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Abstract
In the field of parafoil airdrop path planning, the inherent complexity and time-sensitive nature of mission require-
ments necessitate rapid path generation through low-order mathematical models that approximate the system’s true
dynamics. This study presents a novel sparse identification framework for constructing a parafoil path planning
approximate model. Leveraging high-fidelity 9-degree-of-freedom (9 DOF) dynamic simulation data as train-
ing inputs, our method identifies simple nonlinear relationships between 3D positional coordinates (for spatial
targeting) and yaw angle (for directional control), which are critical path planning parameters. Compared to con-
ventional 4 DOF models, experimental validation using field airdrop data reveals that the proposed sparse model
achieves enhanced predictive accuracy while maintaining computational efficiency. Quantitative analysis demon-
strates reductions in root mean square error (RMSE) by approximately 12.96% (horizontal position), 54.44%
(height) and 37.96% (yaw angle). The efficacy is further confirmed through successful fixed-point homing across
diverse initial deployment scenarios, underscoring its potential for parafoil path planning.

Nomenclature
Bp

e transformation matrix from the earth-fixed reference frame to the canopy reference frame
Bc

e transformation matrix from the earth-fixed reference frame to the payload reference frame
Bp

c transformation matrix from the payload reference frame to the canopy reference frame
E3×3 3 × 3 identity matrix
03×3 3 × 3 zero matrix
Fp, Mp aerodynamic forces and moments at the mass centre of canopy
Fc, Mc aerodynamic forces and moments at the mass centre of payload
FAM , MAM forces and moments associated with the added mass
g gravitational acceleration
Ip, Ic inertia matrices of the canopy and the payload about the spherical joint
Ma, Ia mass matrix and inertia matrix associated with the added mass
mp, mc mass of the canopy and the payload
Rp, Rc position vector matrices from the mass centre of canopy and payload to the spherical joint
Se (OeXeYeZe) earth-fixed reference frame
Sp

(
OpXpYpZp

)
canopy reference frame

Sc (OcXcYcZc) payload reference frame
Sq

(
OqXqYqZq

)
airstream reference frame

Vox, Voy, Voz components of the velocity of the system mass centre
X, Ẋ, U data matrices composed of historical data of state variables, state variables derivatives and

control inputs under a time series
X̄, ˙̄X historical data matrix filtered according to the requirements of parafoil path planning
xd, yd, zd inertial position of the system mass centre
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Greek symbol
γp,ψp, θp Euler angles of the canopy (roll, yaw and pitch)
γc,ψc, θc Euler angles of the payload (roll, yaw and pitch)
ωpx,ωpy,ωpz angular velocity components of the canopy about the spherical joint
ωcx,ωcy,ωcz angular velocity components of the payload about the spherical joint
δl, δr trailing edge deflection on the left, right
� library of candidate nonlinear terms
� sparse coefficient matrix

1.0 Introduction
With the rapid development of aerospace technology, the demand for precise, pinpoint recovery of space-
craft has become increasingly urgent. The successful recovery of SpaceX’s fairings, the Genesis reentry
capsule and NASA’s X-38 project [1, 2] have all validated the feasibility of parafoil spacecraft recovery.
Currently, as one of the most effective means of pinpoint airdrop, the parafoil system holds extremely
broad prospects for the development in aerospace field [3].

The dynamic model of parafoil system is the basis for studying its flight performance and imple-
menting the path planning. Common parafoil models include the 3 or 4 DOF model [4–6], the 6 DOF
model [7], and the 8 [8] or 9 DOF model [9–11], considering the relative motion between the canopy
and the payload. Vishnyak [12] proposed a complex 12 DOF model, Yang et al. [13] established a more
complex 15 DOF model, and Zhang et al. [14] developed a most complex 18 DOF rigid-body model. In
complex airdrop environments, to meet the requirements of rapid flight path design, low-order models
are required to approximate the actual motion characteristics of the parafoil.

Current studies in the field of parafoil path planning tend to focus on the overall motion of the parafoil
system, ignoring the attitude change and the relative motion between various structures of the system.
The most representative approximate model among them is the 4 DOF model, and relevant applications
are documented in Li et al. [15, 16]. However, for the particle model obtained based on approximation
criteria, the horizontal and vertical directions are decoupled, and the vertical velocity is assumed to be
constant. This assumption directly affects the accuracy of the model. Therefore, it is of great practical
significance to design an approximate model while ensuring accuracy of model.

Since data-driven methods are gradually on the rise [17], the direct extraction of the dynamic
model’s structure from data has emerged as one of the approaches for constructing approximate models.
Many contemporary machine learning methods (e.g. neural networks, NN) require large-scale datasets
for training [18]. However, these techniques exhibit limited generalisation beyond the data collection
distribution and struggle to incorporate known physical constraints. This limitation hinders their appli-
cation in real-time planning and control of strongly nonlinear, high-dimensional, multi-scale pneumatic
parafoil systems, as well as online recovery in dynamic, abrupt scenarios. Modern physics-informed
hybrid methods, such as physics-informed neural networks (PINNs) [19], provide a powerful frame-
work for embedding physical knowledge. However, even physics-informed data-driven models often
lack guarantees of global stability, and the ability of these methods to identify long-term bounded solu-
tions diminishes as the state dimension increases [20]. Gaussian Process Regression (GPR) is highly
dependent on kernel function selection, with improper choices potentially leading to underfitting or
overfitting [21, 22]. In contrast, the paradigm of parsimonious modeling via sparse identification enables
interpretable modeling under data-constrained conditions.

