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SUMMARY
This paper presents a general methodology for the off-line
planning of optimal trajectory of robot manipulators by
taking into account the grasping forces in the manipulator
gripper. The mechanical energy of the actuators has been
considered for the formulation of the objective function.
The optimization problem has been formulated as subject to
physical constraints, input torque/force constraints and
payload constraints. The mathematical model takes into
account the coupled nonlinear equations of manipulator
motion. A numerical example shows the efficiency of the
proposed procedure.

KEYWORDS: Robotics; Programming; Path planning; Payload
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1. INTRODUCTION
In many industrial applications the movements of the robot
manipulators are planned manually in an ad hoc manner so
that usually they do not perform the tasks with optimal
paths. This path planning generally cannot be designed with
the best paths or/and the maximum permissible speeds at all
points along the programmed paths.

Repetitive processes are applied in robotic applications
such as inspection, welding, painting, assembling, objects
handling. The technological characteristic of these applica-
tions justifies off-line trajectory planning with optimum
characteristics. When repetitive processes are imposed, it is
possible to develop a methodology to move a robot
manipulator along a specified optimum path. This can be
achieved with minimum cost through an optimization
problem formulation, in which an objective function can be
defined by using the mechanical energy of the manipulator.
For this purpose velocity and acceleration constraints can be
considered together with force/torque and geometry con-
straints.

Considerable research has been done to obtain optimal
robot path. But referring to the specific topic of this work,
one can consider the following papers: Lin et al.1 have
proposed a procedure to construct a cubic polynomial joint
trajectory and the algorithm for minimizing the traveling
time subject to the physical constraints on joint velocities,
accelerations and jerks. Shin and Mckay2 have presented a
solution to the problem of minimizing the cost of moving a
robotic manipulator along a specified geometric path subject
to input torque/force constraint, taking into account the

dynamics of the manipulator. The method presented by
Shiller and Dubowsky3 has found the minimum time motion
for a manipulator between given end states, by considering
the full nonlinear manipulator’s dynamics, actuator satura-
tion characteristics, end-effector and payload constraints.
Chen4 has applied uniform cubic B-splines to solve the
optimal trajectory planning problem for robotic manip-
ulators subject to state and control constraints. Zeghloud
and coauthors5 have proposed an approach based on an
optimization technique, which has consisted in determining
a placement which minimizes an objective function describ-
ing the task. This work shows that many objective functions
can be used in the placements problems and some of these
functions consider only one criterion to be optimized. In the
paper other multicriterion procedures have been considered
for comparison with the proposed optimization. Chevallier
and Payandeh6 have proposed an approach for modelling
and computing the grasping force as a function of the
external forces (e.g. such as inertia actions), which can act
on the grasped object. The contact between the fingers and
object has been modelled as a point contact with friction.
Zhao and Bai7 have proposed optimal schemes, minimum
load method, minimum torque method and multiple crite-
rion method. In the last method, a weighted linear
combination of joint torques and component loads is used as
an objective function to formulate load distribution and joint
trajectory planning. Johnson and Marsh8 have described a
model in which robot motions are represented using
multivariate B-splines that have been used for collision
avoidance and path planning. Park et al.9 have presented a
methodology for generating robot motions that are optimal
with respect to physical criteria. Choi et al.10 have discussed
the problem of the minimum time trajectories and the
control strategy to drive the robots along the trajectories
when the exact dynamics equations of robots are unavaila-
ble. In each time interval the trajectory is optimized by
means of the use of evolution strategy so that the total
traveling time is minimized under the kinematic constraints.
Arimoto11 has edited a special issue of Robotica whose aim
was to collect challenging research papers that reflect the
state of the art of “grasping and manipulation” at the
beginning of the new millennium.

