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Abstract

It is shown that the set of orbits of the action of the elementary symplectic
group on all unimodular rows over a commutative ring of characteristic not 2
is identical with the set of orbits of the action of the corresponding elementary
general linear group. This result is used to improve injective stability for K1
of the symplectic group over non-singular affine algebras.
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1. Introduction

We shall always work over a commutative ring R with 1. L.N. Vaserstein showed
in [18] that if v is the first row of an elementary matrix of even size then it is also
the first row of an elementary symplectic matrix. This led us to query whether the
orbit space of unimodular rows under the action of the elementary subgroup is in
bijective correspondence with the orbit space of unimodular rows under the action
of the elementary symplectic group. In Section 4, we prove that this is so, and also
establish the relative version, vE2n.R;I /D vESp2n.R;I /, for an ideal I of R.

As a consequence of [8] and [9], it follows that the orbit space (both in the
absolute and relative case) of unimodular rows under the action of the elementary
symplectic group has an abelian group structure when the rows have size� d=2C2,
where d is the stable dimension of the ring.

The main theorem (Theorem 5.6) enables us to recapture the main theorem in
[6] though only in the free case, viz. a stably elementary symplectic � 2 SpdC1.R/
is (symplectic) homotopic to the identity, when R is an affine algebra over a perfect
C1-field of even dimension d . The approach here enables us to improve the estimate
further by one in the case when R is a finitely generated algebra over Z;Fp or the
algebraic closure of Fp, where Fp is a finite field of characteristic p not equal to 2
and R is of even dimension.
�This article is part of the doctoral thesis of the first named author.

https://doi.org/10.1017/is010002021jkt109 Published online by Cambridge University Press

https://doi.org/10.1017/is010002021jkt109


390 P. CHATTOPADHYAY & R. A. RAO

2. Preliminaries

In this section we recall a few definitions, state some results and fix a few notations
which will be used throughout this paper.

A row v D .v1;:::;vn/ 2 R
n is said to be unimodular if there are elements

w1;:::;wn in R such that v1w1C ��� C vnwn D 1. Umn.R/ will denote the set of all
unimodular rows v 2 Rn. Let I be an ideal in R. We denote by Umn.R;I / the set
of all unimodular rows of length n which are congruent to e1 D .1;0;:::;0/ modulo
I . (If I DR, then Umn.R;I / is Umn.R/).

The group GLn.R/ of invertible matrices acts onRn in a natural way: v �! v� ,
if v 2 Rn, � 2 GLn.R/. This map preserves Umn.R/, so GLn.R/ acts on Umn.R/.
Note that any subgroup G of GLn.R/ also acts on Umn.R/. Let v;w 2 Umn.R/, we
denote v �G w or v 2 wG if there is a g 2 G such that v D wg.

Let En.R/ denote the subgroup of SLn.R/ consisting of all elementary matrices,
i.e. those matrices which are a finite product of the elementary generators Eij .�/D
InC eij .�/, 1� i ¤ j � n, � 2R, where eij .�/ 2Mn.R/ has at most one non-zero
entry � in its .i;j /-th position.

In the sequel, if ˛ denotes an m� n matrix, then we let ˛t denote its transpose
matrix. This is of course an n�mmatrix. However, we will mostly be working with
square matrices, or rows and columns.

Definition 2.1 The Relative Groups En.I /, En.R;I /: Let I be an ideal of R. The
relative elementary group En.I / is the subgroup of En.R/ generated as a group by
the elements Eij .x/, x 2 I , 1� i ¤ j � n.

The relative elementary group En.R;I / is the normal closure of En.I / in En.R/.
(Equivalently, En.R;I / is generated as a group by Eij .a/Ej i .x/Eij .�a/, with

a 2R, x 2 I , i ¤ j , provided n� 3 (see [24], Lemma 8)).

An important theorem of A.A. Suslin is that En.R;I / is a normal subgroup of
GLn.R/, for n� 3.( see [20], Corollary 1.4).

Theorem 2.2 ([16], Theorem 2.3) Let n � 3 and v.X/ D .v1.X/;:::;vn.X// 2

Umn.RŒX�/. If v.X/ 2 v.0/En.RmŒX�/ for all maximal ideals m	 R, then v.X/ 2
v.0/En.RŒX�/. �

Definition 2.3 Symplectic Group Sp2n.R/: This is the isotropy group of the

standard symplectic form  n D
nP
iD1

e2i�1;2i �
nP
iD1

e2i;2i�1. In other words,

Sp2n.R/D f˛ 2 GL2n.R/ j˛t n˛ D  ng.