Ever since the onset of the 20th century, scholars have been wholeheartedly dedicated to repre-
senting the approximate equations of dynamic systems with a reduced number of relevant terms and
discerning the characteristics of dynamic systems from data. Bongard et al. [23] pioneered an automatic
methodology for extracting models of nonlinear dynamic systems from experimental data. Schmidt et al.
[24] harnessed symbolic regression to identify nonlinear differential equations and put forward a novel
approach for establishing the underlying structure of nonlinear dynamic systems and conservation laws
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based on data. Subsequently, Brunton et al. [25, 26] made the first foray into introducing a sparse identi-
fication method for nonlinear dynamic systems, namely the Sparse Identification of Nonlinear Dynamics
(SINDy). This breakthrough provided an effective solution for discerning the control equations of
complex nonlinear systems.

In response to the diverse requirements of different problems, researchers have devised SINDy-based
algorithms that are specifically tailored to the research subjects, aiming to surmount the modelling chal-
lenges posed by nonlinear systems. For instance, Kaiser et al. [27] ingeniously combined the SINDy
with model predictive control (MPC). Chu et al. [28] seamlessly integrated the Lagrangian method
and energy-based strategies with the SINDy. Additionally, scholars such as Kaheman [29], Li H. [30,
31], and Li J.C. [32] have also made significant improvements to the SINDy. Numerous innovations
expanding the capabilities of the original SINDy algorithm have emerged. For instance, Conti et al.
[33] combined autoencoders with SINDy to construct parametric PDEs, enabling efficient continuation
of periodic solutions. Specifically, they utilised an autoencoder-SINDy framework [34–36] to identify
parameterised dynamics in the latent coordinates of low-dimensional embeddings, facilitating computa-
tionally efficient numerical continuation of periodic solutions. In fields such as mechanical systems and
fluid mechanics, researchers have begun exploring the integration of machine learning with other numer-
ical methods to enhance predictive performance while preserving model transparency [37]. Moreover,
Adaptive Basis Expansion SINDy–a technique merging data-driven and physics-informed modeling–
aims to infer the dynamic behaviour of complex systems from limited data samples [38]. In control
domains, SINDy-discovered governing equations serve as the basis for the Koopman operator, further
enhancing the model’s analytical capabilities [39]. At present, the SINDy has achieved remarkable suc-
cess in a wide array of interdisciplinary fields, including flow field characteristic analysis [40, 41], sensor
data identification [42], suspension bridge vibration studies [43] and power system analysis [44].

The SINDy strikes a balance between model complexity and accuracy. A large number of studies
have also verified the feasibility of automatically identifying the key parameters of dynamic systems
from data. It has brought great inspiration to the construction of approximate models for parafoil systems
and provided a new solution for us to establish approximate parafoil models that ensure model accuracy.

Therefore, this paper focuses on the problem of approximate modelling for the parafoil system and
conducts research by combining the basic principles of data-driven methods. The structure of this paper
is arranged as follows: Section 2 briefly describes the proposed construction strategy for the parafoil
approximate model based on sparse identification. Section 3 provides an overview of the high-fidelity 9
DOF parafoil dynamic model established in this study. Section 4 details the sparse identification of the
proposed dynamic model, covering aspects such as data collection, construction of the library of candi-
date nonlinear terms, and solution of the sparse identification matrix. In Section 5, the impact of different
training sample sizes on the accuracy of the sparse identification model is analysed. Subsequently, based
on experimental data, the computational efficiency and accuracy of the high-fidelity model, the sparse
identification model and the 4 DOF dynamic model commonly used in path planning are compared.
Finally, Section 6 summarises our main conclusions and offers readers possible future directions for
extending work.

2.0 Model construction strategy
In this study, a novel grey-box modelling method is proposed to generate nonlinear models from sim-
ulation data. Specifically, the work focuses on the path planning problem of parafoil systems, reveals
entirely new nonlinear interaction structures involving 3D positional coordinates, yaw angle, control
variables, etc. and successfully constructs an approximate model for parafoil sparse identification.

A schematic diagram of the proposed method is presented in Fig. 1. The specific steps are as follows:

(1) Firstly, considering the high cost and complexity of parafoil test data collection, it is difficult
to obtain the training data for the sparse identification model. To solve this problem, a 9 DOF
model has been constructed to accurately restore the real-world dynamic characteristics of the
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Figure 1. Construction strategy of the parafoil approximation model.

parafoil system. By further deriving the state equation from the dynamic equations and kinematic
equations, the full-state historical data were obtained, which will be applied to the subsequent
sparse identification process of the dynamic model.

(2) Secondly, the sparse identification problem of the dynamic model has been addressed. From the
full-state historical data provided by the high-fidelity dynamic model, based on the determined
key characteristic parameters, a library of candidate nonlinear terms was constructed and the
relevant historical data segments were intercepted.

(3) Finally, by using the constructed library of candidate nonlinear terms and the truncated historical
data, the sparse coefficient matrix was solved to obtain the sparse identification model.

3.0 High-fidelity dynamic model
While high-fidelity models (e.g. 12 DOF [12], 15 DOF [13]) capture elastic effects in suspension lines,
comparative studies [13] confirm that a simplified 9-DOF rigid-body representation retains sufficient
accuracy for trajectory prediction and stability analysis. The rootless multibody dynamics approach was
employed for the parafoil system to establish a 9 DOF model, as elaborated by Qin et al. [7] Subsequently,
the corresponding state equation was precisely defined. Leveraging this model, high-fidelity simula-
tion datasets were generated. These data served as the fundamental data source that underpinned the
subsequent process of sparse identification.
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(a)

(b)

Figure 2. Two-body parafoil system.

