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Abstract By considering the way an-tuple of points in the 2-disk are linked together
under iteration of an orientation preserving diffeomorphism, we construct a dynamical
cocycle with values in the Artin braid group. We study the asymptotic properties of this
cocycle and derive a series of topological invariants for the diffeomorphism which enjoy
rich properties.

1. Introduction

When one is concerned with the study of a group of automorphisms on a probability space
(X, B, ), the knowledge of some cocycles associated with this group is useful. Indeed,
cocycles carry into a simple, well understood, target grGupe main dynamical features.

By using subadditive functions o@, for instance left-invariant metrics, one is able to
define asymptotic invariants with relevant dynamical properties. As an illustration, see the
Oseledec theory of the Lyapounov exponeid}s [

In this paper, we start by recalling some basic definitions related to cocycles in general
and we state some nice asymptotic properties when a subadditive function on the target
group is given. Namely, we show the existence of asymptotic invariants and give conditions
for their topological invariance (82).

§3 deals with the study of orientation preserviag-diffeomorphisms of the 2-disk
which preserve a non-atomic measure. Givem-duaple of distinct points in the disk, we
construct on the group of diffeomorphisms we are considering, a cocycle with values in the
Artin braid groupB,,. Indeed, we show that given a diffeomorphism there is a well-defined
way to associate a braid to artuple of orbits. This construction generalizes a well-known
construction for periodic orbits.

Despite the relative complexity of the Artin braid group, there are naturally defined
subadditive functions orB,. Therefore, we can consider the asymptotic invariants
associated to these cocycles. These invariants turn out to be topological invariants that we
can relate to other well-known quantities such as the Calabi invariant and the topological
entropy (84). In this last case, we generalize a result of minoration of the entropy by Bowen

(see B)).
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2. Cocycles
2.1. Asymptotic behaviour. Let (X, B, u) be a probability space, AGX, 1) the group
of all its automorphisms (i.e. invertible measure preserving transformationsizaad
topological group (with identity elemer). For any subgrouf of Aut(X, u), we say
that a measurable map: X x I' — G is acocycleof the dynamical systerqX, B, u, I')
with values inG if for all y1 andy2 in T and foru-a.ex € X,

a(x, y1y2) = alx, yDa(yix, y2).

A continuous map : G — R™, which satisfies, for al{; andg, in G,

0(g182) < 0(g1) +0(g2)

is called asubadditive functioln G. For example, if the grou@ is equipped with a right
(or left) invariant metriad, then it is clear that the map

G —> R*
x> d(g,e)

is a subadditive function.
The following theorem is a straightforward application of the subadditive ergodic
theorem (see for instancé]].

THEOREM1. Leta be a cocycle of the dynamical systém, B, i, I') with values in a
group G and@ a subadditive function or. Assume that there exists an automorphism,
y € I', such that the map

X - RT
X 0(a(x,y))

is integrable. Then we get the following:

(1) for u-a.e.x € X, the sequencél/n)0(a(x, y™)) converges as — +oo to a limit
denoted by (x, v, );

(2) themap

X > RT
X O, y,a)

is integrable and we have

1 1

im —/9(a<x,y”>>du= inf —/9(a<x,y”>>du=/®<x,y, @) d.
n—+oo n n—+oo n

We denote byo,, (v, @) the quantity/ ©(x, y, &) d .

2.2. Invariance property. Let « and 8 be two cocycles of the dynamical system
(X, B, u, T') with values in a grouplz. We say thatr and 8 are cohomologoud there
exists a measurable functign: X — G such that for ally in T" and foru-a.e.x € X,

Bx,y) = px)alx, y)(pyx)~t
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Consider two probability space(1, B1, n1) and (X2, B2, u2) and an isomorphism
h : X1 — Xo, (i.e. an invertible transformation which carries the meagurento the
measurer,). LetI'; be a subgroup of AGK1, 11) andl’> = 1A~ L. Given a cocycler;
on (X1, By, u1, I'1), we denote by: o a1 the cocycle defined o(X 2, B>, 2, I'2) by

hoai(xz, y2) = ar(h~X(x2), h~Yy2h),

forall y» € I'2 and for allxp € Xo.