In this paper, a general formulation has been proposed for
optimum path planning of robot manipulators of an
industrial type, taking into account the grasping forces in
the manipulator gripper The proposed formulation has been
deduced from separate experiences12,13 of the authors also
with the aim to combine the advantages of their previous
approaches. The mechanical energy of the actuators is
considered for the formulation of the objective function.
The optimization problem has been formulated as subject to
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physical constraints, input torque/force constraints and
payload constraints. The robot model has been based on the
Denavit-Hartenberg parameters. A dynamical model for the
manipulator has been obtained by writing the Euler-
Lagrange’s equation using the Lagrange’s energy function
in order to evaluate the mechanical energy of the actuator’s
action. Feasible trajectories have been defined using spline
functions and then they have been obtained through off-line
computation. A sequential technique has been used for the
solving numerical optimization procedure. A numerical
example involving a Puma 560 manipulator is presented to
illustrate the numerical efficiency and feasibility of the
proposed methodology.

2. A FORMULATION OF THE OPTIMUM PATH
PLANNING
The path planning task for a manipulator with n degrees-of-
freedom (d.o.f.) can be described using m knots for the
trajectory for each i joint of the manipulator. The prescribed
task can be given by the initial and final points P0 and Pm of
the trajectory, as shown in Figure 1, by taking into account
additionally kinematic constraints and limits for the actuator
forces and grasping force. The movement of the manip-
ulator can be obtained by the simultaneous motion of the n
joints in order to perform the prescribed task.

Among the many available criteria, one can assume the
energy aspect as the most significant performance in order
to optimize the manipulator operation, since the energy
formulation can consider simultaneously dynamic and
kinematic characteristics of the performing motion. There-
fore, one can formulate the optimum path planning as an
optimization problem in the form

min E= � tm

0
�n

i=1

[�i(t) q̇i(t)]
2dt (1)

Subject to

max [qi(t)]≤Qi

max [q̇i(t)]≤Vi

max [q̈i(t)]≤Wi (2)

max [�i(t)]≤�i (i=1, . . . , n)

Fgmin ≤Fk ≤Fgmax (k=1, 2)

where E is the total energy involved in the manipulator
motion; �i is the actuator torque/force at joint i; qi is the i-
joint variable; t is the time variable in the interval [0, tm] for
the path between Po and Pm; the time derivatives of qi are
indicated as dot and double dot qi; tm is the prescribed time
values at the end point Pm when t=0 is assumed at the initial
point P0 (Figure 1).

The constraints have been formulated in Equations (2) as
functions of given limits for each i actuator in terms of
maximum joint mobility Qi, maximum velocity Vi, max-
imum acceleration Wi, and maximum torque �i. In addition,
payload constraints have been expressed in term of feasible
range for the grasping forces F1 and F2 that ensure suitable
static equilibrium of a grasping with two fingers.

The proposed formulation with Equations (1) and (2)
requires the simultaneous computation and consideration of
the manipulator dynamics and gripper statics.

3. KINEMATIC AND DYNAMIC MODEL OF A
MANIPULATOR
Consider �i, �i, di, ai as the link Denavit-Hartenberg
parameters for the robot manipulator. The homogeneous
transformation matrix describing the relative translation and
rotation between the link i coordinate system and the link
i�1 coordinate system can be expressed as

Ti
i�1 =

cos �i

sen �i

0

0

�sen �i cos �i

cos �i cos �i

sen �i

0

sen �i sen �i

�cos �i sen �i

cos �i

0

ai cos �i

ai sen �i

di

1

(3)

Thus, the kinematic motion of a robot manipulator with n
d.o.fs. can be completely described by

Tn
o =T1

0T
2
1T

3
2 · · · Tn

n�1 (4)

Figure 2 represents the position vector ri of a point in the i
link as described with respect to link i. With respect to the
base coordinates position vector ri

o can be calculated as

ri
o =Ti

ori =T1
oT

2
1 · · · Ti

i�1ri (5)

The corresponding velocity and acceleration of the point
can be expressed as

ṙi =��i

j=1
��Ti

o

�qj

q̇j��ri (6)

