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Abstract. By considering the way ann-tuple of points in the 2-disk are linked together
under iteration of an orientation preserving diffeomorphism, we construct a dynamical
cocycle with values in the Artin braid group. We study the asymptotic properties of this
cocycle and derive a series of topological invariants for the diffeomorphism which enjoy
rich properties.

1. Introduction
When one is concerned with the study of a group of automorphisms on a probability space
(X,B, µ), the knowledge of some cocycles associated with this group is useful. Indeed,
cocycles carry into a simple, well understood, target groupG the main dynamical features.
By using subadditive functions onG, for instance left-invariant metrics, one is able to
define asymptotic invariants with relevant dynamical properties. As an illustration, see the
Oseledec theory of the Lyapounov exponents [7].

In this paper, we start by recalling some basic definitions related to cocycles in general
and we state some nice asymptotic properties when a subadditive function on the target
group is given. Namely, we show the existence of asymptotic invariants and give conditions
for their topological invariance (§2).

§3 deals with the study of orientation preservingC1-diffeomorphisms of the 2-disk
which preserve a non-atomic measure. Given ann-tuple of distinct points in the disk, we
construct on the group of diffeomorphisms we are considering, a cocycle with values in the
Artin braid groupBn. Indeed, we show that given a diffeomorphism there is a well-defined
way to associate a braid to ann-tuple of orbits. This construction generalizes a well-known
construction for periodic orbits.

Despite the relative complexity of the Artin braid group, there are naturally defined
subadditive functions onBn. Therefore, we can consider the asymptotic invariants
associated to these cocycles. These invariants turn out to be topological invariants that we
can relate to other well-known quantities such as the Calabi invariant and the topological
entropy (§4). In this last case, we generalize a result of minoration of the entropy by Bowen
(see [3]).
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2. Cocycles
2.1. Asymptotic behaviour. Let (X,B, µ) be a probability space, Aut(X,µ) the group
of all its automorphisms (i.e. invertible measure preserving transformations) andG a
topological group (with identity elemente). For any subgroup0 of Aut(X,µ), we say
that a measurable mapα : X × 0→ G is acocycleof the dynamical system(X,B, µ, 0)

with values inG if for all γ1 andγ2 in 0 and forµ-a.e.x ∈ X,

α(x, γ1γ2) = α(x, γ1)α(γ1x, γ2).

A continuous mapθ : G→ R+, which satisfies, for allg1 andg2 in G,

θ(g1g2) ≤ θ(g1)+ θ(g2)

is called asubadditive functiononG. For example, if the groupG is equipped with a right
(or left) invariant metricd, then it is clear that the map

G→ R+

x 7→ d(g, e)

is a subadditive function.
The following theorem is a straightforward application of the subadditive ergodic

theorem (see for instance [8]).

THEOREM 1. Let α be a cocycle of the dynamical system(X,B, µ, 0) with values in a
groupG andθ a subadditive function onG. Assume that there exists an automorphism,
γ ∈ 0, such that the map

X→ R+

x 7→ θ(α(x, γ ))

is integrable. Then we get the following:
(1) for µ-a.e.x ∈ X, the sequence(1/n)θ(α(x, γ n)) converges asn→ +∞ to a limit

denoted by2(x, γ, α);
(2) the map

X→ R+

x 7→ 2(x, γ, α)

is integrable and we have

lim
n→+∞

1

n

∫
θ(α(x, γ n)) dµ = inf

n→+∞
1

n

∫
θ(α(x, γ n)) dµ =

∫
2(x, γ, α) dµ.

We denote by2µ(γ, α) the quantity
∫

2(x, γ, α) dµ.

2.2. Invariance property. Let α and β be two cocycles of the dynamical system
(X,B, µ, 0) with values in a groupG. We say thatα andβ arecohomologousif there
exists a measurable functionφ : X→ G such that for allγ in 0 and forµ-a.e.x ∈ X,

β(x, γ ) = φ(x)α(x, γ )(φ(γ x))−1.
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Consider two probability spaces(X1,B1, µ1) and (X2,B2, µ2) and an isomorphism
h : X1 → X2, (i.e. an invertible transformation which carries the measureµ1 onto the
measureµ2). Let01 be a subgroup of Aut(X1, µ1) and02 = h01h

−1. Given a cocycleα1

on (X1,B1, µ1, 01), we denote byh ◦ α1 the cocycle defined on(X2,B2, µ2, 02) by

h ◦ α1(x2, γ2) = α1(h
−1(x2), h

−1γ2h),

for all γ2 ∈ 02 and for allx2 ∈ X2.
Given two dynamical systems(X1,B1, µ1, 01) and (X2,B2, µ2, 02) and given two

cocyclesα1 andα2 defined respectively on the first and the second system and with values
in the same groupG, we say that the two cocyclesα1 andα2 areweakly equivalentif there
exists an isomorphismh : X1→ X2 which satisfies:
(1) 02 = h01h

−1;
(2) α2 andh ◦ α1 are cohomologous.