Let � denote the permutation of the natural numbers given by �.2i/ D 2i � 1

and �.2i � 1/D 2i .
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Definition 2.4 Elementary Symplectic Group ESp2n.R/: We define for z 2 R,
1� i ¤ j � 2n,

seij .z/D

(
12nC zeij if i D �.j /,
12nC zeij � .�1/

iCj ze�.j /�.i/ if i ¤ �.j / and i < j .

(It is easy to check that all these generators belong to Sp2n.R/).
We call them the elementary symplectic matrices over R and the subgroup of

Sp2n.R/ generated by them is called the elementary symplectic group ESp2n.R/.

Definition 2.5 The Relative Group ESp2n.I /, ESp2n.R;I /: Let I be an ideal of
R. The relative elementary group ESp2n.I / is the subgroup of ESp2n.R/ generated
as a group by the elements seij .x/, x 2 I and 1� i ¤ j � 2n.

The relative elementary group ESp2n.R;I / is the normal closure of ESp2n.I /
in ESp2n.R/.

Lemma 2.6 ([10], Lemma 1.5) Let n � 2, and I be an ideal of R. Let a 2 I;v 2
R2n, or a 2R;v 2 I 2n. Then I2nC avtev 2 ESp2n.R;I /, whereev D v n. �
Lemma 2.7 ([10], Lemma 1.10) Let n � 2, and I be an ideal in R. Let w 2
Um2n.R/, and v 2 I 2n (	 R2n) be such thatevwt D 0. Then I2n C vtewCwtev 2
ESp2n.R;I /. �
Theorem 2.8 ([10], Theorem 3.6) Let n � 2 and let ˛.X/ 2 Sp2n.RŒX�/, with
˛.0/D I2n. Then ˛.X/ 2 ESp2n.RŒX�/ if and only if for any maximal ideal m	R,
the canonical image of ˛.X/ in Sp2n.RmŒX�/ lies in ESp2n.RmŒX�/.

(For more details see [5]). �
Lemma 2.9 ([18], Lemma 2.7) Let R be an associative ring with 1, I be a two-
sided ideal in R, and n � 3 be a natural number. Then En.R;I 2/ 	 En.I /, where
I 2 is a two sided ideal of R consisting of sums of elements of the form ab where
a;b 2 I . �
Definition 2.10 Alternating Matrix: A matrix from Mn.R/ is said to be alternat-
ing if it has the form ���t , where � 2Mn.R/. (It follows that its diagonal elements
are zeros.)

Lemma 2.11 ([18], Lemma 5.4) Let n be a natural number and ' be an alternating
matrix from GL2n.R/. Then for any v from R2n�1 there exists ˛;ˇ in SL2n�1.R/
such that

�
1 0
˛vt ˛

�
,
�
1 v
0 ˇ

�
belong to E2n.R/ \ Sp'.R/, where Sp'.R/ denotes the

isotropy group of ', i.e.
Sp'.R/D f˛ 2 SL2n.R/j˛t'˛ D 'g. �
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Lemma 2.12 ([18], Lemma 5.5) For any natural number n� 2 and any alternating
matrix ' from GL2n.R/;e1.E2n.R//D e1.E2n.R/\ Sp'.R//: �

We will only use Lemma 2.12 in the special case when ' D  n. In this special
case the proof is much easier to establish. In this case one could show the following.

Lemma 2.13 For any natural number n� 2, e1E2n.R/D e1ESp2n.R/.

Lemma 2.14 Let R be a commutative ring and let " 2 E2n.R;I /, n� 2. Then there
exists � 2 E2n�1.R;I / such that ".1? �/ 2 ESp2n.R;I /.

The proof is similar, via ([18], Lemma 5.5) and its symplectic analogue, and is
left to the reader. �

3. A Local Global Principle

In a letter to H. Bass, L.N. Vaserstein gave a short proof of an “action version”
of D. Quillen’s well known Local Global Principle (see [15]), viz. if v.X/ 2
Umn.RŒX�/;n � 3, and v.X/ �GLn.RmŒX�/ v.0/, for all maximal ideals m of R,
then v.X/ �GLnR.ŒX�/ v.0/. (See [11], Chapter III for more details.) We prove a
relative (w.r.t. an extended ideal) elementary symplectic action version of this result
below.