Figure 3. Reference system.

3.1 Parafoil system description
After the parafoil is fully inflated, the aerodynamic force is changed by manipulating the deformation of
the canopy, thereby achieving flight along a predetermined path. Since the shape of the parafoil does not
change significantly, the system can be approximately treated as a two-body rootless system composed
of the canopy and payload. Denote the canopy, parachute ropes, etc. as rigid body A, the suspension
straps, payload, etc. as rigid body B, and the connecting rope at the intersection point as a spherical joint
M. Then the system has a total of nine degrees of freedom, as shown in Fig. 2.

The following reference systems are required in the specific modelling process, as shown in Fig. 3.

(1) Earth-fixed reference frame Se (OeXeYeZe).

The origin Oe is at the intended impact point. The OeZe axis is vertically down. The OeXe axis lies in
the canopy’s longitudinal symmetry plane, perpendicular to OeZe, and points toward the East.

(2) Canopy reference frame Sp

(
OpXpYpZp

)
.

The canopy reference system is the body-fixed reference system of the canopy. The origin OP is at the
canopy’s mass centre. The OPXP axis lies in the canopy’s longitudinal symmetry plane, parallel to the
canopy’s chord length, and points forward. The OPZP axis is also in the longitudinal symmetry plane of
the canopy.

(3) Payload reference frame Sc (OcXcYcZc).
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The payload reference system is the body-fixed reference system of the payload. The origin Oc is at
the payload’s mass centre. The OcXc axis is parallel to the payload’s central axis and points forward of
the parafoil system. The OcZc axis lies in the payload’s longitudinal symmetry plane.

(4) Airstream reference frame Sq

(
OqXqYqZq

)
.

The origin Oq is at the parafoil system mass centre. The OQXQ axis is opposite the oncoming flow. The
OQZQ axis lies in the parafoil system longitudinal symmetry plane, perpendicular to OQXQ, and points
down.

3.2 Dynamics and kinematics equations
To facilitate the design of the parafoil path planning, the Lagrange equations in the form of quasi-
coordinates are adopted for dynamic modelling. For the parafoil system shown in Fig. 2, the position
components xe, ye and ze of the position vector in the earth-fixed reference frame, the Euler angles
γp, ψp and θp of the canopy, as well as the Euler angles γc, ψc and θc of the payload are set as the
quasi-coordinates of the parafoil system.

The velocity components vx, vy and vz of the mass centre velocity vector of the system in
Se (OeXeYeZe), the angular velocity components ωpx, ωpy and ωpz of the canopy, and the angular velocity
components ωcx, ωcy and ωcz of the payload are taken as the quasi-velocities.

With the quasi-coordinates and quasi-velocities defined, the matrix-form representation can now be
derived, as shown in Equations (1) and (2).

q = [
R Ec Ep

]T
, ν = [

Vo ωc ωp

]T
, (1)

where, ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R = [
xe ye ze

]T

Vo = [
Vox Voy Voz

]T

Ep = [
γp ψp θp

]T

ωp = [
ωpx ωpy ωpz

]T
.

Ec = [
γ ψc θc

]T

ωc = [
ωcx ωcy ωcz

]T

(2)

The multi-body dynamics method is adopted to conduct parafoil modelling. The detailed derivation
process is available in Zhang et al. [14], where relevant steps and explanations are presented for fur-
ther exploration. By integrating the kinematic and dynamic relationships, the Lagrange equations are
established as shown in Equation (3). {

q̇ = Bν

M (q) ν̇ = F,
(3)

the state transition matrix B is expressed as follows,

B = diag
(
ET

3×3 D−1
c D−1

p

)
. (4)

Dc =
⎡
⎣ 1 −tanθccosγc tanθcsinγc

0 cosγc/cosθc − sinγc/cosθc

0 sinγc cosγc

⎤
⎦, (5)

Dp =
⎡
⎣ 1 − tanθpcosγp tanθpsinγp

0 cosγp/cosθp −sinγp/cosθp

0 sinγp cosγp

⎤
⎦, (6)
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the generalised mass matrix M is expressed as follows,

M =
⎡
⎣ (mp + mc)E3×3 + Ma −Bp

cmcR̃c − (mpE3×3 + Ma)R̃p

mcR̃c Ic 03×3

−(mpE3×3 + Ma)R̃p 03×3 Ip + Ia

⎤
⎦, (7)

the generalised force matrix F is expressed as follows,

F =
⎡
⎣ −(mc + mp)E3×3

(
ω̃pBp

dVo

)
−ω̃c (Icωc)− mcRc

(
ω̃cBc

dVo

)
−ω̃p

(
Ipωp

) − mpR̃p

(
ω̃pBp

dVo

)
⎤
⎦ +

⎡
⎣ mcg + mpg

R̃c (mcg)
R̃p

(
mpg

)
⎤
⎦

+
⎡
⎣Fp + Bp

cFc + FAM

Mc

Mp + MAM

⎤
⎦ −

⎡
⎣ mcBp

c

[
R̃c

(
ω̃cωc

)] + mp

[
R̃p

(
ω̃pωp

)]
03×3

03×3

⎤
⎦, (8)