THEOREM 2. Let α1 and α2 be two cocycles defined on the dynamical systems
(X1,B1, µ1, 01) and (X2,B2, µ2, 02) respectively and with values in a group equipped
with a subadditive functionθ . Assume thatα1 andα2 are weakly equivalent through an
isomorphismh.

If γ1 ∈ 01 andγ2 = hγ1h
−1 satisfy that both maps

x1 7→ θ(α1(x1, γ1)) and x2 7→ θ(α2(x2, γ2))

are integrable onX1 andX2 respectively, then

2µ1(γ1, α1) = 2µ2(γ2, α2).

Before proceeding to the proof of the theorem, let us recall a basic lemma in ergodic
theory.

LEMMA 1. Let (X,B, µ) be a probability space,γ an automorphism onX, G a group,θ
a subadditive function onG andφ : X→ G a measurable map.

Then, forµ-a.e.x ∈ X,

lim inf
n→+∞ θ(φ(γ nx)) < +∞.

Proof. Let N be a positive integer and

EN = {x ∈ X | θ(φ(x)) ≤ N}.
Since the mapφ is measurable the setEN is measurable and has a positive measure forN

big enough. From the Poincar´e recurrence theorem (see for instance [8]) we know that, for
µ-a.e.x ∈ EN , the orbitγ n(x) visitsEN infinitely often and thus

lim inf
n→+∞ θ(φ(γ nx)) ≤ N.

Since the union∪N≥0EN is a set ofµ-measure one inX, the lemma is proved. 2
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Proof of Theorem 2.The weak equivalence of the cocyclesα2 andα1 leads to the existence
of a measurable functionφ : X2 → G such that, for alln ≥ 0, for all γ2 ∈ 02 and for
µ2-a.e.x2 ∈ X2,

α2(x2, γ
n
2 ) = φ(x2)h ◦ α1(x2, γ

n
2 )(φ(γ n

2 x2))
−1.

The subadditivity property of the mapθ : G→ R+ gives us

|θ(α2(x2, γ
n
2 ))− θ(h ◦ α1(x2, γ

n
2 ))| ≤ θ(φ(x2))+ θ(φ(γ n

2 x2)
−1).

From Lemma 1, it follows that for allγ2 ∈ 02, and forµ2-a.e.x2 ∈ X2,

lim inf
n→+∞ |θ(α2(x2, γ

n
2 ))− θ(h ◦ α1(x2, γ

n
2 ))| < +∞.

Thus,

lim inf
n→+∞

∣∣∣∣1nθ(α2(x2, γ
n
2 ))− 1

n
θ(h ◦ α1(x2, γ

n
2 ))

∣∣∣∣ = 0.

Since the mapθ(αi(·, γi)) is integrable fori = 1 andi = 2, it follows from Theorem 1
that forµi-a.e.x ∈ Xi ,

lim
n→+∞

1

n
θ(αi(x, γ n

i )) = 2(x, γi, αi).

Recalling that the definition ofh ◦ α1(x2, γ
n
2 ) is α1(h

−1(x2), h
−1γ n

2 h), we get forµ2-a.e.
x2 ∈ X2,

2(h−1(x2), γ1, α1) = 2(x2, γ2, α2).

By integrating this equality with respect toµ2, we get

2µ1(γ1, α1) = 2µ2(γ2, α2). 2

3. Braids and dynamics
3.1. The Artin braid group. For a given integern > 0, the Artin braid groupBn is the
group defined by the generatorsσ1, . . . , σn−1 and the relations

σiσj = σjσi, |i − j | ≥ 2, 1≤ i, j ≤ n− 1

σiσi+1σi = σi+1σiσi+1, 1≤ i ≤ n− 2.