Fig. 1. A Puma 560 Robot Manipulator and a prescribed trajec-
tory given by initial and final points. Fig. 2. The position vector ri

o of a point on the i link.
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r̈i =��i

j=1
��Ti

o

�qj

q̈j�+ �i

j=1
� �2Ti

o

�qj�qk

q̇jq̇k��ri (7)

where

�Ti
i�1

�qi

=DfiT
i
i�1 (8)

in which, for rotational joints Dfi is given by

Dfi =

0

1

0

0

�1

0

0

0

0

0

0

0

0

0

0

0

(9)

and for prismatic joints Dfi is given by

Dfi =

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0

(10)

A simple notation, adopted by Saramago and Steffen,14 can
be used to write the derivative terms of the transformation
matrix in a compact form as

Uij =
�Ti

o

�qj

=T1
oT

2
1 · · · Tj�1

j�2(DfjT
j
j�1)T

j+1
j · · · Ti

i� i =Tj�1
o DfjT

i
j�1

(11)

and

Uijk =
�2Ti

o

�qkqj

=
�Uij

�qk

=
Tj�1

o DfjT
k�1
j�1 DfkT

i
k�1

Tk�1
o DfkT

j�1
k�1DfjT

i
j�1

0

if

if

if

j≤k≤ i

k≤ j≤ i

j> i, or, k>i

(12)

Consequently, the expressions of Equations (6) and (7) can
be rewritten as

ṙi =��i

j=1

(Uijq̇j)�ri (13)

r̈=��i

j=1

(Uijq̈j )+�i

j=1

(Uijkq̇jq̇k)�ri (14)

The dynamics of a robot manipulator can be modeled to
compute the actuator forces/torques in the form

�=H(q)q̈+B(q)[q̇q̇]+C(q)[q̇2]+G(q) (15)

where

[q̇q̇]=[q̇1q̇2, q̇1q̇3 , . . . , q̇1q̇n, q̇2q̇3 , . . . , q̇2q̇n , . . . ,

q̇n�2q̇n, q̇n�1q̇n]
T [q̇2]=[q̇2

1 , . . . , q̇2
n�1, q2

n]
T (16)

in which � is the vector of actuation torque/force, H(q) is the
n� n kinetic energy matrix, B(q) is the n� n(n� l)/2 matrix
of Coriolis torques, C(q) is the n� n matrix of centrifugal

torques, G(q) is the n-vector of gravity torques, q is the joint
vector q=[q1 , . . . , qn]

T, where T is the transpose operator.
The dynamics simulation of a Puma 560 like manipulator

can be carried out by using the formulation of Equations
(15) and (16) in a numerical procedure like that proposed by
Armstrong et al.15

The influence of the payload on the dynamic model of a
robot can be considered by adding the grasped object mass
to the mass of the last link. In the same way, the inertial
moments of the given object can be added to the inertial
moments of the last link through the expressions

mn =mn
link +mobject (17)

In =In
link +Iobject (18)

4. A FORMULATION FOR TRAJECTORY
MODELLING
In order to determine the joint trajectories, one can use the
given initial and final points P0 and Pm of Figure 1 in the
Cartesian coordinates. These given points can be trans-
formed into joint coordinates by solving the inverse
kinematics. Then, cubic polynomial can be chosen to
describe the joint trajectories since Proportional Derivative
control is generally used for manipulator actuators in
industrial robots.

Therefore, the trajectory qi(t) can be composed
of uniform cubic B-splines with m knots at
0=t1 < t2 < . . . < tm�1 < tm time coordinates to give

qi(t)= �m�1

j=0

qi
j(t), i=1, · · · , n (19)

where the cubic B-spline can be expressed as

qi
j(t)=	i

j�3 b�3(t)+	i
j�2 b�2(t)+	i

j�1 b�1(t)+	i
j�0 b�0(t)

(20)

in which b�3, b�2, b�1, b�0 are the basis function as
formulated by Saramago and Steffen.16 The coefficients
	i

j�3, 	
i
j�2, 	

i
j�1, 	

i
j�0 can be considered as unknowns for the

optimal path planning and they can be computed by solving
the linear system within the optimization problem as
explained below.