We begin with a couple of preliminary lemmas.

Lemma 3.1 Let n � 2. Let I be an ideal, S be a multiplicatively closed set
in R. Let ˛.X/ 2 ESp2n.IS ŒX�/, with ˛.0/ D I2n. Then there exists ˛�.X/ 2
ESp2n.RŒX�;I ŒX�/ such that ˛�.X/ localizes to ˛.sX/, for some s 2 S , with
˛�.0/D I2n.

Proof: Since there are only finitely many denominators involved, there exists t 2 S
such that ˛.X/ 2 ESp2n.It ŒX�/. Therefore, as ˛.0/D I2n,

˛.X/D

rY
kD1

�kseikjk .Xfk.X/=t
m/��1k ;

where �k 2 ESp2n.It / and fk.X/ 2 I ŒX�.
Let � be the permutation defined before Definition 2.4. For any row vector

v we defineev D v n. Let vtik and vt
�.jk/

be the ik-th and �.jk/-th columns of �k
respectively. Thenevik andev�.jk/ are the �.ik/-th and jk-th rows of ��1

k
respectively.

If ik D �.jk/ then,

�kseikjk .Xfk.X/=t
m/��1k D I2nC .Xfk.X/=t

m/vtikevik 2 ESp2n.It ŒX�/:

If ik ¤ �.jk/ and ik < jk then, �kseikjk .Xfk.X/=t
m/��1

k
D

I2nC .Xfk.X/=t
m/vt�.jk/evik C .Xfk.X/=tm/vtikev�.jk/ 2 ESp2n.It ŒX�/:
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If v 2R2nt , then v D .1=tm/v�, for some m� 0, with v� 2R2n. Let us define,

ak D

(
I2nC .Xfk.X/=t

3m/v�tikev�ik ; if ik D �.jk/,
I2n; otherwise.

bk D

�

I2nC .Xfk.X/=t
3m/v�t

�.jk/
ev�ik

C.Xfk.X/=t
3m/v�tikev��.jk/; if ik ¤ �.jk/;ik < jk ,

I2n; otherwise.

Now we have, ˛.X/D
rY
kD1

akbk . Let us take N D 3m and define,

eak D
(
I2nC .Xfk.t

NX//v�tikev�ik ; if ik D �.jk/,
I2n; otherwise.

ebk D
�

I2nC .Xfk.t
NX//v�t

�.jk/
ev�ik

C.Xfk.t
NX//v�tikev��.jk/; if ik ¤ �.jk/;ik < jk ,

I2n; otherwise.

Define ˛�.X/D
rY
kD1

eakebk . ˛�.X/ 2 ESp2n.RŒX�;I ŒX�/ since fk.tNX/ 2 I ŒX�

(see Lemma 2.6 and Lemma 2.7). Then obviously ˛�.X/ localises to ˛.tNX/.

The following argument is standard (see [11], Chapter III, Proposition 2.3):

Lemma 3.2 Let n � 2. Let I be an ideal, S be a multiplicatively closed set in R.
Let v.X/ 2 Um2n.RŒX�/ and let v.X/ 2 v.0/ESp2n.IS ŒX�/. Then there is an s in S
such that for any a in R, v.X C asT / 2 v.X/ESp2n.RŒX;T �;I ŒX;T �/.

Proof: Let ˛.X/ 2 ESp2n.IS ŒX�/ such that v.X/˛.X/ D v.0/. Let us set
ˇ.X;T /D ˛.X CT /˛.X/�1 2 ESp2n.IS ŒX;T �/. Then

v.X CT /ˇ.X;T /D v.X CT /˛.X CT /˛.X/�1

D v.0/˛.X/�1

D v.X/ in RS ŒX;T �2n:

Since ˇ.X;0/ D I2n, using Lemma 3.1 we can find ˇ�.X;T / 2

ESp2n.RŒX;T �;I ŒX;T �/ which localises to ˇ.X;sT /, for some s 2 S , with
ˇ�.X;0/ D I2n. Then in RŒX;T �2n we have, v.X C sT /ˇ�.X;T / � v.X/ D

Tw.X;T /, for some w.X;T / which localises to 0. Thus for some s� 2 S , and
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for all a 2 R, we get, v.X C ass�T /ˇ�.X;as�T /� v.X/D Tas�w.X;as�T /D 0.