Given two dynamical system&X1, B1, u1, I'1) and (X2, Ba, u2, I'2) and given two
cocyclesy; anday defined respectively on the first and the second system and with values
in the same group, we say that the two cocycleg anda, areweakly equivalent there
exists an isomorphisi : X1 — X» which satisfies:

(1) Ta=hI1h
(2) a2 andh o a1 are cohomologous.

THEOREM2. Let o1 and a2 be two cocycles defined on the dynamical systems
(X1, B1, 1, T'1) and (X2, Ba, 2, I'2) respectively and with values in a group equipped
with a subadditive functiod. Assume thad; and a are weakly equivalent through an
isomorphisnt.

If y1 € I'1 andy, = hy1h~! satisfy that both maps

x1 > 0(a1(x1, 1)) and x2 = 0(az(x2, y2))
are integrable onX1 and X, respectively, then

Ou, (Y1, a1) = Oy, (v2, @2).

Before proceeding to the proof of the theorem, let us recall a basic lemma in ergodic
theory.

LEMMA 1. Let(X, B, n) be a probability spacey an automorphism oX, G a group,6
a subadditive function o and¢ : X — G a measurable map.
Then, foru-a.e.x € X,

IimJiran(qﬁ(y"x)) < +o00.

Proof. Let N be a positive integer and
Ev={xeX|0(x)) <N}

Since the map is measurable the sé€}y is measurable and has a positive measurevfor
big enough. From the Poin@arécurrence theorem (see for instarg¢\ye know that, for
u-a.ex € &y, the orbity” (x) visits £y infinitely often and thus

lim inf 0(p(y"x)) < N.

Since the uniotuy>o€y is a set ofu-measure one iX, the lemma is proved. O
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Proof of Theorem 2The weak equivalence of the cocyctesandw; leads to the existence
of a measurable functiop : X2 — G such that, for alh > 0, for all y» € I'; and for
u2-a.exp € Xo,

a2(x2, v3) = p(x2)h 0 a1 (x2, ¥3) (B (r3 x2) .
The subadditivity property of the map: G — R™ gives us
10(c2(x2, ¥4)) — 0(h 0 aa(x2, y3))| < 0(¢(x2)) + 0(p(y5x2) ™).
From Lemma 1, it follows that for all, € I', and foruz-a.e.xz € X,

Iiminf 10 (0r2(x2, ¥3)) — 0(h o a1(x2, ¥5))| < +00.
{oe]

n—

Thus,

1 1
liminf ;9(0{2(}52, ¥5)) — ;G(h oa1(x2, ¥3))| =0.

n——+00

Since the map («; (-, y;)) is integrable fori = 1 andi = 2, it follows from Theorem 1
that foru;-a.e.x € X;,

1 \
lim ;9(01[()6, J/l' )) = ®(x7 Vi, ai)'

n—+00

Recalling that the definition of o a1 (x2, ¥4) is a1 (h 1 (x2), h=1ysh), we get foruz-a.e.
x2 € Xo,

O(h(x2), 11, 1) = O(x2, y2, @2).
By integrating this equality with respect i@, we get
Ouy (Y1, a1) = O, (y2, 22). O
3. Braids and dynamics

3.1. The Artin braid group. For a given integer > 0, the Artin braid groupB, is the
group defined by the generaters . . ., 0,1 and the relations

0j0j = 0j0j, i—jl>2,1<i,j<n-1
0;j0;j4+10; = 0;4+10;0; 1, l<i<n-2

An element in this group is calledtaaid.
A geometrical representation of the Artin braid group is given by the following

constru%tion.
LetD” denote the closed unit disk R’ centered at the origin and IBf be its interior.
Let O, = {q1, ..., g} be a set of: distinct points inD? equidistributed on a diameter of

D2, LetD, denote the:-punctured dis@z\ On.
We define a collection of arcs in the cylindeb? x [0, 1],

Fi={(ri@®),0:1e[01]}, 1<i=<n
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FIGURE 1. The concatenation of two geometrical braids.