The basis functions are non-zero over the time interval [tj,
tj +4
] with 
=1/(m�1); and they can be expressed as

b�0(t, tj)=�3
j (t)/6 and �j(t)=

(t� tj)



for t�[tj, tj +
]

b�1(t, tj+1)=[1+3�j+1(t)+3�2
j+1(t)�3�3

j+1(t)]/6 and

�j+1(t)=
(t� tj+1)



for t�[tj+1, tj+1 +
]

b�2(t, tj+2)=[4�6�2
j+2(t)+3�3

j+2(t)]/6 and (21)

�j+2(t)=
(t� tj+2)



for t�[tj+2, tj+2 +
]

b�3(t, tj+3)=[1�3�j+3(t)+3�2
j+3(t)��3

j+3(t)]/6 and

�j+3(t)=
(t� tj+3)



for t�[tj+3, tj+3 +
]
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Since qi
j(t) is a cubic, its derivatives with respect to t can be

straightforwardly computed as

dkqi
j(t)

dtk =	i
j�3b

(k)
�3(t)+	i

j�2b
(k)
�2(t)+	i

j�1b
(k)
�1(t)+	i

j�0b
(k)
�0(t)

(22)

where

b(k)
� j =

dk(b� j)

dtk (23)

The initial guess for the unknown coefficients of the B-
splines can be obtained by fitting a straight line joining the
given initial value qi

0 and final value qi
m (i=1, . . . , n) for

each joint.
When the m points and terminal time tm are given,

Equation (19) is a function of the n(m+2) unknowns 	i
j

(i=1, . . . , n; j=1, . . . , m). The number of equations for
each joint is m. Thus, using Equation (22) and the given
initial and final velocities for each joint, two new equations
can be added to the linear system to obtain

D[	i
�3 	i

�2 	i
�0 	i

�1 · · · 	i
m�1 	i

m]T

=[qi
0 qi

2 qi
3 · · · qi

m q̇i
0 q̇i

m]T i=1, . . . , n (24)

in which the entries of matrix D can be calculated using the
basis functions given by Equation (21). Thus, entries of
matrix D, with index k varying from 1 to m and index j
varying from 1 to m�1, can be computed as

D(k, j)=D(k, j)+b�3

D(k, j+1)=D(k, j+1)+b�2

D(k, j+2)=D(k, j+2)+b�1
(25)

D(k, j+3)=D(k, j+3)+b�0

in which

b�0 =�3/6

b�1 =(1+3�+3�2 �3�3)/6

b�2 =(4�6�2 +3�3)/6
(26)

b�3 =(1�3�+3�2 ��3)/6

with

�=(t(k)� t(j))/
 for t(k)>t(j) (27)

and

�=0 for t(k)≤ t(j) (28)

The entries of the two last lines of matrix D can be
calculated using Equation (22) with the index k varying
from 1 to 2 and index j varying from l to m�1, in the
form

D(k+m, j)=D(k+m, j)+ ḃ�3

D(k+m, j+1)=D(k+m, j+1)+ ḃ�2

D(k+m, j+2)=D(k+m, j+2)+ ḃ�1
(29)

D(k+m, j+3)=D(k+m, j+3)+ ḃ�0

in which

ḃ�0 =�2/(2
)

ḃ�1 =(1+2��3�2/(2
)

ḃ�2 =(�4�+3�2/(2
)
(30)

ḃ�3 =(�1+2���2/(2
)

Fig. 3. Configuration and forces for a planar grasp with two
fingers.

Table I. Denavit-Hartenberg Parameters for the Puma 560.15,19

Link �i �i ai di

(degree) (degree) (m) (m)

1 q1 –90 0 0
2 q2 0 0.4318 0
3 q3 –90 0.0203 0.1254
4 q4 90 0 0.4318
5 q5 –90 0 0
6 q6 0 0 0

Table II. Mass (Kg), center of mass (m), Inertia dyadics and effective motor inertia (Kg/m2) for the Puma 560 as deduced from
references [15], [19].