Proposition 3.3 (Local Global Principle w.r.t. an extended ideal)
Let n � 2. Let I be an ideal of R and v.X/ 2 Um2n.RŒX�;I ŒX�/. If for all

prime (or even maximal) ideals } of R, v.X/} 2 v.0/}ESp2n.I} ŒX�/, then

v.X/ 2 v.0/ESp2n.RŒX�;I ŒX�/:

Proof: By assumption v.X/} 2 v.0/}ESp2n.I} ŒX�/, for all prime (or all maximal)
ideals } of R. Using Lemma 3.2 it follows that, for each prime ideal } of R, there
exists sk 2R n} such that for all a 2R,

v.X C askT / 2 v.X/ESp2n.RŒX;T �;I ŒX;T �/: .?/

Note that the ideal generated by sk 0s is the whole ring R. Therefore there exists
sk1 ;:::;skr such that a1sk1 C ���C arskr D 1 where a1;:::;ar 2R.

In .?/ replacing askT by a1sk1X and replacing X by a2sk2X C ��� C arskrX
we get, v.X/ D v.a1sk1X C a2sk2X C ��� C arskrX/ 2 v.a2sk2X C ��� C

arskrX/ESp2n.RŒX�;I ŒX�/. Again in .?/ replacing askT by a2sk2X and X by
a3sk3X C ���C arskrX we get,

v.a2sk2X C ���C arskrX/ 2 v.a3sk3X C ���C arskrX/ESp2n.RŒX�;I ŒX�/:

Continuing in this way we get, v.arskrX C 0/ 2 v.0/ESp2n.RŒX�;I ŒX�/.
Combining all these we get,

v.X/ 2 v.0/ESp2n.RŒX�;I ŒX�/:

4. The absolute case

In this section we prove that the set of orbits of the action of the elementary
symplectic group on all unimodular rows is the same as the set of orbits of the
action of the elementary general linear group on all unimodular rows.

Theorem 4.1 Let v 2 Um2n.R/. Then vE2n.R/D vESp2n.R/, for n� 2.
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Proof: Let v�ij .X/ D vEij .X/. Let } 2 Spec.R/. It is easy to see by Lemma 2.13
that v�ij .X/�ESp2n.R} ŒX�/ v

�
ij .0/. By Proposition 3.3 (when I D R)(or see the main

theorem in [5]), v�ij .X/ �ESp2n.RŒX�/ v
�
ij .0/; whence also to v�ij .�/, for any � 2 R.

The result follows.

Theorem 4.2 The natural map Um2n.R/=ESp2n.R/ �! Um2n.R/=E2n.R/ is
bijective for n� 2.

Proof: The proof follows from Theorem 4.1.

5. The relative case

In general, there is a ‘double ring’ method, first introduced by J. Milnor, to transfer
‘relative problems’ to ‘absolute problems’. The reader can find the latest known
results of such type in the reference ([1], §3). Surprisingly, we were not able to
settle the relative case of our problem by such a technique; but conceivably there
should be such an argument. Such a method would have served to deduce Theorem
5.6 below from the absolute case proved in Theorem 4.2.

We begin with a few preliminary remarks before establishing the relative case
of Theorem 4.2.

Lemma 5.1 Let I be an ideal of R. Let v D .1Cx1;x2;:::;x2n/ 2 Um2n.R;I /. Let
1C x1 be a unit in R. Then there exists g 2 ESp2n.R;I / such that v D e1g.

Proof: Since 1C x1 D u is a unit in the ring R, it is easy to show that there exists
g� 2 ESp2n.R;I / such that vg� D .u;0;:::;0/. We have

.u;0;:::;0/D e1

�
u 0 0
0 u�1 0
0 0 I2n�2

�
D e1E21.u�1� 1/E12.1/E21.u� 1/E12.�1/E12.1�u�1/;

(by Whitehead’s lemma), where E21.u�1 � 1/E12.1/E21.u � 1/E12.�1/E12.1 �
u�1/ 2 ESp2n.R;I /. Take g D E21.u�1 � 1/E12.1/E21.u � 1/E12.�1/E12.1 �
u�1/.g�/�1. Clearly g 2 ESp2n.R;I /, and v D e1g.

