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We analyse the Maxwell’s spectrum on thin tubular neighbourhoods of embedded
surfaces of R3. We show that the Maxwell’s eigenvalues converge to the Laplacian
eigenvalues of the surface as the thin parameter tends to zero. To achieve this, we
reformulate the problem in terms of the spectrum of the Hodge Laplacian with
relative conditions acting on co-closed differential 1-forms. The result leads to new
examples of domains where the Faber—Krahn inequality for Maxwell’s eigenvalues
fails, examples of domains with any number of arbitrarily small eigenvalues, and
underlines the failure of spectral stability under singular perturbations changing the
topology of the domain. Additionally, we explicitly produce Maxwell’s eigenfunctions
on product domains with the product metric, extending previous constructions valid
in the Euclidean case.

Keywords: eigenvalue asymptotics; Hodge Laplacian; Maxwell’s equations; thin
domain limit; product metric

2020 Mathematics Subject Classification: 58J50; 35P20; 35Q61; 58A10

1. Introduction and statement of the main results

Let Q be a bounded domain in R3. The second-order reformulation of the time-
harmonic Maxwell’s system

curl K = inH, in Q,
curl H = —inE, in
vx E=0, on 0f)
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5 Q, ~Zx(0,h)

Figure 1. Surface ¥ without boundary and domain §2j,.

= Qp = Zx(0,h)

Figure 2. Surface ¥ with boundary and domain €.

is given by

curlcurl E = AE, in (,
vXx E=0, on 092,

(1.1)

where v is the outer normal to 99 and A := n? is the eigenvalue. If Q is sufficiently
regular, e.g., if 9Q is Lipschitz, it is well-known that problem (1.1) has A = 0 as an
eigenvalue of infinite multiplicity and it further admits a sequence of non-negative
eigenvalues of finite multiplicity (corresponding to divergence-free eigenfunctions)

0<A(Q) < A(Q) < < N(Q) <o S oo,

where the eigenvalues are repeated according to their multiplicity.

We are mainly interested in the dependence of A\;(€2) upon the perturbation of
the domain §2; in particular, we will assume that Q is a thin domain, described
by tubes of size h around smooth embedded surfaces (with or without boundary).
More precisely, if ¥ is a smooth, embedded, orientable, compact surface in R? (with
or without boundary), we define, for all A > 0 sufficiently small, the tube €y, by

Qp ={z+tv(x):t€(0,h),x € I}, (1.2)

where v is a choice of a unit normal vector field on ¥, and v(x) is the corresponding
unit normal vector at = € 3. Note that if 3 has a boundary, )}, is just a piecewise
smooth, Lipschitz domain. See Figures 1 and 2.

If the boundary is just Lipschitz, problem (1.1), and in particular, the boundary
condition v X E|sq, = 0, has to be interpreted in a suitable weak sense, see [11].
We now state our main result.
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THEOREM 1.1. Let ¥ be a smooth, compact, embedded, orientable surface in R3,
and let Qp, be the tube of size h around ¥ defined by (1.2). Let {\;(Qn)}52, be the
sequence of Mazwell’s eigenvalues. Then, for all j € N:

(1) if 0% = 0, limy, o+ X\j(Q) = p;, where {n;}52, are the Laplacian
etgenvalues on X;

(i) if 0% # 0, limy_o+ \j(Q) = pf, where {uf}52, are the Dirichlet
Laplacian eigenvalues on 3.

An immediate consequence of Theorem 1.1 is that we can always find examples
of domains Q with any number of arbitrarily small eigenvalues A;(£2), in the class
of domains with prescribed volume || (see [3] for a recent related result).

COROLLARY 1.2. For any N € N and € > 0, there exists a domain Q with | =1
and A\;(Q) < € for all j = 1,...,N. Moreover, the domain Q can be chosen to be
homeomorphic to a ball.

Proof. Let us first prove the result in the case of 2 not homeomorphic to a ball.
Let ¥ be a Cheeger’s dumbbell [13, p. 79] with N — 1 thin passages such that
p1, -, iy < 5 (in particular, gy = 0). Choose a small enough h > 0 guaranteeing
that X\;(Q;) < e for j =1,...N. Now, for h small, || ~ |X|h and we can possibly
reduce h in such a way that |Q;| < 1. Let Q := so that | = 1. Then
N (Q) = |Qn]?3X; () < efor all j =1,...,N.

To produce a domain homeomorphic to a ball, replace ¥ in the above construction
with X5 := X\ By, where By C X is a small geodesic disk with § > 0, chosen in
such a way that the Dirichlet eigenvalues uf in $s satisfy uP, ..., puR < % This
is possible because the Dirichlet spectrum of X5 converges to the spectrum of the
Laplacian on X as § — 07T, see e.g., [16]. The rest of the construction is as in the
previous part of the proof. It is sufficient to note that a thin tube around X; (or,
equivalently, X5 x (0,h)) is homeomorphic to a ball. O

h
NEER

Corollary 1.2 implies that a Faber—Krahn inequality cannot hold for the first
Maxwell’s eigenvalue, nor for other functions of the eigenvalues like the sum or the
product (or other elementary symmetric functions) of the first N eigenvalues, as
already highlighted in [30] (see also [41]).

Combining Corollary 1.2 with the examples of convex domains of fixed vol-
ume and arbitrarily large first eigenvalue (see e.g., [30, 41], or simply take
(0,6) x (0,8) x (0,1/6%) which has large first eigenvalue when ¢ is small by
Theorem 3.1) we conclude that for any N € N and any ¢, M > 0, there exist
domains €, w homeomorphic to a ball with |Q] = |w| = 1, such that A\;(2) > M
and \j(w) <e¢, forall j=1,...,N.

To prove Theorem 1.1, it is convenient to change perspective and interpret prob-
lem (1.1) as an eigenvalue problem for the Hodge Laplacian acting on co-closed
differential 1-forms with relative boundary conditions on a Riemannian manifold
(M, g) (see also problem (3.1)):
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Au=du, inM
du=0, in M (1.3)
*u=0, on JdM,

where now u is a differential 1-form on M, A = d§ + dd is the Hodge Laplacian
associated with the metric g acting on differential forms, d is the exterior derivative,
0 is the codifferential associated with the metric g and i : OM — M is the canonical
inclusion. We refer to Section 2 for more details. When M is a bounded domain in
R? and the metric is the Euclidean one, Problem (1.1) restricted to divergence-free
fields and Problem (1.3) coincide (under the canonical identification of vector fields
and 1-forms).

It is worth recalling the following fact. For small A > 0, the domain 0, with
the Euclidean metric is quasi-isometric to the manifold M = ¥ x (0, k) with the
product metric g, = gs x dt?, where gy, is the induced metric on ¥ from the ambient
FEuclidean space. Using the product structure of the metric, we are able to explicitly
describe all the eigenvalues of Problem (1.3) in M = ¥ x (0, h) and the associated
eigenfunctions. Concerning the eigenvalues, we have the following (see Theorems
3.1 and 3.4)

THEOREM 1.3. Let M = ¥ x (0,h), h > 0, (X,gx) be a compact Riemannian
surface (without boundary) and g, = gs + dt® be the product metric on M. Then
the spectrum of (1.3) on (M, g,) is given by the union of the following four families:

(i) pr+mn;(h), k>2,5>1;

(it) pw +dj(h), k=2, j=1;
(ii) d;(h), j > 1, each repeated 27y times;
(iv) O with multiplicity 1.

Here py are the eigenvalues of the Laplacian on (X, gx) (with multiplicities),
n;j(h),d;(h) are the Neumann and Dirichlet eigenvalues on (0,h), and 7 is the
genus of the surface.