The symbols in this equation are defined in Equations (7) and (8) as follows: Transformation matrices
include Bp

e (from earth-fixed to canopy frame), Bc
e (from earth-fixed to payload frame), and Bp

c (from
payload to canopy frame). Matrix notations comprise E3×3 (3 × 3 identity matrix) and 03×3 (3 × 3 zero
matrix). Mass properties are mp (canopy mass) and mc (payload mass), while Ip and Ic are inertia matrices
about the spherical joint. Position vectors Rp and Rc extend from the canopy and payload mass centres to
the spherical joint, respectively. Aerodynamic forces and moments are Fp, Mp (at canopy mass centre)
and Fc, Mc (at payload mass centre), with FAM, MAM representing added mass effects governed by Ma

(added mass matrix) and Ia (added inertia matrix). Vox, Voy, Voz are velocity components of mass centre.

3.3 State equation
From Equations (1) to (8), the complete expression of the dynamic and kinematic equations for the
parafoil system has been derived. To conduct the sparse identification of the system more conveniently,
the model is further transformed into a nonlinear state equation suitable for the design of the control
system, and the system state variables are defined as follows,

x = [
q v

]T
, (9)

define δl and δr as the trailing edges deflection on the left and right of parafoil, which are used as the
control inputs and expressed as,

u = [
δl δr

]T
, (10)

subsequently, the state equations are obtained as follows,

d
dt

x = f (x, u), (11)

For the parafoil dynamic model, Equation (11) can be expressed in matrix form as,⎡
⎢⎢⎢⎣

ẋ1(t)
ẋ2(t)
...

ẋ18(t)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

f1(x, u)
f2(x, u)
...

f18(x, u)

⎤
⎥⎥⎥⎦, (12)

where x1 ∼ x18 correspond to the 18 state parameters at time t in Equation (2). Given the initial state
quantities and control inputs, the motion characteristics of the two-body parafoil system can be obtained
via numerical integration methods.
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4.0 Sparse identification of dynamic models
Leveraging the high-fidelity simulation data generated by the 9 DOF dynamic model of the parafoil
system, the sparse identification method for nonlinear dynamics with control is adopted. This method is
used to accurately identify the nonlinear structure and key parameters of the dynamic system from the
data, ultimately constructing a dynamic model specifically tailored for path planning.

4.1 Data collection

1. Full-state historical data
Collect the data of the control input, state variables and their derivatives in the time series of the
9 DOF dynamic model of the parafoil system in the simulation and build a historical dataset.
These data are arranged according to the state variables to form three data matrices [9], X, Ẋ and
U, as shown in Equation (13).⎧⎪⎨

⎪⎩
X = [

x(t1) x(t2) · · · x(tm)
] ∈R

18×m

Ẋ = [
ẋ(t1) ẋ(t2) · · · ẋ(tm)

] ∈R
18×m,

U = [
u(t1) u(t2) · · · u(tm)

] ∈R
2×m

(13)

2. Determining key parameters for parafoil path planning
According to the experience of engineering applications [45], for the path planning of the parafoil
system, only a few nonlinear terms are crucial, such as the state variables xd, yd, zd, ψp and the
left and right trailing edge deflections δl and δr. While roll dynamics significantly affect turning
performance, the yaw state serves as an adequate descriptor for autonomous lateral path planning
under steady-flight conditions. This simplification aligns with the 4 DOF modeling conventions
for large parafoils and prioritises real-time computational efficiency.

Library terms are pruned based on their physical interpretability in parafoil dynamics. For
example, cross-terms like δl ·ψp have no direct correspondence in force/moment equations, while
their effects are implicitly encapsulated by state variables ψp. A few other terms can be regarded
as zero terms. Therefore, the function f (x, u) on the right-hand side of Equation (12) can be
sparsely represented in a high dimensional nonlinear function space.

3. Truncation of historical data
The 1st, 2nd, 3rd and 8th rows of the corresponding historical data matrices X and Ẋ are extracted
to form new data matrices X̄ and ˙̄X. When all data under the time series {t1, t2, · · · , tm} are
expanded, the matrices can be obtained in Equations (14) to (16).

X̄ =

⎡
⎢⎢⎢⎣

xd(t1) xd(t2) · · · xd(tm)

yd(t1) yd(t2) · · · yd(tm)

zd(t1) zd(t2) · · · zd(tm)

ψp(t1) ψp(t2) · · · ψp(tm)

⎤
⎥⎥⎥⎦, (14)

˙̄X =

⎡
⎢⎢⎢⎣

ẋ(t1) ẋd(t2) · · · ḋ(tm)

ẏd(t1) ẏd(t2) · · · ẏd(tm)

żd(t1) żd(t2) · · · żd(tm)

ψ̇p(t1) ψ̇p(t2) · · · ψ̇p(tm)

⎤
⎥⎥⎥⎦, (15)

U =
[
δl(t1) δl(t2) · · · δl(tm)

δr(t1) δr(t2) · · · δr(tm)

]
. (16)
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4. Library of candidate nonlinear terms
Combined with the sparsity analysis, by introducing the sparse coefficient � and library of can-
didate nonlinear terms�, the dynamic equation of the parafoil can be expressed as Equations 17,

˙̄X =��T(X̄, U), (17)

where� is composed of simple combinations of certain items from the state variable data matrix
X̄ and the control input data matrix U.