Link Mi rx ry rz Ixx Iyy Izz Im

1 – – – – 0 0 0.350 1.140
2 18.50 0.068 0.006 –0.016 0.130 0.5240 0.539 4.710
3 4.80 0 –0.070 0.014 0.066 0.0125 0.086 0.830
4 0.94 0 0 –0.019 1.80� 10�3 1.80� 10�3 1.30� 10�3 0.200
5 0.54 0 0 0 0.30� 10�3 0.30� 10�3 0.40� 10�3 0.179
6 0.10 0 0 0.032 0.15� 10�3 0.15� 10�3 0.04� 10�3 0.193
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with

�={t[(k�1)m]� t(j)}/
 for t[(k�1)m]>t(j) (31)

and

�=0 for t[(k�1)m]≤ t(j) (32)

Thus, a trajectory for a joint variable qi can be determined
when Equation (20) is numerically computed by using
Equations (21) to (32).

5. A FORMULATION OF THE GRASPING FORCES
IN THE GRIPPER
Usually, industrial robots use two-finger grippers for
grasping purposes. In Figure 3, F1 and F2 are the grasping
forces, which are exerted by the fingers and usually they are
not equal, since the contact points A and B (which are
assumed as application points for the forces) are not

generally located in the same relative position on the two
fingers.17 A similar observation can be developed for the
friction evaluation at the points A and B through the
coefficients �1 and �2. The angles of the friction cones are

1 and 
2. The grasping configuration of the object with
respect to the fingers gives the angles �1 and �2, which
strongly depend on the orientation of the fingers, the
position of the contact points, the shape of the object and the
fingers. These angles can differ from each other. However,
because of the symmetry of a two-finger gripper, in a
simulation procedure, it is convenient to assume them as
equal to the most unfavourable value, which refers to the
case that gives a squeezing component from the grasping
force itself. The grasping forces can exert this pushing
action yet through the component F sin �.

In Figure 3 the planar grasp by two fingers has been
modelled by using the above mentioned considerations.17,18

In addition rA and rB represent the distances of A and B,
respectively, from the squeezing line. The distance of the
gravity centre of the grasped object is indicated as rG.
W=mobject g is the weight vector of the object and it is
oriented with an angle �W with respect to the squeezing line
and an angle �W with respect to the perpendicular axis to the
plane yz. N is an external torque acting on the object and it
includes the inertial actions due to the manipulator move-
ment. This model can describe all the situations, which may

Table III. Constraints for Puma Robot as deduced from the data in
reference [19].

Constraint 1 2 3 4 5 6

Qi (degrees) 320 250 270 280 200 532
Vi (degrees/sec) 82 74 122 228 241 228
Wi (degrees/sec2) 286 286 572 572 572 572
�i (Nm) 77 133 66 13 12 13

Fig. 4. An illustrative numerical example of optimum path planning for a Puma Robot with data of Tables I, II, and III: (a) the given
points P0 and Pm with the initial guess path; (b) the designed optimum path. (Coordinates are expressed in meters units.)

Fig. 5. Cartesian projections of the designed optimum path of Fig. 4b. (Coordinates are expressed in meters units.)
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occur to an object grasped by a two-finger gripper as
pointed out in Ceccarelli.18

The static equilibrium of the grasped object can be
expressed by using the model of Figure 3 along the
directions of the contact and the squeezing lines in term of
forces as

F1 cos �1 �F2 cos �2 +�1F1 sin �1 ��2F2 sin �2

+mobject (g cos �W sin �W +ay)=0 (33)

�F1 sin �1 �F2 sin �2 +�1F1 cos �1 +�2F2 cos �2

+mobject (g cos �W cos �W +az)=0 (34)

and in term of torque as

rAF1(sin �1 ��1 cos �1)� rBF2(sin �2 ��2 cos �2)