THEOREM 1.4. Let M = ¥ x (0,h), h > 0, (X,g9x) be a compact Riemannian
surface with non-empty boundary 0% and g, = gs. + dt? be the product metric on
M. Then the spectrum of (1.3) on (M,g,) is given by the union of the following
three sequences:

(i) ui, +ni(h), k3 > 1;
(i0) i +dj(h), k>2,j>1;
(i) d;(h), j > 1, each repeated 2y + b times.

Here ,u,aykN are the eigenvalues of the Laplacian on (3, gs) with Dirichlet and
Neumann boundary conditions, respectively (with multiplicities), n;(h),d;(h) are
the Neumann and Dirichlet eigenvalues on (0, h), 7 is the genus of the surface, and
b+ 1 is the number of connected components of 0.

We note that in both cases, as h — 07, all eigenvalues diverge to +oo except puy -+
m(h) (k> 1)if 0% = 0 and p +ni(h) (k> 1) if 9% # 0. In fact 1, (h) = 0 for all
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h. The quasi-isometry between (M, g,) and (M, gg), where g, is the product metric
and gg is the Euclidean metric, finally allows us to conclude that the corresponding
eigenvalues are at most at distance Ch from each other, concluding therefore the
proof of Theorem 1.1.

Theorems 1.3 and 1.4 should be compared with the case of ‘flat’ product domains
of R? of the form Q = w x I, where w C R? and I C R. For such domains, it is
well-known that the eigenvalues A;(€2) belong to three different families (in the
following list we keep the notation of [15]):

(i) the TE-modes, ATH(Q) = Xj(—AL") + Ay (—AFT), j > 2, m > 1;
(ii) the TM-modes, )\?nl\f(ﬂ) = N (—AI) 4\, (A > 1,m > 1
(iii) when w is not simply connected, and Ow has D connected components, the
TEM modes: A\TEM(Q) = \,,,(-A¢"), 1 <d <D -1, m>1;

Theorems 1.3 and 1.4 say that the TE-TM-TEM description of the eigenvalues
given in [15] continues to hold in the Riemannian setting, that is, when we replace
w with a Riemannian surface 3, therefore generalizing the construction valid for
straight cylinders to possibly curved ones. The only difference is that the Maxwell’s
eigenvalues will now be described in terms of the eigenvalues of the Laplacian on the
surface 3 (with Dirichlet or Neumann boundary conditions on 90X when 9% # 0,
as in the flat case).

From the description in [15], we easily see that the limiting spectrum of the
Maxwell’s operator on the flat cylinder w x I as |[I| — 0T coincides with the
Dirichlet spectrum of the Laplacian on w: this is a particular case of Theorem 1.1.

Another implication of Theorem 1.1 is that there is no spectral stability under
singular domain perturbation when a change of topology is involved. More precisely,
let 5 = w\ Bs C R?, where w is a simply connected planar domain, Bs is a disk
of radius ¢ centred at some z € w, B; C w for all § > 0 sufficiently small. Let
Q.5 =25 x (0,h). Let h > 0 be fixed. Then the Maxwell’s eigenvalues on 2, 5 are
just those given by Theorem 1.4:

h2
N(6) + “2{2, k >2,j > 1, where pulY (§) are the Neumann eigenvalues on

T =

(i)
5

D n?(i-1)? : D s :

2 (0)+ , k,j > 1, where pu;(6) are the Dirichlet eigenvalues on Xs;
k

(i) T, 5> 1.

3

When § — 0%, Q, 5 converges (in the sense of Hausdorff convergence) to €, =
wx (0, h). The Maxwell’s spectrum on €y, is given by Theorem 1.4; however, we note
that, since w is simply connected, we do not have the third family of eigenvalues:

(i) uP + w, k,j > 1, where u? are the Dirichlet eigenvalues on w = Xo;

(i) pl + ”23'2, k> 2, j > 1, where u}Y are the Neumann eigenvalues on w = %.
The first two families of eigenvalues behave continuously in § (this follows from the

spectral stability of the Dirichlet and Neumann eigenvalues in Euclidean domains
upon removal of a small ball). On the contrary, the eigenvalues of the third family
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clearly admit a limit as § — 0% (they do not depend on §), but the limits are not
Maxwell’s eigenvalues in the limit domain.

Associated with the families of eigenvalues in Theorems 1.3 and 1.4, there are
families of eigenfunctions that we describe more explicitly in Theorems 3.1 and
3.4. In these theorems, the eigenfunctions are interpreted as eigenfunctions of the
Hodge Laplacian (Problem 3.1), that is, they are 1-forms. Finally, we prove that
the eigenfunctions in €25, and the limit eigenfunctions in ¥ converge in a suitable
sense as h — 0T, see Theorem 5.1 and Corollary 5.2.

The analysis of eigenvalue problems for differential operators on thin domains
is a classical topic that has experienced a noticeable growth in recent years, see
e.g., [4, 5, 7, 8, 26, 29, 31] and references therein. Our analysis was inspired by
the well-known result in [42]: the Neumann eigenvalues of a thin tube around a
closed embedded hypersurface in R™ converge to the eigenvalues of the Laplacian
on the surface. Since then, the analysis of the behaviour of the spectrum in the
thin limit turned out to be useful in the study of many other spectral problems,
e.g., the hot spot conjecture [32], the clamped plate equation [12], Navier—Stokes
equations [35-37], and quantum waveguides [17-19, 40]. It is worth mentioning
the recent paper [33], in which the authors perform an asymptotic analysis of the
spectrum of the Dirac operator in tubes around hypersurfaces in R”. When n = 3,
these are the domains considered in the present paper. When the tube shrinks
to the surface, they are able to identify the effective Schrodinger operator driv-
ing the dynamics, and write an asymptotic expansion of the eigenvalues. From
the geometric point of view, the analysis of the spectrum of the Hodge Laplacian
acting on p-forms on domains with thin parts has been considered by various
authors, see e.g., [1-3]. However, also from the geometric point of view, we were
not aware of a result in the spirit of [42] for p-forms. This is the main motivation
of the present note, which focuses on p = 1 due to the relation of the problem on
forms with the Maxwell’s problem. We finally remark that in the last ten years,
there has been an upsurge of interest in the connection between the spectrum
of the Maxwell’s operator and the underlying geometry, mainly in the Euclidean
setting, see, for instance, [6, 9, 20-22], where, for instance, the role of the topol-
ogy of the domain in the spectral properties of the Maxwell’s system prominently
appears.

The present note is organized as follows. Section 2 contains a few geometric pre-
liminaries and the description of the connection between Problems (1.1) and (1.3).
In Section 3, we prove Theorems 1.3 and 1.4, namely, we describe the Maxwell’s
eigenvalues and the eigenfunction of the product manifold (M, g,) = (£x (0, L), gp)-
In Section 4, we prove our main Theorem 1.1. In Section 5, we establish a conver-
gence result for eigenfunctions. Finally, we remark that in this note we identify the
Maxwell’s problem with the eigenvalue problem for the Hodge Laplacian restricted
on co-closed 1-forms with relative conditions. For the reader’s convenience, in
Appendix A, we describe the spectrum of the full Hodge Laplacian with relative
boundary conditions in the product manifold (M, g,).

We conclude this section by underlining that this article is purposely written
to be accessible to both mathematical analysts and differential/spectral geome-
ters, and therefore, it may contain details that are usually omitted in a research
article.
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2. Geometric preliminaries and the interpretation of problem (1.1) as
an eigenvalue problem for the Hodge Laplacian

2.1. Notation and functional spaces

Let us first describe the functional spaces that are involved in the analysis of
the curlcurl equation in the case of a Lipschitz bounded domain © C R3. The
ambient Hilbert space will be L?(Q)3. Let VH(Q) = {Vu : v € H}(Q)} and
H(div0,Q) := {E € L*(Q)? : divE = 0}. We recall that we have the classical
Helmholtz decomposition

L*(Q) = VH(Q) @ H(div0,9). (2.1)
Let us also define the space
Hy(curl, Q) = {u € L*(Q)% : curlu € L*(Q)?, v x ulpg =0},

and similarly
H(div,Q) = {u € L*(Q)® : divu € L*(Q)}.