In this paper, only closely related combination terms are set for the parafoil system to obtain
the library of candidate nonlinear terms. When the terms in the library are expanded according
to the time series {t1, t2, · · · , tm}, it can be expressed as Equation (18):

�T(X̄, U) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 · · · 1

xd(t1) · · · xd(tm)

yd(t1) · · · yd(tm)

zd(t1) · · · zd(tm)

ψp(t1) · · · ψp(tm)

cos(ψp)(t1) · · · cos(ψp)(tm)

sin(ψp)(t1) · · · sin(ψp)(tm)

δl(t1) · · · δl(tm)

δr(t1) · · · δr(tm)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (18)

Based on the above conditions, the corresponding sparse coefficient matrix is a 4 × 9 matrix, and
its representation form is as Equation (19):

�= [ξ1 ξ2 ξ3 ξ4]
T ∈R

4×9. (19)

4.2 Solution of the sparse coefficient matrix
4.2.1 Sparse coefficient estimation via LASSO-regularised regression
Based on the historical data and the library of candidate nonlinear terms, the sparse coefficient matrix
� can be obtained via sparse regression. Some coefficients in the matrix � are shrunk to zero to reduce
the model complexity, thereby achieving the purpose of feature selection.

The basic idea of Least Absolute Shrinkage and Selection Operator (LASSO) regression is adopted to
approximate and solve the sparse coefficients, as shown in Equation (20). LASSO is a linear regression
algorithm used for feature selection and model regularisation. It constrains the coefficients in the model
by applying the LASSO penalty and shrinks some coefficients to zero. The LASSO regression equation
is used to identify the sparse matrix with the best model performance in the library of candidate nonlinear
terms,

ξk = argmin
ξk

∥∥∥ ˙̄Xk − ξk�
T(X̄, U)

∥∥∥2

2
+ λ‖ξk‖1, (20)

where ˙̄Xk represents the k-th row of ˙̄X (k = 1, 2, 3, 4), ξk represents the k-th row of� and λ is the weight
term for controlling the sparsity adjustment.

Combining the summaries in Section 4.1, the basic principle of the sparse identification of the parafoil
system can be obtained, as shown in Fig. 4. Here, the solid dots represent the coefficients corresponding
to the key terms selected by the sparse identification, and the hollow dots represent the zero terms.

4.2.2. Expanding historical data quantity
In this section, a method for solving the sparse matrix of the parafoil with data expansion is proposed to
improve the accuracy of the sparse identification model and expand the amount of historical data.
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Figure 4. Principles of sparse identification for parafoil systems.

Randomly set the initial values of the state variables and control inputs for P groups (training sample
sizes). Perform simulations using the high-fidelity 9 DOF dynamic model established in Section 3. After
data organisation, P groups of data matrices X̄, ˙̄X, and U are obtained.

Then the generalised model shown in Equation (17) can be expanded and expressed as Equation (21).
The expression of the block matrix can be systematically derived by drawing on the definitions of the
library of candidate nonlinear terms and the sparse coefficient matrix, as shown in Equation (22).⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

˙̄X(1) =��T(X̄(1), U(1))
˙̄X(2) =��T(X̄(2), U(2)),

· · ·
˙̄X(P) =��T(X̄(P), U(P))

(21)

⎡
⎢⎢⎢⎢⎣

˙̄X(1)

˙̄X(2)

· · ·
˙̄X(P)

⎤
⎥⎥⎥⎥⎦ = �

⎡
⎢⎢⎣
�T(X̄(1), U(1))
�T(X̄(2), U(2))

· · ·
�T(X̄(P), U(P))

⎤
⎥⎥⎦, (22)

The left-hand side of the equation is arranged into the matrix ˙̄XE, and the right-hand side is arranged
into the product of the sparse coefficient matrix and the matrix (�E)T, thereby obtaining the expression
of the sparse coefficient matrix of the parafoil with data expansion, which corresponds to Equation (23).

�= ˙̄XE

(
(�E)T

)+
, (23)

the symbol “+” denotes the pseudo-inverse of a matrix.
By integrating the method elaborated in Section 4.2.1, the LASSO regression is employed to derive

the sparse coefficient matrix �. Then, an algorithm for solving the sparse coefficient matrix of the
parafoil with data expansion is formulated. The specific details are presented in Algorithm 1.
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Algorithm 1: Parafoil sparse coefficient matrix solution algorithm

Input: The extended time derivative matrix X̄E , the extended library of candidate nonlinear
terms ΘE , the number ofi terative optimizations N , the range of regularization
parameters λrange = [λmin, λmax], the number of λ uniformly distributed in the
logarithmic space λnum, the number off olds in cross - validation KFold

Output: Ξ, Optimal regularization parameter vector λoptimal

1 Function SINDY-Parafoil( ˙̄XE,ΘE,N ,λrange,λnum,KFold)
2 Ξ ← zeros (N , size (ΘE , 2));
3 λoptimal ← zeros (1, N);
4 λgrid ← logspace(log10(λmin), log10(λmax), λnum); // Prepare lambda grid
5 for i ← 1 to N do
6 cv ← cvpartition (size (ΘE), 1), ’KFold’, KFold);
7 MSEvalues ← zeros (λnum, 1);
8 // K - fold cross - validation initialization
9 for j ← 1 to λnum do