[

i-1 i i+1 i+2

FIGURE 2. Representation of théh generatos; of the Artin braid group.

joining the points inQ,, x {0} to the points inQ, x {1} and such thay; (t) # y;(t) for
i .

We calll’ = U, ,I'i ageometrical braidand say that two geometrical braids
are equivalent if there exists a continuous deformation from one to the other through
geometrical braids. The set of equivalence classes is the Artin braid group. The
composition law is given by concatenation, as shown in Figure 1, and the gengrator
corresponds to the geometrical braid shown in Figure 2.

Let Homec@z, aﬁz) be the subset of homeomorphisms fré¥A onto itself, which
is the identity map in a neighborhood on the boundary of the disk. The subgroup of
elements which leave the s@t, globally invariant is denoted by Homd?)z, 8@2, Q..

The following theorem, due to Birman, shows the relation between braids and dynamics.

THEOREM3. [2] The Artin braid groupB,, is isomorphic to the group of automorphisms
of 71(ID,) which are induced by elementsldbmec(ﬁz, 8@2, 0,), thatis to say the group
of isotopy classes dfiomedD>, 9D, Q,).

This isomorphismZ, can be described as follows. L§t, ..., x,} be a basis for the
free groupm1(D,), wherex;, for 1 < i < n, is represented by a simple loop which
encloses the boundary poipt(see Figure 3). A generater of B, induces the following
automorphisn® (o;) onm1(Dy):

-1
Xi b XXX
I(oi) § xit1 > xi,

Xj > Xxj, if j£i,i+1
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FIGURE 3. The generators ofy (D, ).

The action of the Artin braid group ory (D,,) is a right action. We denote hyb the image
of w € m1(D,) under the automorphism induced by the braid

We now introduce two standard subadditive functions on the Artin braid group. Given
a group presented by a finite number of generators and relationg amdelement of
the group, we denote bk (g) the minimal length of the worg written in terms of the
generators and their inverses. We can define two subadditive functighslygnmeasuring
the lengths of the words either in the Artin braid group or in the fundamental group of the
punctured diskD,. More precisely, given an element B, the first subadditive function,
01, is defined by

01(b) = L(b).

Notice that by setting/(b, ¢) = L(bc™1) for all b andc in B,, we can define a right
invariant metricd on B,,.
The second subadditive functiépis defined, for alb € B,, by

02(b) = ~sup log L(x;b),

i=1,...,n

where thex;’s are the generators of the fundamental group,pfiefined as above.
It is obvious that the two subadditive functions are related as follows:

62(b) < (log3)61(b),

forall b € B,.
In the sequel, we shall focus on a particular subgroup of the Artin braid group that we
now define. Leb be an element iB, represented by a geometrical braid

[ =Ui—o, 2{(ri(t),1) CD?x [0,1]: 1 <i < n).

We say thab is apure braidif forall i =1, ..., n, ;,(0) = y;(2).
We denote byF, the set of all pure braids iB, (see for instancell).

Remark.The pure braid group can be interpreted as follows. Consider abraid#;,, and
I' = Uj—o....n{(yi(t),t) : t € [0, 1]} a geometrical braid whose equivalence class is that

,,,,,
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— d, a, %\
~—7" 1; /L/
\ R /

FIGURE4. Construction oB(Py; ¢).

of b. We can associate othe loop(y1(t), . . ., ¥a(t))ie0.1) in the spac@®? x - - - x D2\ A,
whereA is thegeneralized diagonal:

A={(p1.....pn) €D?*x - x D?| 3i # jandp; = p;}.