In view of Weber’s compactness result (see [44]), the space
XN () := Hy(curl, Q) N H(div, Q)

is compactly embedded in L?(2)2. Let us now consider the weak formulation of
Equation (1.1), which reads

/(curlE,curlH) :A/(E,H} (2.2)
Q

Q

for all H € Hy(curl, Q). One sees immediately that, if A = 0, any F = Vu, u €
H} () is a solution of (2.2). In fact, the space VH(Q2) := {Vu : u € H}(Q)} is
contained in the kernel of the operator curl.

There are now two (equivalent) ways of studying the spectrum of this operator.
Either we study it in the Hilbert space L2(2)3, and then A = 0 is a point of essential
spectrum of the operator; or we restrict the Hilbert space to H(div0,) = {E €
L?*(Q)3 : divE = 0}, which corresponds to restrict the domain of the operator
curl curl to the orthogonal of VH} (). We proceed with this second option.

Thus, in the Hilbert space H (div 0, {2), which is endowed with the usual L?()3-
norm, we consider the sesquilinear form

Q(E,H):/g}(curlE,curlH)

with domain dom(Q) = Hyp(curl, Q) N H(div 0, 2), which is compactly embedded in
H(div 0,9). By the second representation theorem, there exists a unique positive
self-adjoint operator 7" such that
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(Tua 'U) = Q(U, 'U)7

for all u € dom(T) := {u € dom(Q) : T'/?>u € dom(Q)}, v € dom(Q). Moreover,
the compact embedding of dom(Q) into the ambient Hilbert space H(div0,€)
implies that the resolvent 7! is compact as an operator in H(div 0, (). By stan-
dard spectral theory, we deduce that the spectrum of T coincides with its discrete
spectrum and can be described by a sequence of non-negative, isolated eigenvalues
of finite multiplicity

0<A(Q) A () < < N(Q) < - S oo,

where the eigenvalues are repeated according to their multiplicity.

2.2. Hodge Laplacian and geometric functional setting

The weak formulation (2.2) and the functional setting described in Section 2.1,
which apparently seem tied to Euclidean three-dimensional domains, can be
translated into the context of general compact Riemannian manifolds.

Let (M, g) be a compact, orientable, n-dimensional Riemannian manifold. Let
QP(M) denotes the vector space of smooth differential p-forms on the differentiable
manifold M.

By d we denote the exterior derivative: d : QP(M) — QPTY(M), which is the
ordinary differential of a function for p = 0. For example, in R® with Cartesian
coordinates (z,y, z), for a O-form f = f(x,y, z) we have df = 9, fdz+0, fdy+0, fdz.
For a 1-form f = fidz + fody + fadz we have df = (0, f2 — Oy f1)dx Ady + (Oy f3 —
0, f2)dy Ndz + (0. f1 — Or f3)dx A dz, etc.

The metric g allows us to define a Hodge-star operator * : QP (M) — Q"~P(M).
More concretely, we first note that the Riemannian metric induces a scalar product
on the space of p-forms, which we denote by (-,-)4. Then, for any w € QP(M), the
Hodge-star operator  is defined by the following identity

O N (*w) = <¢,w>gdvg, Vo € QP(M%

where dv, is the volume n-form for the metric g. For example, in R? with the
Euclidean metric gg and the canonical basis dx, dy, dz of 1-forms, one has: xdx =
dy AN dz, xdy = dz ANdzx, xdz = de Ndy, *1 = de ANdy A dz = dvg,, *x(dz A
dy A dz) = xdvg, = 1, etc. In particular, for a 1-form f = fidz + fady + fsdz,
*df = (0yfs — 0, f2)dx + (0. f1 — Og f3)dy + (O f2 — Oy f1)dz which can be identified
with curlf.

The Hodge * allows us to define a codifferential § : QP (M) — QP~1(M):

Sw = (—1)"PFDFL gy,

For example, if p = 1, we always have § = — % dx. For a 1-form in R3, f =
fidx + fady+ f3dz, we have § f = —0, f1 — Oy fo — 0. fs = —divf (for the Euclidean
metric gg). For n =3, p = 2, § = xdx. Note that ¢ depends on the metric g.
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Finally, we can define the Hodge Laplacian A : QP(M) — QP (M) by
Aw = (0d + do)w.

Note that A depends on the metric g. We will omit the dependence of § and A
on the metric g when it is clear from the context; otherwise, we will write d4, Ag.
Further note that in R™ we have §f = 0, for any function (or, equivalently, 0-form)
f, hence —Af = §df = —divV f is the usual Laplacian on functions. In R3, given a
1- form f = fidx + fody + fsdz, the Hodge Laplacian acts as

Af =curlcurlf — Vdivf.

Hence, the eigenvalue equation in (1.1) corresponds to AE = AE when E is co-
closed, that is, when §F = 0 (—divE = 0). Here, with abuse of notation, we have
identified the vector field E with its dual 1-form. The boundary condition v x E = 0
on Jf) can be translated into i*E = 0 on 02, where i : 92 — Q is the canonical
inclusion. This condition forces E to be normal to the boundary. In the terminology
of differential forms, i*E = 0 on 9N is called a relative condition. In the case of
0-forms, the relative condition corresponds to the Dirichlet boundary condition.

We now consider the functional setting for the Hodge Laplacian acting on forms.
Having a scalar product induced by the metric on QP(M), the definitions of
L? spaces and Sobolev spaces extend naturally to differential p-forms: the space
L2QP(M) is defined as the completion of QP(M) with respect to the L?-inner
product on forms: [, (wi,ws)gdvy. The Sobolev spaces H™QP(M), m € N are
defined analogously, through the natural connection V on (M, g) induced by the
Riemannian metric (which allows to differentiate forms). It is then possible to
define the analogous of the spaces Hy(curl, ), H(div, ), H(div0, ) on (M, g) for
differential forms of any degree. More precisely, we have

XN(Mag) =
{we L*QP(M) : dw € L*QPTH (M), 6w € L*QP~1 (M), and i*w = 0 on OM},

where i : 9M — M is the canonical inclusion (if 9M = () the last condition in the
definition of Xy is empty). In the case of non-empty boundary, this is the space
of differential p-forms in L? with differential and codifferential in L? and satisfying
the relative boundary conditions (namely, they are normal to OM).

We also recall the fundamental Hodge-Morrey decomposition:

L2QP(M) = dQ% (M) @ §QPHY (M) @ Hr(M) (2.3)

where Q%' (M) == {w € Q""Y(M) : i*w = 0on M} and Hr(M) = {w €
P(M) : dv = dw = 0,i*w = 0 on IM}. By abuse of notation, the spaces in
the decompositions denote the closure of the corresponding spaces of smooth p-
forms with respect to the L? norm. In the case of a domain of R? and p = 1,
L2QY(Q) = L2(2)3 and dQ°(M) = VH} (up to the isomorphism identifying 1-
forms with vector fields), and therefore we recover the Helmholtz decomposition
(2.1). The analogous Hodge-Morrey decomposition holds for any Sobolev space
H™QP (M), m > 1.
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We can now see that problem (2.2) corresponds to

/M<dw7dgp>gdvg = )\/M<w,<p>gdvg (2.4)

for all ¢ € Xn(M,g) such that o = 0 in M, in the unknown w € Xn(M,g),
dw=0and A € R.
Finally, we recall Gaffney’s inequality

lolEaran < Co (1wl zqm o + 10013200100y + Ilam o) (25)

which holds for w € Xy (M, g). It is clear now that all the discussion in Section 2.1
applies to this more general setting, since the embedding H*QP (M) — L2QP(M) is
compact. This means that problem (2.4) is associated with a compact, self-adjoint
operator in L2QP (M) with nonnegative, discrete spectrum. Gaffney’s inequality was
originally proved in [24, 25] for manifolds without boundary, and in [23] for man-
ifolds with boundary. For manifolds with boundary, it also holds under very mild
smoothness assumptions on dM, see [34]. More precisely, for Euclidean domains,
a Lipschitz condition on the boundary and a uniform outer ball condition are
sufficient to guarantee the validity of Gaffney’s inequality.