�N� rG mobject (g+ay) sin �W =0 (35)

where the acceleration components ay and az of the gravity
center point on the manipulator extremity can be computed
using Equation (12) as

ax

ay

az

1

=��i

j=1

(Uijq̈j )+ �i

j=1

(Uijkq̇jq̇k)�
rGx

rGy

rGz

1

(36)

and rG is the position vector of G.
Indeed, the directions of the friction forces, and conse-

quently their sign in Equations (33) to (36) will be
determined to be contrary to the relative motion object-
finger when the static equilibrium has been computed.

Kinematic aspects of the grasp can be taken into account
through �1 and �2, rA, rB and rG. But, for the operation of the
gripping mechanism they can be assumed as given and
Equations (33) to (36) can be used to obtain the grasping

Fig. 6. Results for the designed optimum path of Fig. 4b in terms of time history of joint angle of: (a) joint 1 to 3; (b) joint 4 to 6 (angles
are expressed in degrees).

Fig. 7. Results for the designed optimum path of Fig. 4b in terms of time history of joint angle velocity of: (a) joint 1 to 3; (b) joint 4
to 6 (velocities are expressed in degrees/sec).
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forces F1 and F2 that are exerted by the gripping mechanism
through the fingers.

6. A NUMERICAL EXAMPLE
A numerical example has been developed for a Puma 560
Robot19 with six revolution joints. The illustrative manip-
ulator task consists in transporting a payload from an initial
point to a final one as shown in Figure 1. The Denavit-
Hartenberg parameters are listed in Table I and the robot
dynamics characteristics are given in Table II as deduced
from references [15], [19]. The positions of centers of
gravity are reported as rx, ry and rz referring to the x, y and
z coordinates of a center of gravity in the coordinate frame
attached to the corresponding link. The diagonal terms of
the inertia dyadics are represented by Ixx, Iyy and Izz for each
link, when the coordinate frame for the inertia dyadic terms
is fixed at the center of gravity. The motor inertia terms are
given by Im. The limits for each i actuator in terms of
maximum joint mobility Qi, maximum velocity Vi, max-

imum acceleration Wi, and maximum torque �i, and they are
given in Table III as deduced from reference [19]. The
payload constraints are expressed in terms of feasible range
for the grasping forces given by Fgmin =0 and Fgmax =60 N.
The grasped object mass is m=1.0 kg.

In the example, the robot is at rest initially and stops
at the end of the trajectory. Thus, the initial and final
velocities are zero for all joints. The trajectory time is
adopted as tm =5.0 sec. The initial and final trajectory
points are given: q0 =[0.30 0.50 –0.20 –0.05 0.05 0.10]
and qm =[0.51 –0.42 0.58 0.638 0.835 0.20] with angles
expressed in radians. The path planning task has been
described using m=40 knots in the trajectory of each joint
of the manipulator.

The program DOT�Design Optimization Tools,20 has
been used for the sequential optimization method to solve
the proposed optimization problem of Equations (1) and (2).
A general analysis code has been developed in Fortran
language by the authors by involving the dynamic model
and trajectory planning of the robot as formulated in the

Fig. 8. Results for the designed optimum path of Fig. 4b in terms of time history of joint angle acceleration of: (a) joint I to 3; (b) joint
4 to 6 (accelerations are expressed in degrees/ sec2).

Fig. 9. Results for the designed optimum path of Fig. 4b in terms of time history of joint torque of: (a) joint 1 to 3; (b) joint 4 to 6 (torques
are expressed in Nm).
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paper. DOT program and analysis code have been combined
to solve numerically the proposed formulation for the
optimum path planning with payload constraints by using
Equations (1) to (36).