In other words, there exist an isomorphigmbetween the pure braid grouf, and the
fundamental group1(D? x --- x D?\ A).

3.2. A cocycle with values in the Artin braid grouplLet ¢ be an element in
HomedD’, 9D°), and letP, —= (p1, ..., pn) be ann-tuple of pairwise disjoint points
in D2. The following procedure describes a natural way to associate a pure brgjddn
the datap and P, (see Figure 4).
(1) Forl<i < n,wejointhe pointg;, 0) to the point(p;, %) in the cylinde? x [0, 3]
with a segment.
(2) Forl< i < n, we join the point(p;, 3) to the point(¢(p;). %) in the cylinder
D? x [3, 2] with the arc(¢a—1)(pi). 1)re[1/3,2/31, Where(¢r)-cpo,1) is an isotopy
from the identity top Homec@z, aﬁz).
(3) Forl< i < n, wejoin the point(¢(p;), %) to the point(g;, 1) in the cylinder
D? x [Z, 1] with a segment.
The concatenation of this sequence of arcs provides a geometrical braid. The equivalence
class of this geometrical braid is a braid) that we denote bg(P,; ¢).
It is clear that the above procedure is well-defined if and only if forall l < j < n:
(i) the segment joining the pointg;, 0) and (p;, %) does not intersect the segment
joining the points(g;, 0) and(p;, ); and
(i) the segment joining the point® (p;), %) and(g;, 1) does not intersect the segment
joining the points(¢ (p;), 3) and(g;. 1).
Forl<i # j < n, consider inR? x --- x R? the codimension two plang; ; of
points(zs, ..., z,) such that; = z;. Let H; ; be the hyperplane which contai®s; and
the point(qy, ..., g»). The planep; ; splits the hyperplang; ; into two components; we
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denote byHi?j the closure of the component which does not contain the ggint. ., ¢,,).

Let 2% be the open, dense subsef®fx - - - x D- defined by
0¥ — ... xﬁz\ U Ho,nDPx-.. x D
1<i,j<n

We can reformulate conditions (i) and (ii) as follows: the braid,; ¢) is defined if and
only if both P, and(¢, . .., ¢)(P,) belong toQ2".
Remark 1.This procedure is locally constant where it is defined. More precisely, if
B(Py; ¢) is defined and i, is close enough t@, in D’ x - x D \ A, thenB(P.; ¢)
is also defined and is equal Bt P,;; ¢).
Remark 2.Since the set Homeﬁz, 8@2) is contractible, this procedure does not depend
on the isotopyp; .

In order to construct a cocycle with values in the Artin braid group, we also need
to define the invariant measures we are going to consider. We say thatupte of

- —2. . .
probability measuresy, . . ., A, onDD is coherentf the subsef2?” has measure one with
respect to the product measurex - - - x A,,. Notice that this is the case when the measures
A; are non-atomic.

LEMMA 2. Let¢ be a map irHomeqﬁz, 8@2) which preserves the coherent probability

measures., ..., A,. Then, the map
ﬁzx ---x®2—>.7-"n
Py > B(Pu; &)

is measurable with respect to the product measuyre --- x A,.

Proof. The map is continuous af?2* which has measure one with respect to the product
measuré.y X - -+ X Ay. a

There is a natural injectiory, from the set of maps from” into itself into the set of
maps fromD” x - - - x D into itself. Namely,

J(@) =(p,..., ).

LetAs, ..., A, be coherent probability measures and Ho(ﬁo_ﬁb?oaﬁz, Al, ..., Ap) the set
of mapsin Homecﬁz, 8@2) which preserve the measures . . ., A,,.

We call I' the image of Home(di_)z, aﬁz, A, ..., An) by jin Aut(ﬁ2 X - X ﬁz,
AL X -+ X Ap).