For more details on Sobolev spaces of p-forms, Hodge-Morrey decomposition,
Gaffney’s inequality, and for other relevant results of functional analysis, we refer
to [43]. For more information on the spectrum of the Hodge Laplacian on p-forms
(with different types of boundary conditions), we refer, e.g., to [27, 28, 38, 39].

The geometric framework described above allows for a more general approach
to eigenvalue problems of type (1.1) and helps to avoid some technicalities that
may arise from the explicit use of coordinates. It gives a geometric meaning to
the decomposition of the Maxwell’s spectrum in the TE, TM, and TEM modes for
domains w x I (where w C R? and I C R) contained in [15]. Moreover, even though
it is not the purpose of the present paper, it can be applied in any dimension and
any ambient Riemannian manifold.

We refer to [27] for a nice introduction to eigenvalue problems for the Laplacian
on p-forms on manifolds with boundary. See also [41] for a detailed exposition on
the spectrum of the Laplacian on p-forms on convex Euclidean domains.

3. Hodge Laplacian spectrum on co-closed 1-forms with relative
conditions on three-dimensional product manifolds

Throughout this section, we shall denote by M the following product manifold of
dimension 3:

M=Y%xI,

where (2, gx) is a compact Riemannian surface, I = (0, h) is an interval, and h > 0.
The surface ¥ is compact, connected, smooth, and it is allowed to have a smooth
boundary (with any number of connected components) and a possibly non-trivial
topology. By gx we denote a smooth Riemannian metric on . By x we shall denote
a point of ¥ and by ¢ € (0, h) the usual coordinate on I.
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We consider the manifold M endowed with the product metric g, = g5 X dt?.
With this choice, (M, g,) is a product Riemannian manifold. Note that at any point
g = (z,t) € M, we have the canonical orthogonal decomposition T,M = T, X & T, 1.

We consider the following eigenvalue problem

Aw =X v, inM
*w =0, on OM

(3.1)

restricted to the space of co-closed 1-forms, that is, 1-forms w verifying dw = 0.
To be more precise, we should have written J,, and A, since the co-differential
depends on the metric. We shall omit the subscript when its meaning is clear from
the context. Here ¢ : 9M — M is the canonical inclusion. This problem is the
eigenvalue problem for the Hodge Laplacian restricted to co-closed one-forms with
relative boundary conditions, see [27].

We now describe the eigenvalues and eigenfunctions of (3.1) in the product
manifold M. We start from the case 0% = {).

3.1. Eigenvalues and eigenfunctions when 9% = ()

THEOREM 3.1. Let (M, gp) be a product Riemannian manifold, with M = ¥x (0, h),
h >0, (X, 9x) a compact Riemannian surface (without boundary) and g, the product
metric. Let

(45, W) >1 be the eigencouples of the Laplacian on (%, gx);
(n;(h),vj)j>1 be the eigencouples of the Neumann Laplacian on (0, h);
(dj(h),u;);>1 be the eigencouples of the Dirichlet Laplacian on (0, k).

Then the spectrum of (3.1) is given by the union of the following four families:

(i) pe+mi(h), k=2, j>1;

(i) p +d;(h), k>2,5>1;
(i1t) dj(h), j > 1, each repeated 2 times;
(iv) 0 with multiplicity 1.

Here 7y is the genus of the surface. The corresponding eigenfunctions are given by

(i)ij( t) = dd(wi(x)v;(t)dt), k > 2, j > 1.
(i) Fir(w,t) = *d(wp(z)u;(t)dt), k=2, j > 1.
(m) ik (z,t) = Hi(z)u;(t ), where {Hk}zll is a basis of harmonic 1-forms on

(iv) ( t) = dt.

REMARK 3.2. We can recognize the three families of modes described in [15] for
cylinders and balls in R3. In particular, our first family corresponds to the TM
modes in [15], the second family corresponds to the TE modes, while, if the topology
is not trivial, our third family corresponds to the TEM modes.
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Proof. First family. We look for eigenfunctions F' of the form
F =4d(fdt),
where f is a smooth function on M. We have the following facts:

e F =dsf:+ (Axsf)dt, where dy is the differential on X, and f; indicates the
derivative of f with respect to t;

e we have 6F = 62d(fdt) = 0, hence F is co-closed;

e we have then

AF = §6dF = ds(Asfi — fur) + (ALf — As fur)dt;

e the boundary condition i*F = 0 reads dyx, f; = 0.

Here and in what follows, by Ay, we denote the Laplacian on ¥ for the metric gs
and by Jy, we denote the codifferential on X for the metric gs,. Therefore, we need
to solve

ds(As fr — fur) + (AL f = Asfu)dt = Mds fr + (Asf)dt), in M
dsfy =0, on ¥ x {0,h}.
(3.2)
According to the separation-of-variables ansatz, we look for solutions of the
form f(x,t) = w(z)v(t). The equation preserves the separation of variables, and
therefore, we obtain:

vAZw — v Asw — WwAgw =0, in M

(3.3)
v (0)dsw = v'(h)dsw =0, on ¥ x {0,h}.

If w = const on X, we would have F' = 0. Moreover, we can choose w such
that fz w = 0, since the corresponding F' would not change. Hence, the boundary
condition reads v'(0) = v'(h) = 0.

Note that if f(z,t) = w(z)v(t) with [, w = 0 solves (3.3), then it solves

dE(Ath - fttt) =Msfy, inM (34)

thus it solves (3.2).
A standard ansatz to construct a solution is to require that there exist constants
c such that

AZw + cAsw — AMyw =0, in X%,
="' (t) = cv(t), in (0,h),
v'(0) =v'(h) =0.

The first equation implies that w is an eigenfunction of the Laplacian on ¥ with
eigenvalue 1 = X\ — ¢ > 0, since we are in the subspace of H(X) of functions w

https://doi.org/10.1017/prm.2026.10141 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10141

Note on the Maxwell’s eigenvalues on thin sets 13

with zero mean over . Note that p; = 0, g2 > 0. On the other hand, v must be a
Neumann eigenfunction on (0, h) with eigenvalue c. We conclude that

A=k +nh), k>2,7>1
Second family. Consider now the following functions:
F =xd(fdt)
where f is a smooth function in M. One checks that
F =xdxf.
It is immediate to check that 0F = —§2% x (fdt) = 0, so F is co-closed. Hence
AF = 0dF = xds(Asf — fu).

Hence (3.1) becomes

*dz(Azf - ftt) = )\*dgf, in ]\47

(3.5)
*dsf =0, on X x {0,h}.

which is equivalent to

dz(Azf — ftt) = )\dzf, in ]\47

(3.6)
dsf=0, on ¥ x {0,h}.

Again, the separation-of-variables ansatz suggests to look for solutions of the form
f(z,t) = w(x)u(t). We obtain

—u"dsw + udsAsw = Mudsw, in M

u(0)dsw = u(h)dsw = 0.