The following lemma is proved in a similar way as Lemma 2.9 was proven. We
include its proof for completeness.

Lemma 5.2 Let I be an ideal of R. Assume that 2R D R. Then ESp2n.R;I
2/ 	

ESp2n.I /, for n� 3.
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Proof: Let z� D
P
atbt with at ;bt 2 I . Let ˇ D seij .z�/ 2 ESp2n.I

2/ and ˛ D
sekl.z/ 2 ESp2n.R/ for some z 2 R. It suffices to show that ˛ˇ˛�1 2 ESp2n.I /. If
.i;j / ¤ .l;k/ and .i;j / ¤ .�.k/;�.l//, then the matrix ˛ˇ˛�1 splits into a product
of elementary matrices from ESp2n.I /.

When .i;j / D .l;k/ or .i;j / D .�.k/;�.l// we need to consider the following
two cases:
Case 1. In this case i ¤ �.j /. We can choose r � 2n different from �.i/;�.j / and
j . ˇ D seij .z�/D

Y
t

Œseir.at /;serj .bt /� and

˛ˇ˛�1 D
Y
t

Œ˛seir.at /˛
�1;˛serj .bt /˛

�1� 2 ESp2n.I /:

Case 2. In this case i D �.j /. We can choose r � 2n different from �.i/ and �.j /.
ˇ D sei�.i/.z

�/D
Y
t

Œseir.at=2/;ser�.i/.bt /� and

˛ˇ˛�1 D
Y
t

Œ˛seir.at=2/˛
�1;˛ser�.i/.bt /˛

�1� 2 ESp2n.I /:

Lemma 5.3 Let I be an ideal of R and v 2 Um2n.R;I /. Then there exists g 2
ESp2n.R;I / such that vg 2 Um2n.R;I

k/ for any positive integer k.

Proof: Let v D .1Ci1;i2;:::;i2n/ and v D .1Ci1;i2;:::;i2n/ 2 Um2n.R=I
k;I=I k/.

Here ‘bar’ means reduction modulo I k . As i1 is nilpotent in R=I k; 1 C i1 is
unit in R=I k . By Lemma 5.1 there exists " 2 ESp2n.R=I

4;I=I 4/ such that
v" D .1;0;:::;0/ in .R=I 4/2n. Note that there exists "0 2 ESp2n.R;I / such that
"0 D " and v"0 D .1;0;:::;0/ in .R=I k/2n. So v"0 D .1C x1;x2;:::;x2n/, where
x1;:::;x2n 2 I

k .

Lemma 5.4 Let I be an ideal of R and v 2 Um2n.R;I
2/. Assume 2R D R. Then

for � 2 E2n�1.R;I /, we have v.1? �/ 2 vESp2n.R;I /.

Proof: Let �.X/ 2 E2n�1.RŒX�;I ŒX�/, with �.1/ D � and �.0/ D I2n�1. Let
v D .1C a1;a2;:::;a2n/, with ai 2 I 2, for 1 � i � 2n. Let V.X/ D v.1 ? �.X//.
Note that he1;V .X/i D 1C a1.

Let m be a maximal ideal of R. If I 	 m, then .1 C a1/m is unit in Rm.
Using Lemma 5.1 we get g.m/.X/ 2 ESp2n.RmŒX�;ImŒX�

2/ such that V.X/m D
e1g.m/.X/. If I ª m, then either .1C a1/m is a unit or for some i0, 1 < i0 � 2n,
ai0 …m. In either case, since Im DRm, by Lemma 2.13 we have,

V.X/m 2 e1E2n.RmŒX�/D e1ESp2n.RmŒX�/D e1ESp2n.RmŒX�;ImŒX�
2/:
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Therefore V.X/m �ESp2n.RmŒX�;ImŒX�2/ e1, for each maximal ideal m of R. Also
we will have g.m/0 from ESp2n.Rm;I

2
m/ such that V.0/mg.m/0 D e1. Therefore

V.X/m �ESp2n.RmŒX�;ImŒX�2/ V.0/mg.m/0, for each maximal ideal m of R. Using
Lemma 5.2 we get, V.X/m �ESp2n.ImŒX�/ V.0/m for each maximal ideal m of R.