The following proposition is straightforward.

PrROPOSITIONL. The map
E2x~~~xﬁ2x1"—>.7:n

(Pn, j (@) —> B(Pn; ¢)
is a cocycle of the dynamical systfeﬁh2 X e X ﬁz, l’>’(ﬁ2 X e X ﬁz), MX - XAy, T)
wizth values ig\ the grougF,. (HereB(D" x --- x D) stands for the Boret-algebra of
D" x-.-xD")
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3.3. Asymptotic limits and invariance.Let Diffl(ﬁz, 8@2) denote the set of
c1-diffeomorphisms fronD” into itself which are the identity in a neighborhood of the
boundary. The following result is fundamental for our purpose.

PrROPOSITION2. If the mapg lies in Diffl(ﬁz, 8@2) then there exists a positive number,
K (¢, n), such that for allP,, whereB(P,; ¢) is defined

01(B(Pn; @) < K(9, n).

Proof. From the isomorphisnZ betweenF, andr1(D? x --- x D?\ A) (see §3.1), we
know that when the braid(P,; ¢) is defined, it can be seen as a homotopy class of a loop
inD? x ... x D?\ A. The fundamental groupy(D? x - - - x D?\ A) possesses a finite set
of generatorse;). These generators can be expressed in terms of the generatdithe
braid groupB, through the isomorphisi. It follows that the proposition will be proved
once we prove that the length of the wggdP,,; ¢) (seen as a homotopy class written with
the system of generatofs,)) is uniformly bounded when both, and(¢, ..., ¢)(P,) are
in Q2.

Consider the blowing-up sef;, of the generalized diagonal in D’ x .- x D°. More
preciselyC is the compact set of points

(pl5"'7pi7"'1pn;p§|_5"'7p;'a"'7p;/1;Al,la"'sAi,jv"'sAn,n)v
where, for all 1< i, j < n, A; ; is a line containing; andp}. Obviously, if p; # p},

then the lineA; ; is uniquely defined and thi® x --- x D° \ A is naturally embedded
in K as an open dense set.

Amape¢ € HomedD>, 9D°) yields a mapj (¢) = (¢, ..., ¢) defined and continuous
onD” x --- x D’ Its restriction taD? x - - - x D? leavesA globally invariant. We claim
that if the mapyp is a C1-diffeomorphism, then it can be extended to a continuous map on
K. This is done as follows: whenever for somegl, j < n, we havep; = p;., then aline
A, j containingp; = p;. is mapped to the linde (p;)(A; ;).

Furthermore, if the magp lies in Diffl(ﬁz, 8@2) we can choose an isotogy from the
identity tog € Diff L (D2, 9D°). Thus, the majw:

v 0,1l x K — K
(t, p1,--os pn) —> (D (p1), ..., d:(pPn))

is continuous.

Let K% be the universal cover of, = : K° — K the standard projection, and
w0 10,1] x K — K° a lift of the map¥ (¥ = 7 o WO). The system of generators
(ex) can be chosen so that the projectiomestricted to a fundamental domain &P is
a homeomorphism ont®2". SinceK is compact¥?([0, 1] x K) is also compact and
consequently covers a bounded numbef, n) of fundamental domains ot°. If both
(p1s ..., pp) @and(@1(p1), ..., du(pp)) are inQ?", the choice of the system of generators
implies that the length of the worl((p1, ..., pn); ¢) written in terms of the system of
generatorgey) is also uniformly bounded by (¢, n). This completes the proof of the
proposition. ]
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LEMMA 3. Let ¢ be a map inDiff L(D°, aD°) which preserves coherent probability
measures., ..., A,. Then, fori = 1 andi = 2the map

sz-nxﬁz—)R"'

Py — 6;(B(Py; @)
is integrable with respectt®d; x - - - x A,.