An element in this group is called abraid.
A geometrical representation of the Artin braid group is given by the following

construction.
LetD2

denote the closed unit disk inR2 centered at the origin and letD2 be its interior.
Let Qn = {q1, . . . , qn} be a set ofn distinct points inD2 equidistributed on a diameter of

D2. LetDn denote then-punctured diskD2 \Qn.
We define a collection ofn arcs in the cylinderD2× [0, 1],

0i = {(γi(t), t) : t ∈ [0, 1]}, 1≤ i ≤ n
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FIGURE 1. The concatenation of two geometrical braids.

i i +1i -1 i +2

i i +1i -1 i +2

FIGURE 2. Representation of theith generatorσi of the Artin braid group.

joining the points inQn × {0} to the points inQn × {1} and such thatγi(t) 6= γj (t) for
i 6= j .

We call 0 = ∪i=0,...,n0i a geometrical braidand say that two geometrical braids
are equivalent if there exists a continuous deformation from one to the other through
geometrical braids. The set of equivalence classes is the Artin braid group. The
composition law is given by concatenation, as shown in Figure 1, and the generatorσi

corresponds to the geometrical braid shown in Figure 2.

Let Homeo(D2
, ∂D2

) be the subset of homeomorphisms fromD2
onto itself, which

is the identity map in a neighborhood on the boundary of the disk. The subgroup of

elements which leave the setQn globally invariant is denoted by Homeo(D2
, ∂D2

,Qn).
The following theorem, due to Birman, shows the relation between braids and dynamics.

THEOREM 3. [2] The Artin braid groupBn is isomorphic to the group of automorphisms

of π1(Dn) which are induced by elements ofHomeo(D2
, ∂D2

,Qn), that is to say the group

of isotopy classes ofHomeo(D2
, ∂D2

,Qn).

This isomorphism,I, can be described as follows. Let{x1, . . . , xn} be a basis for the
free groupπ1(Dn), wherexi , for 1 ≤ i ≤ n, is represented by a simple loop which
encloses the boundary pointqi (see Figure 3). A generatorσi of Bn induces the following
automorphismI(σi) onπ1(Dn):

I(σi)


xi 7→ xixi+1xi

−1,

xi+1 7→ xi,

xj 7→ xj , if j 6= i, i + 1.
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q q q1 2

x xx21

D3

3

3

FIGURE 3. The generators ofπ1(Dn ).

The action of the Artin braid group onπ1(Dn) is a right action. We denote bywb the image
of w ∈ π1(Dn) under the automorphism induced by the braidb.

We now introduce two standard subadditive functions on the Artin braid group. Given
a group presented by a finite number of generators and relations andg an element of
the group, we denote byL(g) the minimal length of the wordg written in terms of the
generators and their inverses. We can define two subadditive functions onBn by measuring
the lengths of the words either in the Artin braid group or in the fundamental group of the
punctured diskDn. More precisely, given an elementb ∈ Bn, the first subadditive function,
θ1, is defined by

θ1(b) = L(b).

Notice that by settingd(b, c) = L(bc−1) for all b and c in Bn, we can define a right
invariant metricd onBn.

The second subadditive functionθ2 is defined, for allb ∈ Bn, by

θ2(b) = sup
i=1,...,n

logL(xib),

where thexi ’s are the generators of the fundamental group ofDn defined as above.
It is obvious that the two subadditive functions are related as follows:

θ2(b) ≤ (log 3)θ1(b),

for all b ∈ Bn.
In the sequel, we shall focus on a particular subgroup of the Artin braid group that we

now define. Letb be an element inBn represented by a geometrical braid

0 = ∪i=0,...,n{(γi(t), t) ⊂ D2× [0, 1] : 1 ≤ i ≤ n}.
We say thatb is apure braidif for all i = 1, . . . , n, γi(0) = γi(1).

We denote byFn the set of all pure braids inBn (see for instance [10]).

Remark.The pure braid group can be interpreted as follows. Consider a braidb ∈ Fn, and
0 = ∪i=0,...,n{(γi(t), t) : t ∈ [0, 1]} a geometrical braid whose equivalence class is that
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q q q

q q q1

1

2 3

32

FIGURE 4. Construction ofβ(Pn;φ).

of b. We can associate to0 the loop(γ1(t), . . . , γn(t))t∈[0,1] in the spaceD2×· · ·×D2\1,
where1 is thegeneralized diagonal:

1 = {(p1, . . . , pn) ∈ D2 × · · · × D2 | ∃i 6= j andpi = pj }.
In other words, there exist an isomorphismJ between the pure braid groupFn and the
fundamental groupπ1(D2 × · · · × D2 \1).