Note that we can take w such that [y, w = 0. Indeed, adding to f any function ¢(t)
which depends only on ¢, we would have xd(fdt + ¢dt) = *d(fdt) + xd(pdt) and
d(g(t)dt) = 0.

The same argument used for the first family shows that w cannot be constant,
otherwise f = u(t) and hence F' = 0. This implies that necessarily —u”(t) = cu(t)
for some constant ¢ and u(0) = w(h) = 0. This implies that ¢ = d;(h), a Dirichlet
eigenvalue on (0, h), and that w must solve

ds(Asw +d;j(h) —X) =0,

hence
Asw— (A—dj(h)w=c

for some constant w. But since w has zero mean, integrating the previous in 3 we
get ¢ = 0. Therefore, w is an eigenfunction of Ays; with eigenvalue A — d;(h) > 0.
We conclude that
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A= +di(h), k>2,j>1

Third family. This family arises when the topology of ¥ is not trivial. We set
F =u(t)H(x)

where H is a harmonic 1-form on X. The space of harmonic 1-forms on a compact
surface is finite-dimensional and has dimension 27, where « is the genus of the
surface. Proceeding as above, we find that u must be some Dirichlet eigenfunction
on (0, h) with eigenvalue d;(h), j > 1. The resulting eigenvalues are

A =d;(h)

each one repeated 2y times.

Fourth family (eigenfunctions with zero eigenvalue). One eigenfunction is
left out from this analysis, which is dt. We have that dt is harmonic and satisfies the
relative boundary conditions. We remark that this is the only zero eigenvalue of the
Hodge Laplacian on 1-forms (not just restricted to co-closed forms) on ¥ x (0, L).
This is not surprising since the relative cohomology in degree 1 for ¥ x (0, L) has
dimension 1.

Completeness of the eigenfunctions. To complete the proof of Theorem
3.1, it remains to establish that the 4 families of eigenfunctions found above span
the whole of the Hilbert space L?. Assume that there exists a co-closed 1-form w,
satisfying the relative boundary conditions, and orthogonal to all the eigenfunctions
in the three families and to dt. We will show that w must be zero.

Note that w is a 1-form satisfying dw = 0 in M and i*w = 0 on OM. We start
by testing with the eigenfunctions of the first family, which are of the form

F=dsfi+ (Agf)dt

where f = wyv;, k> 2, 7 > 1, with wy, and v; as in the statement of the Theorem.
At any (x,t) € M we can write w = wy, + wdt, where (ws;,dt); = 0 in M and w
is a smooth function defined in M. The coefficients of wyx; are smooth functions on
M. Then, for all £ > 2, j > 1, we have

h
0= / / (dsfi + (Asf)dt, ws + widt) gdvgg dt
0o Js

h
:/ /<d2ft7w2>g): +AZthd’UgEdt
0 =

h h
= —/ /ft5zwzdvg2dt+uk/ /wkvjwtdvgzdt
0 Jx 0o Jx

h h
:/ /ft(wt)tdvgzdt—i—uk/ /wkvjwtdvgzdt. (3.7)
0o Js 0 Jx
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Here we have used that 0 = dw = dyxws + (wi)¢, where (wy); := dyw; since the metric
is in product form. Then

h h
0:/ /ft(wt)tdvgzdt‘f’/lk/ /WkUthdUgEdt
0o Ju 0 Jx
h
= (nj(h)+uk)/ /wkvjwtdvgzdt. (3.8)
0o Je

This implies that w; must be constant on ¥ for any ¢ (that is, w; is a function of ¢
only). In particular, again from dxws; = —(w¢); we get, from Stokes theorem

0= / Ssws = (wi)i|Z)|
>

which means that w; is constant in M. The orthogonality with dt implies that
Wy = 0.
Now, let us consider the second family of eigenfunctions:

F = *dzf

where f = wyu;, k> 2, j > 1, with wy, and u; as in the statement of the Theorem.
We therefore have, for any k£ > 2, 5 > 1:

h h
0 :/ /(*dgf,w>gdvgzdt = / u;j (/ <*dEIUk,w2>gszgE) dt.
0o Je 0 )

This means that a.e.
/<*d2wk7wZ>gzd’ng =0
by

which implies

/wk*dng =0
by

for all k. This means that xdswy is constant on 3 x {t} for all ¢, namely, xdyws, =
z(t). By Stokes theorem

0— / dsws = 2(1)]3)
>

hence z(t) = 0 and for any ¢, wy; is closed on X.

Now we consider the third family of eigenfunctions Hy(z)u;(t), j > 1, where
u; are the Dirichlet eigenfunctions on (0,h) and {H k}ig: 1 is a basis of harmonic
1-forms in ¥. Proceeding as above, we find that wy, is co-exact for any ¢, which
means that wy = — % dx * ¢ dvg,, for some function ¢. Since we have proved that
w is closed, we conclude that Ax¢p = 0 for all ¢, hence ¢ is constant and wy, = 0.
Hence w = cdt for some constant c. Since w must be orthogonal to dt (the last
eigenfunction, associated with the eigenvalue 0), necessarily ¢ = 0. O

We observe that all the eigenvalues diverge to +oo as h — 0%, except for the
family pg + m(h) = pk, k > 2, and the zero eigenvalue (which is pq). We restate
this result in the following corollary.
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COROLLARY 3.3. Let \j(h,gp,) denote the eigenvalues of the product manifold
(M, g,) where M =3 x (0,h). Then

ili% )‘j (h7 gp) = Hj>

where p; are the Laplacian eigenvalues of (X, gs).

3.2. Eigenvalues and eigenfunctions when 9% # ()

We consider now the case when ¥ has a boundary. The arguments remain essentially
the same, up to some minor changes that we now underline.

The first difference comes from the ansatz for the families of eigenfunctions. By
separation of variables, the eigenfunctions must be in the form f(z,t) = w(x)u(t),
where the component w(z) (which was an eigenfunction of the Laplacian on
in Theorem 3.1) must now satisfy some boundary conditions on 3. The second
difference that one can note with respect to the proof of the completeness of eigen-
functions in Theorem 3.1 is that, when using the Stokes theorem on 3, we have
boundary terms; however, orthogonality with respect to harmonic 1-forms associ-
ated with boundary components of 9% allows to perform the same proof above,
with almost no change. In fact, in the case where X # (), there are, in general,
additional harmonic 1-forms related to the connected components of 9.

THEOREM 3.4. Let (M, g,) be a product Riemannian manifold, with M = ¥x (0, h),
h >0, (3,9s) a compact Riemannian surface with non-empty boundary, and g,
the product metric. Let

(1, wf k1 be the eigencouples of the Dirichlet Laplacian on (¥, gx);
(1t wy)

(n;(h), v;)
(d;(h),uj);>

Then the spectrum of (3.1) is given by the union of the following three sequences:

k>1 be the eigencouples of the Neumann Laplacian on (X, gx);
j>1 be the eigencouples of the Neumann Laplacian on (0, h);

be the eigencouples of the Dirichlet Laplacian on (0, h).

(1) i +n;(h), k,j > 1;
(ii) py +di(h), k>2,j>1;
(i1t) dj(h), j > 1, each repeated 2 + b times.

Here v is the genus of the surface and b+ 1 is the number of connected components
of 0X. The corresponding eigenfunctions are given by

(i) Fjp(x,t) = dd(w (x)v; (t)dt), k> 1, j > 1.
(ii) Fj(z,t) = *d(wp (z)u;j(t)dt), k> 2, j > 1.
(141) Fji(z,t) = Hg(x)u;(t), where {Hk}Q’Hb is a basis of harmonic 1-forms on
Y with relative condztzons

Proof. During this proof, we will use the same notation for the families of
eigenfunctions, as introduced in the proof of Theorem 3.1.
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First family. For the first family F' = dyx, f; + (Ax f)dt, the additional boundary
condition reads Axf = 0 and dpsf; = 0 on 9% x (0, h), which, with the ansatz
f(z,t) = w(x)v(t) becomes

Asw|osv(t) =0 and dosw|gsv'(t) =0, t € (0,h).