Proof. The integrability is a direct consequence of Proposition 2 and of the fact that
02(b) < (log3)01(db) for all b € B,,. O

By applying Theorem 1 to the cocyckand using Lemma 3, we immediately get the
following.

COROLLARY 1. Let ¢ be an element irDiffl(ﬁz, 8@2) which preserves the coherent

probability measuress, ..., A,. Then fori = 1andi = 2:

(1) foripx---xi,a.e.P, e D’ x---xD° the quantity(1/N)6; (B(Py; ¢V)) converges
asN — +oo to alimit @ (P, ¢):

(2) themap

ﬁzx-nxﬁz—)R"'

Py — ©9(P,; ¢)
is integrable orD” x - - - x D° with respect tohg x - - X Ay.

COROLLARY 2. Let A1,..., 1, and u1,..., u, be two sets of coherent probability
measures oiD?, and let¢; and ¢, be two elements i@iﬁl(ﬁz, 8@2) which preserve
the probability measureksy, ..., A, andus, ..., u, respectively.

Assume there exists a mage Homeqﬁz, 8@2) such that;
(1) hogr=¢20h;
(2) hxxj=p; forj=1,...,n
Thenfori = 1andi = 2,

ey (@ =0D . (@2

,,,,,

Proof. Consider the cocycle:
—2 —2 —2 2
D x..--xD x j(HomedD , oD, A1,...,Ap)) — F
(Pu, j(#1)) > B(Pn; ¢1)
and the cocycle:

-2 -2 —2 =2
D x.--xD x j(HomedD , oD, u1,..., un)) — Fu

(Pn, j(92)) = B(Pu; ¢2).
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Using Theorem 2, the corollary will be proved once we show thaanda, are weakly

. . . — —=2 . . .
equivalent. Consider the homeomorphigch) of ]D)2 x -+ x D" into itself. Itis clear that
J) %A1 X - o+ X Ay = 1 X - -+ X u, and that

. —2 =2 . . -2 =2 . —

Thus, it remains to prove thab andj (h) o @1 are cohomologous.
—2 —2
Forii x---xA,aeP,eD x---x D", we have

B(Pu; ¢2) = B(Pu; K HBG (N (PL); d1)B(i (P10 B~ 1)(Py); h).

This reads:
a2(Py, j(@2)) = B(Pa; B ™Y 0 a1(Py, j(@2)B(j (p10 h~Y)(Py); h).

Since the ma[ir1 liesin Homea@z, aﬁz) we know from Lemma 2 that the map

EZX---XEZH./C;AL

Py —> B(Py b7

is measurable. This shows thatandj (k) o @1 are cohomologous. O

4. A discussion about invariants
4.1. The fixed points case.In the particular case when we consider a set of fixed points
Pl=pY,....p0) of ¢ € Diff (D°, 9D°), we get, for allN > O,

B(PY: ¢™) < B(PY: )V,
and consequently, far= 1 andi = 2, we have

OV (PY; ¢) = 6;(B(P; $)).

For the set of Dirac measuréf,g, el Spg, which are coherent, the invariant numbers

@f;)o 5 , have a clear meaning.
P

Pn

e  Theinvariant numbe@(glz) 5 o Is smaller than the minimum number of generators
l’l,'“ Pn
o; which are necessary to write the WqﬂitﬂP,?; ¢). In the particular case of a pair
of fixed points(p(l), pg), it is the absolute value of the linking number of these two
fixed points.
° The map¢ induces a map, on the first homotopy group of the punctured disk