3.2. A cocycle with values in the Artin braid group.Let φ be an element in

Homeo(D2
, ∂D2

), and letPn = (p1, . . . , pn) be ann-tuple of pairwise disjoint points
in D2. The following procedure describes a natural way to associate a pure braid inFn to
the dataφ andPn (see Figure 4).
(1) For 1≤ i ≤ n, we join the point(qi, 0) to the point(pi,

1
3) in the cylinderD2×[0, 1

3]
with a segment.

(2) For 1 ≤ i ≤ n, we join the point(pi,
1
3) to the point(φ(pi),

2
3) in the cylinder

D2 × [13, 2
3] with the arc(φ(3t−1)(pi), t)t∈[1/3,2/3], where(φτ )τ∈[0,1] is an isotopy

from the identity toφ ∈ Homeo(D2
, ∂D2

).
(3) For 1 ≤ i ≤ n, we join the point(φ(pi),

2
3) to the point(qi, 1) in the cylinder

D2× [23, 1] with a segment.
The concatenation of this sequence of arcs provides a geometrical braid. The equivalence
class of this geometrical braid is a braid inFn that we denote byβ(Pn;φ).

It is clear that the above procedure is well-defined if and only if for all 1≤ i < j ≤ n:
(i) the segment joining the points(qi, 0) and (pi,

1
3) does not intersect the segment

joining the points(qj , 0) and(pj ,
1
3); and

(ii) the segment joining the points(φ(pi),
2
3) and(qi, 1) does not intersect the segment

joining the points(φ(pj ),
2
3) and(qj , 1).

For 1 ≤ i 6= j ≤ n, consider inR2 × · · · × R2 the codimension two planePi,j of
points(z1, . . . , zn) such thatzi = zj . Let Hi,j be the hyperplane which containsPi,j and
the point(q1, . . . , qn). The planePi,j splits the hyperplaneHi,j into two components; we
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denote byH 0
i,j the closure of the component which does not contain the point(q1, . . . , qn).

Let �2n be the open, dense subset ofD2× · · · ×D2
defined by

�2n = D2× · · · ×D2
∖ ⋃

1≤i,j≤n

H 0
i,j ∩ D2× · · · × D2

.

We can reformulate conditions (i) and (ii) as follows: the braidβ(Pn;φ) is defined if and
only if bothPn and(φ, . . . , φ)(Pn) belong to�2n.

Remark 1.This procedure is locally constant where it is defined. More precisely, if

β(Pn;φ) is defined and ifP ′n is close enough toPn in D2 × · · · × D2 \1 , thenβ(P ′n;φ)

is also defined and is equal toβ(Pn;φ).

Remark 2.Since the set Homeo(D2
, ∂D2

) is contractible, this procedure does not depend
on the isotopyφt .

In order to construct a cocycle with values in the Artin braid group, we also need
to define the invariant measures we are going to consider. We say that ann-tuple of

probability measuresλ1, . . . , λn onD2
is coherentif the subset�2n has measure one with

respect to the product measureλ1×· · ·×λn. Notice that this is the case when the measures
λi are non-atomic.

LEMMA 2. Letφ be a map inHomeo(D2
, ∂D2

) which preserves the coherent probability
measuresλ1, . . . , λn. Then, the map

D2× · · · × D2 −→ Fn

Pn 7−→ β(Pn;φ)

is measurable with respect to the product measureλ1× · · · × λn.

Proof. The map is continuous on�2n which has measure one with respect to the product
measureλ1 × · · · × λn. 2

There is a natural injection,j , from the set of maps fromD2
into itself into the set of

maps fromD2× · · · ×D2
into itself. Namely,

j (φ) = (φ, . . . , φ).

Let λ1, . . . , λn be coherent probability measures and Homeo(D2
, ∂D2

, λ1, . . . , λn) the set

of maps in Homeo(D2
, ∂D2

) which preserve the measuresλ1, . . . , λn.

We call 0 the image of Homeo(D2
, ∂D2

, λ1, . . . , λn) by j in Aut(D2× · · · ×D2
,

λ1× · · · × λn).
The following proposition is straightforward.

PROPOSITION1. The map

D2× · · · × D2× 0 −→ Fn

(Pn, j (φ)) 7−→ β(Pn;φ)

is a cocycle of the dynamical system(D2× · · · ×D2
,B(D2× · · · ×D2

), λ1× · · · × λn, 0)

with values in the groupFn. (HereB(D2 × · · · × D2
) stands for the Borelσ -algebra of

D2× · · · ×D2
.)
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3.3. Asymptotic limits and invariance.Let Diff1(D2
, ∂D2

) denote the set of

C1-diffeomorphisms fromD2
into itself which are the identity in a neighborhood of the

boundary. The following result is fundamental for our purpose.

