well the reference data.

5.2	Fitness function and absolute error

Simulation results are analysed by comparing the best fitness function and minimum error of the 
different methods for each test case at the reaching of a termination criteria. Only in few cases 
convergence is reached within the allowed maximum number of function evaluations.

 

Table 6
Finned Body – No measurement noise – Minimum fitness and absolute error

	  Empty 	  Empty 	 Full  	         Full
	  Level flight 	  Autorotation 	  Level flight 	           Autorotation
		  J	 Error 	 J	 Error 	 J	 Error 	 J	 Error
LS 	  4ּ16E+1 	  6ּ76 	  5ּ18E+2 	  1ּ55E+1 	  1ּ70E-3 	  2ּ59 	  8ּ37E-4 	  2ּ88
ML 	  5ּ07E-11 	 1ּ98E-4 	  1ּ06E+2 	  1ּ59E+1 	  4ּ42E-12 	 1ּ24E-4 	  2ּ84E-12 	 1ּ42E-4
CMAES 	 8ּ94E-14 	 5ּ14E-6 	  6ּ58E-13 	  1ּ88E-5 	  1ּ78E-13 	 1ּ27E-5 	  6ּ57E-13 	 4ּ07E-5
DE 	  9ּ03E-2 	 1ּ11E+1 	  4ּ25E+2 	  2ּ90E+1 	  4ּ55E-3 	  4ּ56 	  6ּ76E-11 	 4ּ26E-4
GA 	  6ּ71 	  6ּ09 	  3ּ51E-1 	  9ּ01 	  3ּ58E-2 	  3ּ96 	  9ּ04E-2 	  6ּ90
PSO 	  4ּ91E-2 	  6ּ20 	  1ּ53E-2 	  2ּ94 	  2ּ56E-4 	  1ּ48 	  1ּ37E-4 	  1ּ25

Table 7
Cylinder – No measurement noise – Minimum fitness and absolute error

 	  Empty 	  Empty 	  Full 	       Full
	  Level flight 	  Autorotation 	  Level flight 	        Autorotation
				   J	 Error 	 J	 Error 	 J	 Error 	 J	 Error
LS 	 	 2ּ44 	  4ּ06E+1 	  5ּ04E+1 	 4ּ62E+1 	  1ּ79E-1 	 2ּ49E+1 	  1ּ17E-1 	 1ּ90E+1
ML 	  4ּ94E-3 	 1ּ93E+1 	  9ּ23E-2 	  3ּ16E+1 	  2ּ32E-7 	  6ּ44E-1 	  7ּ15E-7 	  9ּ72E-1
CMAES 	 1ּ38E-13 	 1ּ46E-4 	  3ּ30E-7 	  7ּ17E-1 	  5ּ66E-11 	 8ּ90E-3 	  5ּ25E-10 	 2ּ65E-2
DE 	 	 6ּ14E-1 	 5ּ00E+1 	  9ּ77E-1 	  4ּ24E+1 	  4ּ64E-2 	 3ּ68E+1 	  8ּ12E-2 	 3ּ21E+1
GA 	  1ּ90 	  4ּ50E+1 	  7ּ05E 	  3ּ00E+1 	  2ּ87E-02 	 1ּ7E+01 	  5ּ39E-2 	 1ּ91E+1
PSO 	  1ּ44 	  3ּ61E+1 	  5ּ63E-1 	  4ּ24E+1 	  1ּ53E-02 	 1ּ79E+01 	  4ּ87E-3 	 1ּ78E+1

Algorithm

Algorithm
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Figure  7. CMAES – Cylinder – With Measurement noise – Trajectory.

Figure  8. CMAES – Cylinder – With measurement noise – Aerodynamic angles and coefficients.
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Table  8