D°\ PY. The invariant@ézl 5 , IS the growth rate of the map,. It has been
p

,,,,,

Pn
shown by Bowen3] that thislgrowth rate is a lower bound of the topological entropy

h(¢) of the mapg¢ [1]. The assumption on the mapto be a diffeomorphism is
required in order to get a continuous map acting on the compact sirfacetained
fromD, = D’ \ {g1, ..., gn} after blowing up the pointg, ..., g, with the circles
of directions.
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4.2. The general case.Let ¢ be a map in Diﬁ(ﬁz, 8@2). From Proposition 2, there
exists a positive numbe¥ (¢, n) such that for allP, whereg (P,; ¢) is defined,
1
0P (B(Ps: $)) < 0P (B(Pu; ¢)) < K (¢, n).
log 3
Let M, (¢) be the set ofi-tuples of¢-invariant, coherent probability measures, and let
(M, ..., Ay) bein M, (¢). By integrating with respectt®d; x --- x A,, we get

1593 e @) = O 5, ®) < K@),

It follows that the quantities
@)= sup O] ;@
A1y kn) EM (@)
are positive real numbers which are, by construction, topological invariants. More
precisely, for any pair of mapg; and#, in Diff 1(D°, 9D°), which are conjugated by a
map in Home(ﬁz, 8@2), we have, foi = 1,i = 2 and for alln > 2,

0V (¢1) = O (¢2).

It also follows from the definitions that, far= 1 andi = 2, the sequences+ @E,i)(qb)
are non-decreasing sequences.

In the next two paragraphs, we give estimates of these invariants that generalize the
fixed points case.

4.2.1. The Calabiinvariantas a minoration of the sequen@él) (®)n. Letyp beamap

in HomeaD>, D7) and consider an isotogy from the identity tap € HomedD", 9D°).

To a pair of distinct pointp1 andp, in D? , we can associate a real number, Aten, p2),
which is the angular variation of the vectgr p1)¢; (p2) ast goes from zero to one (when
normalizing to one the angular variation of a vector makes one loop of the unit circle in
the direct direction). Since the set Hon@%, 8@2) is contractible, it is clear that the
map(p1, p2) — Ang,(p1, p2) does not depend on the choice of the isotopy lfes in

Diffl(ﬁz, 8@2), using arguments similar to the ones we used in the proof of Proposition 2,
itis easy to check (se&]) that the function Ang is bounded where it is defined, that is to
say onD? x D? \ A. Let (i1, A2) be a pair ofp-invariant, coherent probability measures.
The function Ang is integrable o’ x D” with respect td.1 x A2 and theCalabi invariant

of the mapyp with respect to the paiir1, A2) is defined by the following integral:

Copan(®) = //DZ 2 Ang, (p1, p2) dii(p1) dr2(p2).

Remark.In [4], Calabi defines a series of invariant numbers associated to symplectic

diffeomorphisms on symplectic manifolds. In the particular case of area preserving maps
of the 2-disk, only one of these invariant quantities is not trivial. 9h it is shown that

this invariant fits in with our definition in the particular case when the invariant measures

A; are all equal to the area.
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PROPOSITION3. Let ¢ be a map inDiff L(D°, 9D°) which preserves a pair of coherent
probability measuregi1, A2). Then

Crnia @) < O (@).
Consequently, for any mape Diff}(D°, 9D°), and for alln > 2,

Sup  [Crpin(@)l < O (@) < ©D ().
(A1,22)eM2(9)

Proof. In order to compute the Calabi invariant @fwith respect ta(A1, A2), we can use
the Birkhoff ergodic theorem. The corresponding Birkhoff sums

ANg, (p1, p2) + Angy (d(p1), ¢(p2) + - - + Ang, @V L (p1). ¢V 1 (p2)).
are equal to

Angyn (p1, p2).
It follows that fori; x A2 almost every pointp1, p2) the limit

8 1
Ang,(p1, p2) = Nﬂ)nloo v AANgsw (P1. p2).

exists and is integrable. Furthermore,
/ / ARGy (1. p2) () di(p) = / / oo ANG (1. p2) AP di(p2)

It is clear that for allN > 0 and for all pairs of distinct points andg in D?, we have the
following estimate:

ILB(p.q; d™)) — | Angyn (p. )| < 3.
Dividing by N and lettingN — oo, we get forr1 x A2 a.e.(p1, p2),
|ANG, (p1. p2)l = ©D (p1. pa: ).
Integration then gives us

Craia(@)] < / / ARG, (p1, o)l dia(py) dia(pa) < OD, (). O
D xD

4.2.2. The topological entropy as a majoration of the sequen@@y,(¢)),.

Let Diff*(D°, 9D°) denote the subset of elements in Bi°, 9D°) which are
C*°-diffeomorphisms. The following theorem can be seen as an extension of the Bowen
result B] when we relax the hypothesis of invariance of finite sets.