Recall that the equations to be solved are

A2w+(c—NAgw =0, inX

—v"(t) = cv(t), in (0,h)
Asw|psv(t) =0, on 0% x (0,h),
dosw|ssv'(t) =0, on 9% x (0, h)

dswv'(0) = dggv’(h) = 0.

Note that w = const on ¥ is not admissible, otherwise F' = 0; the last condition then
reads v'(0) = v'(h) = 0. Therefore, ¢ = n;(h) is a Neumann eigenvalue on (0, h).
Setting ¢ = Axw, we have that ¢ is an eigenfunction of the Dirichlet Laplacian
on ¥ with eigenvalue u? = XA —n;(h), j > 1. Now, for j = 1 we have n;(h) = 0
and v(t) = const. Also, Ax(¢ + pPw) = 0, which means that w = ¢ + har is
a linear combination of a Dirichlet eigenfunction ¢ and a harmonic function har.
However, we may choose w to be a Dirichlet eigenfunction, because for j = 0 we
have F' = Ax(¢+har)dt = (Asx¢)dt. For n;(h) # n1(h) = 0, the boundary condition
imposes that w is constant on any connected component of the boundary. In this
case, we have that

As(¢+pPw)=0, inX,

3.9

¢+ puPw = const, on each connect. comp. of 9. (39)
If ¥ has just one connected component of the boundary, then the only solution is
¢ + pPw = const; we may then choose w to be an eigenfunction of the Dirichlet
Laplacian on ¥ with eigenvalue p”, since adding a constant does not change F.
If 0¥ has b 4+ 1 connected components, there exists b independent solutions of
(3.9), which contribute to the spectrum. Altogether, we have identified a family of
eigenvalues in the form

A=pp +n;(h), kj>1

and if we have b + 1 connected components of 02, we have b copies of
n2(h),n3(h), -+, which are the positive Neumann eigenvalues on (0, h), or, equiv-
alently, we have b copies of dq(h),d2(h),... which are the Dirichlet eigenvalues on
(0,h). We will list these eigenvalues corresponding to non-trivial topology of the
boundary 0% in the third family here below.

Second family. For the second family, the ansatz is F' = xdx f. We recall that
for ¥ without boundary, the boundary condition at ¥ x {0,h} reads *dsf = 0,
which is equivalent to ds f = 0.

Considering now the 0% # ) case and setting f(z,t) = w(x)u(t), the condition
ds f = 0 amounts to u(0)dsw = u(h)dsw = 0. On the lateral boundary 9% x (0, h),
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the boundary condition implies that u(t) x dsw must be normal, forcing 9, w = 0
on 0%. We end up with

v’ (t)dsw — u(t)dsAsw = —du(t)dsw, in M
u(0)dsw = u(h)dsw =0,
8y)3w = 07 on 82

Following the proof of Theorem 3.1, we conclude that all the eigenvalues are given
by
AN=ul +d;(h), j=1,...k=2..

with p¥ and d;(h) as in the statement of the Theorem.

Third family. Finally, for genus v > 1, we have a third family given by
uj(t)Hy(z), where {Hy(x)}7), is such that {Hy}: , U {dsyy}b_, is a basis of
the harmonic 1-forms on ¥ with relative boundary conditions. Here 1, are defined
by Ay, = 0in 3, ¢, = const # 0 on 0%k and ¢y, =0on 0%;, i # k, for k =1,...,b,
where ¥;, i = 1,...,b+ 1 are the connected components on 9% (these are the func-
tions found in the analysis of the first family). In fact, the first relative cohomology
of a surface ¥ of genus v and b + 1 boundary components is isomorphic to Z27+?.

Thus, we get the additional family of eigenvalues

A=d;(h), j>1,

each repeated 2y times. We also include in this family the eigenfunctions defined
through the functions v, found in the analysis of the first family.
The completeness of eigenfunctions is proved exactly as in Theorem 3.1. O

We observe that all the eigenvalues diverge to +oo as h — 0T, except for the
family ukD +m(h) = ,ukD , k > 2. We state these results explicitly in the following
corollary.

COROLLARY 3.5. Let \j(h,gp) denote the eigenvalues of the product manifold
(M, gp) where M =X x (0,L). Then

. D
lim A, (h, g,) = 1P,

where uf are the Dirichlet Laplacian eigenvalues of (X, gx).

4. Convergence of eigenvalues on tubes around embedded surfaces:
proof of Theorem 1.1

We will now proceed to prove Theorem 1.1. The proof strategy will be the following;:
we relate the eigenvalues of the tube €2, with those of the product manifold (M, g,),
where

M =% x (0,h)

and g, is the product metric; then we show that for h — 0T, the two sequences of
eigenvalues become arbitrarily close and conclude using Theorems 3.1 and 3.4.
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Throughout this section, ¥ is a smooth, compact, embedded orientable surface
in R3, and gy, is the Riemannian metric on ¥ induced by the ambient Euclidean
space. Let ), be defined by (1.2), namely, ), := {x +tv:t € (0,h),z € ¥} where
v is a choice of the unit normal to ¥ vector field to o. Since ¥ is embedded and
smooth, there exists hg > 0 such that, for all h € (0, hg), the parallel surface to X at
distance h is smooth, and moreover €2y, is diffeomorphic to M := 3 x (0, k) through
¢ : X x (0,h) = Qp,. We may then use Fermi coordinates (x,t) € M =3 x (0, h).
Moreover, the domain €, with the Euclidean metric gg is isometric to (M, ¢*gg),
where ¢*gg is the pull-back of the Euclidean metric through ¢. To abbreviate, we
write

gr == ¢"gE

for the pull-back of the Euclidean metric on M. One also sees that

gr =¢gp, onXx {0},

where g, = gs, + dt? is the product metric on M = ¥ x (0, ). Since M is compact,
we deduce that, for all A > 0 sufficiently small,

lgr — gpllczary < Ch,  lgr' = g, ez < Ch, (4.1)

uniformly in M. See e.g., [10, § 2]. From now on, by C' we denote a positive constant
which does not depend on h and which may be re-defined line by line.

By A;(h, gp) we denote the eigenvalues of (3.1) (restricted to co-closed forms) on
(M, gp) and by A;(h, gr) the eigenvalues of (3.1) (restricted to co-closed forms) on
(M, gF). From the discussion above, we have that

() = Aj(h, gF)

where \;(€,) are the eigenvalues of (1.1).
To prove Theorem 1.1, we compare the Rayleigh quotients defining A; (h, gr) and
Aj(h, gp). We have

du|? d
\hnge) = int e JarZlor s

ax —— 22
LSy otuey Jag lul? . dvg,,

where Vp = {u : §g,u =01in M,i*u = 0 on OM}, that is, the subspace of 1-forms
that are co-closed and normal to M. Analogously, we have that

S \du|§pdvgp

Aj(h,gp) = inf  max 01—, (4.2)
diLIfnc[}/ij o£uel [, |ul2 dug,

where V, = {u : 056y u = 0 in M,i*u = 0 on OM}. The two spaces Vp and V), are
not the same since the codifferential § depends on the metric.
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However, given u such that d,,.u # 0, but 6, u = 0, we can replace it by u + dv
where v satisfies 64, dv = —d4,u, v =0 on dM. This is just

Apv = —0g,u, in M,
v=0, on OM.