10 λ ← λgrid(j);
11 MSEfold ← zeros (KFold, 1);
12 for k ← 1 to KFold do
13 trainIdx ← training (cv, k);
14 testIdx ← test (cv, k); // Divide the training set and validation set
15 ξ ← lasso(ΘE(trainIdx, :), ˙̄XE(trainIdx), ’Lambda’, λ); // Train the Lasso

model
16 ˙̄XEpred

← ΘE(trainIdx, :) ξ; // Validation set prediction
17 MSEfold(k) ← mean(( ˙̄XE(trainIdx) - ˙̄XEpred

).2);
18 end
19 MSEvalues(i) ← mean(MSEfold); // Calculate the average MSE
20 end
21 [ ,minidx] ← min(MSEvalues);
22 λopt ← λgrid(minidx);
23 ξ ← lasso(ΘE , ˙̄XE(:, i), ’Lambda’, λopt); // Optimize lambda and train the final

model on the entire dataset
24 Ξ(:, ind) ← ξ;
25 λoptimal ← λopt;
26 end
27 Ξ(abs(Ξ) < 10−6) ← 0; // Post - processing: Remove extremely small coefficients
28 end Function

This paper employs 10-fold cross-validation to search for the optimal regularisation parameter λ in
logarithmic space: 100 logarithmically spaced candidate values are generated within [10−6, 10]. The
dataset is randomly partitioned into 10 subsets. For each candidate λ, the LASSO model is trained
on nine subsets, and the prediction Mean Squared Error (MSE) is computed on the remaining subset.
The λ that minimises the average MSE is selected. This process is optimised independently per state
dimension to adapt to varying sparsity requirements of the dynamics. A post-processing step truncates
sparse regression coefficients with absolute values below 10−6 to zero, eliminating numerical noise-
induced perturbations and enhancing model stability and interpretability.

5.0 Simulation
In this section, the performance of the sparse identification model is mainly evaluated. Firstly, the rela-
tionship between different training sample sizes and the accuracy of the sparse identification model is
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Table 1. The main parameters of parafoil system

Parameters Values
Span [m] 18.5
Chord [m] 7.5
Canopy mass [kg] 220
Payload mass [kg] 4500

Table 2. Initial simulation condition of parafoil system

Parameters Values
Deployment height [m] 1,800
Initial horizontal velocity [m/s] 28
Vertical velocity [m/s] 10.8

Figure 5. Trailing edge deflection on the left/right of parafoil.

examined in detail. Secondly, leveraging experimental data, this study comprehensively evaluates both
computational efficiency and accuracy. It conducts a detailed comparison among the high-fidelity model,
the sparse-identification model, and the widely used 4-DOF dynamic model in path planning, highlight-
ing their respective advantages and limitations. Finally, the applicability of the sparse identification
model in path planning scenarios is analysed.

5.1 Influence of training sample sizes
The mechanism by which the amount of data affects the accuracy of the sparse identification model
is determined by taking the parafoil system shown in Table 1 as an example and conducting an error
analysis. In line with the process depicted in Fig. 4 and Algorithm 1, the number of groups P of state
variables and control inputs is set to 1, 10, 100 and 1,000 respectively. As a result, four approximate
sparse identification models with different data volumes are obtained. Under the same simulation con-
ditions, the differences between the high-fidelity model and the four sparse identification models are
compared. The initial simulation conditions are set according to the experiments, as detailed in Table 2,
and the control variables are shown in Fig. 5.

https://doi.org/10.1017/aer.2025.10078 Published online by Cambridge University Press

https://doi.org/10.1017/aer.2025.10078


476 Cui et al.

Horizontal displacement Height displacement

(a) (b)

Figure 6. Error analysis of displacement.

Figure 7. Error analysis of yaw angle.

It is worth noting that the parameters of the parafoil system used for training the model and validation
remain consistent. However, to ensure generalisation ability, we implemented a strict data separation
strategy: for training data, randomly generated initial states and control inputs are used; for testing,
completely independent initial states (Table 2) are adopted, the control inputs are smooth (Fig. 5), and
the samples that do not completely overlap with the training set are included.

Eventually, the comparison curves for the horizontal and vertical displacements, as well as the yaw
angle, are acquired and shown in Figs 6 and 7. Analysis shows that:

(1) As the simulation time progresses, the error in the horizontal displacement gradually accumu-
lates, manifesting a tendency of fluctuating growth. With the continuous increase in the groups
P of the initial random state variables, the corresponding RMSE of the horizontal displacement
steadily diminishes. When P reaches 1,000, the RMSE attains its minimum value.

(2) The error in the vertical displacement demonstrates a linearly ascending trend as the simulation
time lengthens. Moreover, subsequent to an increase in P, the RMSE gradually drops.

(3) The error in the yaw angle decreases concomitantly with the increase in the groups P, and the
RMSE also gradually decreases.
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In summary, a preliminary conclusion can be derived: the initial data volume exerts a significant influ-
ence on the accuracy of the sparse identification model. Specifically, the greater the data volume, the
higher the accuracy. Nevertheless, it is evident that an augmentation in the data volume will inevitably
lead to an increase in computational time consumption. Consequently, in practical applications, it is
necessary to carefully consider and strike a balance between the model accuracy and the available
computational resources.