THEOREM4. Let¢ be an element iliff (D2, 9D?) with entropyi(¢) and i1, ..., A,
a set of coherentg-invariant probability measures. Then, fgk; x --- x A,)-a.e.
P, eD? x --- x D°, we have

0P (P ¢) < h(g),
and consequently, for ail > 2,

0@ . (@) <h(@).
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Proof. Let P, = (p1.....ps) be a point inQ? and lethp, be an element in
Diff }(D°, 91°) with the following properties:
(1) foreachl<i <n, hp, mapsg; ON p;;
(2) there exists an isotop§:p,.;):c[0,1] from the identity tokp, such that, for each
1 <i <n,thearc{(hp,;, )t € [0, 1]} coincides with the segment joinirg;, 0)
to (pi, 1) in D? x [0, 1];
(3) themap
Q% — DiffL[@, 4D
P, — /’lpn
is continuous when Dit(D°, aD°) is endowed with the'! topology.

Let ¢ be in Diff** (D%, 9D°) and assume that fa¥ > 0, P, and j (¢N)(P,) are inQ?".
From the above construction , it follows that the map

N

N
Py @y py P O hp,

leaves the pointgs, ..., g, invariant and that its restriction t, induces, through the
Birman isomorphism (Theorem 3), the braidP,; ¢™).

Let P, be such that the limi®@ (P,; ¢) exists (which is true for a1 x --- x A, full
measure set of points). It follows that there exists 0 such that, foov big enough, we
have

OP(Py; ¢) — € < %9@)(/8(&; ¢"))
which reads
0TIV < sup L(xif(Py; 6™ ()
Itis a starldard result that there exists a constéant > 0 such that for any differentiable
loopt € Dy,
L[] = cmi(7)

wherel stands for the euclidian length afd] is the homotopy class ifh,,. Combined
with (x), this argument gives

1 (0(2)(Pn ¢)— €)N< SUp l(‘-I—’(N)(xl))
C(”) i=1,...n

That is to say,

1 @(p gy
_ (O (Py;p)—€)N N .
e =3P [ ignypy © @™ 0 p, (50)

and consequently

1 )
c©P(Brd)—N -1 ||1 sup 1(¢™ (hp, (xi)), ()
n’ J@V)(P) ” !
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where|| — ||1 stands for thec! norm.

Assume from now on that the poi, is a recurrent point of the majx¢) (which is
true for ar; x - - - x A, full measure set of points) and le{N) be a sequence of integers
such that

im ('™ _
Jim " ™)(Py) = .

From (xx) we deduce that there exists a subsequérdd® of v(N) such that forN big
enough and for some £ ig < n we have
1 9D (P, -
_ = (O (Piid)—eN < N h .
C(n)Ke < 1(@" (hp,(xi)),
wherek is an upper bound dff 1.
In conclusion, the euclidian length of the lobp, (x;,) increases exponentially under
iteration of the mag with a growth rate which is at leagt® (P,; ¢) — €. Using a result
by Yomdim (see 9] and [6]) in the case ofC> maps we know that this provides a lower

estimate of the topological entropy. Namelygpifies in Diff> (EZ, 8@2), we get
OP(Py; ¢) — € < ().
Since this is true for any > 0, this yields
0@ (Py; ¢) < h(@),
and by integrating

0P s ($) < h(9). 0
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