(4.3)

That is, we have projected u on the subspace of co-closed 1-forms for the metric
gr. But now

d(u + dv) = du + d*v = du.

Summarizing, for any u € Vj, there exists a unique u € Vg, @ = u + dv, with
dgp-u = 0, du = dt, and @ is tangential for gr. This last fact follows since for a
solution v of (4.3), dv is tangential, and since a 1-form w is tangential for gp if and
only if it is tangential for g,. This is due to the structure of the metrics gr, gp,
which, in local coordinates, assume the form of a block diagonal matrix splitting
the components along T3 and (0, h). Hence, we can write

Ty |du|§degF

N . 44
i(hs gr) Ulgvp OgluagU Jar lw+dvl? dvg, .
dim U=j

Now, we have

/M duf2, = —/M<u,dv>gF - —/M<u,dv>gF + /M<u7dv>gp,

where the first identity follows by multiplying (4.3) by v and integrating by parts.
We have added the last summand, which equals zero since d,,u = 0. Hence

[tz <| [ g~ [ o,
M M M

From (4.1) and standard manipulations of the right-hand side of (4.5) we deduce
that there exists a constant C' not depending on u, v such that

/M |dv|?, < Oh/M ul2,.. (4.6)

Again, using (4.1) and (4.6), we deduce the existence of a constant C' > 0 not
depending on u such that, for all u € V,

fM |du‘§pdvgp Y IdUIEdegF

(4.5)

fM |du|§pdvgp

(1-Ch) < < (14 Ch) .4
S [ul2 dvg, Jos [+ dvl2 dvg,. S [ul2 dvg,
The result now follows from (4.2) and (4.4): for all j, we have
(1= Ch)A;j(h, gp) < Aj(h, gr) < (14 Ch)A;(h, gp)- (4.8)

This concludes the proof of Theorem 1.1 since \;(h, gr) = A;(£2).
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5. Convergence of eigenfunctions

In this section, we establish a convergence result for eigenfunctions. Throughout
this section

M =¥ x (0,h).

We start by observing that, if we consider the eigenvalues A;(h,g,) of the (full)
Hodge Laplacian with relative boundary conditions on (1, g,), namely,

Aw = Aw, in M,
*w=1"6w =0, on JIM,

(5.1)

then for all j € N, limy, ,o+ A;(h, gp) = p;, where uj,uf are the eigenvalues of
the Laplacian on ¥ (if 9M = 0). If 9% # 0, the same statement holds with uf
as the limit eigenvalue. Moreover, for any fixed j € N, there exists h; > 0 such
that A;(h,g,) = p; for all h < h;, and a basis of the corresponding eigenspace
is given by {w;(x)dt};”,, where w; are the eigenfunctions of the Laplacian on ¥
(with Dirichlet conditions if 90X # () associated with ;. We refer to Appendix A
for more details on the full Hodge Laplacian spectrum on product manifolds.

Moreover, dw;(x)dt = 0, hence the only eigenfunctions associated with Hodge
Laplacian eigenvalues that admit a finite limit are co-closed. It is not difficult to see
that these eigenfunctions correspond (up to scalar multiples) to the eigenfunctions
od(wj(z)dt) of the first family in Theorems 3.1 and 3.4, which in turn are exactly
those providing the co-closed eigenvalues that have a finite limit. Now note that
dd(w;dt) = A(w;dt) = pjw;dt. All these statements still hold when 9Q # 0, up to
replacing u; with ujD.

Let us now consider problem (5.1) on (M, gr). The Hodge-Morrey decomposition
(2.3) implies that the spectrum of (5.1) on (M, gp) is given by the union of the
co-closed spectrum (i.e., the spectrum of (5.1) restricted to co-closed 1-forms), and
the spectrum of (5.1) restricted to the space of gradients of functions in H{(M).
But, as h — 0T, all the eigenvalues of (5.1) associated with eigenfunctions that are
gradients of functions in Hj (M) diverge to +o0o. Hence, if we denote by A;(h, gr)
the spectrum of (5.1) for (M, gr), we have that for any fixed j € N there exists
ho > 0 such that A;(h,ga) = Ai(h, gr) for all i = 1,..., j. Recall that by A;(h, gr)
and Aj(h, gp) we have denoted the spectrum of (5.1) restricted to co-closed forms.

We are now ready to prove the following

THEOREM 5.1. Let p; be an eigenvalue of the Laplacian on ¥ (with Dirichlet
conditions if 0¥ # 0) and let w be an associated L*-normalized eigenfunction.
Then there exists hg > 0 and an eigenfunction u of problem (5.1) on (M,gr)
associated with Aj(h, gr) satisfying

<Ch

Hhil/detfu‘ <
L2Q1 (M)

for all h < ho, where C' > 0 is a constant depending only on p; and X.

In view of the previous discussion, from Theorem 5.1, we deduce the following
corollary.
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COROLLARY 5.2. Let u; be an eigenvalue of the Laplacian on ¥ (with Dirichlet
conditions if 0¥ # 0) and let w be an associated L*-normalized eigenfunction.
Then there exists ho > 0 and an eigenfunction u of problem (3.1) associated with
Aj(h, gr) satisfying

<Ch

Hh_l/zwdt—u) <
L2Q1(M)

for all h < hg, where C > 0 is a constant depending only on p; and X.

This last corollary, translated in terms of solutions of Maxwell’s problem (1.1),
says that, for all h > 0 sufficiently small, given an eigenfunction w on the limit
surface ¥ associated with a limit eigenvalue p; (or MJD if ¥ has a boundary), there
exists an eigenfunction u of (1.1) associated with A;(€2,) which is close in L*(Q)3
to the constant extension of w in the normal direction to X.

Proof of Theorem 5.1. Let {w;},~, is an orthonormal basis of the eigenspace
associated with pj;. First, note that there exists hg > 0, such that, for any
h < hg an orthonormal basis of the eigenspace associated with Aj(h,g,) is
given by {h='/2w;dt}; 7. Let v = h=/23"" aw; with 377 a? = 1. Then v
is an L2-normalized eigenfunction of (M, g,) associated with A;(h,g,). Possibly
choosing a smaller ho, we may further assume that A;_1(h,g,) < Aj(h,gp) =
Ajia(hgp) =+ = Njpm;—1(h gp) < Njim; (hygp) and Aj s (h, gr) < Aj(h, gr) =
Ajii(hogr) =+ = Njym,—1(h, gr) < Ajim, (h, gr).

From (4.8) and from the fact that, for hg sufficiently small \;(h, g,) = A;(h, gp)
and Aj(h,gr) = Aj(h,gr), we have that |A;(h,gr) — Aj(h,gp)| < Ch, and the
multiplicities of Aj(h,gr) and Aj(h,gp) coincide. Since the eigenfunctions in the
product metric are explicit (see Section 3), we can assume v € H?Q'(M) for the
metric g, (and also for gg), uniformly in A, as the eigenfunctions of the Laplacian
in ¥ (with Dirichlet conditions in the case ¥ has a boundary) are smooth. Let u be

an eigenfunction associated with Aj;(h, gr) such that [, (u!, (u—v))g.dvg, = 0 for

alli = 1,...,m;, where u] is a L?-orthonormal basis of the eigenspace O, associated

with A;(h, gr) (for the metric gr). Note that if hg is sufficiently small, then u # 0.
Now, consider the following problem

(Agp = Aj(h,gr))(u = v) = (Agp = Ag, )v = (Aj(h, gr) = Aj(hy gp))o - (5.2)

in (M, gr). On the boundary, we have that i*(u —v) = 0 (the outer unit normal is
the same for both the metrics). Moreover, i*dy, (u — v) = i*(dy,v — dg,v) = O(h)
by (4.1); indeed, d4,u = d4,v = 0, since, upon choosing h small enough, u and v
must be eigenfunctions of the Hodge operator restricted to co-closed 1-forms. Then
u — v belongs to the orthogonal of the kernel of A, — A;(h,gr), it is normal to
the boundary and its divergence is small (O(h)) at the boundary. Then, if F}, =
(Agp —Ag v — (Nj(hygr) — Aj(h, gp))v, gn = 1% (0g,v — 04, v), the form w = u —v
solves the following inhomogeneous problem for the Hodge Laplacian with relative
boundary conditions:

(A_(]F - )\](h))w = F}“ in M,

i*w =0, "6y, w=qn, on OM.

https://doi.org/10.1017/prm.2026.10141 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10141

Note on the Maxwell’s eigenvalues on thin sets 23

Since w € Ot for each fixed h > 0, the Fredholm alternative implies that this
problem is solvable provided that F}, € @ﬁ, which holds true in view of the identity
(5.2).