PROPOSITION2. If the mapφ lies in Diff 1(D2
, ∂D2

) then there exists a positive number,
K(φ, n), such that for allPn whereβ(Pn;φ) is defined

θ1(β(Pn;φ)) ≤ K(φ, n).

Proof. From the isomorphismJ betweenFn andπ1(D2 × · · · × D2 \ 1) (see §3.1), we
know that when the braidβ(Pn;φ) is defined, it can be seen as a homotopy class of a loop
in D2× · · ·×D2 \1. The fundamental groupπ1(D2× · · ·×D2 \1) possesses a finite set
of generators(ek). These generators can be expressed in terms of the generatorsσi of the
braid groupBn through the isomorphismJ . It follows that the proposition will be proved
once we prove that the length of the wordβ(Pn;φ) (seen as a homotopy class written with
the system of generators(ek)) is uniformly bounded when bothPn and(φ, . . . , φ)(Pn) are
in �2n.

Consider the blowing-up set,K, of the generalized diagonal1 in D2× · · · ×D2
. More

precisely,K is the compact set of points

(p1, . . . , pi , . . . , pn;p′1, . . . , p′j , . . . , p′n;11,1, . . . ,1i,j , . . . ,1n,n),

where, for all 1≤ i, j ≤ n, 1i,j is a line containingpi andp′j . Obviously, ifpi 6= p′j ,

then the line1i,j is uniquely defined and thusD2× · · · × D2 \ 1 is naturally embedded
in K as an open dense set.

A mapφ ∈ Homeo(D2
, ∂D2

) yields a mapj (φ) = (φ, . . . , φ) defined and continuous

onD2 × · · · × D2
. Its restriction toD2 × · · · × D2 leaves1 globally invariant. We claim

that if the mapφ is aC1-diffeomorphism, then it can be extended to a continuous map on
K. This is done as follows: whenever for some 1≤ i, j ≤ n, we havepi = p′j , then a line
1i,j containingpi = p′j is mapped to the linedφ(pi)(1i,j ).

Furthermore, if the mapφ lies in Diff1(D2
, ∂D2

) we can choose an isotopyφt from the

identity toφ ∈ Diff 1(D2
, ∂D2

). Thus, the map9:

9 : [0, 1] ×K −→ K
(t, p1, . . . , pn) 7−→ (φt (p1), . . . , φt (pn))

is continuous.
Let K0 be the universal cover ofK, π : K0 → K the standard projection, and

90 : [0, 1] × K → K0 a lift of the map9 (9 = π ◦ 90). The system of generators
(ek) can be chosen so that the projectionπ restricted to a fundamental domain ofK0 is
a homeomorphism onto�2n. SinceK is compact90([0, 1] × K) is also compact and
consequently covers a bounded numberk(φ, n) of fundamental domains ofK0. If both
(p1, . . . , pn) and(φ1(p1), . . . , φn(pn)) are in�2n, the choice of the system of generators
implies that the length of the wordβ((p1, . . . , pn);φ) written in terms of the system of
generators(ek) is also uniformly bounded byk(φ, n). This completes the proof of the
proposition. 2
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LEMMA 3. Let φ be a map inDiff 1(D2
, ∂D2

) which preserves coherent probability
measuresλ1, . . . , λn. Then, fori = 1 andi = 2 the map

D2 × · · · × D2 −→ R+

Pn 7−→ θi(β(Pn;φ))

is integrable with respect toλ1 × · · · × λn.

Proof. The integrability is a direct consequence of Proposition 2 and of the fact that
θ2(b) ≤ (log 3)θ1(b) for all b ∈ Bn. 2

By applying Theorem 1 to the cocycleβ and using Lemma 3, we immediately get the
following.

COROLLARY 1. Let φ be an element inDiff 1(D2
, ∂D2

) which preserves the coherent
probability measuresλ1, . . . , λn. Then fori = 1 andi = 2:

(1) for λ1×· · ·×λn a.e.Pn ∈ D2×· · ·×D2
the quantity(1/N)θi(β(Pn;φN)) converges

asN → +∞ to a limit 2(i)(Pn;φ);
(2) the map

D2× · · · ×D2 −→ R+

Pn 7−→ 2(i)(Pn;φ)

is integrable onD2× · · · × D2
with respect toλ1 × · · · × λn.

We denote by2(i)
λ1,...,λn

(φ) the integral of this function.