The prescribed manipulative task is shown in Figure 4a,
and the obtained optimum path is traced in Figure 4b.
Results for a numerical example of Figure 4 with data of
Tables I, II, and III are shown in Figure 4 to 13. In
particular, the guess path between the given points P0 and Pm

in Figure 4a) has been chosen as a straight line in the joint
spaces, but the final optimized path of Figure 4b) is
completely different as also shown by the Cartesian
projections of Figure 5, which show a fairly smooth
trajectory.

The excursions of the joint angles are significant and only
joints 1 and 6 show a small motion as shown in Figure 6. At

the end of motion some unexpected variations in velocity
and mostly in acceleration are observable from Figures 7
and 9 for joints 2, 3, 4 and 5. They can be considered as due
to numerical problems in solving the manipulator dynamics.
and natural behavior of the manipulator, that because of its
inertias can overshoot the final position. Numerical prob-
lems can be considered due both to the used numerical
technique with its errors and the proposed model for the
path planning with 40 knots for the B-splines and two
additional conditions for the velocity constraints. Never-
theless, the obtained solution meets the prescribed condition
of no velocity at the end point, although overshooting
problems are observable mainly in the acceleration dia-
grams.

Figure 10 gives a significant result showing that the
grasping force must be adapted smoothly to the manipulator
dynamics in order to ensure the static equilibrium of the
grasping.

Figure 11 shows the diagrams of the optimum B-splines
as function of the knots and Figure 12 gives illustrative
examples of the evolution in the computation of the
optimum values during the optimization process. The peaks
in the plots of Figure 12 are due to the search of the better
optimum by updating all the variables and then the DOT
algorithm changes one parameter at each step. The con-
vergence to optimum values may be observed when the
above mentioned updatings do not give larger variations in
the spline coefficient variables.

Figure 13 shows the evolution of the objective function as
a function of the number of the iteration steps of the DOT
numerical technique. One can note and argue that the
convergence is not evident and the minimum condition is
not clearly met, although the numerical procedure has given
the result as a feasible optimum solution. But the variation
of mechanical energy is strongly constrained by physical
constraints for the actuated joints and prescribed manipulat-
ive task so that the optimum solution can be considered as
a combination of kinematical and dynamical optimum

Fig. 10. Time history of the grasping force exerted by gripper
finger during the designed optimum path of Fig. 4b (forces are
expressed in N).

Fig. 11. Results for the designed optimum spline coefficients of: (a) joint l to 3; (b) joint 4 to 6 (the coefficients are expressed in
degrees/s3).
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characteristics, as those related to the joint movements. In
fact, the obtained optimum path is characterized by suitable
smooth joint trajectories, as shown in the diagrams of
Figures 6, 7, 8 and 9, that are due to the corresponding
smooth B-spline curves, as shown in Figure 11. In addition,
the optimum solution for the energy consumption can be
also characterized by the slight variation of the grasping
force, as shown in Figure 10. In fact, the minimum of the
energy consumption in the joints movement can be ensured
by having minimum variations in both joint movements and
joint torques, as indeed obtained from the diagrams of
Figures 7 to 9.

7. CONCLUSIONS
This paper has presented a general formulation for the
optimum path planning of robot manipulators of an
industrial type, taking into account the grasping forces in
the manipulator gripper. An optimization problem has been
formulated by using the dynamics of Puma-like robots
and statics of two-finger grasps. The joint trajectories
have been written as cubic B-splines whose coefficients
have been determined by using a Fortran code that has been

Fig. 12. Results for the some designed optimum spline coefficients of joint 2: (a) coefficient �2
1; (b) coefficient �2

20; (c) coefficient �2
40; (d)

coefficient �2
42 (the coefficients are expressed in degress/s3).

Fig. 13. Evolution of the optimum design for the numerical
example of Fig. 4b in terms of objective function (the objective
function is expressed in (Nm/s)2).
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specifically developed by the authors as combined with a
numerical technique DOT code for solving optimization
problems. The proposed formulation with a suitable numer-
ical procedure for optimum path planning has been
successfully applied to a Puma robot for a manipulator task
of practical significance.
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