Using Proposition 3.3, we get V.X/�ESp2n.RŒX�;I ŒX�/ V.0/. Substituting X D 1
we get v.1? �/ 2 vESp2n.R;I /.

Theorem 5.5 Let I be an ideal of R and 2R D R. Let v 2 Um2n.R;I /, then
vE2n.R;I /D vESp2n.R;I /, for n� 3.

Proof: It suffices to show the left hand side is contained in the right hand side.
The reverse inclusion is obvious. Let " 2 E2n.R;I /. Using Lemma 5.3 we get "1
from ESp2n.R;I / such that v""1 2 Um2n.R;I

2/. Using Lemma 2.14 we get � in
E2n�1.R;I / with ""1.1 ? �/ 2 ESp2n.R;I /. Now v" D v""1.1 ? �/.1 ? �/

�1"�11 .
We have v""1.1 ? �/ is in Um2n.R;I

2/. Hence by Lemma 5.4, Œv""1.1 ? �/�.1 ?
�/�1 2 vESp2n.R;I /. Let v""1.1 ? �/.1 ? �/�1 D vˇ, where ˇ is in ESp2n.R;I /.
Therefore v"D vˇ"�11 2 vESp2n.R;I /.

Theorem 5.6 Let I be an ideal of R. Assume 2R D R. Then the natural map
Um2n.R;I /=ESp2n.R;I / �! Um2n.R;I /=E2n.R;I / is bijective for n� 3.

Proof: The proof follows from Theorem 5.5

6. Decrease in injective stability for K1Sp.R/

Recall that Bass-Milnor-Serre began the study of the stabilisation for the linear
group GLn.R/=En.R/, for n � 3, where R is a commutative ring with identity. In
[4], they showed that K1.R/ D GLdC3.R/=EdC3.R/, where d is the dimension of
the maximal spectrum under the Zariski topology. This is called the Jacobson-Krull
dimension. They also showed that K1.R/D GL3.R/=E3.R/, when d D 1.

In [3] Bass has proved that if A is an algebra, finite as a module over a
commutative ring R, whose spectrum of maximal ideals is a noetherian space
of dim d , then the stable range of the ring A is not more than d C 1. (See
below for definition of stable range of a ring). In [3], §11 Bass conjectured that
K1.R/D GLdC2.R/=EdC2.R/, where d is the Jacobson-Krull dimension. In [22],
L.N. Vaserstein proved this conjecture for an algebra A, which is finite as a module
over a commutative ring R, and whose spectrum of maximal ideals is a noetherian
space of dim d .

In [17], the second author and W. van der Kallen began the study of whether
the stabilization bound above improves in the case of finitely generated algebras
A over a field k. Such rings A are called affine algebras. Note that by
Hilbert’s Nullstellensatz, for such rings the Krull dimension and the Jacobson-Krull
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dimension (i.e. the dimension of the maximal ideal spectrum under the Zariski
topology) coincide.

An affine algebra A will be called non-singular if A} is a regular local ring,
for every prime ideal } of A. The well-known Jacobian criterion gives an effective
method to determine whether a given ideal I D .f1;:::;fr/ of kŒX1;:::;Xn� gives
rise to a non-singular algebra kŒX1;:::;Xn�=I .

In [17] it was shown that if A is a non-singular affine algebra of Krull dimension
d > 1 over a perfect C1-field, then the natural map

SLn.A/
En.A/

�!
SLnC1.A/
EnC1.A/

is injective for n� dC1. (We refer the reader to [17] for the definition of a C1-field.)
Thus, the set of all non-singular affine algebras over a perfect C1-field, of Krull

dimension d , became an important subclass of the set of all commutative rings of
Jacobson-Krull dimension d , over which one could seek improvement inK0 andK1
results. (The famous theorems of Suslin in [19], [21] first showed that stabilization
results of H. Bass for K0 improved over such rings. This is the key reason why one
could expect improvement over K1 for this class of rings.)

L.N. Vaserstein in [23] considered the symplectic, orthogonal and the unitary
K1-functors, and obtained stabilisation theorems for them. These results have been
sharpened and extended to other groups in [2].

We restrict ourselves to the symplectic case here.
In ([6], Theorem 2) R. Basu and the second author showed, in particular, that if

R is a non-singular affine algebra over a perfect C1-field of odd Krull dimension d �
2 then the natural map 'n;nC1 W Sp2n.R/=ESp2n.R/ �! Sp2nC2.R/=ESp2nC2.R/
is an isomorphism when 2n� d C 1, where d is the Krull dimension of R.