Finned body – With measurement noise – Minimum fitness and absolute error

	 Empty 	  Empty 	  Full 	  Full
	  Level flight 	  Autorotation 	  Level flight 	  Autorotation
		  J	 Error 	 J	 Error 	 J	 Error	 J	 Error
LS 	 1ּ68E+1 	 3ּ14 	 3ּ64E+2 	 9ּ24 	 1ּ54E-1 	 3ּ14 	 1ּ31E-1 	  4ּ15
ML 	 9ּ63E+2 	8ּ57E+1 	 1ּ16E+3 	 2ּ70E+1 	 8ּ17E+2 	 1ּ90E+1 	 1ּ04E+3 	 1ּ45E+1
CMAES 	 1ּ50E-1 	 2ּ05 	 1ּ28E-1 	 2ּ24 	 1ּ30E-1 	 2ּ00 	 1ּ45E-1 	  3ּ96
DE 	 5ּ65E+1 	3ּ10E+1 	 1ּ50E-1 	 1ּ82 	 7ּ65E+1 	 4ּ08E+1 	 1ּ62E-1 	  6ּ13
GA 	 9ּ89E-1 	 6ּ05 	 7ּ38E-1 	 7ּ59 	 1ּ00 	 6ּ53 	 2ּ09E-1 	  4ּ14
PSO 	 1ּ34E-1 	 3ּ36 	 3ּ07E-1 	 5ּ42 	 1ּ53E-1 	  ּ40 	 1ּ60E-1 	  3ּ36

 
Table  9

Cylinder – With measurement noise – Minimum fitness and absolute error

	  		  Empty 	  Empty 	  Full 	  Full
				    Level flight 	  Autorotation 	  Level flight 	  Autorotation
		  J	 Error	 J	  Error 	 J	 Error 	 J	 Error
LS 	  2ּ66 	  4ּ08E+1 	  5ּ29E+1 	 4ּ68E+1 	  2ּ88E-1 	 2ּ30E+1 	  2ּ14E-1 	 1ּ72E+1
ML 	  2ּ53E+3 	 7ּ57E+1 	  1ּ23E+3 	 9ּ69E+1 	  8ּ89E+2 	 7ּ78E+1 	  4ּ60E+2 	 4ּ37E+2
CMAES 	 1ּ35E-1 	 1ּ51E+1 	  1ּ45E-1 	  1ּ64E+1 	  1ּ31E-1 	 2ּ05E+1 	  1ּ40E-1 	 1ּ81E+1
DE 	  4ּ58E-1 	 3ּ39E+1 	  3ּ75E-1 	  4ּ99E+1 	  1ּ66E-1 	 2ּ94E+1 	  1ּ77E-1 	 2ּ19E+1
GA 	  4ּ03 	  3ּ95E+1 	  1ּ85E+1 	 5ּ27E+1 	  1ּ73E-1 	 2ּ24E+1 	  1ּ92E-1 	 2ּ00E+1
PSO 	  5ּ40E-1 	 2ּ88E+1 	  9ּ87E-1 	  3ּ84E+1 	  1ּ85E-1 	 2ּ34E+1 	  1ּ59E-1 	 1ּ67E+1

Tables from 6 to 9 collect the fitness function values and the sum of absolute errors of all simulations 
for all algorithms.

A consistent performance pattern is noticeable across all the tests: CMAES outperforms the 
other algorithms in most cases. In the simulations without noise, the orders of magnitude of fitness 
function and AE are respectively 10–14 and 10–12 and 10–6 and 10–2. This excellent results worsen 
in presence of noise where the orders of magnitude of J and AE become respectively 10–1 and  
100  ÷ 101. Anyway, the CMAES still performs better than the other algorithms.

Without measurement noise, both J and AE are very low as the algorithm is able to flawlessly 
identify the aerodynamic parameters along the entire angle-of-attack range reached by the store.

More interestingly, in the presence of noise, J and AE are still acceptably low. In particular J is one 
to two orders of magnitude inferior to AE. Because J is the sum of the errors on the trajectory, this 
fact means that, despite a sizeable error in the aerodynamic parameters identification, a simulation 
performed with the reconstructed aerodynamic model is still accurate.

ML seems to enter in competition with CMAES in some cases. Anyway, its good results are 
limited to cases with no noise. Moreover ML is very sensitive to the search space dimension and 
the estimate quality worsens when the number of unknowns rises. LS shares the same problems 
of ML but it is less sensitive to noise.

PSO performs consistently across all the test cases which makes it less sensitive to initial condi-
tions and solution space shape. Anyway the quality of coefficients estimates is always lower than 
CMAES results. It is more difficult to generalise the behaviours of GA and DE. They seem very 
dependent on initial values and search space shape.
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The following figures provide a visual representation of the aforementioned results. In particular, 
the following graphs compare the absolute errors. Figures 9 and 11 refer to simulations without 
noise, whereas Figs 10 and 12 refer to tests with noise measurements.