In the subsequent analysis, the number of groups P of random state variables is set to 1,000, and the
sparse coefficient matrix of the key parameters of the parafoil system is obtained in Equation (24),

�T = [
ξ1 ξ2 ξ3 ξ4

] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.141 − 0.060 10.858 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

28.05 −0.149 −0.014 0

0.0560 28.05 0.015 0

0 0 0 0.14

0.081 − 0.068 − 0.014 − 0.14

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (24)

Combined with Equation (24), the sparse identification model of the parafoil system is constructed.
This model is completely data-driven, and its parameters are directly obtained through model reduction.
Its form is as Equation (25): ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

ẋd =�(X̄, U)ξ1

ẏd =�(X̄, U)ξ2

żd =�(X̄, U)ξ3

ψ̇p =�(X̄, U)ξ4

. (25)

5.2 Model performance comparison
In the real implementation of path planning, the model selection process is multifaceted. It requires a
comprehensive consideration of the model’s prediction accuracy for the parafoil’s path and its compu-
tational efficiency. Additionally, the running time of each model is a crucial determinant. This holistic
approach empowers decision makers to make more informed choices when selecting the most suitable
model for specific path planning. By doing so, the goal is to ensure that the selected model attains opti-
mal performance, striking an effective balance between high-precision prediction accuracy and efficient
computational resource utilisation. The primary objective of this section is to evaluate the single simu-
lation running time and position prediction capabilities of three distinct models: the high-fidelity model,
the sparse identification model and the 4 DOF dynamic model (which is prevalently employed in path
planning for the parafoil system).

5.2.1 Computational efficiency evaluation
Firstly, 1,000 computer simulations were conducted to compare the simulation times for the three mod-
els, as presented in Fig. 8. The analysis reveals that the running time of the high-fidelity model is
approximately 0.053 s, while those of the sparse identification model and the 4 DOF dynamic model
are around 0.0015 s and about 0.0014 s. The performance disparities are remarkable. Evidently, the
running time of the high-fidelity model is substantially longer than that of the other two models. In
contrast, the computational times of the sparse identification model and the 4 DOF dynamic model are
comparable and relatively short. It implies that, due to its high complexity and large computational load,
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0.0014
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0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Running time/s

4 DOF dynamic model

Sparse identification model

High fidelity model

Figure 8. The average running time of 1,000 simulations for different models.

the high-fidelity model is ill-suited for the rapid design demands of parafoil path planning. Conversely,
the other two models exhibit distinct advantages in computational efficiency and are more appropriate
for path planning scenarios with high real-time requirements, which is consistent with the findings of
previous research.

5.2.2 Computational accuracy evaluation
Based on the flight test data of a certain type of parafoil system, a detailed comparison was made between
the simulated values and the experimental values. A total of four airdrop tests were carried out for this
type of parafoil system, and the third typical flight data was selected for model validation. The reason is
that the wind field uncertainty of this group of tests is relatively low, which is suitable for verifying the
model accuracy. In the test, all sensors were calibrated by the factory and time – synchronised through
a 4Hz hardware trigger synchronisation mechanism. After using the Kalman filter to remove noise and
outliers, the filtered data was resampled at 10Hz to calculate the RMSE.

The computational accuracy of different models was further evaluated. Figure 9(a) shows the contrast
curve of the horizontal position trajectory of the parafoil system, Fig. 9(b) shows the contrast curve of
the system height varying with time and Fig. 9(c) shows the contrast curve of the parafoil yaw angle
varying with time. Overall, the simulation results of the models are generally in line with the trend of
the test values, demonstrating a high degree of coincidence.

The models were further analysed quantitatively. Specifically, the statistical results of the mean error
(ME) and RMSE were derived for the sparse recognition model and the 4 DOF dynamic model, which is
most prevalently utilised in path planning, in comparison with the test values. The results are presented
in Table 3.

The ME provides an intuitive indication of the overall deviation, both in terms of direction and mag-
nitude, between the model’s predicted values and the actual values. It serves as a preliminary assessment
of the model’s accuracy. As can be seen from the results, regardless of whether it is the error in hori-
zontal position, altitude or yaw angle, the sparse identification model outperforms the 4 DOF dynamic
model.

The RMSE comprehensively considers the magnitude and distribution of errors, reflecting the
model’s precision and stability, and is an effective indicator for comparing model performance. In
terms of horizontal displacement, height and yaw angle, the RMSE sparse recognition model is signifi-
cantly better than the 4 DOF model, which indicates that the accuracy of measurement or calculation is
improved.
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Table 3. Error comparison and reduction rates

Error Value
State Error Type Sparse identification model 4 DOF Dynamic Model Reduction [%]
Horizontal ME [m] 15.0511 15.5181 3.00
Position RMSE [m] 56.5410 64.9617 12.96

ME [m] 39.1224 100.7134 61.15
Height RMSE [m] 57.4421 126.1038 54.44
Yaw angle ME [◦] 12.9401 19.2917 32.92

RMSE [◦] 14.7157 23.7214 37.96

Horizontal position trajectory Height time-evolution

Yaw angle time-evolution

(a) (b)

(c)

Figure 9. Dynamic model validation: Experimental Data vs. Model Prediction.

Based on the analysis of running time, it can be concluded that the high-fidelity model is not
suitable for rapid trajectory planning design. The proposed sparse identification model significantly
outperforms the conventional 4 DOF dynamic model in predictive accuracy, with remarkable RMSE
reductions of 12.96% (horizontal position), 54.44% (height) and 37.96% (yaw angle) in trajectory pre-
diction. Combining enhanced accuracy and model simplicity, it is particularly suitable for path planning
applications requiring both computational efficiency and high precision.