In this section we are going to reprove this result. Moreover via our main result
we show that there is a further decrease in the injective stabilisation bound (for the
symplectic K1) of a non-singular affine algebra over a finite field of characteristic
not equal to 2 (or its algebraic closure). We show that if the field is a finite field
of characteristic not equal to 2 (or its algebraic closure) then the bound improves to
2n� d , provided d is even � 4.

We would like to observe the surjective stability estimates first. First recall

Definition 6.1 Stable Range: LetR be a commutative ring. The following concept
was introduced by H. Bass:

.Rm/ for every .a1;:::;am/ 2 Umm.R/, there are xi 2R, for 1� i �m�1, such
that .a1 C x1am;:::;am�1 C xm�1am/ 2 Umm�1.R/. The condition .Rm/ implies
.RmC1/, for every m > 0. Moreover, for any n � m, the condition .Rm/ implies
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.Rn/, with xi D 0, for i �m. By stable range sr.R/ of a ring R we mean the least n
such that .Rn/ holds.

Definition 6.2 Stable Dimension: The stable dimension s of a ring R is the integer
one less than the stable range. It is denoted by sdim.R/. If R is a Noetherian ring
of Krull dimension d , then sdim.R/� d C 1.

The following is well-known:

Lemma 6.3 Let I be an ideal of R and sr.R/ � t . Then Umn.R;I /D e1En.R;I /,
if t � 2, and n� t .

Proof: We recall its proof. Let v D .a1;:::;an�1;an/ 2 Umn.R;I /, then w D
.a1;:::;an�1;a

2
n/ 2 Umn.R;I /. Since sr.R/ � t , there exists bi 2 R such that w� D

.a1Cb1a
2
n;:::;an�1Cbn�1a

2
n/ 2 Umn�1.R;I /. There existsE1 2 En.R;I / such that

vE1 D .w
�;an/. Let us consider .w�;an/ 2 Umn.Z˚I /, with w� 2 Umn�1.Z˚I /.

Clearly there exists an elementary matrix E2 2 En.Z˚ I / such that .w�;an/E2 D
e1. By van der Kallen’s Excision theorem (see [8], Theorem 3.21) we get an E3 2
En.R;I / such that .w�;an/E3 D e1. Hence we have vE1E3 D e1, where E1E3 2
En.R;I /.

Corollary 6.4 Let R be a noetherian commutative ring of odd Krull dimension d .
Assume that 2R D R. Let � 2 SpdC1.R/ and .I2 ? �/ 2 ESpdC3.R/. Then � is
symplectic homotopic to the identity, i.e. there exists a �.X/ 2 SpdC1.RŒX�/, such
that � D �.1/, and �.0/D IdC1.

Proof: Let ˛.X/ 2 ESpdC3.RŒX�/ be such that .I2 ? �/D ˛.1/ and ˛.0/D IdC3.
Let e1˛.X/ D v.X/. Therefore v.X/ 2 UmdC3.RŒX�;.X

2 � X//. The Krull
dimension of RŒX� is dC1. Note that RŒX� is noetherian and hence sd im.RŒX�/�
d C 2. This implies sr.RŒX�/ � d C 3. Therefore UmdC3.RŒX�;.X

2 � X// D

e1EdC3.RŒX�;.X2 � X// D e1ESpdC3.RŒX�;.X
2 � X//. (First equalities follow

from Lemma 6.3 and second equality follows from Theorem 5.6.) Let ".X/ 2
ESpdC3.RŒX�;.X

2 � X// be such that v.X/ D e1".X/. Let us define ˇ.X/ D
˛.X/".X/�1. Clearly e1ˇ.X/ D e1 and ˇ.X/ 2 ESpdC3.RŒX�/. This implies

ˇ.X/ is of the form
�
1 0 0
� 1 �
� 0 ˇ�.X/

�
, where ˇ�.X/ 2 SpdC1.RŒX�/. Now .I2 ? �/ D

˛.1/ D ˇ.1/ since ".1/ D IdC3. Therefore ˇ�.1/ D �;ˇ�.0/ D Id ; and hence � is
(symplectic) homotopic to the identity.