Interpreting this problem in weak form, we obtain the L2Q! (M) (for the metric
gr) a priori: estimate

dist(0(Agp) \ {A5()}, A () 0] 201 (ary
< C(I1Full7 201 (ar) + lanll72conr)):

where C' > 0 does not depend on h. Now note that

I Fnllzzoran) < Cllgy ™t = g5 ez vl azaran + 1A () = A ()] lIvll 201 (ar))
and
lanllrz@o0,) < Cllgy,* — grlle2an 10l r2(0,)

by the Trace inequality and the definition of ¢;. Note that the constant C' > 0
needs to be possibly redefined, but it still does not depend on h. This concludes
the proof in view of (4.1) and of the convergence of the eigenvalues established in
Section 4. O

REMARK 5.3. Concerning stronger notions of convergence, it is natural to expect
that the resolvent operator of the Maxwell’s system converges to that of the
(Dirichlet) Laplacian on X. We believe that this is the case. However, the proof
of this fact is beyond the scope of the paper, which is devoted to the analysis of
the eigenvalues and the consequences for the spectral geometry of this operator.
Although the convergence in the case of the product metric could be achieved with
standard arguments, the convergence in the Euclidean setting is more delicate.
Indeed, the natural extension operator, taking a function w on ¥ to a 1-form wdt
in M, does not produce, in general, co-closed forms; and even more dramatically,
the projection of wdt on the space of co-closed forms may depend on the small
parameter h.
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Appendix A. Full Hodge Laplacian spectrum with relative conditions

on product manifolds

We have seen that the Maxwell’s eigenvalues coincide with the eigenvalues of the
Hodge Laplacian with relative conditions restricted to the subspace of co-closed dif-
ferential forms. On a compact Riemannian manifold (M, g), the eigenvalue problem
for the Hodge Laplacian with relative conditions acting on p forms reads

Aw = dw, in M
*w=1"0w =0, onJdM.

(A1)
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When (M, g) is an Euclidean domain 2, identifying vectors and 1-form, problem
(A.1) reads

curlcurlE — VdivE = AE, in Q,
vx E=divE =0, on 0N).

(A.2)

It is well-known that if p+ ¢ = r, and if « is a p-form and 3 is a ¢g-form, then
the Laplacian acting on the r-form a A f on a product manifold M x N splits as
follows (Kiinneth formula):

AlaAB)=aNAB+aNAS.

In the case of closed manifolds M, N, the Hodge Laplacian spectrum of r forms is
then given by summing p-eigenvalues of M and g-eigenvalues of N, for any choices
of p,q such that p + ¢ = r. In the case of 1 forms, the spectrum is then given by
sums of Laplacian eigenvalues of M and Hodge Laplacian eigenvalues on 1-forms
on N, and sums of Laplacian eigenvalues of NV and Hodge Laplacian eigenvalues on
1-forms on M.

We compute now the spectrum of (A.1) for product Riemannian manifolds and
1-forms, and in particular, for M = ¥ x (0,h) and g = g,, where (X,g5) is a
Riemannian surface and g, = g, + dt? is the product metric. Assume first that
has no boundary. Consider the family

w(Ownla), k> 1,

where u; are the Dirichlet eigenfunctions of (0, %) with eigenvalues d;(h) and wy
are the eigenfunctions of the Hodge Laplacian on 1-forms on ¥ with eigenvalues ..
One checks that these are eigenfunctions of the Hodge Laplacian on X x (0, h) with
relative boundary conditions. The corresponding eigenvalues are given by d; (h)+/1,,1€,
4,k > 1. Consider now the family

wi(z)v(t)dt, g,k =1

where v; are the Neumann eigenfunctions of (0, k) with eigenvalues n;(h) and wy
are the eigenfunctions of the Laplacian (on functions) on ¥ with eigenvalues py.
One checks that these are eigenfunctions of the Hodge Laplacian on ¥ x (0, h) with
relative boundary conditions. The corresponding eigenvalues are given by n; (h)+p,
7,k > 1. These two families exhaust the entire spectrum. This can be done as in
the proofs of Theorems 3.1 and 3.4 (see also [14]).

If ¥ has a boundary, it is possible to argue in a similar way. Namely, one just needs
to choose eigenfunctions in the form w;(t)wy(x) with u; Dirichlet eigenfunctions on
(0,h) and wy 1-forms with relative conditions on X, or in the form wy(z)v;(t)dt
with wy(x) Dirichlet eigenfunctions on ¥ and v;(t) Neumann eigenfunctions on
(0, h).

Note that the Hodge Laplacian spectrum restricted to co-closed 1-forms
(Maxwell’s spectrum) is a subset of the Hodge Laplacian spectrum. However, it
is not immediate to recognize the explicit form of the co-closed eigenfunctions as
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in Theorems 3.1 and 3.4. Nevertheless, if we denote by A;(h, g,) the eigenvalues of
the (full) Hodge Laplacian on (M, g,) with relative conditions, then, for all j € N,

hl_l)%l+ A_/(ha gp) = Hj,

where p; are the eigenvalues of the Laplacian on (X, gx;) (with Dirichlet conditions if
0X # (). More precisely, for each fixed j, there exists h; sufficiently small such that
Aj(h,gp) = pj for all h < hj and the eigenfunctions associated with A;(h, g,) are
given by wj;(z)dt, with w;(x) the eigenfunctions of the Laplacian on ¥ associated
with p; (with Dirichlet conditions if 93 # (§). This analysis is actually sufficient to
prove Corollaries 3.3 and 3.5, and then Theorem 1.1. However, our method of proof
also provides an explicit description of the eigenfunctions on the product manifold,
see Theorems 3.1 and 3.4.

Finally, we mention that there is a dual set of boundary conditions for the
eigenvalue problem for the Hodge Laplacian. More precisely, we can consider the
eigenvalue problem for the Hodge Laplacian with absolute boundary conditions:

Aw = M, in M,

*w=1*1,dv=0, ondM,

(A.3)

where ¢ denotes the interior multiplication of differential forms. For 0-forms (func-
tions), this simply reduces to the Neumann boundary conditions. By the Hodge *
isomorphism, which exchanges the two boundary conditions, we have that

)\ﬁp(M’ g) = Aﬁn—p(Ma g)

where in the above formula, )\ﬁp(M ,g) and )\ﬁp(M ,g) denote the eigenvalues of
the Hodge Laplacian acting on p-forms on the n-dimensional Riemannian manifold
(M, g) with relative and absolute boundary conditions, respectively. In particular,
due to the equality /\f1 = /\ﬁ2 when n = 3, we conclude that our analysis of
the Hodge Laplacian eigenvalues with relative boundary conditions for 1-forms
also yields the same results for 2-forms with absolute boundary conditions. A nice
introduction to the Hodge Laplacian on domains with boundary can be found, e.g.,

in [27].
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