COROLLARY 2. Let λ1, . . . , λn and µ1, . . . , µn be two sets of coherent probability

measures onD2, and letφ1 and φ2 be two elements inDiff 1(D2
, ∂D2

) which preserve
the probability measuresλ1, . . . , λn andµ1, . . . , µn respectively.

Assume there exists a maph ∈ Homeo(D2
, ∂D2

) such that:
(1) h ◦ φ1 = φ2 ◦ h;
(2) h ∗ λj = µj , for j = 1, . . . , n.
Then fori = 1 andi = 2,

2
(i)
λ1,...,λn

(φ1) = 2(i)
µ1,...,µn

(φ2).

Proof. Consider the cocycleα1:

D2× · · · ×D2× j (Homeo(D2
, ∂D2

, λ1, . . . , λn)) −→ Fn

(Pn, j (φ1)) 7−→ β(Pn;φ1)

and the cocycleα2:

D2× · · · ×D2× j (Homeo(D2
, ∂D2

, µ1, . . . , µn)) −→ Fn

(Pn, j (φ2)) 7−→ β(Pn;φ2).
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Using Theorem 2, the corollary will be proved once we show thatα1 andα2 are weakly

equivalent. Consider the homeomorphismj (h) of D2× · · · ×D2
into itself. It is clear that

j (h) ∗ λ1 × · · · × λn = µ1× · · · × µn and that

j (Homeo(D2
, ∂D2

, λ1, . . . , λn)) = j (h)j (Homeo(D2
, ∂D2

, µ1, . . . , µn))(j (h))−1.

Thus, it remains to prove thatα2 andj (h) ◦ α1 are cohomologous.

Forλ1 × · · · × λn a.e.Pn ∈ D2× · · · × D2
, we have

β(Pn;φ2) = β(Pn; h−1)β(j (h−1)(Pn);φ1)β(j (φ1 ◦ h−1)(Pn); h).

This reads:

α2(Pn, j (φ2)) = β(Pn; h−1)h ◦ α1(Pn, j (φ2))β(j (φ1 ◦ h−1)(Pn); h).

Since the maph−1 lies in Homeo(D2
, ∂D2

) we know from Lemma 2 that the map

D2× · · · ×D2 −→ Fn

Pn 7−→ β(Pn; h−1)

is measurable. This shows thatα2 andj (h) ◦ α1 are cohomologous. 2

4. A discussion about invariants
4.1. The fixed points case.In the particular case when we consider a set of fixed points

P 0
n = (p0

1, . . . , p
0
n) of φ ∈ Diff 1(D2

, ∂D2
), we get, for allN ≥ 0,

β(P 0
n ;φN) ≤ β(P 0

n ;φ)N,

and consequently, fori = 1 andi = 2, we have

2(i)(P 0
n ;φ) = θi(β(P 0

n ;φ)).

For the set of Dirac measuresδp0
1
, . . . , δp0

n
, which are coherent, the invariant numbers

2
(i)
δ
p0

1
,...,δ

p0
n

have a clear meaning.

• The invariant number2(1)
δ
p0

1
,...δ

p0
n

is smaller than the minimum number of generators

σi which are necessary to write the wordβ(P 0
n ;φ). In the particular case of a pair

of fixed points(p0
1, p

0
2), it is the absolute value of the linking number of these two

fixed points.
• The mapφ induces a mapφ? on the first homotopy group of the punctured disk

D2 \ P 0
n . The invariant2(2)

δ
p0

1
,...,δ

p0
n

is the growth rate of the mapφ?. It has been

shown by Bowen [3] that this growth rate is a lower bound of the topological entropy
h(φ) of the mapφ [1]. The assumption on the mapφ to be a diffeomorphism is
required in order to get a continuous map acting on the compact surfaceD̂n obtained

fromDn = D2 \ {q1, . . . , qn} after blowing up the pointsq1, . . . , qn with the circles
of directions.
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4.2. The general case.Let φ be a map in Diff1(D2
, ∂D2

). From Proposition 2, there
exists a positive numberK(φ, n) such that for allPn whereβ(Pn;φ) is defined,

1

log 3
θ(2)(β(Pn;φ)) ≤ θ(1)(β(Pn;φ)) ≤ K(φ, n).

LetMn(φ) be the set ofn-tuples ofφ-invariant, coherent probability measures, and let
(λ1, . . . , λn) be inMn(φ). By integrating with respect toλ1× · · · × λn, we get

1

log 3
2

(2)
λ1,...,λn

(φ) ≤ 2
(1)
λ1,...,λn

(φ) ≤ K(φ, n).