The next result is proven in the linear case in [25] (Theorem 3.3), using H.
Lindel’s insight in [12], when R is a localisation of an affine algebra over a field k
at a non-singular point. This can be extended to any regular ring .R;m/ containing
a field, or if characteristic R=m … m2, using the deep approximation theorem of
D. Popescu in [13]. (Also see [14], Corollary 4.4.) The argument imitated in the
symplectic case is outlined in [6] and asserts:
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Theorem 6.5 ([6], Theorem 3.13) Let .R;m/ be a regular local ring. Assume that
R contains a field, or characteristic R=m …m2. Then Sp2n.RŒX�/D ESp2n.RŒX�/,
for n� 2. �
Corollary 6.6 LetR be a non-singular affine algebra of odd Krull dimension d � 5
over a field k of characteristic ¤ 2. . Then SpdC1.R/\ESpdC3.R/D ESpdC1.R/.

Proof: It suffices to show that the left hand side is contained in the right hand side.
The reverse inclusion is obvious. Let � 2 SpdC1.R/\ ESpdC3.R/. By Corollary
6.4, � is symplectic homotopic to the identity, i.e. there exists ˛.X/ 2 SpdC1.RŒX�/
such that ˛.1/ D � and ˛.0/ D IdC1. Now ˛.X/} 2 SpdC1.R} ŒX�/ for all prime
ideals } in R. By Theorem 6.5, SpdC1.R} ŒX�/ D ESpdC1.R} ŒX�/ for all prime
ideals } in R . Therefore ˛.X/p 2 ESpdC1.R} ŒX�/ for all prime ideals } in R.
Theorem 2.8 implies ˛.X/ 2 ESpdC1.RŒX�/. We have � D ˛.1/ 2 ESpdC1.R/.

Corollary 6.7 Let R be a finitely generated algebra of even Krull dimension d
over k, where k D Z or F or F and char(k)¤ 2. (Here F is a finite field and
F is its algebraic closure.) Let � 2 Spd .R/ and .I2 ? �/ 2 ESpdC2.R/. Then
� is (symplectic) homotopic to the identity. In fact, � D �.1/ for some �.X/ 2
Spd .RŒX�/\ESpdC2.RŒX�/, with �.0/D Id .

Proof: Let ˛.X/ 2 ESpdC2.RŒX�/ with .I2 ? �/ D ˛.1/, ˛.0/ D IdC2. Let
e1˛.X/ D v.X/. Therefore v.X/ 2 UmdC2.RŒX�;.X

2 �X//. By ([18], Corollary
20.4),

UmdC2.RŒX�;.X
2�X//D e1EdC2.RŒX�;.X2�X//D e1ESpdC2.RŒX�;.X

2�X//:

(The last equality follows from Theorem 5.6.) Let ".X/ 2 ESpdC2.RŒX�;.X
2�

X// be such that v.X/ D e1".X/. Let us define ˇ.X/ D ˛.X/".X/�1. Clearly
e1ˇ.X/ D e1 and ˇ.X/ 2 ESpdC2.RŒX�/. This implies ˇ.X/ is of the form�
1 0 0
� 1 �
� 0 ˇ�.X/

�
, where ˇ�.X/ 2 Spd .RŒX�/. Now .I2 ? �/ D ˛.1/ D ˇ.1/ since

".1/ D IdC2. Therefore ˇ�.1/ D �;ˇ�.0/ D Id ; and hence � is (symplectic)
homotopic to identity.

Corollary 6.8 Let R be a finitely generated non-singular algebra of even Krull
dimension d � 4 over k, where k is a finite field or the algebraic closure of a finite
field and char(k)¤ 2. Let � 2 Spd .R/ and .I2 ? �/ 2 ESpdC2.R/. Then � belongs
to ESpd .R/.

Proof: From the proof of Corollary 6.7 it follows that � D ˇ�.1/ for some ˇ�.X/ 2
Spd .RŒX�/, with ˇ�.0/D Id . We know Spd .R} ŒX�/D ESpd .R} ŒX�/, for all prime
ideals } of R (see Theorem 6.5). This implies ˇ�.X/ 2 ESpd .R} ŒX�/, for all prime
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ideals } in R. By Theorem 2.8, ˇ�.X/ 2 ESpd .RŒX�/. Hence � D ˇ�.1/ belongs
to ESpd .R/.
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