5.3	Computational time and number of function evaluations

Figures 13 and 15 show the computational time and the absolute errors of simulations on cylinder 
and finned body tested with and without measurement noise. Each graph is followed by the 
diagram of number of function evaluations versus absolute error (Figs 14 and 16). In each plot 
the best trade-off between absolute error and computational time is circled. For clarity classical 
methods are here omitted.

The following observations can be made:  
●	 No measurement noise: CMAES always guarantees the minimum AE at the least computa-

tional time; PSO and DE are the most time consuming because they exploit all the possible 
function evaluations to minimise the function. 

●	 Measurement noise: PSO competes with CMAES in providing good results in presence of 
noise. Figure 13 shows that PSO is, generally, more time consuming. 

Figure  9. Absolute errors of tests on cylinder without measurement noise.

Figure  10. Absolute errors of tests on cylinder with measurement noise. 
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Figure  11. Absolute errors of tests on finned body without measurement noise.

Figure  12. Absolute errors of tests on finned body with measurement noise. 

Figure  13. Computational time vs Absolute error, tests without measurement noise.
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Figure  14. FE vs Absolute Error, tests without measurement noise.

Figure  15. Computational time vs Absolute error, tests with measurement noise.

Figure  16. FE vs Absolute Error, tests without measurement noise.
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5.4	Initial guess solution effect

As explained in Section 4, all the analysis are performed starting from a null vector initial guess 
solution. This choice is rather extreme since the correct solution may be quite far from the initial 
guess. A first guess estimate closer to the exact parameters could greatly improve the algorithms 
convergence, in particular in the case of the classical ones. The effect of the initial guess solution 
is here evaluated by feeding the different algorithms (in this analysis only LS, ML and CMES) 
with an initial solution increasingly different from the real one. As for the reference trajectories 
some random noise is added to the reference aerodynamic: 

	  	  . . . (18)

where μ and σ are: 

Only the light cylinder in autorotation with measurement noise case is here considered.
 

Table 10
Comparison of the identification results with different first guess solution

	 LSE 	  ML 	  CMAES
  σ		  J	 Error 	 J	 Error 	 J	 Error
10–3		  0ּ1704 	  0ּ2911 	 0ּ1968 	 0ּ9453 	 0ּ1543 	 1ּ2030
10–2		  0ּ1794 	  0ּ2910 	 0ּ2194 	 1ּ1555 	 0ּ1564 	 2ּ2365
10–1		  0ּ2375 	  1ּ5032 	 0ּ5814 	 6ּ0863 	 0ּ1864 	 5ּ9627
10–0		  0ּ4817 	  2ּ2459 	 323ּ2926 	 46ּ6959 	 0ּ2391 	 22ּ2223

Table 10 and Figure 17 show the results of the analysis. It is clear that classical algorithms display 
a distinctive advantage if the guess solution is sufficiently close to the real one. Unfortunately 
this level of knowledge of the body aerodynamics is often unavailable. Interestingly the CMAES 
displays a somewhat greater error in the parameters reconstruction, but can always match the 
reference trajectory more accurately.

This analysis confirms the sensibility of the classical methods to local minima and verifies the 
robustness of CMAES.
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Figure 17. Comparison of the identification results with different first guess solution.
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6.0	Conclusions
The system identification methodology is here applied to solve a parameter estimation problem. 
Classical estimation methods LS and ML were compared with Meta-Heuristics methods CMAES, 
GA, DE and PSO in order to assess their performance on a complex test case: the identification of 
the aerodynamic parameters of a free falling object, In the specific case an external store dropped 
from a helicopter.
The results of simulations support the following conclusions:
●	 Traditional methods ML and LS perform well only with a limited number of unknowns and 

with moderate measurement noise or if the initial guess solution is quite close to the actual one. 
●	 CMAES and PSO perform consistently in each test case and show little dependency on the 

initial condition and search space shape. Anyway, CMAES always outperforms PSO. 
●	 GA and DE performances vary with the function characteristics and are not competitive with 

CMAES in this test cases. 
●	 The use of genetic algorithm on difficult parameter identification problems is a possible option. 
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