It follows that the quantities

2(i)
n (φ) = sup

(λ1,...,λn)∈Mn(φ)

2
(i)
λ1,...,λn

(φ)

are positive real numbers which are, by construction, topological invariants. More

precisely, for any pair of mapsφ1 andφ2 in Diff 1(D2
, ∂D2

), which are conjugated by a

map in Homeo(D2
, ∂D2

), we have, fori = 1, i = 2 and for alln ≥ 2,

2(i)
n (φ1) = 2(i)

n (φ2).

It also follows from the definitions that, fori = 1 andi = 2, the sequencesn 7→ 2
(i)
n (φ)

are non-decreasing sequences.
In the next two paragraphs, we give estimates of these invariants that generalize the

fixed points case.

4.2.1. The Calabi invariant as a minoration of the sequence(2
(1)
n (φ))n. Letφ be a map

in Homeo(D2
, ∂D2

) and consider an isotopyφt from the identity toφ ∈ Homeo(D2
, ∂D2

).
To a pair of distinct pointsp1 andp2 inD2 , we can associate a real number, Angφ(p1, p2),

which is the angular variation of the vector
−−−−−−−−→
φt (p1)φt (p2) ast goes from zero to one (when

normalizing to one the angular variation of a vector makes one loop of the unit circle in

the direct direction). Since the set Homeo(D2
, ∂D2

) is contractible, it is clear that the
map(p1, p2) 7→ Angφ(p1, p2) does not depend on the choice of the isotopy. Ifφ lies in

Diff 1(D2
, ∂D2

), using arguments similar to the ones we used in the proof of Proposition 2,
it is easy to check (see [5]) that the function Angφ is bounded where it is defined, that is to
say onD2 × D2 \1. Let (λ1, λ2) be a pair ofφ-invariant, coherent probability measures.

The function Angφ is integrable onD2×D2
with respect toλ1×λ2 and theCalabi invariant

of the mapφ with respect to the pair(λ1, λ2) is defined by the following integral:

Cλ1,λ2(φ) =
∫∫

D
2×D 2

Angφ(p1, p2) dλ1(p1) dλ2(p2).

Remark.In [4], Calabi defines a series of invariant numbers associated to symplectic
diffeomorphisms on symplectic manifolds. In the particular case of area preserving maps
of the 2-disk, only one of these invariant quantities is not trivial. In [5], it is shown that
this invariant fits in with our definition in the particular case when the invariant measures
λi are all equal to the area.

https://doi.org/10.1017/S0143385799130207 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799130207


Dynamical cocycles with values in the Artin braid group 639

PROPOSITION3. Let φ be a map inDiff 1(D2
, ∂D2

) which preserves a pair of coherent
probability measures(λ1, λ2). Then

|Cλ1,λ2(φ)| ≤ 2
(1)
λ1,λ2

(φ).

Consequently, for any mapφ ∈ Diff 1(D2
, ∂D2

), and for alln ≥ 2,

sup
(λ1,λ2)∈M2(φ)

|Cλ1,λ2(φ)| ≤ 2
(1)
2 (φ) ≤ 2(1)

n (φ).

Proof. In order to compute the Calabi invariant ofφ with respect to(λ1, λ2), we can use
the Birkhoff ergodic theorem. The corresponding Birkhoff sums

Angφ(p1, p2)+ Angφ(φ(p1), φ(p2))+ · · · + Angφ(φN−1(p1), φ
N−1(p2)),

are equal to

AngφN (p1, p2).

It follows that forλ1× λ2 almost every point(p1, p2) the limit

˜Angφ(p1, p2) = lim
N→+∞

1

N
AngφN (p1, p2),

exists and is integrable. Furthermore,∫∫
D

2×D 2
˜Angφ(p1, p2) dλ(p1) dλ(p2) =

∫∫
D

2×D 2
Angφ(p1, p2) dλ(p1) dλ(p2).

It is clear that for allN ≥ 0 and for all pairs of distinct pointsp andq in D2, we have the
following estimate:

|L(β(p, q;φN))− |AngφN (p, q)|| ≤ 3.

Dividing by N and lettingN →∞, we get forλ1 × λ2 a.e.(p1, p2),

| ˜Angφ(p1, p2)| = 2(1)(p1, p2;φ).