5.3 Parafoil path planning using sparse identification model
To validate the practical application of the sparse identification model in the path planning task, an
optimal control algorithm for the parafoil system is designed. Subsequently, fixed-point path planning
of the parafoil is executed under diverse initial conditions.
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5.3.1 Path planning description
The path planning problem of the parafoil system essentially aims to find a path from the deployment
point to the target point, subject to specific constraint conditions and achieving specific performance
indicators. (The path planning problem for the parafoil system essentially involves determining a route
from the deployment point to the target point, while adhering to specific constraints and achieving
desired performance metrics.) It can be formulated as the following optimisation problem:

Given the initial and terminal moments t0 and tf , the objective is to find the manipulation control
function u(t) that minimises the following performance function:

J = F(x0, t0; xf , tf ). (26)

Meanwhile, the parafoil dynamic equations and the terminal constraints for landing must be
satisfied.

ẋ(t) = f (x(t), u(t)), t ∈ [t0, tf ], (27)

G(x0, t0; xf , tf ) = 0. (28)
For programming and calculation convenience, the time interval is normalised. Let

τ = (t − t0)/(tf − t0). (29)

Here, τ ∈ [0, 1].
After the transformation, Equation (26–29) can be converted into

J = F(x0, 0; xf , 1), (30)

x(τ ) =�tf (x(τ ), u(τ )), τ ∈ [0,1], (31)

G(x0, 0; xf , 1) = 0, (32)
the discrete time step is defined as �t = tf − t0.

In the path planning algorithm presented in this paper, the control variables are used to construct the
performance index function, that is

J =
∫ tf

0

(|δs|2
)

dt, (33)

where tf represents the landing time of the parafoil, δs is the symmetric trailing edge deflections of the
parafoil, δs = 0.5(δr + δl).

In this paper, a discretisation method based on Lagrangian polynomial interpolation is adopted to
solve the path planning problem, and the classical fourth-order Runge-Kutta algorithm is applied for the
integral operation [46, 47]. For the described nonlinear programming problem, the Sequential Quadratic
Programming (SQP) algorithm can be used for the solution. Since this method is quite commonly used,
its detailed description will not be repeated here.

5.3.2 Path planning result
A path planning simulation is conducted for the sparse identification model. The parameters of the
parafoil are shown in Table 1. The initial conditions for the simulation are set as follows:

(1) Target points: Assume that its position is the zero point in the northeast-up coordinate system,
that is, (0, 0, 0) m.

(2) Deployment points: The airdrops are carried out at altitudes of 2,000 meters, 3,000 meters and
4,000 meters, respectively, and the position coordinates are taken as (1,200, 1,000, 2,000) m,
(2,200, 1,500, 3,000) m and (3,200, 2,000, 4,000) m, respectively.

Figure 10 shows the three-dimensional trajectories obtained with the optimal control method under
different airdrop release conditions; Fig. 11 shows the optimal yaw angles.
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Figure 10. Comparative analysis of 3D flight path under varying deployment points.
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Figure 11. Optimal yaw angle mapping for different planned path.

The simulation results show that at the three altitudes, the landing time of the system is about 166.4 s,
249.7 s and 332.9 s, respectively. When the deployment altitude is low, the system does not have enough
time to use up the remaining altitude, resulting in a relatively large yaw angle. This behaviour aligns
with the actual operation of the parafoil system, confirming that the sparse identification model can
accurately describe the movement characteristics of the parafoil. In addition, even though the differences
in airdrop release conditions, the approximate model can still be effectively used to plan the flight path
to the desired target point according to the requirements. This indicates that the approximate model is
well-suited for parafoil path planning and achieves the expected results.

6.0 Conclusion
The parafoil system is a typical multi-flexible body dynamic system, and the modelling of low-order
approximate models for path planning has always been a great challenge. This paper explores the sparse
identification of the parafoil system. A low-order sparse identification model is identified from high-
fidelity data. Then, based on the sparse identification model, the traditional optimal control method
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is used to conduct a path planning simulation of the parafoil system, and the following preliminary
conclusions are obtained:

(1) By adopting a data-driven strategy, the SINDyc method suitable for the sparse identification
model of the parafoil system was proposed. The simulation results indicate that the initial data
volume of the sparse identification affects the accuracy of the identified model. The larger the
data volume, the higher the accuracy of the identified model. Compared with the conventional
4 DOF dynamic model, the RMSE in horizontal position, height and yaw angle prediction are
reduced by approximately 12.96%, 54.44% and 37.96%, respectively.

(2) The feasibility of applying the sparse identification model to path planning was verified. This
research provides a new method for the path planning modelling of the controllable parafoil sys-
tem. The key parameters of the model are data-driven, which is more universal than the traditional
method relying on engineering tests to obtain key parameters.

(3) In terms of algorithm improvement, the currently proposed method requires numerical simu-
lation results as the historical data set for sparse identification. Considering the computational
requirements for model accuracy in the path planning of the parafoil system, future work will
involve combining experimental data, high-fidelity simulation data and other sources to develop
an enhanced algorithm. This algorithm will integrate multi-source and multi-scale data, aim-
ing to further improve the model’s accuracy. Beyond the stable operating conditions tested,
parafoil path planning must address uncertain scenarios, including wind field disturbances, sys-
tem parameter perturbations. For instance, sudden payload changes may violate the model’s
linearised dynamics assumptions, causing planned path drift; insufficient controller bandwidth
may allow uncompensated crosswinds to induce path deviation. The sparse structure of our
model offers inherent advantages for rapid online trajectory updates, and we will advance
algorithm validation under failure modes in subsequent work.
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