Integration then gives us

|Cλ1,λ2(φ)| ≤
∫∫

D
2×D 2
| ˜Angφ(p1, p2)| dλ1(p1) dλ2(p2) ≤ 2

(1)
λ1,λ2

(φ). 2

4.2.2. The topological entropy as a majoration of the sequence(22,n(φ))n.

Let Diff∞(D2
, ∂D2

) denote the subset of elements in Diff1(D2
, ∂D2

) which are
C∞-diffeomorphisms. The following theorem can be seen as an extension of the Bowen
result [3] when we relax the hypothesis of invariance of finite sets.

THEOREM 4. Let φ be an element inDiff∞(D2, ∂D2) with entropyh(φ) andλ1, . . . , λn

a set of coherent,φ-invariant probability measures. Then, for(λ1 × · · · × λn)-a.e.

Pn ∈ D2× · · · × D2
, we have

2(2)(Pn;φ) ≤ h(φ),

and consequently, for alln ≥ 2,

2
(2)
λ1×···×λn

(φ) ≤ h(φ).
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Proof. Let Pn = (p1, . . . , pn) be a point in �2n and let hPn be an element in

Diff 1(D2
, ∂D2

) with the following properties:
(1) for each 1≤ i ≤ n, hPn mapsqi onpi ;
(2) there exists an isotopy(hPn;t )t∈[0,1] from the identity tohPn such that, for each

1 ≤ i ≤ n, the arc{(hPn;t , t) t ∈ [0, 1]} coincides with the segment joining(qi, 0)

to (pi, 1) in D2 × [0, 1];
(3) the map

�2n −→ Diff 1(D2
, ∂D2

)

Pn 7−→ hPn

is continuous when Diff1(D2
, ∂D2

) is endowed with theC1 topology.

Let φ be in Diff∞(D2
, ∂D2

) and assume that forN ≥ 0, Pn andj (φN)(Pn) are in�2n.
From the above construction , it follows that the map

9
(N)
Pn
= h−1

j (φN )(Pn)
◦ φN ◦ hPn

leaves the pointsq1, . . . , qn invariant and that its restriction toDn induces, through the
Birman isomorphism (Theorem 3), the braidβ(Pn;φN).

Let Pn be such that the limit2(2)(Pn;φ) exists (which is true for aλ1 × · · · × λn full
measure set of points). It follows that there existsε > 0 such that, forN big enough, we
have

2(2)(Pn;φ)− ε ≤ 1

N
θ(2)(β(Pn;φN))

which reads

e(2(2)(Pn;φ)−ε)N ≤ sup
i=1,...,n

L(xiβ(Pn;φN)). (∗)

It is a standard result that there exists a constantc(n) > 0 such that for any differentiable
loopτ ∈ D̂n,

L([τ ]) ≤ c(n)l(τ )

wherel stands for the euclidian length and[−] is the homotopy class in̂Dn. Combined
with (∗), this argument gives

1

c(n)
e(2(2)(Pn;φ)−ε)N ≤ sup

i=1,...,n

l(9
(N)
Pn

(xi)).

That is to say,

1

c(n)
e(2(2)(Pn;φ)−ε)N ≤ sup

i=1,...,n

l(h−1
j (φN )(Pn)

◦ φN ◦ hPn(xi))

and consequently

1

c(n)
e(2(2)(Pn;φ)−ε)N ≤ ‖h−1

j (φN )(Pn)
‖1 sup

i=1,...,n

l(φN(hPn(xi)), (∗∗)
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where‖ − ‖1 stands for theC1 norm.
Assume from now on that the pointPn is a recurrent point of the mapj (φ) (which is

true for aλ1 × · · · × λn full measure set of points) and letν(N) be a sequence of integers
such that

lim
N→∞ j (φν(N))(Pn) = Pn.

From (∗∗) we deduce that there exists a subsequenceν̂(N) of ν(N) such that forN big
enough and for some 1≤ i0 ≤ n we have

1

c(n)K
e(2(2)(Pn;φ)−ε)N ≤ l(φN(hPn(xi0)),

whereK is an upper bound of‖h−1
Pn
‖1.

In conclusion, the euclidian length of the loophPn(xi0) increases exponentially under
iteration of the mapφ with a growth rate which is at least2(2)(Pn;φ)− ε. Using a result
by Yomdim (see [9] and [6]) in the case ofC∞ maps we know that this provides a lower

estimate of the topological entropy. Namely, ifφ lies in Diff∞(D2
, ∂D2

), we get

2(2)(Pn;φ)− ε ≤ h(φ).

Since this is true for anyε > 0, this yields

2(2)(Pn;φ) ≤ h(φ),

and by integrating

2
(2)
λ1×···×λn

(φ) ≤ h(φ). 2
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